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Abstract. In this work, we investigate wave propagation through a zero index meta-
material (ZIM) waveguide embedded with triangular dielectric defects. We provide
a theoretical guidance on how to achieve total reflection and total transmission (i.e.,
cloaking) by adjusting the defect sizes and/or permittivities of the defects. Our work
provides a systematical way in manipulating wave propagation through ZIM in addi-
tion to the widely studied dielectric defects with cylindrical and rectangular geome-
tries.
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1 Introduction

The past decade saw a growing interest in the study of zero index metamaterials (ZIMs),
whose permittivity and permeability are simultaneously or individually near zero. Zi-
olkowski [1] showed that a matched ZIM slab can be used to transform curved wave
fronts into planar ones. Research shows that ZIMs can be used to squeeze electromag-
netic (EM) waves [2–4], to perfectly bend and transmit EM waves [5], and to block wave
transmission (resulting in total reflection) and conceal objects (cloaking) [6–11]. Such
total reflection and total transmission (i.e., cloaking) are realized by embedding proper
defects in ZIMs. However, almost all publications on dielectric defects are restricted to
cylinderical geometry [8–10].

In this paper, we study the triangular defects case. Three most popular types of tri-
angles are discussed. A systematic guidance for achieving total reflection and cloaking
is provided. Extensive full-wave simulations are conducted to verify our analysis. We
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like to remark that cloaking realized by embedding proper defects in ZIMs is one of
many strategies discussed intensively for cloaking with metamaerials in the past decade
(e.g., [15–27] and references cited therein).

2 Realization of total reflection and cloaking

Consider an EM wave incident from the left into a waveguide structure illustrated in
Fig. 1. The ZIM region is a metamaterial, whose relative permittivity and permeability
are described by the so-called Drude model [6, 12]:

ǫ1 =µ1=1−
ω2

p

ω(ω+iΓ)
,

where ω is the excitation angular frequency, ωp denotes the plasma frequency, and Γ de-
notes the loss parameter. On both sides of the ZIM region are the free space regions 0 and
3. The defects in region 2, which is embedded in ZIM, are composed of N ≥ 1 triangles
with permittivity and permeability of ǫ2,k and µ2,k, k = 1,2,··· ,N, respectively. Assum-
ing exp(−iωt) time harmonic factor, the EM wave in each region satisfies the Maxwell’s
equations: For any m=0,1,2,3,

Hm =
1

iωµ0µm
∇×Em, Em=

i

ωǫ0ǫm
∇×Hm. (2.1)

Eq. (2.1) can be reduced to the Helmholtz equation:

(∂xx+∂yy+k2
0ǫmµm)Um=0, (2.2)

where Um =Em or Hm, and k0 =ω
√

ǫ0µ0 is the wave vector in vacuum.

Assume that the walls of the waveguide are made of perfect electric conductor, and
the incident wave (H field) propagates to the right along the x direction. By applying
Faraday-Maxwell law and Stokes’ theorem, we can show that the transmission coefficient

Figure 1: The schematic description of the waveguide structure with vacuum (regions 0 and 3), ZIM (region
1), and embedded triangular defects.
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is given by (cf. [9, 11]):

T =1
/[

1− 1

2wH1

N

∑
k=1

∮

∂S2,k

E2,k ·dlk

]

, (2.3)

where w is the waveguide width, and ∂S2,k denotes the boundary (oriented clockwise) of
each defect.

To evaluate T , we need to find the electric field E2,k, which can be obtained from
Eq. (2.1) once we know the magnetic field H2,k in each defect region. Note that H2,k

satisfies Eq. (2.2) with Dirichlet boundary condition H2,k · t̂=H1, where t̂ is the unit tan-
gential vector along the boundary of each defect region. Note that it is proved that [11]
the boundary data H1 is constant.

First, we consider an equilateral triangular defect case. For an equilateral triangle △
with side length a, permittivity ǫ2 and permeability µ2, we can represent the solution H2,k

as:
H2,k(x,y)= ẑ

[

H1+ ∑
n,m≥1

Cn,mφn,m(x,y)
]

, (2.4)

where φn,m(x,y) are the eigenfunctions formed by the symmetric (φs
n,m(x,y), n≥m) and

anti-symmetric modes (φa
n,m(x,y), n>m), which are given as [13]:

φs
n,m(x,y)=sin

(πl

3r
(u+2r)

)

cos
(π(m−n)

9r
(v−w)

)

+sin
(πm

3r
(u+2r)

)

cos
(π(n−l)

9r
(v−w)

)

+sin
(πn

3r
(u+2r)

)

cos
(π(l−m)

9r
(v−w)

)

,

φa
n,m(x,y)=sin

(πl

3r
(u+2r)

)

sin
(π(m−n)

9r
(v−w)

)

+sin
(πm

3r
(u+2r)

)

sin
(π(n−l)

9r
(v−w)

)

+sin
(πn

3r
(u+2r)

)

sin
(π(l−m)

9r
(v−w)

)

.

Here (u,v,w) are the triangular coordinates given by

u= r−y, v=

√
3

2

(

x− a

2

)

+
1

2
(y−r), w=−

√
3

2

(

x− a

2

)

+
1

2
(y−r),

where r = a/2
√

3 is the inradius of the triangle. Note that integers l, m, n satisfy the
condition l+m+n=0. Due to the orthonormality of φn,m(x,y), the coefficient of Eq. (2.4)
can be obtained as

Cn,m=
−k2

2H1

∫

△φn,mdxdy

k2
2−λn,m

, (2.5)
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where we denote k2
2 = k2

0ǫ2µ2, and

λ2
n,m=

2

27

(π

r

)2
(l2+m2+n2)=

4

27

(π

r

)2
(m2+mn+n2).

Note that the electric field E2,k can be obtained from Eqs. (2.1) and (2.4) as follows:

E2,k=
i

ωǫ0ǫ2

[

x̂ ∑
n,m≥1

Cn,m
∂φn,m

∂y
−ŷ ∑

n,m≥1

Cn,m
∂φn,m

∂x

]

. (2.6)

By Eqs. (2.3) and (2.6), we see that choosing k2
2=λn,m, i.e.,

ǫ2=
4

27

(π

r

)2
(m2+mn+n2)/(k2

0µ2), (2.7)

and
∫

△φn,mdxdy 6=0 makes Cn,m≈∞, which leads to T ≈0, i.e., in this case total reflection
happens.

Using the fact that
∫

△φn,mdxdy = 0 if and only if m 6= n, we see that choosing m =
n in Eq. (2.7) leads to total reflection. Otherwise, we will have total transmission, i.e.,
invisibility cloaking happens.

To justify our analysis, we carried out extensive numerical simulations for various
(m,n) modes by using the commercial finite element package COMSOL. For simplicity,
we fixed the computational domain [−0.07,0.07]m×[−0.02,0.02]m, with the ZIM region
[−0.03,0.03]m×[−0.02,0.02]m. Moreover, the excitation plane wave has a frequency f =
15GHz, and all defects are assumed to be nonmagnetic (i.e., µ2=1). All our computations
are based on triangular elements with quadratic basis function.

First, we simulate the equilateral triangle defect case. The equilateral triangle has the
side length a=0.02m. Substituting this into Eq. (2.7) with k0 =ω

√
ǫ0µ0 =2π f /c=100π,

we obtain

ǫ2=
4

27

( 1

100r

)2
(m2+mn+n2)=

4

9
(m2+mn+n2). (2.8)

In Fig. 2, we presented the contour plots of the whole Hz fields obtained with 16576
elements for m=n=1 (ǫ2 =4·3/9), m=n=2 (ǫ2 =4·12/9), and m=n=3 (ǫ2 =4·27/9),
respectively. All three cases demonstrate total reflection as expected.

In Fig. 3, we showed three cases for total transmission. The contour plots of the whole
Hz fields are obtained with 16576 elements for m = 1, n = 2 (ǫ2 = 4·7/9), m = 2, n = 3
(ǫ2=4·19/9), and m=1, n=5 (ǫ2=4·31/9), respectively.

Now let us consider defect formed by the right isosceles triangle with leg length a, in
which case the eigenfunction φn,m in Eq. (2.4) is replaced by [14]:

φn,m(x,y)=sin
(nπx

a

)

sin
(mπy

a

)

+(−1)n+m+1sin
(nπy

a

)

sin
(mπx

a

)

,

and the corresponding eigenvalue is λ2
n,m=(nπ/a)2+(mπ/a)2.
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Figure 2: The Hz field for the equilateral triangular defect with m=n=1 (a), m=n=2 (b), and m=n=3 (c).

Figure 3: The Hz field for the equilateral triangular defect with m=1, n=2 (a), m=2, n=3 (b), and m=1,
n=5 (c).
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Figure 4: The Hz field for the right isosceles triangular defect with m=1, n=2 (a), m=1, n=4 (b), and m=2,
n=3 (c).

Through lengthy derivation, we can show that: If n=m or n 6=m, but both are even,
then

∫

△φn,mdxdy=0; otherwise, we have

∫

△
φn,mdxdy=

a

2mπ

[ 2a

(n+m)π
+

2a

(n+m)π

]

+
2a2

mnπ2
− a

2nπ

[ 2a

(m+n)π
+

2a

(m−n)π

]

,

using this fact and Eqs. (2.3)-(2.6), we can choose the nonmagnetic defect permittivity as
following (assuming the excitation wave frequency f =15GHz, and the defect leg length
a=0.02m): ǫ2 =(m2+n2)/4.

In Fig. 4, we demonstrated three total reflection cases obtained with 14848 elements.
According to our analysis, the choice of (m,n) with one even and one odd will lead to
total reflection. Fig. 4 shows three total reflection cases created with (m,n)=(1,2), (m,n)=
(1,4), and (m,n)=(2,3).

Similarly, total transmission with right isosceles triangular defect can be obtained by
choosing (m,n) either both even, or both odd, or m=n. In Fig. 5, we showed three cases
obtained with m=n=2, (m,n)=(1,3), and (m,n)=(2,4), respectively.

Finally, in Fig. 6 and Fig. 7, we show that total reflection and transmission can be
obtained for the 30-60-90 degrees triangular defect by choosing (m,n) properly, since the
corresponding eigenfunction is φa

n,m given before for the equilateral triangle case.
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Figure 5: The Hz field for the equilateral triangular defect with m=n=2 (a), m=1, n=3 (b), and m=2, n=4
(c).

Figure 6: The Hz field for the 30-60-90 triangular defect with m=n=2 (a), m=n=3 (b), m=2,n=4 (c).
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Figure 7: The Hz field for the 30-60-90 triangular defect with m=1, n=2 (a), m=2, n=3 (b), m=1, n=3 (c).

3 Conclusions

In conclusion, we have demonstrated how to achieve total reflection and total transmis-
sion of an EM wave for embedded triangular dielectric defects in the zero index meta-
material. Extensive numerical simulations confirm our theoretical analysis. Our work
provides more flexibility in blocking wave or concealing objects by embedding defects
of different triangular shapes in ZIMs. In the future, we will extend the current work to
time-domain by solving the time-domain Maxwell’s equations [12,28] so that we can see
clearly how total reflection and total transmission are achieved as the wave propagates
across different regions.
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