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PROJECTIVE CLONE HOMOMORPHISMS
MANUEL BODIRSKY, MICHAEL PINSKER, AND ANDRAS PONGRACZ

Abstract. It is known that a countable w-categorical structure interprets all finite structures primitively
positively if and only if its polymorphism clone maps to the clone of projections on a two-element set
via a continuous clone homomorphism. We investigate the relationship between the existence of a clone
homomorphism to the projection clone, and the existence of such a homomorphism which is continuous
and thus meets the above criterion.

§1. Introduction. A function clone is a set of finitary functions on a fixed domain
which is closed under composition and which contains all projections. There are
two main sources of function clones: the set of term operations of any algebra 2
is a function clone, and in fact every function clone is of this form; moreover, the
polymorphism clone Pol(I") of any first-order structure I', consisting of all finitary
functions which preserve I', forms a function clone. Reminiscent of automorphism
groups and endomorphism monoids, polymorphism clones carry information about
the structure that induces them, and are a powerful tool in the study of first-order
structures. And similarly to the situation for permutation groups and transformation
monoids, a function clone is a polymorphism clone if and only if it is closed in the
topology of pointwise convergence on the set of all finitary functions on a fixed
domain. This topology is obtained by viewing the domain as a discrete space, and
equipping for all n > 1 the n-ary functions on it with the product topology:; finally,
the set of all finitary functions is the sum space of these spaces (cf. for example
[9, 12]). On countable domains, this topology is induced by the following metric.
The distance of two functions of different arity is 1, and that of distinct functions of
the same arity 7 is 27X, where k is the smallest index where the two functions differ,
in a fixed enumeration of the set of n-tuples of elements of the domain. In the sequel,
we shall simply say that a function clone is closed iff it is closed in this topological
space, and Cauchy sequences are meant with respect to this metric space.

Again bearing analogy to automorphism groups, abstract properties of the
polymorphism clone of a structure or of the term clone of an algebra can translate
into properties of the structure or algebra, respectively. Such abstract properties can
be purely algebraic, e.g., given by equations which hold in the function clone, or
algebraic and topological, i.e., captured if we consider in addition the topological
structure of a clone given by pointwise convergence. In the analogy with permutation
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PROJECTIVE CLONE HOMOMORPHISMS 149

groups where the latter kind of abstraction leads to the notion of a topological group,
we here obtain topological clones [16].

On every set there is a smallest function clone, namely the function clone which
consists precisely of the finitary projections over this set. For any two sets of at least
two elements, these projection clones are isomorphic algebraically and topologically;
in fact, the topology on any such projection clone is discrete. We write & for the
topological clone induced by any such projection clone, and denote for 1 <k <n
its n-ary projection to the kth coordinate by 7;. Given a function clone C, it is
an important structural property whether or not there exists a continuous clone
homomorphism to the clone £, i.e., a continuous mapping ¢: € — £ which

e sends functions of € to functions of the same arity in P,
e sends projections in € to the corresponding projections in &, and
e preserves composition, i.e., for all f.g;,....g, € C,

E(S (g1 ogn)) =E(S)(E(g1). ....E(gn)).

We call clone homomorphisms to & projective. For countable w-categorical
structures (cf. [22] for standard model theoretic definitions), the importance of
the existence of a continuous projective homomorphism is given by the following
observation. Here, a primitive positive interpretation of a structure A in a structure
I is an interpretation in the sense of classical model theory (cf. [22]) in which all
involved formulas are primitive positive, 1.e., existentially quantified conjunctions of
atomic formulas.

PRrOPOSITION 1.1 (Bodirsky and Pinsker [12]). Let I be a countable w-categorical
structure. Then the following are equivalent:

o Pol(T") has a continuous projective homomorphism:;

o all finite structures have a primitive positive interpretation in T';

o the structure ({0,1}:{(1,0,0),(0,1,0),(0,0,1)}) has a primitive positive interpre-
tationinT".

When all finite structures have a primitive positive interpretation in a structure
I', then T" can be considered at least as complicated as all finite structures in
the quasiorder of primitive positive interpretations on first-order structures. This
property is of particular interest in constraint satisfaction in theoretical computer
science. For any structure I' in a finite relational language, the constraint satisfaction
problem of T, denoted by CSP(I), is the problem of deciding whether or not a
given conjunction of atomic formulas in the language of I" has a solution in I
It is not hard to see from the definitions that when a structure A has a primitive
positive interpretation in a structure I', then CSP(A) is polynomial-time reducible
to CSP(I"). Therefore, if the conditions of Proposition 1.1 hold for a structure T,
then CSP(T') is, up to polynomial time, at least as hard as the constraint satisfaction
problem of any finite structure, and in particular NP-hard.

In many situations, the existence of a continuous projective homomorphism is
even believed to be the only possible source of NP-hardness: for example, for finite I',
the famous tractability conjecture stated that under certain conditions on I which
can be assumed without loss of generality, CSP(I") is NP-complete if Pol(I") has
such a homomorphism, and in P otherwise. Two different proofs of this conjecture
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have been announced in [20] and in [26]. Note that in the finite case, the existence
of a continuous projective homomorphism is a purely algebraic property of Pol(I").
since the topology of any function clone on a finite set is discrete. For a large and
natural class of infinite structures I', a similar conjecture has been formulated. A
Fraissé class of finite structures in a finite relational language 7 is called finitely
bounded iff there exist finitely many finite “forbidden” t-structures such that the
class consists precisely of those finite z-structures which do not embed any of the
forbidden structures. Of particular interest in constraint satisfaction are structures
which are first-order definable in Fraissé-limits of finitely bounded Fraissé classes;
such structures are w-categorical. For every w-categorical structure I" there is an
w-categorical structure A whose automorphisms are dense in its endomorphisms
(in the above topology) and which is homomorphically equivalent to T, i.e., T can
be homomorphically mapped into A and vice versa [1, 2, 7, 14]. The structure A
is called the model-complete core of ', and CSP(A) has the same true instances as
CSP(T).

CoNJECTURE 1.2 (Bodirsky and Pinsker, 2012). Let I be the model-complete core
of a structure which is first-order definable in the Fraissé-limit of a finitely bounded
Fraisseé class. Then precisely one of the following holds:

o there exists an expansion I'of T by finitely many constants such that Pol(T")
has a continuous projective homomorphism (and CSP(I') is NP-complete by
Proposition 1.1 and the fact that such expansions do not increase the complexity
of the CSP);

o for any such expansion T the clone Pol(I"’) has no continuous projective
homomorphism, and CSP(T") is in P.

Recent progress on this conjecture has been made by finding equivalent
formulations [1-3, 5] and by confirming it in special cases [8, 15, 18]. One approach
to proving the conjecture would be showing that if there is no continuous projective
homomorphism of Pol(I'”), then there is no projective homomorphism at all, and
furthermore showing that in that situation CSP(I") is in P. In this paper, we investigate
the first, complexity-free, part. In other words, we investigate the following question:

QUESTION 1.3. Let C be a closed function clone with a projective homomorphism.
Does C also have a continuous projective homomorphism?

It is worth noting that since the topological clone & is discrete, a mapping to &
is continuous if and only if the preimage of each projection 7 in  is a clopen set.
Therefore, a continuous clone homomorphism &: € — £ gives us for every n > 1
a partition of the n-ary functions of € into n clopen sets such that composition of
representatives of those sets behaves like composition of projections.

We mention a related, and for polymorphism clones of countable w-categorical
structures equivalent, formulation of Question 1.3. For an algebra 2, the variety
generated by 2 is the class of all algebras that can be obtained from 2 by
taking arbitrary powers, subalgebras, and homomorphic images. The pseudovariety
generated by 2 is defined similarly, with the only difference being that only finite
powers are allowed. Given a function clone C, we can view its functions as the
functions of an algebra by giving it a signature in an arbitrary way. In particular,
this way we can make an algebra out of any polymorphism clone. The notions of

https://doi.org/10.1017/js1.2019.23 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2019.23

PROJECTIVE CLONE HOMOMORPHISMS 151

a variety and pseudovariety then relate to clone homomorphisms; in particular, we
have the following. An algebra is trivial iff all of its operations are projections.

THEOREM 1.4 (Birkhoff [6]; Bodirsky and Pinsker [12]). Let A be an algebra
whose operations constitute the polymorphism clone C of an w-categorical structure
on a countable domain. Then:

o The variety generated by 21 contains a two-element trivial algebra if and only if
C has a projective homomorphism.

o The pseudovariety generated by A contains a two-element trivial algebra if and
only if C has a continuous projective homomorphism.

By investigating Question 1.3, we therefore investigate in this paper when certain
algebras have trivial algebras in the variety or pseudovariety they generate.

§2. Results. As a first observation, we note that in order to prove that a
homomorphism ¢: € — &£ is continuous, it suffices to focus on the binary functions
in the clone, that is, it suffices to show that the preimages of the two binary
projections under ¢ are open (Section 3). This is false if we replace & by other
clones, even function clones on a finite domain. We moreover show that “partial
homomorphisms” from binary fragments of function clones to # can always be
extended to the function clone they generate, which is again a special property of &.

A potential strategy for obtaining a positive answer to Question 1.3 is to prove
something stronger than the property asked in Question 1.3. Let C be a closed
function clone that has a homomorphism & to . Instead of proving that there also
exists a continuous homomorphism from € to &, we might ask whether ¢ itself is
necessarily continuous.

QUESTION 2.1. Let C be a closed function clone. Is every projective homomorphism
of C continuous?

In Section 4 we provide two examples of closed function clones over countable
base sets where Question 2.1 has a negative answer. The two examples can be
seen as opposite extreme cases of function clones: one is oligomorphic, that is, it
contains a permutation group which has for each n > 1 finitely many orbits in its
componentwise action on n-tuples. The other one is the term clone of a locally finite
algebra, that is, the finitely generated subalgebras of the algebra are finite. Note
that the clone of a locally finite algebra is never oligomorphic. We also remark that
the closed oligomorphic function clones on a countable domain are precisely the
polymorphism clones of w-categorical structures on this domain.

However, both examples rely on the existence of non-principal ultrafilters on
a countable set. Hence, we cannot exclude the existence of models of ZF where
Question 2.1 has a positive answer. It should be mentioned in this context that there
are models of ZF+DC (axiom of dependent choice) where every homomorphism
between closed subgroups of the full symmetric group on a countable set is
continuous (see the discussion in Section § in [12]). Whether similar phenomena
prevail in the world of clones is not known, and we refer to the discussion in [16].

Question 1.3, on the other hand, might well have a positive answer for a// closed
function clones. We give a positive answer to Question 1.3 for all closed clones of
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idempotent locally finite algebras (Section 5). Here we use recent results about finite
idempotent algebras [25] via a compactness argument.

Again using results from finite idempotent algebras, but this time in a less obvious
way, we also give (in Section 6) a positive answer to Question 1.3 for an important
class of oligomorphic function clones which we describe next. Let A be a structure
with a finite relational signature and domain D which is homogeneous, i.c., any
isomorphism between finite substructures of A extends to an automorphism of A.
We say that a function f': D" — D is canonical with respect to A if for all k > 1,
all k-tuples #. ....t, € D*, and for all . ..., € Aut(A) there exists a f € Aut(A)
such that f(a(t).....a(t,)) = B( f(t1.....t,)) (Where we apply functions to tuples
componentwise). We prove that Question 1.3 has a positive answer for every closed
polymorphism clone containing Aut(A), and all of whose operations are canonical
with respect to A. Clones of canonical functions arise naturally when the finite
substructures of a homogeneous structure A have the Ramsey property (for details,
see [9]), and are in this case of crucial importance in the study of CSPs of structures
which are definable in A [9, 11]. In fact, it can be shown in this situation that every
closed function clone that contains Aut(A) can be written as | J;°, ¢; where each
C; is a function clone consisting of operations that are canonical with respect to an
expansion of A with finitely many constants. This fact, and canonical operations in
general, have served as the main tool in the successful verifications of Conjecture 1.2
so far.

The condition that € be closed cannot be omitted from Question 1.3. We present
a non-closed, oligomorphic counterexample in Section 6.

We close with a list of open problems that are related to our two research questions
(Section 7).

§3. The binary fragment.

DerINITION 3.1. Let F be a set of finitary functions on some set. The function
clone generated by ¥ , denoted by (F'), is the smallest function clone containing & . It
consists of all term functions over F, i.e., functions that are obtained by composing
functions from ¥ and projections. The closed function clone generated by ¥ . denoted
by (¥). is the smallest closed function clone containing ¥ . It is the closure of (F) in
the space of finitary functions on the domain, and consists of those functions which

agree with some function in (¥) on every finite set.

DEFINITION 3.2. Let ¥ be a set of finitary functions on some set (not necessarily
a function clone). A projective partial homomorphism of ¥ is a mapping from F
to 1 which preserves arities of functions, which sends every projection in  to the
same projection in 1, and which preserves composition whenever it is defined in % .

LeEMMA 3.3. Let ¥ be the binary fragment of a function clone, and let & be
a projective partial homomorphism of ¥ . Then & extends uniquely to a projective
homomorphism of the function clone (¥ generated by ¥ .

Proor. Let C be the function clone generated by ¥ . It is clear that any extension
of ¢ to a projective homomorphism of € is unique. To see that such an extension
exists, define for any n > 1, any n-ary f € C, and any 1 < i < n a binary function
fi(x,y):= f(x.....,x.y,x.....x). where the variable y is inserted at the ith coordinate.
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Clearly, f; € ¥. By a straightforward induction on terms over , one can show that
there exists precisely one 1 <i < n for which &( f;) equals 3. We set &'( f) := "
for that particular 7. It is easy to verify that defined this way, ¢’ is a homomorphism
from € to 1. Clearly, &’ extends €. =

LemMa 3.4. Let C be a function clone, and let &: C — 1 be a homomorphism. Then
¢ is continuous if and only if its restriction to the binary fragment of C is.

Proor. For1<i<n,andann-ary f € C, we define f; asin the proof of Lemma
3.3. Then &' ({n}) consists of those n-ary functions f for which f; € &1({n3}). a
clopen set since & ({n% ) is clopen and since the mapping which sends every n-ary
f € € to f; is continuous. -

LEmMmA 3.5. Let F be the binary fragment of a closed function clone on a countable
domain, and let & be a continuous partial projective homomorphism of ¥ . Then ¢
extends uniquely to a continuous projective homomorphism of the closed function
clone (F) generated by ¥ .

PrOOF. Let €’ be the function clone generated by . By Lemma 3.3, ¢ extends
uniquely to a projective homomorphism &’ of €, and this extension is continuous by
Lemma 3.4. Since the closed function clone C generated by ¥ is just the completion
of the topological clone €', we have to show that ¢ is Cauchy continuous in order
to prove that ¢’ extends continuously to C. Let (f/);e. be a Cauchy sequence of
n-ary functions in €', where n > 1. Then for all 1 <i < n, the sequences (fij)jew are
Cauchy as well, and hence they converge. By the continuity of &, their value under
¢ is constant for all j > k, for some k € w. Hence, there exists 1 <i < n such that
&'(f7)=n"forall j > k, showing Cauchy continuity. It is straightforward to check
that the continuous extension to € is a homomorphism. o

§4. Automatic continuity to #. Recall that an n-ary operation f on a set D is
called conservative iff f(xi,....x,) € {x1,....x,} forall xi.....x, € D. Note that any
conservative function f on D is idempotent, i.e., f(x,....x) = x forall x € D.

PROPOSITION 4.1. There exists a function clone of conservative functions on a
countable set with a discontinuous projective homomorphism.

Proor. Let ¥ be the set of all binary functions f on « such that
{f(a.b).f(b.a)} ={a.b} for all a,b € ®. Then all functions in F are conservative,
and for all a,b € w the restriction of f to {a,h} equals the restriction of a binary
projection to this set. Let C := (F). Then the binary functions of C are precisely
the functions in ¥ .

Denote by [w]? the set of two-element subsets of . and let U/ be an ultrafilter on
[]*. Define &: & — & by sending f € F to n? if and only if the set of all S € [w]?
on which f behaves like the projection to the first coordinate is an element of U,
and to 3 otherwise. We claim that & is a partial clone homomorphism with domain
F . To see this, let f.g.h € F be given. Let i.j.k € {1,2} be so that &( f) = =2,
E(g) = n? and &(h) = n7. Because U is an ultrafilter, and by the definition of &, the
set Q of all S € [w]? such that f behaves like the ith binary projection, g behaves
like the jth binary projection, and / behaves like the kth binary projection on S
is an element of U. Then f (g(x.y).h(x.y)) behaves like the composition of those
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projections on all S € Q. and hence &( f (g(x.y).h(x.y))) = nf(n?(x,y),n,zc(x,y)) =
E(f)E(@)(x.p).é(h)(x.y)). Therefore, ¢ is indeed a partial clone homomorphism,
and thus it extends to € by Lemma 3.3.

We claim that & is continuous if and only if ¢/ is principal. If ¢/ is principal, then
there exists S € [w]* such that for all / € ¥ we have that &( /) = =7 if and only if f
behaves like the projection to the first coordinate on S; this is a clopen subset of ¥,
and so ¢ is continuous. Moreover, we then have that its extension to € is continuous
by Lemma 3.4. Now suppose that I/ is non-principal. Then for any f € ¥ and any
finite set A C w?, the restriction of 'f to A can be extended to both a function /' € F
such that (/) = n} and a function f” € ¥ such that &( /") = n3. Hence, ¢ is not
continuous. o

We remark that in the preceding proposition, the projective homomorphisms
of € are precisely those induced by ultrafilters. We can slightly modify this
example in order to obtain a closed function clone with a discontinuous projective
homomorphism, as follows.

PROPOSITION 4.2.  There exists a closed function clone of conservative functions on
a countable set with a discontinuous projective homomorphism.

ProoF. Let C be the set of all finitary conservative functions on « which agree
with a projection on every two-element subset of . Clearly C is a closed function
clone. As in the proof of Proposition 4.1, any ultrafilter I/ on [w]? defines a projective
homomorphism ¢: for an n-ary function f € C, we set &( f) := z" iff the set of all
elements of [w]? on which f behaves like the projection to the ith coordinate is in /.
As before, & is continuous if and only if I/ is principal. —<

We now present an example of an oligomorphic function clone with a discontinu-
ous projective homomorphism.

PrOPOSITION 4.3, There exists a closed oligomorphic function clone on a countable
set with a discontinuous projective homomorphism.

Proor. We construct the desired clone as the polymorphism clone of a relational
structure with a first-order definition in a well-known structure A, due to Cherlin
and Hrushovski, without the small index property (also see [23]). The signature ©
of A contains a relation symbol R, of arity 2n for each n > 1. The class of all finite
T-structures where each R, is interpreted as an equivalence relation on n-tuples of
distinct entries with two equivalence classes is a Fraissé class. Let A be its Fraissé
limit, with domain D; it is w-categorical since it is homogeneous and has for all
n > 1 only finitely many inequivalent atomic formulas with » variables.

Let I" be the structure with domain D that has for all » > 1 the relation R,,. as
well as the 3n-ary relation

Sy :={(x.y.2) € D" | =(Ry(x.y) ARy (p.2) AR, (z.x))}.

Then T is first-order definable over A and therefore also w-categorical. Since the
elements of Pol(T") preserve R, for each n > 1. the function clone Pol(I'), viewed
as a topological clone, acts naturally on the equivalence classes of R,,. Write &, for
the mapping which sends every f € Pol(I) to its corresponding function on the
equivalence classes of R,. Then &, is a continuous clone homomorphism, and its
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image is a function clone on a domain with two elements, which we will denote by
0 and 1 in the following (independently of 7, since the name of the elements of the
base set is irrelevant).

We claim that for every f € Pol(I'), the operation &,(f) depends on one of
its arguments only. To see this, observe that &,( /) preserves the Boolean relation
{0,133\ {(0.0,0).(1,1,1)} because f preserves S,. It is well-known that Boolean
functions that preserve this Boolean relation depend on one argument only [24].

Let U be a non-principal ultrafilter on w. Let ¢: Pol(I') — & be the mapping
which sends every k-ary f € Pol(T") to the projection nf‘ € & if and only if the set

{n >1]¢,(f) depends on the ith argument}

is an element of /. Similarly as in the proof of Proposition 4.1, one can check that &
is a clone homomorphism. Moreover, ¢ is not continuous. To see this, observe
that for any S C w there exists a binary f € Pol(I') such that &,( /) depends
on the first argument if and only if n € S. This function f can be constructed
by defining a structure on D? in the language of A in which for each 2n-tuple
¢t € D? membership in R, depends only on membership in R, of the projection of
t onto its first coordinate when n € S, and onto its second coordinate when n ¢ S.
Choosing f as any embedding of this structure into A using universality, we obtain
a polymorphism of I" with the desired property. But since membership in ¢/ cannot
be determined on any finite subset of S, the discontinuity of & follows. -

Let us note that the function clone constructed in the preceding proposition
also has continuous projective homomorphisms: for example, each single &, is
continuous, and the image of Pol(I') under &, has a projective homomorphism
which is necessarily continuous since the topology on the image is discrete.

§5. Locally finite idempotent algebras.

DermNITION 5.1. We call a function clone C locally finite iff any algebra which
has the functions of € as its fundamental operations is locally finite; that is, for all
finite subsets 4 of the domain of €, the set { /(@) | a is a tuple of elements in 4 and
f € C} is finite.

PROPOSITION 5.2. Let C be a locally finite idempotent closed function clone with a
projective homomorphism. Then C has a continuous projective homomorphism.

Proor. Let D be the domain of C. Let A} C A, C -+ be a sequence of finite
subsets of D such that U;; A, = D and such that 4, is closed under the operations
in C for all n > 1. For each n > 1, the restriction of the functions in € to 4, induces
aclone G, on 4,,.

Any projective homomorphism of any G, is clearly continuous, since G, is discrete.
Moreover, the map from € to G, which sends every function in € to its restriction to
A, is also continuous and a homomorphism. Therefore, if some G, has a projective
homomorphism, then € has a continuous projective homomorphism and we are
done.

So assume henceforth that no G, has a projective homomorphism. Then, by finite
universal algebra, each G, contains a function f, of arity four satisfying the so-
called Siggers identities [25]. We claim that € also has a function which satisfies the
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Siggers identities. To see this, note that for each n > 1, there is a finite number of
possible functions of arity four on 4,,. Let T be the tree whose vertices on level n > 1
are precisely the functions of arity four in G, which satisfy the Siggers identities;
adjacency between functions of consecutive levels is defined by restriction. Then
this tree is finitely branching and has vertices on all levels, so by Kodnig’s lemma
it has an infinite branch. The union over the functions of this branch is a function
f defined on all of D. Clearly, f satisfies the Siggers identities, and f* € C since C
is closed. Since projections do not satisfy the Siggers identities, € does not have a
projective homomorphism, a contradiction. -

§6. Oligomorphic clones.
6.1. Canonical function clones.

DerINITION 6.1. Let A be a structure with domain D, and let f be an n-ary
operation on D, where n > 1. Then f is called canonical with respect to A iff for all
k > 1, all tuples ay. ....a, € D*, and all o, ..., € Aut(A) there exists f € Aut(A)
such that

flen(ar). ....an(an)) = B(f(ar. ....an)).

where /" and «; are applied componentwise. For w-categorical A, this property has
been stated in the language of model theory as ‘tuples of tuples of the same type are
sent to tuples of the same type under f” [9, 10, 17].

DEFINITION 6.2. Let A be a structure with domain D and let £ > 1. Denote the set
of orbits of the action of Aut(A) on k-tuples by 7;. Every n-ary canonical operation
f with respect to A defines an n-ary operation i;(yp(f) on Tx: when Oy, ...,0, € Tz,
then f,l(yp(f)(Ol, ...,0,) is the orbit of f(oy,...,0,) where 0; € O; can be chosen
arbitrarily for 1 <i <n.

Consequently, when C is a function clone on D consisting of canonical functions
with respect to A, then € defines a set of functions on 7, which is easily seen to be
a function clone. In fact. the mapping ¢;’® which sends every f € € to &P(f) isa
continuous clone homomorphism.

DEFINITION 6.3. Let A be a structure with domain D and let k > 1. For a function
clone € of canonical functions with respect to A, we write G,t(yp for the function clone

which is the continuous homomorphic image of € under &".

In theory, the clones G,t(yp carry more and more information about € the larger k&
gets. However, when A is a homogeneous structure in a finite relational language,
then @,t(yp and C,® are isomorphic for all & > max{m.2}. where m is the maximal
arity of the relations of A.

DEFINITION 6.4. In this situation, we write C2P for C2P, and %P for &2P.

DEerINITION 6.5. Let 7 be a functional signature, and let € be a function clone.
A set T of equations over 7 is satisfiable in C iff there exists a clone homomorphism
¢ from the term clone of the completely free r-algebra into € such that &(s) = &(¢)
for every equation (s.7) € X.
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For a set & of unary functions of C, we say that X is satisfiable modulo F from
the outside iff there exists a clone homomorphism ¢ from the term clone of the
completely free t-algebra into € and for every (s,¢) € T elements S5/, "' € F such
that B0 &(s) = B 0 ().

In both situations, we call & a satisfying clone homomorphism.

PROPOSITION 6.6. Let A be a homogeneous structure in a finite relational language,
and let C be a closed function clone of canonical functions with respect to A such that
C D Aut(A). Suppose that a finite set of equations 3 is satisfiable in CYY. Then X is
satisfiable in C modulo Aut(A) from the outside. Moreover, if & is a satisfying clone
homomorphism for CXP . then the satisfying clone homomorphism for € can be chosen
to be any &' such that ESP o &' = €.

ProoF. Fix a satisfying clone homomorphism & for C2P. and let ¢ be so that
WP o = ¢. Since C2P is a factor of @, such a mapping ¢’ exists. Since X is finite,
by adding dummy variables to the terms appearing in ¥ we may assume that those
terms all have the same arity n > 1.

We first claim that for all finite subsets 4 of the domain of A there exist o, o' €
Aut(A) such that ' (&’(s)) and o' (¢'(2)) agree on A for all (s.7) € X. To see this,
let u',....u" € A" be so that for every tuple v € 4" there exists 1 < i < |A|" with
(ul.....u") =v. Let U’ be the orbit of u’ with respect to the componentwise action
of Aut(A). Then &(s)(U',....U") = &(¢)(UL, ..., U") for all (s.t) € . Therefore,
E(s)(u',....u") and &' (¢)(u', ...,u") belong to the same orbit, and hence there exist
ool € Aut(A) such that o®/(&'(s)(ul,....u")) = o) (&' (¢) (!, ....u")), for all
(s.7) € X. This proves our claim.

We now provide a standard compactness argument which shows that we can lift
the local satisfaction of ¥ modulo Aut(A) from the outside to the entire domain of
A: similar arguments are given, for example, in [4, 13]. Let (4;) je., be an increasing
sequence of finite subsets of the domain of A whose union is the entire domain. For
every j € w, let

= (@™ .af ™) | (s.1) €3)

be a tuple of length 2 - |X| which enumerates the automorphisms whose existence is
guaranteed by the above claim for the finite set 4;. Now consider the set

{yor;|jc€wandy € Aut(A)}.

where y is applied to the functions in the tuple r; componentwise. This set is a

subset of Aut(A)%/*!. Tt has been shown in [12] that for all k > 1, the space Aut(A)
factored by the equivalence relation where (d;. ....d;) and (d]. ....d;) are identified

iff there exists y € Aut(A) such that (d;.....0r) = (y 0d].....y 0J}) is compact.
23|

Hence, the above set has an accumulation point in Aut(A) , which we denote
by ((B1,B8") | (s.t) € ). Clearly, all components of this tuple are elements of
Aut(A), and B51(E(s)) = B (E(¢)) for all (s.1) € X. 4

In the following theorem we establish a positive answer to Question 1.3 for a
certain class of function clones which is of great importance in applications—cf. the
discussion and references in Section 2.
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THEOREM 6.7. Let A be a homogeneous structure in a finite relational language.
Let C be a closed function clone of canonical functions with respect to A such that
€ D Aut(A). If € has a projective homomorphism, then so does C2P. In particular, C
then has a continuous projective homomorphism.

Proor. If 2P has no projective homomorphism, then there is a finite set =
of equations (in an arbitrary signature for the functions in C2P) which is not
satisfiable in #. By Proposition 6.6, € then satisfies £ modulo outside elementary
embeddings. Hence, it cannot have a projective homomorphism, which proves
the contraposition of the first statement of the theorem. For the final statement,
recall that € has a continuous homomorphism onto C3P by our discussion above,
and hence composing homomorphisms we obtain that if CYP has a projective
homomorphism, then € has a continuous projective homomorphism. o

6.2. Non-closed function clones. We now give a negative answer to Question 1.3
if we drop the assumption that the function clone be closed.

PrOPOSITION 6.8. There exists an oligomorphic function clone on a countable
domain which has a projective homomorphism, but no continuous one.

ProoF. Let (Q; <) be the rational numbers with the usual order, and let C consist
of all finitary functions f on QQ with the following properties:

e [ €Pol(Q:<):

o if /' is n-ary, then there exists an i € {1,...,n}, a € Q, and @ € Aut(Q; <) such

that f(u) = a(y;) forallu € Q" witha < u; forall 1 < j <n.
It is easy to see that € is a function clone. Since € contains Aut(Q;<), it is
oligomorphic.

We can define a homomorphism ¢: € — &£ by sending every f to n} € &, where
i is as above. This homomorphism ¢ is not continuous: for every restriction of an
n-ary function f to a finite set, there exist extensions of this restriction to functions
in & ({n"}). forall1 <i<n.

However, ¢ is the unique homomorphism from € to &, since whenever
f, i, and « are as above there exist unary functions gi,...,g, € C such that
S (gi(x1).....gn(xn)) = a(x;) for all xi.....x, € Q, and so f has to be sent to 7’
under any homomorphism. .

We remark that the closure of € equals Pol(Q; <), and does not possess any
projective homomorphism.

§7. Open problems. The following questions remain open.

QUESTION 7.1. Find a closed function clone where Question 1.3 has a negative
answer, that is, find a closed function clone which has a homomorphism to P, but no
continuous homomorphism to .

We have mentioned in the introduction that for oligomorphic function clones
Question 1.3 can be reformulated as a question about the difference between varieties
and pseudovarieties. If the function clone is not oligomorphic, it is not clear whether
the reformulation is still equivalent to Question 1.3. But the reformulation is of
independent interest, in particular in universal algebra, so we explicitly state it here.
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QUESTION 7.2. Let A be an algebra whose operations constitute a closed clone over
a countably infinite base set. Is it true that if the variety generated by A contains a
two-element trivial algebra, then so does the pseudovariety generated by ?

A positive answer to this question would imply a positive answer to Question 1.3
(and the converse is true for oligomorphic clones; cf. Proposition 5 in [12]).

We have seen examples of discontinuous homomorphisms from closed function
clones to &, but these examples relied on the existence of non-principal ultrafilters.

QUESTION 7.3. Is there a model of ZF where every homomorphism from a closed
Sfunction clone to P is continuous?

Our example of an oligomorphic closed function clone with a discontinuous
homomorphism to & makes essential use of an infinite relational signature. However,
in the context of the constraint satisfaction problem we are particularly interested
in finite signatures.

QUESTION 7.4. Let T be a homogeneous structure with finite relational signature.
Is every homomorphism from Pol(I') to P continuous?

§8. Recent progress. After the present article was submitted, Barto and Pinsker
[5] solved Question 7.2 in the negative; their counterexample is not oligomorphic.
Moreover, the importance of uniform continuity (with respect to the metric
mentioned in the introduction), rather than continuity, was realized [3, 21]; for
projective homomorphisms of closed oligomorphic clones, however, this makes no
difference. The counterexample mentioned above also provides a counterexample to
Questions 7.1 and 7.3 when continuity is replaced by uniform continuity.

It has been shown that continuity can be dropped in Conjecture 1.2 [5], thus
undermining the strategy proposed in the present paper. We believe, however, that
Question 1.3 is still of independent mathematical interest, and that its solution could
provide valuable insights in connection with Conjecture 1.2.

An important host of open problems comes from asking analogous questions
for minor-preserving maps (also called hl clone homomorphisms) to &, rather
than clone homomorphisms to #. The significance of minor-preserving maps, in
particular for Conjecture 1.2, has been recognised in [3], and new results in this
context can be found in [19].
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