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Ergodic skew-systems on T
d × SO(3, R)
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Department of Mathematics, University of Paris 7, Paris, France
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Abstract. Analytic quasi-periodic skew-systems with close to constant coefficients and
with Diophantine frequencies seem to be, in a measure theoretical sense, ‘generically’
reducible. In this paper we show that such systems are, in a topological sense, generically
uniquely ergodic and, in particular, non-reducible.

1. Introduction
In this paper, we consider skew-systems on Td × SO(3,R), T = R/(2πZ):

X′ = F(x)X

x ′ = ω
(∗)

where F : Td → so(3,R) is real analytic and ω ∈ Rd satisfies a Diophantine condition

|〈n,ω〉| ≥ 1

|n|τ , n ∈ Z
d \ 0,

for some τ > d−1. (Here 〈·, ·〉 is the usual scalar product in R
d and |·| is the corresponding

norm.) We assume that F is defined in a complex strip of width r , and we measure it by

|F |r = sup
|Im x|<r

|F(x)|,

where |F(x)| is the operator norm. The flow of (∗):
Qt(x,Q) = (x + tω,X(t, x)Q)

preserves the product Haar measureµ×ν on T
d×SO(3,R). It preserves distances both in

the Td -direction and in the SO(3,R)-direction, but it is not an isometry. Its second factor
satisfies the differential equation

d

dt
X(t, x) = F(x + tω)X(t, x) (∗∗)x

with initial value X(0, x) = I .
‘Most’ systems (∗), and very likely ‘almost all’ systems (∗), are reducible (to a constant

skew-system) in the following sense. There exist Y : Td → SO(3,R) real analytic and
A ∈ so(3,R) such that

∂ωY (x) = F(x)Y (x)− Y (x)A,
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where ∂ω = 〈∇, ω〉. It follows that the transformation

x̃ = x, X̃ = Y ∗(x)X

transforms (∗) to the constant system

X̃′ = AX̃

x̃ ′ = ω.

Hence, each orbit {Qt(x,Q)}t∈R is contained in an analytic torus of dimension d + 1
and analytically conjugate to a Kronecker flow with direction (ω, α), where ±iα, 0 are
the eigenvalues of A. In particular, (∗) has an uncountable number of invariant ergodic
measures. Another consequence is that the system (∗∗)x has a Floquet representation

X(t, x) = Y (x + tω)eAtY ∗(x)

as a quasi-periodic matrix times an exponential matrix. (That the quasi-periodic part has
exactly the same frequencies as the system itself is particular for the group SO(3,R).)
We shall not try to give a precise meaning to ‘most’ and ‘almost all’ since in this paper we
are mainly concerned with systems that are not reducible. The existence of such systems
is made plausible by the fact that quasi-periodic linear systems do not always admit a
Floquet representation. The first example of this was, we believe, [M]. The first analytic
examples with ω Diophantine was [FSW]—non-perturbative—and [E1]—perturbative. In
both these cases the group is SL(2,R). In [R] a smooth example on the compact group
SU(2,C) is given. For time-discrete systems there are several examples in [H].

So one should not expect that all systems (∗), even small in the | · |r -norm, are reducible,
and this is indeed not the case. One could think that such systems still are reducible in a
weaker sense, for example by requiring that the transformation Y (x) is just measurable in
x and, say, analytic along the lines {x + tω : t ∈ R}. There is, in fact, a dense set of
such systems in a small | · |r -neighborhood of F = 0, but this is not the generic situation.
We shall prove the following.

THEOREM. There exists a constant C = C(r, τ ) such that for a dense Gδ in

|F |r < C

the skew-system (∗) has a unique invariant measure.

A related result has been proven in [N] for a Liouville vector ω using the idea of fast
periodic approximations. Our proof will consist in applying the approach of [E1]—used
to study skew-systems on Td × SL(2,R)—to the compact group SO(3,R). We shall, by
a KAM-iteration, construct an infinite sequence of functions

Yj+1 : T
d → SO(3,R), j ≤ 1,

whose infinite product ‘reduces’ the system to constant coefficients. If this product
converges uniformly on Td then we are in the reducible case. For a generic system,
however, the product does not converge uniformly, but it still provides information about
the system. In particular, the information needed to prove unique ergodicity. We have
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chosen to formulate our result for systems near F = 0, but we could just as well have done
it for systems near any A ∈ so(3,R)—the proof will go through almost without change.
We also believe that the results and proofs of this paper can be generalized to any group
SO(n,R).

The outline of this paper is as follows. In §2 we describe some properties of real anti-
symmetric matrices and prove the usual small divisor lemma. In §3 we describe the KAM-
iteration. In §4 we use this iterative construction to show that ‘most’ small systems are
reducible. In §5 we prove the unique ergodicity of (∗) under a certain condition on F and
in §6 we prove the density of this condition. This turns out to be surprisingly complicated
because of the difficulty to control parameter-dependence during the iteration—something
which is often easy in KAM approaches.

1.1. Notes. This work appeared as a preprint in 1991 [E2]. The present version is the
same, with minor changes, except for §6 where the proof of genericity has been simplified.

Since 1991 there has been progress on the question of reducibility which is reported
in [E3]. In particular, the conjecture on the one-parameter family λA + F(x), detA �= 0,
in §4 has been proven by R. Krikorian [K].

2. Preliminaries
Consider the Lie algebra so(3,R) of real anti-symmetric 3 × 3-matrices. We have a basis

J1 =

 0 1 0
−1 0 0
0 0 0


 , J2 =


0 0 0

0 0 1
0 −1 0


 , J3 =


 0 0 1

0 0 0
−1 0 0




satisfying
[J1, J2] = J3

plus cyclic permutations.

LEMMA 1. For any A ∈ so(3,R) there is a M ∈ SO(3,R) such that

M∗AM = αJ1.

If we fix the sign of α, α > 0 say, then M is determined up to a transformation etJ1 . If A
depends C1 on some parameter λ and if α �= 0, then we can choose M to be C1 locally
and

|∂M| ≤ const.

∣∣∣∣ 1

α
∂A

∣∣∣∣ ,
where ∂ = ∂/∂λ. The constant is independent of A.

Proof. Let 〈·, ·〉 be the usual sesqui-linear product on C3—anti-linear in the first and linear
in the second variable. Suppose

Au = λu, |u|2 = 〈u, u〉 = 2.

Then
λ〈u, u〉 = 〈Au, u〉 = −〈u,Au〉 = −λ〈u, u〉
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so λ = iα is purely imaginary. Since A is real, both ±iα are eigenvalues and

iα〈u, u〉 = 〈Au, u〉 = −〈u,Au〉 = −iα〈u, u〉,
so 〈u, u〉 = 0. If u = u1 + iu2, then

0 = 〈u, u〉 = |u1|2 − |u2|2 + i2〈u1, u2〉,
which implies that

|u1|2 = |u2|2 = 1, 〈u1, u2〉 = 0.

Now choose v real so that

〈v, u1〉 = 〈v, u2〉 = 0, |v| = 1.

Then Av = 0 and we can take M = (u1 u2 v), where we determine the sign of
v so that detM = 1. The second statement of the lemma is an easy calculation.
Let A = xJ1 + yJ2 + zJ3. Then α = √

x2 + y2 + z2 and the characteristic equation
of A is

t (t2 + α2) = 0.

Now let w = A(A+ iαI)e. If e = e1 = (1 0 0)t, then

w =

−x2 − z2

−yz
xy


 + iα


 0
−x
−z


 .

This implies that
|w| ≥ c1|α||A|

unless x2 + z2 < y2, in which case we get the same inequality by taking e to be e2 or e3.
Now u = 2w/|w| from which we get

|∂u| ≤ c2
|∂w|
|w| ≤ c3

|∂A|
|α| .

If we let w = (A2 + α2I)e with e = e1 (or e2 or e3), then we get v = ±w/|w| and we get
the estimate

|∂v| ≤ c
|∂A|
|α|

in the same way. ✷

From the real normal form we easily get a complex diagonal form. In fact

C = 1√
2

(
1 1
i −i

)
�⇒ C∗

(
0 1
−1 0

)
C =

(
i 0
0 −i

)
.

We shall use this for the next lemma. Let Br be the space of all analytic functions
F : T

d → gl(3,R) for which |F |r < ∞ and let B = ∪Br . Let F ∈ Br and suppose
that F depends on a parameter λ in some open set 0 ⊂ R3. We say that F is C1 in λ if
λ  → Fλ ∈ Br is C1. We say that F is piecewise C1 in λ if 0 = ∪0i and, for each i, there
is an open set 1i ⊃ 0i such that F/0i extends to a C1-function on 1i . Let

σ̂ (F ) = {n ∈ Z
d : F̂ (n) �= 0}

where F̂ (n) is the nth Fourier coefficient of F .
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LEMMA 2. Let A ∈ so(3,R) and F ∈ Br ∩ so(3,R). Assume that 0 /∈ σ̂ (F ) and

|〈n,ω〉 ± α| ≥ 1

K|n|τ , n ∈ σ̂ (F ),

where ±iα, 0 are the eigenvalues of A. Then there is a unique Y ∈ B ∩ so(3,R) such that

∂ωY = [A,Y ] + F, σ̂ (Y ) ⊂ σ̂ (F ).

Y satisfies the estimate

|Y |s ≤ const.
K

(r − s)τ
|F |r , s < r.

Moreover, if A and F are C1 in λ ∈ 0, then Y ∈ Bs also and

|∂Y |s ≤ const.

[
K2

(r − s)2τ
|∂A||F |r + K

(r − s)τ
|∂F |r

]
, s < r,

where ∂ = ∂/∂λ. The constant only depends on τ .

Proof. We can assume that A = αJ1. If we write

Y =
∑

YiJi and F =
∑

FiJi ,

then we get the equations

∂ωY1 = F1, ∂ωY2 + αY3 = F2, ∂ωY3 − αY2 = F3.

Now consider

C = 1√
2

(
1 1
−i i

)
and write

Z =
(

1 0
0 C∗

)
Y and G =

(
1 0
0 C∗

)
F.

Then
∂ωZ1 = G1, ∂ωZ2 + iαZ2 = G2, ∂ωZ3 − iαZ3 = G3,

with σ̂ (Zi) ⊂ σ̂ (F ). These equations can now be solved in Fourier series and the estimates
are standard. From the estimate of |Y |s we get the C1-dependence in λ and the estimate of
∂Y follows from

∂ω(∂Y ) = [A, ∂Y ] + [∂A, Y ] + ∂F. ✷

3. The inductive lemma
Let F1(·, λ) ∈ Br1 ∩ so(3,R) and A1(λ) ∈ so(3,R). Assume that F1 and A1 depend
piecewise C1 on a parameter λ ∈ 0. Assume also that

|∂νA1| < 1, |∂νF1|r1 < ε1

for ν = 0, 1, where ∂ = ∂/∂λ. Let 0 < σ < 1/36 and let {rj } be a decreasing sequence of
positive numbers such that

rj − rj+1 ≥ r1

2j+1 , j ≥ 1.
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Let

εj+1 = ε1+σ
j , Nj = 2σ

rj − rj+1
log

(
1

εj

)

for each j ≥ 1. It follows that

εσj ≤ N−4τ
j

for all j , if just ε1 is small enough. For example, it suffices that

ε1 ≤ const. r((4τ/σ )+1)
1

for some small constant that only depends on τ and σ .

LEMMA 3. There exists a constant C = C(τ, σ ) such that if

ε1 < Cr
((4τ/σ )+1)
1

then, for all j ≥ 1, there exist Fj+1 ∈ B ∩ so(3,R), Yj+1 ∈ B ∩ SO(3,R) and
Aj+1 ∈ so(3,R), all piecewise C1 in λ, satisfying

∂ωYj+1(x) = (Aj + Fj (x))Yj+1(x)− Yj+1(x)(Aj+1 + Fj+1(x)).

Moreover, if ±iαj , 0 are the eigenvalues of Aj , then we have the following estimates for
ν = 0, 1:

|∂ν(Yj+1 − e(〈mj ,·〉/αj )Aj )|rj+1 < ε
1/2
j , (1)j+1

where either mj is the unique integer valued vector restricted to 0 < |m| ≤ Nj such
that |αj − 〈m,ω〉| < εσj and rj − rj+1 = 1

2 rj , or, if no such vector exists, mj = 0 and

rj − rj+1 = r1/2j+1,

|∂νFj+1|rj+1 < εj+1, (2)j+1∣∣∣∣∂ν
(
Aj+1 −

(
1 − 〈mj ,ω〉

αj

)
Aj

)∣∣∣∣ < ε
2/3
j , (3)j+1

|∂Aj+1| < ε−σj+1. (4)j+1

Proof. Let us show how to construct Yj+1, Fj+1 andAj+1 assuming the previous steps are
done. We must handle two different cases.

Case 1. Assume that

|αj − 〈n,ω〉| ≥ εσj , 0 < |n| ≤ Nj

and let G(x) be the truncated Fourier series∑
0<|n|≤Nj

F̂j (n)e
i〈n,x〉.

Let Y to be the solution of

∂ωY = [Aj , Y ] +G, σ̂ (Y ) ⊂ σ̂ (G),
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which exists uniquely by Lemma 2 and define

Yj+1(x) = eY(x)

Aj+1 = Aj + F̂j (0)

Fj+1 = e−Y (x){Fj (x)(eY (x) − I)+ [Aj, eY(x) − I − Y (x)]
− (eY (x) − I)F̂j (0)− ∂ω(e

Y(x) − Y (x))+ (Fj (x)−G(x)− F̂j (0))}.
With these definitions, the functions Fj+1 etc., have all the required properties so we only
need to consider the estimates.

Estimates. We have

|∂νG|s < cεjN
τ+1
j , s = rj+1 + rj − rj+1

2
.

(In the following, c will denote an arbitrary constant that only depends on σ and τ .)
Then by Lemma 2 and (4)j we get

|∂νY |rj+1 < const. ε1−(1+2ν)σ
j N

τ(2+ν)+1
j .

Also eY(x) − I and e−Y (x) − I satisfy these estimates which proves (1)j+1. In order to
prove (2)j+1 we first observe that

|∂ν(Fj −G− F̂j (0))|rj+1 < cε1+2σ
j Nτ+1

j .

Moreover,

|∂ω(eY− Y )|rj+1 <c(|Aj ||Y |2rj+1
+|G|rj |Y |rj+1)

|∂∂ω(eY− Y )|rj+1 <c(|Aj ||∂Y |rj+1|Y |rj+1 + |∂A||Y |2rj+1
+|∂G|rj |Y |rj+1+|G|rj |∂Y |rj+1).

From this we easily get

|Fj+1|rj+1 < c(ε1+2σ
j Nτ+1

j + ε2−2σ
j N4τ+2

j ) < ε1+σ
j .

If we differentiate the expression for Fj+1, we can estimate the derivative in the same way
and we get

|∂Fj+1|rj+1 < c(ε1+2σ
j Nτ+1

j + ε2−4σ
j N5τ+2

j ) < ε1+σ
j .

This proves (2)j+1. The estimate (3)j+1 is trivial, as is (4)j+1.

Case 2. Suppose now that there is an integer vector mj in 0 < |m| ≤ Nj—necessarily
unique—such that

|αj − 〈mj,ω〉| < εσj ,

and let
Z(x) = e(〈mj ,x〉/αj )Aj .

Then
∂ωZ(x) = (Aj + Fj (x))Z(x)− Z(x)(Bj +Gj(x))

where

Bj =
(

1 − 〈mj ,ω〉
αj

)
Aj , Gj (x) = Z∗(x)Fj (x)Z(x).
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The eigenvalues of Bj are ±iβj , 0 with βj = αj − 〈mj ,ω〉 and they satisfy

|βj − 〈n,ω〉| ≥ (6Nj)−τ − εσj ≥ 2εσj , 0 < |n| ≤ 6Nj .

Now let nowG be the truncated Fourier series∑
0<|n|≤6Nj

Ĝj (n)e
i〈n,x〉

and let Y be the unique solution of

∂ωY = [Bj , Y ] +G, σ̂ (Y ) ⊂ σ̂ (G).

We define

Yj+1(x) = Z(x)eY(x)

Aj+1 = Bj + Ĝj (0)

Fj+1(x) = e−Y (x){Gj(x)(eY (x) − I)+ [Bj , eY (x) − I − Y (x)]
− (eY (x) − I)Ĝj (0)− ∂ω(e

Y(x) − Y (x))+ (Gj (x)−G(x)− Ĝj (0))}.
As in Case 1, all requirements are fulfilled and we only need to consider the estimates.

Estimates. By Lemma 1, we can write

Z(x) = M∗e〈mj ,x〉J1M,

whereM ∈ SO(3,R) and depends C1 on λ (locally) and

|∂M| ≤ c
|∂Aj |
|αj | .

It follows that
|∂νZ|rj < cNντ

j ε
−(4+ν)σ
j ,

since rj+1 = 1
2 rj . The same estimate holds for Z∗. This implies that

|∂νGj |rj < cNντ
j ε

1−(8+ν)σ
j

and

|∂νG|s < cN
(1+ν)τ+1
j ε

1−(8+ν)σ
j , s = rj+1 + rj − rj+1

2
.

Moreover,
|∂Bj | < cε−σj .

We conclude from Lemma 2 that

|∂νY |rj+1 < cN
(2+2ν)τ+1
j ε

1−(9+3ν)σ
j

and
|∂ν(Yj+1 − Z)|rj+1 < cN

(2+2ν)τ+1
j ε

1−(13+3ν)σ
j < ε

1/2
j .

This proves (1)j+1. In order to prove (2)j+1, we observe that

|∂ν(Gj −G− Ĝj (0))|rj+1 < cN
(1+ν)τ+1
j ε

1+(4−ν)σ
j ,

from which we deduce the estimate of Fj+1 as in the previous case. The estimate (3)j+1

is obvious and (4)j+1 follows from the estimate of |∂Bj | given above. This completes the
proof of Lemma 3. ✷
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4. Reducibility
Each function Yj+1(x) is close to an exponential eBj (x). If all but finitely many Bj are
equal to zero, then the product

∞∏
j=1

Yj+1(x)

converges uniformly on Td to an analytic function Y (x) which solves

∂ωY (x) = (A1 + F1(x))Y (x)− Y (x)A, A = lim
j→∞Aj ,

so the skew-system is reducible. If this is not so, then the matrices Aj must satisfy

|αj − 〈mj,ω〉| < εσj , some 0 < |mj | ≤ Nj ,

for infinitely many j ’s. Since

|{α : |α − 〈n,ω〉| < εσj , some 0 < |n| ≤ Nj }| < 2εσj N
τ+1
j

converges to zero very fast, we like to think of this as the exceptional case. In fact, it is
quite easy to show that in any one-parameter family

λA+ F, detA �= 0,

the system is reducible except for a small set of λ-values if |F |r is small enough. We believe
that this family is reducible for a.e. λ, but this may be more delicate to prove.

Let us now turn to the case when there are infinitely many j ’s for which mj �= 0.
The important facts to keep in mind are:

(i)

|Yj+1 − eBj |rj+1 < ε
1/2
j , j ≥ 1; (5)

(ii) the matrices Bj are of the form

Bj (x) = 〈mj, x〉
αj

Aj ,

where ±iαj , 0 are the eigenvalues of Aj and 0 < |mj | ≤ Nj ;

(iii) the matrices Bj are all equal to zero except for some subsequence

1 ≤ j1 < j2 < . . . ;

(iv)

|Bjn+1(ω)| < 2εσjn, n ≥ 1; (6)

(v)

|Bjn+1(ω)| > 1
2N

−τ
jn+1

, n ≥ 0. (7)
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Equation (5) is just a reformulation of (1), (7) follows from the form of Bj and from the
Diophantine condition, and (6) follows because

|〈mjn+1, ω〉| < εσjn+1
+ |αjn+1 | < εσjn+1

+ |Ajn+1 |
< εσjn+1

+ 2ε2/3
jn

+
∣∣∣∣
(

1 − 〈mjn, ω〉
αjn

)
Ajn

∣∣∣∣ < 2εσjn .

A consequence of (6) and (7) is that the sequence {jn} increases extremely fast. In fact, the
right-hand side of (7) decreases in the same way as (2+ 2σ)−τjn+1 and the right-hand side

of (6) in the same way as ε(1+σ)
jn

1 . Hence

jn+1 ≥ const. log

(
1

ε1

)
(1 + σ)jn.

We now have
rj ↘ 0, |Fj |rj → 0, Aj → 0

where the last limit follows from (6) because |Ajn | ∼ |Bjn(ω)|. It also follows that the
product

∞∏
j=1

Yj+1(tω)

converges, uniformly on compact t-intervals, to a solution X(t) of (∗∗)0, because for t
fixed we have

|eBjn(tω) − I | < const. εσjn−1
|t|

if n is large enough. So we have a representation of a solution X(t) of (∗∗)0 as a product∏
Yj+1(tω), where {Yj+1} satisfy (1)–(7). Such a representation is of course not unique,

but the proof of Lemma 3 provides a unique—though arbitrary—construction of such a
representation. Let us finally notice that

|X(0)− I | < 2ε1/2
1

and, for simplicity, we shall assume in this section that the Yj are normalized so that
X(0) = I . The solution X(t) of (∗∗)0 may of course still be quasi-periodic, but it must
then have extra frequencies. Indeed, if X(t) is quasi-periodic then its limit values ‘above’
the point 0 ∈ Td are an Abelian subgroup of SO(3,R). By this we mean that the set of all
B ∈ SO(3,R) such that there exists a sequence {tj } with

tjω→ 0 in T
d , X(tj )→ B

is an Abelian subgroup (see Theorem 1.17 in [F]). Moreover, if X(t) has the same
frequencies as F(tω), then this subgroup must be the identity (see Theorem 4.5 in [F]).
Now, the existence of limit values other than I follows from the following lemma.

LEMMA 4. Given t and n ≥ n0(τ ), there exists a t̃ such that, for all x,

|X(t̃, x − t̃ω)− eBjn(tω)| < εσjn−2
.

In particular, if {tn} is a sequence such that tnω → 0 in Td and eB is an accumulation
point of {eBjn(tnω)}, then there is a sequence {t̃n} such that t̃nω → 0 in Td and X(t̃n) has
eB as an accumulation point.
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Proof. For given n, choose δ = δn > 0 such that(
C
n

δ

)(τ+1)(d+n−2)(d+n−1)/2 = ε
−σ/4
jn−1

.

Since t  → eBjn (tω) is periodic with period ≤ 2πNτ
jn

we can assume that t is bounded by
this number. By Corollary A.1 (see the Appendix) there exists, in any interval of length
greater than

T = Nτ
jn−1

(
C
n

δ

)(τ+1)(d+n−2)(d+n−1)/2
,

a point t̃ such that

‖t̃ω1‖, . . . , ‖t̃ωd‖ and ‖t̃〈mj1 , ω〉‖, . . . , ‖t̃〈mjn−1 , ω〉‖
are all less than δ/n. We take such a t̃ in the interval [t, t + T ]. We now have

|eBjl (t̃ω) − I | < 2
δ

n
, for l ≤ n− 1,

|eBjl (t̃ω) − I | < 2|t̃||〈mjl , ω〉| < 2(2πNτ
jn
+ Nτ

jn−1
ε
−σ/4
jn−1

)εσjl−1

< ε
σ/2
jl−1

, for l ≥ n+ 1,

|eBjn(t̃ω) − eBjn(tω)| < 2εσjn−1
|T | < ε

σ/2
jn−1

,

and

|Yj+1(t̃ω)− eBj (t̃ω)| < const. ε1/2
j

1

rj+1
‖t̃ω‖ < const. ε1/2

j

1

rj+1
δ < εσj δ.

From this we deduce that

|X(t̃)− eBjn(tω)| < 2δ + 2εσ/2jn−1
,

which is less than εσjn−2
. In order to see this we observe that

δ = δn = Cnε
(σ/2(τ+1))[(d+n−2)(d+n−1)]−1

jn−1
< 1

4ε
σ
jn−2

,

holds if
(1 + σ)jn−1−jn−2 ( 4(τ + 1)(d + n− 2)(d + n− 1).

However, this is certainly true for n greater than some n0—depending only on τ . The rest
of the lemma is an obvious consequence of this result. ✷

Remark. We have not yet proven that there are any F at all in |F |r < C for which the
sequence j1 < j2 < · · · is actually infinite. This will follow from §6 where we prove the
density of a much stronger statement.

Remark. The whole group of accumulation points of

{eBj (tjω) : tjω→ 0 in T
d},

is attained as limit values ofX(t) ‘above’ 0 ∈ Td . We do not claim that this group contains
all such limit values. In particular, the Abelian character of this group is a necessary, but
not sufficient, condition for X(t) to be quasi-periodic.

https://doi.org/10.1017/S0143385702000998 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385702000998


1440 L. H. Eliasson

5. Ergodicity
In the previous section we showed that the product

∞∏
j=1

Yj+1(x + tω)

is uniformly convergent on compact t-intervals when the base point x is equal to 0. In order
to also treat other values of x, we must modify the product. Let

Ỹj+1(y, x) = Y2(x) · · ·Yj (x)Yj+1(y + x)Y ∗
j+1(x)Y

∗
j (x) · · ·Y ∗

2 (x).

Then one checks easily that

X(t, x) =
∏

Ỹj+1(tω, x)

is uniformly convergent on compact t-intervals, for x fixed, and that X(t, x) solves (∗∗)x
with X(0, x) = I . We need the following version of Lemma 4.

LEMMA 5. Given t and n ≥ n0(τ ), there exists a t̃ such that, for all x,

|X(t̃, x − t̃ω)− Y2(x) · · ·Yjn(x)eBjn (tω)Y ∗
jn
(x) · · ·Y ∗

2 (x)| < εσjn−2
.

Proof. Let n be given and define δ, t and t̃ as in Lemma 4. Let

Zj(x) = Y2(x) · · ·Yj (x).
Then for all j ,

|Ỹj+1(t̃ω, x − t̃ω)− I | = |Zj(x − t̃ω)Yj+1(x)Y
∗
j+1(x − t̃ω)Z∗

j (x − t̃ω)− I |
≤ |Yj+1(x)− Yj+1(x − t̃ω)|
≤ |(Yj+1(x)− eBj (x))− (Yj+1(x − t̃ω)− eBj (x−t̃ω))|
+ |eBj (t̃ω) − I |.

The first term is estimated by (1)j+1 and the second term can be estimated as in the proof
of Lemma 4, for all j except j = jn. For j = jn, we have

|Ỹj+1(t̃ω, x − t̃ω)− Zj(x)e
Bj (tω)Zj (x)

∗|

≤ 2
j−1∑
k=1

|(Yk+1(x − t̃ω)− eBk(x−t̃ω))− (Yk+1(x)− eBk(x))| + |eBk(t̃ω) − I |

+ |eBj (tω) − eBj (t̃ω)| + |Yj+1(x)Y
∗
j+1(x − t̃ω)− eBj (t̃ω)|.

The first term is estimated as above, the second term can be estimated as in the proof of
Lemma 4, and we must only consider the last term. We can write it as

|Yj+1(x)− eBj (t̃ω)Yj+1(x − t̃ω)|
= |(e−Bj (x)Yj+1(x)− I)− (e−Bj (x−t̃ω)Yj+1(x − t̃ω)− I)|
≤ const. ‖t̃ω‖ 1

rj+1
|e−Bj Yj+1 − I |rj+1

≤ const. ‖t̃ω‖ 1

rj+1
ε

1/2
j |eBj |rj+1 .
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However,
|eBj |rj+1 ≤ eNj rj+1 = e−4σ log εj = e−4σ

j .

Hence, we get the estimate δεσj and now everything goes through as in Lemma 4. ✷

Consider the scalar product on so(3,R):

〈A,B〉 = tr(A∗B)

with corresponding norm |A| = √〈A,A〉. Let us now assume that F satisfies the following
condition:

lim inf
n→∞

|〈Bjn(ω), Bjn+1(ω)〉|
|Bjn(ω)||Bjn+1(ω)|

< 1. (8)

LEMMA 6. Under the assumption (8), there exist two sequences

t̃nω→ 0, s̃nω → 0 in T
d

such that, for all x ∈ Td ,

X(t̃nω, x − t̃nω) and X(s̃nω, x − s̃nω)

have accumulation points eBx and eCx , respectively, with

|〈Bx,Cx 〉|
|Bx ||Cx | < 1.

The eigenvalues 0,±iβ and 0,±iγ of Bx and Cx , respectively, are independent of x, and
β and γ are both irrational. Moreover, each subsequence of {n} has the same property.

Proof. Consider two sequences

tnω→ 0, snω → 0 in T
d

such that eBjn(tnω) has accumulation point eB , B = βM∗J1M , with β irrational and
e
Bjn+1 (snω) has accumulation point eC , C = γN∗J1N , with γ irrational. By condition
(8) there exist sequences such that

|〈B,C〉|
|B||C| < 1.

For each n, consider t̃n and s̃n as given by Lemma 5. It follows that for each x ∈ Td ,
X(t̃nω, x − t̃nω) has an accumulation point of the form

eBx = Zxe
BZ∗

x,

where Zx is an accumulation point of {Y2(x) · · ·Yjn(x)}∞n=1, and X(s̃nω, x − s̃nω) has an
accumulation point of the form

eCx = ZxWxe
CW∗

x Z
∗
x,

whereWx is an accumulation point of {Yjn+1(x) · · ·Yjn+1(x)}∞n=1. It follows from the form
of Yj (x) that Wx must be an accumulation point of {eBjn(x)}∞n=1, and therefore of the form
M∗eβxJ1M . Hence,Wx commutes with B. (Notice that we do not claim any measurability
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of Zx and Bx in x—only that for each x there are accumulation points of this form.) We
can assume without restriction that M = I so B = βJ1. Then

C = a1J1 + a2J2 + a3J3, (a2, a3) �= 0.

An easy calculation shows that, for all x,

〈Bx,Cx〉 = 2a1β, 〈Bx,Bx 〉 = 2β2, 〈Cx,Cx 〉 = 2(a2
1 + a2

2 + a2
3)

from which we get the result. The last statement of the lemma is clear from the
construction. ✷

Proof of unique ergodicity under assumption (8). Let f (x,Q) be a continuous function
on Td × SO(3,R) and let

g(x,Q) = lim
T→∞

1

T

∫ T

0
f (x + tω,X(t, x)Q) dt.

Since the product Haar measure µ × ν is invariant under the flow (x,Q) → Qt(x,Q),
it follows that g(x,Q) exists for a.e. (x,Q) and is measurable. Since the flow preserves
distances in the SO(3,R)-direction it even holds that, for a.e. x ∈ Td , g(x,Q) exists for
all Q andQ  → g(x,Q) is equicontinuous. Moreover, for a.e. x ∈ Td ,

g(x,Q) = g(x + tω,X(t, x)Q), for all t,Q,

or, equivalently,

g(x − tω,Q) = g(x,X(t, x − tω)Q), for all t,Q.

Finally, if tjω→ 0 in Td then, for all Q,

g(x − tjω,Q) → g(x,Q) in L2(Td )

since as one easily verifies, one has weak convergence and convergence in L2-norm.
In particular we have for each Q, pointwise convergence almost everywhere for some
subsequence {ji}. Because of equicontinuity, it follows that there exists a set E1 ⊂ Td of
full µ-measure such that

g(x − tji ω,Q)→ g(x,Q), (x,Q) ∈ E1 × SO(3,R)

where the set E1 depends, of course, on the subsequence {tji }. Now let

W(x) = {U ∈ SO(3,R) : g(x,UQ) = g(x,Q) for all Q}.
Clearly W(x) is a closed subgroup for all x in a set E2 of full µ-measure. Let us now
choose sequences

tnω→ 0, snω→ 0 in T
d ,

and let eBx and eCx be accumulation points as in Lemma 6. Since we are allowed to take
subsequences we may assume that

g(x − t̃nω,Q)→ g(x,Q), g(x − s̃nω,Q) → g(x,Q)
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as n → ∞ for a.e. x and all Q. Then, by Lemma 6, for a.e. x there exists a subsequence
{ni} such that

g(x,Q) = lim
i→∞ g(x − t̃ni ω,Q)

= lim
i→∞ g(x,X(t̃ni ω, x − t̃ni ω)Q)

= g(x, eBxQ), for all Q.

In the same way
g(x, eCxQ) = g(x,Q), for all Q.

Hence,W(x) contains eBx and eCx with

|〈Bx,Cx〉|
|Bx ||Cx | < 1,

for a.e. x. However, this implies that W(x) = SO(3,R), so g is independent of Q for
a.e. x. Now the flow-invariance of g implies the invariance under x  → x + tω and∫

Td×SO(3,R)
f (x,Q) dµ dν = g(x,Q), a.e. x, for all Q.

Now let m be another flow-invariant Borel measure on Td × SO(3,R). Then

m̃(A) = m(A× SO(3,R)), A ⊂ T
d ,

is invariant under x  → x + tω. Hence m̃ = µ. It now follows that∫
Td×SO(3,R)

f (x,Q) dm =
∫
Td×SO(3,R)

g(x,Q) dm =
∫
Td
g(x,Q) dm̃

=
∫
Td

g(x,Q) dµ =
∫
Td×SO(3,R)

g(x,Q) dµ dν

=
∫
Td×SO(3,R)

f (x,Q) dµ dν.

Since this holds for any continuous function f it follows that m = µ× ν. Hence (∗) has a
unique invariant Borel-measure. ✷

6. Genericity
We must now prove the density of condition (8). This turns out to be surprisingly difficult
for the following reason. It is hard to control parameter dependence during the iteration
because, if B,D ∈ so(3,R), then

1

T

∫ T

0
e−BtDeBt dt = cDB,

where T is the period of t  → eBt . This means that if we put F in an so(3,R)-parameter
family D + F , then the dependence on D of the mean values Aj(D) will be very poor
as soon as j > j1—the first index j for which the transformation Yj is not close to I .
This will cause problems in proving the density of condition (8).
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LEMMA 7. There exists a constant C = C(σ, τ, r1) such that in

|F |r1 < C,

the set of F which has a representation (1)–(7) with

Bj (ω) = 〈mj,ω〉
αj

Aj = 0, for all j > j0(F )

and

Bj(ω) = 〈mj ,ω〉
αj

Aj �= 0, for j = j0(F )

for some j0(F ) is dense. In particular, the set of reducible systems is dense in a
neighborhood of zero. Moreover, for each N , the set of such F for which j0(F ) ≥ N

is also dense.

Proof. Let F be given and consider a representation (1)–(7)—this always exists by
Lemma 3. Let j1 < j2 < · · · be all indices j for which Bj �= 0 and let

Zj+1(x) =
j∏
k=1

Yk+1(x), Cj =
j∏
k=1

eBk .

Fix a jn−1 arbitrarily large and consider the perturbation

F̃ (x) = F(x)+ δCjn−1DC
∗
jn−1

with D ∈ so(3,R), |D| ≤ 1 and δ small. Then

|F̃ − F |r1 < const. δ|D|
∏

j=j1,...,jn−1

e2Nj r1 < const. δ|D|ε−aσ1

and

|Z∗
j+1(F̃ − F)Zj+1|rj+1 < const. δ|D|ε−aσ1

|〈Z∗
j+1(F̃ − F)Zj+1〉 − δD| < 2εδ|D|,

for jn−1 ≤ j < jn, where a = 16(2 + 2σ)jn−1 . (Here 〈·〉 stands for the mean value of
a function over the torus Td .) The estimates of derivatives with respect to D are trivial
because the expressions are linear in D. Let jn−1 < k < jn be such that

εk ≥ 2εσjnε
−aσ
1 > εk+1,

and define δ = εkε
aσ
1 . From this we get

δε−aσ1 = εk, δ ≥ 2εσjn, ε1δ ( εk+1.

The last inequality follows because

εk+1 = ε1+σ
k = δ(εk+1ε

−a(1+σ)
1 )σ/(1+σ) ≤ δ(2εσjnε

−a(1+2σ)
1 )σ/(1+σ) ) ε1δ

for n large enough because of the rapid increase of {jn}∞1 . We can now transform F̃ by the
transformation Zk ,

∂ωZk(x) = F̃ (x)Zk(x)− Zk(x)(Ak + Fk(x)+ Z∗
k (x)(F̃ (x)− F(x))Zk(x)).
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The transformed system can be written as Ak(D) + F̃k(x,D), where

Ak(D) = Ak + 〈Z∗
k (F̃ − F)Zk〉.

These matrices satisfy

|Ak(D)| < const., |∂(Ak(D)− δD)| < const. ε1δ,

|∂νF̃k|rk < const. εk, ν = 0, 1.

(The partial derivatives are with respect to the parameters D.) Notice that the mean value
of F̃k is equal to the mean value of Fk , so it is independent of D. The inequality

|αk − 〈n,ω〉| ≥ εσk , 0 < |n| ≤ Nk,

implies that

|αk(D)− 〈n,ω〉| ≥ 1
2ε
σ
k , 0 < |n| ≤ Nk,

since Ak(0) = Ak and

|αk(D)− αk(0)| ≤ const. δ ≤ 1
2ε
σ
k .

We can therefore transform the system by a transformation Ỹk+1—close to I and depending
on the parametersD—to Ak+1(D)+ F̃k+1(x,D) with

|Ak+1(D)| < const., |∂(Ak+1(D)− δD)| < const. ε1δ,

|∂νF̃k+1|rk+1 < const. εk+1, ν = 0, 1.

(The second estimate follows because the mean value of F̃k is independent of D.)
Since εk+1 ) ε1δ we will have good control on theD-derivatives in the following iteration
steps as long as we transform the system by a transformation close to I . Since δ ≥ 2εσjn ,
we can determineD to make sure that for all j ≥ jn,

|αj (D)− 〈m,ω〉| ≥ εσj , 0 < |m| ≤ Nj .

This gives a perturbation F̃ of F of size δε−aσ1 = εk ≤ εjn−1 with the properties stated
in the lemma. In order to prove the second part, we fix an N and we assume that
jn−1 = j0(F ) < N . But then, in the same D-parameter family F̃ as above, we will find,
for arbitrarily small D, elements with j0(F̃ ) > j0(F ). This proves the second statement
by a finite induction. ✷

LEMMA 8. There exists a constant C = C(σ, τ, r1) such that in

|F |r1 < C,

for any N , the set of F which has a representation (1)–(7) with

〈Bjn(ω), Bjn−1 (ω)〉 = 0

for some jn ≥ N is dense.
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Proof. By Lemma 7 we can suppose that j0(F ) = jn−1 ≥ N . We can suppose without
restriction that Bjn−1(ω) = γ J1. Now consider the perturbation

F̃ (x) = F(x)+ δλCjn−2J1C
∗
jn−2

with |λ| ≤ 1 and δ small. Then

|F̃ − F |r1 < const. δ|λ|
∏

j=j1,...,jn−2

e2Nj r1 < const. δ|λ|ε−aσ1

and

|Z∗
j+1(F̃ − F)Zj+1|rj+1 < const. δ|λ|ε−aσ1

|〈Z∗
j+1(F̃ − F)Zj+1〉 − δλJ1| < 2ε1δ|λ|,

for jn−1 ≤ j , where a = 16(2 + 2σ)jn−2 . The estimates of derivatives with respect to λ
are trivial because the expressions are linear in λ. In order for F̃ to be a perturbation of F
it is enough that δε−aσ1 is small, which is achieved for, say,

δ = 2εσjn−1
,

due to the fast increase of the sequence {ji}n−1
i=1 . Let k = jn−1. We can now transform F̃

by the transformationZk ,

∂ωZk(x) = F̃ (x)Zk(x)− Zk(x)(Ak + Fk(x)+ Z∗
k (x)(F̃ (x)− F(x))Zk(x)).

The transformed system can be written as Ak(λ)+ F̃k(x, λ), where

Ak(λ) = Ak + 〈Z∗
k (F̃ − F)Zk〉.

These matrices satisfy

|Ak(λ)| < const., |∂(Ak(λ)− δλJ1)| < const. ε1δ,

|∂νF̃k|rk < const. ε̃k = const. δε−aσ1 , ν = 0, 1.

Since
|αk − 〈m,ω〉| < εσk , some 0 < |m| ≤ Nk,

and δ = 2εσk , we can determine λ = λk so that

|αk(λk)− 〈m,ω〉| = 0

and restrict λ to a neighborhood of λk—of size ∼1. We can then transform the system
by a transformation Ỹk+1—close to e〈m,x〉J1 and depending on the parameter λ—to
Ak+1(λ)+ F̃k+1(x, λ) with

|Ak+1(λk)| < const., |∂(Ak+1(λ)− δλJ1)| < const. ε1δ,

|∂νF̃k+1|rk+1 < ε̃k+1 = ε̃1+σ
k , ν = 0, 1.

(The second estimate follows because the mean value of F̃k is independent of λ.)
Since |〈Ak+1(λk), J1〉| ≤ εk we can determine λ = λk+1 so that

〈Ak+1(λk+1), J1〉 = 0,
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and restrict λ to a neighborhood of λk+1—of size ∼ε̃k+1/δ ) 1. Then we repeat the
same process again. Since ε̃k+1 ) ε1δ, we will have good control on the λ-derivatives in
the following iteration steps as long as we transform the system by a transformation close
to I . This may stop at some step k = l, because we must make a transformation which
is not close to I , after which we will lose control on the parameter dependence in the
J1-direction. In that case, we determine λ so that the J1-part of Al(λ) is = 0. Then Bl �= 0
and

〈J1, Bl〉 = 0,

and we are done. Otherwise it does not stop and we can control the J1-part of Ak(λ) for
all k ≥ jn−1 + 1. However, this means that we can determine λ = λ∞, so that

|〈Ak(λ∞), J1〉| ≤ 2ε̃k, Bk = 0

for all k ≥ jn−1 + 1. For an F with this property, however, we can choose a perturbation

F̃ (x) = F(x)+ Cjn−1DC
∗
jn−1

as in Lemma 7 and determineD—arbitrarily small—so that

〈Ak, J1〉 = 0, Bk �= 0

for some k sufficiently large. Then in this case we are also done. ✷

Proof of the Theorem. It follows from Lemma 8 that the set of F , in some small
neighborhood

|F |r < C = C(τ, r),

which has a representation (1)–(7) with

lim inf
n→∞

|〈Bjn(ω), Bjn−1(ω)〉|
|Bjn(ω)||Bjn+1(ω)|

= 0

is dense in the | · |r -topology. In §5 we have proven that the skew-system (∗) defined
by such an F is uniquely ergodic. Hence, the set of uniquely ergodic systems is dense.
However, it is known [FH] that the set of uniquely ergodic systems is always a Gδ in the
C1-topology, hence also in the stronger | · |r -topology. This completes the proof of the
theorem. ✷
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A. Appendix
Let ω ∈ Rd and assume that

‖〈n,ω〉‖ = inf
p∈Z

|〈n,ω〉 − 2πp| ≥ K

|n|τ , for all n ∈ Z
d \ 0,

for some K, τ > 0—here we do not require that τ > d − 1.
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LEMMA A.1. There exists a constant C—independent of τ and d—such that, for all
x ∈ Td and all δ > 0, there is a positive integer

k ≤ Nd(K, δ) = 1

K

(
C

δ

)(τ+1)d(d+1)/2

such that ‖kωi − xi‖ < δ for all i = 1, . . . , d .

Proof. By Dirichlet’s Theorem, there is a positive integer k ≤ (2π/δ)d such that

‖kωi‖ < δ, for all i.

Now let ω′ = kω, mod (2πZ)d , such that

2παd = |ω′
1| ≥ |ω′

2| ≥ · · · ≥ |ω′
d |.

Then

‖〈n,ω′〉‖ = ‖〈k · n,ω〉‖ ≥ K

kτ

1

|n|τ , for n ∈ Z
d \ 0.

Now consider

ω′′ = 2π

(
ω′

2

ω′
1
, . . . ,

ω′
d

ω′
1

)
.

Then

‖〈n,ω′′〉‖ = inf
p∈Z

|〈n,ω′′〉 + p|

= 1

αd
inf
p∈Z

|n2ω
′
2 + · · · + ndω

′
d + pω′

1|

= 1

αd
inf{|n2ω

′
2 + · · · + ndω

′
d + 2πpω′

1| : |p| ≤
√
d|n|}

≥ 1

αd
inf

{
K

kτ
(|n|2 + |p|2)−τ/2 : |p| ≤ √

d|n|
}

≥ K

αd

1

(d + 1)τ/2

(
δ

2π

)dτ 1

|n|τ = K

αd
fd

1

|n|τ .

Moreover,

αd = ‖kω1‖ ≥ K

(
δ

2π

)dτ
≥ Kfd.

Sinceω′Z is αd -dense on the lineωR and since the projection of this line onto Td intersects
{0 × Td−1} in the points ω′′Z, it follows that

Nd (Kd, δ) ≤
(

2π

δ

)d 1

αd
Nd−1(Kd−1, δ), Kd−1 = Kd

fd

αd
.

If d = 1, it is easily shown that

N1(K1, δ) ≤ 1

K1

(
2π

δ

)τ+1

.
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Then we get by a finite induction that

Nd(Kd, δ) ≤
(

2π

δ

)d+(d−1)+···+2+τ+1
(2π)d−1

αd · · ·α2

1

K1
,

and

K1 = fd · · · f2

αd · · ·α2
K1.

Hence,

Nd (Kd, δ) ≤
(

2π

δ

)d+(d−1)+···+2+τ+1
(2π)d−1

fd . . . f2

1

K
≤

(
C

δ

)(τ+1)d(d+1)/2 1

K
. ✷

Now let ω ∈ Rd and assume that

|〈n,ω〉| ≥ K

|n|τ , for all n ∈ Z
d \ 0,

for some K, τ > 0. We have the following immediate consequence of Lemma A.1.

COROLLARY A.1. There exists a constant C—independent of τ and d—such that, for all
x ∈ Td and all δ > 0, there is a positive number

T ≤ 1

K

(
C

δ

)(τ+1)(d−1)d/2

such that ‖T ωi − xi‖ < δ for all i = 1, . . . , d .
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