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GEOMETRIC-FORM BOUNDS FOR
THE GI*/M/1 QUEUEING SYSTEM
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The GI/M/1 queueing system was long ago studied by considering the embedded
discrete-time Markov chain at arrival epochs and was proved to have remarkably sim-
ple product-form stationary distributions both at arrival epochs and in continuous
time. Although this method works well also in several variants of this systdireaks

down when customers arrive in batchElse resulting Gf/M /1 system has no tract-
able stationary distributiamn this paper we use arecentresult of Miyazawa and Tay-
lor (1997) to obtain a stochastic upper bound for the‘@l /1 systemWe also
introduce a class of continuous-time Markov chains which are related to the original
GI*/M /1 embedded Markov chain that are shown to have modified geometric sta-
tionary distributionsWe use them to obtain easily computed stochastic lower bounds
for the GK/M /1 systemNumerical studies demonstrate the quality of these baunds

1. INTRODUCTION

The following service system is consider&@foups of customers arrive at a service
station according to a renewal process with interarrival distribudion. The sizes
of successive arriving groups aréd. random variables and independent of the
arrival times Let (g;:j € N) be the group size probability distributiofihere is a
single server who serves one customer at a time and a waiting facility for infinitely
many customersThe service times of successive customers are independent expo-
nentially distributed random variables with paramgtémean ¥p). Thus custom-
ers may arrive in batchebut they are served individually and then depart singly
This model will be referred to as the §M/1 queueing system

The particular case of the above system whgre 1 andg; = 0, j = 2, that is
the GI/M /1 systemhas been studied by considering the embedded discrete-time
Markov chain at arrival epochs and has become a standard example in textbooks on

© 1999 Cambridge University Press  0269-9688 $1250 509

https://doi.org/10.1017/50269964899134077 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964899134077

510 A. Economou

stochastic processes and queueing théseg e.g., Kleinrock[4], Wolff [11], and
Rosq6]). This model possesses geometric stationary distribution at arrival gpochs
from which many other distributions and parameters of interest have been obtained
The same method also applies in the study of several variants of this model as in the
analysis of for example the GI/M /c systemsilt breaks downhoweveywhen the
arrivals constitute a compound renewal procésshis case the form of the transi-
tion matrix of the embedded Markov chain at group-arrival epochs changes radically
and the resulting chain has no tractable stationary distribution

Over the last decade several authonsst notably among others Adan and van
der Wal[1], van Dijk and Lamond9], Hordijk and Riddef 3], van Dijk, Tsoucas
and Walrand 10], Shanthikumar and Yal&], and Miyazawa and Tayld5], have
proposed several bounds for queueing systems whose stationary distributign is not
in principle, tractable One basic idea is to modify slightly a nontractable system to
obtain a product-form systenThen using various approachdés/arkov reward
theory coupling and sample path analyssalytic argumenjsit is proved that the
product-form distributions of the modified systems may be used to obtain bounds for
several quantities of interest for the original systefifeese bounds are rough but
computationally attractive and can be used to obtain a quick estimate of the order of
magnitude for several quantities associated with the models

Inthe next paragrapkve first set the notation then use a recent result of Miyazawa
and Taylof5] to obtain a stochastic upper bound for the®l /1 systemWe then
introduce a class of continuous-time Markov chaimbkich are obtained by appro-
priately modifying the continuous-time analogue of the originaf/® /1 embed-
ded Markov chainThese chains are shown to have modified geometric stationary
distributions and can be used to obtain easily computed stochastic lower bounds for
the GF/M /1 systemWe also present some numerical examples to demonstrate the
quality of these bounds

2. THE RESULTS

Consider the Gi/M /1 system and le®(t) be the number of customers in system at
an arbitrary epoch(t € R). Denote by... <t _; <ty <t; <t, <... the successive
group-arrival epochs and hy. <7_; < 7o < 7, < 7, <... the successive departure
(service completionepochs in the time intervét-oo,00). We define the embedded
processe$Q;, :n € Z} and{Q; : n € Z}, by settingQ, = Q(t; ) andQ; = Q(7;),
n € Z, thatis Q,, is the number of customers in system just beforenthegroup-
arrival while Q;f is the number of customers in system just afterritiedeparture

Let Y, be a random variable representing the number of departures in the time
intervalT, = {t,_1, t,), given that the server is busy during this intervidienY,,, n €
Z, are independent identically distributed random variables and

(K

=PI =K1 = [P =T, = x10A00 = [ e L dax),

0

ke No. (1)
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We have that

(2)

Q_ _ Qr? + An - Yn+1 if Yn+1 < Qr'T + An
"o otherwise

whereA,, is the size of the group which arrived at epdgh
Leta,=P[A,— Yos1 = k], k>0, de=P[A, - Yoi1 = —k], k=0, andc, =
> dh, k> 0. Note that

de = >, OhBnrks k=0 and a,= 2, BnOhik k> 0. (3)
h=1 h=0

Using Eq (2), we have

P[Qn:Ll :j|Q:IT’Q27,---’Q;71,QrT = I] = P[An_ Yn+1:j - I]

“la_,ifj—i=o0 170
P[Qr;rl:O'QI,QE,.,QE,]_,Q;:|]:C|,|ZO, Ifj:O (4)

By Eq. (4) we conclude thaffQ;, : n € Z} is a Markov chain with state spabk
and transition probabilitieg; given by

Pii+k = Qs i=0, k=1
Pi -k = Oy, i=1,0=k<i,
Pio = G, i=0. (5

Let(r,:n € Np), (s,:n E Ng), and(p,: n € Ny) be the stationary distributions
of {Q; }, {Q/ }, and{Q(t)}, respectivelySince{Q; } and{Q(t)} are not Markovian
we should concentrate on studyifrg), then we can indirectly deduce properties of
(s,) and(p,) using standard results from the theory of point procesBes distri-
bution(r,) satisfies the balance equations

o= 2>, rG,
j—o
-1 )

= na_+>rnd, =L (6)
i=0 i=j

These equations cannot be solved explicily in the case of the classic (&4/1
model The stochastic upper bound which we establish in this paragraph for the
distribution(r,) is based on some results of Miyazawa and Taj#dr Since their
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results concern a continuous-time Markov chaiu@ consider a continuous-time
analogue ofQ, } that is a chaiffN(t) : t € R} with transition ratesy; given by

Qi +k = Ak, =0, k=1,
Gi—k = G, =1 1=k<i,
Qo = G, i=1 (7)

This chain has the same stationary distributiog) as{Q, } since it satisfies the
same balance Eqg#5). In what follows let A(z) = Sp ;8,28 D(2) = S odiz8
Moreover let

r=sup{z=0:A(z) < oo} > 1. (8)

By the usual stability conditiong < p, we have that

jole) [e/e] 1
> ka = 3, kde = E[Ay = Yoia] = E[A] ~ E[%oia] =g~k <0 (9)
k=1 k=1

Consider now a Markov chaifN"(t) : t € R} with transition rates;’ given by

ok = ay + &, k=1

Wa=a, i=Lk=1
qv_ = dy, i=11=k<i,

g = ¢, i=1. (10)

whered,, k = 1, are nonnegative real numbers

This model has been studied by Miyazawa and Taj&dr although under a
slightly different notationand our condition$8) and(9) are exactly their regularity
conditions(2.1) and(2.10). So their main resulfb, Lem. 2.1, Thm. 2.1, Cor. 2.1 for
h = 0] are valid and can be stated in the following form

THEOREM 1: The equation
A(z1)=1-D(2 (11)

has a unique solutionze (0,1). If &,k= 1, are given by

a= Y azn™v, k=1 (12)

n=k+1

then the stationary distributiofr, : n € Ng) of {NY(t)} is given by

rY(n) = (1—zy)z0, n € No. (13)
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The distribution(r,,) is stochastically smaller than the geometric distributiof);

that is

n € No,

(14)

where the equality holds if and only if & 0 for k = 2 (equualently, g, = O for

k=2).

To obtain stochastic lower bounds fo,) we consider for eache N a Markov

chain{N-("(t) :t € R} with transition rates|" given by

ari = ay, i =0, k=1

ar R = d, i=2, 1=k<i,
" = ¢, 1=i=h-1

g =¢+d"™, i=h,

(15)

whered™,i = 1, are nonnegative real numbewe have the following theorem

THEOREM 2: For each he N, the equation

h
> az*=1-D(2),
k=1

has a unique solution z,, € (0,1). The linear hx h system

i—1

(16)

(h)(l d ) - 2 XJ al —j + 2 Xj(h)dj i + Xh 1(1 ZL(h)) 2 dkzllfzrhi)thrl,

j=0 j=i+1 k=h—i—1

l=i=h-2, (17)

h-2
(h) = _ (h)
Xn-1(1 =z ) (1= D(zL(n)) = > X 8p-j-1,
i—o

h—1 )
E X =
i=0

has a solutior(x,"” > 0:0 =i = h— 1). If d."” are given by

h-2
(h)
) Zo Xn™ cn k—h+1 h
) PN Y azihy - X anzh =0,
Xh*l(l - ZL(h))ZL(h) n=1 n=1

https://doi.org/10.1017/50269964899134077 Published online by Cambridge University Press

(18)

19)


https://doi.org/10.1017/S0269964899134077

514 A. Economou
then the stationary distributiofrt™ : n € Ng) of {N-™ (1)} is given by
ri = xM, 0=n=h-2,
ren) = x\" (1 — 2 ) 200, n=h-1. (21)

The modified geometric distributidin’ ™) is stochastically smaller than the distri
bution(r,,); that is

RLM = >t =R, n € No. (22)
k=n
(Comvention For h = 1 the linear systenil7)—(19) is just(19) and for h= 2 it is
(18—+(19).)

ProoF: Letf(z)=1- D(z) — Si_,a.z X z€ (0,1). Then

h
f'(z20=-D'(20 + > ka,z © 4 z€ (0,1),
k=1

h
f"(z)=-D"(2) — X k(k+Da,z *2<0, z€ (0,1).
k=1

Hence f'(z) is strictly decreasing i0,1) and lim,_,of'(z) = +oco while f’(1) =
Sk ka,— S, kd, < 0 by Eq (9). Thereforethere exists a unique€ (0,1) such
thatf’(7) = 0, in which the maximum of occurs Note thaf (7) > f(1)=1—D(1) —
S ia,=0.fis strictly increasing ir(0,7) with (lim,_,of(z))-f(7) < 0 and con-
sequentlyhas a unique rootvhile it is positive in(7,1). Therefore Eq. (16) has a
unique solutiorg, i, € (0,1).

Lety = (Y1,¥2,...,Yn-1) @ndE(y) = (Fi(y), Fa(Y),...,Fn-1(y)), where

i—1 h—2
F(y) =1 {a.+2y.a. i+ > Vidi FYhg E oz h”}

j=i+1 k=h—i—1

1
—do

l1=i=h-2,

. 1 N h—-2
_ = —= "1y i Ap—j—1 (-
h-1(Y) 1- B(z ) h—1 Elyl h—j—1

Then by Eq (16) and the relatiorA(1) + D(1) = 1, we see thaE([0,1]" %) C
[0,1]""* and obviouslyF is continuousTherefore by Browers fixed point theo-
rem there eX|st5y such thatE(y*) = y*. Setx(h) a+ Z, 1Y+ (Yh-1/(A =
Zm)) X" =YX, 1=i=h—2,andx" = x5" (Y 1/(1 — z.()). Itis easy
to check that this is the solution of the systeh?)—(19).
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The balance equations for} ") are given by

h—1 %
j(h
M1 -c) = X rtMe + > r-M(q +d™"),
-1 j=h

-1

1 —do) = X r-Pa + > rt"d,  1=j=h-1
i=0 i=j+1
(1 —do+d") = Eruh)aJ S g, S i=h (23)
i=j+1
By substituting(r ;™) given by Eq (21) in (23) we obtain

h-2
(h) _ (h) h
Xo (1—¢Co) = 2 Xj G *+ Xp-1(1— Z_(h))Ch-1

h+1 J(h)
+ X0 (1 = 2 ) 2 2w g+ g™,
h h
x"(1—do) = Ex aj_i + 2 x"d_
i=j+1

(h) i
+ Xn—1(1 = Z (n) Z Z|'_<r?)+ldi—j,
i=h-1

l=j=h-2,
(h "G om (h
Xy (1— Zi) (1 —do) = X XM an g+ X (1— Z (1))
i=0
2 Zi i ni
i=
(h) 5(h) e (h) (h)
Xp-1(1— ZL(h))ZL( f1-do+ g) = _ i+ Xpo1(1— 2z )
“

0
-1
i—h+1 (h)
X > Zim ta—i + Xne1 (1= 2 )
i=h-1

X > zZiyttdi, j=h

i=j+1

The second and third are valid because of .EG%) and (18), respectively The
fourth is written equivalently as

h—2 o
h
IR .
<(h) i=0 ! . )
dj = S —ht1 + . 2 ZL(h) + 2 ZL(h) —j + do - 1
Xp-1(1 = Z(n)) Zi(y i=h—1 i=j+1
h—2
Z x M
= ! i—h+1
= ~m —— + 2 zha,+D(@ -
j—h+1 -
Xn-1(1 = ZL ) Zi(n) n=1
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which is valid because of Eq&l6) and(20). The first follows by summing the others
forj = 1. Moreover by Eq (19) we have thal oo r+-™ = 1; therefore (rt™) is the
stationary distribution of N-™(t)}. Using a standard coupling argumeat alter-
natively Theorem £.8 of Stoyarn[8], we conclude thatrt™) = (r,). u

The question of an intuitivesasily verifiable condition for the nonnegativity of
thed"’s in the general case remains opbmpractical situationdor a given model
and a giverhwe computeﬂ,ﬁh) forh=k=2h— 2 Ifthey are all nonnegative we can
use the result of Theorem Because fok = 2h — 1 we haveS\_1 " a,z ) =
Sh_ianzi, thereforedy” = 0. In the following corollary we summarize two cases
in which we can assure the nonnegativityd®?’s in advance

COROLLARY 1:

i. The geometric distribution with parameter g, as well as the distribution
(rt@) given by

(L@ — a7 (1—2) tal—2z)
@ =
a1z + a(l—2z )

’

a(1— ZL<2))ZE(+2)1
125 T a(l-2)’

L@ =

n=1 (24)
are stochastically smaller tha(r,) for any parameters and underlying dis
tributions of the GI/M/1 model

ii. For any h= 1 the distributions(r}™) are stochastically smaller thafr,,)

for any parameters and underlying distributions of the@®ll/1 model with
geometric grougsize distribution

PRrOOF:

i. Forh=1, itis obvious that thé."’s are nonnegativécorh = 2, the solution
of the linear system is

(x2 x?) = a2 (1= 2 0) + @(1— 7)) a7t )
0 X1 )= .
’ 1z ot a(l—2z) Ta1Z 0+ a(1- 7))

From the remarks above we should check ﬂﬁ%its are nonnegative only for
k = 2. Indeed it is easy to check thdf? = x\” a,/x{”(1 — z.2))Z.2) —
a,z 3 > 0.

ii. If (g« is geometric with parameter, then by Eq (3) we have that
a= 2 oBn(l— 7)1 =crk wherec= (1 - 7) 3o Br7" " Hence
Eq. (18) assumes the form

h—2

c 2 XM ph-n-1
1-Bzp) = ——o
- ZL(h) = .
(h
Xh—)l(l - ZL(h))
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Therefore by Eq (20) for k such thah = k= 2h — 2 we have

h—-2
¢ 3 Xk
n=0 h

) _ — —
4= w S 2 T
Xh,]_(l - ZL(h))ZL(h) n=k—h+2

2h—k—1

(Tzfl)k—thl(l_ 6(ZL(h))) _ (Tz—l)k—h+1 E CTjZE(jh)
j=1

2h—k—1
= (TZE(%))k7h+l <1 - D(ZL(h)) - 2 a.j ZL(Jh)> = O [ |
j=1

Using the bounds of Theorems 1 and 2 we can now establish bounds for other
important performance measures of the systeshM be a random variable repre-
senting the order of a customer within his grodhen groups arrive in a system ac-
cording to a group size distributidg;), then the probability that a customer is jite
of his group isP[M = j ] = G;/g, whereg is the mean group size af@) = >~ 0«

(see Burkg2] and Wolff[11, pp. 68—69 ); thereforeE[M ]=E[N(N+1))/2E[N],
whereNis a random variable having the group size distributign. Using standard
results from the theory of point processes we can derive the relationship between the
stationary distribution in continuous time and at arrival and departure epochs for the
GI*/M/1 queueWe have that

n
S = 2 «Gns1-«/0, n € No,
k=0

AQ
Po=1-"",
° M
Ag AL
Ph="5-1=—- > NG NEN (25)
M H k=0

Let Q,Qcn),Qu be random variables with distributiofis,), (r5™), and(ry), re-
spectively Let alsoS be the time in system of a customer in a stationar{/Gll/1
queue ThenSis distributed a2 ;"™ X;, whereXy, X,,... is a sequence of inde-
pendent exponentially distributed random variables with parametadependent

of Q™ andM. Using the above results we can easily prove the following

COROLLARY 2: For a stationary GI/M/1 system and an & 1 such thatd."” = 0,
k = h, the following arevalid:

QLm+M Qy+M

i' E Xi Sstssst 2 Xi,
i=1 i=1
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TABLE 1. Bounds and Exact Value for[B]

p g Interarrival Distribution Group-size Distribution LB1 LB2 LB5 Exact uB
0.2 12 Gammd12,2) Geon0.833333 1.211345 121468 121967 121977 14143
Exp(0.166667 Bin(2,0.1) +1 136694 143269 — 146893 159097
15 H,(7.5,2) Geom0.666667 1.68754 179032 198345 202985 251756
Gammd3.75,0.5) Poissort0.5) + 1 144745 145374 — 147962 166951
2 Gamma20,2) Geom0.5) +1 200586 200651 202043 20245 271771
Exp(0.1) Bin(10,0.1) +1 182439 189253 — 216133 259884
5 H,(254) Geom(0.2) 5.04874 507544 554105 779047 110922
Gammd5,0.2) Poissori4) + 1 340518 340583 342664 343399 406469
10 Gamm#5,0.1) Geonm0.1) 9.325 932534 935219 979466 136219
Exp(0.02) Bin(180.5) + 1 574198 574716 600323 87119 958279
0.5 12 H,(2.4,3) Geom(0.833333 2.13886 295176 314495 340032 359411
Gammd1.2,0.5) Poissort0.2) + 1 172906 2089 — 221284 237127
15 Gamm&?2,0.6666 Geom0.666667 1.76802 198164 23078 242705 292705
Exp(0.333333 Bin(2,0.25) +1 175902 23411 — 275 301888

8LSG

nowouooaz vy


https://doi.org/10.1017/S0269964899134077

ssa.d Alssanun sbprique) Ag auljuo paysiiand £/0vE L66879669205/4101°0L/B10 10p//:5d1y

0.8

10

12

15

10

H2(473)
Gammd2,0.5)
Gamma5,0.5)
Exp(0.1)
H»(20,15)
Gammd10,0.5)

Gamma3.2)
Exp(0.666667
H,(1.8752)
Gammdl1.8751)
Gammal1.25,0.5)
Exp(0.4)
H,(6.25,2)
Gammdl125,2)
Gamm#6.25,0.5)
Exp(0.08)

Geom0.5)
Poissorfl) + 1
Geonm(0.2)
Bin(8,0.5) +1
Geom0.1)
Poissort9) + 1
Geom(0.833333
Bin(2,0.1) +1
Geom0.666667
Poissori0.5) + 1
Geom0.5)
Bin(10,0.1) + 1
Geom0.2)
Poissori4) + 1
Geom0.1)
Bin(18,0.5) + 1

2.33441
193903
5.03699
3.27147
9.37452
5.97356

2.14204
2.39926
2.2905

199342
2.36104
208251
511769
352751
9.35629
576554

276235
213932
505501
332972
94039

598107

328805
515334
378215
328879
289056
300665
522737
366036
93711

578749

457297
541047
527131
101001
61535

356405

883366
591033
810733
683304
536637
978394
675033

576011
275219
697341
648048
393684
632265

415132
587501
104424
546826
907134
862359
291303
673134
231194
285939

665684
325542
107886
177572
516514
778588

435145
602754
10955
580718
100746
919233
374468
794014
314203
308538
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i ﬁ i;—ehmurM} 1[ zy . E[N(N+1)]

=E[S]= - ,
2E[N] [S] ul1-z, 2E[N]
jii. max(O,R5™ —z"Y) =r, = z"* — Ry, n€E N,,
n n
iv. > max(0,Ri™ — zM G /0= 5= 2 (25— Ri)Gry1/0,
k=0 k=0

n € Ng,

n—1 n-1
V. — 2 maX(O, ﬁkm) - ZIL(J+1)Gn—k =ph=- 2 (Zb+l - ﬁllz-(%—h:l?)én—k,
H k=0 H k=0

n& N.

Extensive numerical studies show that the crucial factors which influence the

quality of the upper and lower bound models are the mean groupjsimal the
traffic intensityp. Both upper and lower bounds are very good for models with small
0. As gincreaseghe bounds degradepper bounds are better for models with high
traffic intensity while lower bounds are better for models with low traffic intensity
L(h)-bounds become very good fosuch that, i, ~ z,. For geometric group-size
distributions thd_(h)-bounds exist for everia = 1; therefore we can taken large
enough to assure that, =~ zy. In this case we can approximate the original model
by a lower bound model as close as we w& present some numerical results for
various parameters of the model in Table 1
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