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Abstract. Analytic quasi-periodic skew-systems with close to constant coefficients and
with Diophantine frequencies seem to be, in a measure theoretical sense, ‘generically’
reducible. In this paper we show that such systems are, in a topological sense, generically
uniquely ergodic and, in particular, non-reducible.

1. Introduction
In this paper, we consider skew-systems on T¢ x SO(3,R), T = R/(2nZ):

X =Fx)X

’ (*)
X =w

where F : T — s0(3, R) is real analytic and w € R satisfies a Diophantine condition

1
(o)l 2 e e Z\0,
n

for some t > d—1. (Here (-, -) is the usual scalar product in R4 and |-]1is the corresponding
norm.) We assume that F' is defined in a complex strip of width r, and we measure it by

|Fl, = sup [F(x)],

|[Im x| <r

where | F(x)]| is the operator norm. The flow of (x):

0:(x, Q) = (x +tw, X(t,x)Q)

preserves the product Haar measure u x v on T x SO (3, R). It preserves distances both in
the T¢-direction and in the SO (3, R)-direction, but it is not an isometry. Its second factor
satisfies the differential equation

%X(t, x)=F(x+tw)X(t, x) (%%)

with initial value X (0, x) = 1.

‘Most’ systems (), and very likely ‘almost all” systems (), are reducible (to a constant
skew-system) in the following sense. There exist ¥ : T — SO(3, R) real analytic and
A € 50(3, R) such that

0, Y(x) = FX)Y(x) — Y(x)A,
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where 9, = (V, w). It follows that the transformation
F=x, X=Y*()X

transforms () to the constant system

Hence, each orbit {Q;(x, Q)};cr is contained in an analytic torus of dimension d + 1
and analytically conjugate to a Kronecker flow with direction (w, ), where +ic, O are
the eigenvalues of A. In particular, (*) has an uncountable number of invariant ergodic
measures. Another consequence is that the system (xx), has a Floquet representation

X(t,x) = Y(x + tw)e Y*(x)

as a quasi-periodic matrix times an exponential matrix. (That the quasi-periodic part has
exactly the same frequencies as the system itself is particular for the group SO (3, R).)
We shall not try to give a precise meaning to ‘most’ and ‘almost all’ since in this paper we
are mainly concerned with systems that are not reducible. The existence of such systems
is made plausible by the fact that quasi-periodic linear systems do not always admit a
Floquet representation. The first example of this was, we believe, [M]. The first analytic
examples with w Diophantine was [FSW]—non-perturbative—and [E1]—perturbative. In
both these cases the group is SL(2, R). In [R] a smooth example on the compact group
SU (2, C) is given. For time-discrete systems there are several examples in [H].

So one should not expect that all systems (), even small in the |- |.-norm, are reducible,
and this is indeed not the case. One could think that such systems still are reducible in a
weaker sense, for example by requiring that the transformation Y (x) is just measurable in
x and, say, analytic along the lines {x + tw : t € R}. There is, in fact, a dense set of
such systems in a small | - |--neighborhood of F' = 0, but this is not the generic situation.
We shall prove the following.

THEOREM. There exists a constant C = C(r, T) such that for a dense Gs in
|F|, <C
the skew-system (x) has a unique invariant measure.

A related result has been proven in [N] for a Liouville vector w using the idea of fast
periodic approximations. Our proof will consist in applying the approach of [E1]—used
to study skew-systems on T¢ x SL(2, R)—to the compact group SO (3, R). We shall, by
a KAM-iteration, construct an infinite sequence of functions

Yj+1 ZTd —- SO@3,R), j<1,

whose infinite product ‘reduces’ the system to constant coefficients. If this product
converges uniformly on T¢ then we are in the reducible case. For a generic system,
however, the product does not converge uniformly, but it still provides information about
the system. In particular, the information needed to prove unique ergodicity. We have
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chosen to formulate our result for systems near F' = 0, but we could just as well have done
it for systems near any A € so(3, R)—the proof will go through almost without change.
We also believe that the results and proofs of this paper can be generalized to any group
SO (n, R).

The outline of this paper is as follows. In §2 we describe some properties of real anti-
symmetric matrices and prove the usual small divisor lemma. In §3 we describe the KAM-
iteration. In §4 we use this iterative construction to show that ‘most’ small systems are
reducible. In §5 we prove the unique ergodicity of (x) under a certain condition on F and
in §6 we prove the density of this condition. This turns out to be surprisingly complicated
because of the difficulty to control parameter-dependence during the iteration—something
which is often easy in KAM approaches.

1.1.  Notes. This work appeared as a preprint in 1991 [E2]. The present version is the
same, with minor changes, except for §6 where the proof of genericity has been simplified.

Since 1991 there has been progress on the question of reducibility which is reported
in [E3]. In particular, the conjecture on the one-parameter family AA 4+ F(x), det A # 0,
in §4 has been proven by R. Krikorian [K].

2. Preliminaries
Consider the Lie algebra so(3, R) of real anti-symmetric 3 x 3-matrices. We have a basis

0 1 0 0 0 O 0 0 1
Ji={-1 0 0), =0 0 1), Js=10 0 O
0 0 O 0 -1 0 -1 0 0
satisfying
[J1, 2] = J3

plus cyclic permutations.

LEMMA 1. Forany A € s0(3,R) thereisa M € SO (3, R) such that
M*AM = oJ;.

If we fix the sign of a, a > 0 say, then M is determined up to a transformation e'’\. If A
depends C' on some parameter ) and if o # 0, then we can choose M to be C' locally
and

|[0M| < const.

)

1
—0A
o

where 0 = 9/d\. The constant is independent of A.

Proof. Let (-, -) be the usual sesqui-linear product on C>—anti-linear in the first and linear
in the second variable. Suppose

Au=ru, |ul®= (u,u)=2.

Then

Mu,u) = (Au,u) = —(u, Au) = —A{u, u)
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so A = i« is purely imaginary. Since A is real, both +i« are eigenvalues and
ic{u,u) = (Au,u) = —(u, Au) = —ia(u, u),
so(u,u)=0.Ifu =uy +iuy, then
0= (@ u) = |ur|* — Jul® +i2(ur, u2),

which implies that
> = s> =1, (u1,uz) =0.

Now choose v real so that

(v,ur) = (v,u2) =0, o] =1

Then Av = 0 and we can take M = (u; up v), where we determine the sign of
v so that det M = 1. The second statement of the lemma is an easy calculation.
Let A = xJ; + yJo + zJ3. Then @ = /x2 + y? 4 72 and the characteristic equation
of A is
t(t2 + o:2) =0.
Now let w = A(A 4+ ial)e. If e = e; = (1 00)%, then
—x* -z 0
w = —yz +io | —x
Xy -z

This implies that
lw| = cilal|A]
unless x2 4+ z> < y?, in which case we get the same inequality by taking e to be e; or e3.
Now u = 2w/|w| from which we get
[dw| [0A]
[ul < co— < c3——.
[w] ot

If we let w = (A2 4+ a21)e with e = e (or e3 or e3), then we get v = +w/|w| and we get
the estimate
[0A]
[0v] < c——
lot]

in the same way. d

From the real normal form we easily get a complex diagonal form. In fact

-l )= )eet6 %)

We shall use this for the next lemma. Let B, be the space of all analytic functions

F : T — glI(3,R) for which |F|, < oo and let B = UB,. Let F € B, and suppose

that F depends on a parameter A in some open set A C R3. We say that F is C! in A if

A Fy e Bris CL. We say that F' is piecewise Clinxif A = UA; and, for each i, there

is an open set 2; D A; such that F//A; extends to a C !_function on ;. Let
6(F)={neZ: F(n) #0}

where F (n) is the nth Fourier coefficient of F.
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LEMMA 2. Let A € s0(3,R) and F € B, Nso(3,R). Assume that 0 ¢ 6 (F) and
1
[(n,0) T a| = m, ned(F),

where tia, 0 are the eigenvalues of A. Then there is a unique Y € BN so(3, R) such that
0,Y =[A, Y]+ F, o()Cao(F).

Y satisfies the estimate

|Y]s < const. ( |Fl,, s<r.

r—s)t

Moreover, if A and F are Clinhe A thenY e By also and
2

(r—s)

where 0 = 3/0A. The constant only depends on t.

K
|8Y|s§const.|: 2T|8A||F|r+m|8F|r:|, s<r,

Proof. We can assume that A = o Jy. If we write

Y:ZY,’J,‘ and FIZFiJi,

then we get the equations
0, Y1 = F1, 0,2 +aYzs=F, 0,Y3—aYr,=Fs.

Now consider

and write
1 0 1 0
Z_<0 C*)Y and G—<0 C*)F'

0,21 =G, 0pZy+iaZy, =Gy, 0,723 —icZ3z = G3,

Then

with 6 (Z;) C 6 (F). These equations can now be solved in Fourier series and the estimates
are standard. From the estimate of |Y | we get the C!-dependence in A and the estimate of
dY follows from

0,(0Y) =[A,0Y]+[0A, Y]+ OF. ]

3.  The inductive lemma
Let Fi(-,1) € By, Nso(3,R) and A1(A) € so(3,R). Assume that | and A; depend
piecewise C! on a parameter A € A. Assume also that

[0VA1l <1, [3"Fily, < €1

forv =0, 1, where 9 = d/dA. Let 0 < 0 < 1/36 and let {r;} be a decreasing sequence of
positive numbers such that

ri .
”j_”j+1ZF, j=1
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Let

20 1
1
8j+1=8,'+0, Nj = log
' P =il \Ej

for each j > 1. It follows that
o —4t
g <N ;
for all j, if just &1 is small enough. For example, it suffices that

&1 < const. r1((4r/”)+1)

for some small constant that only depends on t and o.

LEMMA 3. There exists a constant C = C(t, o) such that if

& < CV1((4I/U)+1)

then, for all j > 1, there exist Fj11 € BN so(3,R), Yiy1 € BN SOQB,R) and
Ajy1 € 503, R), all piecewise Clin A, satisfying

0 Yjr1(x) = (A + Fj(x)Yj11(x) = Y11 (x)(Ajp1 + Fjt1(x)).

Moreover, if Liaj, 0 are the eigenvalues of Aj, then we have the following estimates for
v=0,1:
- VA 1/2
18" (g1 — ey < el (141
where either m is the unique integer valued vector restricted to 0 < |m| < N;j such
that |aj — (m, w)| < s‘j.’ andrj —rjy) = %rj, or, if no such vector exists, m; = 0 and

j+1
rj—rjs1=r1/27,

10" Fjt1lrpy < €41, 2)j+1
(m;, w) 2/3
0" (A — (1= =2 ) 4;)| <&, (3)j+1
(,Yj J
0Aj+1] < &7 4))+1

Proof. Let us show how to construct Y41, Fj+1 and A 4 assuming the previous steps are
done. We must handle two different cases.

Case 1. Assume that
lej — (n,w)| > €%, 0<|n| <N;

and let G (x) be the truncated Fourier series

Z ﬁ] (n)ei(n,JC).

O0<|n|<N;
Let Y to be the solution of

3,Y =[A;.Y]+G, &) Cé(G),
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which exists uniquely by Lemma 2 and define

Yjpi(x) = "™

Ajj1=A;+ ﬁj(O)
Fipr = e "OUF ()™ — D +[A), "™ — T — v (x)]
— ("™ = DE;(0) = 3,(e"™ = Y (1)) + (Fj(x) — G(x) — F;(0))}.
With these definitions, the functions Fj etc., have all the required properties so we only
need to consider the estimates.
Estimates. We have
107Gl < ce;NTHL s =rjp + %

(In the following, ¢ will denote an arbitrary constant that only depends on ¢ and t.)
Then by Lemma 2 and (4) ; we get

1-(142 2 1
10"Y]r;,, < const.g; a+ ”)"N]?( o)+
Also e¥@ — [ and e7Y™ — [ satisfy these estimates which proves (1)j11. In order to

prove (2) j+1 we first observe that
0" (Fj — G — Fj ()], < ce ™7 NTT
Moreover,
0w’ = V)lrjy <AV, G 1Y I )
1800(e” = V)1, <cUAIBY |y Y 1ryy + 1DANY 410G Y |y, +IG10Y 11, ).

From this we easily get

140

1+20 N}'+1 + 82..720’ N{lr+2 :
J J J :

[Fjtilr, <c(e; f ) <¢

If we differentiate the expression for F;11, we can estimate the derivative in the same way

and we get
140

1+2O’N}'+1 +8?746N1§t+2) < 8j .

10 Fjs1lr,y < cle;
This proves (2) j41. The estimate (3) ;41 is trivial, as is (4) j11.

Case 2. Suppose now that there is an integer vector m; in 0 < |m| < Nj;—necessarily
unique—such that
[ea
loej — mj, )] < &%,

and let
Z(x) — e((mj,x)/ocj)Aj.
Then
0,Z(x)=(A; + F;(x))Z(x) — Z(x)(Bj + G (x))
where

(mj, w) "
Bj:(l— o >Aj, Gj(x)=Z (x)Fj(x)Z(x).
J
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The eigenvalues of B; are £if;, 0 with 8; = a; — (m;, w) and they satisfy
|Bj — (n,®)| = (6N;)™" — &7 >2¢7, 0 < |n] <6N;.
Now let now G be the truncated Fourier series
Yo Gime ™Y
0<|n|<6N;
and let Y be the unique solution of
0,Y =[Bj, Y1+ G, &) C6(G).
We define
Yjt1(x) = Z(x)e" ™
Ajt1=Bj+ éj(o)
Fir1(x) = e YOG j(x) ("™ — 1) + [B}, "™ — T — Y (x)]
— ("W = DG j(0) = 8,(" Y = Y () + (G (x) — G(x) — G(0))).
As in Case 1, all requirements are fulfilled and we only need to consider the estimates.
Estimates. By Lemma 1, we can write
Z(x) = M*e"mi iy,

where M € SO (3, R) and depends C Uon A (locally) and
[0A;]
[0M| < c———.
lotj |
It follows that

10" Zl,, < eNyTe; 47,

since rj41 = %r ;. The same estimate holds for Z*. This implies that
1-(8+
"G, < eNYTe; T

and
|8UG|S < CN]('1+U)T+181.—(8+U)0'

i — T4l
j —_—.

r.]
. S =rjt
Moreover,

. —0
[0B| < ce; "

We conclude from Lemma 2 that

242v)t+1 _1—(943v)o
[0"Y |, < cN](. £ (

and

|8U(Yj+] _ Z)|rj+1 < CN.]('2+2U)T+18}—(13+3U)0' < 8}/2.

This proves (1) j 1. In order to prove (2) j;1, we observe that

1+@—v)o
j k]

from which we deduce the estimate of Fj1 as in the previous case. The estimate (3)j11
is obvious and (4) j41 follows from the estimate of [d B;| given above. This completes the
proof of Lemma 3. a

0°(Gj — G — Gj(O)],, <N e
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4. Reducibility
Each function Y;41(x) is close to an exponential e
equal to zero, then the product

Bj() 1f all but finitely many B; are

[Tvi+
j=1

converges uniformly on T¢ to an analytic function ¥ (x) which solves

JY(x) = (A1 + FI(x))Y(x) —Y(x)A, A= lim Aj,
j—00

so the skew-system is reducible. If this is not so, then the matrices A ; must satisfy
lj — (mj, w)| < 8‘;, some 0 < |mj| < Nj,
for infinitely many j’s. Since
e |l — (n, w)| < &7, some 0 < [n] < Nj}| < 28‘]~7N;+1

converges to zero very fast, we like to think of this as the exceptional case. In fact, it is
quite easy to show that in any one-parameter family

A+ F, detA #0,

the system is reducible except for a small set of A-values if | F|, is small enough. We believe
that this family is reducible for a.e. A, but this may be more delicate to prove.

Let us now turn to the case when there are infinitely many j’s for which m; # 0.
The important facts to keep in mind are:

(1)
172

Vi1 =¥l <&/ j=1 )

(ii) the matrices B; are of the form

(mj, x)

Bj(x) = Aj,

J
where +ia, 0 are the eigenvalues of Aj and 0 < [m ;| < Nj;
(iii) the matrices B; are all equal to zero except for some subsequence
I<ji<jp<...;

@v)
|Bj,. (@) <265, n=1; (6)

)

|Bjj, (@) > %Nj;il’ n>0. (7)
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Equation (5) is just a reformulation of (1), (7) follows from the form of B; and from the
Diophantine condition, and (6) follows because

o o
|<mjn+l’ 0))' < 8j,,+| + |ajn+l| < 8j,,+] + |Ajn+l|

<1 3 (mj,l,w))Ajn
ajﬂ ’

A consequence of (6) and (7) is that the sequence {j, } increases extremely fast. In fact, the

right-hand side of (7) decreases in the same way as (2 4+ 20') ~%»+! and the right-hand side

of (6) in the same way as siH”)]n. Hence

. 2/3
<&, +2£j +

< 2e7.
Jn

n

1 .
Jn+1 = const. log <—) (1 + o).
€1

We now have
ri N\ 0, |Fj|r,- -0, A;—>0

where the last limit follows from (6) because |Aj,| ~ |Bj, (w)|. It also follows that the
product

o0

[]Yi+1Gw)

j=1
converges, uniformly on compact ¢-intervals, to a solution X (¢) of (), because for ¢
fixed we have

Bj, (tw) _

le I| < const. g% |t
Jn—

1
if n is large enough. So we have a representation of a solution X (z) of (xx)o as a product
I Yj1(tw), where {Y; 1} satisfy (1)—(7). Such a representation is of course not unique,
but the proof of Lemma 3 provides a unique—though arbitrary—construction of such a
representation. Let us finally notice that

1X(0) — 1] < 2,
and, for simplicity, we shall assume in this section that the Y; are normalized so that
X (0) = I. The solution X (¢) of (%) may of course still be quasi-periodic, but it must
then have extra frequencies. Indeed, if X (¢) is quasi-periodic then its limit values ‘above’
the point 0 € T¢ are an Abelian subgroup of SO (3, R). By this we mean that the set of all
B € §O(3, R) such that there exists a sequence {z;} with

tjiw — 0in 'H‘d, X(tj) > B

is an Abelian subgroup (see Theorem 1.17 in [F]). Moreover, if X (¢#) has the same
frequencies as F(fw), then this subgroup must be the identity (see Theorem 4.5 in [F]).
Now, the existence of limit values other than / follows from the following lemma.

LEMMA 4. Givent and n > no(t), there exists a t such that, for all x,

z _ 7 _ ,Bj,(tw) o
| X(t, x —tw) —e”in |<£]n72.

In particular, if {t,} is a sequence such that t,o — 0 in T and e® is an accumulation
point of {eBin ) then there is a sequence {f,} such that i, — 0 in T¢ and X (i) has

eB as an accumulation point.
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Proof. For given n, choose § = §,, > 0 such that
nA\@+D(d+n—2)(d+n—1)/2 o4
( E) = jn—] :
Since t — eBin (tw) is periodic with period < 27 N}n we can assume that ¢ is bounded by

this number. By Corollary A.1 (see the Appendix) there exists, in any interval of length

greater than
. n\T+hH@d+n-2)(d+n-1)/2
rong (c)

a point f such that
ltwtll, ..., ltwall and [[t{mj,, o), ..., lt(mj,_;, @)

are all less than 8/n. We take such a 7 in the interval [z,  + T]. We now have

P )
leBit® _ 1| <2= forl<n—1,
n

(i - —o/4
1B — 1) < 2[f||(m};, )] < 2QNT, + N;n_]sjn‘j{ )
< 87.[/_2', forl >n+1,
/2

Bj,(io) _ ,Bj,(tw) o
|eZn e’n | < 281'1_]|T| <€

and

- (G | 1

[Yjt1(fw) — eBit®)| < const. 8}/2—||ta)|| < const. 8}-/2—5 < 8‘;5.
rj+1 Fj+1

From this we deduce that

/2
jn—] ’

|X(7) — Bt <25 4 2¢

which is less than 8}71_2. In order to see this we observe that

§=08, = Cne2EHDIEd+n=2)d+n=1)]""!
Jn—1

holds if
(14 0)m 172 4z + D(d+n—2)d+n—1).

However, this is certainly true for n greater than some np—depending only on 7. The rest
of the lemma is an obvious consequence of this result. a

Remark. We have not yet proven that there are any F at all in |F|, < C for which the
sequence ji < j» < --- is actually infinite. This will follow from §6 where we prove the
density of a much stronger statement.

Remark. The whole group of accumulation points of
{eBi®) 10 — 0in T9),

is attained as limit values of X (r) ‘above’ 0 € T¢. We do not claim that this group contains
all such limit values. In particular, the Abelian character of this group is a necessary, but
not sufficient, condition for X (¢) to be quasi-periodic.
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5. Ergodicity
In the previous section we showed that the product

o0
l_[ Yij1(x +tw)
j=1

is uniformly convergent on compact 7-intervals when the base point x is equal to 0. In order
to also treat other values of x, we must modify the product. Let

Yip1(y,x) = Ya(x) - Y)Y jp1 (v + 0V ()Y (x) -+ Y5 (x).
Then one checks easily that
X(t,x) = ]_[ Y1 (tw, x)

is uniformly convergent on compact 7-intervals, for x fixed, and that X (¢, x) solves (%)
with X (0, x) = I. We need the following version of Lemma 4.

LEMMA 5. Givent and n > no(t), there exists a t such that, for all x,

X (7, x —iw) = Ya(x) -+ ¥}, (0)ePn " Y (x) - VS (x0)] < &7 .

Proof. Let n be given and define 8, t and f as in Lemma 4. Let
Zj(x) =Ya(x)---Yj(x).
Then for all j,
|I?j+1(t~a),x —tw)—I=1Zj(x — tNa))Yj_,_l(x)X;‘_i_l(x - fw)Z;f(x —ftw) — 1|
<Y1 () = Y1 (x — tw)]
<11 (1) = €M) — (V1 (x — Fo) — P07
+|eBite) _ ).
The first term is estimated by (1) ;41 and the second term can be estimated as in the proof
of Lemma 4, for all j except j = j,. For j = j,, we have
V41w, x — fw) — Zj(x)eBi Z ;(x)*|

-1 - -
<2 1Tt (x = fw) = BT — (Vg () = PO 4 (B0 — )
k=1

+ 1B — B |y ()Y (x — Tw) — B0,
The first term is estimated as above, the second term can be estimated as in the proof of
Lemma 4, and we must only consider the last term. We can write it as
1Yj11(x) = B0 (x — )|
= (e P10 = D = (P TY o (x - T0) = D)
- 1 _B,
< const. [[twl|——e" " Yjt1 — Il
rj+1
2

- 1
< const. ||tw||—— j

B
r 1 |€ jlr_H_]'
J+
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However,
B; Njrj —4ologe; —4o
J +1 — gEj —
le |r_,'+1 < eMilitl = ¢ = ej .

Hence, we get the estimate 58‘; and now everything goes through as in Lemma 4. O
Consider the scalar product on so(3, R):
(A, B) = tr(A*B)

with corresponding norm |[A| = 4/(A, A). Let us now assume that F' satisfies the following

condition: B. (). B: . (@)
lim inf |< Jn w), Jn+1 w >|

n—oo |Bj, (w)|Bj,,, (@)

®)

LEMMA 6. Under the assumption (8), there exist two sequences
tho—0, S5,0—>0 in T¢
such that, for all x € T,
X, x — o) and XGpw,Xx — Spo)

have accumulation points e® and e€~, respectively, with

|(Bx, Cx)l
| Bx||Cxl

The eigenvalues 0, if and 0, £iy of By and Cy, respectively, are independent of x, and
B and y are both irrational. Moreover, each subsequence of {n} has the same property.

Proof. Consider two sequences
thw— 0, s,0o— 0 In T¢

such that eBin(m® hags accumulation point e8, B = BM*J\ M, with B irrational and
Bint161) has accumulation point ¢¢, C = yN*J| N, with y irrational. By condition
(8) there exist sequences such that

1(B, C)|
—_— <
|BI|C]

For each n, consider 7, and 5, as given by Lemma 5. It follows that for each x € T,
X (fyw, x — f,w) has an accumulation point of the form

eBr = erBZ:,

where Z, is an accumulation point of {¥2(x) - -- Y}, (x)}72 |, and X (S,@, x — §,®) has an
accumulation point of the form

eCr = Z, Wy eCWZE,

where W, is an accumulation point of {Y;, +1(x) - -- Y;, ., (x)}72 . It follows from the form
of Y;(x) that W, must be an accumulation point of {eBin ™) }52 1 and therefore of the form
M*eP)i M. Hence, W, commutes with B. (Notice that we do not claim any measurability
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of Z, and B, in x—only that for each x there are accumulation points of this form.) We
can assume without restriction that M = I so B = 8J1. Then

C=a1Ji+ayla+a3Jz, (az,a3)+#0.
An easy calculation shows that, for all x,
(By,Cx) =2a1B, (Bx.Byx)=2p% (Cx,Cx) =2(ai + a3 +a3)

from which we get the result. The last statement of the lemma is clear from the
construction. ]

Proof of unique ergodicity under assumption (8). Let f(x, Q) be a continuous function
onT? x SO(3, R) and let

T
g(x, Q) = lim i/ fx+tw, X, x)Q)dt.
T—oo T Jo

Since the product Haar measure @ x v is invariant under the flow (x, Q) — Q:(x, Q),
it follows that g(x, Q) exists for a.e. (x, Q) and is measurable. Since the flow preserves
distances in the SO (3, R)-direction it even holds that, for a.e. x € T?, g(x, Q) exists for
all Q and Q + g(x, Q) is equicontinuous. Moreover, for a.e. x € T,

gx,0)=gx+tw, X, x)Q), forallt, Q,
or, equivalently,
gx —tw, Q) = g(x, X(t,x —tw)Q), forallz, Q.
Finally, if #j — 0 in T¢ then, for all Q,
gx —tjw, Q) — gx, Q) in L*(T%)

since as one easily verifies, one has weak convergence and convergence in LZ-norm.
In particular we have for each Q, pointwise convergence almost everywhere for some
subsequence {j;}. Because of equicontinuity, it follows that there exists a set E; C T¢ of
full p-measure such that

g(-x_tjiwv Q)_>g(-xv Q)v (-xs Q)EEI XS0(31R)
where the set E; depends, of course, on the subsequence {¢;,}. Now let
Wkx)={U e SO3,R): g(x,UQ) = g(x, Q) forall Q}.

Clearly W(x) is a closed subgroup for all x in a set E» of full u-measure. Let us now
choose sequences
thw— 0, s,0—0 in Td,

and let B+ and ¢ be accumulation points as in Lemma 6. Since we are allowed to take
subsequences we may assume that

§(x — o, Q) = g(x, 0), glx — 5w, 0) — g(x, Q)
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asn — oo for a.e. x and all Q. Then, by Lemma 6, for a.e. x there exists a subsequence
{n;} such that

g(x, Q) = lim g(x — 1,0, Q)
1—> 00
= lim g(x, X (fy,®, x — In;0) Q)
1—> 00

=g(x,eBQ), forall Q.

In the same way
g(x, e Q) = g(x, 0), forall Q.

Hence, W (x) contains e« and ¢€x with

|(Bx, Cx)l

<1,
| Bx||Cx|

for a.e. x. However, this implies that W(x) = SO (3, R), so g is independent of Q for
a.e. x. Now the flow-invariance of g implies the invariance under x — x + fw and

/ fx,Q)dudv=g(x,Q), ae. x, forall Q.
T¢xSO@3,R)
Now let m be another flow-invariant Borel measure on T¢ x SO (3, R). Then

m(A) =m(A x SO3,R)), AcT¢,

is invariant under x — x + tw. Hence m = p. It now follows that

/ f(x,Q)dm=/ g, Q)dm=/ $(x. Q) dri
TdxS0(3,R) TdxS03,R) Td

Z/ g(X,Q)dlL=/ gx, Q)dudv
T T¢xSO3,R)

Z/ flx, 0)dudv.
TdxS0(3,R)

Since this holds for any continuous function f it follows that m = u x v. Hence () has a
unique invariant Borel-measure. g

6. Genericity

We must now prove the density of condition (8). This turns out to be surprisingly difficult
for the following reason. It is hard to control parameter dependence during the iteration
because, if B, D € so(3, R), then

1 T

—/ e B'DeB 4t = cpB,

T Jo
where T is the period of # > ¢B’. This means that if we put F in an so(3, R)-parameter
family D + F, then the dependence on D of the mean values A ;(D) will be very poor

as soon as j > jj—the first index j for which the transformation Y; is not close to /.
This will cause problems in proving the density of condition (8).
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LEMMA 7. There exists a constant C = C (o, T, r1) such that in
|Fl, <C,

the set of F which has a representation (1)—(7) with

B _mj ) o
j(w) = o A;j =0, forall j> jo(F)
J
and
(mj, w) .
Bj(w) = Aj#0, forj= jo(F)

J
for some jo(F) is dense. In particular, the set of reducible systems is dense in a
neighborhood of zero. Moreover, for each N, the set of such F for which jo(F) > N
is also dense.

Proof. Let F be given and consider a representation (1)—(7)—this always exists by
Lemma 3. Let j; < jo < --- beall indices j for which B; # 0 and let

j j
Zjy1(x) = ]_[ Yipi(x), C;= ]_[eBk.
k=1 k=1

Fix a j,_ arbitrarily large and consider the perturbation

F(x) = F(x) 4+ 8C),_,DC} _

1

with D € so(3,R), |D| < 1 and § small. Then

|F — F|,, < const.8|D| l_[ eHNin < const. §| D|e; 7
J=J1ssdn—1

and
|Z5((F = F)Zj1lr;,, < const.8|D|e; "
(Z5, (F = F)Zj1) — 8D| < 2¢3|D|,
for ju—1 < j < Jju» where a = 16(2 4 20)/»-1. (Here (-) stands for the mean value of

a function over the torus T¢.) The estimates of derivatives with respect to D are trivial
because the expressions are linear in D. Let j,_1 < k < j, be such that

&k > 28‘]’-”81_“0 > St
and define § = £{°. From this we get

—dad
de

=k, 82267, €18 exq.
The last inequality follows because
kil = 8/&-{-0 _ 5(8k+181—a(1+0))a/(1+o) < 5(28;81—a(1+20))o/(1+a) L €18

for n large enough because of the rapid increase of { j,,}{°. We can now transform F by the
transformation Zy,

dZi(x) = F(X)Zk(x) — Zi(x) (Ag + Fe(x) + ZE(xX)(F(x) — F(x)) Zg(x)).
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The transformed system can be written as Ax (D) + Fi(x, D), where
AK(D) = A+ (Z{(F = F)Zy).
These matrices satisfy
|Ax(D)| < const., |d0(Ax(D) —8D)| < const. £16,
|8”Fk|rk < const.g, v=0,1.

(The partial derivatives are with respect to the parameters D.) Notice that the mean value
of Fy is equal to the mean value of Fy, so it is independent of D. The inequality

lox — (n, w)| = ef, 0 <|n| < N,

implies that
(D) — (n, w)| > 1ef, 0 <|n| < N,

since Ax(0) = Ay and
lax (D) — ax(0)] < const.§ < %8/?

We can therefore transform the system by a transformation Y, —close to I and depending
on the parameters D—to Ax41(D) 4+ Fr4+1(x, D) with

|Ak+1(D)| < const., |d(Ax+1(D) —8D)| < const. €18,

[0" Fiy1lr,, <const.giqyr, v=0,1.

(The second estimate follows because the mean value of Fy is independent of D.)
Since gr4+1 <K €18 we will have good control on the D-derivatives in the following iteration
steps as long as we transform the system by a transformation close to /. Since § > 28(;”,
we can determine D to make sure that for all j > j,,

(D) — (m, )| = ¢9, 0 <|m| < Nj.

This gives a perturbation F of F of size 58;“0 = g < gj,_, with the properties stated
in the lemma. In order to prove the second part, we fix an N and we assume that
Jn—1 = jo(F) < N. But then, in the same D-parameter family F as above, we will find,
for arbitrarily small D, elements with jo(lf7 ) > jo(F). This proves the second statement
by a finite induction. O

LEMMA 8. There exists a constant C = C(o, T, r1) such that in
|F|,, <C,
for any N, the set of F which has a representation (1)—(7) with
(Bj, (@), Bj,_(®)) =0

for some j, > N is dense.
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Proof. By Lemma 7 we can suppose that jo(F) = j,—1 > N. We can suppose without
restriction that B;,_, (w) = y J1. Now consider the perturbation

F(x) = F(x) + 81C}, , JiC},

-2

with |A] < 1 and § small. Then

|F — F|r, < const.§|A| l_[ 2Nin < const. 8|Ale; 7
J=J1sesdn—2
and
1Z5,\(F = F)Zj11lr;,, < const.8|i]e;
(Z5 (F = F)Zj11) — 83J1| < 26182,
for j,—1 < j, where a = 16(2 + 20)j"—2. The estimates of derivatives with respect to A

are trivial because the expressions are linear in A. In order for F to be a perturbation of F
it is enough that 87’ is small, which is achieved for, say,
_ o
5 - 28.]'}171 ’

due to the fast increase of the sequence {j; }7;11. Let k = j,—1. We can now transform F
by the transformation Zy,

00 Zk(x) = F(0)Zk(x) = Zk(0) (Ag + Fi(x) + Z{ (@) (F(x) = F () Z(x).
The transformed system can be written as Ax(X) + Fk (x, A), where
AW = A+ (ZE(F = P)Zy).
These matrices satisfy
|Ar(A)| < const., |d(Ax(X) — 8AJ1)| < const. €16,
|8”I3k|rk < const. & = const. 8,7, v =0,1.

Since
lox — (m, w)| < e, someO < |m| < N,

and § = 2¢7, we can determine A = Ay so that
lak (Ax) — (m, w)| =0

and restrict A to a neighborhood of Ay—of size ~1. We can then transform the system
by a transformation Yj4;—<close to ¢ *)/1 and depending on the parameter A—to
Apr1(X) + Fig1(x, A) with

|Ak+1(Ak)| < const., |0(Ak+1(A) —OAJ1)| < const. €18,
|8Uﬁk+1|rk+l < §k+1 = 5]1+01 V= 07 1

(The second estimate follows because the mean value of Fy is independent of A.)
Since |[(Ar+1(Ak), J1)| < er we can determine A = Ag4; so that

(Ak+1(Ak+1), J1) =0,
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and restrict A to a neighborhood of Aj4j—of size ~&x4+1/8 <« 1. Then we repeat the
same process again. Since £x4+1 < €16, we will have good control on the A-derivatives in
the following iteration steps as long as we transform the system by a transformation close
to /. This may stop at some step k = [, because we must make a transformation which
is not close to I, after which we will lose control on the parameter dependence in the
Ji-direction. In that case, we determine A so that the Ji-part of A;(A) is = 0. Then B; # 0
and
(J1, Br) =0,

and we are done. Otherwise it does not stop and we can control the Jy-part of Ax()) for
all k > j,—1 + 1. However, this means that we can determine A = Ao, so that

{Ar(Aoo), J1)| < 28k, Bk =0
forall k > j,_1 + 1. For an F with this property, however, we can choose a perturbation

F(x) = F(x)+ Cj,_,DC*

Jn—1
as in Lemma 7 and determine D—arbitrarily small—so that
(A, J1) =0, Br#0
for some k sufficiently large. Then in this case we are also done. o

Proof of the Theorem. It follows from Lemma 8 that the set of F, in some small
neighborhood
|Fl, <C=C(,r),

which has a representation (1)—(7) with

B; B;
llm mf |< Jn (0)), In—1 (0))” —
n—>00  |Bj, (w)|[Bj,, (@)]

is dense in the | - |--topology. In §5 we have proven that the skew-system (x) defined
by such an F is uniquely ergodic. Hence, the set of uniquely ergodic systems is dense.
However, it is known [FH] that the set of uniquely ergodic systems is always a Gs in the
C'-topology, hence also in the stronger | - |,-topology. This completes the proof of the
theorem. m]
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A. Appendix
Let w € R? and assume that

K
I(n, w)|| = inf |(n, w) —27p| > —, foralln € Z¢\ 0,
pe’l |n|*

for some K, 7 > O0—here we do not require that 7 > d — 1.
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LEMMA A.1. There exists a constant C—independent of t and d—such that, for all
x € T¢ and all § > 0, there is a positive integer
1 <C>(T+1)d(d+l)/2

k< Ni(K,8) = e

3
such that ||kw; — xi|| < é foralli =1,...,d.

Proof. By Dirichlet’s Theorem, there is a positive integer k < (277 /8)? such that
lkwi|| <8, foralli.
Now let o’ = ke, mod (27Z)?, such that
2rag = o) = |wh| = -+ = |wyl.

Then |
K
[, )| = Il{k - n, w)|| > I forn € Z4\ 0.

/ /
. w

o’ =2r _,2_51 )
) Wy

Now consider

Then
(n, ") = inf |(n, ®") + p|
PEL
1
= — inf |now) + - + ngwy + pai|
o4 pel
1.
= inf{|n2w) + -+ + ngowy; + 271pa)/1| dpl < \/E|n|}
d
RIS RSP 2,-7/2 . Ja
> —in (Inl” 4+ 1p19) tpl < vdin]
oy kT
K 1 5\ 1 K 1
S = — fa—r.
ag (d+ 12 \21 ) || g |n|*
Moreover,

S dt
aqg = ko] = K (—) > Kfa.
2

Since w'Z is ag-dense on the line wR and since the projection of this line onto T¢ intersects
{0 x T¢~1} in the points w”Z, it follows that

27\ 1
Na(Kyg,8) < (T) @Ndfl(del,tS), Kg_1 = Kdﬁ.

od

If d = 1, it is easily shown that

1 /272 \°*!
K1,8) < — == .
Ni(K} )_K1<8>
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Then we get by a finite induction that

d+(d—l)+"'+2+1’+1 (zn)d—l 1

Ny(Kq,8) < (%T)

Old"‘OlzKl’
and

K= Jo P
ad...az

Hence,

zﬂ)d+(d1)+“'+2+f+l (27.[)(171 1 - (C)(T+1)d(d+l)/2 1
1)

Nd(Kd,5)§ <T m}_ ? O

Now let w € R? and assume that
K d
|(n,w)|2W, foralln € Z \O,
n

for some K, T > 0. We have the following immediate consequence of Lemma A.1.

COROLLARY A.l. There exists a constant C—independent of t and d—such that, for all
x € T and all § > 0, there is a positive number

1 /C (t+)(d-1d/2
T<—|[-=
=% (5)
such that ||Tw; — x;i|| < S foralli =1,...,d.
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