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This paper is a part of the ongoing program of analysing the complexity of various

problems in computable analysis in terms of the complexity of the associated index sets. In

the framework of effectively enumerable topological spaces, we investigate the following

question: given an effectively enumerable topological space whether there exists a

computable numbering of all its computable elements. We present a natural sufficient

condition on the family of basic neighbourhoods of computable elements that guarantees the

existence of a principal computable numbering. We show that weakly-effective ω–continuous

domains and the natural numbers with the discrete topology satisfy this condition. We prove

weak and strong analogues of Rice’s theorem for computable elements. Then, we construct

principal computable numberings of partial majorant-computable real-valued functions and

co-effectively closed sets and calculate the complexity of index sets for important problems

such as root verification and function equality. For example, we show that, for partial

majorant-computable real functions, the equality problem is Π1
1-complete.

1. Introduction

This research is motivated by rapidly increasing interest in continuous data representations

with suitable computational properties. It turns out that many problems in numerical

computations, such as real number equality, set equality and etc., are undecidable (non-

computable). Therefore, studying degrees of non-computability became recently an active

research area in computable analysis (see among others Brattka and Gherardi 2009, 2011;

Brodhead and Cenzer 2008; Cenzer and Remmel 1998; Selivanov and Schröder 2014).

In this paper we concentrate on studying properties of computable elements, majorant-

computable functions and computable closed sets in the framework of effectively enumer-

able topological spaces. We use numbering theory and index sets as promising techniques

merging classical recursion theory and computable analysis in topological spaces. There

are several reasons for doing this. One of them is that the theory of index sets provides

methods for encoding problems in an effective way by natural numbers, i.e., generate

the corresponding index sets which can be used for the analysis of their complexity in

the settings of arithmetical and analytical hierarchies. Another reason is that the the-

ory of index sets has been already successfully employed in many areas in mathematics

and computer science. In recursion theory, index sets have been applied to obtain both
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new results and new elegant proofs of classical theorems such as the Post’s theorem and

the density theorem (Ershov 1977; Rogers 1967; Shoenfield 1971). Many recent advance-

ments in computable model theory are also closely related to index sets (Calvert et al.

2007, 2006; Downey et al. 2003; Downey and Montalban 2008). In computer science, the

Rice–Shapiro theorem provides a simple description of effectively enumerable properties

of program languages and the complexity of some decision problems in programming

have been studied in Spreen (1995) using index sets. While some important results have

been obtained in Brodhead and Cenzer (2008), Cenzer and Remmel (1998, 1999), Spreen

(1984, 1995, 1998) and Weihrauch and Deil (1980) many methods and techniques of

numbering theory have not been fully employed in computable analysis.

A class of effectively enumerable topological spaces has been proposed in Korovina and

Kudinov (2008). This is a wide class containing weakly effective ω–continuous domains,

computable metric spaces and positive predicate structures (Korovina and Kudinov 2014)

that retains certain natural effectivity requirements which allow us to introduce reasonable

concepts of (partial) computable functions. The main results of this paper are as follows.

We propose a natural condition on the family of basic neighbourhoods of computable

elements that guarantees the existence of a principal computable numbering. We show

that weakly effective ω–continuous domains and the natural numbers with the discrete

topology satisfy this condition. For such spaces, we address the problem whether there

exists a nontrivial subset of the computable elements with a recursive index set. We give

an example which demonstrates the main difficulties in straightforward transfers of Rice’s

and the Rice–Shapiro theorems. Nevertheless, employing the Branching Lemma (Berger

1993), for effectively enumerable T0-spaces satisfying the condition that the family of basic

neighbourhoods of the computable elements are wn-families, we prove a generalisation of

Rice’s theorem for sets of computable elements. The question of whether an analogue of

the Rice–Shapiro theorem holds for such spaces is still an open problem.

We transfer the notion of majorant-computability from structures (Korovina and

Kudinov 2005) to effectively enumerable topological spaces and calculate the complex-

ity of index sets of important classes. In Korovina and Kudinov (2014), we have shown

strong relations between effectively enumerable topological spaces and positive predic-

ate structures, i.e., predicate structures such that their positive ∃-theories are computably

enumerable. Thus, for a positive predicate structure A, the topological space A = (A, τAΣ),

where a base of topology τAΣ consisting of the subsets of A defined by existential formulas,

is effectively enumerable. In this paper, we construct principal computable numberings

for effectively open sets and majorant-computable real-valued functions, and calculate the

complexity of index sets for important problems such as root verification, set equality and

function equality. For example, we show that, for majorant-computable real functions, the

equality problem is Π1
1-complete. For majorant-computable real-valued functions, we give

an analogue of Rice’s theorem which shows that for majorant-computable real-valued

functions any non-trivial property is not limit decidable while for recursive functions there

are limit decidable properties, for example, the halting problem.

In a natural way, we construct a principal computable numbering of the co-effectively

closed subsets of an effectively enumerable topological space. We prove that, with respect

to this numbering, the index sets for the computable closed sets of a Euclidean space
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and for the computably compact sets are Σ0
3–complete. Similar results for the Cantor and

Baire spaces can be found in Brodhead and Cenzer (2008).

2. Preliminaries

We refer the reader to Rogers (1967) and Soare (1987) for basic definitions and funda-

mental concepts of recursion theory. We recall that, in particular, ϕe denotes the partial

computable (recursive) function with an index e in the Kleene numbering, ϕse denotes the

computation of ϕe for s steps such that the function ϕse is uniformly primitive recurs-

ive. In this paper we also use notations We = dom(ϕe), W
s
e = dom(ϕs

e), and πe = im(ϕe).

A sequence {Vi}i∈ω of computably enumerable (c.e.) sets is computable if {(n, i)| n ∈ Vi}
is computably enumerable. It is worth noting that this is equivalent to existence of a

computable function f : ω → ω such that Vi = Wf(i).

In classical computability (recursion) theory (Welch 1984; Yates 1965, 1969) and its

applications in computable model theory (Downey et al. 2003; Downey and Montalban

2008), computable analysis (Ceitin 1971; Weihrauch 2000) a common situation is the

following. We start with the class of computable real numbers Rc as an example. It is

well-known that a real number r is computable if and only if the constraint

∗(RD, LD; r) �
(
RD = {i | qi ∈ Q and qi > r} and

LD = {i | qi ∈ Q and qi < r} are c.e.
)

holds. Therefore, a criterion for r to belong to Rc is based on the existence of computably

enumerable sets RD, LD satisfying the constraint ∗(RD,LD; r). This could be generalised

to another class K, i.e., a criterion for an element k to belong to the class K is based on

the existence of computably enumerable sets V1, . . . , Vs satisfying a particular constraint

∗(V̄ ; k) such that, for any V̄ and different k1, k2, the constraints ∗(V̄ ; k1) and ∗(V̄ ; k2)

do not hold simultaneously. We call such K a constrained class. In the case when K is

a constrained class we say that {km}m∈ω is a computable sequence of elements of K if

there exist computable sequences {Vm
1 }m∈ω, . . . , {Vm

s }m∈ω of computably enumerable sets

such that for every m ∈ ω the constraint ∗(Vm
1 , . . . , V

m
s ; km) holds. In other words, one

can say that the property (∃V̄ ) ∗ (V̄ ; k) holds uniformly on the elements of the sequence

(Downey et al. 2003). For example, {rm}m∈ω is a computable sequence of computable real

numbers if there exist computable sequences {LDm}m∈ω and {RDm}m∈ω of computably

enumerable sets such that ∗(RDm, LDm; rm) holds for every m ∈ ω, i.e., the property

(∃RD)(∃LD) ∗ (RD, LD; r) holds uniformly on r ∈ Rc.

For background on numbering theory we refer to Ershov (1999). Let A be a set.

A numbering is a surjection function ξ : ω → A. Assume additionally that A is a

constrained class. A numbering ξ : ω → A is called computable if {ξ(i)}i∈ω is the

computable sequence of all elements of A. A numbering α : ω → A is called principal

computable if it is computable and every computable numbering ξ is computably reducible

to α, i.e., there exists a computable function f : ω → ω such that ξ(i) = α(f(i)). It is

worth noting that these definitions agree with the notions of computable and principal

computable numberings of A ⊆ P(ω) (Ershov 1999).

https://doi.org/10.1017/S0960129516000141 Published online by Cambridge University Press

https://doi.org/10.1017/S0960129516000141


Computable elements and functions in effectively enumerable topological spaces 1469

Definition 2.1. Let K be a constrained class, α : ω → K be a principal computable

numbering and L ⊆ K. The set Ix(L) = {n | α(n) ∈ L} is called an index set for the

subclass L.

In order to calculate complexity of index sets we use arithmetical and analytical

hierarchies which classifies certain sets of the natural numbers based on the complexity

of formulas defining them (Rogers 1967; Soare 1987).

Below we recall the notion of multiple m-reducibility that is one of the central concepts in

the classical theory of computability and introduce the notion of multiple hm-reducibility.

Definition 2.2. Let A, B, C, D ⊆ ω. The pair (A,B) is multiple hm-reducible to (C,D),

denoted by (A,B) �hm (C,D), if there exists a computable function f : ω → ω such that

x ∈ A→ f(x) ∈ C and x ∈ B → f(x) ∈ D.

The pair (A,B) is multiple m-reducible to (C,D), denoted by (A,B) �m (C,D), if there

exists a computable function f : ω → ω such that

x ∈ A↔ f(x) ∈ C and x ∈ B ↔ f(x) ∈ D.

The set A is m-reducible to D, denoted by A �m D, if there exists a computable function

f : ω → ω such that

x ∈ A↔ f(x) ∈ D.

The function f is called a reduction function.

Let A = ω \ A. It is easy to see that A �m B if and only if (A,A) �hm (B,B).

Definition 2.3. Let Γ be a class of arithmetical (analytical) complexity. A set A ⊆ ω is

called Γ–hard if B �m A for any B ∈ Γ. A set A is called Γ–complete if A ∈ Γ and A is

Γ–hard.

The following theorem summarises results on complexity of well-known problems in the

classical computability theory (see, e.g., Rogers (1967); Soare (1987)) which we will use

further on. Let N = ω\{0}. Taking a standard agreement (Rogers 1967) that a downward

closed nonempty T ⊆ N<ω is a tree, we denote the Baire space Nω of all paths in N<ω

as B.

Proposition 2.1.

• Inf = {e |We is infinite} is Π0
2-complete.

• Fin = {e |We is finite} is Σ0
2-complete.

• Cofin = {e |We is cofinite} is Σ0
3-complete.

• R = {e |We is computable} is Σ0
3-complete.

• There exists a computable sequence of computable trees {Tm}m∈ω such that the set

I = {m | Tm has an infinite path} is Σ1
1-complete.
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3. Basic background

3.1. Logic for the reals

In this paper we work with the ordered structure of the real numbers in the finite pre-

dicate language without equality, (R, σP ) =
(
R,M∗

E,M∗
H,P+

E ,P+
H ,<

)
, where M∗

E,M∗
H are

interpreted as the open epigraph and the open hypograph of multiplication respectively,

and P+
E ,P+

H are interpreted as the open epigraph and the open hypograph of addition

respectively, e.g., P+
H (x, y, z) � x+ y < z and P+

E (x, y, z) � x+ y > z.

The atomic formulas are the atomic formulas in the predicate language σP . For simplicity

we use standard notations, e.g., x+y < z, x+y > z, x·y < z, x·y > z and x > 0 � x+x > x.

The set of ∃-formulas is the closure of the set of atomic formulas under ∧,∨ and

existential quantifiers.

Definition 3.1.

A set B ⊆ Rn is ∃–definable if there exists a ∃-formula ϕ such that x̄ ∈ B ↔ R |= ϕ(x̄).

Remark 3.1. We recall that all predicates Qi ∈ σP occur only positively in ∃-formulas.

Hence all ∃-definable subsets of Rn are open sets and equality on the reals is not

representable by a ∃-formula.

Proposition 3.1. Let γ0 be a Gödel numbering of ∃-formulas and Sent denote the set of

all ∃-sentences. Then the following statements hold.

1. The set {n | γ0(n) ∈ Sent} is computable;

2. The set {n | γ0(n) ∈ Sent and R |= γ0(n)} is computably enumerable.

Proof. The first clam follows from properties of a Gödel numbering. The second claim

follows from the density of Q in R and Remark 3.1. It also can be deduced from quantifier

elimination in the strictly ordered field of the reals (Delzell 1982).

Proposition 3.2 (Korovina and Kudinov 2009). There is an algorithm which by a comput-

able sequence of ∃–formulas {ψi}i∈ω produces a computable sequence of quantifier free

formulas {ϕi}i∈ω such that R |= (∀y ∈ [a, b])
∨
i∈ω ψi(y, x̄)↔ R |=

∨
i∈ω ϕi(a, b, x̄).

Proposition 3.3 (Korovina and Kudinov 2009). There is an algorithm which by a com-

putable sequence of ∃–formulas {ψi}i∈ω , computable real functions f̄, computable real

numbers r̄ produces a computable sequence of quantifier free formulas {ϕi}i∈ω such that

R |=
∨
i∈ω ψi(f̄(ȳ), r̄, x̄)↔ R |=

∨
i∈ω ϕi(ȳ, x̄).

3.2. Effectively enumerable topological spaces

Now we recall the notion of effectively enumerable topological space. Let (X, τ, α) be a

topological space, where X is a non-empty set, B ⊆ 2X is a base of the topology τ and

α : ω → B is a numbering.

Definition 3.2 (Korovina and Kudinov 2008). A topological space (X, τ, α) is effectively

enumerable if the following conditions hold.
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1. There exists a computable function g : ω × ω × ω → ω such that

α(i) ∩ α(j) =
⋃
n∈ω

α(g(i, j, n)).

2. The set {i|α(i) 
= �} is computably enumerable.

Definition 3.3 (Korovina and Kudinov 2008). An effectively enumerable topological space

(X, τ, α) is strongly effectively enumerable if there exists a computable function g : ω×ω →
ω such that

X \ cl(α(i)) =
⋃
j∈ω

α(g(i, j)).

In Korovina and Kudinov (2008) it has been shown that the class of effectively enumer-

able topological spaces is a natural proper extension of the weakly effective ω–continuous

domains (Gierz et al. 2003) and the class of strongly effectively enumerable topological

spaces is a natural proper extension of the computable metric spaces (Weihrauch 2000).

In particular, the real numbers and the continuous real functions belong to this class.

Let us note that when a base numbering is changed, computability properties may

also change. Therefore we need to formalise reducibility and equivalence between base

numberings.

Definition 3.4. Let (X, τ, α) and (X, τ, β) be topological spaces. We don’t assume that

im(α) = im(β). We say that β is computably reducible to α, denoted β � α, if there exists

a computable sequence {An}n∈ω of c.e. sets such that β(n) =
⋃
i∈An α(i) for all n ∈ ω.

Numberings α and β are equivalent, denoted α ≡ β, if α � β and β � α.

Remark 3.2. It is worth noting that if α ≡ β then (X, τ, α) is an effectively enumerable

topological space if and only if (X, τ, β) is an effectively enumerable topological space.

As we will see below, any change of base numberings from the same equivalence class

preserves the classes of effectively open sets, computable elements, majorant-computable

functions, etc.

We can relativise the notions from Definition 3.4 to an appropriate oracle or a Turing

degree a. For the definitions of Turing degree and Turing jump we refer to Soare (1987).

Definition 3.5. Let a be a Turing degree. Let (X, τ, α) and (X, τ, β) be topological spaces.

We do not assume that im(α) = im(β). We say that α is a-computably reducible to β,

denoted α �a β, if there exists a a-computable sequence {An}n∈ω of a-c.e. sets such that

β(n) =
⋃
i∈An α(i) for all n ∈ ω. Numberings α and β are a-equivalent if α �a β and β �a α.

Below we use a straightforward observation that if � ∈ im(α) and � ∈ im(β) then β �a α

iff there exists an a-computable function h : ω2 → ω such that β(n) =
⋃
i∈ω α(h(n, i)) for

all n ∈ ω.

Definition 3.6. Let (X, τ, α) be a topological space. We say that α is a-decidable if the set

{(n, m) | α(n) = α(m)} is a-computable.
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Remark 3.3. Similar notions can be defined even for partial numberings. If we consider

partial numberings with a-computable domains then it is easy to see that any partial

numbering is a-equivalent to some total numbering and any a-decidable partial numbering

is a-equivalent to some total a-decidable numbering.

Proposition 3.4. For every Turing degree a, there exists an effectively enumerable T1-space

(X, τ, α) such that any base numbering β a-equivalent to α (and even any β �a α) is not

a-decidable.

Proof. Let {Dn}n∈ω be the canonical numbering of finite subsets of ω, A ⊂ ω be infinite

and coinfinite. Let X = ω \ A and the topology τ on X consist of the cofinite subsets

of X and �. A natural numbering α of the topology base is defined as α(0) = � and

α(n) = X \ Dn−1 for n > 0. It is clear, that (X, τ, α) is an effectively enumerable T1-space.

We start with some analysis of a possibility to find β, the final choice of A will be

done later. It is clear, that if β is a-decidable, then there exists an a-equivalent one-to-one

numbering (we just keep precisely one number for each element of the topological base,

omitting others). So, suppose that β �a α is one-to-one numbering. Moreover, without

loss of generality we assume that β(n) 
= X for all n ∈ ω and β(0) = �. For n > 0,

since β(n) =
⋃
i∈ω(X \ Dg(n,i)) for an a-computable function g : ω2 → ω , we have

X \ Dg(n,0) ⊆ β(n).

Our goal is to built a strongly a-computable table of finite sets for the set A (see Soare

(1987) for non-relativised case), i.e., a strongly a-computable sequence {Fn}n∈ω of finite

sets such that Fn ∩ Fm = � and Fn ∩ (ω \ A) 
= � for all n 
= m. We are going to built

{Fn}n∈ω and some monotonic a-computable f : ω → ω simultaneously.

At stage 0, we put F0 = Dg(0,0) (since it is nonempty), f(0) = 0.

Suppose that Fs and f(s) have been constructed. At stage s+1, using some oracle from

a, we compute numbers N =
∑

i:i�s card(Fi), M = 2N and finally put

f(s+ 1) = f(s) +M, Fs+1 =
⋃

n:f(s)<n�f(s+1)

Dg(n,0) \
⋃
i�s

F(i).

The construction is complete. It is clear, that {Fn}n∈ω forms a disjoint strongly a-

computable family of finite sets. If, for some s, Fs+1∩X = � then, for f(s) < i � f(s)+2N ,

all 2N sets of the kind β(i) are located between X and X \
⋃
i�s F(i). However, since each

β(i) 
= X, there exist only 2N − 1 possibilities for a location. This is a contradiction by

the Dirichlet principle. So, the existence of an a-decidable one-to-one numbering β im-

plies the existence of strongly a-computable table of finite sets for the set A. Now we

choose any a-computably enumerable a-hyper-simple set A. One way to construct A is

the relativisation of any classical construction of c.e. hyper-simple set to an oracle from a.

By definition, there is no such table. Therefore, the corresponding one-to-one numbering

β �a α does not exist. The proposition is proven.

Recently, various notions of computable topological space have been proposed (see

among others Grubba and Weihrauch 2007, Spreen 1998 and Weihrauch 2000). The

following results illustrate differences of our approach and the approaches mentioned

above.
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Proposition 3.5.

There exists an effectively enumerable topological space X which is not a T0-space.

Proof. Let X be an algebraically closed field with the Zariski topology, e.g., X = C
with the base of closed sets which are solutions of rational polynomial equations of

one variable. By quantifier elimination, it is an effectively enumerable topological space.

However, there exists inseparable elements, e.g.,
√

2 and −
√

2. Therefore, it is not T0-space.

Definition 3.7 (Weihrauch 2000). Let X = (X, τ, α) be a T0-topological space and α be a

partial base numbering. The space X is computable if {(u, v)| u, v ∈ dom(α) and α(u) = α(v)}
is c.e.

Proposition 3.6. There exists an effectively enumerable T1-space which is not a computable

topological space in the sense of Weihrauch (2000).

Proof. Let a = 0′. We fix the effectively enumerable T1-space X = (X, τ, α) constructed

in Proposition 3.4. Assume that there exists a partial numbering β such that (X, τ, β) is

a computable topological space. Since any c.e. set is a-computable, β is a-equivalent to

some total a-decidable numbering β1. This contradicts Proposition 3.4. Therefore, X is

required.

Definition 3.8 (cf. Grubba and Weihrauch 2007). Let X = (X, τ, α) be a T0-topological

space and α be a partial base numbering such that dom(α) is computable set and

� 
∈ im(α). The space X is computable if there exists a computable sequence {Aij}i,j∈ω of

c.e. sets such that

α(i) ∩ α(j) =
⋃
n∈Aij

α(n).

Remark 3.4. Sometimes it makes sense to consider � ∈ im(α). In this case it is natural to

assume that α−1(�) is computable.

Proposition 3.7. There exists an effectively enumerable T2-space which is not a computable

topological space in the sense of Grubba and Weihrauch (2007).

Proof. We consider (ω,+, ∗, 0, 1). Assume that γ is a Gödel numbering of ∃-formulas.

Let X = (ω, τ, α), where τ is the discrete topology and α(n) = {x|ω |= γ(n)[x]}. It is easy

to see that X is an effectively enumerable T2-space. Since � ∈ im(α) and, moreover,

{n|α(n) = �} is not c.e., the space X is not computable.

In this paper we use the following characterisation of total computable functions

between two effectively enumerable topological spaces (Korovina and Kudinov 2008).

Proposition 3.8 (Korovina and Kudinov 2008). Let X = (X, τ, α) be an effectively enumer-

able topological space and Y = (Y , λ, β) be an effectively enumerable T0-space. For a

total function f : X → Y the following are equivalent.
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1. f is computable;

2. f is effectively continuous, i.e., there exists a computable function h : ω×ω → ω such

that f−1(β(j)) =
⋃
i∈ω α(h(i, j)).

4. Computable elements of the lattice OX

In this section we consider effectively open sets of an effectively enumerable space as

analogues of computable elements.

Definition 4.1 (Korovina and Kudinov 2008). Let (X, τ, α) be an effectively enumerable

topological space. A set A ⊆ X is effectively open if there exists a computably enumerable

set V such that

A =
⋃
n∈V

α(n).

If A and V satisfy the requirement above we tell that the constraint ∗(V ;A) holds.

Remark 4.1. It is clear that a set A ⊆ X is effectively open if there exists a computable

function h : ω → ω such that A =
⋃
n∈ω α(h(n)).

The complement of an effectively open set is called co-effectively closed. Let OX denote

the set of all open subsets of X and Oe
X denote the set of all effectively open subsets of

X. It is easy to see that Oe
X is a constrained class. The following propositions are natural

corollaries of the definition.

Proposition 4.1 (Korovina and Kudinov 2008). A set A ⊆ Rn is effectively open if and

only if there exists a computable sequence of quantifier free formulas {ϕi}i∈ω such that

ā ∈ A↔ R |=
∨
i∈ω ϕi(ā).

Proposition 4.2. Let (X, τ, α) be an effectively enumerable topological space. A sequence

{Ak}k∈ω of effectively open subsets of X is computable if there exists a computable

function H : ω × ω → ω such that Ak =
⋃
n∈ω α(H(k, n)).

Theorem 4.1. For every effectively enumerable topological space X there exists a principal

computable numbering αeX of Oe
X .

Proof. Define αeX(e) =
⋃
{α(k) | k ∈ πe}. From the classical computability theory

(Soare 1987) it follows that {πe}e∈ω is a computable sequence as well as {Be}e∈ω , where

Be = πe ∪{m} and α(m) = �. Since every Be is nonempty, Be = πf(e) for some computable

f and every ϕf(e) is a computable function. So, αeX(e) =
⋃
i∈ω ϕf(e)(i). By Proposition 4.2,

αeX is a computable numbering of Oe
X . To show that αeX is principal we assume that

F : ω → Oe
X is a computable numbering of Oe

X . By Proposition 4.2, there exists a

computable function H such that F(k) =
⋃
n∈ω α(H(k, n)). For some computable function

β : ω → ω, H(x, y) = ϕβ(x)(y). Therefore, F(k) = αeX(β(k)).

Theorem 4.2. Let (Oe
X , α

e
X) be such that Oe

X does not coincide with the upper semi-lattice

generated by the basic elements, i.e., there exists A ∈ Oe
X which cannot be represented as
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a finite union of basic open sets. Then, the problem of set equality and the problem of set

inclusion are Π0
2–hard.

Proof. Let A ∈ Oe
X do not belong to the upper semi-lattice generated by the basic

elements. Let A =
⋃
k∈ω α

e
X(h(k)). In order to prove Π0

2–hardness of the problems we

show that the Π0
2-complete set Inf = {n | Wn is infinite} is m–reducible to Ix(A) =

Ix({B | B ∈ Oe
X and B = A}). For that we define a reduction function g such that

αeX(g(m)) =
⋃
k∈Jm α

e
X(h(k)), where Jm = {i | (∃k ∈Wm) k � i}. It is easy to see that

A ⊆ αeX(g(m))↔ A = αeX(g(m))↔ m ∈ Inf .

Therefore the problems of set equality and inclusion are Π0
2–hard.

Proposition 4.3. For the effectively open subsets of Euclidean space, the problem of set

equality and the problem of set inclusion are Π0
2–complete.

Proof. For proof simplicity we assume n = 1. Let us show that Ix(=e) = Ix({(A,B) |
A ∈ Oe

R, B ∈ Oe
R and B = A}) ∈ Π0

2. We fix a computable numbering θ of all compact

intervals with rational endpoints. Then

(n, k) ∈ Ix(=e)↔ (∀m)
(
θ(m) ⊆ αeR(n)↔ θ(m) ⊆ αeR(k)

)
� (∀m)Φ(m, n)↔ Φ(m, k).

By Proposition 3.2, Φ(i, j) is equivalent to an effective sequence of ∃-sentences. So,

by Proposition 3.1, it defines a computably enumerable set. Therefore, Ix(=e) ∈ Π0
2. By

similar arguments, Ix(⊆e) ∈ Π0
2.

5. Computable elements of effectively enumerable topological spaces

The notion of computable element is based on the following observation.

Proposition 5.1. For an effectively enumerable T0–space (X, τ, α) and a point x ∈ X the

following assertions are equivalent.

1. The function f : {0} → X, defined as f(0) = x, is computable.

2. The set Ax = {n | x ∈ α(n)} is computably enumerable.

3. For any effectively enumerable T0–space Y the function fY : Y → X, defined as

fY (y) = x, is computable.

Proof. (1) → (2). First, it is worth noting that, for total functions, computability is

equivalent to effective continuity (Korovina and Kudinov 2008). So, we assume that f is

effectively continuous. Therefore there exists a computable function h : ω × ω → ω such

that f−1(α(n)) =
⋃
i∈ω β(h(n, i)), where β is a numbering of the base of the space {0}. So,

x ∈ α(n)↔ f−1(α(n)) 
= �↔ ∃i β(h(n, i)) 
= �. Therefore Ax is computably enumerable.

(2)→ (3). Let us show that fY is effectively continuous. It is easy to see that

f−1
Y (α(n)) =

{
Y , x ∈ α(n)
�, otherwise.
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Let β be a numbering of a topology base of the space Y such that β(m) = Y and

β(k) = � and

Sn =

{
{k}, n 
∈ Ax

{k, m}, otherwise.

It is easy to see that f−1
Y (α(n)) =

⋃
s∈Sn β(s) is computably enumerable. So, fY is effectively

continuous, i.e., computable.

(3)→ (1). It is trivial.

For an effectively enumerable T0–space, if one of the assertions (1)–(3) holds, x is called

a computable element (point). For an arbitrary effectively enumerable topological space,

x is called a computable element if the assertions (2) holds and, for any y ∈ X, Ax 
= Ay .

Let ∗(V ; x) � (x ∈ X and V = {n | x ∈ α(n)} is computably enumerable). Let Xc be the

set of all computable elements of an effectively enumerable space X. It is clear that Xc is

a constrained class.

It is easy to see that the definition above agrees with the notions of computable

real number, computable element of a computable metric space (Brattka 2001), and

computable element of a weakly–effective ω-continuous domain (Spreen 1984; Weihrauch

and Deil 1980).

Remark 5.1. It is worth noting that there are effectively enumerable topological spaces

without computable elements. As an example we can consider the real numbers without

the computable points. It is an effectively enumerable T0-space however there are no

computable elements.

An element x ∈ X is called co-effective if X \ {x} is an effectively open set. Let Xco be

the set of all co-effective elements. We investigate relations between the computable and

co-effective elements. It turns out that, in general, even for some complete computable

metric spaces Xc 
= Xco. For instance, let us consider the Baire space ωω . There exists

a non-computable element f ∈ ωω which is Π0
1. Therefore, f is non-computable but

co-effective.

Let D = (D;B, β,�,⊥) be a ω-continuous domain where B is a basis, β : ω → B is a

numbering of the basis (see Gierz et al. 2003). We recall that (D, β) is a weakly effective

if the relation β(i)� β(j) is computably enumerable.

Proposition 5.2. Let (X, τ, α) be an effectively enumerable topological space. Define α∗(m) =⋃
k∈Dm α(k) and BX = im(α). Suppose

(
OX,BX, α∗,⊆,�

)
is a weakly effective ω-continuous

domain, where the ordering is the set inclusion and ⊥ = �. Then, Xco ⊆ Xc.

Proof. Let x ∈ X be co-effective. This means that X \ {x} =
⋃
n∈ω α(χ(n)) for a com-

putable function χ : ω → ω. Let us fix some n such that x ∈ α(n) and α(n) � X.

Then,

x ∈ α(k)↔ (∃s ∈ ω)(∃l0 ∈ ω) . . . (∃ls ∈ ω)

(
α(n)�

⋃
i�s

α(χ(li)) ∪ α(k)
)
.
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By assumption, α∗(n)� α∗(j) is computably enumerable. Therefore, the set Ax is comput-

ably enumerable. By definition, x is computable.

Proposition 5.3. Let (X, τ, α) be an strongly effectively enumerable T2-space. Then,

Xc ⊆ Xco.

Proof. Let x ∈ X be computable. Then, from Definition 3.3 it follows that X \ {x} =⋃
m∈ω:x∈α(m)

(
X \ cl(α(m))

)
is effectively open. So, x is co-effective.

Corollary 5.1. For every Euclidean space, X, Xc = Xco.

Now we address the natural question whether for an effectively enumerable space there

exists a computable numbering of the computable elements. First, we observe that while for

the computable real numbers there is no computable numbering (Ceitin 1971; Martin-Löf

1970) as well as there is none for the computable points of a computable complete metric

space without isolated points (Brattka 2001), for a weakly–effective ω–continuous domain

there is a computable numbering of the computable elements (Weihrauch and Deil 1980).

Below we point out a natural sufficient condition on the family of basic neighborhoods of

computable elements that guarantees the existence of a principal computable numbering.

We show that weakly-effective ω–continuous domains and ω with the discrete topology

satisfy this condition.

Definition 5.1 (Ershov 1999). Let S be a family of computable enumerable subsets of ω.

S is called a wn-family if there exists a partial computable function σ : ω → ω such that

i. if σ(n) ↓ then Wσ(n) ∈ S and

ii. if Wn ∈ S then n ∈ dom(σ) and Wn = Wσ(n).

Theorem 5.1. Let (X, τ, α) be an effectively enumerable T0-space and SX = {Aa|a ∈ Xc}.
If SX is a wn-family, then there exists an algorithm to construct a principal computable

(canonical) numbering ᾱ : ω → Xc.

Proof. From Ershov (1999), it follows that the set SX has a standard principal comput-

able numbering γ : n �→ Wσ(h0(n)), where h0 : ω → ω is a total computable function such

that im(h0) = dom(σ). Let us define ᾱ(n) = a↔ Aa = Wγ(n).

Proposition 5.4. Let D = (D;B, β,�,⊥) be a weakly effective ω–continuous domain. Then,

the set SD of all sets {n | β(n)� a}, where a ∈ Dc, is a wn-family.

Proof. Let us define

asn =

{
a, {a} = Ws+1

n \Ws
n

−1, W s+1
n = Ws

n .

We use the notation β(n)�t β(m) to say that the validity of β(n)� β(m) is verified in
at most t steps and the notation β(n) 
�t β(m) to say that the validity of β(n) � β(m) is
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not verified in t steps. By double recursion, we construct g : ω3 → ω ∪ {−1} as follows:

g(n, s+ 1, t+ 1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−1, W s+1
n = �;

g(n, s, t+ 1), g(n, s, t+ 1) � 0 ∧ (asn � 0 ∨ β(asn) 
�t+1 β(g(n, s, t+ 1)) ∧
({k ∈Wt+1

n |β(k)�t+1 β(asn) ∧
β(k)�t+1 β(g(n, s, t+ 1))} = �∨
β(g(n, s, t+ 1))�t+1 β(asn));

asn, asn � 0 ∧ (g(n, s, t+ 1) = −1 ∨ β(asn)�t+1 β(g(n, s, t+ 1)));

cs,tn otherwise,

where cs,tn = min{k ∈Wt+1
n |β(k)�t+1 β(asn) ∧ β(k)� β(g(n, s, t+ 1))}.

By construction,

— g is a total computable function,

— if g(n, s, t) � 0 then g(n, s, t) ∈Wn and

— G(n, s) = limt→∞ g(n, s, t) is well-defined.

It is worth noting that for all s ∈ ω, G(n, s + 1) = G(n, s) or β(G(n, s + 1)) � β(G(n, s)).

Finally, one can define a total computable function σ : ω → ω such that

Wσ(n) = {m ∈ ω|∃s∃t(β(m)� β(g(n, s, t)) ∧ g(n, s, t) � 0)}.

Let us show that σ is a required function for S = SD ∪ {�}. By properties noted above,

for all n ∈ ω either Wn = �, so Wσ(n) = �, or Wn 
= � so Wσ(n) = Aa, where

a = sup{β(G(n, s))|s ∈ ω}. Therefore, Wσ(n) ∈ S . If Wn = Aa for some a ∈ Dc then for all

m ∈ Wn and for some s ∈ ω, m ∈ Ws
n holds. Therefore, β(m)� β(G(n, s)). It is clear that

Wσ(n) ⊆ Wn. So, Wσ(n) = Aa and S is a wn-family. From observations in Ershov (1999) it

follows that SD is a wn-family as well.

Below we assume that X is an effectively enumerable T0-space satisfying the requirements

of Theorem 5.1 and ᾱ : ω → Xc is defined as in Theorem 5.1. Now we address the problem

whether there is a nontrivial subset of the computable elements with a computable index

set. The following example is important for understanding.

Example 5.1. We consider (ω, τ, α), where τ is the discrete topology and α is defined as

follows: α(0) = �, α(k) = {k − 1}. It is clear that Sω = {{n}|n > 0} is a wn-family. By

Theorem 5.1 there is a principal computable numbering of the set of computable elements

which coincides with ω. There exists K ⊂ ω, e.g., K = 2 ·ω, such that Ix(K) is computable.

Proposition 5.5. Let K ⊆ Xc. If Ix(K) is computable then K is clopen in Xc.

The claim follows from the following proposition.

Proposition 5.6. Let K ⊆ Xc. If Ix(K) is computable then K is open in Xc.

In order to prove the proposition, for K ⊆ Xc, we define K̂ = {Aa | a ∈ K}, W = {n |
n ∈ dom(σ) and Wσ(n) ∈ K̂}, and W 1 = {k | k ∈ dom(σ) and Wσ(k) ∈ SX \ K̂}. Below we

use the observation that Ix(K) = {n | γ(n) ∈ K̂} = {n | h0(n) ∈ W }, ω \ Ix(K) = {n |
γ(n) ∈ SX \ K̂} = {n | h0(n) ∈W 1}, W = h0(Ix(K)), and W 1 = h0(ω \ Ix(K)) where h0 and

γ are defined in Theorem 5.1. It is clear that W and W 1 are computably enumerable. We

give a proof using the following lemmas.
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Lemma 5.1 (Branching lemma). (Berger 1993). Let V and W be computable enumerable

sets such that W contains all computably enumerable indices of V . Let λp.V p be an

enumeration of V and r : ω → ω be a total computable function. Then, there is e ∈ W
and p ∈ ω such that We = Vp ∪Wr(p). Furthermore, such e and p are computed uniformly

from an computably enumerable index of W and computable indices of the functions

λp.V p and r.

Lemma 5.2. If W is computably enumerable then K̂ is monotone, i.e., if A ⊆ B, A ∈ K̂
and B ∈ SX then B ∈ K̂ .

Proof. Let A = Wσ(m) and B = Wσ(n). Define V = A and r(p) ≡ σ(n). It is worth noting

that if Wa = Wσ(m) ∈ K̂ then Wσ(a) = Wa ∈ K̂ , so that a ∈ W . Therefore, we can use

Lemma 5.1 to find e ∈W and p ∈ ω such that We = Vp ∪Wr(p) = W
p
σ(m) ∪Wσ(n) = Wσ(n).

Since B ∈ SX and e ∈W , Wσ(e) = We ∈ K̂ . Therefore, B ∈ K̂ .

Lemma 5.3. Assume K ⊆ Xc, Ix(K) is computable and K is not open in Xc. Then, there

exist a ∈ K , m ∈ ω, a computable function h : ω → ω such that Wσ(m) = Aa and, for all

p ∈ ω, Wp
σ(m) ⊆Wσ(h(p)) and h(p) ∈W 1.

Proof. Assume contrary: for all a ∈ K (Aa = Wσ(m)) there exists p ∈ ω such that for all

b ∈ Xc such that Ab = Wσ(n) andWσ(n) ⊇Wp
σ(m) we have n ∈W . So,

⋂
k∈Wσ(m)

(α(k)∩Xc) ⊆ K .

This means that with every point K contains its open neighbourhood. So, K is open

in Xc.

Proof. (Proposition 5.6) Assume contrary: K ⊆ Xc and Ix(K) is computable and K is

not open in Xc. Then there exist a, m and h satisfying Lemma 5.3. Let V = Wσ(m) and

r(p) ≡ σ(h(p)), so, for all p ∈ ω, Wr(p) ∈ SX \ K̂ . Using Lemma 5.1 we find e ∈ W and

p ∈ ω such that We = W
p
σ(m) ∪Wσ(h(p)) = Wσ(h(p)) ∈ SX \ K̂ . Since, We = Wσ(e), e 
∈W . This

contradicts to e ∈W .

The following proposition is a weak analogue of Rice’s theorem.

Corollary 5.2. If Xc is connected then there is no nontrivial K ⊂ Xc such that Ix(K) is

computable.

Proof. The claim follows from Theorem 5.5 and the definition of connected sets.

It is worth noting that in a weakly effective ω-continuous domain with the bottom, e.g.,

P(ω) with Scott topology, the set of computable elements is connected. In order to prove

a strong analogue of Rice’s theorem we use notations and results from Proposition 5.6

and the following observations.

Let S = {Wσ(n)}n∈ω be a wn-family with the standard principal computable numbering

γ : n �→ Wσ(h0(n)), where h0 : ω → ω is a total computable function such that im(h0) =

dom(σ). For K̂ ⊆ S we define IxS (K̂) = {m|γ(m) ∈ K̂}.

Definition 5.2 (Rogers 1967). We say that K̂ is effectively discrete in S if there exists a

strongly computable family {Fn}n∈ω of finite subsets of ω such that

(∀A ∈ S)
(
A ∈ K̂ ↔ (∃n ∈ ω)A ⊇ Fn

)
.
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In other words, K̂ is effectively discrete in S if it is effectively open in S which is considered

as a subspace of P(ω) with the Scott topology.

Remark 5.2. It is easy to see that if K̂ is effectively discrete in S then IxS (K̂) is computably

enumerable.

Proposition 5.7. If IxS (K̂) is computable then K̂ and S \ K̂ are effectively discrete in S .

Proof. We use the notations W = {n | n ∈ dom(σ) and Wσ(n) ∈ K̂}, and W 1 = {k |
k ∈ dom(σ) and Wσ(k) ∈ SX \ K̂} as in Proposition 5.6. Let W = im(g) for a total

computable g : ω → ω. First, using uniformisation we construct a partial computable

function h : ω × ω → ω such that

(∀p ∈ ω)(∀m ∈W )
(
(∃k ∈W 1)Wσ(k) ⊇Wp

σ(m) ↔(
Wσ(h(m,p)) ⊇Wp

σ(m) ∧ h(m, p) ∈W 1
))

.

In particular, h(m, p) ↑ if σ(m) ↑. Given m ∈ W and V = Wσ(m), using completeness of

the numbering {Wn}n∈ω , we construct a total computable function r : ω → ω such that,

for all p ∈ ω,

Wr(p) =

{
Wσ(h(m,p)), if h(m, p) ↓
�, if h(m, p) ↑ .

Using Lemma 5.1, from an computably enumerable index of W and computable indices

of the functions λp.V p and r, we uniformly compute e and p such that We = W
p
σ(m)∪Wr(p).

It is worth noting that if h(m, p) ↓ then We = Wσ(h(m,p)) ∈ S \ K̂ , so Wσ(e) = We. Since

e ∈ W , Wσ(e) ∈ K̂ , we have a contradiction. It follows that h(m, p) ↑. Using uniform

computability of e and p we construct a partial computable function p : ω → ω such

that, for all m ∈ ω, if σ(m) ↓ then h(m, p(m)) ↑ and im(p) = im(σ). Then, for m ∈ W , we

obtain that Wσ(k) ⊇Wp(m)
σ(m) → k ∈W by the choice of p. So, the family {Fn}n∈ω , defined as

Fn = W
p(g(n))
σ(g(n)) , testifies that K̂ is effectively discrete in S .

Theorem 5.2. Let K ⊆ Xc. The set Ix(K) is computable if and only if K and Xc \K are

effectively open in Xc.

Proof. ←). If K is effectively open in Xc then, by definition, K =
⋃
i∈I (α(i)∩Xc), where

I is computably enumerable. Since ᾱ is computable, we have

n ∈ Ix(K)↔ (∃i ∈ I) i ∈ Aᾱ(n).

So, Ix(K) is computably enumerable. Replacing K by Xc \K in the previous reasoning

we obtain that ω \ Ix(K) is computably enumerable.

→). We apply the Proposition 5.7 to K̂ = {Aa|a ∈ K} and S = SX . We immediately obtain

that, for any m ∈W , ⋂
i∈Wp(m)

σ(m)

(α(i) ∩Xc) ⊆ K.
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Therefore,

K =
⋃
m∈W

⎛⎜⎝ ⋂
i∈Wp(m)

σ(m)

(α(i) ∩Xc)

⎞⎟⎠ .

This means that K is effectively open in Xc. Replacing K by Xc \ K in the previous

reasoning we obtain that Xc \K is effectively open in Xc. The proof is complete.

6. Computable functions in effectively enumerable topological spaces

6.1. Strongly computable functions

In this section we work with an effectively enumerable topological space X = (X, τ, α) and

R =
(
R, λ, αR

)
, where αR is a computable numbering of the open intervals with rational

endpoints, � and R. Now we give the notion of strongly computable function on an

effectively enumerable topological space.

Definition 6.1. A partial function f : X → R is called strongly computable if there exist

two effectively open sets U, V ⊆ X ×R such that

1. for all x ∈ X, U(x) is closed downward and V (x) is closed upward;

2. if x ∈ domf then f(x) = y ↔ {y} = R \ (U(x) ∪ V (x));

3. if x 
∈ domf then the R \ (U(x) ∪ V (x)) is not a singleton.

If we fix a canonical numbering α̃ of the base of the topology on X×R then U =
⋃
i∈V1

α̃(i)

and V =
⋃
i∈V2

α̃(i) for some computably enumerable sets V1 and V2. We say that the

pair (U, V ) defines a partial strongly computable function f : X → R if U and V satisfy

the conditions of Definition 6.1 and we say that the constraint ∗(V1, V2; f) holds. For an

effectively enumerable space X we denote the set of partial strongly computable functions

f : X → R as SCX . It is clear that SCX is a constrained class.

By analogy to Definition 4.2 one can define the notion of computable sequence of

pairs of effectively open subsets of an effectively enumerable space and the notion of

computable numbering of all such pairs.

Lemma 6.1. Assume that γ : ω → SCX is a numbering and a pair (Un, Vn) of effectively

open sets defines the function γ(n). Then, γ is computable if {(Un, Vn)}n∈ω is a computable

sequence of pairs of effectively open sets.

Proof. The claim follows from the definitions.

Theorem 6.1. For every effectively enumerable space X there exists a principal computable

numbering of SCX .

Proof. Let αep be the principal computable numbering of the set of pairs of effect-

ively open subsets of X × R induced by the numbering αeX×R from Theorem 4.1 and

αep(n) = (Ũn, Ṽn). We can effectively construct a new pair which satisfies the conditions of
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Definition 6.1. Indeed, by definition,

Ũn =
⋃
i∈ω

α(h1(n, i))× αR(h2(n, i))

for some computable functions h1 and h2. Then put

Un =
⋃
i∈ω

α(h1(n, i))× αR(F(n, i)),

where F is a computable function such that r ∈ αR(F(n, i)) iff there exists r1 ∈ αR(h1(n, i))

such that r1 > r.

By analogy we construct Vn. By definition, the pair (Un, Vn) defines a partial strongly

computable function f : X → R such that f(x) = y ↔ Un(x) ∪ Vn(x) = R \ {y}. Put

γ(n) = f. By construction, the sequence {(Un, Vn)}n∈ω is computable and every partial

strongly computable function f : X → R gets an index. Therefore, γ is a computable

numbering of SCX . To show that γ is principal we assume that ν : ω → SCX is a

computable numbering and a pair (Um, Vm) defines ν(m). Since αep is principal, there

exists a computable function h : ω → ω such that αep(h(m)) = (Um, Vm). Therefore,

ν(m) = γ(h(m)). So, γ is a required numbering.

6.2. Majorant–computable functions

In this subsection we introduce the notion of majorant-computable function on an ef-

fectively enumerable topological space which agrees with majorant-computability on the

predicate structures (Korovina and Kudinov 2005). Let U(x) < V (x) denote that, for all

z1 ∈ R and z2 ∈ R, if z1 ∈ U(x) and z2 ∈ V (x) then z1 < z2.

Definition 6.2. Let X be an effectively enumerable topological space. A partial function

f : X → R is called majorant–computable if there exist two effectively open sets U, V ⊆
X ×R satisfying the following requirements:

1. (∀x ∈ X) (U(x) < V (x));

2. for all x ∈ X, U(x) is closed downward and V (x) is closed upward;

3. f(x) = y ↔ {y} = R \ (U(x) ∪ V (x)).

If we fix a canonical numbering α̃ of the base of the topology on X×R then U =
⋃
i∈V1

α̃(i)

and V =
⋃
i∈V1

α̃(i) for some computable enumerable sets V1 and V2. We say that the

pair (U, V ) defines a partial majorant-computable function f : X → R if U and V

satisfy the conditions of Definition 6.2 and we say that the constraint ∗(V1, V2; f) holds.

For an effectively enumerable space X we denote the set of partial majorant-computable

functions f : X → R as MCX . It is clear that MCX is a constrained class.

From the first glance it looks that the notion of majorant-computability is stronger

than the notion of strong computability. However, the following theorem shows that

SCX = MCX .

Theorem 6.2. A partial function f : X → R is majorant-computable if and only if it is

strongly computable.
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Proof. →) The claim is a direct consequence.

←) Assume f : X → R is strongly computable. By definition, there exist two effectively

open sets U, V ⊆ X ×R such that

1. for all x ∈ X, U(x) is closed downward and V (x) is closed upward;

2. if x ∈ domf then U(x) = {y|y < f(x)} and V (x) = {y|y > f(x)};
3. if x 
∈ domf then R \ (U(x) ∪ V (x)) is not a singleton.

We construct new effectively open sets U ′ and V ′ that satisfy the properties (1)–(3) and

the additional requirement: U ′(x) < V ′(x) for all x ∈ X.

First, one can effectively defines sequences {Vs}s∈ω and {Us}s∈ω with the following

properties:

i. Us(x) = (−∞, rs) and Vs(x) = (qs,+∞), where rs, qs ∈ Q ∪ {+∞,−∞}, rs < qs;

ii. U0(x) ⊂ · · · ⊂ Us(x) ⊂ · · · ⊂ U(x) and
⋃
n∈ω Un(x) = U(x);

iii. V0(x) ⊂ · · · ⊂ Vs(x) ⊂ · · · ⊂ U(x) and
⋃
n∈ω Vn(x) = V (x);

iv. Us(x) < Vs(x) if cl(Us) ∩ cl(Vs) = �.

Put

U∗(x) =
⋃

{s|cl(Us(x))∩cl(Vs(x))=�}

Us(x),

V ∗(x) =
⋃

{s|cl(Us(x))∩cl(Vs(x))=�}

Vs(x).

Then, we take the downward closure U ′(x) = {y|(∃z ∈ U∗(x)) y < z} and the upward

closure V ′(x) = {y|(∃z ∈ V ∗(x)) y > z}. As in the proof of Theorem 6.1, one can show

that U ′ and V ′ are effectively open. By construction, for x such that U(x) < V (x),

U ′(x) and V ′(x) coincide with U(x) and V (x) respectively. For x such that U(x) 
<
V (x), U ′(x) ⊆ Us−1(x) and V ′(x) ⊆ Vs−1(x), where s is minimal with the property

cl(Us(x))∩cl(Vs(x)) 
= �. By construction, cl(Us−1(x)) = (−∞, r] and cl(Vs−1(x)) = [q,+∞)

for some r < q. Then, [r, q] ⊆ R \ (U ′(x)∪V ′(x)). Therefore, U ′ and V ′ satisfy all required

properties. So, f is majorant–computable.

Corollary 6.1. For any effectively enumerable topological space X, there exists a principal

computable numbering γ : ω →MCX .

Proof. From Theorem 6.2, it follows that SCX = MCX and, moreover, every sequence

{fm}m∈ω is a computable sequence of strongly computable functions if and only if it is

a computable sequence of majorant-computable functions. Therefore, the numbering γ

constructed in Theorem 6.1 is a required one.

Let TotX � {f | f ∈MCX and total} and ⊥X denote the function which is undefined

everywhere.

Theorem 6.3. Let K be a non-empty class of majorant-computable functions such that

⊥ 
∈ K . Then Ix(K) is Π0
2-hard.

The proof of the theorem is based on the following lemmas, for short ⊥X � ⊥.
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Lemma 6.2. Suppose A ∈ Π0
2, f ∈MCX and f 
= ⊥. Then the following holds:

(A,A) �hm (Ix({f}), Ix({⊥})).

Proof. It is sufficient to show that the pair of the Π0
2–complete set {n|Wn is infinite}

and its complement is multiple hm-reducible to the pair (Ix({f}), Ix({⊥})). For that we

construct a reduction function g : ω → ω. By definition, there exist effectively open sets

U, V such that f(x) = y ↔ U(x) ∪ V (x) = R \ {y}.
Let

U =
⋃
i∈ω

α(h1(i))× αR(h2(i))

for some computable functions h1 and h2. Define

(x, y) ∈ Ũn ↔ (∃i ∈ ω)

(
x ∈ α(h1(i)) ∧ (∃m ∈Wn)(∃z ∈ αR(h2(i))) y < z − 1

m+ 1

)
�

(∃i ∈ ω)
(
x ∈ α(h1(i)) ∧ Φn,i(y)

)
.

It is easy to see that for every n, i ∈ ω Φn,i(y) �
∨
m∈Wn

(∃z ∈ αR(h2(i))) y < z − 1
m+1

is an effective disjunction of existential formulas over the reals. By Proposition 4.1,

R |= Φn,i(y)↔ y ∈ αeR(F(n, i)), where αeR is a principal computable numbering of Oe
R and

F : ω × ω → ω is a computable function. So,

Ũn =
⋃
i∈ω

α(h1(i))× αRe (F(n, i)).

By analogy we construct Ṽn. It is easy to see that (Ũn, Ṽn)n∈ω is a computable sequence

of effectively open sets that satisfy the conditions of Definition 6.1. Using Theorem 6.2

we can effectively construct a new computable sequence (U ′n, V
′
n)n∈ω of effectively open

sets such that (U ′n, V
′
n) defines a majorant-computable function γ(g(n)) for a computable

function g : ω → ω.

If Wn is infinite then γ(g(n))(x) = f(x), i.e., g(n) ∈ Ix({f}). If Wn is finite then

γ(g(n)) = ⊥, i.e., g(n) ∈ Ix({⊥}). So, g is a required reduction function.

Lemma 6.3. Suppose K ⊆MCX , f ∈ K and f 
= ⊥. Then the following holds:

(Ix({f}), Ix({⊥})) �hm (K,K).

Proof. obviously, g � id is a reduction function.

Proof. (Theorem) It follows from Lemmas 6.2 and 6.3.

Below we prove an analog of Rice’s theorem for majorant-computable real functions.

Theorem 6.4 (Generalised Rice theorem). The index set for K ⊆MCX is Δ0
2 if and only

if K is empty or coincides with MCX .

Proof. Assume K is non-empty and ⊥ 
∈ K . From Theorem 6.3 it follows that Ix(K)

is Π0
2–hard. Therefore, Ix(K) 
∈ Σ0

2. Assume K 
= MCX and ⊥ ∈ K . Then, ⊥ 
∈ K . From

Theorem 6.3 it follows that Ix(K) is Π0
2–hard. Therefore, Ix(K) 
∈ Σ0

2.

https://doi.org/10.1017/S0960129516000141 Published online by Cambridge University Press

https://doi.org/10.1017/S0960129516000141


Computable elements and functions in effectively enumerable topological spaces 1485

Now we take a close look at index sets in the case when X = R.

Theorem 6.5. The index set Ix(TotR) is Π0
2–complete.

Proof. Let us prove that Ix(TotR) ∈ Π0
2. We fix a canonical computable numbering θ of

all compact intervals with rational endpoints. Let f : R → R be a majorant-computable

function definable by (U,V ). Then to say that θ(i) ⊆ dom f we write that

∧
n∈ω

(∀x ∈ θ(i))(∃y1)(∃y2)((|y1 − y2| <
1

n
∧ (x, y1) ∈ V ∧ (x, y2) ∈ U).

This has the form Π0
2 by Proposition 3.1 and Proposition 3.2. It is easy to note that

n ∈ Ix(TotR)↔ (∀m) θ(m) ⊆ dom f.

By the previous observation, this has the form (∀)Π0
2 ∧ Π0

1. Since Π0
2 ⊇ Π0

1 and the

intersection of Π0
2–relations is Π0

2, the index set Ix(TotR) is Π0
2. From Theorem 6.3 it

follows that Ix(TotR) is Π0
2-complete.

Proposition 6.1. For any non-empty co-effectively closed set A ⊂ R, the index set

Ix(ZeroA) = Ix({f|f ∈ TotR and f−1(0) = A})

is Π0
2–complete.

Proof. To say that n ∈ Ix(ZeroA) we write that n ∈ Ix(TotR) and

(∀m)(∀x ∈ θ(m))
(
x 
∈ A↔ (x, 0) ∈ Vβ(n) ∨ (x, 0) ∈ Uβ(n)

)
,

where Vβ(n) and Uβ(n) are the corresponding epigraph and hypograph of γ(n). This has

the form Π0
2 ∧ (∀)Σ0

1 by Proposition 3.1 and Proposition 3.2. Therefore, Ix(ZeroA) ∈ Π0
2.

From Theorem 6.3 it follows that Ix(ZeroA) is Π0
2-complete.

Theorem 6.6. For majorant-computable functions f : R → R, Ix({f|f 
= ⊥R}) is Σ1
1-

complete.

Our proof is based on the following lemmas.

Lemma 6.4. There exists an effective procedure which given any computable sequence

{An}n∈ω of effectively open subsets of B produces a computable sequence {Ẽn}n∈ω of

effectively open subsets of (0, 1) such that
⋂
n∈ω An = �↔

⋂
n∈ω Ẽn = �.

Proof. The well-known algorithm producing continuous fractions can be represented

as a function F : B → (0, 1) with the following properties:

1. F(n0, n1, . . . ) = 1
n0+

1

n1+ 1

...

;

2. F : B → (0, 1) \Q is a homeomorphism;

3. F and F−1 are computable.
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Assume {An}n∈ω is a computable sequence of effectively open subsets of B. The set F(An)

is effectively open in (0, 1) \Q. By computability of F−1, we can effectively find the index

of a set En which is effectively open in (0, 1) and F(An) = En \Q. Let γ : ω → Q∩ (0, 1) be

a computable numbering. We define Ẽn � En \ {γ(i)|i � n}. It is easy to see that {Ẽn}n∈ω
is a computable sequence of effectively open subsets of (0, 1) such that Ẽn \Q = F(An)

and
⋂
n∈ω An = �↔

⋂
n∈ω Ẽn = �.

Lemma 6.5. Let {Ẽn}n∈ω be a computable sequence of effectively open subsets of an

effectively enumerable topological space X = (X, τ, α). There is an algorithm producing a

majorant computable function f : X → R such that dom(f) =
⋂
n∈ω Ẽn. Moreover, sets of

the kind
⋂
n∈ω Ẽn are precisely domains of majorant-computable functions.

Proof. Let Ẽi =
⋃
j α(h(i, j))× αR(g(i, j)), then

U =
⋃
n∈ω

(⋂
i�n

Ẽi

)
× (−∞,−1

n
),

V =
⋃
n∈ω

(⋂
i�n

Ẽi

)
× (

1

n
,+∞).

It is clear that U and V define a majorant-computable function such that if x ∈
⋂
n∈ω Ẽn

then f(x) = 0, otherwise f(x) ↑.
Now assume that f : X → R is a majorant-computable function and U, V are effectively

open sets that define f. Then,

x ∈ dom(f)↔ (∃n ∈ ω) ∃y∃z
(
U(x, y) ∧ V (x, z) ∧ |y − z| < 1

2

)
.

It is clear that dom(f) is the effective intersection of effectively open sets.

Below we use the result from Proposition 2.1 which states that there exists a computable

sequence of computable trees {Tm}m∈ω such that the set I = {m|Tm has an infinite path}
is Σ1

1-complete.

Lemma 6.6. There exists an effective procedure which generates a computable sequence

{Amn }m, n∈ω of effectively open subsets of B such that
⋂
n∈ω A

m
n 
= �↔ m ∈ I .

Proof. Let Tm ⊆ N<ω such that m ∈ I . Define

{Amn }m, n∈ω = {f ∈ B| < f(0), . . . , f(n) >∈ Tm}.

It is easy to see that f ∈
⋂
n∈ω A

m
n iff f is an infinite path in Tm iff m ∈ I .

Proof. (Theorem 6.6) First let us note that the standard Tarski–Kuratovski algorithm

(Rogers 1967) shows that Ix({f|f 
= ⊥R} ∈ Σ1
1. Our goal is to show that I �m Ix({f|f 
=

⊥R}). For that, we construct a computable sequence F = {fm}m∈ω of majorant-computable

functions such that m ∈ I ↔ fm 
= ⊥R. Using Lemma 6.6 and Lemma 6.4 we construct

a computable sequence {Amn }m, n∈ω of effectively open subsets of B and a computable

sequence {Ẽmn }m, n∈ω of effectively open subsets of (0, 1) such that
⋂
n∈ω A

m
n 
= �↔ m ∈ I
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and
⋂
n∈ω A

m
n = � ↔

⋂
n∈ω Ẽ

m
n = �. Using Lemma 6.5 we can effectively construct

a majorant-computable function fm such that dom(fm) =
⋂
n∈ω Ẽ

m
n . So, there exists a

computable function χ : ω → ω such that fm = γ(χ(m)). The function χ is a reduction,

since m ∈ I ↔ γ(χ(m)) 
= ⊥R.

Theorem 6.7. For majorant-computable functions f : R → R, the problem of equality is

Π1
1-complete.

Proof. This follows immediately.

7. Computable closed sets over effectively enumerable topological spaces

The notions of computable closed and computably compact sets of Euclidean spaces

have been proposed in Brattka and Weihrauch (1999). We generalise these notions for

effectively enumerable topological spaces.

Definition 7.1. Let X = (X, τ, α) be an effectively enumerable topological space. A set

A ⊆ X is called computable closed if

1. A is co-effectively closed, i.e., X \ A =
⋃
i∈V α(i), where V is computably enumerable;

2. U = {n|α(n) ∩ A 
= �} is computably enumerable.

If A and V satisfy the first condition of Definition 7.1 we say that the constraint ∗(V ;A)

holds, furthermore, if, additionally, U satisfy the second condition of Definition 7.1 we

say that the constraint ∗(V ,U;A) holds. For an effectively enumerable space X we denote

the set of co-effectively closed sets as COX and the set of computable closed sets as CX .

It is clear that COX and CX are constrained classes.

Proposition 7.1.

1. X and � are computable closed sets.

2. A point x in a T0-space X is computable and co-effective if and only if {x} is a

computable closed subset of X .

Proof. The claims follow from the definitions.

To illustrate our approach below we state several results on computable metric spaces.

For the definition of computable metric space we refer to Moschovakis (1964); Weihrauch

(1993, 2000).

Proposition 7.2 (Brattka 2001). Let M = (M,B, d) be a complete computable metric

space. Then every computable closed set A ⊆M contains a computable point x ∈M.

Proof. Assume (M, τ, α) is the effectively enumerable topological space corresponding

to M such that α(n) = B(bmn , rn), i.e., α(n) is the open ball with the center bmn ∈ B and the

radius rn ∈ Q+. Now we effectively construct a sequence {α(ns)}s∈ω by steps.

Step 0. Find the first n0 such that α(n0) ∩ A 
= �.

Step s + 1. Chose α(ns+1) satisfying the following conditions:
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a. α(ns+1) ∩ A 
= �,

b. the radius of the open ball α(ns+1) is at least two times less than the radius of α(ns),

c. d(bmns+1
, bmns ) + rns+1

< rns .

By construction, cl(α(ns+1)) ⊆ α(ns). From the Nested Sphere Theorem it follows that

there exists x such that {x} =
⋂
s∈ω cl(α(ns)). Therefore, for all s, x ∈ α(ns) ∩ A. Since

x ∈ α(n)↔ ∃s(d(bmn , bmns ) + rns < rn), x is a computable point.

Proposition 7.3. There exist a computable metric space M = (M,B, d) and a computable

closed non-empty subset A ⊆M such that A ∩Mc = �.

Proof. Let B � {
∑N

i=0
ai

3i+1 |N ∈ ω, ai ∈ {0, 1, 2}, card({i|ai = 1}) > 1} and C be the

Cantor set in [0, 1], i.e., C = {
∑∞

i=0
bi

3i+1 |bi ∈ {0, 2}}. We define M �
(
[0, 1] \Rc

)
∪ B,

A �
(
C \Rc

)
and d is induced by the standard metric on [0, 1]. It is worth noting that

B ∩ C = �, A = C ∩M and M \ A =
(
(0, 1) \ C

)
∩M. Therefore, A is co-effectively

closed. Since, for x ∈ B and r ∈ Q+, B(x, r) ∩ A = B(x, r) ∩ C ∩M = (B(x, r) ∩ C) \ Rc,

B(x, r)∩A 
= � if and only if B(x, r)∩ C 
= �. So, A is a computable closed set such that

A ∩Mc = �.

Proposition 7.4. Let X = (X, τ, α) be an effectively enumerable topological space. A se-

quence {An}n∈ω of computable closed subsets of X is computable if

i. there exists a computable function g : ω × ω → ω such that

X \ An =
⋃
i∈ω

α(g(n, i));

ii. there exists a computable function γ : ω → ω such that

{k|α(k) ∩ An 
= �} = Wγ(n).

Proof. The claim follows from the definitions.

Theorem 7.1. Let M = (M,B, d) be a complete computable metric space. There is no

computable sequence that contains all computable closed sets of M.

Proof. First it is worth noting that, by Proposition 7.2, for every computable sequence

{An}n∈ω of closed sets we can effectively construct a computable sequence {x}n∈ω of points

such that, for all n ∈ ω, xn ∈Mc and xn ∈ An. Now assume contrary, i.e., {An}n∈ω contains

all computable closed sets of M. Then, {x}n∈ω contains all computable points of M. This

contradicts the non-existence of a computable numbering of Mc (Brattka 2001).

Definition 7.2. Let X = (X, τ, α) be an effectively enumerable topological space. A compact

set K ⊆ X is called computably compact if

LK = {k ∈ ω | K ⊆
⋃
i∈Dk

α(i)} is computably enumerable.

For an effectively enumerable space X we denote the set of computably compact sets

as CCX .
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Proposition 7.5. Let X = (X, τ, α) be a strongly effectively enumerable topological space.

Then every computably compact set K ⊆ X is co-effectively closed.

Proof.

From Definitions 3.3 and 7.2, it is easy to see that

X \K =
⋃
n∈LK

( ⋂
m∈Dn

(
X \ cl(α(m))

))

is effectively open.

Now we consider the computable closed and the computably compact sets as co-

effectively closed subsets of Euclidean spaces and calculate the complexity of their index

sets. Similar results for the Cantor and Baire spaces can be found in Brodhead and Cenzer

(2008). For proof simplicity we consider n = 1. Suppose that the set COR is indexed by

the numbering αcoR : ω → COR defined as follows: αcoR (n) = R \ αeR(n). It is clear that αcoR is

a principal computable numbering of COR.

Theorem 7.2. The index set for the computable closed sets of a Euclidean space is

Σ0
3–complete.

Proof. First, we show that Ix(CR) ∈ Σ0
3. It is easy to see that a closed set A is computable

if and only if it is co-effectively closed and its distance function dA is computable (Brattka

and Weihrauch 1999). In other words A is a computable closed set if and only if it

is co-effectively closed and there exists k ∈ ω such that γ(k) = f, where f is a total

computable function f : R→ R satisfying the following conditions:

1. f � 0;

2. f � dA on R \ A;

3. f � dA on R \ A;

4. f = 0 on A.

Let us denote αcoR (e) = Ae. We have e ∈ Ix(CR) iff

(∃k)
(
γ(k) ∈ TotR ∧ γ(k) � 0 ∧

(
(∀x) x 
∈ Ae → γ(k)(x) � dAe(x)

)
∧(

(∀x) x 
∈ Ae → γ(k)(x) � dAe(x)
)
∧ ((∀x) γ(k)(x) > 0→ x 
∈ Ae) ) .

From Theorem 6.5 it follows that the first conjunct has the form Π0
2. Let us note that

(∃x)γ(k)(x) < 0↔ (∃q1 ∈ Q)(∃q2 > q1 ∈ Q)(∀x ∈ [q1, q2])V (x, 0),

where V is the epigraph of γ(k). By Propositions 3.1–3.3, this has the form Σ0
1. Therefore

the second conjunct has the form Π0
1. Now we calculate the complexity of the rest

of conjuncts. First, we note that R \ Ae =
⋃
n∈ω In, where In is an open interval with

rational endpoints. It is easy to see that In =
⋃
m∈ω Km, n, where Km, n is a compact

interval with rational endpoints and {Km, n}m, n∈ω is a computable sequence of computable

compact intervals. Therefore, a formula (∀x)(x 
∈ Ae → Θ(x)) is equivalent to the formula∧
m, n∈ω(∀x ∈ Km, n) Θ(x).
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So, Condition (2), i.e., the third conjunct, is equivalent to the formula∧
m, n∈ω

∧
a, b∈Q

(∀x ∈ Km, n)([a, b] ⊆ B(x, γ(k)(x))→ [a, b] ⊆ R \ Ae),

where B(x, y) is an open ball with the center x and the radius y. We rewrite it as∧
m, n∈ω

∧
a, b∈Q

(∀x ∈ Km, n)([a, b] 
⊆ B(x, γ(k)(x)) ∨Ψa,b),

where Ψa,b is a Π0
1-sentence. From Theorem 3.2 it follows that the first and the second

disjuncts are Π0
1. Therefore, Condition (2) is Π0

1.

Condition (3), i.e., the fourth conjunct, is equivalent to the following formula:∧
m, n∈ω

(∀x ∈ Km, n)¬Ψ(x, e, k),

where Ψ(x, e, k) � ∀y(d(y, x) � γ(k)(x)→ y 
∈ Ae) which is rewritable as

(∃a ∈ Q)(∃b ∈ Q)(∃c ∈ Q)(x ∈ (a, b) ∧ c > sup
z∈[a,b]

γ(k)(z) ∧

(∀y ∈ [a− c, b+ c]) y 
∈ Ae).

From Propositions 3.1–3.3 it follows that the second conjunct and the third conjunct in

the formula above are equivalent to an effective disjunction of quantifier free sentences.

Therefore, Condition (3) is Π0
1. Condition (4), i.e., the fifth conjunct, is equivalent to the

formula ∧
Km⊆{y|γ(k)(y)>0}

(∀x ∈ Km) x 
∈ Ae.

By analogy, Conditions (4) is Π0
2. So, the relation e ∈ Ix(CR) is Σ0

3. It is worth

noting that Σ0
3-completeness of Ix(CR) follows from the fact that the Σ0

3-complete set

R = {n|Wn is computable} is m-reducible to Ix(CR). Indeed, if we define αcoR (β(n)) = An =

ω \Wn then n ∈ R ↔ β(n) ∈ Ix(CR). Therefore, Ix(CR) is Σ0
3–complete.

Lemma 7.1. Assume K ⊆ R is co-effectively closed. Then K is computably compact if

and only it is bounded.

Proof. The proof is standard and omitted.

Theorem 7.3.

a. The index set for the computably compact sets of a Euclidean space is Σ0
3–complete.

b. The index set for the class KR of computably compact and computable closed sets of

a Euclidean space is Σ0
3–complete.

Proof.

a. First, we show that Ix(CCR) ∈ Σ0
3. Let us denote αcoR (n) = An.

By Lemma 7.1, we have n ∈ Ix(CCR) iff An is bounded. To say that An is bounded we

write that

(∃c ∈ Q+)(∀p ∈ Q)(∀q ∈ Q)(p > q ∨ [p, q] \ (−c, c) ⊆ αeR(n)).

https://doi.org/10.1017/S0960129516000141 Published online by Cambridge University Press

https://doi.org/10.1017/S0960129516000141


Computable elements and functions in effectively enumerable topological spaces 1491

This is Σ0
3. It is worth noting that Σ0

3–completeness of Ix(CCR) follows from the fact

that the Σ0
3-complete set Cofin = {n|Wn is cofinite} is m-reducible to Ix(CCR).

Let us define a reduction function g such that

αcoR (g(n)) =
⋃
k∈Wn

(k − 1, k + 1)
⋃

(−∞, 0).

Then, n ∈ Cofin ↔ αco
R (g(n)) ∈ Ix(CCR). Indeed, if n 
∈ Cofin then X \ αeR(g(n)) is

unbounded. So, αcoR (g(n)) 
∈ Ix(CCR). If n ∈ Cofin then X \ αeR(g(n)) is finite. So,

αcoR (g(n)) ∈ Ix(CCR). Therefore, Ix(CCR) is Σ0
3–complete.

b. By Theorem 7.2 and (a) it is easy to see that Ix(KR) ∈ Σ0
3. It is worth noting

that Σ0
3–completeness of Ix(KR) follows from the fact that the Σ0

3-complete set R =

{n|Wn is computable} is m-reducible to Ix(KR).

Let us define a reduction function g such that

αeR(g(n)) = Bn = {0} ∪
{

1
2

}
∪

{
1
2i
| i ∈ An

}
⊆ [0, 1],

where An = ω \Wn. By construction, for every n, Bn is bounded and co-effectively

closed. So Bn is computably compact. It is worth noting that Bn is computable closed

if and only if Wn is computable. Therefore, Ix(KR) is Σ0
3–complete.

Corollary 7.1. The classes of computably compact and computable closed sets of a

Euclidean space are incomparable.

Proof. The claim follows from the construction of Bn in the proof of Theorem 7.3.

Theorem 7.4. For any non-empty K ⊆ CCX , where X is a Euclidean space, the index set

Ix(K) is Π0
2-hard.

Proof. Let us fix A ∈ K . Without loss of generality we assume that A ⊆ [0, 1]. We

define a computable sequence of co-effectively closed sets as follows:

A0 � A;An � A
⋃
k�n

[2k, 2k + 1].

It is easy to see that for every n > 0, the set An is not compact, i.e., An 
∈ K and

A =
⋂
n∈ω An. Now we show that {n|Wn is infinite} �m Ix(K). Define

Bn =
⋂
m∈Wn

Am.

Since {Bn}n∈ω is a computable sequence of co-effectively closed sets, there exists a com-

putable function F : ω → ω such that Bn = αcoR (F(n)). We have the following equivalences:

Wn is infinite↔ Bn ∈ K ↔ F(n) ∈ Ix(K).

Therefore, Ix(K) is Π0
2–hard.

Corollary 7.2. Let X be a Euclidean space. Then, for any K ⊆ CCX , Ix(K) 
∈ Δ0
2.
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8. Conclusion and related work

Recently, several approaches to measure complexity of undecidable problems in comput-

able analysis have been intensively developed. Our work is closely related to the approach

originated from the research on computing index sets of closed subsets of classical Polish

spaces and computably continuous functions (Cenzer and Remmel 1998, 1999).

Our main results extend this approach as follows. In the framework of effectively

enumerable topological spaces we have constructed principal computable numberings of

the computable elements, partial majorant-computable functions and co-effective closed

subsets. With respect to these principal computable numberings we have proven analogues

of Rice’s theorem and shown that partial function equality is Π1
1-complete. We also have

shown that the index sets for the computable closed sets and for the computably compact

sets of a Euclidean space are Σ0
3–complete.

Another well-established approach to measure complexity of closed, open sets and

continuous functions is based on the classical Borel hierarchy and its effective version (see

among others Becher et al. 2014, Brattka and Gherardi 2009, Montalban and Nies 2013

and Selivanov and Schröder 2014). The relationship between these two approaches is still

unclear and we leave its investigation for future work.

This research was partially supported by EU project PIRSES-GA-2011-294962,

DFG/RFBR grant CAVER BE 1267/14-1 and 14-01-91334, RFBR grants 13-01-00015,
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Martin-Löf, P. (1970). Notes on Constructive Mathematics. Almqvist & Wiksell.

Montalban, A. and Nies, A. (2013). Borel structures: A brief survey. Lecture Notes in Logic 41

124–134.

Morozov, A.S. and Korovina, M.V. (2008). On Σ-definability without equality over the real numbers.

Mathematical Logic Quarterly 54 (5) 535–544.

Moschovakis, Y.N. (1964). Recursive metric spaces. Fundamenta Mathematicae 55 215–238.

Rogers, H. (1967). Theory of Recursive Functions and Effective Computability, McGraw-Hill.
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