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Abstract

In this paper we are concerned with the reliability properties of two coherent systems
having shared components. We assume that the components of the systems are two
overlapping subsets of a set of n components with lifetimes X1, ..., X,. Further, we
assume that the components of the systems fail according to the model of sequential
order statistics (which is equivalent, under some mild conditions, to the failure model
corresponding to a nonhomogeneous pure-birth process). The joint reliability function
of the system lifetimes is expressed as a mixture of the joint reliability functions of
the sequential order statistics, where the mixing probabilities are the bivariate signature
matrix associated to the structures of systems. We investigate some stochastic orderings
and dependency properties of the system lifetimes. We also study conditions under
which the joint reliability function of systems with shared components of order m can
be equivalently written as the joint reliability function of systems of order n (n > m).
In order to illustrate the results, we provide several examples.
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1. Introduction

Systems with shared components have a wide range of applications in various areas of human
life; for example, in network computing a server is used in common with several individual
computers (see [16] [17]), and in a system of railway transport in a certain geographical area
some stations are shared (see [22]). Recently, the reliability properties of systems with shared
components have been addressed in the literature; see [16], [17], and [22]. Navarro et al.
[17] considered two coherent systems having one or more shared components such that the first
system has 1 components with lifetimes Y7, . .., ¥,,, and the second system has n, components
with lifetimes Zi, ..., Z,,, and n » components are shared in the two systems. The authors
assumed that the lifetimes Y1, ..., Y,, and Zy, ..., Z,, are subsets of a set of random lifetimes
X1,...,X,, where n = n1 4+ ny — n12. Under these conditions, they presented the joint
reliability function of the lifetimes of the two systems as a mixture based on the notion of the
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bivariate signature matrix (BSM). The BSM is, in fact, a probability matrix defined as follows.
Let 77 and 7> denote the lifetimes of the two systems and the components of the systems have
independent and identically distributed (i.i.d.) lifetimes X1, ..., X, with acommon absolutely
continuous cumulative distribution function (CDF) F'. Assume that X, ..., X, denote the
order statistics corresponding to the X; and define the discrete random variables (RVs) I and J
such that

{{=iJ=j}={T1 = Xin, To = Xju} (D
The signature matrix 4 = {s; j}»xn s a probability matrix with elements s; ;, i, j =1, ..., n,
defined as

Sij = P(I = i, J = ]) = IP(T] = le':n7 T2 = Xj:n)’ l’] = 1’ ...,

The element s; ; of the matrix indicates, in fact, the probability that the ith component failure
causes the failure of the system with lifetime 77 and the jth component failure causes the
failure of the system with lifetime 7. We see that s; ; = n; j/n!, where n; ; is the number of
permutations of the order of component failures in which {T1 = X;.,, T» = X, }; see [17].
The joint reliability function of (77, T>) can be expressed in terms of the BSM and the joint
reliability of X;., and X ., i.e.
n n
P(Ty > t1,Th > 1) = Zzsi’jp(x,»;n > 11, Xjum > 1), n>=016>0 (2
i=1 j=1

For results on the properties of the joint reliability (2) and examples on systems with shared
components; see [16] and [17]. Equation (2) is proved under the assumption that the components
of the systems have i.i.d. lifetimes. This means that the failure of any component in the system
does not affect the lifetimes of the remaining components. However, in real-life situations, it is
more reasonable to assume that the components of both systems are dependent. In particular, a
situation arises when a component fails in the system and the load on the remaining components
increases (decreases), and, hence, the failure of one component affects the lifetimes of the
other remaining components. In order to describe this situation, the model of sequential order
statistics (SOS), as an extension of ordinary order statistics, can be employed for modeling the
ordered lifetimes of the system components. In an SOS model, it is assumed that at the starting
time of the system operation, the lifetimes of the components are i.i.d. with a common CDF F.
After the failure of the first component at a time instant, say 1, the CDF of the residual lives
of the n — 1 remaining components changes to that of residual lives of i.i.d. components with
age t1 and a CDF F, (possibly different from F7). If the ith component fails at time instant #;,
the CDF of the residual lives of the n — i remaining components changes to that of residual
lives of i.i.d. component with CDF F;y; truncated att;, i = 1,...,n — 1. If we proceed this
way, we obtain a set of ordered failure times for the components, denoted by X ’1":’1, L X
which are called the SOS based on the CDFs Fi, ..., F,; see [7], [8] and [12]. Throughout
the paper, we assume that the CDFs Fy, F», ..., F, are absolutely continuous with a common
support on (0, +00). The joint probability density function (PDF) of (X7, ,..., X} ) is

I:in>
n—1 - n—i
Fi(xi)
fl*,‘..,n:n(x) =n'|:1_[<_l—l> fi(xi):|fn(xn), X < X2 < -0 < Xp.
ioy VFip1(xi)
The SOS model forms a Markov chain with transition probabilities

F't n—i+1
(}.;—E;) , t>s,i=2,...,n.
i(§

P(X: >t | XE, =s)

in i—lin
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We refer the reader to, for example, [4]-[6], [15], and [20] for more details on stochastic
properties and applications of the SOS model in reliability.

The model of component failures based on SOS is closely related to the model of component
failures based on nonhomogeneous pure-birth (NHPB) process. The NHPB process, which
arises naturally in many applications, is defined as follows. A counting process {N(¢), t > 0}
is said to be an NHPB process with intensity functions A;(#) >0, i = 1,2, ..., if

e {N(t), t > 0} has the Markov property;
e PINt+At) =i+ 1| N@)=i)=r@)At +0o(A1), i > 1;
e PINt+At) >i+1|N@)=i)=o0(At),i>1,

where each A;(t), i = 1,2, ..., satisfies ftoo Mi(u)du = oo for all t > 0. When the A;(¢) are
identical, an NHPB process is called a nonhomogeneous Poisson process (NHPP). In an NHPP,
At) = fol A(u) du is called the mean value function; see [2]. Assuming that Z1, Z5, ..., Z,
are the first n epoch times of the process { N (¢), ¢ > 0}, Zhuang and Hu [23] showed that under
the condition A;(u) = (n — i + Dr;(u), i = 1,...,n, where r;(u) denotes the hazard rate
of F;, the joint reliability of the ordered component failures based on the SOS model and the
joint reliability of component failures based on the NHPB process are identical. That is,
(XTp oo X5 = (21, 22,y Za),

lin>
where ‘2’ denotes equality in distribution.

In this paper we study the reliability properties of two coherent systems with shared com-
ponents. We consider two coherent systems with respective components n; and n, among
which n1 » components are shared, and we assume that the components of the two systems fail
according to the SOS model X7, , ..., X, . In Section 2, the signature-based joint reliability
function of system lifetimes is expressed in terms of the joint reliability function of the SOS
model (X7, , X 7;;1)- Stochastic ordering results are obtained in order to compare the lifetimes
of two pairs of systems with shared components based on stochastic orderings between the
elements of the BSMs associated to the systems. We also study the signature-based dependency
between the lifetimes of the two systems. In order to illustrate the results, we also provide
examples of systems with shared components. In particular, we provide a detailed example
regarding a three-state network with 14 components (as a special case of the systems with
shared components) where the components are assumed to fail according to the NHPP model.
In Section 3 we explore conditions under which the joint reliability function of two systems of
order m, with shared components, can be expressed equivalently as the joint reliability function
of two systems with shared components of order n (n > m). Section 4 is devoted to some

concluding remarks.

2. The joint reliability of the systems under the SOS model

Consider two systems having some shared components. Let the first system have n;
components and the second system ny components of which n1 2 components are shared.
Hence, the total number of components of the two systems is n = n| + ny — n1 2. Suppose
that RVs X1, ..., X, denote the lifetimes of the components of the two systems and denote T;
and 7> as the lifetimes of the systems, respectively. In what follows, we assume that the
failure of the components occurs according to the SOS X7, , ..., X;.,. Thatis, X7 represents
the ith component failure time in the system as described in Section 1 fori = 1,2,...,n.
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Furthermore, we assume that the reliability functions Fi,..., Fn characterize the SOS model.
Under these assumptions, the joint reliability function of 77 and 73 can be represented in terms
of the reliability functions of the (X} , X ;f:n) as

in’

n n
P(T >0, Th>0)=> > sijPX}, >0.X5, >0, #6>016>0 ()
i=1 j=1

where the validity of this representation follows from the fact that (2) is valid for the systems
with exchangeable components (see [17]), and using [15, Lemma 2.1], which states that there

exists an exchangeable random vector X* = (X7, ..., X}) such that the corresponding vector
of its usual order statistics is identically distributed as the vector of the SOS (X7.,, ..., X».,).

Among the special cases of the general form of the SOS model, we refer to two important
cases which are of interest in many applications. A special case, which is important in different
applications, is when the reliability functions F; have proportional hazard rates. Recall that two
reliability functions F and G are said to have proportional hazard rates if there exists o > 0

such that F(x) = (@(x))o_‘. Now assuming that for parameters o; > 0, i = 1, ..., n, we have,
in the SOS model, F; = F% . The joint PDF of X;k:n and X;f:n, is

. J ; Fx: B i B ; .
FE i xp =Ly b,i)u)(ﬁ) S by (F i LELED g

k=i+1 F(x) =1 F(x)F(xj)’
where 8 = (B1, ..., Bn), Bi = (n — i + 1), provided that
Bi # Bj, i #jforalli,jef{l,..., n},
J . J 1
Lii=[[8. 8’= T[] —= i+1=k=j
k=1 I=i+1, 1%k P = B

i
1
b= [] G |sksi=n

I=1, Ik

The empty products are defined to be 1; see [13]. In particular, the PDF of X} is

£ @) = Lio Y i) (F )P £ o). 5)

k=1

As mentioned in Section 1, the SOS model is related to the model of component failures based
on the NHPB process. In particular, when the intensity functions in the NHPB process are
identical, it reduces to the NHPP. In this case, if the failures of components occur according
to an NHPP and if all orders of component failures have equal probabilities, then the joint
reliability function in (2) can be expressed analogously as

n

n
P(T1 >0, Ta>0)=Y > sijP@>n.0;>n)., >0 >0,
i=1 j=1

where 91, 92, ..., ¥, are the first n occurrence times of the NHPP.
We now turn our attention to the following examples.
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Example 1. Let X1, X», X3, X4 be nonnegative RVs denoting the lifetimes of four components.
Consider two coherent systems built from the X; with lifetimes

T1 = min{X, max{min{X3, X3}, X4}}, T, = min{max{Xy, X»}, max{X3, X4}}.
For these systems, it is straightforward to verify that the positive elements of the BSM are

1
512 = 13> $2,2 =

=

s $33 =

W=

s 23 =

N—

s 1,3 =

Bl

Assume that the components fail according to the SOS model based on the CDFs F1, ..., Fy,
where .
Fi(t) = e ™', t>0,0,>0i=1,...,4.

With ;i = (n —i + Doy, Bi # Bj. i # j, using (4) and (5), we see that
1
P(XTy > x, X34 > y) = ﬁ—(ﬁle—ﬂm—ﬂ” — Bre Py,
12

—B13x—p3y —Pirax—pay —Bry
B1B2B3 (e e Brze
P(XTA =X, K?:4 >) 1 < )’

B23 B3 P13 B2B12 B1B12P13
. . B1B2B3 <e—ﬂ23x—ﬂ3y e Bux—F3y =Py e—ﬁzY)
P(X%, > x, X% - _ _ ,
(X34 > %, X34 > ) P12 B3B3 B3B13 * B1B13  B2Po3

and

1 )
P(X5, > ) = 5(/326_’3” — pre P2,

P(X34 > y) = (,32/33/3326_’3” — BiB3Baie Y + ﬁlﬂzﬁzle_ﬂ”),

1
B21B32631

where B;; = Bi — Bj, i # j. Therefore, the joint reliability function of (77, 72) can be
written as

P(Ty > t1,Th > ) = 1]—2]P)(XT:4 > 1, X>2k:4 > 1)+ %P(XTA > 11, X§:4 > 1)
+1IP(X5, > 11, X3y > ) + JP(X3y > 1) + tP(X3, > 0).

In Figure 1 we present plots of the joint and marginal reliability functions of 77 and 73, where
o] =%<a2=l<a3=2and,hence,,31 =2<pBr=3<pB=4

The networks arise in different real-life situations; for example, communications, computing,
and the internet. A network consists of a set of nodes and a set of links where some particular
nodes are considered as terminals. Let a network have three states (up, partial performance,
and down). Suppose that the links are subject to failure and all nodes are absolutely reliable.
Denote by T and 75 the entrance times of the network into partial performance and down state,
respectively. If X1, ..., X,., denote the ordered lifetimes of the network links then the joint
reliability function of 77 and 75 can be expressed as (2) where in this case the bivariate signature
is a matrix with elements s; ; = P(T1 = X;;y, T = Xj,,) = Ofori > j; see [10] and [11].
We see that the three-state network (system) described here can be considered as two networks
with lifetimes T7 and 7> (T} < T, with probability 1) in which all components are shared.

Next we provide an example of a three-state network with 14 links (components) where the
links fail according to an NHPP.
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1.0
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\ —— P(Ty>1)
081\ — P(Ty>1)
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0.2
0 4
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FIGURE 1: (a) The joint reliability function of (71, 72), and (b) the marginal reliability functions of 77,
and 75 from Example 1.

FIGURE 2: The network with eight nodes and 14 links. The terminals are shown as solid circles.

Example 2. Consider a network with the graph as depicted in Figure 2. The network has
14 links and eight nodes. We assume that the links are subject to failure and the nodes are
absolutely reliable. The states of the network are defined according to the connection between
the terminals of the network, where the terminals are shown as solid circles. We further assume
that the network is in the up state if all terminals are connected, in the down state if all terminals
are disconnected, and otherwise in the partial performance state.

Let the network links fail according to an NHPP with mean value function A (f) = — In G(z),
where G(t) = e_’", t > 0, a > 0. Then the joint reliability function of 7| and 7> is

14 1 i—1j—1 k —k
P(T| > 11. Ty > 12) = Z Z 5 Z( In G(tl)) (= 1In(G(12)/G(t1))) Gt
k

i=l j=i+1 k=0 I= =k

14 i—1j—1
ak(tz—t)l —k L,

t a
IR

i=1 j=i+l k=0 I=k

The elements s; ; of the BSM are calculated using an algorithm from [21] for different values
of i and j (the calculated matrix is available on request from the authors). Using the values of
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TABLE 1: Some descriptive quantities of 77 and 73 for different values of a.

a E(Ty) E(T) V(T1) V(T2) cov(T, Tz)  corr(Tq, T2)
1703674 1252500 3822.1035 7210.1823  3951.3880 0.7527
3 227661  36.0061  224.0946  327.3205  202.2583 0.7468
1 7.6556 106114 117599  12.6485 8.9355 0.7326
2 2695 32114 0.4062 0.2982 0.2454 0.7051
SR
O
1.000—
09954 X
0.990-
R(t,, t
(1:12) ) g5
0.980-
0.975-
OJ

'8

FIGURE 3: The joint reliability function of (77, 72) for (a) a = 0.5, (b)a = 1, and (¢c) a = 2.

the bivariate signature, we plot the joint reliability function of (77, T7) for different values of
shape parameter a; see Figure 3.

In Table 1 we present the mean (IE(7;)) and variance (V (T;)) of T;, i = 1, 2, together with
the covariance and correlation between 77 and 75.

Before proceeding to our next results, we recall the following definitions of some partial
orderings; see [19] for more details on the different concepts of partial orderings.

Definition 1. Let X| = (Xq1,..., X1,) and X» = (X351, ..., X2,) be two random vectors

with survival functions F; (1, ..., ;) = P(Xi1 > t1,..., Xin > tn), i = 1,2, respectively.
We say that X is smaller than X, in the usual stochastic order, denoted by X| <y X5 if

E(¢(X1)) < E(¢(X»)) for every increasing function ¢ provided that the expectations exist.
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Definition 2. Let f denote the joint PDF of the random vector X = (X1, ..., X).
(a) We say that f is multivariate totally positive of order 2 (MTPy) if, for every x = (x, ...,
xn), X = (x|, ..., x}),
Jf@E) < fevx)fxnx),
where x Vx' = (x; Vx{,...,x, Vx,) and x Ax' = (x; AX{,...,x, Ax,) such that
x; Vx; = max{x;, x/} and x; A x] = min{x;, x/}, i =1,...,n.

(b) The RVs X and X» are said to be positively quadrant dependent (PQD) if
P(X| > x1, X2 > xp) > P(X| > x))P(X3 > xp) forallx; > 0, xp > 0,

or, equivalently, cov(i1(X1), h2(X3)) > 0 for every pair of increasing functions A (-)
and Ao (-).

(c) The RVs X and X, are said to be associated if cov(h;(X1, X»), hy (X1, X3)) > 0 for
every pair of increasing functions /1 (x1, x2) and hs(x1, X2).

For n = 2, MTP; is also known as totally positive of order 2 (TP,). Put simply, for the
random vector (X1, X») with joint PDF f(x1, x2), f is TP, if, for all x| < xi and xp < xé,

F(xi, x2) f(x], x5) > fxr,x5) f(x], x2).

It is remarkable that the TP, property implies associated and associated implies PQD.
) . R (1 (1 .

Consider two systems with respective lifetimes 7" and 7, " having some shared compo-
nents, and let 81 be the corresponding BSM. Assume that the components of the two systems
fail according to the SOS Xf:n, el X,’;:,( based on the CDFs Fy, ..., F,. Also, consider two
other systems with respective lifetimes T 2 and T2<2) having shared components. Let 82 be the
corresponding BSM where we assume that the components of these two systems fail according
to the SOS Y7, , ..., Y, based on the CDFs Gy, ..., G,. If F| <q Gyand F; <y G;, i =

2, ..., n then, from [23, Theorem 5.1], (X7, ,..., X}\.,) <« (Y{,.,...,Yy,) which, in turn,

1:n> 1:n>

implies that (X7, , Xjf:n) <st (Y7, Y;‘:n). Therefore, if we assume that 8 < 8@ then, from

[3, Theorem 3.3], we obtain (T}, Ty") <q (T\*, T\?).
As an application of this result we present the following example.

Example 3. Consider two pairs of systems having shared components with the following
structures.

(I) The first pair is made of four components X1, ..., X4 with lifetimes
7" = min{X1, max{X2, X3}},
Tz(l) = min{max{X,, X3}, max{X»,, X4}, max{X3, X4}}.
Let the components of these systems fail according to an SOS model based on the CDFs
Fy, ..., F4. The positive elements of the BSM 8 are

1 _ n _

1 1 ( M _ 1
S13= 3> $22= 6 S

) 1
3= 3 §32 = 3-

(II) Let Yy, ..., Y4 be the lifetimes of four components that are used to build the second pair
of the systems where we assume that the lifetimes of the systems are

7 = max{Yy, min{Ys, ¥3}}, 7,2 = max{Ya, Y3, Ya}.
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Let also the components of the two systems fail according to an SOS model based on the
CDFs Gy, ..., G4. For these systems, we can easily see that the positive elements of the

BSM 8@ are
@ _ 1 @ _ 5 @ _ 1
2,4 = 3> S3.4 = 127 S43 = 3-

It is straightforward to see that for every increasing function ¢ (i, j),

4
ZZ Ve j) < ZZs%(z i)

i=1j= i=1 j=1

which, in turn, implies 8V <y 8@, If F| <4 Gy and F; <y Gy, i = 2,...,n, then
1 1 2 2
1V, 1Y) <5 (12, 132

In the next theorem we explore the dependency between the lifetimes of systems with shared
components.

Theorem 1. Consider a pair of systems having some shared components. Let the components
fail according to the SOS X1 o -+ Xy based on the CDFs Fi, ..., F,. Further, assume
that Ty and T, are the lifetimes of the systems, respectively, and suppose that I and J are
defined as in (1).

(a) If I and J are PQD then T| and T, are PQD.
(b) If I and J are associated then Ty and T, are associated.

Proof. Since (X7.,,..., X} ) forms a Markov chain with TP, transition probability densi-
ties then X7, X ., are MTP;, which implies that X7, and X *., are TPy; see [14]. Hence,
X7, and X7, 4 , are assomated and PQD. By considering (3) the proof follows using the same

steps as in the proof of [1, Theorem 5]. (]
As an application of this theorem we present the following example.
Example 4. Consider again Example 1. Let S ; = > }_; . Y- 41 k.1 We see that

1

g 3 g 1 3 3 S 1
S1.0=17%. $2.0 =5 S02 = S12 =73, $2=¢-

Wi

Thus, we have .S_‘i,j > 5,-,030,] fori, j =1, 2,3, 4, implying that I and J are PQD. Under the
assumption that the components fail according to an SOS model, from Theorem 1 we conclude
that 7 and T, are also PQD.

3. Equivalent systems with shared components

Two different coherent systems with exchangeable component lifetimes are said to be
equivalent if the lifetimes of the systems have identical distributions. Navarro et al. [18]
introduced this concept and showed that if X1, X», ..., X, are exchangeable RVs and T is the
lifetime of a mixed (or coherent) system with component lifetimes X1, X2, ..., Xx (k < n),
then the reliability of T can be equivalently represented as the reliability of a mixed system based
on X1, X2,..., Xn; see [18, Theorem 3.4]. The notion of equivalent systems is particularly
important for comparing the reliability and ageing properties of the systems with different
numbers of components. Ashrafi and Asadi [1] extended the notion of equivalent systems to
three-state systems and made stochastic comparisons of the lifetimes of three-state systems
with different sizes according to some notion of stochastic orderings.
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In this section we aim to investigate the conditions under which systems with shared
components are equivalent. Before stating the definition of equivalent systems, we recall
that in a system the components may fail according to different random failure mechanisms.
For example, the components may fail according to ageing over time, the components may be
subjected to failure according to a counting process, or the components may fail as a result
of fatal shocks arriving based on some stochastic process. In this section we consider two
types of random mechanism for the component failures. In Subsection 3.1 we assume that the
components fail according to ageing and the lifetimes of the components are exchangeable, and
in Subsection 3.2 we assume that the components fail according to the SOS model.

Definition 3. Let (Tl(l), Tz(l) ) be the lifetimes of a pair of systems with shared components,
and (Tl(z), Tz(z)) be the lifetimes of another pair of systems with shared components. Assuming
that failure of components in the two pairs occurs according to the same random mechanisms,
we say that these pairs of systems are equivalent if (Tl(l), Tz(l)) = (Tl(z), Tz(z)).

3.1. The components with exchangeable lifetimes

In this subsection we consider two pairs of systems of different orders such that each pair
consists of components with exchangeable lifetimes and some components are shared between
the two systems. Under these circumstances, we investigate the conditions under which the
two pairs are equivalent. Suppose that C; ;., denotes a matrix of order n whose (i, j)th element
is 1 and the other elements are 0. Further, for n > m, let

(L0055
() ’
i—1+ky\ (n—i—k
d,;’;,:w, k=0,....,n—m. 7
m
In the next theorem we explore the conditions under which the two pairs of systems, with
shared components, are equivalent. In order to prove the result, we impose the condition that
the corresponding BSM is symmetric (i.e. it is equal to its transpose). We see that when the
lifetimes of components are exchangeable absolutely continuous RVs, a sufficient condition
for the BSM to be symmetric is that the two systems have the same structure and the positions
of the shared components are the same in both systems. In this case, we see that

diyiyi+j = k=0,....n—m,l=k,....n—m, (6)

$ij =P =X, T = Xjin) =P(T1 = Xjp, To = Xin) = 585,

which, in turn, implies that the associated BSM is symmetric. As an application of this, see
Example 5.

Theorem 2. Assume that X1, ..., X, are exchangeable RVs from the CDF F. Let Tl(l) and
T2(l) denote the lifetimes of two systems with shared components basedon X1, ..., X, m < n,
where we assume that the corresponding BSM is symmetric. If Tl(z) and T2(2) denote the lifetimes
of two other systems with shared components based on X1, ..., Xy, then

1 1 2 2
" 2 @, 7,

where T1(2) and T2(2) have the joint reliability function

n n

2 2 .
IF’(Tl( >, Tz( > ) = E E Pk, iP(Xi:n > min{ty, 12}, X;.n > max{ty, 12}),
k=1 I=k

https://doi.org/10.1017/jpr.2018.54 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2018.54

Reliability of coherent systems based on sequential order statistics 855

in which py; is the (k, [)th element of the matrix

m m m m
*
P = Z Z Si, j ki, 14 Choi, 14 jin + Z Z Si, jdi 4 jCh+j, ktjin-

Proof. We prove only =the #; < f; case. David and Joshi [9] showed that the following
recurrence relationships hold for the reliability functions of order statistics corresponding to
the exchangeable RVs X1, ..., X,:

P(Xim > 11, Xj:m > 1)

n—mn—m
= Z Z Aieti, 14+jPXitim > 11, Xigjin > 1), t1 <t, m<n,
k=0 I=k
and
n—m
PXjm > 1) = Y di ;PXpyjn>1),  m<n.
k=0

Hence, from (2) for t; < tp, we can write

m m m i
(1) (1)
P >0, 00 >0) =Y > i jPXim > 11, Xjom > 1)+ Y Y81 jP(Xjum > 1),
i=1 j=i+1 i=1 j=1
where
m m
Z Z $i, jiPXim > t1, Xjum > 12)
i=1 j=i+1
m m n—mn—m
=000 ) sijdiri 14 PKatin > 11, Xigjon > 1)
i=1 j=i+1 k=0 I=k
m m n—m-+i n—m+j
= > Y sijdiiPXin > 11, Xiw > 1)
i=1 j=i+l k=i I=k—i+j
n n k I—k+i
= > 8i, jdk )P(Xen > 11, Xin > 12)
k=1 I1=k+1 i=max{k—n+m,1} j=max{i+1,/—n+m}
and
m i m m n—m
DD s PXjm > 0) =D Y sijdi PXpqjon > 12)
i=1 j=1 j=1i=j k=0
m m n—m+j
=y 5i,jdiP(Xpen > 1)
j=li=j k=j

K
- Z Zslljdlfp(xk:n > 1).

k=1 j=max{k—(n—m),1} i=j
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Therefore, the joint reliability function of (Tl(l), Tz(l)) can be written as

n n
1 1
P >0, 1" > n) = ZZPk,zP(Xk:n > 11, Xin > 1),
k=1 =k
=P(T? >n, T >1n), un<n, ®)

where py s is the (k, [)th element of the BSM

[—k+i

n n k
- Z Z Z Z Si, jdk,1Ck 1:n

k=1I1=k+1 i=max{k—(n—m),1} j=max{i+1,/—(n—m)}

n k m
+ Z Z Zsi,jd;f@k,k:n

k=1 j=max{k—(n—m),1} i=j

L j=i+1 k=

m n—mn—

:

—m

m m m
Si jdk+l l+jek+l I+jn + ZZ Si, dk+jek+j k+jmns
k

m
0 /= j=li=j k=0

and di+i, 14 and dj ; are defined in (6) and (7), respectively. Thus, the proof for the #; < 1,
caseis complete. Similarly, using the assumption that the BSM of the two systems is symmetric,
it is straightforward to see that

P > 10, 1, > ) =P(1" > 0, T," > 11)

n n
=3 peiPXpen > 0. X > 1), 121 (9)
k=1 =k

Therefore, from (8) and (9), we finally conclude that for every #1, t» > 0,

n n
P > 0. 1,7 > ) =Y > praP(Xpn > min{ty, 12}, Xpop > max{ty, 1)

k=1 =k
= IP’(Tl(z) > 1, Tz(z) > ). O
Example 5. Let X1, ..., X¢ denote the lifetimes of the six components that are exchangeable.

Consider two systems made up of four components X1, X», X3, X4 withlifetimes 77 = min{X1,
max{X;, X3}} and 7, = min{max{X»>, X3}, X4}, where the components X, and X3 are shared.

The corresponding BSM is
11
0 7 g O
1 1 1
s_|7 5 & 0
1 1
s 5 00
0 0 00

Using Theorem 2, one can verify that the BSM of equivalent systems, with shared compo-
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nents, of order 6 is

0.1667 0.0333 0.0500 0.0500 0.0333 0

0 0.2000 0.0500 0.0500 0.0333 0

P — 0 0 0.1500 0.0500 0.0333 0
- 0 0 0 0.0667 0.0333 0

0 0 0 0 0 0

0 0 0 0 0 0

3.2. The components fail based on an SOS model

We now investigate the conditions under which two pairs of systems with shared components
are equivalent in the case that the system components fail based on an SOS model. Kamps and
Cramer [13] obtained a recurrence relation for the PDF of the ith SOS according to survival

functions F9!, ..., Fo%+1 je,

BB o) = Bt £72 0 + (B = B 172, (), (10)
where 8 = (B1, ..., Bu+1), ﬁ = (B2, ..., But1), Bi = (n —i+2);,and B; # B;, i # jfor
alli, j € {1,...,n+ 1}. In the next lemma, we present a recurrence relation for the joint PDF
of the SOS.

Lemma 1. Let f i intl (x, y) denote the joint PDF of(Xl w10 X n+1) defined in (4) based on

parameters f§ = (,31, <oy Bug1). Assuming that B; # B, i # j and the B; are decreasing in i,
we have

BuEE (o) = Bt 7 o)+ Bt = Bje) £ (e y)

+ B = B S G0y, 1<i<j<n. (D)

Proof Let Ul TR P UnJrl | be the SOS based on survival functions H*!, ., Honr
where Hu)=1—u, 0 <u < 1 Assume that h l(u v) denotes the ]omt PDF of

(Uiyi1> Ujpy) inwhich B = (n — i + 2)a;, i = 1 .,n+ 1. From (4), we have

ﬂj+1hi,j:n+1(u’ v)

_ u)ﬂk—l

RN 1
_Z) S by T
k=1

i+ )
=L Z b;(f)(j + D(Bj+1 — ﬁk)(l

k=i+1
= (Bjs1 = By y (@ 0)
j+1 |
N (1_u)ﬂk
+L; Y bP G+ DB — ﬁk>( ) Zb O T
k=i+1
= (Biy1 — Birh™®
Bj+1 — Bi+1) i,j+1:n+l(u’v)
/+1 ﬁk i+1 ( —u)ﬁk 1
+L; > bV +1>< ) Zbk<z+1>(ﬂ,+1 B
k=i+2 ( U)
= (Bt = B i 0) + Bt — BORE ) + Bl e v).
Hence, the proof is complete. ]

As aresult of Lemma 1, we have the following theorem.
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Theorem 3. Let Tl(l) and Tz(l) denote the lifetimes of two systems with shared components
where we assume that the corresponding BSM is symmetric SuppOse that the two systems
have n components that fail accordmg to the SOS X7, X, based on survival functions
Fe ... Fo+1_ Assume that T( ) and T ) denote the llfetlmes of two other systems having
shared components whose components fall according to the SOS X1, \, ..., X 1.,, based
on survival functions F*', ..., Fo+ Let B = (Bis - .+ s But1) in which B = (n — i + 2)a,
the B; are decreasmg, and ﬂ, # Bj, i # j. If F, fn+1(t1’ ty) denotes the joint reliability

function of (X7 g1 X n+]) then

1 1 2 2
1V, 1) 2 (1P, 1y,

where (Tl(z), T2(2)) has the joint reliability function

n+1n+1

2 2 - .
(T > 1, Ty > 1) = Z Zak,lFlzllg:nJr](mm{tl, f}, max{zy, 12})
k=1 I=k

in which ay is the (k, [)th element of the matrix

n n

11
1—k) (1 -
A= s ]775+1 D0 = e = )M o

i=1 j=i+1k=0 I=k

n o n 1
1-k
AN s = ) otk (12)

j=1i=j k=0

where n; = Bi/p1.

Proof. We prove the t; <, case. From (3), for #{ < t, we can write

n n _ n i -
1 1 2 F
B > 0.1 > 0) =3 7 sigFrp, )+ )Y s Frao),

i=1 j=i+1 i=1 j=1

where Fl i ,(t1, 12) is the joint reliability function of (X}, , X j:n) and F;ﬁ (#2) is the reliability
function of X T.n based on parameters ﬂ (B2, ..., Bnt1). From (11), we have

Z Z St]F,jﬁ n(tlth)

i=1 j=i+l1

n n 1 1
1—k)(1-1 _
=Z Z ZZSU”EH Dy =)A= )M, +k]+1 1 (1, 12)

i=1 j=i+1 k=0 I=k
n+1 n+l I—k+i
(A—=k+i)(1=1+]) 1—k+i)(I—j
=y 3 Z > s (i1 — nj4) D
k=1Il=k+1i=max{k—1,1} j=max{i+1,/—1}

Y=idi=) <P

X (1 =mit1 kit n1 (15 12),
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and using (10), we can write

ZZSZJ jg(Q) 22251177]+1 (- m+1) +kn+l(t2)

i=1 j=1 le]kO
n+1

1—k
= Z Z Zsl 17754,] +j)(1 —nj +1) kn+1(t2)

k=1 j=max{k—1,1} i=j

Therefore, the joint reliability function of (Tl(l), T2(1)) is

n+1n+1
1 1 =
PV > 0.0 >0) =YY el (). n<n, (13)
k=1 I=k
where ay ; is the (k, [)th element of
n+1 n+l1 I—k+i

1=k+i)(1-1+j 1—k+i)(I—j
A=Y N Z Yoo s YT (i =y REDED

k=1I1=k+1 i=max{k—1,1} j=max{i+1,/—1}

])(k—i)(l—

x (1 —niy D Ck 1nt1

n+1

1-k —j
+ Z Z Zsl /7754,] +j)(1 - 77j+l)k ]ek,k:n+1

k=1 j=max{k— 11}1 =j

n 1

-1
—Z Z ZZ&/"ﬁ.ﬂ,.] D it = 0 )TN = i) Cogi 1 jont

i=1 j=i+1k=0 I=k

n n 1
1—k
+ Z Z Zsi,jnjq_l "1 = 040  Cogj ket jint1-

j=li=j k=0

Thus, the proof for the #; < t; case is complete. Similarly, using the assumption that the BSM
of two systems is symmetric, we see that

PV >0, 7" > ) =P(T" > 12, T, > 1y)
n+1n+1

= Zzak,lﬁlz/lg:n+](t25 1), >t (14)

k=1 I=k
Therefore, from (13) and (14), we finally conclude that for every ¢, » > 0,

n+1n+1

1 1 = .
PV > 0, T > ) =YY a B, (minfr, ), max{, 1))
k=1 =k

=P(T> > 1, T? > 0). O

Example 6. Consider again the systems presented in Example 5. Let the components fail
according to the SOS model based on F%2, ..., F%, where a1 = 2, ap = 2.3, a3 = 2.5,
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aq4 = 3, and a5 = 4. We see that 81 = 10, B = 9.2, B3 = 7.5, B4 = 6, and 5 = 4. Using
Theorem 3, for the equivalent systems with shared components of order 5, we have

0.2300 0.0625 0.1142 0.0533 O
0 0.2700 0.1067 0.0383 O

A = 0 0 0.0833 0.0417 0
0 0 0 0 0
0 0 0 0 0

Remark 1. Note that, although the elements of matrix 4 in (12) depend on parameters «;,
i=1,...,n+ 1, these elements do not depend on the baseline distribution function F.

Theorem 4. Consider two systems with respective lifetimes Tl(l) and T2( b having some shared
components and let 8V be the corresponding BSM. Assume that the components of the
two systems fail according to the SOS X7, ., ..., Xy ..., based on survival functions
F* ..., Ft1 Also, consider two other systems with respective lifetimes T](z) andT, 2 having
shared components. Let 8% be the corresponding symmetric BSM. Assume that the components
of these two systems fail according to the SOS X7, ..., X;., based on survival functions
Fe ... Foti With A defined in (12) corresponding to 82, if 8V (< [>¢])A® then
(1", ) (24 2T, 1),

Proof. For every increasing function ¢(#1, t2), we have

n+1n+1
1 1 1
BT, 137 =YY st VE@(X g1 X))
i=1 j=1

and from Theorem 3, we have

n+1n+1
2 2 2
E@(T?, T,7) =YY aE(@(Xf, 11 Xy 1)-
i=1 j=i
Thus, the required result follows from the assumption that § O (Zgt [Zst])A(z). O

4. Conclusions

In this paper we studied the reliability properties of two coherent systems with shared
components in the case where the components of the systems fail according to the SOS model.
This is a general model which includes the ordinary model of component failures based on
i.i.d. random lifetimes. The model also includes, under some mild conditions, the model of
component failures according to an NHPB process and, in particular, the model of failures based
on an NHPP. We considered two systems with n; and n, components, where n1 2 of them are
shared between the two systems, n = nj +ny —nj 2. We obtained the joint reliability function
of the system lifetimes in terms of the BSM and the joint reliability function of the vector
(X7, X}‘f:n), where X7 and X7 are the ith and the jth SOS associated to the component
lifetimes. We provided a detailed example concerning the reliability properties of the lifetime
states of a three-state network (as a special case of systems with shared components) for which
the components fail under an NHPP. We explored the dependency between the lifetimes of
two systems based on the dependency between the elements of the BSM associated to the
systems. We showed that when the elements of the BSM are PQD (associated), the lifetimes
of the systems are also PQD (associated). We also obtained some stochastic ordering results
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in order to compare two pairs of systems with shared components. We defined the concept of
equivalent systems with shared components (as an extension of the concept defined in [18]) and
gave conditions under which the joint reliability of two systems of order m can be expressed as
the joint reliability of two systems with shared components of order n (n > m). We provided
several examples throughout the paper to illustrate our results.
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