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Abstract

In this paper, we study the appearance of a spanning subdivision of a clique in graphs satisfying certain
pseudorandom conditions. Specifically, we show the following results.

(i) There are constants C > 0 and c € (0, 1] such that, whenever d/A > C, every (n, d, 1)-graph contains

a spanning subdivision of K, for all 2 <t < min{cd, c_/ = }.
P g logn

(ii) There are constants C > 0 and c € (0, 1] such that, whenever d/A > Clog’ n, every (1, d, A)-graph
contains a spanning nearly balanced subdivision of K; for all 2 < t < min{cd, ¢ / =5-}.

log® n
(iii) For every u > 0, there are constants ¢, & € (0,1] and n, € N such that, whenever n> n,, every

n-vertex graph with minimum degree at least un and no bipartite holes of size en contains a spanning
nearly balanced subdivision of K, for all 2 < t < ¢\/n.
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1. Introduction

Given a graph H, we say that a graph H' is a subdivision of H (or an H-subdivision) if H' is obtained
by replacing one or more edges from H with vertex-disjoint paths. In this paper, we will seek
simple conditions on a graph G that force the containment of a subdivision of the complete graph
on f vertices, which is denoted by K;. This problem has been studied since the 60s, when Mader
[22] proved that there is a function f(t) such that every graph with an average degree at least f(¢)
contains a K;-subdivision. After this influential result, many researchers have been looking for
optimal degree conditions forcing the containment of K;-subdivisions. For example, Bollobas and
Thomason [3] and Komlds and Szemerédi [16] showed that one can take f(t) = O(#2) so that every
graph with average degree at least f(t) contains a K;-subdivision, settling a conjecture of Mader
[22] and of Erdés and Hajnal [8]. Another direction of this problem is to ask for the containment
of a K;-subdivision which is also balanced, where a balanced subdivision of K; is a graph obtained
by replacing every edge of K; with vertex-disjoint paths of the same length. Solving a conjecture of
Thomassen [31], Liu and Montgomery [20] proved that having a large average degree is enough
to force the containment of a balanced K;-subdivision. Shortly after, Luan, Tang, Wang, and Yang
[21] and Gil Fernandez, Hyde, Liu, Pikhurko, and Wu [9] independently proved that average
degree Q(t%) is enough to contain a balanced K;-subdivision.

When the host graph is dense, one typically expects to find even larger subdivisions, and thus
it is natural to ask for a Dirac-type result for spanning subdivisions. Given a graph H, one aims to

© The Author(s), 2026. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the
Creative Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution and
reproduction, provided the original article is properly cited. .

Check fi
https://doi.org/10.1017/50963548326100480 Published online by Cambridge University Press Updates.


https://doi.org/10.1017/S0963548326100480
mailto:teodor.petrov@warwick.ac.uk
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0963548326100480&domain=pdf
https://doi.org/10.1017/S0963548326100480

700 M. Pavez-Signé et al.

find the smallest number § > 0 such that every n-vertex graph G with minimum degree §(G) > én
contains an H-subdivision using all the vertices of G. For instance, a spanning K3-subdivision is
just a Hamilton cycle, and thus Dirac’s theorem [5] tells us that, for #n > 3, minimum degree at
least 4 is enough. In general, for t = O(\/n), Pavez-Signé [30] proved that every n-vertex graph
with minimum degree at least (1 + o(l))g contains a spanning K;-subdivision, which is also nearly
balanced.! See [4, 19, 28] for similar results in the directed setting.

In this paper, we will look for pseudorandom properties in a graph that forces the containment
of a subdivision of the complete graph which is also spanning.

1.1 (n,d, \)-graphs

Informally speaking, we say that a graph G is pseudorandom if G resembles certain properties that
appear with high probability? in a random graph. A convenient way to define pseudorandomness
in graphs is via a spectral gap condition, as follows. We say an n-vertex graph G is an (n, d, 1)-
graph if G is d-regular and all the non-trivial eigenvalues of the adjacency matrix of G are bounded
(in absolute value) by A. The well-known Expander Mixing Lemma states that the distribution of
the edges of an (n,d, 1)-graph G is controlled by X, and thus the smaller that A is, the closer
to random that G looks like. We recommend the survey of Krivelevich and Sudakov [18] for a
detailed exposition about pseudorandom graphs.

One of the central problems in pseudorandom graphs is the following: How large does d need
to be (with respect to 1) so that every (u, d, A)-graph contains a copy of a certain spanning graph
F? This problem has shown to be quite challenging, as the only cases that are fully understood
are perfect matchings [18], triangle factors [27], and only recently the Hamiltonicity problem was
settled by Dragani¢, Montgomery, Munha Correia, Pokrovskiy and Sudakov [7] who solved a
central problem in the area posed by Krivelevich and Sudakov [17] in 2003. A natural next step
after Hamiltonicity is then to look for spanning trees, in which case Alon, Krivelevich and Sudakov
[1] conjectured that for every A > 2, there is some constant C so that if G is an (n, d, 1)-graph with
d/A > C, then it contains all n-vertex trees with maximum degree at most A. This conjecture is
true for trees with many leaves, as shown by Pavez-Signé [29], but in general is wide-open, as the
current record is d/A = Q(log® n) as proved by Hyde, Morrison, Miiyesser and Pavez-Signé [14].

Our first result is that (u, d, A)-graphs with d/A > 1 contain a spanning subdivision of the
complete graph even for unbounded degrees.

Theorem 1.1. There exist constants C>0 and 0 <c <1 such that the following holds. If G
is an (n,d, A)-graph with d/Xx > C, then G contains a spanning Ki-subdivision for all 2 <t <

min{cd, ¢ /10';”}-

A condition of the form t < ¢d is certainly needed, as each branch vertex of a K;-subdivision has
degree t — 1 and the host graph is d-regular. If we insist on the K;-subdivision having each edge
subdivided, then t = O(,/#) is needed as each of the (;) branch paths adds at least one extra vertex.
The log-factor in Theorem 1.1 is also needed, as there are celebrated constructions of (n, d, 1)-
graphs with girth Q(logn) (see Example 11 in [18]) showing that Theorem 1.1 is best-possible
up-to the multiplicative constant. The only drawback in Theorem 1.1 is that one of the paths in the
K;-subdivision is notoriously longer than the rest of the branching paths. If one insists on all paths
having roughly the same length, then a different approach is needed. To address this problem, we
use the existence of sorting networks in sparse expanders, showing that d/ > (log n)? suffices to
guarantee the containment of a nearly balanced subdivision, which is also spanning.

' An H-subdivision is nearly balanced if there is positive integer £ so that each path between branch vertices has length
between £ and £ + 1.

*We say that the binomial random graph G(n, p) satisfies a property P with high probability (w.h.p.) if P(G(n, p) € P) =
1 — o(1) when 7 goes to infinity.
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Theorem 1.2. There exist constants C > 0 and 0 < ¢ <1 such that the following holds. If G is an
(n, d, A)-graph with d/» > Clog® n, then G contains a spanning nearly balanced K;-subdivision for

all2 <t <min{cd, ¢ /10;'3 - 1.

The extra polylog factor comes from the fact that the depth of the sorting network we are using
is ®(log® n), which forces us to use connecting paths of length Q(log® #). We believe the right

bound on ¢ should be of the form ¢t « @ as in Theorem 1.1.
Conjecture 1.3. There exist positive constants C > 0 and 0 < ¢ < 1 such that the following holds. If
Gisan (n,d, ))-graph with d/ ) > C, then G contains a spanning nearly balanced K;-subdivision for

: n
all2 <t <minf{cd, c Togr -

1.2 Graphs without large bipartite holes

Arguably, the weakest notion of pseudorandomness that has been considered in the literature is
that of having no large bipartite holes, as in the following definition.

Definition 1.4. For m € N, say a graph G is m-joined if for every pair of disjoint subsets A, B C V(G)
with |A| = |B| = m, there is an edge between them.

Observe that Definition 1.4 is a fairly weak pseudorandom property as, for instance the bino-
mial random graph G(n, p) is w.h.p. m-joined for m = [5 log (np)/p] and pn > 20 (see Proposition
3.26 in [24]). On the other hand, if G is an (n, d, 1)-graph, the expander mixing lemma implies
that G is %”-joined for every choice of the parameters n, d and A. Moreover, if G is an m-joined
graph, then there is no guarantee of G containing any particular spanning connected structure, as
G might contain isolated vertices. For example, the graph consisting of a copy of K;,_,+1 together
with m — 1 isolated vertices is m-joined but not connected. One can even add a perfect matching
from the isolated vertices to the complete graph Kj,_,+1 and still fail to find a Hamilton path. This
suggests one needs some sort of extra condition, and a usual choice is to add a minimum degree
condition on top of the m-joined property. The first result in this direction is due to McDiarmid
and Yolov [23], who showed that every n-vertex o(n)-joined graph with a linear minimum degree
is Hamiltonian (they even provide the optimal dependency between the minimum degree and the
size of the bipartite holes). Similar results have been proved for the containment of spanning trees
with bounded degree [11], for an almost decomposition into almost spanning trees of bounded
degree [15], and for loose spanning trees in hypergraphs [12].

Our last result says that if G has a linear minimum degree and no large bipartite holes, then we
can find a spanning K;-subdivision even for t = O(/n).

Theorem 1.5. For every ju > 0, there exist constants 0 < ¢, < 1 and ng € N such that the following
holds for all n > ng. If G is an n-vertex en-joined graph with §(G) > un, then G contains a spanning
nearly balanced K;-subdivision for all2 < t < c\/n.

A nice implication of Theorem 1.5 is a result regarding the randomly perturbed graph model. In
this model, one starts with an n-vertex (deterministic) graph G, satistying §(G,,) > un, and then
sprinkles a few random edges on top of G, say by using an instance of the binomial random graph
G(n, p). This model is interesting as it attempts to describe graphs which are essentially determin-
istic but for whose overall structure there may be some slight uncertainty. A desired result in this
setting would be to sprinkle as few edges as possible whilst guaranteeing that G, U G(n, p) satisfies
certain properties with high probability. For example, the above-mentioned result of McDiarmid
and Yolov [23] implies a result of Bohman, Frieze and Martin [2], which says that G,, U G(n, C/n)
is w.h.p. Hamiltonian as long as C = C(u) is large enough. As a corollary of Theorem 1.5, we
obtain the following result for spanning clique subdivisions in the randomly perturbed setting.
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Corollary 1.6. For every > 0, there exist constants C > 0 and 0 < ¢ <1 such that the following
holds. Let G be an n-vertex graph with §(G) > un and let p > C/n. Then w.h.p. GU G(n, p) contains
a spanning nearly balanced K;-subdivision for all 2 < t < c\/n.

2. Preliminaries

We use standard graph theory notation. For a graph G, we let V(G) and E(G) denote the set
of vertices and edges of G, respectively, and write |G| = |V(G)| for the size of G. Given a vertex
x € V(G), we denote by N(x) the set of neighbours of x and write d(x) := |N(x)| for the degree of
x. We let §(G) denote the minimum of d(x) among all vertices x € V(G). Given a subset U C V(G),
we write N(x, U) for the set of neighbours of x in U and write d(x, U) := |N(x, U)| for the degree
of x in U. We write I'(U) = |J,,cy N(u) for the neighbourhood of U and N(U) =T'(U) \ U for
the external neighbourhood of U. Given a subset A C V(G), we write G[A] for the graph induced
by A and for B C V(G) \ A, we denote by G[A, B] the bipartite graph induced by A and B, which
has bipartition classes A and B and edges ab € E(G) with a € A, b € B. We will use subscripts to
indicate which graph we are working with if we are dealing with more than one graph at the same
time. For a graph G and a subset of vertices U C V(G), we let I(U) denote the empty graph on the
vertex set U.

A path in G is a sequence of distinct vertices P=1v; ... vy such that v;vi1; € E(G) for all
i € [t], in which case we say v and vy are the endpoints of P and the interior of P is the set
int(P) = {v2, ..., v¢}. The size of a path P is the number of vertices of P and the length of P is its
number of edges. For vertices a, b € V(G), an (a, b)-path is a path with a and b as endpoints and
for sets A, B C V(G), an (A, B)-path is a path with one endpoint in A and another in B. Given
a subgraph H C G and a path P C G, we let H + P denote the graph with vertex set V(H + P) =
V(H) U V(P) and edge set E(G + P) = E(G) U E(H). If F is a fixed graph and F' is an F-subdivision,
the set of branch vertices of F' is the image of the vertices in V(F) and the set of branching paths
of F’ corresponds to the set of all paths connecting distinct branch vertices.

For positive integers k <n e N, we let [n] ={1,...,n}, [n]o = [n] U {0} and we also let ([Z])
denote the set of k-element subsets of [n]. Given numbers a,b € R and ¢ > 0, we writea=b + ¢
to denote that b — ¢ <a < b + c. Also, we use standard hierarchy notation; that is, we write a < b
if given b one can choose a sufficiently small so that all the subsequent statements hold. We will
omit floor and ceiling symbols in order to avoid cumbersome notation, as long as it does not affect
the arguments.

2.1 Probabilistic tools

We will need two probabilistic results stating that degrees of vertices are inherited by taking ran-
dom samples in graphs. The first result can be proved using the local lemma (see Section 2.4.2 in
[25] for a proof of a stronger result).

Lemma 2.1. Let s > 1 be fixed and let 1/d <y < p K 1/s and let p1,...,ps € (0,1) with p; > p,
foriels], and py+...+ps=1. Let G be a d-regular graph and let V(G) =X U...UX; be a
random partition where each vertex v € V(G) belongs to X; with probability p;, making all choices
independently. Then, with positive probability, for each i € [s], |X;| = (1 £ y)pin and, for each v €
V(G), d(v, Xi) = (pi £ y)d.

In the second result, we partition the vertex set into O(log* n) sets at the cost of needing a
stronger bound on the minimum degree. To do so, we use the following result (see Lemma 3.1 in

(14]).

Lemma 2.2. Let 1/n <y <1 and let G be an n-vertex graph with 8(G) >1log® n. Let R be a
uniformly random subset of V(G) of size k > n/ log* n, and let v € V(G). Then,

P (d(v, R =1+y)d®y)- S) >1—n2.
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Corollary 2.3. Let 1/n < y < 1 and let G be an n-vertex graph with §(G) > log6 n. Let s> 2 and
suppose n decomposes as n=ny + . ..+ ns, where n; > n/ log4 n for eachie[s]. If V(G) =V, U
... U Vs is a partition chosen uniformly at random subject to |V;| = n; for each i € [s], then, with
probability 1 — o(1), for every vertex v e V(G) and i € [s], d(v, Vi) = (1 £ y)d(v) - %

Proof. Note that, for each i € [s], V; has the same distribution as a uniformly chosen #;-element
subset of V(G). For each vertex v € V(G) and index i € [s], Lemma 2.2 gives

P(d V)= (£ 0)d0) - ) 21072,
n
Therefore, by a union-bound over all vertices v € V(G) and indices i € [s], we have

4
Slog n

P (Elv € V(G)and i€ [s] s.t. |d(v, V) —dw)- E| > ydv) - E) <s-n-n?
n n n O

2.2 Pseudorandom properties of (n, d, 1)-graphs

The following lemma collects all the basic properties of (n,d, A)-graphs that will be used
throughout the paper (see [18] for the proofs).

Lemma 2.4. For an (n, d, A)-graph G, the following properties hold.
(i) »>,/d- =4,
(ii) Gis %”-joined.

(iii) For every pair of (not necessarily disjoint) sets A, B C V(G), we have

e(4, B) — 41Al1B| < /14T BI.
The next lemma says that minimum degree conditions in (#, d, A)-graphs are enough to force
the expansion property of small sets.

Lemma 2.5. Let D,k > 1 and let d, A > 0 satisfy d/A > kD. Let G be an (n, d, A)-graph which con-
tains a subset X C V(G) such that every vertex v € V(G) has at least kDX neighbours in X. Then,
every subset S C V(G) of size |S| < (k — 1)An/d satisfies IN(S) N X| > (D — 1)|§|.

Proof. Let S C V(G) be a vertex subset of G with |S| < (k—1)An/d. By Lemma 2.4 (iii), the
following inequality holds.
d
kDAIS| < e(S, T'g(S) N X) < =[SIIT(S) N X| + A/ [S]IT(S) N X]. (2.1)
n
Assume |I'(S) N X| < DIS|. Then (2.1) implies that we have
dD
kDA|S| < —|S? + Av/DS|.
n
Thus, we deduce that |S| > (k — 1)An/d, a contradiction. Hence, we have |[N(S)NX| > |['(S) N
X| —|S] = (D — 1)|§|. This completes the proof. U

The last result of this section gives a sufficient condition to find perfect matchings between
small subsets of (n, d, 1)-graphs.

Lemma 2.6 (Lemma 3.61in [14]). Let 0 < 1/C K e K 1 and let n,d € N such that n >3 and . > 0
satisfy d/\ > Clog3 n. Suppose G is an (n, d, A)-graph that contains disjoint subsets A, B C V(G)
with |A| = |B| and §(G[A, B]) > ed/2 log3 n. Then, G[A, B] contains a perfect matching.
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2.3 The extendability method

The main tool we will use in the proof of Theorems 1.1 and 1.2 is the extendability method, which
was first introduced by Friedman and Pippenger [10] in 1987 and subsequently developed over
the years (see e.g. [6, 13, 24, 26]).

Definition 2.7. Let D,m e N with D> 3. Let G be a graph and let SC G be a subgraph with
A(S) < D. We say that S is (D, m)-extendable if for all U C V(G) with 1 < |U| < 2m we have

IFg\ V()| = (D-DIUI— > (ds(w)—1). (2.2)
ueUNV(S)

The following result states that it is enough to control the external neighbourhood of small sets
to verify extendability.

Proposition 2.8. Let D,m € N with D> 3. Let G be a graph and let S C G be a subgraph with
A(S) < D. Assume for all U C V(G) with 1 < |U| < 2m, the following inequality holds

ING(U)\ V(S)| = DIUI.
Then S is (D, m)-extendable in G.

The main property of the extendability method is that, given an extendable subgraph S and a
vertex x € V(S) of small degree in S, one can find an edge xy, with x € V(S) and y & V(S), so that
S 4 xy remains extendable. This key property can be iterated to find large structures in expander
graphs, such as long cycles or large trees. In the proof of our main theorems, we frequently use

the following lemma, which says that in an extendable subgraph S, one can connect any pair of
distinct vertices from S by paths of logarithmic length, as long as some mild conditions hold.

Lemma 2.9 (Corollary 3.12 in [24]). Let D, m € N with D > 3, and let k = [log (2m)/ log (D — 1)].
Let £ € N satisfy £ > 2k + 1 and let G be an m-joined graph which contains a (D, m)-extendable
subgraph S of size |S| < |G| — 10Dm — (£ — 2k — 1). Suppose that a and b are two distinct vertices
in S with ds(a), ds(b) < D/2. Then, there exists an a, b-path P of length £ such that

(i) all internal vertices of P lie outside S, and
(ii) S+ Pis (D, m)-extendable.

3. Proofs

3.1 Proof of Theorem 1.1

We need a result establishing that expander graphs are Hamilton-connected, which means that for
every pair of distinct vertices, there is a Hamilton path with those vertices as endpoints.

Definition 3.1. We say that a graph H is a C-expander if H is 55-joined and

A forall sets X C V(G) with 1 < |X| < 5, IN(X)| > C|X|.

Theorem 3.2 ([7, Theorem 7.1]). There exists a universal constant Cy > 0 such that the following
holds for all C > Cy. If a graph G is a C-expander, then G is Hamilton-connected.

Proof of Theorem 1.1. We introduce auxiliary constants satisfying
0<l/CKl/dKyKekLopkl

so that C > 100C3 5 /p. Let V(G) = X; U X, U X3 be a random partition so that for each v € V(G),
P(ve X;) =P(v e X3) =pand P(v € X;) = 1 — 2p, and all choices are made independently. Then,
Lemma 2.1 implies that there exist pairwise disjoint sets X;, X, X3 such that | X;| =(1 — 2p + y)n,
|X2|, |X3] = (p £ y)n and for each v € V(G),

(*) dv, X)) =(1-2p+y)d, dv,X2)=(pEy)d,and d(v,X3) =(p L y)d
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Our first step is to find the branch vertices of the K;-subdivision.

Claim 1. There is a collection {S1, . . ., St} of vertex-disjoint stars with t — 1 leaves, where for each
i € [t], the star S; is in G[X1].

Proof. Let {S;, ..., S¢} be a maximal collection of vertex-disjoint stars with t — 1 leaves in G[X; ].
Suppose £ < t and let Y = X; \ Uje[) V(Si). Using that |Y| > |X;| — t> > (1 — 4p)n, the expander
mixing lemma (Lemma 2.4 (iii)) gives

1/d Y| Y]
e(GIY) = 5 (;mz —A|Y|) =z — (A =4p)d—2) = — - (1= 5p)d,

which implies that there is a vertex in Y with at least (1 — 5p)d > ¢ neighbours in Y, contradicting
the maximality of Sy, . . ., S¢. The factor of 1/2 in the first inequality comes from the observation
thate(Y, Y) =2 - e(G[Y]). O

Foreachi € [t],lets; € V(S;) be the centre of S; which we identify as the i-th branch vertex of the
K;-subdivision and let L; = V(S;) \ {s;} be the leaves of S;. Set Z = (X; UX3) \ {s1,...,s:} and let
L:= I (Uie[Li) C G[Z] be the empty graph. We now claim that L is (10, 4')-extendable in G[Z].
To prove this, we will show that each set U C Z with 1 < |U| < 2in/d satisfies IN(U) N (X; U X3) \
Uiel V(Si)| = 10]U|, from which the (10, An/d)-extendability is a consequence of Proposition 2.8.
Note that (x) implies that every vertex v € V(G) satisfies

4o, %) 2 (p— )= B = 403

and thus, for any subset U C Z of size 1 < |U| < 2An/d, Lemma 2.5 implies

I(N(U)N2Z2)\ V(D)| = IN(U) N X3| = 10]U].

Our goal now is to find (;) — 1 vertex-disjoint paths joining distinct branch vertices so that

the size of the unused vertices in X; U X, is at most 200en. Let Q be the set of pairs (i, j) with
1 <i<j<tsuch that (i, ) # (1, ¢) and find a collection of positive integers (£,).co such that

(i) £, >100logn for each e € Q, and
(i) (1 —p)n —200en < ZeeQ £, < (1 —p)n—100¢n.

This is clearly possible as t* < ¢?>n/ log n and c is small enough.

Claim 2. There is a collection of vertex-disjoint paths (Pe)eco with internal vertices in Z such that,
for e=(i, ), P is an (s;, sj)-path of length €.

Proof. We will construct a collection of paths (P,).co connecting distinct vertices in L and
using only vertices from Z\ V(L) in the process. Say a vertex v € V(L) is saturated if it has
already been used in one of the constructed paths. For each e=(j,j) € Q in turn, find a path
P, of length £, — 2 in G[Z] so that P, is an (L;, Lj)-path connecting two unsaturated vertices
and such that L together with all the paths we have constructed so far is a (10, A1) _extendable
subgraph of G[Z]. If this algorithm ends with (é) — 1 paths (P}).co as described above, we can
extend each of these paths to their respective branch vertex to find the desired collection of paths.
So suppose the algorithm stops with a collection of paths P, ,...,P, so that r < (5) —1 and
L+P, +...+ P, is (10, 21)_extendable. Let e= (i, j) € @\ {ey, . . ., e,}. Note that both L; and
L; contain at least one unsaturated vertex, say v; € L; and vj € L;, as the path P, is missing. As

£, —2>100logn—2>10log, (HT") and

A
IL+P, +...+P;|+(ee—2)5Zzeg(l—p)n—lowng|Z|—1oo.7”,
ecQ
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we can use Lemma 2.9 to find a (v;, vj)-path of length £, — 2 in G[Z] whose internal vertices avoid

V(L+P, +...+P, ) and such that (L+ P, +...+P,)+ P, is (10, A1) extendable in G[Z].
This proves the algorlthm ends with all the requlred paths, finishing the proof. U

Note that up to this point, we have found all but one of the paths in the K;-subdivision. Thus,
it only remains to find a (s1, s;) path using all the remaining vertices in the graph at the same
time. Let Z' = (ZU X3) \ UeeoV(P,) and let u; € L; N Z" and u; € Ly N Z’ be the remaining leaves
after U,c o P, is constructed. We know d/A > C > 100C32/p, so suppose d/1 = 100C’ /p for some
C' > Cs,.

Claim 3. G[Z'] is a C'-expander.

Proof. Firstly, note that |Z'| < (p + y)n + 200en < 1.02pn. Thus, we just need to check that G[Z]

satisfies A, as G[Z'] is &% )‘” -joined (Lemma 2.4 (ii)) and }‘d” = 1(%10 < ‘ZZC’l To check A, we need to

verify the expansion property of subsets U C Z' of size at most |Z'|/2C" < 0.51pn/C'. Observe that
(x) implies each vertex v € Z’ satisfies d(v, Z') > d(v, X3) > 0.99pd = 99C' ).
An application of Lemma 2.5 with k3, =90 and D3, = 1.1C’ implies that sets U C Z’ of size

Ul < W = fggg, expand by a factor of at least (1.1C' — 1) > C, thus proving the claim. 0

Finally, use Theorem 3.2 to find a Hamilton path in G[Z'] with endpoints v; and v; to complete
the spanning K;-subdivision. u

3.2 Proof of Theorem 1.2

In this section, we find a K;-subdivision where all branching paths have nearly the same length.
To do so, we rely on the existence of sorting networks in sparse expanders as proved by Hyde,
Morrison, Miiyesser and Pavez-Signé [14].

Lemma 3.3 (Lemma 2.3 in [14]). There is a constant C such that the following holds. Let 1/n <
1/K <« 1/C, and let D,m € N satisfy m <n/100D and D > 100. Suppose G is an n-vertex m-
joined graph which contains disjoint subsets V1, V, C V(G) with | V1| =| V2| <n/K log3 n such that
I(V1 U V3) is (D, m)-extendable in G.

Then, for £ := | Clog® n], there exists a (D, m)-extendable subgraph S,e; C G such that for any
bijection o : Vi — V>, there exists a Pg-factor of Syes where each copy of Py has as its endpoints some
veViando(v) € V,.

Note that if G is an (n, d, 1)-graph with d > (1 — &) for some ¢ > 0 sufficiently small, then by
Theorem 1.5 we can already find a spanning nearly balanced K;-subdivision for all 2 <t < c/n.
Thus, when proving Theorem 1.2 we may assume that d < (1 — &), in which case it is well known
that A = Q(«/:i) [18]. This, combined with the statement of the theorem implies that d > log6 n,
provided C is large enough. This allows us to use Lemma 2.2.

Proof of Theorem 1.2. We start by choosing constants
1/np K 1/CKe KK 1/K33K1/C3<Ka,1/DKL 1.

Suppose that n > ng and let G be an (n, d, A)-graph with d/A > Clog3 n. Let t < min{cd, c

)

be fixedandlet £ = |C5 3 log3 n).Setm=2c*n/ log3 n,m =m— (;) and k= |( log3 n)/(20c)]—1,
andpick disjoint random subsets Vy, V1,..., Vii3 C V(G) subject to |Vo|=an, |Vi|=...=
| Vil =em, and |Viy 1| = |Viy2| = | Vikss| = m. Then, by Lemma 2.2, we have w.h.p. that

« forevery v e V(G) and i € [k + 3]o, d(v, Vi) = (1 £ 0.1)d - VL.

Use Lemma 3.3 to find a (D, m)-extendable subgraph S,es C G — Uje[k41], Vi of size [Syes| =
(£ 4+ 1) - m and such that Vi 5, Vi3 C V(Sys) and
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B for every bijection ¢ : Vi, — Vi3 there is a Py-factor in S such that each copy of P,
has as its endpoints some v € Vi, and o (v) € Vi 3.

Let W= V(Sres) \ (Viya U Vip3). The next claim finds a collection of vertex-disjoint stars, each
of size t, and we omit its proof as it is identical to the proof of Claim 1 in Theorem 1.1.

Claim 1. There is a collection {Sy, . . ., St} of vertex-disjoint stars with t — 1 leaves such that U;c[yS;
is disjoint from Ujc[x43), Vi and W.

For each i € [t], let 5; be the centre of S; and let L; = {u;;:j € [t] \ {i}} be the set of leaves of
Si. We will use s, ...,s; as the branch vertices of the K;-subdivision. Let V' = U, ViU WU
{s1,...8th Z=VieLi U Vi1 U Viya U Vigz, and set G =G — V.

Claim 2. I1(2) is (D, )‘—d”)—extendable inG.

Proof. By Proposition 2.8, it suffices to show that for any U C V(G') of size 1 < |U]| < 2)‘7”, it holds
true that [N/ (U) \ Z| > D|U|. Recall that for every vertex v € V(G') we have that dg(v, Vo) >
0.9ad. An application of Lemma 2.5 with D, 5 =D+ 1 and k5 = 3 completes the proof as then
for any U C V(G') with |U| < 22, we have that [Ng/(U) \ Z| > [Ng(U) N Vy| > D|U|. a

We now briefly describe how we will connect the branch vertices s; and s;. Clearly, it suffices
to do so for u;j € L; and u;; € L;. We only give an overview at this point and postpone exact
definitions until later.

a , oy
Uiy —25 Vi ! vi L Vs L. Vi ! Vieto ¢ Vs —s Uji

1001logn

repeat |Jg; ;3| times

The numbers above the arrows indicate the lengths of the corresponding path segments. The
sets V7, i € [k], will satisfy V; C V] and |V]| = m, and the path lengths g;j, 4;; € N will be appro-
priately chosen as to ensure that the final spanning subdivision is nearly balanced. The backward
arrow indicates that we may visit some vertex parts multiple times (if |J{; | is non-zero).

We let M =100logn + £ + k + 1, and note that this is the length of a single loop segment and
that Ml < log3 n/(10c). Furthermore, observe that if the above sketch is true, then the length of the
branching path from u;; to u;; will be equal to q;j + gj; + [Jiijj| - M+ £+ k+ 1.

We now connect the vertices from Ujc[s)L; with Vi, and Vi 3. To do so, we first pick subsets
A C Viy and BC Vi3 of size |A| =Bl =m':= m — (;) Letting ay, . ..,a, and by, ..., b,y be
a labelling of A and B, respectively, use Lemma 2.9 to find a collection of paths Py, . . ., Py such
that, for each i € [m/],

« Pjisan (a;, b;)-path of length 100 log n,
o int(P;) is disjoint from I(Z) + P; + ...+ Pi_j, and
e I(Z)+ Py +...+ P;is (D, m)-extendable.

This is clearly possible, as m’ <m < 2¢%n) log3 n implies
\I(Z) + Py + ...+ Pu| <t(t — 1)+ 3m +m’ -100log n < 10c*n. (3.1)

Let [m'] = U{i,j}e([g)]{i»j} be a partition so that ||| — |7,y < 1forall {i, j}, {i',j'} € ([g]). Pick
a collection of positive integers (q;,)ixje[s] such that for alli % j € [t] and a # b € [¢],
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C1 100log’ 1 < g;j, gji < 0.99n,
C2 ‘ (qij + aji + iyl - M) = (dap + Goa + Uiy - M) ‘ <1,and
C3 n—|V'|—|Z| —m'(100logn — 1) — Zl§i<j§t ((gij — 1) + (g — 1)) = (1 — &)km.

This is possible as the number of leftover vertices after the m’ paths of length 100 log n are
embedded is more than n — |V'| — |Z] — 100m’ log n > 0.8n and we want to find a collection of
t(t — 1) < *n/ log® n numbers, each of them greater than 100 log® #n. Moreover, note that only
the sum (g;; + gj,;) matters, as one could increase either at the cost of decreasing the other and the
final branching path’s length will remain the same. Also, for each i #j € [t], |J;;j}| = x or x + 1 for
some number x and this follows from construction. Hence, we must have that, for each i # j € [¢],
(gij +¢gji)=y=+1 or y+M=£1 for some number y, in order to satisfy C2. From then on, we
may ‘increase’ y so that condition C3 is also satisfied.

Set Q=¢ and F=I(Z) + Py + ...+ P,, and iteratively, while Q # ([;]), do the following.
Choose a pair {i, j} € ([é]) \ Q and pick some unused vertices u;] € Viy1 \A and u]/Z € Vi3 \ B,
and, if possible, perform the following step.

D;jj Find vertex-disjoint paths Q;; and Q;; such that Q;; is a (u;,;, u})i)-path of length g;;, Q;; is

a (ujjs u; J)—path of length g;j, Q;j and Qj; are internally disjoint from F, and F + Q;; + Qj,i

is (D, %")-extendable in G'. Then we update the set Q and the graph Fas Q:= QU {ij} and
F:=F+Qjj+ Qj.

We now show that it will be always possible to perform step Dj;. Indeed, by C3, we know that

there are always at least (1 — ¢)km > ¢n/20 many unused vertices in G'. Thus, by Lemma 2.9 we

may find the desired paths Q;; and Qj; to complete step D;.
Note that to finish the embedding of the K;-subdivision, we only need to connect, for each

{i,j} € ([é]), the vertices u;j € Viy1 and u]’»i € Vi43. Let U denote the set of vertices that we have not
yet used in G'. By C3, |U| = (1 — ¢)km and so we may distribute these leftover vertices to the sets

Vi, Va, ..., Vi, to form pairwise disjoint sets Vi, V5, .., V]/( satisfying
c Vi=...=|V]=m,
« ViC V]foreachice [k],
e (ViU...UV)\(VL,..., Vi) = V(G)\ V(F),and

« for every vertex v € V(G), d(v, V}) > 0.9d - % > %
2log’ n
Use Lemma 2.6, iteratively, to find a collection of matchings My, Mj, . . ., My, such that

« My is a perfect matching in G[Vj1y, V{1,
« forie [k — 1], M; is a perfect matching in G[V}, V], and
* My is a perfect matching in G[V}, Vi4.].
The union of these k + 2 matchings gives a family of m vertex-disjoint paths of length k + 1 so

that each such path has as endpoints some vertex from Vi, | and some vertex from V. It is thus
left only to connect the endpoints of those paths in a suitable order to finish the embedding.

To do so, we first partition B into sets B = U(i,j)e([g)B(U)’ where B(ij = {b(ll’]), e b‘(;;{',)jﬂ}' For
each (i,f) € ([é]), let v ; € Viet2 be the other endpoint of the path starting at u ; € Viy1 and using

edges from My, ..., M. For each (i, §) € ([é]), and 1 <z < [Jgjl, let cg’j) € Vi1 be the other
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endpoint of the path which starts at bg’j), goes through the corresponding path Pj, I € [m'], and
then uses edges from the matchings My, M1, ..., My ;. Let 0 : Vi 5 — Vii3 be the permuta-

tion defined as follows: for each (i, ) € ([5]), set o (V] ,j) = b(li’j), o cg’j)) = b(Zi_’i)l
(i)

i
-subdivision. O

for each 1<z <

iyl and o (c )= u]/l Then, using property B, we can complete the embedding of the K;

3.3 Proof of Theorem 1.5

The proof of Theorem 1.5 uses the absorption method as implemented by Montgomery [24] in
his solution of Kahn’s conjecture on the threshold of bounded degree spanning trees in random
graphs.

Definition 3.4. Given a graph G and a vertex v € V(G), an absorber for v is a tuple (A, x, y) that
consists of a subset A C V(G — v) and vertices x, y € A such that

E both G[A] and G[A U {v}] contain a Hamiltonian (x, y)-path.
The (x, y)-path Py, with V(Py,) = A is called an absorbing path for v.

Suppose that (A, x, y) and (A’,«’,y’) are disjoint absorbers for vertices v and v/, respectively.
The key observation here is that if P is an (y, x)-path which avoids A U A" U {v, v/}, then (AU A’ U
V(P), x, ') is an absorber for both v and /. The main idea introduced by Montgomery [24] was
that of using a sparse template for combining absorbers of different vertices so that every single
absorber is capable of ‘robustly’ absorbing a ‘large’ set of vertices. The following key lemma gives
the existence of the template.

Lemma 3.5 ([24, Lemma 10.7]). There is a constant ngy such that, for every n > ng and k < n, there
exists a bipartite graph H with A(H) < 100 and bipartition classes X and Y U Z, with | X| = 3n and
|Y|=2n and |Z| = n+ k, such that the following holds. For every Z' C Z with size |Z'| = n, there
exists a perfect matching between X and Y U Z'.

The last ingredient we need is that m-joined graphs contain almost spanning paths, a result
which is obtained by a simple depth-first search analysis of the graph.

Lemma 3.6. If G is an m-joined graph, then G contains a path of length at least |G| — 2m.
We are now ready for the proof.
Proof of Theorem 1.5. We start by choosing constants
0<1/mKcke<KhLa <l

Suppose that n > ny and that G is an n-vertex graph which is en-joined and has minimum
degree §(G) > un. During the proof, we will repeatedly use the following observation. Let U, Z C
V(G) and let v, v/ be distinct vertices.

F Ifd(v, U),d(v, U) > |Z| + 4¢en, then there is a v, v/-path of length 3 whose interior vertices
belong to U \ Z.

Indeed, if d(v, U), d(v', U) > |Z| + 4en, we can find disjoint sets X C N(v, U) \ (ZU {+'}) and
Y C N/, U)\ (ZU {v}) such that |X| = |Y| = en and then find an edge between X and Y using
that G is en-joined.

Step 1. Fixing the reservoirs. Let 1 <t < c,/n be fixed from now on, and letr =Onand k=4 - (é) +
8sn. We start by setting aside three disjoint random sets R;, Ry, R3 C V(G) with the following
properties.
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Gl |R1| = 27", |R2| = r+k, and |R3| = un.
G2 Forallve V(G)and i€ [3], d(v, R;) > il
G3 Forallve V(G), d(v, V(G) \ Uie31Ri) > 7.

Step 2. Constructing the absorbers. Our aim now is to construct a collection of absorbing paths that
is capable of absorbing R; together with any set of r vertices from R;. To do so, we first construct
a collection of 100 vertex-disjoint absorbers for each vertex in R; U R;.

Claim 1. For each v € Ry U R, there exists a collection {({ay,;, by}, av,i, by,i) Yie[100] of absorbers for
v such that ay;, by; € V(G) \ Uje[3)R; and all the absorbers are pairwise disjoint.

Proof of Claim 1. We observe first that an absorber of size 2 for v is just a triangle supported at v.
We will find the triangles greedily using G3 and the joinedness condition. Indeed, firstly note that
for every vertex v € V(G) we have

>

G3 un un
d(v, V(G) \ Uie31R;) > 5z + 200|R; URy|, (3.2)
asl/ny < o, 0 K 1.

Secondly, for each vertex v € Ry U Ry, use that G is en-joined to find 100 vertex-disjoint edges
in the neighbourhood of v, disjoint from all the other choices and disjoint from Uje[3)R;. This is
possible as

(3.2)
d(v, V(G) \ Uje3)R) > “T” +200[R, U Ry| > 261+ 200|R; U Ry|.

So, for a vertex v € Ry U R, at each step we can pick disjoint subsets X,, Y, C N(v) \ Uje[3]R; of

unused vertices such that |X,| = |Y,| = en and then pick an edge between X, and Y, using that G

is en-joined. U
Our aim now is to suitably glue these absorbers to create robust absorbers.

Claim 2. There exists an auxiliary bipartite graph H with vertex classes [3r] and Ry U Ry, and a
collection of vertex-disjoint paths Q1, . . ., Q3, in G such that Uje[3,1 V(Q;) is disjoint from Uje(3)R;,

H1 Q; is an absorbing path of size 1000 for each v € Ny (i) and i € [3r], and

H2 for every subset R, C R, of size |R,| =r, there is a perfect matching in H between R; U R),
and [3r].

Proof of Claim 2. Let H be the bipartite graph from Lemma 3.5 with r in the place of n, and let R;
and R; play the role of the sets Y and Z, respectively, and let X = [37]. For every vertex v € Ry U Ry,
let f, : Ng(v) — [100] be an injective function listing the neighbours of v in H. Letting Qo be the
empty graph, suppose that we have found Q, . . ., Q;—; for some i € [3r] and let us show how to
find Q;. Let vy,. .., v, be a labelling of Ny (i) and note that g < A(H) < 100. Using F, for each
1 <j<gq,findapath Q;.j of length 3 between b,, £y 0 and a,, Frji ()0 which is possible because

(32) un
d(v, V(G) \ Uie31R;) > e

provided 1/nyp < o, 8 < . Then, repeatedly using F, find a path Q;»q starting from bvq g0 and

n
+200|R, URy| > % +2-10°|R, U Ry,

having suitable size so that Uje(4Q; ;Y {ay, £1.G)bvy i)} has exactly 1000 vertices. Again, this is
possible due to (3.2) and because we are looking for a path with 1000 > 4q vertices. U

Step 3. Finding an almost spanning Ks-subdivision. Let A = Ujc[3, V(Q;) be the set of vertices cov-
ered by the absorbing paths we found in Claim 2. Note that |A| = 3000r as each path has exactly
1000 vertices. Let V' = V(G) \ (Ri UR, UR3 U A) and pick arbitrarily our branching vertices
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ui, ..., us € V. To connect the branching vertices, we will find a collection of (5) vertex-disjoint

paths covering most of G[V']. Indeed, as G is en-joined, we can use Lemma 3.6 to find a path P in
G —{uy,...,us} such that

|P| > |V/| —t — 2en.

Divide P into paths (Pé)ee([él) so that ||Pé| —|P,||<1forallee e ([?). Next, for each e =ij €

([é]), form a (u;, u;)-path Pj; = P, by using ng and connecting through R3, using F, the endpoints of
ng with u; and u;. This is possible, as for all v € V(G), G2 gives d(v, R3) > pnan/2 > n+ 100en >
21 + 100en. Thus, we have found a K;-subdivision, say S, such that

« Sisnearly balanced, and
o |V(S)\ Uigz1Ril = n — |Ry URy UR3| — |A| — 2¢n, and
« V() NRs|=4-(5).

Step 4. Finding a spanning K;-subdivision. The last step of the proof consists of using the absorbing
paths we built in Step 2 to turn the K;-subdivision S into a spanning nearly balanced subdivision.
To do so, we first need to incorporate each of the absorbing paths (Q;);e[3, into S.

For 1 <i < 3r, pick a path P, of minimal length and take two consecutive vertices x, y € V(P,),
and replace the edge xy € E(P,) with the (x, y)-path which consists of Q; together with two paths
of length 3 connecting the endpoints of Q; with x and y, respectively, and whose interior vertices
belong to R3. This is done, again, using G2 and F, and it is possible as, for every v € V(G),

d(v, Ry \ v(sy= ARl 4 (t> > B o2, > Oy 3y,
2 2 2 4
as 1/np < ¢ € 0 € o < p. Thus we have found a K;-subdivision, say ', whose branching path
lengths differ by at most 1005. Indeed, unless 3r divides (;), then some of the branching paths
will contain one more absorbing path Q; than others. Hence, they may contain at most 1005 more
vertices, 1000 for the path itself, 2 to glue each side and one final vertex which is not in S yet but
will be embedded right at the end of the proof. Moreover, §' satisfies | V(S') \ Uje[3jRil = n — |R; U

RyURs| —2en, |[V(S)NR3|=4-(5) +4-3r,and
I each path Q; is a subpath of one of the paths from §'.

The last step we need before using the absorbing paths is to include each vertex from V(G) \
(V(S') UR; UR,) into the K;-subdivision. To do that, we will connect through R; now. Observe
that the number of vertices used from R3 thus far is exactly 4 - (;) + 4 - 3rand that

t t
R3] =an>4- <2> +4-3r+ 1005 - (2) + 2¢en. (3.3)

Therefore, by Lemma 3.6 we may find a path P” in V(G) \ (V(S') UR; UR;) covering all but
exactly 2en vertices. Furthermore, by 3.3 |[P”| > 1005 - (;)

Firstly, we embed into §' those vertices in V(G) \ (V(S) U Ry U R;) which are not covered by
P”. This is done using F to make the connections through paths of length 3 with internal vertices
in R,. We do this by embedding one vertex at a time in a shortest branching path, ensuring that
the lengths of the branching paths differ by at most 1005 still. Since |P”| > 1005 - (é), we may
subdivide the path into (;) segments of appropriate lengths, taking into consideration the fact
that some branching paths may contain one more absorbing path Q; than others, and embed
them into the subdivision. This is once again done by using F and connecting by paths of length 3
with internal vertices in R,. In particular, embedding the 2en vertices as well as the (;) segments
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of P” is possible as, as for every every vertex v € V(G) we have

d(v,Rz)Gg@ > “%” +4-2en+4-(}),
and at each step, we use exactly four new vertices from R,. Note that picking the segment lengths
of P’ carefully ensures that at this point the branching path sizes differ by at most one. We are
now left to embed the remainder of Ry U R;.

Let R, C R, be the set of leftover vertices in R, and note that |R}| = [Ry| — 4 - (;) —8en=r.
Now we are ready to use the property of the absorbing paths. By H2, there is perfect matching, say
M, between [3r] and R; UR),. For each edge iz; € E(M), by H1 we know that Q; is an absorbing
path for z; and thus, by I and E, we can include z; into the K;-subdivision. Since M is a perfect
matching, we have included each vertex from R; U R}, and thus found a spanning nearly balanced
K;-subdivision.

4. Concluding remarks

As mentioned in the introduction, the result of McDiarmid and Yolov [23] gives an optimal
dependency between the minimum degree of the graph and the size of the bipartite holes forc-
ing Hamiltonicity. To state this result precisely, we need some definitions. Say a graph G has
a (s, t)-bipartite-hole if there are disjoint sets A, B C V(G) with |A|=s, |B| =t, and no edges
between A and B. The bipartite-hole number of G, which we denoted by &(G), is the smallest
integer m that can be written as m = s 4t — 1 for some positive integers s and ¢ so that G has no
(s, t)-bipartite-hole.

Theorem 4.1 (McDiarmid and Yolov [23]). If G is a graph with at least 3 vertices and §(G) > &(G),
then G is Hamiltonian.

The minimum degree condition in Theorem 4.1 is best possible, as, for any r > 1, G =K, 41
has minimum degree §(G) = r and bipartite-hole number &(G) =r + 1 but is not Hamiltonian.
Note that in Theorem 1.5, the en-joined condition of G implies that @(G) < 2en — 1 and, from
the proof of Theorem 1.5, we require that & < u, which then implies @(G) < 2en — 1 <§(G). It
would be interesting to see if Theorem 4.1 can be extended in the context of Theorem 1.5.

Question 4.2. Is it true that there is a constant c € (0, 1) such that for n large enough the following
holds. If G is an n-vertex graph with 8(G) > &(G), then G contains a spanning K-subdivision for all
2<t<cyn.
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