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RINGS WITH COMMON DIVISION, COMMON MEADOWS AND THEIR
CONDITIONAL EQUATIONAL THEORIES

JAN A. BERGSTRA"> AND JOHN V. TUCKER

Abstract. We examine the consequences of having a total division operation )1 on commutative rings.
We consider two forms of binary division, one derived from a unary inverse, the other defined directly
as a general operation; each are made total by setting 1/0 equal to an error value L. which is added to
the ring. Such totalised divisions we call common divisions. In a field the two forms are equivalent and
we have a finite equational axiomatisation E that is complete for the equational theory of fields equipped
with common division, which are called common meadows. These equational axioms E turn out to be true
of commutative rings with common division but only when defined via inverses. We explore these axioms
E and their role in seeking a completeness theorem for the conditional equational theory of common
meadows. We prove they are complete for the conditional equational theory of commutative rings with
inverse based common division. By adding a new proof rule, we can prove a completeness theorem for the
conditional equational theory of common meadows. Although, the equational axioms E fail with common
division defined directly, we observe that the direct division does satisfy the equations in £ under a new
congruence for partial terms called eager equality.

§1. Introduction. Arithmetical structures are many and varied. Classically, we
think of the integers Z, rationals Q, reals R, and complex numbers C, as well as
modular arithmetics Z,, p-adics and derived systems. To these should be added
a number of arithmetical structures developed for computer programming such as
fixed point, floating point and interval arithmetics. Whilst the algebra of the classical
structures is very well understood through the axiomatic theories of rings and fields,
the algebra of the computer arithmetics is barely developed. This is a problem as
the algebraic properties of these structures are fundamental in specifying, designing
and reasoning about computer programs, e.g., in predicting precision, anticipating
and finding errors, and subsequent validation and verification.

In a series of papers, we have been investigating a few key semantic features of
computer arithmetics and exploring their algebraic properties [9, 10, 11, 16, 17].
Our approach is to start from field theory, especially the field of rational numbers,
and impose algebraic conditions on fields that represent some of the semantic
constraints placed on computer arithmetics, such as bounds, finiteness, and the
need for additional operations. To develop a theory of arithmetical abstract data
types for computer programming, we apply methods that have been developed from
universal algebra and logic.
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2 JAN A. BERGSTRA AND JOHN V. TUCKER

So, the axiomatic concept of a field has a number of shortcomings as a specification
of an arithmetical structure for computing. First, a field is a commutative ring with 1
in which all non-zero elements are invertible. Thus, strictly speaking, division is not
an operator in a field. Thus, we add division x =+ y to the primary field operations of
X 4+ y,— x,x - y to make an algebra we call a meadow [9]. Secondly, in computing,
applying an operator must return a value for all of its arguments, i.e., an operator
must be a total function. Thus, for our meadows we must find a way of defining a
value for x + 0.

1.1. Totalising division. We have studied several ways of making division total
in a meadow. Although the possible semantics and their algebra and logic ramify,
the methods of study cohere and begin to form a subject with diverse results and
applications: see Section 10 for some of this background. Of those we have studied,
one semantics stands out: for all x,

x=0=1

where 1 is a new element added to the meadow and having the property of
absorption: if | is an argument to any operation then it returns the value 1. We can
think of L as an error value. Such an algebra we call a common meadow, which has
the form of an enlargement of a field F:

(FU{L}|0.1, L.x+y.-x.x -y, x +p).

A common meadow based upon the rational numbers Q can serve as an idealised
model of the simple arithmetic of the pocket calculator. Let CM be the class of
common meadows.

Common meadows were introduced in [8]. The introduction of L into a field
invalidates some key algebraic laws such as

x+(-x)=0andx-0=0because x + (- L) =x+ L =_Landx-L = L.

Subsequently, we have found sets of equations to axiomatise calculations in common
meadows, among which is a set Egc . studied in [13, 16]; the subscript ftc —cm
stands for fracterm calculus for common meadows and the equations are listed in
Table 1 and 2 in Section 3.3 below. These equations have proved to be a useful tool
for understanding the effects of totalising division, intuitively and formally. The
axioms are close to classical axioms and entail an important property for working
with fractions, called flattening. From the universal algebra and logic of equational
axiomatisations, we know much about the class of algebras of Ef. m. notably its
closure under algebraic constructions, its equational and first-order logic, and its
model theory (after Birkhoff [18] and Mal’tsev [26]).

1.2. Axiomatising common division. In this paper, we focus on the equational
axioms in Efc m and, in particular, on the scope of their semantics which extend
beyond the common meadows CM. First, we examine the consequences of having a
total division operation x <+ y on commutative rings rather than fields. We consider
two forms of division: the first is derived indirectly from a unary inverse operator,
which we will refer to as inverse based common division; later, the second is defined
for integral domains directly as a binary operation, which we will refer to as direct
common division. Both inverse based common division and directly defined common
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RINGS WITH COMMON DIVISION 3

(x+y)+z=x+(+2) (1)
X+y=y+x 2)
x+0=x (3)

x+(=x)=0-x (4)
xo(yoz)=(x-y)z (5)
X-y=y-Xx (6)
l-x=x (7)

x-(y+z)=(y)+(xz2) (8)

~(x)=x 9)
0-(x-x)=0-x (10)
x+Ll=1 (11)
TABLE 1. E, | : equational axioms for weak commutative rings with L.
import Eyr |
x :% (12)
xouw_x-u (13)
y v y-v
§+z:(x v) + (y - u) (14)
y v Vo
X x+(0-2)
= (15
y+(0-2) y )
1
1= 0 (16)

TABLE 2. Efic_cm: Equational axioms for fracterm calculus for common meadows.

division are made total by setting x/0 equal to the error value L. In a field the two
forms of division are equivalent and so we have the option of using either; this we
have done in developing some common meadow theory for which the axiomatisation
Efc_cm Was designed.

Now, as pointed out in [21], in addition to common meadows, the class CR. | of
commutative rings with 1 equipped with an inverse based common division operator
also satisfy Efc cm. We axiomatise the class of common meadows relative to the
commutative rings with inverse common division using this conditional equation,
Additional Value Law,

AVL : l:L—>0-x:x.
X
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4 JAN A. BERGSTRA AND JOHN V. TUCKER

From [16], we know that Eg. ., is a finite equational base for the equational
theory of common meadows from which it follows that Eg. o, is a finite equational
base for the equational theory of commutative rings with common division. Here
we prove the Theorem (5.1).

THEOREM 1.1. Egc o provides a complete equational axiomatisation of the
conditional equational theory of the class of commutative rings with inverse based
common division.

From [13], we know that Eg. . 1s not a finite base for the conditional equational
theory of common meadows. Here we show that Eg. m + AVL does not axiomatise
the conditional equational theory of common meadows. However, on adding a
simple proof rule R, to conditional equation logic to define proof system g, we
can prove completeness.

THEOREM 1.2. CM [= ¢ Aey... Ae, — e if. and only if. Efc cm + AVL R, E —
egtNey...\Ne, — e.

This leaves us with the open question.

ProBLEM 1.1. Is the conditional equational theory of the class CM of common
meadows axiomatisable with finitely many conditional equations?

We conjecture the answer: no.

Finally, in contrast to the inverse defined division, we note that the directly defined
common division does not satisfy all the axioms of Exc cm over all rings. Surprisingly,
this latter common division does satisfy the equations in Ef¢ oy, under a new equality
relation for partial algebras called eager equality [14, 15].

1.3. Structure of the paper. In Section 2, we describe the totalisation of partial
operations by the addition of L in the general case of an arbitrary algebraic structure.
In Section 3, we summarise the situation for rings and fields, introducing the division
operators based on inverse, and the common meadow axiomatisation Efc ¢y and
its model class. In Section 4, we prove a number of basic facts about commutative
rings with inverse based common division, including results about their relationship
with common meadows. In Section 5 we examine some homomorphisms. In
Section 6, after some examples, we show that Efc m + AVL alone does not deliver
completeness. In Section 7, we customise the logic with a new rule R, to prove
the completeness theorem for common meadows above. In Section 8, we look at
integral domains and, at this point, we introduce the second form of direct division.
In Section 9, we introduce eager equality and observe the validity of Efc m for the
second form of division. Lastly, in Section 10, we sketch our investigation into the
various ways of totalising division, which is the background to this paper.

We need only the basics of ring and field theory [31], universal algebra [19, 26,
27], and abstract data type theory [24].

§2. Algebras and equations with an absorptive element. The idea of making partial
operations total with an absorptive element is quite general. We will summarise the
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RINGS WITH COMMON DIVISION 5

process for an algebraic structure as discussed in [12].! The basic algebra we need is
to be found in the classic works of Birkhoff [18] and, later, Mal’cev [26].

2.1. Algebras with absorption. Let 4 be an algebra with signature X, which may
have partial operations. The definition of an absorptive element for a general
algebraic structure is as follows.

DEerFINITION 2.1. A X-algebra A has an absorptive element a € A if for each
operation f of X, if one of its arguments equals « then so does its value.

The following partial result is relevant for our arithmetical data types as they are
equipped with at least one binary operation ( [12, Proposition 2.1]).

LEMMA 2.1. If there is at least one function f in X with two or more arguments on a
X-algebra A then an absorptive element in the algebra A is unique. Let | be a standard
notation for an absorptive element.

Our use of | in an algebra will imply that it is absorptive with respect to all the
operations of the algebra.

DEerFINITION 2.2, Let A be a X-algebra and assume | ¢ A4. Then the | -enlargement
of A is an algebra A, with signature ¥, =X U {L} and carrierset 4] = AU { L},
which is an enlargement of A4 in which L is absorptive.

DEFINITION 2.3. As a notation we will use 4, for the construction of the -
extension of A. For any class K of Z-algebras, define

Kl:{Al|A€K}

Note we have only added L to an algebra; we have not yet employed it to make
partial operations total.

2.2. Equations and absorption. First, we consider the definability of the classes.
Let T be a signature and T(X, X') be the algebra of all terms over £ containing
variables from X. The value of a term 7 € T(Z, X) on elements a from a T algebra A
is denoted [¢](a) or t(a). If X = () we write T'(X) for the algebra of all closed terms.

Let Eqn(X) and CEqn(X) be the set of all equations ¢ = r and conditional
equations 11 = r; A ...\ t, = r, — t = r over X, respectively. Let Alg(Z, E) be the
class of all Z-algebras satisfying the axioms of E C Eqn(Z) or of E C CEqn(X).
Common terms for these types of axiomatisable classes are variety and quasivariety,
based on equivalent characterisations of these classes in terms of algebraic
constructions [27].

The class Alg(Z, E) has an initial algebra I (X, E) that can be constructed as a
quotient T (X)/ = by:

TE)/=Ft=t < Etrt="1,

wherein F is proof via equational logic or conditional equational logic. By equational
logic we mean manipulating equations on the basis of reflexivity, symmetry,
transitivity of equality, and the substitution of equal terms into equations. The
less well known conditional equational logic is more involved requiring rules to

T All algebras are assumed to be single-sorted in this paper.
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6 JAN A. BERGSTRA AND JOHN V. TUCKER

access the conditions [27]. However, from Birkhoff and Mal’cev, we can also rely on
first order derivations:

LeEMMA 2.2. Equations and conditional equations are provable from E by equational
and conditional equational logic respectively if, and only if, they are provable from E
in first order logic.

The following is [12, Proposition 2.2]:

THEOREM 2.1. Let X be a signature which contains at least one function symbol f
with two or more arguments. For any nonempty class K of Z-algebras in which f'is total,
the class K cannot be defined by conditional equations, i.e., is not a quasivariety.

If only unary functions are present in X then K | can be specified by the conditional
equations f(x) = L — x = L for each operation f.

It follows from Theorem 2.1 that in most cases there is no way to find a
conditional equational specification for K that is complete for first order formulae.
In particular:

COROLLARY 2.2. Given a signature X which contains at least one function symbol
f with two or more arguments, and any equationally defined class K = Alg(Z, E) in
which f is total, then the class K is not definable by conditional equations, i.e., is not
a quasivariety.

Rather than looking for equational axioms to capture the algebras of K , what
can be done instead, is to look for a finite axiomatisation of the full equational, or
conditional equational, theory of K . In general:

DEerINITION 2.4. The equational theory of the class K is the set
EgnThy(K) = {e € Eqn(X) |V4A € K. A = e}

of all equations over X that are true in all the algebras in K. The conditional equational
theory of the class K is the set

CEqnThy(K) = {c € CEqn(2) |VA € K. A = ¢}
of all conditional equations over X that are true in all the algebras in K.

LemMa 2.3. Let K and L be classes of T algebras. If K C L then EqnThy(L) C
EqnThy(K) and CondEgnThy (L) C CondEqnThy(K).

DEerINITION 2.5. A set E of equations or conditional equations is complete or is a
basis for the equational theory, or conditional theory, of the class K if, respectively,

e € EqnThy(K) <= Eteore € CEqnThy(K) <= E Fe.

2.3. | -enlargement for partial algebras. Notice that earlier 4 was total or partial
and K simply added | and ensured the operations respected it. The notion of a
L -extension applied to total algebras does little useful work. However, it is useful to
partial algebras: suppose the application of a function f on arguments is undefined
in a partial Z-algebra A4 then we can take | as the result of / on those arguments in
ALI
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RINGS WITH COMMON DIVISION 7

DErFINITION 2.6. Let 4 be a partial algebra containing at least two elements. Then
define the enlargement B = Enl, (4) to be a total algebra as follows: B = 4 U { L}
where L is an absorptive element, and for by, ...,b, € A

f(by.....b,) = Lin B if, and only if, £ (by.....b,) is undefined in A.

Following Definition 2.6, in the case of 4 partial, the enlargement notation
Enl, (4) implies that the partial operations of A have been made total using L.
Of course, A is a partial algebra.

DeriNITION 2.7. For any class K of X-algebras, define
Enl, (K) = {Enl (4) | 4 € K}.

Conversely, we can go the other way from a total algebra with absorptive element
L to a partial algebraic data type.

DEFINITION 2.8. Let A be an algebra with L as an absorptive element, and such
that 4 has at least two elements. Then define the transformation B = Pdt | (4) to
be a partial algebra as follows: B = 4 — {1} and for by, ....b,.b € B,

f(b1.....b,) = bin Bif, and only if, f(by.....b,) = b in A.

We recall two basic facts from [12]. We always assume that the carrier set of an
algebra is non-empty.

PROPOSITION 2.1. Let A be a total algebra with 1 as an absorptive element, and
such that A has at least two elements. Then

Enll(PdtL(A)) =A.

Proor. The carrier sets of both structures are the same as | is first taken out
and then put back by the operators. Let X be a signature for 4 and let /" be an n-ary
operator of X. Suppose f has interpretation F in A, interpretation G in Pdt; (A4)
and interpretation H in Enl | (Pdt, (4)). Let ay. ....a, € A". It must be shown that
F(ai,....a,) = H(ay.....a,).

If for some i € [1,n], a; = L then F(ai.....a,) = L because F is absorptive
in 4. Thus, with L removed, G(ay.....a,) is undefined; and, with L restored,
H(ay,...,a,) = L.

If all a; are non-_L then there are two cases: F(aj. ....a,) = L in which case again
G(ay.....a,)is undefined so that H (ay. ..., a,) = L; and, secondly, F(ay, ....a,) #
1LsoGl(ar,....a,) = F(ay,...,a,) and also H (ay, ..., a,) = G(ay. ....a,). -

The following observation has a similar proof.
PROPOSITION 2.2. Let A be an algebra without 1. Then
Pdt, (Enl (A4)) = A.

§3. On axiomatising division.

3.1. Rings, fields, and meadows. A commutative ring with 1 is a field if every non-
zero element is invertible. In particular, rings and fields have the same operations to
which we will add division.
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Lemma 3.1. Let R be a commutative ring with 1. If a -b =1 and a - ¢ =1 then
b=c.

PrROOF. Assume a-b =1 and a-c¢ = 1. Then using the axioms for identity,
associativity, and commutativity:

b=1-b=(a-¢c) b=a-(c-b)=a-(b-¢c)=(a-b)-c=1-c=c.

#

1

Given the uniqueness, we can define a partial inverse operator x' in any

commutative ring with 1.

DerNITION 3.1. Let R be a commutative ring with 1. Then it has a unique partial
division operator defined by inverses

(i) a +b =4y a-(b™') where

(ii)ifa-c =1thena! = ¢, and

(iii) if forno ¢ € R, a - ¢ = 1 then a™! is undefined.

We will write )f and x —+ y alternatively as synonyms.

ExampLE 3.1. In this form of division we can calculate ¢ <+ b whenever b~! exists.
In Z this is a limited form of division: the equation » - x = 1 has solutions only when
b=1land b = 1.

In the finite ring Z,, there are more divisions. In Z, the equation b - x = 1 mod 10
has solutions b = 1, 3, 7.

DeriNiTION 3.2. Extending a ring R with this operator + creates a ring with
partial division denoted R.. Extending a field F with this operator = creates a
partial meadow denoted F.. .

Let £, be a signature of rings and fields, and let Z, . be a signature of rings and
fields with division. Thus, %, - is the signature of a meadow.

3.2. Totalising division in a ring. To move from division as a partial operation to
division as a total operation in a ring, we define common division.

DerINITION 3.3. Let R. be a commutative ring with partial division. Then, on
adding the absorptive element L to the domain of the ring and re-defining its division
operation by

(i)ifa-c=1thena' = c. and

(i) iffornoc € R.a-c=1thena' = L,
we have a total division operator; we call this total operation common division.

Recalling the general method of extending an algebra with 1, and specifically
Definition 2.6, we will use the following notations.

DEFINITION 3.4. A commutative ring with inverse based common division is a total
algebra of the form Enl (R_.). Let CR. | be the class of all such algebras. A common
meadow is an algebra of the form Enl | (F.) wherein F is field. Let CM be the class
of all common meadows.

An important algebra is the common meadow of rational numbers Q, =

Enl (Q.).
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Let X, . | be a signature of rings and fields with common division wherein L is a
constant.

LEmMMA 3.2. Each common meadow is also a commutative ring with common
division, but not every commutative ring with common division is a common meadow.
In symbols, CM ; CR. |.

Here is a counter-example for the second clause of the lemma.

ExamPLE 3.2. An example of a commutative ring with common division that
is not a common meadow is M = Enl((Z,)-) with n = 10. Notice that in M,
2-3 =6. There is no ¢ such that 2-¢ =1 mod 10 and so the inverse % =1.It
follows that there is a non-zero element without proper inverse. We further notice

that,
6 1
5—6-5—6~J_—J_7é3.
On the other hand, as 3-7 = 21 mod 10 = 1 mod 10, we have
2:6-%:67 mod 10 =42 mod 10 = 2.

On forgetting division, a commutative ring with partial division remains a ring
and, similarly, a meadow whose division is partial remains a field. However, as noted
earlier, the addition of the absorptive L breaks the axioms and laws of rings. Thus,
of immediate technical interest is the impact of L on the familiar and fundamental
properties of rings and fields. Indeed, what may be left after weakening the properties
of commutative rings by adding 1?

3.3. Equational axioms. Now, we present the axiom system Ef. .y, that is at the
centre of our programme on common meadows and a focus of this paper. The
equations for Efc cm split into two parts:

(i) a set Eyer.1 of equations for commutative rings now weakened by L, in Table 1;
and

(ii) equations for division +, in Table 2.

Notably, for (i), for some x, 0 - x # 0.

DEerFmNITION 3.5. A model of Egc o we will call a generalised common meadow.
We denote the class of such algebras GCM = Alg(Z, ~ | . Efc_cm)-

Because the generalised common meadows constitute a variety, the conditional
equational theory—and indeed the first order theory — —of the class of generalised
common meadows is finitely axiomatised by Efc ¢m-

3.3.1. Fracterms and flattening An important feature of division is the intro-
duction of fractional expressions. Now, in abstract data type theory, fractions can
be given a clear formalisation as a syntactic object—as a term over a signature
containing division with a certain form. Rather than fraction we will speak of a
fracterm, following the terminology of [5] (item 25 of 4.2).

DEFINITION 3.6. A fracterm is a term over X, . whose leading function symbol is
division =+. A flat fracterm is a fracterm with only one division operator.
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For reasons of convention and clarity, we will change notation from = to the
familiar fraction notations when appropriate and so fracterms can have these forms
pP+q. ;—’ p/q and flat fracterms have these forms in which p and ¢ do not involve
any occurrence of division. Here is an appropriate context for changing from =+ to
the familiar fraction notation: the following simplification process is a fundamental
property of working with fracterms.

THEOREM 3.1 (Fracterm flattening [8]). For each term t over X, . | there exist p
and q terms over X, i.e., both not involving 1 or division, such that

P
Eftcfcm Fit= >
q
i.e., t is provably equal to a flat fracterm. Furthermore, the transformation is

computable.

PrOOE. Immediate by structural induction on the structure of ¢, noting that any
occurrence of L can be replaced by 1/0. o

Thus, fracterms can be transformed uniformly into equivalent flat fracterms for
use in any model of Egc ¢m, 1.€., in any generalised meadow. One of several key
properties is that the axioms of Eg._ . guarantee flattening (Theorem 3.1).

3.3.2. A remark on (changing) terminology. What we now call a generalised
common meadow was originally called a common meadow in [8]. However, as
applications in computing mainly deal with enlargements of fields with division we
have chosen to use common meadow for a smaller class of structures where the non-
L elements constitute a field rather than for any model of the equations in Tables
I and 2. For an arbitrary model of Efc . We prefer to use generalised common
meadow, or GCM, in an attempt to be concise and avoid overly logical jargon. We
mention that in [21] and [22] the original terminology of [8] is used.

§4. Commutative rings with 1. We have developed these axioms Ef. ., to make
a theory of common meadows. How much lifts from fields to commutative rings
with common division? The following observation is due to Dias and Dinis in [21].

ProPOSITION 4.1. Each commutative ring with inverse based common division
satisfies all the equational axioms in Egc cm for common meadows.

ProoF. This is a matter of straightforward inspection of all equations of Efc cm.
_{

ExamPLE 4.1. There are models of Ef. om that are commutative rings and are
not common meadows: starting with a ring that is not a field, e.g., Z, we take the
L-enlargement of it and then expand the resulting structure with inverse based
common division to obtain a generalised common meadow that is not a common
meadow.

There are models of Eg. m that are not commutative rings: add a new constant
¢ to the signature to make X, . ; . and do not add any equations mentioning c¢
to Efic em. Consider the class Alg(Z, . | ., Efc cm). It is €asy to see that an initial
algebra A of this equational class is a generalised common meadow, as it satisfies
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RINGS WITH COMMON DIVISION 11

Efc cm: but 4 is not a ring as neither ¢ - 0 = 0 nor ¢ = | can be shown from Ef.c .,
so that neither identity is true in A.

Consider the conditional formula — which is not a conditional equation—taken
from [8].

DEeFINITION 4.1.  The following formulae is termed the Normal Value Law
NVL: x#1L—-50-x=0
or, equivalently,
NVL: 0-x#0—x=1.
Also, consider the conditional equation—taken from [8].

DerNiTION 4.2. The following conditional equation is termed the Additional
Value Law

AVL : %zj_—>0ox:x.

The following Propositions 4.2 and 4.3 are essentially contained in [21,
Proposition 5.4]. We add our proofs of these facts for completeness.

ProposITION4.2.  The class CR- | of commutative rings with inverse based common
division are precisely the models of Efc cm that satisfy NVL.

Proor. That a commutative ring with inverse based common division satisfies
NVL is immediate because in a ring all elements x satisfy 0 - x = 0. For the other
direction, suppose M = Efc cm + NVL. The non-_L elements of M satisfy 0-x =0
so that M is an expansion of Enl; (R) for a ring R. Now if % isnon-L for p e M

then O - % = 0 and we find that

0 1
L 1422140 —=1+0=1
p p p
so that 1 is defined with the same value in the enlargement of R to a ring with inverse

based common inverse. =

PropoSITION 4.3.  Within the class CR.. | of commutative rings with inverse based
common division, the common meadows are precisely those which satisfy the conditional
equation AVL.

Proor. AVLissatisfied in any common meadow because % = L issatisfied only by
x =0and x = L, and in both cases 0 - x = x. On the other hand, contrapositively,
let R be a ring which is not a field. then for some non-zero ¢ € R it must be that
there is no proper inverse for it, i.e., there is no ¢ € R with a - ¢ = 1. Thus, in
Enl, (R.) it is the case that % = 1. However,asa € R,0-a=0,and 0-a # a as
a # 0so AVL is not satisfied. -

As an immediate consequence we find:

PropoSITION 4.4,  The axiom system Egc cm for common meadows is not complete
for the conditional equational theory of common meadows.
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PrOOF. AVL is true in all common meadows but it is invalid in any generalised
common meadow M obtained by enlarging a ring that is not a field with L and
inverse based common division. As M |= Efc cm (by Proposition 4.1) and M -
AVL, by soundness, we find that Ec om 1/ AVL. -

The result of Proposition 4.4 was obtained in [13] with a different proof. Note,
too, that the conditional equation

x-x=0—-x=0

is valid in all fields and in all common meadows. But it is not valid in all rings and for
that reason also not valid in all rings enlarged with inverse based common division.

Given the significance of AVL (Proposition 4.3), and its independence (Proposi-
tion 4.4), we examine Egc cm + AVL:

ProposITION 4.5. Eftccm +AVLE X - x =0 — x =0.

Proor. From [8], we have EfccmbEO0- x x=0—0-x=0. Moreover,
Eftccml_%: ~. Thus from x - x =0 we find £ =5 =7 =x-L=1sothat
with AVL we hcwe 0 - x = x. Taking both facts together wefindx=0-x=0. -

We will return to these issues later. In contrast to Proposition 4.4, we have shown
previously [16] these facts.

THEOREM 4.1. The equational axiom system Efc cm is complete for the equational
theory of common meadows. For every equation e,

Efic cm & e if. and only if, CM = e.

THEOREM 4.2. The equational axiom system Egc cm for common meadows is
complete for the equational theory of commutative rings with inverse based common
division. For every equation e,

Eqcem e if,andonly if, CR. | Ee.

PrOOE. From left to right is Proposition 4.1. For the other direction first notice
that all common meadows are commutative rings with inverse based common
division, so that the equational theory of commutative rings with inverse based
common division is contained in the equational theory of common meadows—
recall Lemma 2.3.

Therefore, completeness of Efc_cm for the equational theory of commutative rings
with inverse based common division follows immediately from the completeness of
Efc om for the equational theory of common meadows, i.e., Theorem 4.1. -

In addition, Proposition 4.4 draws attention to the open Problem 1.1 of the
Introduction.

4.1. Axiomatising the class of common meadows. The following facts are related to
general results in [12], recalled here as Theorem 2.1. More specifically, the following
fact follows from Theorem 2.1 about | -enlargements.

PropoSITION4.6.  The class CM of common meadows is not a quasivariety. The class
CR. | of commutative rings with inverse based common division is not a quasivariety.

Here is a direct proof using a technique with initial algebras.
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Proor. Consider the second statement. Suppose that conditional equational
theory E.. has precisely the commutative rings with inverse based common division
as its models, i.e., CR. | = Alg(Z, E..).

We introduce fresh constants ¢ and 4. We consider an initial algebra of E’ =
E U{c+d = 1}. Now there is a commutative ring with inverse based common
division M; that satisfies E’ by taking ¢ =0 and d = L from which it follows
that E’ t/ ¢ = L. Similarly, there is a model M, of E’ in which d =0 and ¢ = L
so that E' t/ d = L. It follows that. in an initial algebra of E’, ¢ +d = L while
¢ # L andd # L. However, this latter situation cannot occur in any structure of the
form Enly (R. ) because¢c € Randd € R, whencec + d € R, thereby contradicting
c+d=1. -

This basic fact may be contrasted with Theorem 4.2 above. Indeed, while Esc cm
completely axiomatises all equations true in all common meadows it fails, i.e., it is too
weak, to define the class of common meadows. Common meadows can be defined
with a first order theory but not with equations, or with conditional equations alone.

PropPoSITION4.7. There is a consistent conditional equational extension T of Efc_cm
which has no commutative ring with inverse based common division as a model.

ProOOF. We set

1 1
T = Eftccm U{Om—O-)O—l,I—H—L%O—I}

Let M be an initial algebra of Egc ¢m. Then O - ﬁ = 0 1s not valid in M because
Efc_cm allows a model (based on the prime field Z, of characteristic 2) in which

b
111

and ﬁ = | isnot valid because that equation fails in a common meadow of rational
numbers. It follows that M satisfies 7.

Now consider any commutative ring with inverse based common division, say
M’ = Enl, (R.) which is a model of T. In M’, 0 - ﬁ # 0 so that ﬁ ¢ R and by

definition of Enl; (R- ) it must be the case that {17 = L in M’ which contradicts

MET. 4

0 =0-L=1+#0

§5. GCM homomorphisms. GCMs allow a rich world of homomophisms which
has first been explored in general by Dias and Dinis in [21], and in the context of
finite GCMs in [22], where however, homomorphisms are not required to respect
division. Below we will insist that a GCM-homomorphism respects division as well.
We start our discussion of GCM homomorphisms with two examples.

ExampLE 5.1. The ring homomorphism ¢ : Z4s — Z, extends to a homomor-
phism from ¢ : Enl| ((Z4)-) — Enly ((Z»)-).

However, the ring homomorphism ¢ : Z¢ — Z3 does not extend to a homomor-

phism from Enl ((Zg)~) to Enl; ((Z3)-). To see this notice that in Enl, ((Zg)-) the
inverse of 2 is L while in Enly ((Z3)~) the inverse of 2 is 2.

PROPOSITION 5.1.  Every generalised common meadow (GCM ) allows a homomor-
phism p to a commutative ring with inverse common division.
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PrOOF. Let M be a GCM, and using the notation of [21] we write My = {a €
M | 0-a = 0}. Myisacommutative ring to which we add inverse common division,
Enl, (Mp).

We define p as follows:

pla) = afora € Myand p(a) = 1 fora ¢ M,.

To see that p is a homomorphism:

(i) Constants. As 0,1 € My and L ¢ M, p preserves the constants.

(ii) Addition. To check p(a) + p(b) = p(a + b) we have four cases:

(iil) if a € My and b € My then 0-(a +b)=0-a+0-b=0+0=0 so that
pla) +pb) =a+b=pla+b):

(ii2) a € My and b ¢ My then p(a)+ p(b) =a+ L =1L = p(a+b), while
assuming that ¢ + b € My and if a + b € M, we find a contradiction as follows
0-b=0-0+b=0-a+0-b=0-(a+b)=0,1ebc My

(ii3) a ¢ My and b € M, is dealt with as case (ii2); and finally

(ii4) a ¢ Myand b ¢ M, from in [8, Proposition 2.3.1(ce5)] we find thata + b €
M, implies @ € M so that we know that a + b ¢ M,y whence p(a) + p(b) = L +
L=1=pla+b).

(iii) Multiplication. This case works the same as addition.

(iv) Additive inverse. This is immediate.

(v) Multiplicative inverse. This has two subcases: (v1) a € My and (v2) a ¢ M,.

For (v1), if @ € M there are two subcases: (v1i) a~! € My, which is immediate
and (vlii) @' ¢ My. In case (vlii) it cannot be the case that @ - @ = 1 as otherwise
0-al=(0-a)-a'=0-(a-a')=0-1=0 thereby contradicting a! ¢ My so
we find that p(a') = L by definition of p in a common meadow and p(a)! = L
by definition of a common meadow. In case

For (v2), i.e.. a ¢ My we find that a! ¢ M, because otherwise 0-a = (0-a™') -
a=0-(a'-a)=0-1=0. =

5.1. GCM homomorphisms and AVL. We first notice that AVL is a natural property
for GCM’s.

PROPOSITION 5.2, Let I (Zcm. Efic_cm) be an initial algebra for the equations Egc_cm.
Then I(Zcm. Efic_cm) satisfies AVL.

Proor. To see this, we consider a closed term ¢ such that } = 1 is provable from
Efc_cm. Using fracterm flattening (Theorem 3.1) we find that r = - for appropriate
numerals # and m. Then } = =2 Now 2= = | implies n - m = 0. Now we use the
fact that Q is a model of Efc m and for that reason a homomorphic image of the
initial algebra so that in Q_ it is the case that n - m = 0 from which it follows that

either n = 0 or m = 0 and in both cases 0 -t = ¢. -

Now, p(M) = Enl (Z-) and so fails AVL, so that AVL is not preserved under
homomorphisms of the form p.

We will now consider a different kind of homomorphism on GCM’s. Part (i) of
the following observation is made in [21].
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Lemma 5.1. Let M be a GCM and let a € M be such that a # 1., a # 0 and
0-a = a. Let the function ¢,: M — M be defined by

¢a(b) =b+a,

and write x =, y for ¢,(x) = ¢, (y):

(1) ¢4 is a homomorphism, the image ¢,(M) of which is again a non-trivial GCM
(ie.. 9a(0) # ¢a(1)):

(ii) if M satisfies AVL then the homomorphic image ¢,(M ) satisfies AVL;

(iii) if a = § thena - b =, 1.

Proor. For (i), we refer to [21], though the check that p =, ¢ <= p+0-a =
q + 0 - a is a congruence is immediate for all cases.

For (ii). consider ¢ € M such that ¢, (1) = L. it must be verified that 0 - ¢, (c) =
¢a(c). Now. ¢,(1) = L implies that (working in M. and doing some of the work of

the proof of (1))
1 1
-+0a=—-4+a=1L+a=1
c c
and
Lg g lt0a 1 1
c ¢ c+0-a  ¢ue)
) thatm:Land with AVL in M one finds 0 - ¢,(c) = ¢,(c) as required.
For (iii):a-b=b-t=1+2=14+0-a=, L. =

Given a GCM M with non-L a € M such that 0 # 0-a one may define a
congruence =/, as follows:

(i)b=!, 1 < b+0-a=>b,and

(i)b=,c < (b=cV (b=, LAc=1)).

It is a straightforward verification that =/ is a congruence relation with
1 #/ 1 and consequently 1 #/, 0. M/=/ is a non-trivial GCM. Note the natural
homomorphism:

PROPOSITION 5.3.  The natural homomorphism ;- : M — M/ =! neednot preserve
the validity of AVL.

ProOF. Let a and b be fresh constants and let Is be an initial algebra of the
algebraic specification

1 1
S = (Zcm U {a,b},Eftc,cm U {AVL E + 0.-a= E})

Now, I satisfies AVL while Is / =/, does not.

To see the this, we notice that in Is/=),. 3 = L. i.e. } =, L while 05 #, b.
To see that 0-b #,, b fails in Ig/=/, first notice that upon choosing 1 for a
and L for b, Is is mapped to an initial algebra M’ of the specification S’ =
(Zem U{a, b}, Ege em U{AVL,b = 1, a = 1}) which is also an initial algebra of
S" = (Zem U{a.b}, Egc.cm U{b = 5.a = L}) in view of Proposition 5.2. Now M’
satisfies 0-5 #0 (i.e. 0-5#0-1) and (with b=14. a=1) b+0-a #b. and

=91
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0-b+0-a#0-b.Itfollowsthatnoneof0-b=0.b+0-a =band0-b+0-a =
0 - b are provable from S so that neither of these equations is true in M, with as a
consequence thatin M 0 - b # b, thereby refuting the validity of 0-» = b in Iy /=,
and for that reason refuting AVL as well. 4

The example of Proposition 5.3 indicates that chains of homomorphisms applied
to a GCM in order to get closer to a common meadow are best made up from
homomorphisms of the type ¢o.,(h) = b + 0 - a, rather than p or z;-.

Recall completeness for conditional equations (Definition 2.5), and that E¢c_cm
does not axiomatise the conditional theory of common meadows—Proposition
4.4. However, it does more than axiomatise the equational theory of commutative
rings—Proposition 4.2.

THEOREM 5.1. Eqccm provides a complete equational axiomatisation of the
conditional equational theory of the class of commutative rings with inverse based
common division.

PrOOF. We need to show that whenever a conditional equation y is true in all
commutative rings with inverse common division it is derivable from Efc ¢m. 1.€.,
w 1s true in all GCMs. So suppose that w is refuted in a GCM, say M. We will
transform M into a commutative ring with common division M’ which refutes y as

well.

We write w =t, =rA...ANt,=r, >t =r, and we assume that variables
X1, ..., X, occur in y and that substituting ay, ..., a; for these variables provides
an instance in M refuting w. Let b = t(ay.....a;) and ¢ = r(ay, ..., a;). Because

b # ¢ at least one of both, say b, differs from L.

We will consider three cases:

(i)c=_Land b # L.

(ii)c # Landb # Land0-5 =0-c, and

(i) c # Landb # Land0-b #0-c.

(1) We assume first thatc = L and b # L. We know that0 - b # | and we consider
the mapping p o ¢y., with p as used in the proof of Proposition 5.1 and ¢., as used
in the proof of Lemma 5.1. As p o ¢., is a homomorphism it preserves all conditions
of the conditional equation ¢.

Concerning the conclusion of w we notice that

$05(b) =b+0-b=(1+0)-b=1-b=>,

and in the image ¢o., (M), ¢o.5(b) # L because if b =¢, L thenb +0-b=b = L
contradicting the assumption on b and c. Clearly, ¢g.;(c) = ¢.5(L) = L so that
the conclusion of w remains false in the image of ¢, on the substitution
do.p(ar). ... do.p(ar). In ¢y, (M) then, 0 = 0 - b so that p acts as identity on ¢g.;, (b)),
with the effect that y fails in p(¢g., (M )). which is a commutative ring with inverse
based common division.

(ii) Next, we consider the case that b and c are both non-1 and that0-5 =0 - c.
Again, we may consider the homomorphism p o ¢g.;, and we find p(¢po., (b)) = b as
above and p(¢o.5(c)) = ¢ so that again in p o ¢q., (M ) the conditional equation v is
invalid on the substitution ¢g.,(a1). ... . ¢o.(ax).

(iii) Finally, without loss of generality, we assume that 0.5 # 0. c. Suppose
that both (0-5)-(0-¢)=0-band (0-¢)-(0-¢)=0-¢ then 0-b =0- ¢ which
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contradicts the assumptions on » and c¢. We assume w.o.L.g. that (0-5) - (0-c) #
0 - b. Again we will use the homomorphism p o ¢g.;,. Now we find that 0 - yg.;(b) =
¢0.5(0) while 0 - ., (¢) # ¢0.5(0), as otherwise 0 - (0 - ¢) =¢., 0 which would imply
that (0-5)-(0-¢) #0-b. It follows that p will leave ¢g.,(h) unchanged while
p(¢o.5(c)) = L with the effect that ¢ fails in p(¢g.,(M)). -

5.2. L -splitting in GCMs.

DEFINITION 5.1. A GCM M features (non-trivial) L-splitting if L is the sum of
two non-_L elements in M.

Clearly, a common meadow will not feature non-trivial L-splitting and, more
generally, nor will a commutative ring with inverse based common division.

Moreover, ifina GCM M, a,b € M feature non-trivial L-splitting then 0 - @ # 0
as otherwise0 - (¢ +b) = 0- Lsothat0-b = L and thenb = L; similarly, it follows
that 0- b # 0.

ExaMPLE 5.2. Let a and b be two constants with associated axiom a +b = 1.
In the initial algebra 7 of Eqc cm +{a +b = L} wefind0#a # L, 0#b # L and
a # b. Thus, I allows non-trivial | -splitting.

ProPOSITION 5.4. Let M be a GCM which satisfies AVL. If M possesses non-trivial
zero divisors then M features non-trivial 1 -splitting.

ProOF. Suppose M allows non-trivial zero divisors, then for some a,b € M,
a -b =0while a # 0 # b. Now, consider the sumterm ¢ = % + }7 We will find that
t features non-trivial L-splitting. We have 1 = 4t2 = 42 — | Moreover, if 1 = 1
then with AVL, 0-a = a and from a -b =0 follows 0-a -b = 0, which implies
0 - a = 0. Both facts together yield a = 0, which contradicts the assumptions on «

whence % = 1. Similarly, it follows that % # 1. -

If @ and b feature L -splitting the homomorphisms ¢y., and ¢,., do not commute.
Indeed we find that b =(., L and that a =¢., L. It follows that the union of =.,
and =., does not generate a congruence relation and that the transitions from M to
M/ =., and to M/=.;, exclude one-another. Moreover, if for non-_L b it is the case
that b =., L then a and b feature non-trivial L -splittingin M. Indeed:ifb +0-a =
1 +0-athenb+0-a=_1Land0-(b+0-a)=0-_Lsothat0-(a +b)= L and
a+b=1.

PROPOSITION 5.5.  Given a GCM M which satisfies AVL and which avoids non-trivial
L-splitting, the union of the congruences =., for all non-_L elements a of M generates
a non-trivial congruence =, on M such that M/ =, is a common meadow.

Proor. In view of the absence of L-splitting, the union of the non-trivial
congruences =¢., and =o., generates the non-trivial congruence =.(,5). Further
M/ = is a commutative ring with inverse based common division, as any a € M
with 0 - a # 0 will satisfy 0 - ¢ =¢., 0 and for that reason also 0 - a =, 0.

To see that M/ =, satisfies AVL consider ¢« € M such that % =cm L. Then for
some non-L. b € [M|. 1 +0-b=c, L+0-b=_L. Because M avoids L-splitting
and 0-b # L, L = | so that with AVL, in M, a =0 - a, and therefore 0 - a =, a

Ca

as required for the check of AVL. -
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In case M allows non-trivial | -splitting, choices must be made which element of a
L -splitting pair to map to 0 and which on to map to L as the ordering of factorisation
now matters. Now, it is possible to use a a well-ordering of the non-_| -elements in
order to remove all L -splitting pairs.

LEMMA 5.2. Given a GCM M that satisfies AVL, with a non-1 element a € M
with 0 #£ 0 - a, then there is a congruence =y, on M such that M/ =, is a common
meadow and a #cm L.

Proor. Given M with properties as stated we first define the set U, by
Uy={beM|0£b&0-b=b&b # L}.

Now, let « be an ordinal with g a 1-1 mapping from the successor ordinals in « to
U,z such that g(1) = a. The congruences :‘; for f < a are as follows:

e ={ is the equality relation of M.

o for a successor ordinal f + 1:if0- g(8 + 1) :f), Oorif0-g(p+1) :% 1 then

_¢ g
T Bl B
by the union of =} and =, (4. ). and

is the same as =%; otherwise =9 . is the congruence relation generated

g
p+1

e for a limit ordinal f, :’2 = Uyep =5

Now, we will find that =5, is a nontrivial congruence on M such that in M/ =5, for
every c either ¢ = 1 or 0 - ¢ = 0, so that M/ =%, is a commutative ring with inverse
based common division, which satisfies AVL (in view of Proposition 5.1 each factor
GCM M/ zﬁ satisfies AVL), and which is a common meadow in view of Proposition
4.3. Moreover, a # L asin M/ =,y= M/ =,.a = 0Oandnota = L, and all further
congruences are consistent extensions of =,. .

5.3. Weak commutative rings with |. Consider the effect on the standard
properties of a ring of introducing the absorptive element 1.

DEFINITION 5.2. An algebra R satisfying the Equations 1-10 of Table 1 is called
a weak commutative ring (WCR). An algebra R satisfying all the Equations 1-11
of Table 1 is called a weak commutative ring with L. (WCR ).

Every commutative ring is a weak commutative ring but not conversely. To see the
latter, notice that a reduct of the common meadow Q, of rational numbers to the
signature of rings is a weak commutative ring but it is not a ring because 0 - x = 0
failson x = L.

LemmA 5.3, For any given commutative ring R, Ry is a WCR . Further, a WCR
of the form R satisfies NVL
0-x#0—-x=1,
and all WCR’s that satisfy this formula are of the form R | .

PrROOF. Only the third part requires an argument. To see this it suffices that
the non-L elements of R, are closed under addition, additive inverse, and
multiplication. We consider multiplication: if ¢ # | and b # L then due to NVL,
0-a=0and0-b=0sothat0-a-b =0 b =0 which contradictsa - b = L. The
other cases are dealt with similarly. o
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Let X, be a signature of rings and fields with L. Now, given a WCR R the
algebra (R ). is obtained by expanding R, with a division function x = y such
thatx -y =x-(1+y)and1 <+ aisbifa-b = 1 (such b is unique, see Lemma 3.1
and Definition 8.1 below), and 1 =+ « is undefined if no proper inverse b is available
for ain R | , where a proper inverse of x is an element x’ so that x - x’ = 1. We notice
that if R is non-trivial, then (R ). is a partial algebra.

Although L € R, already, for (R, ). we totalise and define Enl;, (R, ). ) by
having a + b = 1| whenever a + b is undefined in (R ).

PROPOSITION 5.6. Enl; ((R))-) satisfies E¢c_cm if. and only if, R satisfies NVL:
0-x#0—>x=1.

ProoF. According to Lemma 5.3, if R, satisfies NVL then it is of the form
Enl (R) for some ring R. Then it follows that Enl; ((R ) ) satisfies Efc_cm.

For the other direction, assume that Enl  ((R).) satisfies Ef. m and suppose
a € R satisfies0-a # 0and a # L. We consider b = 1 + 0 - a. We first notice b #
L,asotherwise: L =1L +(-1)=b+(-1)=(14+0-a)+(-1) =0-asothata =
(14+0)-a=a+ L =_1.Thusif b !is defined in Enl ((R,)-) it must be a proper
inverse of b. We find 5! = (1 +0-a)!' =1+0-a = b, so that

l=b-b'=0+0-a)-(1+0-a)=14+04+0)-a+0-a)-(0-a)=1+0-a
thus 0 - @ = 0 in contradiction with the assumptions on a. -

We notice that a WCR which does not satisfy 0 - x # 0 — x = L is easy to find:
add a constant ¢ and take an initial algebra of K = Alg(Z, | , Efcc cm)-

In [21] one finds results concerning precisely which WCR’s have an expansion to
amodel of Eg_cm (i.€., to a generalised common meadow).

Recalling from Section 2.3 the notation of [12]., for a common meadow M,
Pdt (M) is a meadow (= field with partial division). For a commutative ring with
common division R. |, Pdt; (R. |) is a commutative ring with partial division,
and for an integral domain with common division R. . Pdt; (M) is an integral
domain with partial division.

§6. Examples of conditional equations. We are interested in an axiomatisation of
the conditional equational theory of common meadows. First, we will look at some
examples and see that the equations for common meadows (i.e., Efc_cm) allow the
derivation of various conditional equations. Because AVL is a conditional equation
true in all common meadows but not valid in all models of E¢c cm, We wonder
if Efic_cm + AVL provides a complete axiomatisation of the conditional equational
theory of common meadows. In Proposition 6.5 below we find that this is not the
case, thus setting the stage for further investigation in Section 7.

6.1. Deriving conditional equations. Obviously, all non-trivial (0 # 1) commu-
tative rings with inverse based common division satisfy the conditional equation
0=1— 0= L. More generally:

PrOPOSITION 6.1. Efe. cm FO=1—0= 1.

PROOF. EfecmU{0=1}FO0=1=1=1}=1. 8
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However, the structure 4 in which 0 = 1, 1 # 0 and
0+0=04+1=0-0=0-1=0, L4+0=1L+1=1+1 =1

satisfies Er | whileitrejects0 =1 — 0= L. WefindthatEy, ) F0=1—-0= L.
It follows that Efc m 1S nOt a conservative extension of Ey, | .
As a strengthening of Efc cn 0 =1— 0= 1 we find:

PROPOSITION 6.2. EfecmbFXx=x+1—>x= 1.

Proor. We will make implicit use of the axioms of Egc cm. Suppose x =
x+1then x—-x=(x+1)-x=(x-x)+1sothat 0-x=0-x+1. Now O-
x=140x=1t-=gx =g +=L-1=1 Thus x=1-x=(140)-x=
x+0-x=x+1L=1. =

Similarly we find:
PROPOSITION 6.3. Egfccm F0-x = % —x=1

PROOF. Efc m implies & = 1+ % so that with 0-x = }l we find & =y- % =

7:0-x=0-x40-y=1+%=140-1=1+0-0-x=1+0-xUponadding
0-yonbothsidesO0-x+0-y+0-y=14+0-x+0-yand0-x+0-y=1+4+0-
x+0-ysothat0-x+0-y=1+0-x+0-yand with Proposition 6.20 - x 4+ 0 -
y=_1.ThenwithO-x+0-y =1+0-x as derived above we have 1 +0-x = L
from which x = L easily follows. -

ProposITION 6.4. If M |=x+y =L — t =r in all common meadows M then
EpcembFx+y=L—t=r.

PrOOF. Suppose ¢ contains both x and y as free variables then, using arguments
from [8] or [16], Efc.ecm F =1+ 0-x +0-y = L, so thatin all common meadows
r = L. In this case apply fracterm flattening and choose terms p over the signature
of rings such that Egc o F 1 = f. It follows that in all common meadows (and
for that reason in all fields F). ¢ = 0 so that Efc.cm - ¢ =0 and Egecm F 7 = L.
whence Efc.cm E 1 =7.

We may then focus on the case that both 7 and r contain at most one variable of
x and y. We assume that # does not contain y and then we distinguish two cases:

(i) x occurs in ¢ and y occurs in r, in which case Efccm - =1+ 0-x and
Efc em B 7 =r+0-y so that in all common meadows L. =¢t+0-x+0-y =17+
0-y=r+0-y=r. From this observation we find that, upon choosing x = 1,
1 = r holds in all common meadows so that it is derivable from Efc ¢ according
to the completeness result of [16]. The case that y occurs in ¢ and x occurs in r is
dealt with symmetrically.

(ii) y does not occur in ¢ in which case y occurs in neither ¢ and r, then choosing
y = 1 we find that ¢t = r is valid in all common meadows so that it is derivable from
Efc cm according to the completeness result of [16]. =

6.2. AVL and conditional equations. As an example of the use of this rule consider
the following conditional equation:

w| o
wn| o
w| o

0
:

o

0
235 = 3
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LEMMA 6.1. ¢35 holds in all common meadows.

Proor. This is a simple case distinction. Note that the conclusion may be written
as0- % =0- %
Assuming % . (—3) = g . % and % = 1 we will show that % = 1, leaving the proof
that with % = 1 one may derive % = 1 to the reader. If % = 1 then it is immediate
that0-3=0-(1 4+ 1+ 1) = 0, moreover with AVL one finds 0 - 3 = 3 so that 3 = 0.
Then5-2=1+9 = 1mod 3, so that 2 is the inverse of 5 and conversely. It follows

that0-(5-2) =0-1=0and thus0-5=0and 0-2=0so that 3 =0and § = 0.

Now the condition g . g = g . % can be used, and upon substitution of the now
known facts this yields: 0- L. =0-0 and thus 1 =0, which suffices to obtain
0_ 0
v _ Y -
3= 5

PROPOSITION 6.5. Efic.cm + AVL I/ ¢235.

ProoF. A model of Egc cm + AVL in which ¢; 3 s fails can be found following the
structure theory for GCM’s as set out in [21, 22]. The underlying idea is that all
GCM’s M, contain a lattice Lj; made up by elements from 0- M. Let m € 0- M
then m determines the subring of M which consists of multiples of 1 + m.

A common meadow always has 2-element lattice containing 0 and L only. The
same holds for commutative rings with inverse based common division. Each
element b € Ly, of the lattice serves as the zero for a ring R?.

We consider a structure with a three element lattice containing: 0, ¢, L. Here ¢ can
be understood as an element which satisfies c =0-c and ¢ = ¢ + % for all primes

p- Ry is a copy of Z(%) that is the ring of integers augmented with a constant for
% which satisfies 3 - % =1 and R¢, the substructure generated by ¢ is a common
meadow of rational numbers, denoted as Q .

We assume that the domain of R; is made up of simplified fracterms with as
denominators powers of 3 only, while the domain of R, is made of of all simplified
fracterms. The natural isomorphism z: Z(}) — Q. (i.e.. from Ry to R,) is needed
to describe the operations of M:

p*q = p*g. q. forallpairs p,g € R.,x € {+.—.-.+};
pxq =1(p)*g, q.forall pairs p € Ry.q € R, x € {+.—. -, =}
p*xq = px*g, 1(q), for all pairs p € R..q € Ry, x € {+,— -, +};

pxq=p*r,q.for p.q € Ry, x € {+.— -}

p+~0=_1forp e Ry

p+q =1(p) +1(q) for all ¢ with a numerator that is not a power of 3.

It is an elementary check of axioms that M satisfies Efc .m + AVL and indeed

M |~ ¢35 —|
Consider the following conditional equation ¢:
00 00 0 O
p=u-x+v-y-z=1IA——=—- - = —=—,
Xy x z 'y z
It is easy to see that ¢ is valid in all common meadows and that for all primes p, ¢
and r
00 00 0 O
EreamU{g} b~ ==~ - =-,
P 9 pr q
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Nevertheless, we offer this:

CONJECTURE 6.1. There is no finite set of conditional equations E, true of all
common meadows, such that Eqc . U E provides a complete axiomatisation of the
conditional equational theory of common meadows.

§7. Customising the logic of common meadows and completeness. We continue the
search for an axiomatisation of the conditional theory of common meadows and
for this purpose we introduce a proof rule which is sound for all common meadows
and in fact more generally, as noted in Proposition 7.1. Using this additional rule, a
completeness result is obtained in Theorem 7.2.

7.1. Adding a new proof rule. The following proof rule is sound for common
meadows, with E a conjunction of equations:
FEANt=1l—=r=1L FEAr=1L—=t=1
FE—0-t=0-r '
We denote derivability in the proof system of conditional equational logic
extended with R.y, by Fr.,,,. The following observation is immediate.

Rcm

PRrOPOSITION 7.1. The proof system g, is sound for commutative rings with
inverse based common division.

As AVL fails in commutative rings with inverse based common division that are
not fields (Proposition 4.3), and in view of Proposition 7.1, AVL is not derivable
with g, from Efc cm.

We will write f=cm for satisfaction in all common meadows and Fcn .y for
derivability from Egc cm + AVL.

LemvA 7.1, IfEem E — 1 = Lithenboppan E — 1 = L.

PROOF.  Suppose Fcm/auvl % = 1 then for some GCM M which satisfies AVL it is
the case that for some substitution ¢ of the free variables of E — } = L itis the case
that % # 1. We have to find a common meadow in which this is also true.

Consider the mapping ¢(x) = x +0- 1. First of all. we notice that ¢(1) # L.
as otherwise it would be so that 1 40 - % = 1 which implies % = 1. Thus, ¢ is a
homomorphism to a GCM, say M’, where

- 1 0 0
() —— =14 ——— =1+ —) =¢(1) =1
ey el i@

which also satisfies AVL in view of Lemma 5.1. In M’, E — % = 1| is not valid on

-

the substitution ¢(c). To see the this, notice that the homomorphism ¢ preserves all
conditions while —-— implies 1 = L against the assumption on M. With Lemma

t(p(c))
5.2 we find the existence of a homomorphic M" image of M’ which is a common
meadow and in which the image of 7(¢(Z)) is invertible so that % £ 1. 4

LeMMA 7.2. IfEem E =t =0t thentcynan t =0 1.
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PROOF. Assuming oy £ =t =07 we have =, E — % = 1 so that with
Lemma 7.1 Fep/avi E — + = L whence with AVL beay E — 1 =0-1 = L. &

TueorREM 7.1. If|Eem E =t = L thentcp oy E — 1t = L.

Proor. Using fracterm flattening we may write ¢ as 29 \where p and ¢ are

q(%)
division free and. moreover, it may be assumed that all variables occurring in p are
also present in ¢. So, we assume that =, t = f;< . Assuming . E — ”E ; =1

we have that in each common meadow for each substltutlon either the numerator of

;’ g; equals L or the denominator equals 0 or .. Now if the numerator is L then for

at least one variable | has been substituted so that the denominator equals | as well.
In each of these cases ¢(X) - 0 = ¢(X) in the substitution at hand. It follows that
Fan E = q(X) -0 =¢(X) so that, with Lemma 7.2, by /5v ¢(X) - 0 = ¢(X) from
which it follows trivially that ¢y, /2 £ = L =

Lemma 7.3, If Fen ENO-t =01 —t =71 then Fepmppu EAN0-t=0-1—
t=r.

PrOOF. In the style of the proof of Lemma 7.1 we consider a GCM M that satisfies
AVL and which refutes E AO-f=0-r — ¢ = r. For some substitution ¢ for the
relevant free variables the conditions are true while 7 and r take different values: in
M: t(¢) # r(¢). Consider s = GEe) ,@ in M’. We claim that s # L. Otherwise, with
AVL, 1(¢) = r(¢) = 0 (¢(¢) - r(c)). so that ¢(¢) —r(¢) +r(c) = 0 (¢(¢) —r(c)) +
#(¢) and, with x +0- x = x and the condition 0-7(¢) = 0-r(¢) it follows that
t(¢) = r(¢) in contradiction with the assumptions on M’. Now we may consider
the homomorphism ¢(x) = x + 0 - 5. The image of ¢ is a GCM, that satisfies AVL
in which #(¢) # r(c) differs from L, as otherwise | = #(¢) # r(¢) - s = L. Thus M’
refutes EAO-7=0-r — t = r, but now on a substitution ¢( ) which makes ¢ — r
invertible. Using Theorem 5.2 we find a homomorphic image M" = y(M') of M’
which is a common meadow and in which E A0 -t =0-r — ¢ = r is refuted on the
substitution (¢ (¢)). 4

Completeness can be obtained with the help of the additional rule Rey,.
THEOREM 7.2. |=cm E — t = r if,and only if, Eqc.cm + AVLE E — £ =1,

PrOOF. Soundness of the proof system for its purpose is obvious. For complete-
ness, we notice that if =, E — ¢ =r also Fem E At = 1L — r = 1 with Lemma
7.1also Femav E At = L — r = L. Similarly, symmetrically, Femav EA7r = L —
t = L. So, with R., we obtain Egc cm + AVLE E —0-2=0-r.

Obviously, =cm EAO0-t=0-r —0-¢7=0-r, as the additional condition does
no harm. With Lemma 7.3. we find Fcy/au- EAO-2=0-7r — =7, and in
combination with Fgccm +AVLEFm £ — 0.t =0-r we find Efccm + AVL Fem
E—t=r. -

We do not know whether or not the use of an additional rule—R.,, or otherwise—
is necessary for a finite and complete axiomatisation of the conditional equational
theory of common meadows, although as stated above we expect this to be the case.
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import E 1 + AVL

x<0p>y=y (17)

x<Alpy=_1 (18)
yu=l=xdyp>z=z (19)
x<d(+0-u)pz=x<y>z)+(0-u) (20)
x+0-w)<yp>(z+0-u)=x<y>z)+(0-u) (21)

TABLE 3. Econd-0p: Axioms for the conditional operator.

Nevertheless, a foundational open problem regarding common meadows remains
Problem 1.1.
Instead of the rule R.,, we may also use a less symmetric, and less intuitive, but
technically simpler rule R.,,
, FEANt=1l—-r=1
MEE—=0-r=0-(t+7r)

Using R, it is easy to obtain Ry, as a derived rule. The other direction is not
obvious, however, and we leave open the question whether or not R, is stronger
than R,

7.2. Expanding common meadows with a conditional operator. Finally, we extend
the signature of common meadows with a conditional operator. In particular, we
propose to work with x < y > z understood as

LR

“if y = 0 then z else x, where L is returned if y = 1.”.

The conditional operator is not strict in all arguments, eg., 0 < 1> L =0.
Nevertheless, it is easily shown, from the axioms in Table 3, that for a« # L,
¢a(x) = x +0-a is a homomorphism w.r.t. the conditional operator. It follows
that the completeness result of Theorem 7.2 can be generalised to the signature of
common meadows expanded with the conditional operator.

§8. Integral domains with L.

8.1. Basics. A integral domain with common division is a commutative ring with
common division Enl; (R ) that is based on a ring R that is an integral domain, i.e.,
it has no zero divisors: for all a.b € R,

a-b=0—-a=0Vvb=0.

Let CID. , be the class of all such algebras. We notice that in personal
communication Bruno Dinis suggested a somewhat stronger requirement for integral
domains with inverse based common division, the implications of which we have
not investigated.

a-b=0-a-b—-0-a=aVv0-b=5b.
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Clearly, every common meadow is an integral domain with common division, and
each integral domain with common division is a commutative ring with common
division, and both inclusions are proper. In symbols,

CMSAD. ; SCR. .

PropoSITION 8.1.  Every integral domain with common division can be extended to
a common meadow.

Proor. Consider an integral domain with common division M = Enl, (R.)
where the ring R is an integral domain. Let R’ be a field of fractions for R then
M’ = Enl ((R")-) is a common meadow which extends M. -

Because integral domains with common division are a subclass of commutative
rings with common division, the conditional equational theory of integral domains
with common division includes the conditional equational theory of commutative
rings with common division.

ProposITION 8.2. The conditional equational theory of integral domains with
common division is a proper extension of the conditional equational theory of
commutative rings with common division. In fact, these inclusions are proper:

ConEqnThy(CR, -) S ConEqnThy(CID, ) S ConEqnThy(CM).
Z Z

Proor. For the first proper extension we notice that AVL is true in all common
meadows but not in the ring of integers enlarged with inverse based common
division. For the second proper inclusion we notice that the conditional equation
¢ =x-x =0— x = 0is true in any integral domain with common division, while
it fails in a commutative ring with common division based on a ring of dual numbers
(we refer to [4] for dual numbers in a setting of meadows). -

The conditional equation ¢ =x-x-y =0— x -y =0 is true for all integral
domains, it is provable from Egc «m + AVL but it is strongerthanx - x =0 — x =0
as it excludes all rings with non-zero nil-potent elements.

Recall, a quasivariety is a class of algebras definable by conditional equations.
Again we have:

ProPOSITION 8.3. The class of integral domains with common division is not a
quasivariety.

ProoOF. Suppose for a contradiction that some conditional equational theory
E.. has precisely the commutative rings with common division as its models. We
introduce fresh constants ¢ and d. We consider an initial algebra of £’ = E., U {c -
d = 0}. Now, there is a ring with common division M, that satisfies E’ by taking
¢ =1 and d = 0 from which it follows that E’ I/ ¢ = 0. Similarly, there is a model
M, of E’ in which d = 0 and ¢ = 1 so that E’ t/ d = 0. It follows that in an initial
algebra of E’, ¢ -d = 0 while ¢ # 0 and d # 0.

However, the latter situation cannot occur in any structure of the form Enl (R..)
with R an integral domain, because ¢ - d = Oimpliesc # 1 andd # 1 sothatc € R
andd € R, whencec-d =0¢€ R,sothatc-d =0in Enl  (R-) 4

While the common meadows can be characterised with a single conditional
equation as a subclass of the commutative rings with common division (Proposition
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4.3), acorresponding characterisation of the integral domains with common division
is not so easy to find.

PROBLEM 8.1. Is there a set of conditional equations T; , true of all integral
domains with inverse based common division such that a commutative ring with common
division is an integral domain with common division if, and only. if it satisfies T} ,? If
so is there a finite set T} , with the mentioned properties?

The equational theory of integral domains with inverse based common division
is the same as the equational theory of common meadows and as the equational
theory of commutative rings with inverse based common division. The following
issue is left open.

PrOBLEM 8.2. Is there a finite axiomatisation with conditional equations of the
conditional equational theory of integral domains with inverse based common division?

8.2. A second definition of division for integral domains. Recall our convention
where we change notation from + to the familiar fraction notations when
appropriate. We now introduce a second kind of division (for integral domains)
and extend our flexible convention relying on the context. Thus, as long as the
divisions are declared, fracterms can continue to have these forms

. P
pP+q. =. p/q.
q
Here is another definition for division in case the ring R is an integral domain.

DEerNITION 8.1, Let R be an integral domain. Then it has a unique partial division
operator — | — defined by

(i) ifb #0and b - ¢ = a (cis unique in this respect) then a/b =4 c.

(ii) if b =0 oriffornoc € R, b - ¢ = a then a/b is undefined.

LemMA 8.1. Let R be an integral domain. In case (i) of Definition 8.1 above if such
¢ exists then it is unique.

Proor. If such c exists it is unique because of the absence of zero-divisors in R:
ifalsob-¢’ =athena—-a=b-c-b-¢'"=b-(c-c')=0, and then, given that
b#0,¢c—-c¢" =0, andthusc =¢’. -

Extending a ring R with this operator / creates a ring with partial general division
denoted R,. This general form of division is more familiar in arithmetic.

ExaMmPLE 8.1. In Z there are more divisions (in comparison with inverse based
division): the equation b - x = 1 (for defining ;) has solutions whenever x divides b.
eg..12/1=12,12/2=6.12/3 =4,12/4 = 3,and 12/6 = 2 all exist and are unique.

The requirement that we work over a ring without zero divisors is needed. For
instance in the finite ring Z¢, the equation 4 - x = 2 mod 6 has solutions 2/4 = 2
because 2=2-4 mod 6 =8 mod 6 =2 and 2/4 =5 because 2 =5 -4 mod 6 =
20 mod 6 =2. So, unless working over an integral domain, divisions are not
necessarily unique but may be multivalued. This complication is absent for inverse
based division, however.

However, Enl | (R /) does not satisfy the equations of Efc cm.
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PrOPOSITION 8.4. Enly (R/) F~ Eftccm.

Proor. For instance with R=7Z. Enl (R)|E1-3=1-3=1 while
EnlL(R)) = % = % = 1, which refutes Equation 13 of Efc cm. -

Actually, Enly (Z /) satisfies the axioms of Efc «m With the important exceptions
of Equations 13, and 14. Given Proposition 8.4, a typical open problem regarding
equational logic over these rings with common division is as follows.

PrOBLEM 8.3. Does EnIL(Z/) allow fracterm flattening?

As far as we can see, there is no straightforward approach to equational reasoning
in Enl; (R,) with standard first order (i.e., Tarski) semantics. Yet, we consider
Enl, (R /) to be a more natural structure than Enl 1 (R-) because direct common
division is more often defined (infinitely often in the case of R = Z). Defining
division with the use of the multiplicative inverse as an intermediate step is fine
when working in a field, but doing so is less convincing when working in a ring.
However, clearly, the equations for Enl; (R)) are less attractive than the equations
for Enl; (R-).

§9. Rings with division and eager equality semantics.

9.1. Eager equality. In [14, 15] we have introduced and investigated in some detail
an alternate way of identifying two expressions with partial operations. Called eager
equality, and denoted =, its general form is as follows.

Let [¢] denote the value of term 7 in a partial algebra 4 and write ¢ | if ] is
defined and ¢ 7 if [¢] is not defined. Naturally, when the expressions are defined in
A, eager equality of expressions is the same as equality = in 4:

ifz Jand ¢ | then: [t] = [{] & t~1'.
However, if one or other, or both, of 7 and ¢ are not defined then eager equality
~ satisfies
ttor/andt' t = t~1'.

Thus, eager equality means that if an expression is undefined then all other
expressions — defined or not—will be deemed equal to it. This motivates the
description ‘eager’. Finally, we note that

t#t < t andt' L andt #1'.

Eager equality is symmetric and reflexive, but it is not transitive. Eager equality
satisfies what we call safe transitivity:

XRYANYyRZIAYFwW > Xz

Here transitivity requires that y differs from 1. a condition which is guaranteed by
the existence of some element w with y % w. The relation of eager equality satisfies
the congruence property, i.e., operations of 4 preserve ~. Eager equality contrasts
with one of the oldest notions of partial equality, that of Kleene equality, which
requires both the expressions to be either defined and equal, or both undefined [25].
As emphasised in our [14], eager equality is something rather different and unusual.
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Let A be be a total or partial algebra and let non-empty V' C A4, then with (4))
we denote the subalgebra of 4 with domain limited to ¥ and operations made
partial on inputs in ¥ when their values lie outside V" or do not exist. We compare
the totalisations Enl (4) with Enl; ((4)y ). The proof of the following observation
is straightforward.

PrOPOSITION 9.1. Given a partial algebra A of signature T and an equation t = r
over X, then Enl (A) =t = r implies Enl | ((4A)v) Eeager t =T

ProOF. The modification that takes place by turning Enl, (4) into Enl; ({4)y)
only introduces more occurrences of L as a function value. Such modifications
cannot invalidate an equation w.r.t. to eager equality. .

ExaMPLE 9.1. We are interested in instances of this construction when 4 = F is
afield and VV = R C F is aring. Then, with F. denoting F enriched with a partial
division operator, we find that Enl | ((F.)g) will satisfy in eager equality semantics
all equations—including and especially Eg. ,—which F. satisfies in standard first
order semantics. A typical example of this state of affairs is found with F = Q and
R=7ZCQ.

ExaMmPLE 9.2. Another instance of the construction is where upper and lower
bounds are introduced into common meadows, as discussed in [17]. This works as
follows: We restrict the domain of Enl; (Q-) to an interval V' = (- b, b) for some
rational bound b > 1 to make Enl ((Q-)y). We find that bounded meadows thus
defined fail to satisfy the equations of Efc m in ordinary first order semantics.
However, the equations of Efc o are satisfied in Enl; ((Q.)y) in eager equality
semantics.

9.2. Eager equality and the axioms for common division. Now we notice that for
an integral domain R, Enl (R /) eager equality validates all of Egccm and allows
fracterm flattening for that reason.

PROPOSITION 9.2.  Let R be an integral domain. Then Enl | (R)) =cager Eftc—cm-

PrOOF. Let R’ be afield extending R with R; as its corresponding partial meadow
with general division. Then R is a partial algebra coinciding with R; except for the
fact that division in R / is a subfunction of division in R’. i.e., the graph of division
in R/ is contained in the graph of division in R;.

It follows that with ay.....a, in R, if t(ai.....a,) = r(ai, ..., a,) follows from
Efc m it holds in EnIL(R;). Now, it must be confirmed that #(ay. ..., @) =cager
r(ai....,a,)in Enll(R;). Ifeither ¢(ay. ....a,) = Lorr(ay.....b,) = LinEnl (R))
then the equality holds in eager semantics. Otherwise, if both #(ay,...,a,) and
r(ai,....a,) are defined in EnIL(R/) then both terms are defined in R, and,
necessarily, also defined and equal in R;. Since they cannot differ in R; they cannot

differ in Enl (R/). =
We conjecture that Problem 8.3 has a negative answer. Thus, in order to justify
fracterm flattening in ring-like structures of the form Enl (R,) we find an incentive

to contemplate eager equality. Although eager equality has a problematic logic—
because it is not transitive—nevertheless we consider eager equality to provide a
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meaningful semantics for fracterm calculus for this general division over an integral
domain. In other words: for plausible structures with division—in particular, for
Enl. (R/) with R an integral domain—the (very plausible!) equational logic of
Etc cm 1s not sound w.r.t. to Tarski semantics, while it is sound w.r.t. the (less
plausible!) eager equality semantics.

Actually, these observations create a good conceptual case for studying and
deploying eager equality. They match with the observation in [15] that working
with rewrite rules which are sound for eager equality provides a plausible approach
to term rewriting for common meadows.

Notice that AVL fails under eager equality in a common meadow of rational
numbers, say on x = 2. More technically, consider the conditional equation

p=0=1L—-0=1.

We notice that ¢ is valid in all common meadows because the premise never holds. At
the same time, however, using eager equality instead of ordinary equality, ¢ is invalid
in all common meadows because the premise always holds while the conclusion never
holds. We further notice that the conditional equation ¢, 3 5 as introduced in Section
6.2 is valid in all common meadows under eager equality.

§10. Concluding remarks. We will reflect on the diversity of algebraic models and
logical theories suitable for computer arithmetics, focussing on totality.

10.1. Various forms of total divisions. Given the original motivation to study
arithmetical structures as abstract data types suitable for computer specification
and computation, the classical algebra of fields is an obvious starting place: field
theory provides a comprehensive axiomatic theory of the rational, real and complex
numbers, and calculating with polynomials and solving polynomial equations. This
theory is widely taken to be the foundation for what many creators and users of
mathematics rely on in their work.> However, in computing, as we noted in the
Introduction, it is in need of modification to be ‘fit for purpose’ as a tool for the
specification of data types.

The modification needed and studied here is to add division and make it total.
Elsewhere we have studied several ways of accomplishing this for fields by making
different semantic choices for . Using various semantical values to be found
in practical computations—such as error, co, NalN, the last standing for ‘not
a number'—we have constructed equational specifications (under initial algebra
semantics) for the following data types of meadows of rational numbers:

Involutive meadows, where an element of the meadow’s domain is used for
totalisation, in particular 1/0 = 0, [9, 28, 30].

Common meadows, the subject of this paper, where a new external element | that
is ‘absorptive’ is used for totalisation 1/0 = L, [8, 13, 16].

Wheels, where one external oo is used for totalisation 1/0 = oo =— 1/0, together
with an additional external error element _L to help control the side effects of infinity,
[11, 20, 29].

2 Among the commonly taught specialisations of field theory we note: Galois theory, algebraic number
theory, algebraic geometry, model theory of field axioms.
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Transrationals, where besides the error element L, two external signed infinities
are added, one positive and one negative, so that division is totalised by setting
1/0 = oo and — 1/0 =— o0, [2, 10, 23].

Symmetric Transrationals, where to the error element L, and two external signed
infinities, are added two infinitesimals along with upper and lower bounds, [17].

In practice, these models are based on data type conventions to be found in
theorem provers, common calculators, exact numerical computation and, of course,
floating point computation, respectively. For some historical remarks on division by
zero, we mention [1], and for a survey we mention [3].

Our results here and elsewhere point to the fact that arithmetical abstract
data types with error values are theoretically superior among the many practical
conventions we have studied. The other meadows run into fundamental algebraic
difficulties that the common meadows do not. For example, a problem for the
involutive case is the failure of flattening composed fractional expressions—compare
Section 3.3.1. In [6] it is shown that, with the axioms for involutive meadows, terms
are provably equal to only finite sums of flat fracterms; and in [7], it is shown that
arbitrarily large numbers of summands of flat fracterms are needed for that purpose.

Acknowledgments. We thank Jodao Dias, Bruno Dinis and Alban Ponse for several
useful comments made by them on two preparatory drafts of the paper. We thank
the referee for their comments and suggestions.

Funding. This research programme is supported exclusively by our universities.

REFERENCES

[1] J. A. D. W. ANDERSON and J. A. BERGSTRA, Review of Suppes 1957 proposals for division by zero.
Transmathematica, (2021). https://doi.org/10.36285/tm.53.

[2] J. A. D. W. ANDERSON, N. VOLKER, and A. A. ADAMS. Perspex Machine VIII, axioms of transreal
arithmetic, Proceeding of SPIE 6499, Vision Geometry XV (J. Latecki, D. M. Mount, and A. Y. Wu,
editors), 29 January 2007, 649902. https://doi.org/10.1117/12.698153.

[3] J. A. BERGSTRA., Division by zero, a survey of options. Transmathematica, (2019). https://doi.org/
10.36285/tm.v0i0.17.

[4] , Dual number meadows. Transmathematica. (2019). https://doi.org/10.36285/tm.v0i0.11.

[5] . Arithmetical datatypes, fracterms, and the fraction definition problem. Transmathematica,
(2020). https://doi.org/10.36285/tm.33.

[6] J. A. BERGSTRA, 1. BETHKE, and A. PONSE, Cancellation meadows: a generic basis theorem and some
applications. The Computer Journal. vol. 56 (2013), no. 1, pp. 3-14.

[7] J. A. BERGSTRA and C. A. MIDDELBURG, Transformation of fractions into simple fractions in divisive
meadows. Journal of Applied Logic, vol. 16 (2016), pp. 92-110.

[8] J. A. BERGSTRA and A. PONSE. Division by zero in common meadows, Software, Services, and
Systems (Wirsing Festschrift) (R. de Nicola and R. Hennicker, editors), Lecture Notes in Computer
Science, 8950, Springer, Berlin, 2015, pp. 46-61, https://doi.org/10.1007/978-3-319-15545-6_6.

[9] J. A. BERGSTRA and J. V. TUCKER, The rational numbers as an abstract data type. Journal of the
ACM , vol. 54 (2007), no. (2). p. 7 (25 pages).

[10] , The transrational numbers as an abstract datatype. Transmathematica. (2020). https://
doi.org/10.36285/tm.47.

[11] . The wheel of rational numbers as an abstract data type, Recent Trends in Algebraic
Development Techniques. WADT 2020 (M. Roggenbach, editor), Lecture Notes in Computer Science,
12669, Springer, Berlin, 2021, pp. 13-30.

[12] . Totalising Partial algebras: teams and splinters. Transmathematica, (2022). https://doi.
org/10.36285/tm.57.

https://doi.org/10.1017/js1.2024.88 Published online by Cambridge University Press


https://doi.org/10.36285/tm.53
https://doi.org/10.1117/12.698153
https://doi.org/10.36285/tm.v0i0.17
https://doi.org/10.36285/tm.v0i0.17
https://doi.org/10.36285/tm.v0i0.11
https://doi.org/10.36285/tm.33
https://doi.org/10.1007/978-3-319-15545-6_6
https://doi.org/10.36285/tm.47
https://doi.org/10.36285/tm.47
https://doi.org/10.36285/tm.57
https://doi.org/10.36285/tm.57
https://doi.org/10.1017/jsl.2024.88

RINGS WITH COMMON DIVISION 31

[13] . On the axioms of common meadows: Fracterm calculus, flattening and incompleteness.
The Computer Journal, vol. 66 (2022), no. 7, pp. 1565-1572.

[14] . Eager equality for rational number arithmetic. ACM Transactions on Computational
Logic. vol. 24 (2023). no. 3, Article 22, pp 1-28.

[15] , Eager term rewriting for the fracterm calculus of common meadows. The Computer Journal,
vol. 67 (2024), no. 5, 1866-1871. https://doi.org/10.1093 /comjnl/bxad 106.

[16] . Tucker A complete finite axiomatisation of the equational theory of common meadows.
ACM Transactions on Computational Logic. vol. 26 (January 2025), no. 1, Article 1, 28. https://doi.org/
10.1145/3689211.

[17] J.A. BERGSTRA and J. V. TUCKER, Symmetric transrationals: The data type and the algorithmic
degree of its equational theory, A Journey From Process Algebra via Timed Automata to Model Learning —
A Festschrift Dedicated to Frits Vaandrager on the Occasion of His 60th Birthday (N. Jansen et al., editors),
Lecture Notes in Computer Science, 13560, Springer, Berlin, 2022, pp. 63-80.

[18] G. BIRKHOFF, On the structure of abstract algebras. Mathematical Proceedings of the Cambridge
Philosophical Society. vol. 31 (1935). no. 4, pp. 433-454.

[19] S. Burris and H. P. SANKAPANNAVAR, A Course in Universal Algebra, Springer-Verlag, Berlin,
1981.

[20] J. CARLSTROM, Wheels—on division by zero. Mathematical Structures in Computer Science, vol. 14
(2004). no. 1, pp. 143-184.

[21] J. D1as and B. Dinis, Strolling through common meadows. Communications in Algebra, vol. 52
(2024). no. 12, pp. 5015-5042. Also: arXiv:2311.05460 [math.RA] (2023).

[22] . Towards an enumeration of finite common meadows. International Journal of Algebra and
Computation, vol. 34 (2024), no. 6, pp. 837-855.

[23] T. S. pos REis, W. GoMIDE, and J. A. D. W. ANDERSON, Construction of the transreal numbers
and algebraic transfields. IAENG International Journal of Applied Mathematics, vol. 46 (2016). no. 1.
pp. 11-23. (http://www.iaeng.org/IJAM /issues_v46/issue_1 /IJAM _46_1_03.pdf)

[24] H. D. EBrICH, M. WoLF, and J. LOECKX, Specification of Abstract Data Types, Vieweg Teubner,
John Wiley, Chichester, 1997.

[25] S. C. KLEENE. Introduction to Metamathematics, North Holland Publishing Co., Amsterdam,
1952.

[26] A. 1. MAL'TSEV. Algebraic Systems, Springer, Berlin, 1973.

[27] K. MEINKE and J. V. TUCKER, Universal Algebra, Handbook of Logic in Computer Science
(S. Abramsky. D. M. Gabbay. and T. S. E. Maibaum, editors). Oxford University Press, Oxford, 1992.
https://doi.org/10.1093/0s0/9780198537359.003.0003.

[28] H. ONo. Equational theories and universal theories of fields. Journal of the Mathematical Society
of Japan, vol. 35 (1983). no. 2, pp. 289-306.

[29] A. SETZER. Wheels (draft). 1997. http://www.cs.swan.ac.uk /csetzer/articles/wheel.pdf.

[30] P. SuppEs, Introduction to Logic, Van Nostrand Reinhold, Princeton, 1957.

[31] B. L. vAN DER WAERDEN, Modern Algebra, vol. 1, Frederick Ungar Publishing Company,
New York, 1970.

INFORMATICS INSTITUTE. UNIVERSITY OF AMSTERDAM
SCIENCE PARK 900, 1098 XH, AMSTERDAM
THE NETHERLANDS
E-mail: j.a.bergstra@uva.nl
DEPARTMENT OF COMPUTER SCIENCE
SWANSEA UNIVERSITY, BAY CAMPUS
FABIAN WAY, SWANSEA, SA1 8EN
UK
E-mail: j.v.tucker@swansea.ac.uk

https://doi.org/10.1017/js1.2024.88 Published online by Cambridge University Press


https://doi.org/10.1093/comjnl/bxad106
https://doi.org/10.1145/3689211
https://doi.org/10.1145/3689211
https://arxiv.org/abs/2311.05460
http://www.iaeng.org/IJAM/issues_v46/issue_1/IJAM_46_1_03.pdf
https://doi.org/10.1093/oso/9780198537359.003.0003
http://www.cs.swan.ac.uk/csetzer/articles/wheel.pdf
mailto:j.a.bergstra@uva.nl
mailto:j.v.tucker@swansea.ac.uk
https://doi.org/10.1017/jsl.2024.88

	1 Introduction
	1.1 Totalising division
	1.2 Axiomatising common division
	1.3 Structure of the paper

	2 Algebras and equations with an absorptive element
	2.1 Algebras with absorption
	2.2 Equations and absorption
	2.3 -enlargement for partial algebras

	3 On axiomatising division
	3.1 Rings, fields, and meadows
	3.2 Totalising division in a ring
	3.3 Equational axioms
	3.3.1 Fracterms and flattening
	3.3.2 A remark on (changing) terminology.


	4 Commutative rings with 
	4.1 Axiomatising the class of common meadows

	5 GCM homomorphisms
	5.1 GCM homomorphisms and AVL
	5.2 -splitting in GCMs
	5.3 Weak commutative rings with 

	6 Examples of conditional equations
	6.1 Deriving conditional equations
	6.2 AVL and conditional equations

	7 Customising the logic of common meadows and completeness
	7.1 Adding a new proof rule
	7.2 Expanding common meadows with a conditional operator

	8 Integral domains with 
	8.1 Basics
	8.2 A second definition of division for integral domains

	9 Rings with division and eager equality semantics
	9.1 Eager equality
	9.2 Eager equality and the axioms for common division

	10 Concluding remarks
	10.1 Various forms of total divisions


