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The Waring problem for upper triangular
matrix algebras

Qian Chen and Yu Wang

Abstract. Our goal of the paper is to investigate the Waring problem for upper triangular matrix
algebras, which gives a complete solution of a conjecture proposed by Panja and Prasad in 2023.

1 Introduction

The classical Waring problem proposed by Edward Waring in 1770 asserted that for
every positive integer k there exists a positive integer g(k) such that every positive
integer can be expressed as a sum of g(k) kth powers of nonnegative integers. In 1909,
David Hilbert solved the problem. Various extensions and variations of this problem
have been studied by different groups of mathematicians (see [2-4, 9, 11, 13, 14, 16, 17,
18]).

In 2009, Shalev [18] proved that given a word w # 1, every element in any finite
non-abelian simple group G of sufficiently high order can be written as the product of
three elements from w(G), the image of the word map induced by w. In 2011, Larsen,
Shalev, and Tiep [14] proved that, under the same assumptions, every element in G is
the product of two elements from w (G ), which gave a definitive solution of the Waring
problem for finite simple groups.

Let n > 2 be an integer. Let K be a field, and let K(X) be the free associative algebra
over K, freely generated by the countable set X = {x1, x5, ...} of noncommutative
variables. We refer to the elements of K{X) as polynomials.

Let p(x1,...,%m) € K(X). Let A be an algebra over K. The set

p(A) ={p(ar,....am) | a1,...,a, € A}

is called the image of p (on A).

In 2020, Bre$ar [2] initiated the study of various Waring’s problems for matrix
algebras. He proved that if A = M, (K), where n > 2 and K is an algebraically closed
field with characteristic 0, and f is a noncommutative polynomial which is neither an
identity nor a central polynomial of A, then every trace zero matrix in A is a sum
of four matrices from f(A) - f(A) [2, Corollary 3.19]. In 2023, Bresar and Semrl
[3] proved that any traceless matrix can be written as sum of two matrices from
f(M,(@)) - f(M,(C)), where C is the complex field and f is neither an identity nor a
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central polynomial for M, (C). Recently, they [4] have proved thatif oy, &2, a3 € C\{0}
and o + a + a3 = 0, then any traceless matrix over C can be written as a1 A; + a Ay +
as3As, where A; € f(M,(C)).

By T,(K), we denote the set of all # x n upper triangular matrices over K. By
T, (K)(®, we denote the set of all n x n strictly upper triangular matrices over K.
More generally, if t > 0, the set of all upper triangular matrices whose entries (i, j) are
zero, for j — i < t, will be denoted by T, (K)(*). It is easy to check that J* = T,,(K) (Y,
where t > 1and ] is the Jacobson radical of T,,(K) (see [1, Example 5.58]).

Let p(x1, ..., Xn ) be a noncommutative polynomial with zero constant term over
K. We define its order as the least positive integer r such that p(T,(K)) = {0} but
p(T1(K)) # {0}. Note that Ty(K) = K. We say that p has order 0 if p(K) # {0}.
We denote the order of p by ord(p). For a detailed introduction of the order of
polynomials, we refer the reader to the book [7, Chapter 5].

In 2023, Panja and Prasad [16] discussed the image of polynomials with zero
constant term and Waring-type problems on upper triangular matrix algebras over
an algebraically closed field, which generalized two results in [6, 19]. More precisely,
they obtained the following main result.

Theorem 1.1 [16, Theorem 5.18] Let n > 2 and m > 1 be integers. Let p(x1,...,Xm) be
a polynomial with zero constant term in noncommutative variables over an algebraically
closed field K. Set r =ord(p). Then one of the following statements holds.

(i) Suppose thatr = 0. We have that p(T,(K)) is a dense subset of T,,(K) (with respect
to the Zariski topology).

(ii) Suppose that r = 1. We have that p(T,(K)) = T,(K)(,

(iii) Suppose that 1< r < n—1. We have that p(T,(K)) € T,(K)"™V, and equality
might not hold in general. Furthermore, for every n and r, there exists d such that
each element of T,(K)"™ can be written as a sum of d many elements from
p(T(K)).

(iv) Suppose that r = n — 1. We have that p(T,(K)) = T, (K)"2),

(v) Suppose that r > n. We have that p(T,(K)) = {0}.

They proposed the following conjecture.

Conjecture 1.1 [16, Conjecture] Let p(x1,...,%n) be a polynomial with zero con-
stant term in noncommutative variables over an algebraically closed field K. Suppose
ord(p) = r, where1 < r < n -1 Then p(T,(K)) + p(T,(K)) = T, (K)D.

We note that if p is a multilinear polynomial and K is an infinite field, then
P(Tu(K)) = Tu(K) (see 8,10, 15]).

In the present paper, we shall prove the following main result of the paper, which
gives a complete solution of Conjecture 1.1.

Theorem 1.2 Let n>2 and m > 1 be integers. Let p(x1,...,x,) be a polynomial
with zero constant term in noncommutative variables over an infinite field K. Suppose
ord(p) = r, where 1 <r <n—1. We have that p(T,(K)) +p(T (K)) = T, (K)("™V,
Furthermore, if r = n — 2, we have that p(T,(K)) = T, (K)"=3
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We organize the paper as follows: In Section 2, we shall give some preliminaries. We
shall modify some results in [5, 8, 12], which will be used in the proof of Theorem 1.2.
In Section 3, we shall give the proof of Theorem 1.2 by using some new arguments (for
example, compatible variables in polynomials and recursive polynomials).

Preliminaries

Let N be the set of all positive integers. Let m € N. Let K be a field. Set K* = K\{0}.
For any k € N, we set

Th = {(i,...,ix) eNF [ 1<y, i <mb.

Let p(x1,...,%n) be a polynomial with zero constant term in noncommutative
variables over K. We can write

d
1) p(x1, .o Xm) = Z( Z Ay Xig X - 'x"k)’
k=1 \ (i1, iz,...,ix )€ TE

where A; ;,. ;, € K and d is the degree of p.
We begin with the following result, which is slightly different from [5, Lemma 3.2].
We give its proof for completeness.

Lemma 2.1 Foranyu; = (aﬁli)) eT,(K),i=1,...,m, weset

P ¢)) (m)
ajj=(aj,....a;;"),
where j =1, ..., n. We have that
P(C_lu) P12 Pin
0 a
) Pttty sty = ) p( :22) ; P:2n ,
0 0 ... p(dun)
where
S G) ()
pst=, > Piroiy (@jijis - - ,ajk+1jk+l)ajl;.z ...a].k’;.kﬂ
k=1| s=j1<ja<*** <jgq=t
(itsemrin )ETE

for all 1< s <t<n, where pi,. i (215 s Zm(ks1))s 1S s dsesipg <m, k=150,
n —1, is a polynomial in commutative variables over K.

Proof Let u; = (aﬁ,i)) € T,(K), where i =1,...,m. For any 1< iy, ..., i < m, we
easily check that

mp My Min
0 my Moy

uh 'uik = . R >
0 0 Mun
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where

(ix)
* P jkjkn

(i1)
S

s=j1<j2< " L=t

Mgt =

forall1 < s < t < n. It follows from (1) that

d
plug, ... up) = Z
k=1

where

Z /\il,,.ikuil...uik

(i15ee ik )€TE

) my My
0 m
— Z Z A’il---ik : '22
k=1 (iy,...oig)eTk () 0
pu  pu Pin
_ 0 pn Pan
0 0 Pan
Z Aiy. iy Mt
=1 \ (i1s...rig )€TE
d
) (i1)
= Z Z Ailu.ik Z ajll}z o

=1\ (ir,...ig)€TE

s=j1<j2< " L=t

a(ﬁ)

* P kjrn

(i1)
Z A;liz,,,ikajljz..

21| s=ji<jag - <=t

(irsemrig )€TE

where 1< s < t < n. In particular,

foralls=1,...
d
Pst = Z
k=1
t—s
k=1

d
Pss=. > higgal el
k=1 \ (iy,..., i )eTk
:P(dSS)

,n,and

A ) (ix)
Z )Llllz...lkajljz e ajkij

s=j1<ja< =t
A . k
(i15...»ik €T,

>

s=N<ja< <=t
. . k
(itseeerig)€T,,

piliz---ik(a-jljl’ s
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for all 1< s <t <n, where p;,__ i, (21, .. Zm(k+1)) is @ polynomial in commutative
variables over K. This proves the result. ]

The following result will be used in the proof of our main result.

Lemma 2.2 Let m >1 be an integer. Let p(x,...,%x,) be a polynomial with zero
constant term in noncommutative variables over K. Let p;, . i (z1,... ,zm(k+1)) be a
polynomial in commutative variables over K in (2), where 1< iy,...,ip <m, 1<k <
n — 1. Suppose that ord(p) = r, 1 < r < n — 1. We have that:

(i) p(K) ={0}.
(i) pi,..ii(K) =40} foralll1<iy,...,ix <m, wherek=1,...,r—L
(i) pu,...i(K) # {0} for some1<if,..., i, < m.

Proof The statement (i) is clear. We now claim that the statement (ii) holds true.
Suppose on the contrary that

pir..ir(K) # {0}

for some 1<if,...,i, <m, where 1<s<r—1 Then there exist b; € K™, where
j=1,...,s+1such that

pirir(br ..., boi) #0.
We take u; = (agli)) € T11(K),i=1,...,m, where
djj:i?j, jzl,...,S+1,

Gix)  _ _
ak,’;m—l, k=1,...,s,

a(.}i) =0, otherwise.
j
It follows from (2) that

DPrsa1 = Pi;...i;(i?la b)) # 0.
This implies that p(T.1(K)) # {0}, a contradiction. This proves the statement (ii).
We finally claim that the statement (iii) holds true. Note that p(T.,(K)) # {0}.
Thus, we have that there exist u; = (‘1;1?) € T14+,(K),i=1,...,m, such that

p(ula'- -)um) = (PSt) * 0
In view of the statement (ii), we get that

- 5 5 (i) (ir)
Prr1 = Z piliz---ir(ajljl"'"ajr+1jr+l)aj1}z "'aj,jHl #0
I=j1<ja<* * " <jry1=r+l1
(it )€T?,
This implies that p;s, i (K) # {0} for some 1 < ij, ..., i, < m. This proves the state-
ment (iii). The proof of the result is complete. [ ]

The following well-known result will be used in the proof of the rest results.

Lemma 2.3 [12, Theorem 2.19] Let K be an infinite field. Let f(x1,...,%x,,) be a
nonzero polynomial in commutative variables over K. Then there exist ay, ..., a, € K
such that f(ay,...,am) # 0.
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Lemma 2.4 Let n,s be integers with 1 < s < n. Let p(xy,...,x;) be a nonzero poly-
nomial in commutative variables over an infinite field K. We have that there exist
ai,...,ay, € K such that

p(ail,...,a,-s)¢0
foralll<iy < --- <is<mn.

Proof We set

flx, . x,) = I1 P(xip e s xi,).

1<iyj<* * *<ig<n

Itis clear that f # 0. In view of Lemma 2.3, we have that there exist ay, ..., a, € K such

that
flay,...,a,) #0.
This implies that
plai,...,a;)#0
foralll1< i < --- < i < n. This proves the result. ]

The following technical result is a generalized form of [8, Lemma 2.11], which
discusses compatible variables in polynomials.

Lemma 2.5 Lett>1 LetU;={i,....is,} €N, i=1,...,¢t Let p;(xi,...,x;,) bea
nonzero polynomial in commutative variables over an infinite field K, where i = 1,.. ., t.
Then there exist ay € K with k € U!_, U; such that

p,»(a,»l, e ,a,-s) +0
foralli=1,...,t
Proof Without loss of generality, we assume that
{1,2,....,n} = U..
We set

t
f(xl,...,x,,) = Hpi(xil,...,x,-s).
i=1

Itis clear that f # 0. In view of Lemma 2.3, we have that there exist gy, ..., a, € K such

that
flay,...,a,) #0.
This implies that
pi(ai,...,a;,) %0
forall i =1,...,t. This proves the result. [ ]

The following technical result will be used in the proof of the main result of the
paper.
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Lemma2.6 Lets>1andt> 2 beintegers. Let K be an infinite field. Let a;j € K, where
1<i<t, 1< j<swithay € K* and b e K*. For any 2 < i < t, there exists a nonzero
element in {a;,...,a;s}. Then thereexist c; € K, i =1,...,s, such that

ancy + - +acs = b;
ajci+ - +ajscs #0
foralli=2,...,t.

Proof Suppose first that s = 1. Note that a;; € K*, i =1,...,t. Take ¢; = a;'b. It is

clear
anc = b;
anc #0

for all 2 < i < t. Suppose next that s > 2. Suppose first that a; # 0 forall i =2,...,¢t.
We define the following polynomials:

fl(xz,.--,xs) =b—apx,— - — A
filxa, .. x) = a,-lal_llb +(apn - ailaﬁlau)xz + -+ (ag - ailuﬂlals)xs

forall2<i<t. Sinceb,a; € K*,i=1,...,t, wenote that f; # Oforalli=1,...,¢.In
view of Lemma 2.5, we get that there exist c,, ..., ¢; € K such that

filezs.nics) 0

forall i =1,..., ¢ This implies that
b—apcy— -+ —acs %05
G {ailaﬁlb + (aip —apajan)cs + - + (ais — anag‘ay,)cs 0
forall 2 < i <t. We set
c=a;(b-apc;— - — agcs).
It follows from (3) that

anci+ -+ + ayscs = b
ajc+ - +ajcs #0

forall 2 < i < ¢, as desired.
Suppose next that a;; = 0, = 2,..., t. Note that a;;(;) # 0, for some 2 < (i) < s for
all i =2, ..., t. We define the following polynomials:

{fl(xz,...,xs) =apXy + o+ asXxs — b;
fi%a,.osXs) = ainda + -+ + AjsXs

forall 2< i<t Notethat f; #0forall i =1,..., ¢t In view of Lemma 2.5, we get that
there exist ¢c; € K, i =2,...,s, such that

filca,..c5) 0
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foralli=1,...,t Thatis

{alzcz + o +apc— b #0;

AjpCy+ - +ajcs #0
for all 2 < i < t. Since ay; # 0 we get that there exists ¢; € K such that
anc =b—apc, — -+ — agscs.
This implies that

{a11c1+a1262 + o0+ aCs = b;

AjpCy+ -+ +ajscs #0

forall 2 < i < t, as desired.

We finally assume that there exist a;; # 0 and aj; = 0 for some i, € {2,...,t}.
Without loss of generality, we assume that a;; # 0 forall i =2,...,# and a;; = 0 for
alli=# +1,...,t. We define the following polynomials:

fl(xz, cen a-xs) =b—apx, - — AisXs
fixa, .., x5) = ailaﬁlb +(ain - ailaﬁlau)xz + o+ (ags - ailaﬁlals)xs;

fi(x2s. %) = ajpxa + -+ + AjsXs

forall2<i<t and ) +1< j<t Notethatb,a; € K*,i=1,...,1, ajj) # 0 where
2<i(j)<sforall j=t;+1,...¢ Itis clear that f; # 0 forall i =1,..., t. In view of
Lemma 2.5, we get that there exist ¢; € K, i = 2, ..., s, such that

filca,...sc5) %0,
where i = 1,..., t. This implies that

b—alzcz— <o —apscs £ 05
-1 -1 -1
(4) anay b+ (aiz —andy a12)C2 +oeee + (ais — ai1ay; als)Cs # 0;

ajacr+ - +ajscs #0
forall2<i<tjand f; +1< j < t. We set
c=a;(b-apc— - — agcs).
It follows from (4) that

ancy+ -+ +apcs = b
ajc+ -+ +ajscs #0;

ajcr+ - +ajscs #0

for all 2<i<t and #;+1<j<t, as desired. The proof of the result is now
complete. [ ]
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3 The proof of Theorem 1.2

Let n > 2 and m > 1be integers. Let p(xy, ..., X, ) be a polynomial with zero constant
term in noncommutative variables over an infinite field K. Suppose that1 < r < n -1,
where r = ord(p).

Take any u; = (aﬁ,i)) € T,(K), i=1,...,m. In view of both Lemma 2.1 and

Lemma 2.2, we have that
(5) p(ul"'~>um) = (Ps,r+s+t):
where

- G) G

Ps,res+t = Z Z pil---ik(ajljl""’ajk+1jk+l)aj1;'2 "'ajkl;'kﬂ
k=r | s=j1<" " <jgp=r+s+t
(ityemrip )ETE
foralll1<s<r+s+t<mnand
pir..i(K) # {0}

for some1<ij,...,i. < m.It follows from Lemma 2.4 that there exist ¢, ..., ¢, € K™
such that

(6) Pigir(Gjpe s Gj) # 0
forall1< j; <+ < jr1 < n. We set
ajj=¢j j=1...,m
atk) = o) i=1...,r-landk=1,...,m;

i,i+1 = 7i,i+1?

(i) _ ()

r+s—1,r+s+t xr+s—1,r+s+t’ I<s<r+s+t<n, k= L....n

a
agjlf) =0, otherwise.
Foranyl<s<r+s+t<n, weset
p
Us riset = {(r +u-Lr+u+w,i)| xfi"u)flﬁuw in ps,,+5+t}
and
Uspisit ={(r+u-Lr+u,ip) | (r+u—-1Lr+u,i}) € U rygit}-
We define an order on the set
{(s,r+s+t)|1<s<r+s+t<n}

as follows:

(i) (s,r+s+t)<(spr+s+t)ift <ty
(ii) (s,r+s+t)<(s,r+si+t)ift=tands<s.

That is,
7 (Qr+)<--<(n-rn)<(Lr+2)<---<(n-r-Ln)<---<(l,n).
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Foranyl<s<r+s+1t<n,weset

Vvs,r+s+t = U Ui,r+i+j>
(L,r+1)<(i,r+i+j)<(s,r+s+t)

and

Ws,r+s+t = U Ui’r+i+j.
(L,r+1)<(i,r+i+j)<(s,r+s+t)

We begin with the following lemmas, which will be used in the proof of our main
result.

Lemma 3.1 Letl<s<r+s<n. Supposethat (s,r+s) # (1,r +1). We claim that
(8) Wer\{(r+s-Lr+s,iy) [1<k<r} =W e
Proof We first claim that

W\ {(r+s-Lr+s,i;) [1<k<r} S Wy ms

Take any (r+i—1,7+1i,i;) EWS,,+S\{(r+s—1,r+s,i,’c)|1£k§r}. We have
that

(r+i-Lr+1i,i;) € Us, rus,
for some (1,7 +1) < (s2, 7+ s2) < (s, 7+ s). This implies that
r+i<r+s,<r+s.
We get that i <s. Suppose that i = s. It follows that
(r+i-Lr+iip)e{(r+s-Lr+s,i)|1<k<r},
a contradiction. Hence i < s — 1. It is clear that
(r+i-Lr+i,ip) € Ui,
where (L, r+1) < (i,r+i) < (s —1,r+s —1). It follows that
(r+i-1Lr+i,iy) e We i s
We obtain that
W\ {(r+s-Lr+s,i;) [1<k<r} S Wy e,
as desired. We next claim that
W1 EWe i\ {(r+s—1Lr+s,iy) |[1<k<r}.
If(r+s—Lr+s,i;)¢€ W_1rss1 for 1 < k < r, we have that
r+s<r+s-1,
a contradiction. Hence

{(r+s-Lr+s,ip) | 1<k <r}( Wit ris1 = @.

https://doi.org/10.4153/50008414X24000385 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000385

1408 Q. Chen and Y. Wang

Since W_1,45-1 € Wi rys We get that

Witris1 EWe i\ {(r+s-Lr+s,i) |[1<k<r},
as desired. We obtain that

Wetrisa=Wer\{(r+s-1Lr+s,i;)[1<k<r}.
This proves the result. ]
Lemma 3.2 Letl<s<r+s+t<n. Supposethatt>0. We claim that

Wsl,r+sl+t1 = Ws,r+s+t)
where
(sr+si+t)=max{(i,r+i+j)| (Lr+1)<(i,r+i+j)<(s,;r+s+t)}.
Proof We first claim that
Ws,r+s+t = Wn—r,n-
Since ¢ > 0, we note that
(s,r+s+t)>(n—r,n).

This implies that W,y 2 W,_, ,. Take any (r+u -1 r+u, i) € Wi rpser. It is
clear that

(r+u-Lr+u,ir) € Uypiy S Whnern

This implies that W 14+ € W,,_, ,. Hence, W, 1s = W,_,., as desired.
Since (n—r,n) < (s,r+s+t) we get that

(n—r,n)<(s,r+s1+h)<(s,r+s+t).
This implies that
Wn—r,n c Wsl,r+sl+t1 c Ws,r+s+t'

Since Wi, is4t = Wy_rn we obtain that Wy i1, = Wi resse. This proves the
result. u

The following technical result will be used in the proof of the next result.

Lemma3.3 Letl<s<r+s+t<nlIf(r+i-1Lr+i+j,i;)€ Usrpser, we have that
j<t

Proof Supposethat (r+i—1,7+i+ j,i}) € Us ris4s. That s, xg"i)_l’mﬁ appears in
Ds,r+s+t- In view of (5), we note that every monomial in p; ,.¢ is made up of at least
r elements multiplied together. This implies that

(r+s+t)-s)-((r+i+j)—(r+i-1))>2r-1

We obtain that j < t. This proves the result. [ ]
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Lemma 3.4 Letl<s<r+s+t<nandt>0. Weclaim that
Werisiots = We s \{(r+s=Lr+s+ti) |[1<k<r},
where
(s,r+si+t)=max{(i,r+i+j)| (Lr+1)<(i,r+i+j)<(s,r+s+1)}
Proof We first claim that
Wiresion, € Worpsit\{(r+s—Lr+s+ i) | 1<k <r}.
If(r+s—Lr+s+ti;) € Wy i+, for somel <k <r, we get that
9) (r+s—Lr+s+t,i;) € Us, risen
for some (1,7 +1) < (s2, 7+ $2 + £2) < (81,7 + 51 + 7). It is clear that
p < Lt
In view of Lemma 3.3, we get that ¢ < f,. It follows that
t=t,=t.

Since (s;,r+s1+1t)<(s,r+s+t) we get that s;<s. Since (sp,7+sy+1)<
(s1, 7+ 51 + 1) we get that s, < s;. Thus, we obtain that s, < s. It follows from (9) that

r+s+t<r+s;+ 1.
This implies that s < s,, a contradiction. Hence, we have that
(r+s—Lr+s+t,ip) ¢ Wy, risen
forall1< k < r. Itis clear that Wy, 45,41, € Wi, 454+ We obtain that
Wiresion € Worpsi\{(r+s—Lr+s+ i) | 1<k <r},
as desired. We next claim that
Wi rrso\{(r+s—Lr+s+t,i) |[1<k<r} € Wy rigen-
Forany (r+i-1r+i+j,i;) € Wy o \{(r+s—Lr+s+1t,i;)[1<k <r}, wehave
(r+i—Lr+i+j,iy) € Us, risgn

forsome (1,7 +1) < (s3, 7+ 55 + t2) < (s, 7+ s + t). This implies that ¢, < t. In view of
Lemma 3.3, we note that j < t,. We have that j < ¢. It is clear that

(r+i-1Lr+i+j, z,'() € Uirvitj>
where (L r+1) < (i,r+i+ j) < (s,r+s+t). Note that

(r+i-Lr+i+ji)¢{(r+s-Lr+s+ti)|1<k<r}.
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We get that
(i,r+i+j)#(s,r+s+1).
This implies that
Lr+)<(ir+i+j)<(s,r+si+t)<(s,r+s+1).
It follows that U; r1i4+j € W, r4s,41,- We have that
(r+i-Lr+i+j,ip) € W resen-
We obtain that
Werrstt\{(r+s=Lr+s+t,ip) [ 1<k <r} € Wy, risivno
as desired. Thus, we obtain that
Werisiots = Wersse e \{(r+s—Lr+s+ i) |[1<k<r}.
This proves the result. [ ]
We set
Cot = (GorCsttre v or Crasts Craset)-
It follows from (6) that
(10) pir.ir(Es,e) # 0.
Foranyl<s<r+s<mnands<r-1, weset

fs,r = Z Div.ip—il_ 1~~~i;(és,t)a§i;3_1 o aSl_'I*Sr)
(i1eeerip—s )€THS rs+ X ’
We set
Ver={(iri+Lk)|i=s,...,r=1, k=1,...,m},

wherel <s <r+s<nands <r—1Itisclear that f; , is a polynomial on commutative
variables indexed by elements from V; ,.
Foranyl<s<r+s<mands>r, weset

fsr= pil’...i;(és,t)'
We claim that f;,(K) # {0} for all 1 <s < r + s < n. In view of (10), it suffices to
prove that f; ,(K) # 0, wherel<s<r+s<nands<r-1
We take a'®) . e K, (i,i+1,k) € Vg, such that

i,i+1

agii;)‘s)JriJrl:l, i=0,...,r—s—-1;
(k) =0,

a; i otherwise.

It follows from (10) that

k N
for(@) = pi i (6) % 0,
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(k)
1

as desired. In view of Lemma 2.5, we get that there exist a;

U;Tln{”_r’r_l} Vs, such that

V€K, (i,i+1,k) e

k
fs,r(az(,ill)io
foralll1<s<r+s<nands<r-1
Forany2 <s<r+s<n,wedefine

_ A (i) (ir-i)
(11) Sores—i = Z Pivevipiit_, it (C,6) g iy - Ay sl g i

) r—i+1"
(itsereriyi)€TIT

for all 1< i <min{s—1,r—-1}. It is clear that f;,.—; is a polynomial over K on
commutative variables indexed by elements from W_; ,,s_;, where1 < i < min{s -1,
r-1}.

The following result implies that f; ,,s—;, where1 < i < min{s — 1,7 — 1}, is a recur-
sive polynomial.

Lemma 3.5 Forany2<s<r+s<n, weclaim that

" "
_ (iy-1) (ix)
Jorvs-i = ﬁ,r+5—’—1xr+s—i—l,r+s—i + 2 : Cs,rs—i-1,kXp s j1,r4s—i
1<k<r
v .
lk:'tll’fl'

for all1< i <min{s~1,r—1}, where both f; s i1 and & ris_i_1k are polynomials
over K on commutative variables indexed by elements from W_;i_1 pps—_i_1.

Proof We get from (11) that

(12)
_ A (i1) (ir—i-1) (iy_;)
fS)H'S—l = piln-ir—i—li:,imi: (Cs»t)as,erl o B i 2 rrs—ie1 | Xrbs—imlrs—i
(irseensip_jr )Tt
A (i1) (iy-ic1) (iy)
+ Z Z ' pilu-ir—i—ll';,i;,,-+1<.<i£(Cs’t)as,sﬂ s Qs ic2,rs—iol | Xras—iolres—i
1<kt \ (ityeooripoia)€TY i1
il

forall1< i < min{s—1,r - 1}. It follows from (11) that

_ A (ir) (ir-i-1)
f?,7+5—f—1 - Z pil-~~ir—i71i:7i-ui; (Cs,t)as,s-H o By il2 res—in1t
(itsveripmioy )Tt

We set
_ A (i1) (ir-i1)
Ks,r+s—i-1,k = Pyl il (Cs,t)a5,5+1 o B i 2 rrs—i-1

(itsensip_iog )Ty

forall1<i<min{s-1,r-1}and k =1,...,r. It follows from both (11) and (12) that

1 s
(ir_) (ix)
— . r—i . k
Jsors=i = fores—int Xy iy s Z Es,r+s—i-1LkXp s i1 res—i
1<k<r
iy#i;
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for all 1<i<min{s—-1,r—1}. It is clear that both f; ,;s—;-1 and & ,4s—;-1,x are
polynomials over K on commutative variables indexed by elements from

W imsi\{(r+s—i-Lr+s—i,i;)|k=1,...r}.

In view of Lemma 3.1, we note that

Ws—i—l,r+s—i—1 = Ws—i,r+s—i\{(r +s—i—-Lr+s—1i, l;c) | k=1,... T’}.

We have that both f; +s-i-1 and o 451,k are polynomials over K on commutative
variables indexed by elements from W_;_; ,4s_;_1. This proves the result. [ |

Lemma 3.6 Foranyl<s<r+s<n, wehave that

_ (iy) (ix)
Ps,rs+t = fs,r+s—1xr+rs_1,r+5+t + Z ﬂs,r+s—l,er+s_1,r+s+t + ﬁs,r+s+t7
1<k<r
i #iy
o

where fi, € K¥, Bk €K, k=1,...,r with i # i}, fores—1s Bsrrs—100 S22, 1<k <7
with iy # iy are polynomials on some commutative variables in W, o511, and s risees
where t > 0, is a polynomial over K in some commutative variables in Wy, r.s,+1,, Where

(spr+si+t) =max{(i,r+i+j) | (Lr+)<(i,r+i+j)<(s,;r+s+1)}.
Moreover, Bs,r+s = 0.

Proof It follows from (5) that

(i) (ir-1) (i)

Ds,res+t = pil---ir—lil(csxt)as,sH s Qs 2 rrs—1 | Xras—1,res+t
(i1yeeerip_1)eTh!
A (i) (ir-1) (i)
+ Z Z pil-nir—li; (Cs,t)as,sﬂ cee ar+s—2,r+s—1 xr+s—1,r+s+t
1Sk<r \ (in,...rip-1) €Ty
(13) i #i,
r+t
= = (i1) (ix)
+2 . Z Piveis (Gjos o5 G )y - agf
k=r s=j1< "t <Jgp1=r+s+t
(rojre)#(r+s=Lr+s+t)
(itsemrip )eTE
It follows from (11) that
_ A (i1) (ir-1)
fs,r+s—1 = Z Pil...irfli:(cs,t)%,wl v Qs 2 rrs—1t
(i15eeeripr )eTHT
We set
_ A (i1) (ir-1)
ﬂ5,7+$—1,k - Z pil-nir—li;f (Csxt)as,5+1 e Brys 2 sl

(i15eeerip )€THT
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fork =1,...,rwith i} #i],and

r+t

_ = - (i1) (ix)
ﬁS,T+S+[ - Z Z pil'“ik(cjl""’Cjk+l)ajlj2 ..'ajkijrl
k=r| s=ji<°® <jrq=r+s+t
(rojrs1)E(r+s=1,r+s+t)

(itsermrin )ETE
It follows from (13) that
(iy) (ik)
(14) Psyrs+t = J(S)f+5*1xr+s—1,r+s+t + Z ﬁs,r+s—1,er+ks_1,r+s+t + B rrs+ts
1<k<r
ip#i;

where fi, € K*, B,k €K, k=1,...,r with i #il, f; r+s-1,Bs,r+s+t,k» Where s>2,
1< k <r with i} # i}, are polynomials on some commutative variables indexed by
elements from

(15) Wi\ {(r+s-Lr+s+ti), k=1,...,r}

and fs r+s+¢, Where t >0, is a polynomial over K in some commutative variables
indexed by elements from

(16) Wersss\{(r+s—Lr+s+ti), k=1...,r}.

Suppose first that ¢ = 0. In view of Lemma 3.1, we note that

Wt risa = Wermse\{(r+s-Lr+s,iy), k=1,...,r}.

We get from (15) that f; y.s—1, Bs,r+s+t,k» Where s > 2,1 < k < rwith i} # i}, are polyno-
mials on some commutative variables indexed by elements from W_y ,,_;. It is clear
that f8;,,+s = 0. Suppose next that ¢ > 0. In view of Lemma 3.2, we note that

Wsl,r+sl+t1 = Ws,r+s+t-

We get from (15) that f; ;.51 Bs r+s+t,k» Where s > 2,1 < k < rwith i) # i}, are polyno-
mials on some commutative variables indexed by elements from W, ;.5 4. In view
of Lemma 3.4, we note that

Werisiots = Wersse \{(r +s—=Lr+s+ti), k=1...,r}.

We get from (16) that f; r.s+¢ is @ polynomial over K in some commutative variables
indexed by elements from Wy, ;.. This proves the result. [ ]

The following result is crucial for the proof of the main result.

Lemma 3.7 Let p(xi,...,%y) be a polynomial with zero constant term in noncom-
mutative variables over an infinite field K. Suppose ord(p) = r, wherel<r < n—1. For
any A’ = (al ,s00) € Ta(K)U™D, where al ., # 0 forall 1 < s <r+s+t<mn, wehave
that A’ € p(T,(K)).
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Proof Take any A'=(al,,.,)€T,(K)" ™, where al, #0 for all

S,7+s

: - (k)
I<s<r+s<nForanyl<s<r+s+t< n,weclalmthatthereex1stcr+u_1)r+u+w eK
with

(r+u-Lr+u+w,k)e W pser
such that
(ix) _
pi,f+i+j(cr+u—l,r+u+w) = Qiyr+i+j

forall (Lr+1)<(i,r+i+j)<(s,r+s+t)and

(ix)
fS’,HS’*V (Criku—l,r+u ) 0

for all fu ,4s_, on commutative variables in W, s, where s’>2 and 1<v <
min{s’ -1, -1}.

We prove the claim by induction on (s, 7 + s + t). Suppose first that (s, 7 + s+ t) =
(1L, +1). Note that

Wirn = Wi ={(r,r+1i) | k=1,...,7}.

In view of Lemma 3.6, we get that

(ir) (ix)
(17) Prre1 = furX, [+ Z ﬁl,r,er,:ﬂ’
1<k<r
ig#i,

where fi, € K*, Bi,k € K, k=1,...,rwith i} #ij.

v
Take any fy ,4s—y ON xffle, wherek=1,...,7,s" >2,and1 <v < min{s’' - 1,r -1},

we get from Lemma 3.5 that
r+s'—v-1=r

and so v = s’ — 1. It follows that

(ir-,) (ix)
(18) fs’,r+s’—v :fs',f'xr,;+‘i + Z: Xs’,r kXp pi1:
1<k<r
i il

Note that fi, € K* and &y, € K, k =1,...,r with i} #i,_,. Note that a; ,,, € K*.

In view of Lemma 2.6, we get from both (17) and (18) that there exist ci’iﬁzl ek,
k=1,...,r, such that

)

!
pl,Hl(Cf,l:H) = a{,rﬂ’
s
fS’,HS’fV(Cf,l:Zl) #0,

where2 < s’ <randv =s" -1, as desired.
Suppose next that (s,7 + s+ t) # (1,7 + 1). We rewrite (7) as follows:

(Lr+D) < - <(sp,r+s1+t)<(s,r+s+t)<---<(1,n),
where

(sr+sp+t) =max{(i,r+i+j) | (Lr+1)<(i,r+i+j)<(s,r+s+1t)}.
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By induction on (s;, 7 + 51 + t;), we have that there exist cfi"u)fl)r rurw € Kwith

(r+u-Lr+u+w,k)e W ris+t,
such that
(ik)
pi,r+i+j(crjrku—1,r+u+w) = a;,r+i+j
forall (L,r+1) < (i,r+i+j) < (s, r+s+#)and
fS' T+5'—V(Cr+u 1, r+u) #0

for any fy ,4+s—y With commutative variables in Wsl,,ﬁml, wheres’ >2,and1<v <
min{s" - 1, 7 — 1}. We now divide the proof into the following two cases.
Suppose first that ¢ = 0. Note that

(spr+si+t)=(s-Lr+s-1).

Thatis, s; = s —1and #; = 0. In view of Lemma 3.6, we get that

(iy) (i)
(19) PS,H'S = f5,1’+5—1xr+rs—l,r+s + Z ﬂS,T+$—1,er+s—l,r+s’
1<k<r
i #i,

where f is-1, Bs,r4s-1,k> Where k = 1,..., 7 with i} # i], are polynomials in commu-
tative variables in Wsl,ml. By induction hypothesis, we get that f;,,;; € K* and
lgs,r+s—1,k €eK. o
Take any fy ,+s—y On commutative variables indexed by elements from W ,.s,
where s’ > 2 and 1 <v < min{s’ -1, — 1}. Suppose first that fy ,,s_, is a polynomial
on commutative variables indexed by elements from W, .., . By induction hypothesis
we have that fy ,.v_, € K*. Suppose next that fy ,,s_, is not a polynomial on
commutative variables indexed by elements from Wy, .., . In view of Lemma 3.1, we

note that

Ws,r+s\Ws—l,r+s—1 = {(T +s-Lr+s, 12) | k=1,..., T} .
This implies that xﬁi’;{ln“ appears in fy ;. for k =1,...,r. In view of Lemma 3.5
we get that

(r+s' —v-Lr+s -v)=(r+s-1r+s)

and so v = s’ — s. We get that

(i)
(20) fs’,r+s’—v :fs’ r+s/—v— lx,—+5 1r+5 + Z A/ r+s'—v=1kXp s 1 15>
1<k<r
i #il_,

where fo 1oy and &g pig—y1k k =1,..., 7 with 1k # i,_,, are polynomials over K
on commutative variables indexed by elements from Wy, ;.. By induction hypoth-
esis, we have that fy ,.v_,_1 € K* and &y ri9—y-1,k € K, where k=1,...,r with
i i),

r—v?>
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Note that a{ ,,; € K*. In view of Lemma 2.6, we get from both (19) and (20) that

there exist c(i") €K, k=1,...,r,such that

r+s—1,r+s

(i)

Psyres (Cr+s—1,r+s) = a;,rJrs;
Ivs
foress(681,0) %0,

as desired.
Suppose next that ¢ > 0. It follows from Lemma 3.6 that

(iy) (ix)
(21 Ps,r+s+t = fs,r+s—1xr+rs_1,r+5+t + § ﬁs,r+s—1,er+5_1,r+$+t + ﬁs,r+s+t,
1<k<r
i #i,

where f ;1515 Bs,r+s-1,k» Where k =1,...,7 with i} # i}, are polynomials over K in
commutative variables indexed by elements from W, s, and B ,4s; is a poly-
nomial over K in commutative variables indexed by elements from W, ,. .. By
induction hypothesis, we have that f; ;.1 € K*, 5 r+s-1,k € Kforallk =1,..., 7 with
iy # iy, and B risr € K.

Take c(i’,‘) € K, where k =1,...,rin (21) such that

r+s—1,r+s+t

(i)

-1
Cr+s—1,r+5+t = fs,r+s—l(a;,r+s+t - ﬁ5,7+5+t);

(i) _ T
Cr1rrsse =0, foralll <k <rwithi} #i,.

We get that

(ix) o
Ps,r+$+t(cr+s—1,r+s+t) - as,r+s+t'

Take any fy ,,s—, on commutative variables indexed by elements from Wi risets
where s’ >2and 1< v < min{s’ — 1,7 — 1}. In view of Lemma 3.2, we note that

Ws,r+s+t = Wsl,r+sl+t1 .

This implies that fy ,.s-y is a commutative polynomial over K on some commutative
variables indexed by elements from Wy, ;s .. By induction hypothesis, we get that

fs’,r+s’7v € K*,
where s’ >2and 1< v <min{s’ - 1,7 — 1}, as desired. This proves the claim.

Let (s,r+s+t)=(1,n). We have that there exist (Lo eK, k=1,...,r,

r+u—1lLr+u+w

with

(r+u-Lr+u+w,k)e Wy,
such that
(22) pi,f+i+j(C£i’214)—l,r+u+w) = a;,r+i+j

forall (1,r+1) < (i,r+i+j)<(l,n)and

fS’,HS’*V(C;{iku)—l,Hu) #0
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forall fy ,4s—, On commutative variables indexed by elements from W, wheres” > 2
and 1< v < min{s’ — 1,7 — 1}. It follows from both (5) and (22) that

p(urs .. stim) = (Psriset) = (a;,r+s+t) = A
This implies that A" € p(T,(K)). The proof of the result is complete. ]

Lemma 3.8 Let n >4 and m > 1 be integers. Let p(xy,...,%xm ) be a polynomial with
zero constant term in noncommutative variables over an infinite field K. Suppose that
ord(p) = n — 2. We have that p(T,(K)) = T, (K)"=3),

Proof Inview of Lemma 2.2(ii), we note that p(T,(K)) ¢ T, (K)("=3)_ It suffices to
prove that T, (K)("=*) ¢ p(T,(K)).
For any u; = (aﬁ,’()) € T,(K),i=1,...,m, in view of Lemma 2.2(ii), we get from

(2) that
0 0 ... pLu1 Piun
00 ... 0 pa
(23) pluscum)=| o T - b
0o 0 ... 0 0
where
_ p - (i1) (in-2) .
Pra1= Z Pilu.i,.fz(all)--uﬂnfl,nfl)alzl -"an—z,zn—l’
(i1smeerin—2)eT2
- - (i1) (in-2),
ban = Z Pirviins (G225 Gnyn) a3 <0, "0
(itseeerin_y )€TH2
- - (i1) (in-1)
P = Z pi1~~~in—l(a117'"’ann)alll -"an—l,ln
(ityeeerin—1)€TH
) P = (i) (in-2)
+ > Pivecins(@jajis o os @y yju )@ 5 00
1=ji1<* * " <jpo1=n
(ityeeerin_2 )€TET2

In view of Lemma 2.2(iii), we have that

for some ij,...,i, 5 €{L...,m}. It follows from Lemma 2.4 that there exist
bi,..., b, € K™ such that

p,-{ ..... i;_z([)jl,...,l;j"_l)#:o

foralll<ji< -+ <ju<n.

For any A’ = (al ,_5s41) € Ta(K)("™®), where 1< s <n—2+s+1t<n, we claim

that there exist u; = (aﬁ,?) € T,(K),i=1,...,m,such that

P(ub e um) = (ps,n—2+s+t) =A"
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That is,
I
Pin-1= 08y 415
I
Pan = Gy
’
Pin = ayy-

We prove the claim by the following two cases:

Case 1. Suppose that aj , | # 0. We take

Q. Chen and Y. Wang

] j+2

G_Ijj:l_)j, forallj=1,...,n
o <o)
al(;() 0 forallk=1,...,mwithk # ij;
(ln 2) (ln 2)
nln nln’
al) =0 forallk=1,...,mwithk#i,_;
(ln 2) (ln 2)
n2n n2n’
a9 _o foralll1<i<m,3<j+2<nwith (j,j+2,i)+

It follows from (23) that

(24)
Pin-1= Z Pil’iz...iy,,z([’b---’Bn—l)ag? fllnzzrz 1 xl(zl )’
(i25everin-2)€T3
Pan = Z Pil...in_si;,z(BZ)'--’I;n)aglsl) Slln23r3 1 fllnlzn)’
(ityeerin-3)eTh>
i i i " (i) (in2)
Pin = Z Pil’iz“.in—zi:,_z(blan-abn)ag_?)-' 5,1 222 1)x121 xnl 127,
(e vsin)€TE3
DR TR U N S LR NN
(i25eeerin-3)€Tp
We set
S = > Pi;iz...in_z(él,---,I;n—l)agl;) ., ,(11"223 b
(i25everin-2)eT?
(25) Jon = > Pirvcinait (b2 ba)asy) . allmy)
(ityeerin—3 ) €T
_ o b b b (i2) (in-3)
Jin = Z Pz{zz-..tn-sz;,z( Lee+>Un-2, n)azs : n-3,n-2>
(i2severin-3)eTi?
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and
Vin1={(i,i+1L,k)|i=2,...,n=2,k=1,...,m};
Van = Vin-13
Vin={(i,i+Lk)|i=2,....,n=-3,k=1,...,m}.

Note that fi ,_1, f2n> fin are polynomials over K on commutative variables indexed
by elements from V4 ,,_1, V2,1, Vin, respectively.

We claim that fi ,_1, fan, fin # 0. Indeed, we take ag;;) €K, (j,k,i) € V1,,-1 such
that

as(’i;’zl =1, foralls=2,...,n-2;
a},i) =0, otherwise.
It follows from (25) that
ﬁ,n—l(a§,i)) = pi{...i;fz(l;b cobui1) %0,
as desired. Next, we take aﬁ) €K, (j, k,i) € V2, such that

ag)i;’;‘l) =1, foralls=2,...,n-2;
a(.]i) =0, otherwise.
j
It follows from (25) that
f2n(a§}i)) = pi{...i:ﬁz(l—?b cees l;n) #0,
as desired. Finally, we take aﬁ) €K, (j, k, i) € Vi, such that

as(jsgil =1, foralls=2,...,n-3;
a(.]? =0, otherwise.
j
It follows from (25) that
ﬁ"(agllc)) = pi{...i;_z(éla cees l;n72’ l;n) #0,

as desired. In view of Lemma 2.5, we get that there exist ‘Z;Ii) € K, where (j,k,i) €
Vi,n-1U Van U Vi, such that

fl,n—l(aﬁ)) #0;
f2n(a§]i)) + 05
fin(al) 2 0.
We set
o= > pi;iz._.i"_zi;_z(l_?l,...,I_Jn)a%) . ..aﬁij‘if,zfl.

(i25ee0rin—2)€Ty_3
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It follows from (24) that

Pin-1= fl,n—lxl(zi{);
(26) P2n = fanx ﬁi;{zn);
= finxla w052+ axf ).
We take
x1(21 fl_i—lai n-15
511"1 zn) 2n aZn’

;(11"223 Jin fl,n—l(‘li,nfl)_1 (aln “fl n— 1“1 n-1S2n a2n) .
It follows from (26) that
Pin-1= a{,n_l;
Pan = @33
Pin = a{n’
as desired.

Case 2. Suppose that aj ,,_; = 0. We take

ajj=bj, forallj=1,...,n
al(;()—O, forallk=1,...,m;
i) _ (3
“23 —x2; ;
al¥) =0, forallk=1,...,mwithk#i};
aly) = s
a'f), =0, foralll<j<j+2<nwith(j,j+2,k) % (1,3,i).

It follows from (23) that

P1,n-1=0
Pan = > Pilis.cin- ,(ba,.. b )agf)...afj_”fn) x;),
(27) (i2eemrin_2) €T
Pin = > pi{iz..‘in,z(l;lyl;s,-- b, )a(”).. ,(1’"12’1) xl(s’ D
(i25eerin-2)eT?
We set
&on = > Pi{iz...in,z(Bz,-~ b, )a(”).. ﬁ’”lzn),
(28) (izseesin-2)€ T,
= . . I; E b (12) (ln 2)
gln Z pl{lz..Jy,_z( 1>V35... )a .. ?1 Ln>
(iz ..... in_g)GT;_s
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and
V={(,i+Lk)|i=3,...,n-1Lk=1,...,m}.

Note that both g, and g1, are polynomials over K on some commutative variables
indexed by elements from V. We claim that g;,, g1, # 0. Indeed, we take agli) ek,
(j, k, i) € V such that

ag)issjrll) =1, foralls=3,...,n-1;

a?,i) =0, otherwise.

It follows from (28) that

8 = pi{.,.i,’,fz(éz, by #0;

Sin :pi{.‘.i;72(61a63a--~>bn) #0,

as desired. It follows from (27) that

P1,n-1=0;
(29) Pan = anx§;1)§
Pin = glnxl(sil)‘

We take

Gy) _ -1 1,
X23 = &2n%2n>
Gy) _ -1.1

X135 = 8in%n-

It follows from (29) that

P1n-1=0;
’

Pan = a3 45
I

Pin = ayp>

as desired. We obtain that
p(ut .. stim) = (Psyn-zeset) = (@5 yoarsrs) = A'
This implies that T}, (K )"~ ¢ p(T,,(K)). Hence p(T,(K)) = T,,(K)"~?. ]
We are ready to give the proof of the main result of the paper.

ProofThe proof of Theorem 1.2 For any A = (as,,1¢5¢) € T,(K)(™V, we set

{](s,r+s(xs,r+s) = Qs r+s — Xs,r+s>

s.r+s (xs,r+s ) = Xs,r+s
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forall 1 <s <r+s<n. Itis clear that both f; ., and g, ,.; are nonzero polynomials
in commutative variables over K, where 1 < s < r + s < n. It follows from Lemma 2.5
that there exist b ;.5 € K,1< s <7+ s < n, such that

{fs,r+s(bs,r+s) + 05
gs,r+s(bs,r+s) #0
foralll1 <s <r+s<mn. Thatis,

{as,r+5 —bg s #0;
bs,ris #0

foralll1 <s<r+s<n Weset
bs,r+s+t = Os,r+s+t

foralll<s<r+s+t<mandt>0and
{ Csr4s = Gs s — Dsprs, foralll<s<r+s<m;

Csrs4t =0, foralll<s<r+s+t<mandt>0.
We set
B=(bs,is4t) and C=(criset)-
It is clear that

A=B+C,

where B, C € T, (K)™) with by ,.q, Csrss € K* for all 1< s <7+ s < n. In view of
Lemma 3.7, we get that there exist u;,v; € T,(K), i =1,...,m, such that

p(u1,...,um) =B and p(vy,...,vy) =C.
It follows that
plug, .o tiy) + p(vi, ..o vm) = A.
This implies that
Tu(K)"™ € p(T(K)) + p(Ta(K))

In view of Lemma 2.2(ii), we note that p(T,(K)) ¢ T, (K)"™V. Since T,,(K)" ™ isa
subspace of T, (K), we get that

P(Tu(K)) + p(Tu(K)) € T, (K) Y.
We obtain that
P(Ta(K)) + p(Ta(K)) = Tu(K) V.
In particular, if r = n — 2, we get from Lemma 3.8 that
p(Tu(K)) = T, (K) "
The proof of the result is complete. ]

We conclude the paper with following example.
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Example 3.1 Letn >5and1<r < n—2be integers. Let K be an infinite field. Let
plx,y) =[x y]".
We have that ord(p) = r and p(T,(K)) # T, (K)V.
Proof It is easy to check that p(T,(K)) = {0}. Set

flxy) =[x y].

Note that f is a multilinear polynomial over K. It is clear that ord(f) = 1. In view of
[10, Theorem 4.3] or [15, Theorem 1.1], we have that

F(Trna(K)) = T (K).
It implies that there exist A, B € T,,;(K) such that
[A,B]=enp+exy+ - +erri1.
We get that
p(A,B) =[A,B]" =e1,,41 £ 0.

This implies that p(T,,1(K)) # {0}. We obtain that ord(p) = r.
Suppose on contrary that p( T, (K)) = T,(K) for some n > 5and1< r < n - 2.
For ey, 41+ €343 € Ty (K)(”l), we get that there exists B, C € T, (K) such that

P(B,C) =[B,C]" = e1,r+1 + €3,r43-
It is clear that [B, C] € T, (K)(®). We set
[B,C] = (@s,14541)-
It follows that
[B,C]" = e1,r41 + €3,r43-
We get from the last relation that

(6112023 ce ar,r+1)el,r+1 = eLr+15
(a23a34 ... Ari1,r42)€2,r42 = 0;

(Cl34 A45 ... 0r42,r43 ) €3,r+3 = €3,r+3-

This is a contradiction. We obtain that p(T,(K)) # T,(K)"™V for all n>5 and
1 < r < n — 2. This proves the result. [ ]

We remark that [16, Example 5.7] is a special case of Example 3.1 (r =2 and n = 5).

Acknowledgments The authors would like to express their sincere thanks to the
referee for his/her careful reading of the manuscript.

https://doi.org/10.4153/50008414X24000385 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000385

1424 Q. Chen and Y. Wang

References

(18]

(191

M. Bresar, Introduction to noncommutative algebra, Springer, New York, 2014.

M. Bre$ar, Commutators and images of noncommutative polynomials. Adv. Math. 374(2020),
107346, 21p.

M. Bresar and P. Semrl, The Waring problem for matrix algebras. Israel J. Math. 253(2023),
381-405.

M. Bresar and P. Semrl, The Waring problem for matrix algebras, II. Bull. Lond. Math. Soc.
55(2023), no. 4, 1880-1889.

Q. Chen, A note on the image of polynomials on upper triangular matrix algebras, Comm.
Algebra. 52(2024), no. 7, 3154-3167.

Q. Chen, Y. Y. Luo, and Y. Wang, The image of polynomials on 3 x 3 upper triangular matrix
algebras. Linear Algebra Appl. 648(2022), 254-269.

V. Drensky, Free algebras and PI-algebras: Graduate course in algebras, Springer, Hong Kong,
1996, 1-197.

P. S. Fagundes and P. Koshlukov, Images of multilinear graded polynomials on upper triangular
matrix algebras. Canad. J. Math. 75(2023), no. 5, 1540-1565.

C. Fontanari, On Waring’s problem for many forms and Grassmann defective varieties. . Pure
Appl. Algebra 174(2002), 243-247.

I. G. Gargate and T. C. de Mello, Immages of multilinear polynomials on n x n upper triangular
matrices over infinite field. Israel J. Math. 252(2022), 337-354.

U. Helmke, Waring’s problem for binary forms. ]. Pure Appl. Algebra 80(1992), 29-45.

N. Jacobson, Basic algebra I. 2nd ed., W. H. Freeman and Company, New York, 1985.

Y. D. Karabulut, Waring’s problem in finite rings. J. Pure Appl. Algebra 223(2019), 3318-3329.
M. Larsen, A. Shalev, and P. H. Tiep, The Waring problem for finite simple groups. Ann. Math.
174(2011), 1885-1950.

Y. Y. Luo and Y. Wang, On Fagundes-Mello conjecture. J. Algebra 592(2022), 118-152.

S. Panja and S. Prasad, The image of polynomials and Waring type problems on upper triangular
matrix algebras. J. Algebra 631(2023), 148-193.

C. de Seguins Pazzis, A note on sums of three square-zero matrices. Linear Multilinear Algebra
65(2017), 787-805.

A. Shalev, Word maps, conjugacy classes, and a noncommutative Waring type theorem. Ann. Math.
170(2009), 1383-1416.

Y. Wang, J. Zhou, and Y. Y. Luo, The image of polynomials on 2 x 2 upper triangular matrix
algebras. Linear Algebra Appl. 610(2021), 560-573.

School of Mathematics and Statistics, Xiamen University of Technology, Xiamen 361024, China
e-mail: gianchen0505@163.com

Department of Mathematics, Shanghai Normal University, Shanghai 200234, China
e-mail: ywang2004@126.com

https://doi.org/10.4153/50008414X24000385 Published online by Cambridge University Press


mailto:qianchen0505@163.com
mailto:ywang2004@126.com
https://doi.org/10.4153/S0008414X24000385

	1 Introduction
	2 Preliminaries
	3 The proof of Theorem 1.2

