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This paper is a part of the ongoing program of analysing the complexity of various
problems in computable analysis in terms of the complexity of the associated index sets. In
the framework of effectively enumerable topological spaces, we investigate the following
question: given an effectively enumerable topological space whether there exists a
computable numbering of all its computable elements. We present a natural sufficient
condition on the family of basic neighbourhoods of computable elements that guarantees the
existence of a principal computable numbering. We show that weakly-effective w—continuous
domains and the natural numbers with the discrete topology satisfy this condition. We prove
weak and strong analogues of Rice’s theorem for computable elements. Then, we construct
principal computable numberings of partial majorant-computable real-valued functions and
co-effectively closed sets and calculate the complexity of index sets for important problems
such as root verification and function equality. For example, we show that, for partial
majorant-computable real functions, the equality problem is I1!-complete.

1. Introduction

This research is motivated by rapidly increasing interest in continuous data representations
with suitable computational properties. It turns out that many problems in numerical
computations, such as real number equality, set equality and etc., are undecidable (non-
computable). Therefore, studying degrees of non-computability became recently an active
research area in computable analysis (see among others Brattka and Gherardi 2009, 2011;
Brodhead and Cenzer 2008; Cenzer and Remmel 1998; Selivanov and Schroder 2014).
In this paper we concentrate on studying properties of computable elements, majorant-
computable functions and computable closed sets in the framework of effectively enumer-
able topological spaces. We use numbering theory and index sets as promising techniques
merging classical recursion theory and computable analysis in topological spaces. There
are several reasons for doing this. One of them is that the theory of index sets provides
methods for encoding problems in an effective way by natural numbers, i.e., generate
the corresponding index sets which can be used for the analysis of their complexity in
the settings of arithmetical and analytical hierarchies. Another reason is that the the-
ory of index sets has been already successfully employed in many areas in mathematics
and computer science. In recursion theory, index sets have been applied to obtain both

https://doi.org/10.1017/50960129516000141 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129516000141

Computable elements and functions in effectively enumerable topological spaces 1467

new results and new elegant proofs of classical theorems such as the Post’s theorem and
the density theorem (Ershov 1977; Rogers 1967; Shoenfield 1971). Many recent advance-
ments in computable model theory are also closely related to index sets (Calvert et al.
2007, 2006; Downey et al. 2003; Downey and Montalban 2008). In computer science, the
Rice—-Shapiro theorem provides a simple description of effectively enumerable properties
of program languages and the complexity of some decision problems in programming
have been studied in Spreen (1995) using index sets. While some important results have
been obtained in Brodhead and Cenzer (2008), Cenzer and Remmel (1998, 1999), Spreen
(1984, 1995, 1998) and Weihrauch and Deil (1980) many methods and techniques of
numbering theory have not been fully employed in computable analysis.

A class of effectively enumerable topological spaces has been proposed in Korovina and
Kudinov (2008). This is a wide class containing weakly effective w—continuous domains,
computable metric spaces and positive predicate structures (Korovina and Kudinov 2014)
that retains certain natural effectivity requirements which allow us to introduce reasonable
concepts of (partial) computable functions. The main results of this paper are as follows.

We propose a natural condition on the family of basic neighbourhoods of computable
elements that guarantees the existence of a principal computable numbering. We show
that weakly effective w—continuous domains and the natural numbers with the discrete
topology satisfy this condition. For such spaces, we address the problem whether there
exists a nontrivial subset of the computable elements with a recursive index set. We give
an example which demonstrates the main difficulties in straightforward transfers of Rice’s
and the Rice—Shapiro theorems. Nevertheless, employing the Branching Lemma (Berger
1993), for effectively enumerable Ty-spaces satisfying the condition that the family of basic
neighbourhoods of the computable elements are wn-families, we prove a generalisation of
Rice’s theorem for sets of computable elements. The question of whether an analogue of
the Rice—Shapiro theorem holds for such spaces is still an open problem.

We transfer the notion of majorant-computability from structures (Korovina and
Kudinov 2005) to effectively enumerable topological spaces and calculate the complex-
ity of index sets of important classes. In Korovina and Kudinov (2014), we have shown
strong relations between effectively enumerable topological spaces and positive predic-
ate structures, i.e., predicate structures such that their positive 3-theories are computably
enumerable. Thus, for a positive predicate structure 4, the topological space A = (4,74),
where a base of topology 74 consisting of the subsets of 4 defined by existential formulas,
is effectively enumerable. In this paper, we construct principal computable numberings
for effectively open sets and majorant-computable real-valued functions, and calculate the
complexity of index sets for important problems such as root verification, set equality and
function equality. For example, we show that, for majorant-computable real functions, the
equality problem is IT}-complete. For majorant-computable real-valued functions, we give
an analogue of Rice’s theorem which shows that for majorant-computable real-valued
functions any non-trivial property is not limit decidable while for recursive functions there
are limit decidable properties, for example, the halting problem.

In a natural way, we construct a principal computable numbering of the co-effectively
closed subsets of an effectively enumerable topological space. We prove that, with respect
to this numbering, the index sets for the computable closed sets of a Euclidean space
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and for the computably compact sets are Z}—complete. Similar results for the Cantor and
Baire spaces can be found in Brodhead and Cenzer (2008).

2. Preliminaries

We refer the reader to Rogers (1967) and Soare (1987) for basic definitions and funda-
mental concepts of recursion theory. We recall that, in particular, ¢, denotes the partial
computable (recursive) function with an index e in the Kleene numbering, ¢ denotes the
computation of ¢, for s steps such that the function ¢} is uniformly primitive recurs-
ive. In this paper we also use notations W, = dom(¢.), W, = dom(¢}), and n, = im(¢.).
A sequence {V;}ic, of computably enumerable (c.e.) sets is computable if {(n,i)|n € V;}
is computably enumerable. It is worth noting that this is equivalent to existence of a
computable function f : @ — w such that V; = Wy.

In classical computability (recursion) theory (Welch 1984; Yates 1965, 1969) and its
applications in computable model theory (Downey et al. 2003; Downey and Montalban
2008), computable analysis (Ceitin 1971; Weihrauch 2000) a common situation is the
following. We start with the class of computable real numbers R, as an example. It is
well-known that a real number r is computable if and only if the constraint

*(RD, LD;r) = (RD = {i| ¢; € Q and ¢; > r} and
LD ={i| g € Q and ¢; <r} are c..)

holds. Therefore, a criterion for r to belong to R, is based on the existence of computably
enumerable sets RD, LD satisfying the constraint *(RD, LD ;r). This could be generalised
to another class K, i.e., a criterion for an element k to belong to the class K is based on
the existence of computably enumerable sets V7,..., V, satisfying a particular constraint
#(V;k) such that, for any ¥V and different ki, k,, the constraints *(V;k;) and =(V;k»)
do not hold simultaneously. We call such K a constrained class. In the case when IC is
a constrained class we say that {k"},c, is a computable sequence of elements of K if
there exist computable sequences {V{"}mew, .-, { V" }mew Of computably enumerable sets
such that for every m € w the constraint *(V{",..., V]";k™) holds. In other words, one
can say that the property (3V) * (V' ;k) holds uniformly on the elements of the sequence
(Downey et al. 2003). For example, {1}, is a computable sequence of computable real
numbers if there exist computable sequences {LD™},c, and {RD™},c, of computably
enumerable sets such that #(RD™, LD™;r™) holds for every m € w, ie., the property
(3RD)(ALD) * (RD, LD;r) holds uniformly on r € R..

For background on numbering theory we refer to Ershov (1999). Let A be a set.
A numbering is a surjection function ¢ : w — A. Assume additionally that 4 is a
constrained class. A numbering ¢ : w — A is called computable if {{(i)}ie, is the
computable sequence of all elements of A. A numbering o : @ — A is called principal
computable if it is computable and every computable numbering & is computably reducible
to o, i.e., there exists a computable function f : @ — ® such that &(i) = a(f(i)). It is
worth noting that these definitions agree with the notions of computable and principal
computable numberings of A = P(w) (Ershov 1999).
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Definition 2.1. Let L be a constrained class, « : @ — K be a principal computable
numbering and L = K. The set Ix(L) = {n | a(n) € L} is called an index set for the
subclass L.

In order to calculate complexity of index sets we use arithmetical and analytical
hierarchies which classifies certain sets of the natural numbers based on the complexity
of formulas defining them (Rogers 1967; Soare 1987).

Below we recall the notion of multiple m-reducibility that is one of the central concepts in
the classical theory of computability and introduce the notion of multiple hm-reducibility.

Definition 2.2. Let 4, B, C, D = w. The pair (A, B) is multiple hm-reducible to (C, D),
denoted by (4, B) <j, (C, D), if there exists a computable function f : @ — w such that

x€A— f(x)eC and x € B— f(x) € D.

The pair (A4, B) is multiple m-reducible to (C, D), denoted by (4, B) <,, (C, D), if there
exists a computable function f : w — @ such that

x€A<- f(x)eCand x € B+ f(x)€D.

The set A is m-reducible to D, denoted by A <, D, if there exists a computable function
f :w — w such that

x€ A« f(x)eD.

The function f is called a reduction function.

Let A =w \ A. It is easy to see that A <,, B if and only if (4, 4) <un (B, B).

Definition 2.3. Let I' be a class of arithmetical (analytical) complexity. A set A = w 1is
called I'-hard if B <,, A for any B € I'. A set A4 is called I'—complete if A € I" and A4 is
I'-hard.

The following theorem summarises results on complexity of well-known problems in the
classical computability theory (see, e.g., Rogers (1967); Soare (1987)) which we will use
further on. Let N = w\ {0}. Taking a standard agreement (Rogers 1967) that a downward
closed nonempty T = N<® is a tree, we denote the Baire space N of all paths in N'<®
as B.

Proposition 2.1.

Inf = {e | W, is infinite} is I19-complete.

Fin = {e | W, is finite} is £9-complete.

Cofin = {e | W, is cofinite} is Z}-complete.

R = {e | W, is computable} is £J-complete.

There exists a computable sequence of computable trees { Ty }me such that the set
I = {m| T,, has an infinite path} is £!-complete.
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3. Basic background
3.1. Logic for the reals

In this paper we work with the ordered structure of the real numbers in the finite pre-
dicate language without equality, (R, op) = (R, M}, M}, Pi, Py, <), where M, Mj; are
interpreted as the open epigraph and the open hypograph of multiplication respectively,
and Pj,P; are interpreted as the open epigraph and the open hypograph of addition
respectively, e.g., Pi(x,y,z) = x+y <z and Pf(x,y,z) = x+y > z.

The atomic formulas are the atomic formulas in the predicate language op. For simplicity
we use standard notations, e.g., x+y < z,x+y > z,x'y < z,x'y > zand x > 0 = x+x > x.

The set of 3-formulas is the closure of the set of atomic formulas under A,V and
existential quantifiers.

Definition 3.1.
A set B < R" is 3-definable if there exists a 3-formula ¢ such that X € B & R = ¢(X).

Remark 3.1. We recall that all predicates Q; € ap occur only positively in I-formulas.
Hence all 3-definable subsets of R" are open sets and equality on the reals is not
representable by a 3-formula.

Proposition 3.1. Let yo be a Godel numbering of 3-formulas and Sent denote the set of
all 3-sentences. Then the following statements hold.

1. The set {n | y0(n) € Sent} is computable;
2. The set {n | yo(n) € Sent and R = y¢(n)} is computably enumerable.

Proof. The first clam follows from properties of a Godel numbering. The second claim
follows from the density of Q in R and Remark 3.1. It also can be deduced from quantifier
elimination in the strictly ordered field of the reals (Delzell 1982). ]

Proposition 3.2 (Korovina and Kudinov 2009). There is an algorithm which by a comput-
able sequence of 3-formulas {y;}ic, produces a computable sequence of quantifier free

formulas {¢;}ic,, such that R = (Vy € [a,b]) Ve, wi(y,X) & R = Ve, @i(a, b, X).

Proposition 3.3 (Korovina and Kudinov 2009). There is an algorithm which by a com-
putable sequence of 3-formulas {;}ic0, computable real functions f, computable real
numbers 7 produces a computable sequence of quantifier free formulas {¢;};c, such that

R E Vieo Wilf(7),7.%) < R E Vg, 9i(7, ).

3.2. Effectively enumerable topological spaces

Now we recall the notion of effectively enumerable topological space. Let (X,7,0) be a
topological space, where X is a non-empty set, B = 2% is a base of the topology t and
o :w — B is a numbering.

Definition 3.2 (Korovina and Kudinov 2008). A topological space (X,t,0) is effectively
enumerable if the following conditions hold.
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1. There exists a computable function g : @ X w X @ — w such that

i) Mo j) = | g, j.m))-

new

2. The set {i|o(i) # &} is computably enumerable.

Definition 3.3 (Korovina and Kudinov 2008). An effectively enumerable topological space
(X, 7, ) is strongly effectively enumerable if there exists a computable function g : w X v —
o such that

X\ el(ai)) = | lg(is ).

Jjew

In Korovina and Kudinov (2008) it has been shown that the class of effectively enumer-
able topological spaces is a natural proper extension of the weakly effective w—continuous
domains (Gierz et al. 2003) and the class of strongly effectively enumerable topological
spaces is a natural proper extension of the computable metric spaces (Weihrauch 2000).
In particular, the real numbers and the continuous real functions belong to this class.

Let us note that when a base numbering is changed, computability properties may
also change. Therefore we need to formalise reducibility and equivalence between base
numberings.

Definition 3.4. Let (X,7,0) and (X,t,f) be topological spaces. We don’t assume that
im(a) = im(fB). We say that f is computably reducible to o, denoted f < «, if there exists
a computable sequence {A,}qc Of ce. sets such that f(n) = UieA” o(i) for all n € w.
Numberings o and f are equivalent, denoted « = f, if a < f and f < o

Remark 3.2. It is worth noting that if « = f then (X, t,2) is an effectively enumerable
topological space if and only if (X,7,f) is an effectively enumerable topological space.
As we will see below, any change of base numberings from the same equivalence class
preserves the classes of effectively open sets, computable elements, majorant-computable
functions, etc.

We can relativise the notions from Definition 3.4 to an appropriate oracle or a Turing
degree a. For the definitions of Turing degree and Turing jump we refer to Soare (1987).

Definition 3.5. Let a be a Turing degree. Let (X, 7,o) and (X, 1, f) be topological spaces.
We do not assume that im(o) = im(f). We say that o is a-computably reducible to f,
denoted o <* f, if there exists a a-computable sequence {A,}nen Of a-c.e. sets such that
B(n) = Ujea, 2(i) for all n € . Numberings o and f§ are a-equivalent if o <* ff and f <* o

Below we use a straightforward observation that if ¢ € im(«) and J € im(f) then § <* «
iff there exists an a-computable function h : > — w such that f(n) = Uiee, ®(h(n,i)) for
all n € w.

Definition 3.6. Let (X, 1,%) be a topological space. We say that o is a-decidable if the set
{(n,m) | a(n) = o(m)} is a-computable.
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Remark 3.3. Similar notions can be defined even for partial numberings. If we consider
partial numberings with a-computable domains then it is easy to see that any partial
numbering is a-equivalent to some total numbering and any a-decidable partial numbering
is a-equivalent to some total a-decidable numbering.

Proposition 3.4. For every Turing degree a, there exists an effectively enumerable T;-space
(X, 7,0) such that any base numbering f§ a-equivalent to o (and even any f <? «) is not
a-decidable.

Proof. Let {D,}e be the canonical numbering of finite subsets of w, A = w be infinite
and coinfinite. Let X = w \ 4 and the topology 7 on X consist of the cofinite subsets
of X and (J. A natural numbering o of the topology base is defined as «(0) = & and
o(n) = X\ D,—; for n > 0. It is clear, that (X, 7,a) is an effectively enumerable T;-space.

We start with some analysis of a possibility to find f3, the final choice of A will be
done later. It is clear, that if f is a-decidable, then there exists an a-equivalent one-to-one
numbering (we just keep precisely one number for each element of the topological base,
omitting others). So, suppose that f <* « is one-to-one numbering. Moreover, without
loss of generality we assume that f(n) #+ X for all n € w and $(0) = . For n > 0,
since f(n) = Uicy,(X \ Dg(ni)) for an a-computable function g : w?> - o , we have
X\ Dgno) < B(n).

Our goal is to built a strongly a-computable table of finite sets for the set 4 (see Soare
(1987) for non-relativised case), i.e., a strongly a-computable sequence {F,},e., Of finite
sets such that F, N F,, = & and F, N (w \ A) # & for all n # m. We are going to built
{F,}see and some monotonic a-computable f : w — o simultaneously.

At stage 0, we put Fy = Dy (since it is nonempty), f(0) = 0.

Suppose that F; and f(s) have been constructed. At stage s+ 1, using some oracle from
a, we compute numbers N = 3", card(F;), M = 2" and finally put

fs+1)=f(s)+ M, Foyy = U Dewo \JFO)

n:f(s)<n<f(s+1) i<s

The construction is complete. It is clear, that {F,}.e, forms a disjoint strongly a-
computable family of finite sets. If, for some s, Fy.;NX = ¢ then, for f(s) < i< f(s)+2V,
all 2V sets of the kind B(i) are located between X and X \ Ui, F(i). However, since each
B(i) # X, there exist only 2V — 1 possibilities for a location. This is a contradiction by
the Dirichlet principle. So, the existence of an a-decidable one-to-one numbering f im-
plies the existence of strongly a-computable table of finite sets for the set 4. Now we
choose any a-computably enumerable a-hyper-simple set 4. One way to construct A is
the relativisation of any classical construction of c.e. hyper-simple set to an oracle from a.
By definition, there is no such table. Therefore, the corresponding one-to-one numbering
p <* o does not exist. The proposition is proven. ]

Recently, various notions of computable topological space have been proposed (see
among others Grubba and Weihrauch 2007, Spreen 1998 and Weihrauch 2000). The
following results illustrate differences of our approach and the approaches mentioned
above.
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Proposition 3.5.
There exists an effectively enumerable topological space X which is not a Ty-space.

Proof. Let X be an algebraically closed field with the Zariski topology, e.g., X = C
with the base of closed sets which are solutions of rational polynomial equations of
one variable. By quantifier elimination, it is an effectively enumerable topological space.
However, there exists inseparable elements, e.g., ﬁ and —ﬁ. Therefore, it is not Ty-space.

O

Definition 3.7 (Weihrauch 2000). Let X = (X, 7,a) be a Ty-topological space and o be a
partial base numbering. The space X is computable if {(u,v)| u, v € dom(x) and o(u) = o(v)}
is c.e.

Proposition 3.6. There exists an effectively enumerable Ty-space which is not a computable
topological space in the sense of Weihrauch (2000).

Proof. Let a =(0'. We fix the effectively enumerable T-space X = (X, t,a) constructed
in Proposition 3.4. Assume that there exists a partial numbering f such that (X,z,f) is
a computable topological space. Since any c.e. set is a-computable, f is a-equivalent to
some total a-decidable numbering f;. This contradicts Proposition 3.4. Therefore, X is
required. U]

Definition 3.8 (cf. Grubba and Weihrauch 2007). Let X = (X,t,a) be a Ty-topological
space and o be a partial base numbering such that dom(x) is computable set and
& ¢ im(a). The space X is computable if there exists a computable sequence {A;;}; e, of
c.e. sets such that

o) N o) = | aln).

I’lEA,‘/'

Remark 3.4. Sometimes it makes sense to consider (J € im(«). In this case it is natural to
assume that o~!(¥) is computable.

Proposition 3.7. There exists an effectively enumerable T,-space which is not a computable
topological space in the sense of Grubba and Weihrauch (2007).

Proof. We consider (w,+,*,0,1). Assume that y is a Godel numbering of 3-formulas.
Let X = (w,1,0), where 7 is the discrete topology and a(n) = {x|w = y(n)[x]}. It is easy
to see that X is an effectively enumerable T,-space. Since ¢ € im(«) and, moreover,
{nlo(n) = I} is not c.e., the space X is not computable. O

In this paper we use the following characterisation of total computable functions
between two effectively enumerable topological spaces (Korovina and Kudinov 2008).

Proposition 3.8 (Korovina and Kudinov 2008). Let X = (X, 7, ) be an effectively enumer-
able topological space and ) = (Y, 4,[5) be an effectively enumerable Ty-space. For a
total function f : X — Y the following are equivalent.
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1. f is computable;
2. f is effectively continuous, i.e., there exists a computable function h : w X @ — ® such

that f~'(B())) = Use,, (h(i, j)).

4. Computable elements of the lattice Oy

In this section we consider effectively open sets of an effectively enumerable space as
analogues of computable elements.

Definition 4.1 (Korovina and Kudinov 2008). Let (X,7,a) be an effectively enumerable
topological space. A set A < X is effectively open if there exists a computably enumerable

set V' such that
A= U o(n).

neV

If A and V satisfy the requirement above we tell that the constraint *(V'; A) holds.

Remark 4.1. It is clear that a set 4 < X is effectively open if there exists a computable
function h :  —  such that 4 = |J,,.,, a(h(n)).

The complement of an effectively open set is called co-effectively closed. Let Ox denote
the set of all open subsets of X and Of denote the set of all effectively open subsets of
X. It is easy to see that O% is a constrained class. The following propositions are natural
corollaries of the definition.

Proposition 4.1 (Korovina and Kudinov 2008). A set 4 = R” is effectively open if and
only if there exists a computable sequence of quantifier free formulas {¢;}ic,, such that

acA<R ): \/iew (pl(a)

Proposition 4.2. Let (X,7,) be an effectively enumerable topological space. A sequence
{Ak}kew of effectively open subsets of X is computable if there exists a computable
function H : v X w — w such that Ay =, «(H (k,n)).

new

Theorem 4.1. For every effectively enumerable topological space X there exists a principal
computable numbering a§ of O%.

Proof. Define o%(e) = J{a(k) | k € =n,}. From the classical computability theory
(Soare 1987) it follows that {r,}.c,, is a computable sequence as well as {B,}.c,, where
B, = .U {m} and «(m) = . Since every B, is nonempty, B, = n(,) for some computable
f and every @j() is a computable function. So, a§(e) = (e, @1 (i). By Proposition 4.2,
o is a computable numbering of O%. To show that of is principal we assume that
F : o — Of% is a computable numbering of O%. By Proposition 4.2, there exists a
computable function H such that F(k) =, «(H(k,n)). For some computable function
f:ow— o, H(x,y) = @px)(y). Therefore, F(k) = a5 (B(k)).

L]

Theorem 4.2. Let (O%, o5 ) be such that Of does not coincide with the upper semi-lattice
generated by the basic elements, i.e., there exists A € O which cannot be represented as
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a finite union of basic open sets. Then, the problem of set equality and the problem of set
inclusion are T19-hard.

Proof. Let A € Of do not belong to the upper semi-lattice generated by the basic
elements. Let A = J;, 2§ (n(k)). In order to prove IM-hardness of the problems we
show that the I19-complete set Inf = {n | W, is infinite} is m-reducible to Ix(4) =
Ix({B | B € O% and B = A}). For that we define a reduction function g such that
o5 (g(m)) = Uyey, %5 (h(k)), where J,, = {i | (3k € W)k > i}. It is easy to see that

A < o%(g(m)) & A = 0% (g(m)) < m € Inf.
Therefore the problems of set equality and inclusion are T19-hard. |

Proposition 4.3. For the effectively open subsets of Euclidean space, the problem of set
equality and the problem of set inclusion are I19-complete.

Proof. For proof simplicity we assume n = 1. Let us show that Ix(=,) = Ix({(4, B) |
A € 0%, B € O and B = A}) € I13. We fix a computable numbering 6 of all compact
intervals with rational endpoints. Then

(n,k) € Ix(=.) © (Ym) (0(m) S ag(n) < 0(m) S ag(k)) = (Vm)®(m,n) < O(m,k).

By Proposition 3.2, ®(i, j) is equivalent to an effective sequence of I-sentences. So,
by Proposition 3.1, it defines a computably enumerable set. Therefore, Ix(=,) € I19. By
similar arguments, Ix(<,) € I19.

O

5. Computable elements of effectively enumerable topological spaces

The notion of computable element is based on the following observation.

Proposition 5.1. For an effectively enumerable To—space (X,t,o) and a point x € X the
following assertions are equivalent.

1. The function f : {0} — X, defined as f(0) = x, is computable.

2. The set Ay = {n| x € a(n)} is computably enumerable.

3. For any effectively enumerable To—space ) the function fy : Y — X, defined as
fy(y) = x, is computable.

Proof. (1) — (2). First, it is worth noting that, for total functions, computability is
equivalent to effective continuity (Korovina and Kudinov 2008). So, we assume that f is
effectively continuous. Therefore there exists a computable function h : w X @ — w such
that f~(a(n)) = Uice, B(h(n,i)), where f is a numbering of the base of the space {0}. So,
x € a(n) < f~Yn)) # & < Ji B(h(n,i)) # &. Therefore A, is computably enumerable.
(2) = (3). Let us show that fy is effectively continuous. It is easy to see that

Y, xe€an)
&,  otherwise.

fy'(n) = {
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Let f be a numbering of a topology base of the space Y such that f(m) = Y and
B(k) = & and

s { b e

{k,m},  otherwise.

It is easy to see that fy!(a(n)) = Uses, B(s) is computably enumerable. So, fy is effectively
continuous, i.e., computable.
(3) = (1). It is trivial. ]

For an effectively enumerable Ty—space, if one of the assertions (1)—(3) holds, x is called
a computable element (point). For an arbitrary effectively enumerable topological space,
x is called a computable element if the assertions (2) holds and, for any y € X, A, # 4,.
Let #(V;x) = (x € X and V = {n| x € a(n)} is computably enumerable). Let X, be the
set of all computable elements of an effectively enumerable space X. It is clear that X, is
a constrained class.

It is easy to see that the definition above agrees with the notions of computable
real number, computable element of a computable metric space (Brattka 2001), and
computable element of a weakly—effective w-continuous domain (Spreen 1984; Weihrauch
and Deil 1980).

Remark 5.1. It is worth noting that there are effectively enumerable topological spaces
without computable elements. As an example we can consider the real numbers without
the computable points. It is an effectively enumerable Ty-space however there are no
computable elements.

An element x € X is called co-effective if X \ {x} is an effectively open set. Let X., be
the set of all co-effective elements. We investigate relations between the computable and
co-effective elements. It turns out that, in general, even for some complete computable
metric spaces X, # X.. For instance, let us consider the Baire space w®. There exists
a non-computable element f € w® which is 1. Therefore, f is non-computable but
co-effective.

Let D = (D;B,f,<,1) be a w-continuous domain where B is a basis, f : w — B is a
numbering of the basis (see Gierz et al. 2003). We recall that (D, f§) is a weakly effective
if the relation (i) < f(j) is computably enumerable.

Proposition 5.2. Let (X, 7, «) be an effectively enumerable topological space. Define o (m) =
Ukep, (k) and Bx = im(a). Suppose (Ox, Bx, ", <, &) is a weakly effective w-continuous
domain, where the ordering is the set inclusion and | = (. Then, X, < X..

Proof. Let x € X be co-effective. This means that X \ {x} = [J,, (x(n)) for a com-
putable function y : @ — w. Let us fix some n such that x € a(n) and a(n) < X.
Then,

x €ak) > (Fsew)@l € w)...(3; € w) (oc(n) < Uoc(x(li)) U oc(k)) .

i<s
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By assumption, o*(n) < o (j) is computably enumerable. Therefore, the set A, is comput-
ably enumerable. By definition, x is computable. U

Proposition 5.3. Let (X,t,0) be an strongly effectively enumerable T,-space. Then,
X € Xeo-

Proof. Let x € X be computable. Then, from Definition 3.3 it follows that X \ {x} =
Unewxeam (X \ cl(a(m))) is effectively open. So, x is co-effective. |

Corollary 5.1. For every Euclidean space, X, X, = X,,.

Now we address the natural question whether for an effectively enumerable space there
exists a computable numbering of the computable elements. First, we observe that while for
the computable real numbers there is no computable numbering (Ceitin 1971; Martin-Lof
1970) as well as there is none for the computable points of a computable complete metric
space without isolated points (Brattka 2001), for a weakly—effective w—continuous domain
there is a computable numbering of the computable elements (Weihrauch and Deil 1980).
Below we point out a natural sufficient condition on the family of basic neighborhoods of
computable elements that guarantees the existence of a principal computable numbering.
We show that weakly-effective w—continuous domains and o with the discrete topology
satisfy this condition.

Definition 5.1 (Ershov 1999). Let S be a family of computable enumerable subsets of w.
S is called a wn-family if there exists a partial computable function ¢ : @ — o such that

i.if a(n) | then Wy, € S and
ii. if W, € S then n € dom(c) and W, = Wy,).

Theorem 5.1. Let (X,7,0) be an effectively enumerable Ty-space and Sy = {A4,la € X.}.
If Sy is a wn-family, then there exists an algorithm to construct a principal computable
(canonical) numbering & : ® — X..

Proof. From Ershov (1999), it follows that the set Sx has a standard principal comput-
able numbering y : n+— Wya,m), Where hy : o — w is a total computable function such
that im(ho) = dom(c). Let us define a(n) = a — A, = Wy). U]

Proposition 54. Let D = (D; B, f§, <, 1) be a weakly effective w—continuous domain. Then,
the set Sp of all sets {n | f(n) < a}, where a € D, is a wn-family.

Proof. Let us define

— +1
o e @=wrw
! _1’ WﬁH—l = W}f

We use the notation f(n) <" f(m) to say that the validity of f(n) < f(m) is verified in
at most ¢ steps and the notation f(n) <« f(m) to say that the validity of f(n) < B(m) is
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not verified in ¢ steps. By double recursion, we construct g : w* — o U {—1} as follows:

_1’ W;f-H = g>
gns,t+1), gns,t+1)=0A(ay, <OV B(ay) B Blgn,s,t+ 1)) A
({k € W 1B(k) >*" Blay) A

gns+Lt+1)= Bk) > B(g(n,s,t + 1))} = SV
Blg(n,s,t + 1)) > B(ay));
a, ay =0 A (g(ns,t +1) = =1V f(ay) > Blg(n,s, t +1)));
fond otherwise,

n

where ¢ = min{k € Wt B(k) > B(ad) A B(k) > B(g(n, s, t + 1))}
By construction,
— g is a total computable function,
— if g(n,s,t) = 0 then g(n,s,t) € W, and
— G(n,s) = lim;_ g(n,s, t) is well-defined.
It is worth noting that for all s € w, G(n,s + 1) = G(n,s) or B(G(n,s + 1)) > B(G(n,s)).
Finally, one can define a total computable function ¢ : ® — o such that

Wom = {m € w|3s3t(f(m) < f(g(n,s,t)) A g(n,s,t) = 0)}.

Let us show that ¢ is a required function for S = Sp U {F}. By properties noted above,
for all n € w either W, = &, so Wy = &, or W, # J so Wym = Aa where
a = sup{f(G(n,s))|s € w}. Therefore, Wy, € S. If W, = A, for some a € D, then for all
m € W, and for some s € w, m € W} holds. Therefore, f(m) < f(G(n,s)). It is clear that
Wem € Wy. So, Wy = Ay, and S is a wn-family. From observations in Ershov (1999) it
follows that Sp is a wn-family as well. ]

Below we assume that X is an effectively enumerable Ty-space satisfying the requirements
of Theorem 5.1 and & : @ — X, is defined as in Theorem 5.1. Now we address the problem
whether there is a nontrivial subset of the computable elements with a computable index
set. The following example is important for understanding.

Example 5.1. We consider (w, t,«), where 7 is the discrete topology and o is defined as
follows: a(0) = &, a(k) = {k — 1}. It is clear that S, = {{n}|n > 0} is a wn-family. By
Theorem 5.1 there is a principal computable numbering of the set of computable elements
which coincides with w. There exists K < w, e.g., K = 2-m, such that Ix(K) is computable.

Proposition 5.5. Let K = X.. If Ix(K) is computable then K is clopen in X..
The claim follows from the following proposition.
Proposition 5.6. Let K = X,. If Ix(K) is computable then K is open in X,.

In order to prove the proposition, for K = X, we define K = {Aylae K}, W ={n|
n € dom(o) and Wy, € k}, and W! = {k | k € dom(c) and W, € Sx \K}. Below we
use the observation that Ix(K) = {n | y(n) € k} ={n|ho(n) € W}, o\ Ix(K) = {n |
y(n) € Sy \K} = {n| ho(n) € W', W = ho(Ix(K)), and W' = ho(w \ Ix(K)) where hy and
7 are defined in Theorem 5.1. It is clear that W and W! are computably enumerable. We
give a proof using the following lemmas.
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Lemma 5.1 (Branching lemma). (Berger 1993). Let V' and W be computable enumerable
sets such that W contains all computably enumerable indices of V. Let Ap.V? be an
enumeration of V and r : « — w be a total computable function. Then, there is e € W
and p € w such that W, = V?U W,(;,). Furthermore, such e and p are computed uniformly
from an computably enumerable index of W and computable indices of the functions
Ap.VP and r.

Lemma 5.2. If W is computably enumerable then K is monotone, ie., if A < B, 4 € K
and B € Sy then B € K.

Proof. Let A = Wy and B = Wy, Define V = A and r(p) = o(n). It is worth noting
that if W, = Wy € K then Wy, = W, € K, so that a € W. Therefore, we can use
Lemma 5.1 to find e € W and p € o such that W, = VP U Wy, = W}, U W) = Wo).

Since B€ Sy andee W, W) = W, € K. Therefore, B € K. ]

Lemma 5.3. Assume K < X, Ix(K) is computable and K is not open in X,. Then, there
exist a € K, m € w, a computable function h : @ — w such that Wy, = A4, and, for all
p €, W),y S Wonp) and h(p) € W'

Proof. Assume contrary: for all a € K (4, = W) there exists p € w such that for all
b € X, such that Ay = W, and Wy, 2 W, wehaven € W.So, ey, (1(k)NX,) = K.
This means that with every point K contains its open neighbourhood. So, K is open
in X,. ]

Proof. (Proposition 5.6) Assume contrary: K = X, and Ix(K) is computable and K is
not open in X.. Then there exist a, m and h satisfying Lemma 5.3. Let V' = Wy, and
r(p) = o(h(p)), so, for all p € w, W, € Sx \K. Using Lemma 5.1 we find e € W and
p € o such that W, = Wf(m) U Woip)) = Wonp) € Sx \IA< Since, W, = Woe), € ¢ W. This
contradicts to e € W. L]

The following proposition is a weak analogue of Rice’s theorem.

Corollary 5.2. If X, is connected then there is no nontrivial K < X, such that Ix(K) is
computable.

Proof. The claim follows from Theorem 5.5 and the definition of connected sets. U]

It is worth noting that in a weakly effective w-continuous domain with the bottom, e.g.,
P(w) with Scott topology, the set of computable elements is connected. In order to prove
a strong analogue of Rice’s theorem we use notations and results from Proposition 5.6
and the following observations.

Let S = {Wom Jnew be a wn-family with the standard principal computable numbering
y :n—= Womemy), Where hy : o —  is a total computable function such that im(hy) =
dom(o). For K = § we define Ixs(K) = {m|y(m) € K}.

Definition 5.2 (Rogers 1967). We say that K is effectively discrete in S if there exists a
strongly computable family {F,}.c, of finite subsets of w such that

(VAES)(AEI%H(EInEw)AQFn).
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In other words, K is effectively discrete in S if it is effectively open in S which is considered
as a subspace of P(w) with the Scott topology.

Remark 5.2. It is easy to see that if K is effectively discrete in S then I xg(f< ) is computably
enumerable.

Proposition 5.7. If | xS(I% ) is computable then K and S \IA< are effectively discrete in S.

Proof. We use the notations W = {n | n € dom(s) and Wy, € K}, and W! = (k|
k € dom(c) and Wy, € Sx\k} as in Proposition 5.6. Let W = im(g) for a total
computable g : w — w. First, using uniformisation we construct a partial computable
function h : w X @ — w such that

a(m)

(Waaz(m,p)) 2 W), ANh(m,p) € Wl)) :

(Vp € w)(Ym € W) ((ak eW) Wagy2 W2, >

In particular, h(m,p) T if o(m) 1. Given m € W and V = W), using completeness of
the numbering { W, },c,, we construct a total computable function r : @ —  such that,
for all p € w,

) Wonmpy,  if h(m,p) |
Wi = { @, if h(m.p) 1.

Using Lemma 5.1, from an computably enumerable index of W and computable indices
of the functions 2p.V'? and r, we uniformly compute e and p such that W, = W[, UW,).
It is worth noting that if h(m,p) | then W, = Wspmp) € S\ I%, so W) = W.. Since
ec W, Wee € K, we have a contradiction. It follows that h(m,p) 1. Using uniform
computability of e and p we construct a partial computable function p : ® — w such
that, for all m € w, if o(m) | then h(m,p(m)) T and im(p) = im(o). Then, for m € W, we
obtain that Wy =2 W;J((,',’;)) — k € W by the choice of p. So, the family {F,} e, defined as

F, = Wf((f((;’)))), testifies that K is effectively discrete in S. O

Theorem 5.2. Let K < X,. The set Ix(K) is computable if and only if K and X, \ K are
effectively open in X..

Proof. «). If K is effectively open in X, then, by definition, K = (J,;(a(i) N X.), where
I is computably enumerable. Since & is computable, we have

nelx(K)« (Jiel)ie Ayy.

So, Ix(K) is computably enumerable. Replacing K by X, \ K in the previous reasoning
we obtain that w \ Ix(K) is computably enumerable.
—). We apply the Proposition 5.7 to K= {Ayla € K} and S = Sy. We immediately obtain
that, for any m € W,

() (i)nX)<sK.

iew?rm

a(m)
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Therefore,

K= | ) @nX)

mew \ jewrm

a(m)

This means that K is effectively open in X.. Replacing K by X, \ K in the previous
reasoning we obtain that X, \ K is effectively open in X.. The proof is complete. U]

6. Computable functions in effectively enumerable topological spaces
6.1. Strongly computable functions

In this section we work with an effectively enumerable topological space X = (X, t,«) and
R = (IR{, A ocR), where o® is a computable numbering of the open intervals with rational
endpoints, ¢ and R. Now we give the notion of strongly computable function on an
effectively enumerable topological space.

Definition 6.1. A partial function f : X — R is called strongly computable if there exist
two effectively open sets U, V' = X x R such that

1. for all x € X, U(x) is closed downward and V(x) is closed upward;
2. if x € domf then f(x) =y < {y} =R\ (U(x) U V(x));
3. if x € domf then the R\ (U(x)U V(x)) is not a singleton.

If we fix a canonical numbering & of the base of the topology on X xR then U = J,. y, (i)
and V = UieV2 &(i) for some computably enumerable sets V; and V,. We say that the
pair (U, V) defines a partial strongly computable function f : X — R if U and V satisfy
the conditions of Definition 6.1 and we say that the constraint #(V7, V3; f) holds. For an
effectively enumerable space X we denote the set of partial strongly computable functions
f : X — R as SCy. It is clear that SCx is a constrained class.

By analogy to Definition 4.2 one can define the notion of computable sequence of
pairs of effectively open subsets of an effectively enumerable space and the notion of
computable numbering of all such pairs.

Lemma 6.1. Assume that y : o — SCy is a numbering and a pair (U,, V},) of effectively
open sets defines the function y(n). Then, y is computable if {(U,, V,)}new is @ computable
sequence of pairs of effectively open sets.

Proof. The claim follows from the definitions. Ul

Theorem 6.1. For every effectively enumerable space X there exists a principal computable
numbering of SCy.

Proof. Let a,, be the principal computable numbering of the set of pairs of effect-
ively open subsets of X x R induced by the numbering o  from Theorem 4.1 and
tep(n) = (Un, V). We can effectively construct a new pair which satisfies the conditions of
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Definition 6.1. Indeed, by definition,
Uy = [ J b (n. 1)) x o (ha(n, 1))

icw

for some computable functions h; and h,. Then put

Un = [J b (n, ) x o (F(n, ),

icw

where F is a computable function such that r € a®(F(n, 1)) iff there exists r; € o®(h;(n,i))
such that ry > r.

By analogy we construct V. By definition, the pair (U,, V,) defines a partial strongly
computable function f : X — R such that f(x) = y < Uy(x) U V,(x) = R\ {y}. Put
y(n) = f. By construction, the sequence {(U,, Vy)}sew is computable and every partial
strongly computable function f : X — R gets an index. Therefore, y is a computable
numbering of SCx. To show that y is principal we assume that v : o« — SCyx is a
computable numbering and a pair (U, V,,) defines v(m). Since «,, is principal, there
exists a computable function h : @ — ® such that «.,(h(m)) = (Uy, V). Therefore,
v(m) = y(h(m)). So, y is a required numbering. ]

6.2. Majorant—computable functions

In this subsection we introduce the notion of majorant-computable function on an ef-
fectively enumerable topological space which agrees with majorant-computability on the
predicate structures (Korovina and Kudinov 2005). Let U(x) < V(x) denote that, for all
z1 € R and z; € R, if z; € U(x) and z; € V(x) then z; < z;.

Definition 6.2. Let X be an effectively enumerable topological space. A partial function
f : X — R is called majorant—computable if there exist two effectively open sets U, V <
X x R satisfying the following requirements:

1. (Vx € X) (U(x) < V(x));
2. for all x € X, U(x) is closed downward and V(x) is closed upward;
3. f(x) =y ey} =R\ (U(x)UV(x)).

If we fix a canonical numbering & of the base of the topology on X xR then U = .y, &(i)
and V = {J,cy, &(i) for some computable enumerable sets V; and V2. We say that the
pair (U, V) defines a partial majorant-computable function f : X — R if U and V
satisfy the conditions of Definition 6.2 and we say that the constraint *(V7, V5; f) holds.
For an effectively enumerable space X we denote the set of partial majorant-computable
functions f : X — R as MCy. It is clear that MCx is a constrained class.

From the first glance it looks that the notion of majorant-computability is stronger
than the notion of strong computability. However, the following theorem shows that
SCx = MCx.

Theorem 6.2. A partial function f : X — R is majorant-computable if and only if it is
strongly computable.
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Proof. —) The claim is a direct consequence.
<) Assume f : X — R is strongly computable. By definition, there exist two effectively
open sets U, V< X x R such that

1. for all x € X, U(x) is closed downward and V(x) is closed upward;
2. if x € domf then U(x) = {yly < f(x)} and V(x) = {y|ly > f(x)};
3. if x ¢ domf then R\ (U(x) U V(x)) is not a smgleton.

We construct new effectively open sets U’ and V' that satisfy the properties (1)—(3) and
the additional requirement: U'(x) < V'(x) for all x € X.

First, one can effectively defines sequences {Vi}se, and {U,}se, with the following
properties:

i. Us(x) = (—o0,rs) and Vi(x) = (g5, +00), where ry, ¢, € Q U {400, —o0}, 1y < gy

ii. Up(x) -+ < Ug(x) © --+ < U(x) and |J,,c,, Un(x) = U(x);
iii. Vo(x) - < Vy(x) = -+ < U(x) and J,c,, Va(x) = V(x);
iv. Us(x) < Vi(x) if (Ug)Nel(Vy) = &.
Put
U (x) = U Uy(x)
{slel(Us(x)Nel(Vy(x))=}
V'(x) = U V(x).

(sll(U NNl (Vy(x) =)

Then, we take the downward closure U’'(x) = {y|(3z € U"(x))y < z} and the upward
closure V'(x) = {y|(3z € V*(x))y > z}. As in the proof of Theorem 6.1, one can show
that U’ and V' are effectively open. By construction, for x such that U(x) < V(x),
U'(x) and V’'(x) coincide with U(x) and V(x) respectively. For x such that U(x) <
V(x), U(x) € Us_4(x) and V'(x) < V,_i(x), where s is minimal with the property
cl(Ug(x))Ncl(Vi(x)) # . By construction, c¢/(Us_1(x)) = (—oo,r] and cl(V,_1(x)) = [g, +0)
for some r < ¢. Then, [r,q] = R\ (U'(x) U V'(x)). Therefore, U’ and V"’ satisfy all required
properties. So, f is majorant-computable. U]

Corollary 6.1. For any effectively enumerable topological space X, there exists a principal
computable numbering y : ® - MCy.

Proof. From Theorem 6.2, it follows that SCy = MCyx and, moreover, every sequence
{fm}mew 18 a computable sequence of strongly computable functions if and only if it is
a computable sequence of majorant-computable functions. Therefore, the numbering vy
constructed in Theorem 6.1 is a required one. U]

Let Toty = {f | f € MCx and total} and Lx denote the function which is undefined
everywhere.

Theorem 6.3. Let K be a non-empty class of majorant-computable functions such that
1 ¢ K. Then Ix(K) is IT9-hard.

The proof of the theorem is based on the following lemmas, for short 1y = L.
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Lemma 6.2. Suppose 4 € I19, f € MCx and f # L. Then the following holds:

(A, A) < Ix({f ), Ix({L}))-

Proof. 1t is sufficient to show that the pair of the IT)-complete set {n|W, is infinite}
and its complement is multiple hm-reducible to the pair (Ix({f}),Ix({L})). For that we
construct a reduction function g : ® — w. By definition, there exist effectively open sets
U, V such that f(x) =y & U(x)UV(x) =R\ {y}.

Let

U = (i) x o (ha(i))
i€Ew

for some computable functions h; and h,. Define
(x,y) € U, & (Fi € w) <x € a(hy(i)) A (@m € W,)(3z € o™ (i) y < z — %H) =
Fiew) (x € ahi(i)) A <I>,,,,-(y)) .

It is easy to see that for every n,i € w ®,;(y) = \/meW,,GZ € aR (i) y < z — m_lH

is an effective disjunction of existential formulas over the reals. By Proposition 4.1,
R = ®,(y) <> y € ai(F(n,i)), where og is a principal computable numbering of O and
F : o X o — w is a computable function. So,

Uy = [J b1 (D)) x g (F(n, ).

i€w

By analogy we construct I~/n. It is easy to see that (f]n, 17,1),16(0 is a computable sequence
of effectively open sets that satisfy the conditions of Definition 6.1. Using Theorem 6.2
we can effectlvely construct a new computable sequence (U, V,)new of effectively open
sets such that (U}, V,) defines a majorant-computable function y(g(n)) for a computable
function g :  — w.

If W, is infinite then yp(g(n))(x) = f(x), ie, gn) € Ix({f}). If W, is finite then
y(g(n)) = 1, ie., g(n) € Ix({L}). So, g is a required reduction function. ]

Lemma 6.3. Suppose K =< MCy, f € K and f # L. Then the following holds:
Ix({f}), Ix({L})) <pm (K, K).

Proof. obviously, g = id is a reduction function. ]
Proof. (Theorem) It follows from Lemmas 6.2 and 6.3. ]
Below we prove an analog of Rice’s theorem for majorant-computable real functions.

Theorem 6.4 (Generalised Rice theorem). The index set for K = MCy is A if and only
if K is empty or coincides with MCyx.

Proof. Assume K is non-empty and L ¢ K. From Theorem 6.3 it follows that Ix(K)
is T19-hard. Therefore, Ix(K) ¢ X9. Assume K # MCy and L € K. Then, L ¢ K. From
Theorem 6.3 it follows that Ix(K) is [19-hard. Therefore, Ix(K) ¢ 9. O
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Now we take a close look at index sets in the case when X = R.
Theorem 6.5. The index set Ix(Totg) is I15-complete.

Proof. Let us prove that Ix(Totg) € T19. We fix a canonical computable numbering 0 of
all compact intervals with rational endpoints. Let f : R — R be a majorant-computable
function definable by (U, V). Then to say that (i) < dom f we write that

1
A\ (¥x € 0D))Ey) @)y — 32l < A1) €V A )2) €U).

new

This has the form I19 by Proposition 3.1 and Proposition 3.2. It is easy to note that
n € Ix(Totg) <> (Vm)6(m) < dom f.

By the previous observation, this has the form (V)IT5 A I19. Since 119 = TI) and the
intersection of IM-relations is IT9, the index set Ix(Totg) is I19. From Theorem 6.3 it
follows that Ix(Totg) is T19-complete.

L]

Proposition 6.1. For any non-empty co-effectively closed set 4 < R, the index set
Ix(Zeros) = Ix({f|f € Totg and f~1(0) = 4})
is I19—complete.
Proof. To say that n € Ix(Zeroy) we write that n € Ix(Totg) and
(Vm)(Vx € 0(m)) (x ¢ A < (x,0) € Vg V (x,0) € Upn),

where V() and Up,) are the corresponding epigraph and hypograph of y(n). This has
the form IT9 A (V)Z! by Proposition 3.1 and Proposition 3.2. Therefore, Ix(Zero4) € I19.
From Theorem 6.3 it follows that Ix(Zero,) is I13-complete.

O

Theorem 6.6. For majorant-computable functions f : R — R, Ix({f|f # Lgr}) is ZI-
complete.

Our proof is based on the following lemmas.

Lemma 6.4. There exists an effective procedure which given any computable sequence
{Ap}new of effectively open subsets of B produces a computable sequence {En}new of
effectively open subsets of (0, 1) such that ., 4n = & < e En = .

Proof. The well-known algorithm producing continuous fractions can be represented
as a function F : B — (0, 1) with the following properties:

1 .
1. F(no,nl,...)=n+ T 5
0 r11+L

2.F:B—-(0,1)\Q is a.homeomorphism;
3. F and F~! are computable.
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Assume {A,}ne, is @ computable sequence of effectively open subsets of B. The set F(A4,)
is effectively open in (0, 1) \ Q. By computability of F~!, we can effectively find the index
of a set E, which is effectively open in (0,1) and F(4,) = E,\ Q. Lety : ® - QN (0, 1) be
a computable numbering. We define E, = E, \ {7(i)li < n}. It is easy to see that {E,}ne0
is a computable sequence of effectively open subsets of (0, 1) such that E, \Q = F(4,)

and ﬂnew @ « ﬂnew E” = Q U

Lemma 6.5. Let {En}new be a computable sequence of effectively open subsets of an
effectively enumerable topological space X = (X, 1, ). There is an algorithm producing a
majorant computable function f : X — R such that dom(f) =, E,. Moreover, sets of
the kind E, are precisely domains of majorant-computable functions.

Proof. Let E; = J; a(h(i. j)) x o (g(i. j)), then

new

U= U(ﬂE) X (— oo—%),

new \i<sn
v=/ (m E) x (1, o).
new \i<n

It is clear that U and V define a majorant-computable function such that if x €
then f(x) = 0, otherwise f(x) 1.

Now assume that f : X — R is a majorant-computable function and U, V are effectively
open sets that define f. Then,

Vle

1
x € dom(f) « (In € w)IyIz <U(x,y) ANV(x,Z) Ny —z| < 2) .
It is clear that dom(f) is the effective intersection of effectively open sets. L]

Below we use the result from Proposition 2.1 which states that there exists a computable
sequence of computable trees { T, }me, such that the set I = {m|T,, has an infinite path}
is }-complete.

Lemma 6.6. There exists an effective procedure which generates a computable sequence
{A™} . new Of effectively open subsets of B such that (), ., AN # F o mel.

new

Proof. Let T,, = N< such that m € I. Define

Al mneo ={f € Bl < [f(0),....f(n) >€ Ty}

It is easy to see that f € (., A" iff f is an infinite path in T,, iff m € I. Ul

new

Proof. (Theorem 6.6) First let us note that the standard Tarski-Kuratovski algorithm
(Rogers 1967) shows that Ix({f|f # Lgr} € Zi. Our goal is to show that I <, Ix({f|f #
Lr}). For that, we construct a computable sequence F = {f,,}me, of majorant-computable
functions such that m € I < f,, #+ Lg. Using Lemma 6.6 and Lemma 6.4 we construct
a computable sequence {47}, .e Of effectively open subsets of B and a computable
sequence {E,’,”}m’nem of effectively open subsets of (0,1) such that () ., A" # J—o>mel

new
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and Ny, AV = F < Nheo E,’," = . Using Lemma 6.5 we can effectively construct
a majorant-computable function f,, such that dom(f,) = (),c, E,’,". So, there exists a
computable function y : ® — w such that f,, = y(y(m)). The function y is a reduction,
since m € I <> y(y(m)) # Lg.

U]

Theorem 6.7. For majorant-computable functions f : R — R, the problem of equality is
I1}-complete.

Proof. This follows immediately. U]

7. Computable closed sets over effectively enumerable topological spaces

The notions of computable closed and computably compact sets of Euclidean spaces
have been proposed in Brattka and Weihrauch (1999). We generalise these notions for
effectively enumerable topological spaces.

Definition 7.1. Let X = (X, 7,a) be an effectively enumerable topological space. A set
A € X is called computable closed if

1. A is co-effectively closed, i.e., X \ 4 = J,c; a(i), where V is computably enumerable;
2. U = {n|a(n) N A # &} is computably enumerable.

If A and V satisfy the first condition of Definition 7.1 we say that the constraint *(V'; 4)
holds, furthermore, if, additionally, U satisfy the second condition of Definition 7.1 we
say that the constraint *(1, U; A) holds. For an effectively enumerable space X we denote
the set of co-effectively closed sets as COx and the set of computable closed sets as Cy.
It is clear that COy and Cy are constrained classes.

Proposition 7.1.
1. X and ¢ are computable closed sets.

2. A point x in a Ty-space X is computable and co-effective if and only if {x} is a
computable closed subset of X.

Proof. The claims follow from the definitions. U]

To illustrate our approach below we state several results on computable metric spaces.
For the definition of computable metric space we refer to Moschovakis (1964); Weihrauch
(1993, 2000).

Proposition 7.2 (Brattka 2001). Let M = (M,B,d) be a complete computable metric
space. Then every computable closed set A = M contains a computable point x € M.

Proof. Assume (M, 1,a) is the effectively enumerable topological space corresponding
to M such that a(n) = B(by,, ), 1.€., a(n) is the open ball with the center b,,, € B and the
radius r, € Q. Now we effectively construct a sequence {o(n;)}sce by steps.

Step 0. Find the first ny such that a(ng) N 4 + .
Step s + 1. Chose a(n,41) satisfying the following conditions:
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a. a(n) NA # &,

b. the radius of the open ball o(ny.1) is at least two times less than the radius of a(ny),
C. d(bm,  sbm, )+ rny <t
By construction, cl(a(ny1)) S a(ns). From the Nested Sphere Theorem it follows that
there exists x such that {x} = [, cl(a(ny)). Therefore, for all s, x € a(ns) N A. Since
x € a(n) <> 3Is(d(by,, by, ) +1a, <7,), X is @ computable point. ]

Proposition 7.3. There exist a computable metric space M = (M, 5,d) and a computable
closed non-empty subset A = M such that A N M. = .

Proof. Let B = {Z,{io 1IN € o, a; € {0,1,2}, card({ila; = 1}) > 1} and C be the
Cantor set in [0,1], ie, C = {37, /b € {0,2}}. We define M = ([0,1] \R.) U B,
A= (C\R.) and d is induced by the standard metric on [0,1]. It is worth noting that
BNC =g, A=CNM and M\ A = ((0,1)\ C) N M. Therefore, A is co-effectively
closed. Since, for x € B and r € QT, B(x,r)NA = B(x,r)NCNM = (B(x,r)NC) \ R,
B(x,r)N A # & if and only if B(x,r)NC # . So, A is a computable closed set such that
ANM.= . ]

Proposition 7.4. Let X = (X,t,o) be an effectively enumerable topological space. A se-
quence {A,}new of computable closed subsets of X is computable if
i. there exists a computable function g : @ X w — o such that
X\ Ay = Jog(n,i));
i€cw

il. there exists a computable function y : @ — w such that

{k|°‘(k) NA, # @} = W)

Proof. The claim follows from the definitions. L]

Theorem 7.1. Let M = (M, B,d) be a complete computable metric space. There is no
computable sequence that contains all computable closed sets of M.

Proof. First it is worth noting that, by Proposition 7.2, for every computable sequence
{Ay}nee of closed sets we can effectively construct a computable sequence {x} e, of points
such that, for all n € w, x, € M, and x, € 4,. Now assume contrary, i.e., {4, }ne, contains
all computable closed sets of M. Then, {x},e, contains all computable points of M. This
contradicts the non-existence of a computable numbering of M, (Brattka 2001). L]

Definition 7.2. Let X = (X, 7, ) be an effectively enumerable topological space. A compact
set K = X is called computably compact if

Ly ={kew|Kc U a(i)} is computably enumerable.
i€Dy

For an effectively enumerable space X we denote the set of computably compact sets
as CCy.
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Proposition 7.5. Let X = (X,1,0) be a strongly effectively enumerable topological space.
Then every computably compact set K = X is co-effectively closed.

Proof.
From Definitions 3.3 and 7.2, it is easy to see that

X\K = (m (X\cl(a(m»))

nelLg \me€D,

is effectively open. |

Now we consider the computable closed and the computably compact sets as co-
effectively closed subsets of Euclidean spaces and calculate the complexity of their index
sets. Similar results for the Cantor and Baire spaces can be found in Brodhead and Cenzer
(2008). For proof simplicity we consider n = 1. Suppose that the set COp is indexed by
the numbering af : @ — COR defined as follows: agl(n) = R\ oz (n). It is clear that o is
a principal computable numbering of COg.

Theorem 7.2. The index set for the computable closed sets of a Euclidean space is
>9-complete.

Proof. First, we show that Ix(Cg) € 9. It is easy to see that a closed set 4 is computable
if and only if it is co-effectively closed and its distance function d4 is computable (Brattka
and Weihrauch 1999). In other words A is a computable closed set if and only if it
is co-effectively closed and there exists k € w such that y(k) = f, where f is a total
computable function f : R — R satisfying the following conditions:

L.f=0;

2. f<d4yonR\A;
3.f=dsonR\ A4;
4. f =0 on A.

Let us denote ag(e) = A.. We have e € Ix(Cr) iff

(3k) (y(k) € Totg Ap(k) = 0 A ((Vx)x & A, — p(k)(x) < da,(x)) A
(Vx)x & Ae = p(k)(x) = da,(x)) A((Vx)p(k)(x) >0 — x & A,) ).

From Theorem 6.5 it follows that the first conjunct has the form IT9. Let us note that

(Fx)p(k)(x) <0 = (g1 € Q)(Fq2 > g1 € Q)(Vx € [g1,42]) V(x,0),

where V is the epigraph of y(k). By Propositions 3.1-3.3, this has the form X¥. Therefore
the second conjunct has the form II). Now we calculate the complexity of the rest
of conjuncts. First, we note that R \ 4, = (J,., In, Where I, is an open interval with
rational endpoints. It is easy to see that I, = J,,c, Kmn where K, , is a compact
interval with rational endpoints and {K,, »}m new 1S @ computable sequence of computable
compact intervals. Therefore, a formula (Vx)(x ¢ 4, — O(x)) is equivalent to the formula
Ao neo (VX € Ky n) O(x).
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So, Condition (2), i.e., the third conjunct, is equivalent to the formula

AN\ (x € Kp)(la, bl = Blx,p(k)(x)) = [a,b] € R\ 4,),

m,n€Ew a,beQ

where B(x, y) is an open ball with the center x and the radius y. We rewrite it as

AN\ (Vx € Kpu)(la, bl & Blx, p(k)(x) V Wap),

m,new a,beQ

where W, is a H?-sentence. From Theorem 3.2 it follows that the first and the second
disjuncts are T19. Therefore, Condition (2) is T1).
Condition (3), i.e., the fourth conjunct, is equivalent to the following formula:

N (Fx € Kpp) = W(x, e,k),

m,new

where W(x, e,k) = Vy(d(y, x) < y(k)(x) = y ¢ A.) which is rewritable as
(Ja € Q)b € Q)(Fc € Q)(x € (a,b) Nc > sup pk)(z) A

z€[ab]
(Vyela—c,b+c])y ¢ Ae).

From Propositions 3.1-3.3 it follows that the second conjunct and the third conjunct in
the formula above are equivalent to an effective disjunction of quantifier free sentences.
Therefore, Condition (3) is I19. Condition (4), i.e., the fifth conjunct, is equivalent to the
formula

A (Vx € K») x ¢ A,.
KnS{yly(k)(y)>0}

By analogy, Conditions (4) is T19. So, the relation e € Ix(Cr) is Z9. It is worth
noting that Z3-completeness of Ix(Cr) follows from the fact that the X3-complete set
R = {n|W, is computable} is m-reducible to Ix(Cr). Indeed, if we define aff(f(n)) = A, =
o \ W, then n € R < B(n) € Ix(Cr). Therefore, Ix(Cr) is Z3-complete. O

Lemma 7.1. Assume K < R is co-effectively closed. Then K is computably compact if
and only it is bounded.

Proof. The proof is standard and omitted. L]
Theorem 7.3.

a. The index set for the computably compact sets of a Euclidean space is £3-complete.
b. The index set for the class Kr of computably compact and computable closed sets of
a Euclidean space is £J-complete.

Proof.

a. First, we show that Ix(CCg) € ZJ. Let us denote og(n) = Ay.
By Lemma 7.1, we have n € Ix(CCp) iff 4, is bounded. To say that 4, is bounded we
write that

(3c € Q*)(Vp € Q)(Vg € Q)(p > q V [p.q] \ (—c¢,¢) S ag(n)).
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This is X9. It is worth noting that Z}-completeness of Ix(CCg) follows from the fact
that the X3-complete set Cofin = {n|W, is cofinite} is m-reducible to Ix(CCR).
Let us define a reduction function g such that

o (g(m) = |J (k — 1.k + 1) J(—0,0).

kew,

Then, n € Cofin < ag(g(n)) € Ix(CCr). Indeed, if n ¢ Cofin then X \ of(g(n)) is
unbounded. So, o (g(n)) ¢ Ix(CCr). If n € Cofin then X \ uj(g(n)) is finite. So,
5¢(g(n)) € Ix(CCR). Therefore, Ix(CCRr) is Z-complete.

b. By Theorem 7.2 and (a) it is easy to see that Ix(Kr) € 9. It is worth noting
that £3—completeness of Ix(Kg) follows from the fact that the X3-complete set R =
{n|W, is computable} is m-reducible to Ix(Kg).

Let us define a reduction function g such that

oa(g(n) = B, ={0ju {3} U {5 lied,} =[01],

where A, = o \ W,. By construction, for every n, B, is bounded and co-effectively
closed. So B, is computably compact. It is worth noting that B, is computable closed
if and only if W, is computable. Therefore, Ix(Kg) is £J-complete.

O

Corollary 7.1. The classes of computably compact and computable closed sets of a
Euclidean space are incomparable.

Proof. The claim follows from the construction of B, in the proof of Theorem 7.3. []

Theorem 7.4. For any non-empty K < CCy, where X is a Euclidean space, the index set
Ix(K) is IT9-hard.

Proof. Let us fix A € K. Without loss of generality we assume that A < [0,1]. We
define a computable sequence of co-effectively closed sets as follows:

Ao = A4, = A2k, 2K + 1.

k=n

It is easy to see that for every n > 0, the set A, is not compact, i.e., A, ¢ K and
A = (Vyee An- Now we show that {n|W, is infinite} <,, Ix(K). Define

By= () 4m.

mew,

Since {B,}.e is @ computable sequence of co-effectively closed sets, there exists a com-
putable function F : @ — o such that B, = o (F(n)). We have the following equivalences:

W, is infinite <> B, € K < F(n) € Ix(K).
Therefore, Ix(K) is T19-hard. O

Corollary 7.2. Let X be a Euclidean space. Then, for any K < CCy, Ix(K) ¢ AS.
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8. Conclusion and related work

Recently, several approaches to measure complexity of undecidable problems in comput-
able analysis have been intensively developed. Our work is closely related to the approach
originated from the research on computing index sets of closed subsets of classical Polish
spaces and computably continuous functions (Cenzer and Remmel 1998, 1999).

Our main results extend this approach as follows. In the framework of effectively
enumerable topological spaces we have constructed principal computable numberings of
the computable elements, partial majorant-computable functions and co-effective closed
subsets. With respect to these principal computable numberings we have proven analogues
of Rice’s theorem and shown that partial function equality is IT}-complete. We also have
shown that the index sets for the computable closed sets and for the computably compact
sets of a Euclidean space are £J-complete.

Another well-established approach to measure complexity of closed, open sets and
continuous functions is based on the classical Borel hierarchy and its effective version (see
among others Becher et al. 2014, Brattka and Gherardi 2009, Montalban and Nies 2013
and Selivanov and Schroder 2014). The relationship between these two approaches is still
unclear and we leave its investigation for future work.

This research was partially supported by EU project PIRSES-GA-2011-294962,
DFG/RFBR grant CAVER BE 1267/14-1 and 14-01-91334, RFBR grants 13-01-00015,
14-01-00376.
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