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Abstract

In [TV], Bertrand Toën and Michel Vaquié define a scheme theory for a
closed monoidal category .C;˝;1/. One of the key ingredients of this
theory is the definition of a Zariski topology on the category of commutative
monoidal objects in C. The purpose of this article is to prove that under some
hypotheses, Zariski open subobjects of affine schemes can be classified almost
as in the usual case of rings (Z-mod,˝,Z). The main result states that for any
commutative monoidal object A in C, the locale of Zariski open subobjects of
the affine scheme Spec.A/ is associated to a topological space whose points
are prime ideals of A and whose open subsets are defined by the same formula
as in rings. As a consequence, we can compare the notions of scheme over F1
in [D] and in [TV].
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Introduction

In [TV], Bertrand Toën and Michel Vaquié define a scheme theory for a closed
monoidal category .C;˝;1/. This theory recovers the classical notion of scheme
when .C;˝;1/ D(Z-mod,˝,Z). Their first step is to define affine schemes in a
formal way. The category AffC of affine schemes relative to C is defined to be the
category Comm.C/op (Definition 2.7 in [TV]), i.e. the dual category of the category
of commutative monoidal objects in C. One of the key ingredients of the theory
is the definition of a Zariski topology on the category of commutative monoidal
objects of C. This topology is used to glue affine schemes, seen as sheaves through
the Yoneda functor, in order to obtain the general notion of scheme over C.

The aim of the current article is to study the Zariski topology above in more
detail. The category AffC will then be identified through Yoneda functor with the
category of representable sheaves for the Zariski topology and Spec.A/ will refer
to the representable sheaf on Comm.C/op : HomComm.C/.A;�/. We work in a
"relative context" which is a symmetric monoidal category provided with some
additional hypotheses described in the first paragraph of the preliminaries. Here
are some examples of contexts :
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10 F. MARTY

- The category (Z-mod,˝Z,Z), with which we recover the usual notion of
scheme.

- The category (N-mod,˝N ,N)1 with which we get a notion of N-scheme that
may be understood as a notion of positive scheme (and that might be linked
with tropical geometry).

- The category (Set ,�,F1), where F1 is the field with one element.

- The category (Log,˝log ,(Z,F1/), where an object of Log is a triple .M;E;u/
such that M 2 Z-mod, E 2 Set , u 2 HomSet .M;E/ and the tensor product
is Z-mod on the first component and the direct product on the second. This
context recovers the notion of prelog-scheme. Additional work is necessary
to recover the notion of log scheme.

We also give an example in which some hypotheses do not hold. This is the context
of differential schemes. The base category is the category of differential modules
with the usual tensor product. Its unit is Z with a zero differential. In this context,
there are two choices of self enrichment for the base category . The choice which
recovers the notion of differential ideal corresponds to a context which is not strong.
In this case, the Hom between two modules is the set of their differential morphisms
(the constants of the classical Hom) and the unit does not generate Z-moddiff , but
there is another generator, ZŒX�w ZŒX;X 0;X .2/;::::�. Nevertheless, it seems that it
should be possible to prove theorems similar to those proved in this article.

The definition of Zariski open object in [TV] differs from the usual definition
which could not be generalized naively to the relative context. In fact, a theorem
in [SGA4] (part 4, theorem 17.9.1) asserts that the usual notion of Zariski open
object is equivalent to the notion of finitely presented flat epimorphism which is
well defined in the relative context. The usual notions of image, generator, ideal
(Definition 1.11), prime ideal (Definition 2.10) or localization of a monoid have
generalisations to this relative setting. For instance for a monoid A, localization by
an element f of its underlying setA0 WDHomC.1;A/, denoted byAf , makes sense.
Furthermore, they are the first examples of relative Zariski open objects and they
play a fundamental role in the main theorems. Eventually, these theorems provide
a link between two ways of defining the category of relative schemes. These two
definitions are equivalent for Z-schemes; more precisely the category of schemes
(seen as ringed spaces) is equivalent to the category of sheaves on affine schemes

1The tensor product ˝N is defined like ˝Z as a quotient of the direct product by the same kind
of relations
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Relative Zariski Open Objects 11

(opposite to the category of commutative unital rings) (for the Zariski topology)
provided with an affine covering ([TV] definition 2.15 p 19).

Here, we forge the inverse path. We start from the definitions in [TV] and
construct, for a commutative monoidal object in C, a topological space which can
be provided with a natural structure sheaf. Indeed, as it is a sheaf, we just have to
define it on a basis of open objects of the topology. In theorem 3.7 of this paper, we
prove that this basis of open objects are in facts ideal qf generated by one element
f . Then Af is the image of qf , and this defines a unique sheaf. The topological
space we get, together with the structure sheaf, should then be called a monoidal
space, in analogy to ringed spaces. Here the topological space associated to A 2
Comm(C) in the theorems plays the role of the underlying topological space of the
spectrum of the commutative monoidal object A.

In fact, what is hidden behind the definition of a relative Zariski open immersion
as a finitely presented flat epimorphism is a notion of open sub-object for the
module categories, i.e. Spec.B/ is a relative Zariski open sub-object of Spec.A/
in Comm.C/ if B-mod is an "open" sub-category of A-mod in some sense. This
notion of "open" corresponds to being a localization of A-mod ([BQ]), i.e. a full
subcategory which is reflexive (there is an exact left adjoint to the forgetful functor).

This notion leads us to sheaf theory. As we work with the category C,
in the article, we need the C-enriched sheaf theory of the article [BQ]: C-
enriched localizations are obtained by defining the Zariski open immersion as C-flat
morphisms instead of just flat ones. So, now, the C-category of presheaves isA-mod.
It is the category of presheaves on the category with one object � and End.�/ WD A.
And the "open subcategories" are just the categories of sheaves. To each such
subcategory corresponds a C-Grothendieck topology2 which is in particular a set
of sieves, which are ideals of A in our case. We will call these topologies Gabriel
Filters.

Working then a little more on the stability property of Gabriel filters, and
showing that they are characterized by their subsets of prime ideals, we recover
a notion of Zariski topology analogous to the one for Z-schemes or F1-schemes
in [D]. In the two following theorems, we call the topology obtained the Zariski
topology on Spec(A).

Recall that Spec.A/ hasn’t been defined as the set of prime ideals of A. In this
article, we use Lp.A/ to denote the topological space whose points are the prime
ideals of A and whose topology is the one described previously (definition 3.12).
Such notation is not made to last a long time, but it is necessary to choose one at
this stage of the work.

2We give the definition fitting our case in 2.2, the general (enriched) definition is in [BQ]
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12 F. MARTY

Our first theorem makes the link between the topological space Lp.A/ and
the already existing structure of locale (a topological space without points; it is
discussed in [TV] at the end of section 2.4, bottom of page 24), denoted by
Zar(Spec.A/) on the category of Relative Zariski open subobjects of Spec.A/
(objects are Zariski open sub-objects Spec.B/!Spec.A/ and morphisms are open
immersions).

Theorem 1 (See 3.13) LetA be a commutative monoidal object in a relative context
C. The poset of Zariski open subobjects Zar.X/ of X WDSpec.A/ is the locale
associated to the topological space Lp.A/ whose points are the prime ideals of
A and whose closed sets are given, for an ideal q of A, by V.q/ WD fp st q � pg.

The second theorem describes an open base of the topology (Proved before in
the text). This theorem can be seen as a corollary of the first, as the basis of open
sub-objects is in fact clear in Lp.A/.

Theorem 2 (See 3.7) Let A be a commutative monoidal object in a (strong) relative
context C. Then the Zariski open objects (Spec(Af //f 2A0 form a basis of Zariski
open sub-objects in Zar(Spec.A/).

The object Lp.A/ that we get in the end has a structure sheaf of commutative
monoidal objects in C (the definition of [D] section 2.1 can be generalized
straightforward), and it’s an object we would like to call also Spec.A/, because
it’s the analogue of the ringed space associated to a ring. This will certainly become
evident in the proof of the equivalence of the two points of view in the relative
case, i.e the equivalence between the categorical construction of schemes used here
and the ringed space like construction (as in [D] for (Set ,�,F1)) where schemes
would be monoidal spaces (topological spaces together with a sheaf of commutative
monoidal objects in C) locally isomorphic to spectra of commutative monoidal
objects in C.

In this paper, we will apply our constructions and results in the relative context
(Set ,�,F1) in order to compare the notions of F1-scheme of [TV] and [D] and to
prove that the associated topological spaces are homeomorphic.

Acknowledgments I wish to thank Bertrand Toën for his helpful comments and
suggestions regarding this work. I also thank Joseph Tapia for the clearness of his
comments on category theory and Michel Vaquié for useful feedback on this work,
in particular on a (necessarily vicious) finiteness problem.
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Preliminaries

Through the entire paper .C;˝;1/ is a closed symmetric monoidal category which
is complete, cocomplete, locally finitely presentable, regular in the sense of Barr
and has a compact(i.e. finitely presented) unit. Let C0 denote the full subcategory
of finitely presented objects. Recall that C is regular in the sense of Barr if the
pullback of a regular epimorphism (i.e. a cokernel) is also a regular epimorphism
and C is locally finitely presentable if the Yoneda functor i W C! pr.C0/ is fully-
faithful. We assume furthermore that C0 is stable under tensor product and that
HomC.1;�/ preserves regular epimorphisms (we say that C respects images). A
category C verifying these hypotheses will be called a relative context.

The functor i has a left adjoint K defined, for F 2 P r.C0/ by K.F / WD

Colim.k;f /2C0=F k where C0=F is the category whose objects are couples .k;f /,
k 2 C0, f 2 F.k/ and morphisms from .k;f / to .k0;f 0/ are morphisms h W k! k0

such that f 0 ıhD f .

The hypotheses have three first important consequences. The functor i reflects
epimorphisms, filtered colimits are exact in C and the collection of subobjects of

a given object X , i.e. of isomorphism classes of couples .Y;j / where Y
j

X

and j is a monomorphism, is a set.

The functors HomC.1;�/, denoted by .�/0 W X ! X0 and HomC.k;�/,
denoted by .�/k W X ! Xk , k in C0, from C to Set will be called respectively
the underlying set functor and the weak underlying set functor. For X 2 C, the
object X0 is the underlying set of X . If there is no confusion, we may forget the
word weak for the other functors. An element of X is an element of one of its weak
underlying sets Xk or X0. If f is such an element, we will write f 2X .

A relative context is called strong when the functor .�/0 reflects isomorphisms
i.e. when the unit 1 generates C. For X;Y 2 C, let rX , lX , s.X;Y / and aX;Y;Z denote
respectively the natural isomorphisms X ˝ 1! X , 1˝X ! X , X ˝ Y ! Y ˝X ,
and .X ˝ Y /˝Z ! X ˝ .Y ˝ Y /. The Mac Lane coherence theorem (cf [McL])
asserts that any monoidal category is equivalent to one in which the morphisms r;l
and a are identities, so they can be considered as identities in all demonstrations
concerning properties of C that are stable under monoidal equivalences.

In such a category, there exists a notion of commutative monoidal object and
of A-module for a given commutative monoidal object A (see [McL] or [TV]). For
a commutative monoidal object A and an A-module M , let mA, iA, �M denote
respectively the multiplication A ˝ A ! A, the unit morphism 1 ! A and the
multiplicationM˝A!M . It is known that module categories over a commutative
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14 F. MARTY

monoidal object A are also symmetric monoidal categories for the tensor product3

˝A upon A. The notations for structural morphisms for the category C will then
be the same as for any category of modules over a commutative monoidal object A.
Comm.C/ will refer to the category of commutative monoidal objects in C and for
A 2Comm.C/, A-mod will refer to the category of A-modules.

In fact, all the hypotheses on our basis category will be true in any of its module
categories. If A be a commutative monoidal object in C, then the category A-mod is
a relative context. Let us give some details of this fact. It’s well known thatA-mod is
closed, complete and cocomplete. Moreover, since the forgetful functor A-mod! C

commutes with small limits and colimits, it is easy to prove in A-mod regularity in
the sense of Barr, the compactness of the unit A and the fact that A-mod respects
images. Most difficult is to prove that the full sub-category of finitely presentable
objects of A-mod, denoted A-mod0 is a generating subcategory. It can be proved
for example using Ind-objects.

In a relative context, the category of commutative monoidal objects has also
some interesting properties. In particular, it can be proved that it is locally finitely
presentable. As the module categories are also relative contexts, these properties
are true in any category of algebras in C. Recall that, for a commutative monoidal
object A, the category of algebras over A, denoted A-alg is Comm(A-mod). It is
also equivalent to A=Comm.C/.

Let us now recall some well known properties of monoidal categories. A
pushout in A-alg is a tensor product in the sense that for commutative monoidal
objects B;C 2 A-alg, B˝A C w B

`
AC . There are two adjunctions:

C
.�˝A/

A-mod
i

C
L

Comm.C/
i

where the forgetful functor i is a right adjoint and the free associated commutative
monoidal object functor L is defined by L.X/ WD

`
n2NX

˝n=Sn
4 (where Sn

refers to the symmetric group, regarded as a category with one object). In these
adjunctions, C can be replaced by B-mod for B 2Comm.C/. Let ' (resp 'B) and  
(resp  B ) denote these adjunctions for the category C (resp B-mod). For X 2 C and
M 2 A-mod, ' WHomC.X;M/!HomA-mod.X ˝A;M/ is easy to describe :

' W f ! �M ı IdA˝f '�1 W g! g ı .IdX ˝ iA/ ı r
�1
X :

3Given by M ˝A N WD coker. M ˝A˝N
�M

�N

M ˝N / where the colimit is taken in

.C;˝;1/
4Where X˝n=Sn WD ColimSnF , F.�/ D X˝n and Sn ! End.X˝n/ is the evident

permutation map.

https://doi.org/10.1017/is011012004jkt176 Published online by Cambridge University Press

https://doi.org/10.1017/is011012004jkt176


Relative Zariski Open Objects 15

1. Algebraic Structures

Commutative monoids in C and commutative algebras in C In such a
general setting, the objects that are of interest to us for defining affine schemes are
commutative monoidal objects in C. This notion is in fact analogous to that of rings
in Z-mod (commutative monoidal objects in the category of commutative groups
Z-mod) and that of commutative monoids in Sets (Deitmar). Thus, to simplify
vocabulary, we will call these objects commutative monoids in C.

Definition 1.1 A commutative monoid in C is defined as a commutative monoidal
object in C. Recall that it consists of an object A, a morphism mA W A˝A! A and
a morphism iA W 1! A such that the following diagrams commute:

A˝ 1
IdA˝iA

rA

A A˝A
mA

1˝A

iA˝IdA

lA

A˝A

mA

s.A;A/
A˝A

mA

A

A˝ .A˝A/
IdA˝mA

.mA˝IdA/ıa
�1
A;A;A

A˝A

mA

A˝A
mA

A

The usual notion of commutative monoid in the category of sets will then be referred
to as commutative monoid in sets. A commutative monoid in C will just be called a
commutative monoid when the monoidal category is clear.

Definition 1.2 Let A be a commutative monoid in C. A commutative A-algebra is
a commutative monoid in the monoidal category (A-mod,˝A,A).

Images and generators We define and describe now two fundamental notions
in a relative context C. These notions will be particularly important in the relative
context A-mod for a commutative monoid A.

Definition 1.3 (Images) Let u WX ! Y be a morphism in C.

F Let CY denote the sub-category of C=Y consisting of all objects Z such
that the morphism Z ! Y is a monomorphism and whose morphisms are
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16 F. MARTY

monomorphisms in C=Y . A subobject of Y is an isomorphism class of objects
in CY . The category of subobjects of Y will be denoted sub.Y /.

F A subobjectZ of Y contains the image of u if u factors through the inclusion
Z ,! Y . We denote by subuY the sub-category of sub.Y / whose objects are
subobjects of Y containing the image of u.

F The image of u, denoted Im.u/ is Im.u/ WD LimsubuYZ.

F Let juj denote the object juj WD Coker. X �Y X X /.

The existence of the limit is due to the smallness of the category subuY .

Lemma 1.4 Let u WX ! Y be a morphism in C.

˘ If u is a monomorphism, then there is an isomorphism X w Im.u/.

˘ Let v W Y !Z be in C. Then there is an isomorphism Im.vıu/w Im.vıu0/
where u0 is the monomorphism u0 W Im.u/! Y .

˘ There is an isomorphism Im.u/w juj.

Proof: If u is a monomorphism, the isomorphism class associated to the object X
is initial in subuY , thus X w Im.u/. The second isomorphism comes from the
equality v ıuD v ıu0 ıu00 where u00 is the morphism u00 WX ! Im.u/. And by the
universal property of the image, Im.v ıu0 ıu00/D Im.v ıu0/.

Let us prove the third isomorphism. There is a unique natural morphism from
juj to any subobject of Y containing the image of u and thus from juj to Im.u/. We
need to prove that juj is a subobject of Y to achieve the proof. Let us prove first that
X �Y jujwX . As a relative context is regular in the sense of Barr,

juj �Y X w Coker. X �Y X �Y X X �Y X /w jpj

where the natural morphism p WX �Y X !X is split by a morphism s, i.e. p ı s D
Id . Let r;q and t denote respectively the morphism X �Y X ! jpj, the morphism
jpj !X and the morphism r ı s. There is a diagram

X �Y X
r

p
jpj

q

X
s

t

in which qıt D qırıs D pıs D Id . Reciprocally, tıq D Id is a clear consequence
of the universal property of the cokernel jpj.
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Finally

juj �Y jujw Coker. X �Y X �Y juj X �Y juj /w juj

so juj represents a subobject of Y .

Corollary 1.5 Let u W X ! Y be a morphism in C. The morphism u0 W X0 !

Im.u/0 is surjective.

Proof: As C respects images, the functor .�/0 commutes with regular epimorphim
and thus sends them to epimorphisms in the category of sets, i.e. to surjective
morphisms.

Lemma 1.6 Let u W A ! B be a morphism in Comm.C/. Its image in C is
isomorphic (in C) to its image in Comm.C/.

Proof: Let Im.u/ be its image in C. We provide it with a structure of commutative
monoid. Let u0 denote the morphism A ! Im.u/. The unit morphism of Im.u/
is u0 ı iA. Let us now define a multiplication morphism. Recall that the forgetful
functor from A-mod to C commutes with small colimits. Thus Im.u/ has a natural
structure of A-module. As C is closed, the functors X ˝�, X 2 C commute with
small colimits and preserve epimorphisms. Thus

Im.u/˝ Im.u/w Coker. A�B A˝ Im.u/ A˝ Im.u/ /

Im.u/˝Aw Coker. A�B A˝A A˝A /:

Moreover, the morphism Id˝u0 W A�BA˝A! A�BA˝Im.u/ is an epimorphism.
There is a commutative diagram

A�B A˝A

Id˝u0

A˝A

IdA˝u
0

A�B A˝ Im.u/ A˝ Im.u/
�Im.u/

Im.u/

where IdA˝ u0 equalizes the two top morphisms. Thus �Im.u/ equalizes the two
morphisms from A �B A˝ A to A˝ Im.u/ and as Id ˝ u0 is an epimorphism,
�Im.u/ equalizes the two morphisms of the coker Im.u/˝ Im.u/. Finally �Im.u/
has a lift mIm.u/ W Im.u/˝ Im.u/! Im.u/. The commutativity of the structure
diagrams of this monoid is clear.

Definition 1.7 (Generators) Let X be in C and F D .fi /i2I be a family of
elements of X , i.e. each fi is an element of some HomC.k;X/ with k 2 C0. Let
subFX denote the full subcategory of sub.X/ whose objects are subobjects Y of
X containing the family F . The object generated by F is

XF WD LimsubFXY:
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18 F. MARTY

Definition 1.8 Let X be in C and F D .fi /i2I be a family of elements of X . The
presheaf associated to F , denoted F 0, is defined by

F 0 W k! F.k/ WD ff 2Xk st 9 h W k! k0 and g 2 F \Ck0 st f D g ıhg:

It is a presheaf by construction. Moreover, the family
`
kF
0.k/, still denoted

F 0, generates the same object, i.e. XF 0 w XF . In fact, this object is the image of
the morphism of presheaves

`
F k!X .

Lemma 1.9 Let X be in C, F D .fi /i2I be a family of elements of X and F 0 be
its associated presheaf. Then the object XF is isomorphic in C to the image of the
natural morphism

p WK.F 0/ WD Colim
CF
0

0
k!X

where K is the left adjoint of the Yoneda functor i W C! P r.C0/.

Proof: Considering the adjunction betweenK and i , the category subpX is clearly
isomorphic to subFX .

Let us now list the properties of an object generated by a family.

Lemma 1.10 Let X be in C and F be a family of elements of X .

1. If Y;Y 0 are two objects of sub.X/ generated by F , they are isomorphic.

2. If .�/0 reflect isomorphisms, X0 is a generating family of X .

3. Let u W X ! Y be in C. Then the family u�.F / WD fu ı f;f 2 F g generates
Im.u/.

4. The family F generates X if and only if it is an epimorphic family of
morphisms.

5. A morphism is an epimorphism if and only if it preserves generating families.

6. Let G be the diagram of finite subsets of F whose morphisms are inclusions.
Then there is an isomorphism XF w ColimG2GXG .

7. If X is generated by F and finitely presented in C (HomC.X;�/ commutes
with filtered colimits), it is generated by a finite family included in F .

8. Let A;B be in C. Then the family i.A/� i.B/ generates A˝B .

9. Let u W A! B and C be in C. Then the image of u˝ IdC is generated by
i.Im.u//� i.C /.

https://doi.org/10.1017/is011012004jkt176 Published online by Cambridge University Press

https://doi.org/10.1017/is011012004jkt176


Relative Zariski Open Objects 19

Proof: (1) is clear. For (2), let us assume that .�/0 reflect isomorphisms. Let Y
be the subobject of X generated by X0. There is an isomorphism X0 w Y0, thus
X w Y .

(3) The elements of u�.F / are clearly elements of Im.u/. Let Im.u/F be the
subobject of Im.v/ generated by u�.F /. The natural morphism F ! Im.u/F lifts
to a morphism X ! Im.u/F which factors u. Thus there is a monomorphism
Im.u/ ! Im.u/F . As Im.u/ is a sub-object of Im.u/F in Subu�.F /.Im.u//,
there is an isomorphism Im.u/w Im.u/F .

(4) A generating family is clearly epimorphic. Reciprocally, if F is epimorphic,
let F 0 be its associated presheaf. There is an isomorphism HomC.X;Y / w
HomC.K.F

0/;Y / for all Y 2 C. Thus, by Yoneda, X wK.F 0/wXF .
(5) is clear, as epimorphisms preserves epimorphic families by composition.
(6) We prove first that ColimG2GXG is a subobject of X . The Yoneda functor

i W C ! P r.C0/ commutes with filtered colimits. Thus we compute this colimit
levelwise in P r.C0/. More precisely, there are isomorphisms colimG2G.XG/k w
ColimG2G..XG/k/. For all k 2 C0, the sets .XG/k are subsets ofXk , therefore their
filtered colimit is a subset of Xk . This implies that ColimG2GXG is a subobject of
X in C. Finally, as ColimG2GXG clearly contains F , X w ColimG2GXG .

(7) The object X is finitely presented and isomorphic to ColimG2GXG . Thus
there exists a finite set G such that this isomorphism factors through XJ . The
morphism XJ ! X is then a monomorphism and a split epimorphism, hence an
isomorphism.

For (8), we write A˝B w K.i.A//˝K.i.B//, and set F WD i.A/� i.B/, so
that

A˝B w colim
.k;f /;.k0;f 0/2C

i.A/
0 �C

i.B/
0

k˝ k0 wK.F /:

(9) The morphism u˝IdC factors through Im.u/˝C ! B˝C and Im.u/˝C
is generated by i.Im.u//� i.C /. The morphism i.A/� i.C /! i.Im.u//� i.C / is
surjective thus the image of u˝ IdC is isomorphic to the image of Im.u/˝C !
B˝C , which is generated by i.Im.u//� i.C /.

Ideals and multiplication

Definition 1.11 (Ideals) Let A be a commutative monoid and M be an A-module.
A sub-A-module of M is a subobject of M in the category A-mod. An ideal of A is
a sub-A-module of A.

We adopt the following convention for the rest of the paper. For any ideal
q, an element of the isomorphism class will be chosen and also called q. The
corresponding monomorphism will be denoted jq W q! A.

Lemma 1.12 Let A be in Comm.C/, M be an A-module and q be an ideal of A.
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20 F. MARTY

˘ The object A0 is a monoid in .Set;�;�/ and the object M0 is a A0-module
in .Set;�;�/.

˘ The object q0 is a subset of A0.

˘ The morphism ' defines an isomorphism of monoids in .Set;�;�/ and A0 w
EndA-mod.A/.

˘ If there exists f 2 q0 which is invertible in A0, then q w A.

Proof: The proof of the three first items is clear. Let us prove the fourth. The
morphism '.f / is an automorphism of A in A-mod which factors through jq .
The morphism jq is thus both a monomorphism and a split epimorphism, hence
an isomorphism.

Definition 1.13 Let A u
B be a morphism of commutative monoids and q be

an ideal of A. The image of the ideal q in B , denoted qB , is the image of the
morphism q˝AB! B in B-mod.

Lemma 1.14 Let A u
B be a flat morphism in Comm.C/ (i.e. �˝A B is an

exact functor,[TV] page 3), and let q be an ideal of A. Then q˝AB w qB .

Proof: The functor �˝A B preserves monomorphisms thus q˝A B is an ideal of
B .

Definition 1.15 (Multiplication) Let A be in Comm.C/, f be an element of A and
M an A-module. Then multiplication by f in M , denoted �f is defined by the
commutative diagram

M ˝AA˝ k
IdM˝f

rM˝Idk

M ˝AA

rM

M ˝ k
�f

M:

In particular, when M D A, �f D '.f / where ' is the adjunction defined in the
preliminaries.

Lemma 1.16 Let A be in Comm.C/, M;N be two A-modules and u be in
HomC.M;N /. The morphism u is in A-mod if and only if it commutes with
morphisms �f for any element f of a generating subset of A, i.e. satisfies
�f ı .u˝ Idk/D u ı �f .
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Proof: It is easy to check, keeping in mind that generating families of elements are
epimorphic families and the functors Z˝�, Z 2 C preserve epimorphisms.

Lemma 1.17 Let A be in Comm.C/ and q be an ideal of A. An element f of A is
an element of q if and only if '.f / factors through jq .

Proof: It comes from '.jq ıf /D jq ı'.f /.

Localization

Definition 1.18 Let A be in Comm.C/ and S be a multiplicative part of the pointed
monoid A0 WD HomC.1;A/. A localization of A along S is a couple .S�1A;wS /,
where wS W A! S�1A 2Comm.C/, satisfying the following properties:

1. The image of the elements of S are invertible, i.e. .wS /0.S/� .S�1A/�0 .

2. Any morphism verifying i factors through wS . More precisely,
8 A

u
B 2 Comm.C/; if u0.S/� B�0 then 9Š v such that the diagram

A
u

wS

B

S�1A

v

commutes.

If S D< ff g > is the multiplicative part generated by the one element f , Af will
refer to S�1A and w to wS .

Remark 1.19 Lemma 1.21 and proposition 1.20 prove the existence of S�1A, and
the morphism A! S�1A is an epimorphism by construction. It is well known that
a morphism of monoids is an epimorphism if and only if the corresponding forgetful
functor on the module categories is fully faithful. In particular, the category S�1A-
mod is a full subcategory of A-mod.

Proposition 1.20 Let A be a commutative monoid and f be in A0. Let j1 and j0
denote respectively the inclusion morphisms of A D A˝A1=S1 and A D A˝A0=S0

in LA.A/D
`
n2NA

˝An=Sn. Define ı as j1 ımA ı Id ˝f ı r�1A . Then

Af w coker. LA.A/
 A.ı/

 A.j0/

LA.A/ /:

The colimit is taken in Comm.C/.
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Proof: Let us prove first that this colimit satisfies (2) in definition 1.18. Let
A

u
B be in A=Comm.C/ such that g WD u0.f / D u ı f is invertible in B0.

Let g�1 denote its inverse. Thusmb ı.g˝g�1/˝r�11 D iB . Consider the morphism
 A.ˇ/ W LA.A/! B in A-alg adjoint to ˇ D mb ı .u˝ g�1/ ı r�1A W A! B . Then
 A.ˇ/ ı j0 is the unit morphism of B in A-alg, i.e. is u. We get  A.ˇ/ ı j1 D ˇ.
Thus  A.ˇ/ ı ı D ˇ ımA ı .Id ˝ f / ı r

�1
A . Moreover the following diagram is

commutative:

A

r�1A

 A.ˇ/ıı

A˝ 1
IdA˝r

�1
1

IdA˝f

A˝ 1˝ 1

IdA˝f˝Id1

b

A˝A
IdA˝r

�1
A

mA

A˝A˝ 1

mA˝Id1

B˝B

mB

A
r�1A

A˝ 1
IdA

A˝ 1:

u˝g�1

Then using the compatibility between ˝ and ı, the commutative monoid mor-
phism’s structure of u and the associativity of multiplication, the computation
of ˇ ı mA ı .Id ˝ f / ı r�1A gives u. Thus  A.ˇ/ ı ı D  A.ˇ/ ı j0, hence
 A.ˇ/ ı  A.ı/ D  A.ˇ/ ı  A.j0/. Finally, by the universal property of colimits,
there exists a unique morphism from this colimit to B .

Let us prove now that the colimit satisfies (1) in definition 1.18. We now denote
this colimit by Af , and the morphism A ! Af by !. There exists a morphism
Np from LA.A/ to Af such that Np ı ı D !. Let p W A ! Af denote the adjoint

of Np. Then p ı mA ı .Id ˝ f / ı r�1A D p. Moreover, considering the identity
mAf ı .!˝ .p ı iA// ı r

�1
A D p, it is clear that the morphism p plays the same role

as ˇ, and p ı iA will play the role of g�1. Thus, an analogous computation gives

! ı iA D p ımA ı .Id ˝f / ı r
�1
A ı iA DmAf ı ..! ıf /˝p ı iA/˝ r

�1
1 :

Thus the product of ! ıf and p ı iA is the unit element of .Af /0.

Lemma 1.21 A category, still denoted S , is associated to S . Its elements are
elements of S and for two elements f;g of S , the morphisms from f to g are the
elements h of S satisfying f �hD g. There is an isomorphism S�1Aw ColimSAf .
Furthermore, as S is multiplicative, this colimit is filtered.

Proof: By the universal property of objects S�1A and Af .
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Proposition 1.22 Let A be a commutative monoid and f be in A0.

The object B WD colim. A
'.f /

A
'.f /

A
'.f /

::: / can be provided with a
structure of a commutative monoid and is isomorphic in A-alg to Af .

Proof: First, B can be provided with the structure of commutative monoid. The
unit morphism 1! B is induced by the morphism from 1 to the first term A in the
colimit. Let NC1 denotes the category generated by the graph whose vertices are
integers with a vertex from i to iC1 for any i . Let F denote the functor from NC1 to
A-mod which sends any integer to A and any generator morphism i 7! i C 1 to 'f .
Then, clearly, B w colim.F / and B ˝A B w Colim.F ˝A F / w ColimF w B .
This isomorphism defines the multiplication morphism of B . One can check easily
that these morphisms provide B with the structure of monoid in C.

The next step is to prove that g WD iB ı f is invertible in HomA-mod.A;B/ w
B0. There exists a morphism from the second term A in the colimit to B , denoted
arbitrarily by g�1. One verifies that g�1 ı '.f / D iB . As '.f / D mA ı .IdA˝A
f / ı r�1A , we get

iB D g
�1 ı'.f /D g�1 ımA ı .IdA˝A f / ı r

�1
A :

By A-linearity of g�1, this equals

�B ı .g
�1˝A IdA/ ı .IdA˝A f / ı r

�1
A

where �B DmB ı .IdB ˝A iB/. Thus iB equals

�B ı .g
�1˝A f / ı r

�1
A DmB ı .g

�1˝A g/ ı r
�1
A :

Last but not least, let us prove that B satisfies property (2) of the definition of
Af . Let v denote the unit morphism of B in A-alg. Let h W A! C be a morphism
in Comm.C/ such that g WD h0.f / is invertible in C0. Let g�1 denote the inverse of
g WD h ıf in C0. Then the following diagram commutes:

A
r�1A

A˝ 1
h˝g�1

C ˝C
mC

C

A

'.f /
h

Indeed mC ı .h˝ g�1/ ı r�1A is just '.g�1/ and h ı '.f / is '.g/. So this diagram
gives their product inHomA-mod.A;C /which is the unit morphism of C in A-alg, h.
Using the same method with inverses g�n of gn, we construct a family of morphisms
from A to C which makes the diagram of the colimit B commute. Thus there is an
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induced morphism in A-mod, s W B! C such that s ı v D h.
The morphism s is in fact a morphism of A-alg. Indeed, the commutativity of the
diagram

B
s

C

B˝AB

mB

s˝As
C ˝A C

mC

is equivalent, by the universal property of colimits, to the commutativity, for each
n, of the diagram

A
'.g�.nCm//

C

A˝AA

mA

'.g�n/˝A'.g
�m/
C ˝A C

mC

which is clear.

Corollary 1.23 Let q be an A-module, f be in A0, and S be a multiplicative part
of A0. Then

1. qf WD q˝AAf w colim. q
�.f /

::: /.

2. q˝A S�1Aw colimSqf .

Proof: The result is implied by lemma 1.21, proposition 1.22 and the fact that
q˝A� commutes with colimits.

Corollary 1.24 Let S be a multiplicative part of A0. The category S�1A-mod of
modules over S�1A is exactly the subcategory of A-mod of all modulesM such that
for any element f of S , �f is an invertible endomorphism of M .

Proof: Clearly, if q is in S�1A-mod, it satisfies the property. Let q be an A-module
satisfying the property. Then, by the previous corollary, qf w q 8f 2 S . Hence
q˝A S

�1Aw q and thus q is in S�1A-mod.
The localizations of A are important because they are the basic examples of

Zariski open subobjects of Spec.A/. Thus, the next step is to prove it.
Zariski open objects

Definition 1.25 (cf [TV] page 3) Let A! B in a morphism in Comm.C/. Then:

1. A! B is C-flat if the functor �˝A B commutes with finite enriched limits
(cf definition 4.2 in appendix).

2. A! B is finitely presented, if B is finitely presented in A-alg.
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3. A! B is a formal Zariski open morphism, if it is both a C-flat morphism and
an epimorphism.

4. A! B is a Zariski open morphism, if it is a finitely presented formal Zariski
open morphism. In this case, the subsheaf Spec.B/ of Spec.A/ will be called
a Zariski open subobject of Spec.A/.

Remark 1.26 This definition is not exactly the definition of [TV]. Indeed, C-flat
means that the functor is not only exact but also commutes with finitely presented
exponentiation (see proposition 4.3 in the appendix). This more precise definition
is necessary to prove the theorem and is also a generalisation of usual cases. In fact,
there is an equivalence between flat and C-flat, if finitely presented objects inA-mod
are quotients of free objects of finite type. In this case, exponential objects depend
only on finite limits. One example is the case of abelian groups (Z-mod,˝,Z) in
which for any ring A and finitely presented A-module M , there exists a resolution
Aq! Ap!M .

Lemma 1.27 Let A be in Comm.C/.

1. IfX 2 C (resp A-mod) is finitely presented then so is LA.X/ 2Comm.C/ (resp
A-alg).

2. Finitely presented objects are stable under finite colimits.

Moreover, in A-mod, filtered colimits commute with finite enriched limits
(Corollary 4.4 in appendix). In particular, localizations are Zariski open objects.
Indeed, the following corollary results.

Corollary 1.28 (of 1.20, 1.19, 1.23 and 1.27)
Let A be in Comm.C/, f in A0, and S a multiplicative part of A0. Then A !
S�1A is a formal Zariski open morphism and A! Af is a Zariski open morphism,
i.e. Spec.S�1A/ is a formal Zariski open subobject of Spec.A/ and Spec.Af / is a
Zariski open subobject of Spec.A/.

2. Gabriel Filters

Gabriel filters and Borceux-Quinteiro’s theorem. The key idea of the
classification is to introduce the notion of Gabriel filter to make a link between
Zariski open objects and ideals. A Gabriel filter on a monoid A will be a
Grothendieck topology on the category BA, defined here in an enriched sense.

Definition 2.1 Let A be in Comm.C/.

https://doi.org/10.1017/is011012004jkt176 Published online by Cambridge University Press

https://doi.org/10.1017/is011012004jkt176


26 F. MARTY

1. Let BA denote the C-category consisting of one object � and an object of
morphisms HomBA.�;�/ WD A 2 C.

2. Let Pr.BA/ denote the C-category of C-presheaves i.e. of C-functors from
BA to C.

3. The Yoneda C-functor consists of the C-functor � ! h� which is defined on
objects by h�.�/ D A and on morphisms by the adjoint h� W A! EndC.A/

of mA.

In fact, any C-presheaf on BA sends � to an A-module and the functor

F W Pr.BA/! A-mod .G WBA! C/ 7!G.�/

defines a C-equivalence from Pr.BA/ to A-mod.

Definition 2.2 (cf [BQ] for general definition) A Grothendieck C-topology on BA

consists of a set J of ideals of A such that:

1. A 2 J .

2. 8q 2 J , 8k 2 C0 and 8f 2 Ak , f �1.q/D .qk �Ak A/ 2 J .

3. Let q;r be two ideals of A such that q 2 J . If 8f W k ! q; k 2 C0 the ideal
f �1.r/ is in J , then so is r .

Here qk DHom.k;q/ and Ak DHom.k;A/ are exponential objects. This topology
will be called a Gabriel filter. In (2) the morphism from A to HomC.k;A/ is the
adjoint of the morphism '.f / W .A˝ k/! A.

Lemma 2.3 Let G be a Gabriel filter, q an ideal in G, k in C0 and f in Ak . The
ideal f �1q is the sup (or union), in the poset of ideals of A containing q, of the
ideals p such that the multiplication �f W p ! p factors through q ,! p. This
family of ideals is denoted Contf q.

Proof: Weak underlying set functors commute with limits, and the commutative
diagram

Ak0
��
f

Ak0˝k

f �1q qk0˝k :

proves that f �1q 2 Contf q. Moreover, if q0 is in contf q, it is easy to check, by
the universal property of f �1q, that q0 ,! f �1q.
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Definition 2.4 (Borceux-Quinteiro [BQ]) A localization of A-mod consists of a
full reflexive (saturated) sub-C-category of A-mod such that the left adjoint of the
inclusion C-functor is left C-exact.

Theorem 2.5 (Borceux-Quinteiro [BQ]) For A in Comm.C/, there is a bijection
between the set of Gabriel filters of A and the set of localizations of A-mod.

The poset of Gabriel filters of A will be denoted GabA and the poset of
localizations of A-mod will be denoted LocA.

Lemma 2.6 [BQ] Let L be a localisation of A-mod. The Gabriel filter associated
to L, denoted GL consists of the set of ideals q of A satisfying for all M in L

HomA-mod.A;M/wHomA-mod.q;M/:

Conversely, let G be a Gabriel filter. The localisation associated to G, denoted LG ,
is the full sub-C-category of A-mod whose objects are A-modules M satisfying for
all q in G

HomA-mod.A;M/wHomA-mod.q;M/:

Remark 2.7 The bijection GabAw LocA is a contravariant isomorphism of posets.
This implies that LocA and GabA have small unions. The poset GabA has small
intersections. A small intersection in GabA is an intersection in the sense of sets.

The poset LocA has small intersections. If Li is a small family of localisations
with left adjoint functors li , its intersection consists of the sub-C-category of A-mod
whose set of objects is \iOb.Li / and whose left adjoint functor is Colim.li /.

Proposition 2.8 Let Y WDSpec.B/ be a formal Zariski open subobject of
X WDSpec.A/ 2AffC. The category B-mod is a localization of A-mod. Its associated
Gabriel filter is the set of ideals q such that q˝AB w B .

Proof: The category B-mod is clearly a localization of A-mod. The characteriza-
tion of 2.6 induces by adjunction, for all M 2 B-mod, an isomorphism

HomB-mod.B;M/wHomB-mod.q˝AB;M/:

Thus, by Yoneda q˝AB w B .

The object Spec.S�1A/ is a formal Zariski open subobject of Spec.A/. Thus,
there is an associated localization of A-mod. The following proposition describes
its associated Gabriel filter.

Proposition 2.9 Let A be a Commutative monoid, f 2 A0 and S a multiplicative
part of A0. Then the Gabriel filter Gf associated to Af is the set of ideals of A
containing a power of f , and the Gabriel filter GS associated to S�1A is [f 2SGf
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Proof: Let G denote the set of ideals of A containing a power of f . Let q be an
element of G. There exists n such that f n 2 q0. Thus qf contains an invertible
element of Af and by 1:12 is isomorphic to Af . Therefore, G �Gf .

Reciprocally, let q be inGf . Then iqf W qf w q˝AAf ! Af is an isomorphism
and the diagram

A0 .Af /0 w .A0/f

q0

�ıiq

.qf /0 w .q0/�ı�f
is commutative. As this diagram is in Sets, 9n 2 N such that f n 2 q0. Thus q 2 G.
Finally G D Gf . For S�1A, clearly [f 2SGf � GS and the other inclusion is
obtained with an analogous commutative diagram in Set.

Primitive quasi-compact and locally primitive Gabriel filters

Definition 2.10 Let A be a commutative monoid.

F The product q:q0 of two ideals q;q0 of A is the image of the morphism q˝

q0! A.

F An ideal p of A is prime if for all q;q0 such that q:q0 � p, either q � p or
q0 � p.

F A set G of ideals of A is filtered, if for all q � q0, q 2G) q0 2G.

F A set of ideals of A is commutative, if it is closed under product of ideals.

F A set of ideals G is quasi-compact, if for any ideal q in G which is
isomorphic to a filtered colimit colimi2Iqi , there exists an i such that qi
is in G.

Lemma 2.11 Let A be a commutative monoid. Then:

˘ A commutative Gabriel filter is a monoid in Sets.

˘ Any Gabriel filter is filtered.

˘ Any Gabriel filter is commutative.

˘ A finite union or a finite intersection of quasi-compact sets of ideals is quasi-
compact.

˘ A Gabriel filter G is quasi-compact if and only if for any ideal q in G there
exists an ideal q0 � q, g0 in G, which is finitely generated, .
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˘ Let A be a commutative monoid, q;q0 two ideals of A and F a generating
family of q. Then there is an isomorphism q:q0 w [f 2F Im.�f / where �f W
q0! q0.

Proof: The first property is clear. The second property comes from axiom (2) in
the definition of Gabriel filter. The third comes from axiom (3). The fourth property
follows from the fact that finite unions and intersections of Gabriel filters are unions
and intersections in the sense of sets.

Let us now prove the fifth property. If G is a quasi-compact Gabriel filter, any
ideal q of G is the filtered colimit of its finitely generated sub-ideals (1.10). Thus
there is a finitely generated sub-ideal of q in G. Reciprocally, if q w colimI.qi / is
a filtered colimit in G along I and q0 is a finitely generated sub-ideal of q in G, then
the ideals q0 is of finite type and the morphism from q0 to the colimit factors through
an ideal qi . The morphism q! qi is clearly a monomorphism, thus qi 2G.

We now prove the sixth property. There is an isomorphism q w Im.K.F /! q/.
Moreover the image of K.F / under this morphism is a colimit, hence it commutes
with tensor product. Furthermore q0 w K.i.q0// w Im.K.i.q0//! q0// where i is
the Yoneda functor from C to P r.C0/. By 1.10, the image of K.F /˝ q0! q˝ q0

is q˝ q0. Thus

q˝ q0 w Im.Colim
.k;f /;.k0;f 0/2CF0 �C

i.q0/
0

k˝ k0! q˝ q0/:

In particular, F � i.q0/ generates q:q0. Moreover for all k 2 C0

k˝ q0 w Colim
.k0;f 0/2C

i.q0/
0

k˝ k0:

Thus Im.�f / is generated by ff g � i.q0/. Therefore, any generator of q:q0 is
included in an object Im.�f / where f 2 F and finally [f 2F Im.�f /w q:q0.

The elements of an ideal play a particularly important role. We describe them
more precisely.

Definition 2.12 Let A be a commutative monoid. The ideal of A generated by an
element f is denoted .f /. An isomorphism between two elements f 2 Ak; g 2 Ak0
is an isomorphism from k to k0 equalizing the two elements.

Lemma 2.13 Let A be a commutative monoid. The collection of isomorphism
classes of elements of A is a commutative monoid in sets, whose unit is iA. The
multiplication is denoted by f ˛ g. Moreover .f ˛ g/ D .f /:.g/. In particular
.f ˛n/D .f /n.
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Proof: The product given by f;g ! f ˛ g WD f ı .g˝ Idk/ provides the set of
isomorphism classes of elements with the structure of commutative monoid. The
formula .f ˛ g/ D .f /:.g/ is a particular case of the last property proved in the
previous lemma.

We will now give a more convenient equivalent definition for these commutative
Gabriel filters, in particular those of finite type.

Proposition 2.14 Let A be a commutative monoid. A Gabriel filter of A consists
of a subset G of the set of ideals of A, which is non-empty, filtered, and satisfies
property (3) of the definition of Gabriel filter.

A quasi-compact Gabriel filter of A consists of a subset of the set of ideals of A,
which is non-empty, filtered, commutative and quasi-compact.

Proof: Any Gabriel filter is non-empty and filtered. Reciprocally, we need to check
that properties (1) and (2) hold in G. G is filtered and non empty and thus contains
A. Let q be in G and f 2 Ak . Then the ideal f �1q contains q and thus is in G.

Let us now prove the characterisation of quasi-compact Gabriel filters. Let G
be a set of ideals satisfying these four properties. We have already proved that
properties (1) and (2) of the definition of Gabriel filter hold in G. Let us prove
now that (3) holds. Let q be in G and q0 be such that 8f 2k q, f �1q0 is in G.
Let I be the family of finite subets of elements of q, i.e. of

Q
k2C0

HomC.k;q/.
Let qX denote the ideal generated by a subset X of

Q
k2C0

HomC.k;q/. By 1.10,
q w colimi2Iqi . As G is finitely presented, there exists X such that qX is in G.
The diagram

A˝ k
�f

A

f �1.q0/˝ k
�f

q0

iq0

is commutative. Thus, qX :\f 2X f �1q0 w [f 2XIm\f2Xf �1q0.�f / � q0. As G is
closed under finite intersections and finite products, q0 is in G.

Proposition 2.15 Let u W A ! B be in Comm.C/. If u is a formal Zariski open
morphism then the Gabriel filter associated to B is quasi-compact.

Proof: Let q be in G and I be a filtered diagram such that q w colimi2Iqi . There
is an isomorphism q˝A B w B . Hence B w colimi2I.qi ˝A B/. As B is finitely
presented in A-mod, there exists i such that this morphism factors through qi˝AB .
As u is flat, qi˝AB w qi :B is an ideal of B . Finally, by lemma 1.12, qi˝AB w B .
Hence qi 2G.

Definition 2.16 Let A be a commutative monoid and q an ideal of A.
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F The Gabriel filter Gq is the smallest Gabriel filter of A containing q in the
poset GabA. A Gabriel filter generated by one ideal in this sense will be
called a primitive Gabriel filter.

F The Gabriel filter Gq is defined by Gq D \f 2qGf in the poset GabA. A
Gabriel filter generated by one ideal in this sense will be called a locally
primitive Gabriel filter.

Remark 2.17 The set of prime ideals included in Gq is the set of prime ideals
containing q.

Lemma 2.18 Let A be a commutative monoid and q a finitely generated ideal of A.
The Gabriel filter Gq consists of the set of all ideals of A containing a power of q.

Proof: Let G be the set of ideals containing a power of q. By 2.14, it is a quasi-
compact Gabriel filter. Thus Gq � G. Moreover its elements are obtained from q

by products and inclusions. Therefore G �Gq . Finally G DGq .

Corollary 2.19 Let A be a commutative monoid and q an ideal of A

˘ If F is a generating family of q, then Gq D\f 2FGf .

˘ If q D[i2Iqi , then Gq D\i2IGqi .

Proof: The proofs of these two properties are equivalent. So let us prove the first.
There is clearly an inclusion Gq � \f 2FGf . Let p be an ideal in \f 2FGf . Let g
be an element of q. Recall that .g/ refers to the ideal generated by g. By 1.10, there
is an isomorphism

q w colimF 0�F; f ini .qF 0/:
As .g/ is an ideal of finite type , the monomorphism .g/ ! q factors through an
object qF 0 in the colimit. There is an inclusion \f 2FGf � GqF 0 . Thus p is in
GqF 0 . As F 0 is finite, GqF 0 D GqF 0 . It follows that p contains a power of qF 0 . As
g is an element of qF 0 , p contains a power of g. This is true for all g 2 q. Thus
Gq D\f 2FGf .

Lemma 2.20 Let G and G0 be two locally primitive (resp primitive) Gabriel filters
generated respectively by q and q0. Their union in the poset of locally primitive
(resp primitive) Gabriel filters is the locally primitive (resp primitive) Gabriel filter
generated by q:q0. In particular, the prime ideals contained in the union are exactly
the prime ideals contained in one of the two Gabriel filters.

Proof: In the primitive case, Gq:q0 contains G and G0 and for any ideal p such that
Gp contains G and G0, Gq:q0 is clearly included in Gp.

In the locally primitive case, we write Gq [ Gq
0

D \f 2q;f 02q0Gf [ Gf 0 D

\f 2q;f 02q0Gf˛f 0 DG
q:q0 .
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3. Classification of Zariski Open Objects

Zariski open subobjects We first discuss affine Zariski Open subobjects, and then
give the general definition.

Lemma 3.1 Let A be a commutative monoid and let Spec.B/ and Spec.B 0/ be two
Zariski open subobjects of Spec.A/. Then Spec.B˝AB 0/ is a Zariski open subobject
of Spec.A/ and B ˝A B 0 �mod D B-mod \B 0-mod. The intersection is taken in
the poset LocA.

Proof: The localizations B-mod \ B 0-mod and B ˝A B 0-mod have clearly the
same objects. Hence they are equivalent C-categories. The two left adjoint functors
are thus adjoint to the same forgetful functor and thus are isomorphic.

We give now the first interesting result to make a link between Gabriel filters
and Zariski open subobjects.

Theorem 3.2 (Finite covering theorem) Let A be a commutative monoid and
(Spec.Bi //i2I a finite family of Zariski open subobjects of Spec.A/. This family
is a covering of the Zariski open subobject Spec.B/ for the topology defined on
Comm.C/ ([TV] definition 2.10.2) if and only if B-mod= [i2I (Bi -mod), where the
union is taken in the poset LocA.

Proof: We define a functor l W A-mod! A-mod

l.M/ WD ker.
Q
i;jM ˝ABi ˝ABj

Q
iM ˝ABi /:

This functor commutes with finite enriched limits (all the monoids in the kernel are
C-flat). It also satisfies l.M/˝ABi w l.M ˝ABi / for all M 2 A-mod and all i , by
flatness of Bi .

Let us prove first that l is isomorphic to identity on the categoryBi -mod for all i .
Let M be in Bi -mod. There is a unique monomorphism M ! l.M/ equalizing the
two arrows of the kernel, induced by the natural morphismsM !M ˝ABi˝ABj .
Furthermore

l.M/!
Y
j2I

M ˝ABj !M ˝ABi wM:

Thus the composition on M is the identity and the composition on l.M/ is the
unique endomorphism of l.M/ equalizing the two arrows of the kernel. Hence it is
identity. Finally M w l.M/.

Let us now verify that l2 D l . For all M 2 A-mod

l2.M/wKer.
Q
i;j l.M/˝ABi ˝ABj

Q
i l.M/˝ABi /:
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And for all i
l.M/˝ABi w l.M ˝ABi /wM ˝ABi :

Thus l2.M/ is isomorphic to l.M/.

We prove that the category L defined as the essential image of l is a localization.
First, we prove that l is left adjoint to the forgetful functor. The unit of the
adjunction is

M ! l.M/:

The counit of the adjunction, for N w l.M/ in the essential image of l , is the
isomorphism

l.N /wN:
The triangular identities for the unit and the counit are obtained from the triangular
identities for the unit and counit of the adjunctions between forgetful functors and
functors �˝ABi .

Finally, L is a localization with left adjoint functor l . It contains all the Bi -mod
and thus their union in LocA. It is contained in B-mod, by definition.

Let us now prove the finite covering theorem. If B-mod D[i2I .Bi -mod/, then
[i .Bi -mod/ � L � B-mod and [i .Bi -mod/ D B-mod. Thus L D B-mod. For all
M 2 B-mod, there is an isomorphism M w l.M/, which proves that the functor
B-mod!

Q
iBi -mod reflects isomorphisms.

Reciprocally, if the family of functors �˝A Bi reflects isomorphisms, then for
M 2 B-mod,

l.M/˝ABi w l.M ˝ABi /wM ˝ABi :
Thus l.M/wM and B-mod D LD[i (Bi -mod).

Proposition 3.3 Let A be a commutative monoid and Y WDSpec.B/ an affine
Zariski open subobject of X WDSpec.A/. Then the Gabriel filter associated to B
is primitive and generated by an ideal of finite type.

Proof: We write GB D[q2Gf tB Gq in GabA, where Gf tB is the set of ideals of finite
type in GB . Thus LB D \q2Gf tB

Lq in LocA. In particular �˝A B w Colim.lq/
where the functors lq are the left adjoints for the localizations Lq . As B is a finitely
presented A-algebra, the isomorphism B w colim.lq.A// factors through a lq.A/.
Therefore lq.A/ 2 B-mod. As all functors lq are isomorphic to identity on B-mod,
we obtain for all q0 2GB that lq0ılq.A/w lq.A/. HenceB˝A lq.A/w colimq0.lq0ı
lq.A// w lq.A/. As there is a functorial isomorphism .B ˝A �/ ı lq w .B ˝A �/,
B w lq.A/.

Last but not least, let us prove that Lq is a localization of B-mod. The functor
lq is left C-adjoint. Thus it commutes with C-colimits. In particular, for all X 2 C
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and Y 2 A-mod, X ˝ Y 2 A-mod and lq.X ˝ Y / D X ˝ lq.Y /. Moreover, if X;Y
are two A-modules,

X ˝A Y WD coker. X ˝A˝Y X ˝Y /:

Thus
lq.X ˝A Y /wX ˝A lq.Y /:

And the functor lq makes an A-moduleM into a lq.A/-module (hence a B-module)
lq.M/. Finally GB D Gq , i.e. GB is primitive and generated by an ideal of finite
type.

Definition 3.4 LetA be a commutative monoid in C and F a Zariski open subobject
of Spec.A/. There exists a family of affine Zariski open subobjects (Spec.Bi //i2I
of Spec.A/ such that F is the image of

`
i2ISpec.Bi /!Spec.A/ ([TV] definition

2.12). The Gabriel filter associated to F is GF WD \i2IGBi .

Lemma 3.5 This definition does not depend on the choice of the covering of F .

Proof: If (Spec.Bi //i2I and (Spec.Cj //j2J are two coverings, define Di;j WD
Bi
`
ACj . The family (Spec.Di;j //.i;j /2I�J is also a covering and each Spec.Bi /

(resp Spec.Cj /) is covered by (Spec.Di;j //j2J resp ((Spec.Di;j //i2I ) and finally
\i2IGBi D\i;j2I�JGDi;j D\j2JGCj .

Theorem 3.6 Let A be a commutative monoid in C and F a Zariski open subobject
of Spec.A/. Then the Gabriel filter associated to F is locally primitive.

Proof: The scheme F is covered by a family Spec.Bi /i2I . Let qi be the ideal of
finite type generating the Gabriel filter Gqi associated to Bi . As the qi are of finite
type, GF D\i2IGqi D\i2IG

qi . Thus GF DG[i2Iqi .

Zariski open subobjects in strong relative contexts We assume in this section
that the relative context C is strong, i.e. that the functor .�/0 reflects isomorphisms.
By 1.10, this implies that for any object X , the set X0 is a generating family.

Theorem 3.7 Let A be a commutative monoid in C. Then any Zariski affine open
subobject Y WDSpec.B/ of X WDSpec.A/ has a finite covering by objects Spec.Af /.

Proof: The Gabriel filterGB associated to B is primitive and generated by an ideal
q of finite type. Therefore, as C is strong, there exists a generating finite family of
elements of q0 in q. We write GB D Gq D \f 2FGf . As F is finite, 3.2 implies
that (Spec.Af //f 2F is a covering of Spec.B/.

Theorem 3.8 (Covering theorem) Let A be a commutative monoid and
(Spec.Bi //i2I a family of Zariski open subobjects of Spec.A/. Then this family
is a covering of the Zariski open subobject Spec.B/ for the topology defined on
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Comm.C/ ([TV], definition 2.10) if and only if B-mod D [i2IBi -mod in the poset
LocA.

Proof: Assume that B-mod D [i2IBi -mod. We have Gq WD GB D \i2IGqi
where Gqi WDGBi . The ideal q is the union of the qi . Thus by 1.10, q is isomorphic
to the filtered colimit colimJ f ini�I [j2J qj . As it is of finite type, there exists J
such that this isomorphism factors through q![j2J qj . The morphism[j2J qj !
q is then a monomorphism and a split epimorphism. Hence it is an isomorphism.
By 3.2, the family (Spec.Bj //j2J is a covering of Spec.B/. Thus so is the family
(Spec.Bi //i2I .

Reciprocally, if the family (Spec.Bi //i2I is a covering of Spec.B/, it has a
finite covering sub-family (Spec.Bj //j2J and by 3.2, B-mod D [j2JBj -mod. As
[j2JBj -mod � [i2IBi -mod � B-mod, we have also that [i2IBi -mod D B-mod.

Theorem 3.9 (Classification of Zariski open subobjects) Let A be a commutative
monoid. Then there is a (contravariant) bijection between the poset of Zariski
open subobject of X WDSpec.A/, denoted Zar.X/, and the poset of locally primitive
Gabriel filters of A, denoted lp.A/. Moreover a Zariski open subobject of Spec.A/
is quasi-compact if and only if its associated Gabriel filter is quasi-compact (and
primitive).

Proof: By 3.6, there is a morphism in sets from Zar.X/ to lp.A/. We prove first
that this morphism is a contravariant morphism of posets. Let F � F 0 be two
Zariski open subobjects of X , and let (Spec.Cj //j2J ,(Spec.Bi //i2I be respectively
coverings of F 0 and F . Let q, (resp qj ;qi ) be the ideal generating the Gabriel filter
associated to F (resp Cj ;Bi ). The scheme F is covered by the family (Spec.Bi ˝A
Cj //i;j2I�J . Thus GF D\j2J \i2I Gqi :qj D\j2JGq:qj �\j2JGqj DGF 0 .

Let us prove surjectivity. Let Gq be a locally primitive Gabriel filter. As C is
strong, Gq D\f 2q0Gf . The Gabriel filter associated to the Zariski open subobject
of X defined as the image of

`
f 2q0

Spec.Af /! A is Gq .
Let us prove injectivity. Let F , F 0 be two Zariski open subobjects of X with

the same associated Gabriel filter. Let (Spec.Af /f 2J and (Spec.Af //f 2J 0 be
respectively coverings of F and F 0. If q and q0 are the ideals generated by J and
J 0, then Gq D GF D GF 0 D Gq

0

. For all f 2 q0, there exists n such that f n 2 q0.
As Af n w Af , any affine Zariski open subobject Af from the covering family of
F is a Zariski open subobject of F 0. Therefore F is a Zariksi open subobject of F 0.
As the roles of F and F 0 are symmetric, F w F 0.

Finally, if Gq is a quasi-compact locally primitive Gabriel filter, it is primitive
as Gq D Gq . Moreover we can write it as a finite intersection of filters Gf and its
associated Zariski open subobject is covered by a finite family Spec.Af /. Thus is
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quasi-compact.

Remark 3.10 The poset lp.A/ is a colocale. It is the colocale of the closed subsets
of the the Zariski topological space associated to Spec.A/.

Lemma 3.11 Let A be in Comm.C/.

F A locally primitive Gabriel filter of A is irreducible if and only if it has a
unique prime representive.

F Two irreducible locally primitive Gabriel filter are equals if and only if they
have the same subsets of prime ideals.

F Two locally primitive Gabriel filters are equals if and only if they have the
same subsets of prime ideals.

Proof: Let Gq be an irreducible locally primitive Gabriel filter. The radical
p
q

of q (the intersection of the prime ideals containing q) represents the same locally
primitive Gabriel filter and is prime. Indeed q �

p
q and q contains a power of

any element of
p
q. If

p
q w q0:q00, then q0 and q00 contain

p
q and as G

p
q is

irreducible,
p
q contains a power of any element of one of these two ideals, for

example q0. Then, by definition of the radical of an ideal,
p
q contains q0 and thus

p
q D q0. This proves the existence of a prime representative. The uniqueness is

provided by 2.17.
Two irreducible locally primitive Gabriel filters which have the same prime

ideals, are generated by the same prime ideal. Thus are equal.
Let Gq;Gq

0

be two locally primitive Gabriel filters. We write them as unions of
irreducible ones Gq D[i2IGpi and Gq

0

D[j2JG
pj . For all i , there exists j such

that pj � pi . Hence Gpi �Gpj . Therefore Gq �Gq
0

. As the roles are symmetric,
there is equality.

Definition 3.12 The Zariski topological space associated to X WDSpec.A/, denoted
Lp.A/, is the topological space whose points are all prime ideals of A and whose
closed subsets are the sets of prime ideals contained in a locally primitive Gabriel
filter.

Theorem 3.13 Let A be a commutative monoid. Then the Zariski topological space
Lp.A/ associated to A is sober and its associated locale is Zar(Spec(A)).

Proof: By 3.11 and 3.9.
Examples of contexts

Proposition 3.14 The context (Z-mod,˝Z,Z). Let A be a ring. Then there is an
homeomorphism between the Zariski topological space Lp.A/ and the underlying
Zariski topological space of Spec.A/.
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Proof: By construction.

Proposition 3.15 The context (Set ,�,F1). Let A be a commutative monoid in sets.
Then there is an homeomorphism between the Zariski topological space Lp.A/ and
the underlying Zariski topological space of Spec.A/ (defined in [D] section 2.1 by
Deitmar5).

Proof: The Zariski topological space constructed in [D] is homeomorphic to
Lp.A/.

Appendix - Enriched Category Theory

See [K], [DK] and [H] for more details. Let C be a relative context. We will consider
enriched categories over C, referred to as C-categories. Any usual notion will have its
enriched equivalent, referred to as the C-notion, for example C-limit, C-colimit... There
is an “underlying category” functor. To an enriched category is associated the category
whose objects are the same and morphisms between objects proceed from the ”underlying
set functor” HomC.1;�/.

Definition 4.1 A C-category B consists of a collection of objects ob.B/, for any two objects
.X;Y /, B of an object HomB.X;Y / 2 C, and of a composition law:

MX;Y;Z WHomB.Y;Z/˝HomB.X;Y /!HomB.X;Z/

such that the appropriate commutative diagrams commute. A C-functor F W B ! B 0

consists of an object F.X/ in B 0 for each object X in B , and a morphism

HomB.X;Y /
FX;Y

HomB0.X;Y /

for each couple of objects .X;Y / such that the appropriate diagrams commute. An
equivalence of C-categories consists of a C-functor which is C-fully faithful and its
underlying functor is essentially surjective.

Definition 4.2 1. Let B be a C-category, K a small C-category, and F W K ! C and
G WK!B two C-functors. If the functor Bop! C:

B!HomCK.F;HomB.B;G�//

is represented by an object limF .G/, then G has a C-limit indexed by F .

2. Let B be a C-category, K a small C-category, and F WKop! C and G WK!B two
C-functors. If the functor B! C:

B!HomCKop .F;HomB.G�;B//

is represented by an object colimF .G/, then G has a C -colimit indexed by F .

5It involves monoidal spaces i.e. topological spaces together with sheaves of monoids in set,
analogous to ringed spaces.
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3. A C-category is finite if and only if its collection of objects is a finite set and for each
couple of objects .X;Y /, the object Hom.X;Y / is finitely presented in C.

4. A C-limit is finite if and only if it is indexed by a functor F WK! C0 from a finite C-
category K to the generating subcategory of C consisting of finitely presented objects.

For a tensored and cotensored (exponential objects exists) C-category , the enriched
limit of G along F is in fact the end of GF and the enriched colimit is the coend of F ˝G.
Relative contexts are tensored and cotensored self enriched categories.

Proposition 4.3 (cf [K], 3.10) A C-Category B is C-complete if and only if it is complete
and cotensored. Furthermore, B has finite C-limits if and only if it has finite limits and if
all exponential objects XY , Y finitely presented in C, are representable in C. In particular,
a functor F is left C-exact if and only if it is left exact and commutes with all exponential
objects XY (i.e. F.XY /w F.X/Y ), Y finitely presented in C.

Corollary 4.4 Let C be a tensored and cotensored symmetric monoidal category which is
locally finitely presentable. Assume that one of the following hypotheses holds in C:

- The generating subcategory is stable under tensor product.

- The unit of C generates C, i.e. Hom.1;�/ reflect isomorphisms.

Let A be in Comm.C/. Then filtered colimits are C-exact in A-mod.
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