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Abstract. We examine the class of increasing sequences of natural numbers which are
IP-rigidity sequences for some weakly mixing probability-preserving transformation. This
property is closely related to the uncountability of the eigenvalue group of a corresponding
non-singular transformation. We give examples, including a super-lacunary sequence
which is not IP-rigid.

1. Introduction

Let (X, B, m) be a standard, continuous, probability space, that is, (X, 5) is a Polish space
equipped with its Borel sets and a non-atomic m € P(X) (the collection of probability
measures on (X, 13)). We will denote by PPT = PPT(X, I3, m) the collection of invertible,
probability-preserving transformations of (X, 13, m). This is a Polish space when equipped
with the coarse topology with basic neighborhoods of the form

U(To, fi,..., fns€)
={T €PPT:||fjoT" — fioTyllL2gny <€VI<j<N,s==%l},
where Ty € PPT(X, B, m) and fi, ..., fnv € L*>(m).

Equipped with the coarse topology, PPT(X, BB, m) is a topological group under
composition. It is embedded into the Polish, topological group U/ (L?(m)) of unitary
operators on L*(m) equipped with the strong operator topology by the Koopman
representation Uy f = f o T(T € PPT(X, B, m), f € L?(m)). Accounts of the spectral
theory of unitary operators can be found in [KT] and [N2].

1.1.  Recurrence and rigidity. A sequence g € NY(1) :={g e NV : ¢, < gny1 forall
n>1} is called a sequence of recurrence for T € PPT(X, B, m) if limsup,_, .,
w(ANT™4A) > 0 for each A € B of positive measure.

Rigidity is a stronger version of recurrence.
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A sequence g € NN(1) is called a rigidity sequence for T € PPT(X, B, m) if
u(Ti AAA) — 0O for each A € B; equivalently,
Tan FPLL 14, )
n—oo
We denote by o7 the restricted spectral type of T (i.e., Ur|12(,),)- It is the equivalence
class of all maximal spectral measures. Recall that the spectral measure of f € L*(m)o
is the unique finite positive Borel measure  on the additive circle T satisfying fi(k) :=
[ x@ydt= [y foT* fdm, ke€Z, where x(t):=e*"*. Tt follows that (X) is
equivalent to o7 having the Dirichlet property along ¢, that is,

LX(T,o7)

Xgw ——— 1. (€3]

n—oo

1.2.  Gaussian automorphism. Let ug € P(T) be a continuous, Borel, probability
measure, and let u be the symmetrization of g defined by ©(A) := %(/Lo(A) + uo(—A));
then £(n) € R, and there is a real-valued Gaussian process with spectral measure ji.

The Gaussian automorphism with spectral measure u is the shift (X, B, m, T) of
this process. It is (see, e.g., [CFS]) weakly mixing and indeed its spectral type is
or =Y -0 1", where 1 denotes the n-fold convolution of p with itself.

It follows that () holds for the Gaussian automorphism with spectral measure  if and
only if (}) is satisfied with o replaced by .

Rigidity sequences for non-trivial transformations must be sparse. In particular, unless
T € PPT is purely periodic, any rigidity sequence for 7" has at most finite intersection with
each of its translates, and therefore has zero Banach density.

Additional properties of rigidity sequences are studied in [BJLR] and [EG] including
the rigidity properties of lacunary and super-lacunary sequences, a sequence g €
NN(4) being called lacunary if (gn41/q,) = A > 1foralln > 1, and super-lacunary if

(Gn+1/qn) —> 0.
n—00

1.3.  Rigid factors, mild mixing and IP-sets. LetT € PPT(X, B, m) and let g € NN(.
It is well known that the collection of sets

R(g) = {AeB:m(AAT%A) — 0} )

is a T-invariant o -algebra. It corresponds to the maximal factor of 7" which is rigid along
q. The transformation T € PPT(X, BB, m) is called mildly mixing if it has no non-trivial,
rigid factor along any g € NN(1) (as in [FW]).

Since the spectral type o of a factor S of T is absolutely continuous with respect to o7,
it is evident that 7" has some non-trivial rigid factor if and only if there exists a Dirichlet
measure |1 < ot (that is, one satisfying (}) along some g € NN()).

An IP-set is a collection of ‘finite-sum sets’ of the form

FS(q):={q(F): F eF},
where g € NN(1), and for

F € F := {finite, non-empty subsets of N}, ¢g(F) := Z qj-
JjeF
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This notion appears in combinatorics, ultrafilter theory, topological dynamics and ergodic
theory (see [Fu, HS]).
Asshownin [Fu], T € PPT(X, B, m) is mildly mixing if and only if there exists K C N
which intersects with every finite-sum set, such that
m(ANT™"B) —K> m(A)ym(B) forall A, B € B;

n—00,n€e

equivalently (see [HMP1]), T is not mildly mixing if and only if there exists ¢ € NN (1),
such that
nf |@(n)| > 0.

1
NEFs (q)

The considerations involved give rise to the notion of IP-convergence.

1.4. IP-convergence. Letg e NN(4). We will say that a sequence a : N — Z (a metric

space) converges IP to L € Z along F¥S(q),
written a(n) ﬂ) L inZ, if
n—od

Z
a(q(F)) ————— L.
FeF,min F—o0

This paper is about IP-rigidity.

1.5.  IP-rigidity. We will say that ¢ € NN (1) is an IP-rigidity sequence for T and that T
is IP-rigid along q if

FS(q)
—_—

n—o0

T" Id in PPT.

Let
IPRWM:={qg € NN(T) :3AT € PPT(X, B, m), weakly mixing and IP-rigid along ¢}.

Any rigid transformation is IP-rigid on some subsequence (see [Fu]). On the other
hand, if a transformation is IP-rigid on ¢ € NY(1), then it is rigid along much thicker
subsequences (see §6).

Similarly to (6), forq € NN (1), the collection

Ris(q) = {A € B:m(AAT" A) % o}

is a T-invariant o-algebra. It corresponds to the maximal factor of 7 which is IP-
rigid along g. As above, T has a non-trivial factor, IP-rigid along ¢, if and only if

limy 00 iane]—',min F>N |6?(CI(F))| > 0.
The existence of IP-Dirichlet measures along g € NN (1) is related to the groups

o0
Gp(q) = {t eT: ) lgntl” < oo} (0<p<oo) and

n=1

Gwol(q) = {t €T :ligntll —— 0},
n—oo

where, for x € R, ||x|| := min,ez |x — n|.
These groups are discussed in connection with diophantine approximations in [E, ET],
and their ergodic significance is discussed in [AN, HMP2].
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1.6. Results.

PROPOSITION 1. Suppose that g € NN(1); then
|G1(g)] > R9g = g € TPRWM.

Proposition 1 (which is folklore; see also §3.1.1 in [BJLR], the proof of Proposition 3.2
therein) can be proved using Propositions 2.1 and 2.2 (below).

THEOREM 2. If g € NN(1), then
q € IPRWM = |G2(q)| > Ry.

Theorem 2 also provides an answer to a question in [BJLR]:
© if ¢ € IPRWM, then some irrational rotation is rigid along q, because if |G2(q)| > No,
then there exists a € G2(¢)\Q C G0 (¢)\Q. It follows from [BJLR] that rotation of T by
« is rigid along g. O
The converse of Theorem 2 holds for arithmetic sequences and non-arithmetic
sequences. Unfortunately, there are also many sequences which are neither arithmetic
nor non-arithmetic.
A sequence g € NN (1) is called arithmetic if it is either:
multiplicative in the sense that g, |q,+1 for all n > 1; or it is the
° principal denominator sequence of some o € T\Q, being defined by go =1, ¢1 =
ar, gn+1 = an41q9n + qn—1, where o =[0; ay, az, ...] is the continued fraction
expansion of «.
The following proposition characterizing arithmetic members of TPRWM is an extension
of a result from [BJLR, Section 3.4.5], where only implication (c)=>(a) has been proved.

PROPOSITION 3. Let g € NN(1) be arithmetic. The following statements are equivalent.

(2) Iim q;*‘ =00, (b)[Gi(q)] > N,
n

n—o0

(c)g € IPRWM, (d) |Ga(g)| > Ry.

A sequence g € NN(1) is called non-arithmetic if, for n large, we have
° Gn+1 = anqn + Ap, where a, € N, A, € Z\{0} with sup,, |A,| < cc.
Non-arithmetic sequences with A, =1 were introduced in [ET], and are called here
Erdos—Taylor sequences.

PROPOSITION 4. If g € NN(1), is non-arithmetic, then

2
) Z( an ) <00 < (ii) ¢ € IPRWM < (iii) |G2(q)| > No.
n>1 qn+1

We will see that there are super-lacunary Erdos-Taylor sequences ¢@ and ¢V e NY(4)
satisfying

g© e1prUM and Gi(¢@)={0} and G,(¢'"")={0}.
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1.7. Eigenvalue groups and Theorem 2. Groups of the form G, appear as eigenvalue
groups (see [AN]). Eigenvalue groups and rigidity are related as follows.

An ergodic probability-preserving transformation § is not mildly mixing (i.e., has a
rigid factor) if and only if there is a conservative, ergodic, non-singular transformation 7’
such that S x T is not ergodic (see [FW]).

By Keane’s ergodic multiplier theorem (see, e.g., §2.7 of [Al]), this situation is
characterized by os(e(T)) > 0, where oy is the restricted spectral type of S and e(T') is the
group of eigenvalues of T'.

We prove Theorem 2 in §5 by considering a dyadic cocycle (see below) associated with
g € NY(1) over the dyadic adding machine. The eigenvalue group of the Mackey range
(as in [Z, pp. 76-77]) of this cocycle is Ga(g).

In case g is a growth sequence, as in [A2], that is, g, > Y| _; _, gk, then the Mackey
range preserves an equivalent, o -finite measure and is isomorphig to the appropriate dyadic
tower over the dyadic adding machine (defined in [A2]).

1.8. Organization of the paper. In §2, we establish the basic results on Dirichlet sets
and measures and begin to consider membership of ITPRWM.

In §3, we consider the class of arithmetic sequences, and prove Proposition 3.

In §4, we prove Proposition 4 for non-arithmetic sequences and give our main examples.

The proofs of Propositions 3 and 4 both use Theorem 2, which is established in
§5. In §6, we make some quantitative remarks on the growth of rigid sequences for
transformations IP-rigid along some (particular) g € NN(1).

2. Dirichlet sets and measures
2.1. Dirichlet sets. A Dirichlet set is a subset I' C T of the form
I'(g)= {t €T: xq,) —— 1},
n—>0oo

where g € NN(1) and x, (1) := 27",
An IP-Dirichlet set is a subset I' C T of the form

(S (q)) = {r €T () =2 1},

where ¢ € NN(1).
PROPOSITION 2.1. For g € NN(1),

I'(Es (9) =Gi(q).
Proof sketch of C. It suffices to show that, for r € R,

rs (q)
Intl —— 0= llgutll < 0.

n>1
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For x € R, let | x] be the nearest integer to x (if there are two, take the lesser one), and
let
(x):=x—|x], then [(x)|=|x] <3.

Fix 7 € R such that [|n¢] —%’> 0 and let K > 0 be such that
n—oo

llg (F)t|| < 1—16 forall F € 7, min F > K,
then (q(F)t) =), cp(gnt) forall F € 7, min F > K, and it follows that

1 1
> Ml = > =1 and Zuanu<— =

n>K,(gnt)>0 n>K,{qnt)<0 n=K

2.2. Dirichlet measures. A probability measure u € P(T) is called
° a Dirichlet measure if
 Xq, — 1||L2(M) m’ 0

for some ¢ € NY(4), in which case  is called Dirichlet along ¢, and
° an IP-Dirichlet measure if
rs (q)
I xn — 1||L2(M) —> 0
for some ¢ € NN(4), in which case u is called IP-Dirichlet along q.
Evidently, for u € P(T):

- Xy k—“”) 1 if and only if ft(ny) —> w(T),

- if u is Dirichlet (IP-Dirichlet) along q, then so is any v < u,
- ifg e NN(T) and u(G1(g)) = 1, then by Proposition 2.1, u is IP-Dirichlet along ¢,
—  if y is Dirichlet, then there exists ¢ € N"(1) such that 3, llxg, — 1ll12(.) < 00
whence u(G1(g)) = 1, and p is IP-Dirichlet along q.
By Proposition 2.1, a totally atomic measure u € P(T) is IP-Dirichlet along g € NN ")
only if «£(G1(q)) = 1. The examples in §4 (below) show that this is false for continuous
measures i € P(T).

PROPOSITION 2.2.

IPRWM = {q € NN(T) :3u € P(T) continuous and IP-Dirichlet along ¢}.

Proof of <. Suppose that ¢ € IPRWM and that (X, B, m, T) is a weakly mixing,

probability-preserving transformation such that 7" ﬁ) 1d. Fix f € L*(m), / x fdm =

0, f ¥ lf |2dm = 1. The spectral measure of f, u € P(T), is continuous and IP-Dirichlet
along ¢.

Proof of ©. Suppose that o € P(T) is continuous and IP-Dirichlet along g. Let i be the
symmetrization of p¢ (also continuous and IP-Dirichlet along ¢), and let (X, 5, m, T) be

the shift of the Gaussian process with spectral measure . Each 1X* is continuous and

IP-Dirichlet along ¢ (since 2K*(n) = 72X =295 1). Every v « o7 is also IP-Dirichlet
along g and T is IP-rigid along g. Thus, g € IPRWM. O

It follows from Proposition 2.2 that if ¢ € NY¥(4) is an IP-rigidity sequence for some
T € PPT not of discrete spectrum (i.e., o7 is not totally atomic), then g € IPRWM.
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Proof of Proposition 1. Suppose that g € NY(1) and that |G1(q)| > Ro, then G{(g) is an
uncountable Borel subset of T and supports a continuous probability measure u € P(T).
By Proposition 2.1, u(I'(FS (¢))) = 1 and w is IP-Dirichlet along ¢.
By Proposition 2.2, ¢ € ITPRWM. O

We complete this section with a ‘mixed’ multiplicative finite-sum condition for
membership in TPRWM, which is an extension of a similar finite-sum result from [BJLR].

PROPOSITION 2.3. Suppose that g € NN(1) and that there exists S C N infinite, such that
2 nes(@n/an+1) <00, and qn|qn+1 forn ¢ S; then g € TPRWM.

If N\S is finite, then |G{(q)| > 8¢ by [ET, Theorem 5], whence ¢ € IPRWM by
Proposition 1.

Proof. Assume (without loss of generality) that g; = 1. We construct a weakly mixing
T € PPT(X, B, m) which is IP-rigid along ¢ by cutting and stacking as in [N1, Ch. 7].

To this end, we construct a nested sequence of Rokhlin towers (t,),>1 of intervals,
where 7, has height g,,.

Let 71 be [0, 1]. To construct 7,4+ from 7,:

° ifn ¢ Sand g,4+1 = anqn, an €N, a, > 2, then we cut t, into a,, columns and stack;
and
° if n € § and g,41 =anqn +1rn, an, ry €N, 1 <r, <gqn, we cut t, into a, columns

and put one spacer interval above the |a,/2]th column from the left and r, — 1
spacer intervals above the last column in the right, and then we stack.

The tower t, is a stack of g, intervals of length ]_[;f;l 1/aj, called levels of ;.

It follows from [N1, §7.31] that the constructed transformation 7 preserves a finite
measure m. A standard argument, as in [BJLR, proof of Proposition 3.10], shows that T
is weakly mixing.

Next, we show that if A is a union of levels in some tg, then

o
Z m(AATY A) < co.
n=1
To see this, we note first that A is also a union of levels in every 7,, n > K. Fixn > K
and write
SN[K,o0)={s1 <sp <s3<---}

Since 1/(ay, + 1) < gs,/qs+1 < 1/as,, our assumptions imply > ;> 1/as, < oo.

To estimate m(AAT ~9 A) for n € (s¢—1, s¢], we consider the appearance of the tower
7, as ‘T,-stalks’ inside Ty, 4.

A 7,-stalk in T4, is a union § = UZ”:B] T*B of levels of Tg,+1, Where B is contained
in the base of 7.

Let s € B be a 1,,-stalk in 7,,41; then

Se
m(sNA) = ]—[ ai -m(A).

j:n J

By construction, 74,4 consists entirely of 7,-stalks and spacer stalks added in 7,4 1.
Thus, all points of A, except those contained in the two 7,-stalks preceding the spacer
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stalks added in 7,41, return to A at time g, SO

o] 1
m(AAT ™" A) =2m(A\T " A) =4[] — - m(4) < . — - m(A).
i=n aj 251 qg,
Thus, writing sg := K — 1, we have
o0 o0
Z m(AAT 9" A) = Z Z m(T4(A)AA)
n=K =1 ne(sp_1,s¢]
0 4 1
=D D oA
=1 ne(sp—1,5¢] Se
1
<4m(A)Y —
=1 9se
< .

It follows from this that for A a union of levels in some tower 7, and F = {n; <np <
o<t eF,

k
m(AAT‘I(F)A) — m(AATZj:l qn; A>
Zk'f qn ;
< m(AATQIA) +m quAAT j=14nj A

k
— m(AATYA) +m <AATZJ'2 n, A)

=<

IA

k
> m(AAT A)
=1

o0

< Z m(T%(A)AA)

n=min F

0.

FeF, min F—o0

The collection of measurable sets C satisfying this last convergence is a o -algebra and

Coo <U{unions of levels in ‘C,,}) =B.

n>1
Thus T is IP-rigid along q. o
Remark 2.4. The proof of Proposition 2.3 establishes the following proposition.
Suppose that g e NN(1), p >0 and that there exists S CN infinite, such that

Y ones@n/ans1)? <00, and qulgny1 for n ¢S, then there exists T € PPT(X, B, m)
weakly mixing and a dense collection A C B such that

Z m(AAT? AYP < oo forall A € A. T

n>1
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As above (“1’(1)) — IP-rigidity along ¢, whence o7(G2(g)¢) = 0 by Theorem 2. Using
the spectral theorem, one sees that (‘1’(%)) = o7(G1(9)°) =0

3. Arithmetic sequences
In this section, we prove Proposition 3. The implications (b) = (¢) = (d) = (a)
follow from Proposition 1, [E, Theorems 2 and 16] (respectively). None of these uses
arithmeticity.

We turn to the remaining implication (a) = (b).

LEMMA 3.1. Ifg € NN(1) is multiplicative and SUP,>1 gn+1/Gn = 00, then |G 1(q)| > No.
Cf. [ET, Theorem 3].

Proof. Suppose that g,,1 = an+19,, where a, > 2 foralln > 1.
Since sup,-; a, =00, there exists a subsequence (ny)r>1 such that a,,, /ay, >
3forall k > 1. Define ¢ : Q := {0, 1} — [0, 1] by
o

o
t(w) = —_—.
k=1 9

Since

k=L+1 an - an j=1 anL+1a”L+2 o 'anj an j=1 3 an

we have 1 : Q := {0, 1} — [0, 1] s strictly increasing (with respect to lexicographic order
on £2), whence it is injective and |7 (£2)| > Ry.

It suffices to show that 7 (2) C G1(q).

To see this, fix w € 2. For N > 1, we have

ka Wi
gnt(w) = Z 1 mod 1,
k=1 qny k>1,m>N AN+1AN+2 * * - Apy

whence

Wy 1
lgnt@)l =Y < > =i Ay.
k>Lg=N AN+1AN42 -+ - Apy kslLm>N AN+1AN42 - - - Ay

Forng_1 < N <ng,
1 1 1

AN = = = ng—N :
=K AN+1AN+2 * * - Apy, =K AN+1AN+2 * * - Apg - Apy 2 Ang
Thus,
00 00 00 ng 00 1
D llant@li= 35 av=3" 3 >
N=n; N=n k=2 N=np_1+1 vk GN+14N+2 "~ dn,
0o ng )
<> D ino Z — <4
k—
k=2 N=ng_i+1 2% Ny, =5 any
and 1 () € G1(q). O
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LEMMA 3.2. Let q =q(a) € NN(1) be the principal denominator sequence of « €
0, D\Q.
If sup,>1 qu+1/qn = 00, then |G1(q)| > Ro.

Proof. As shown in [IN], for any ¢ €[0, 1], there is a unique sequence (wy)n>1 €
[1,>:{0. 1, ..., a,} such that
o oy < ag, wx = ax = wi+1 =0, and
° =Y ", wplgner) mod 1.

Since sup,,~.| a, = Sup,~1 gu+1/9n = 00, wWe can choose a subsequence a,, such that
D k1 L/an, <_oo and define

o
1:Q={0. "> T byt :=)» orlgn_1e) mod 1.
k=1
By the above, 7 : Q2 — T is injective. It follows that |z (€2)| > N¢ and it suffices to show
that £ (2) C G1(q).
We claim that sup,cq Y ey lgnt ()] < oo.
Fix K > 1 and considerng — 1 <N <ng41 — 1. Then

o
lgnt @)l <Y lon—1qngn 1]

< lgnGn -1l

qn;—1 + > q_N

< .
1 gdN+1 k=K +1 qny

M T T

k

-2
Using the fact that (gj1,/q;) > V2" forall j.n>1, we have, for some absolute

constant C,
=1 _ Gni=1 Gng—1  Gng  _ ¢ L ——— fork<K
AN+ Gng—1 Gng ANEL T 2T ane MK T
and
N _ AN Gnka—l Gnken _ ¢ . ! . ¢ fork > K.
ni 4ngy1-1 gy dne «/EnKH_N gy /2T
Therefore,

> lgnt@l = Y.

N=ng—1 N=ng—1

o "Ki_2 (i 1 N i 1 )

N —ny ng—N
N=ng—1 k=1 ankﬁ k=K+1 an“lﬁ

IA

ng+41—2 ng41—2 (

i%z 1 i 4qN
o _)

=1 AN+ Zx D

IA

; "Ki‘z 1 1
= N — —N
N=ng—1 ank\/i K anK+1ﬁnK+l

<c4<1 + : )
B Ang  Angyy ’
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and

= > /1 1
Y llgnt (@) < c* Z( + ) < 0. 0
K=1

N=1 Ang  Qngq
Hence, g € IPRWM.

The proof of Proposition 3 is now complete. O

4.  Super-lacunary sequences
Suppose that b = (g1, g2, ... ) € NN(T) is super-lacunary, i.e., (¢n+1/gn) —> 00.
n—>0oo

As in [E, Theorem 17], we fix N > 1 with (g,+1/¢,) > 10 for all n > N and let

E:= (") En

n>N
where A
q
E, = {re[o, 11+ llgntll < —= }
qn+1
Now,
qn_l
En 2 U Ik,}’la
k=1
where

k 4 k 4
Iini=|—— , — + .
4n qn+1 4n qn+1
Foreachn > N, the intervals {I; , : 1 <k < g,} are disjoint, and each interval I , contains

at least five disjoint intervals of the form I/ ,41. It follows that E contains a Cantor set
and |E| > Xg. Thus, the proof is as follows (cf. [ET, Theorem 5]).

PROPOSITION 4.1. Suppose that g € NN (1) and p > 0; then

an \"
Z <00 =[G ,(q)| > No.
=1 qn+1

Proof. Let N > 1 and E be as above; then, for ¢ € E,

p
Z||an||PsN+4PZ<—q" ) <. .

n=1 n=N \dn+l

PROPOSITION 4.2. Suppose that ¢ € NN (1) and that

2
( dn ) <00, thenq € IPRWM.
n>1 qn+1

Proof. By Proposition 2.2, it suffices to construct a continuous probability in T which is
IP-Dirichlet along ¢.

Tothisend,let N > 1, E and {I; , : 1 <k < g,} be as above. As above, foreachn > N,
the intervals {l; , : 1 <k < g,} are disjoint, and each interval I , contains at least five
disjoint intervals of the form I;/ ;.
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Thus, we may choose

I (w) = Ik,,(w),n n>1,0e{0, l}n),

such that
Lt (w, €) CI(w) foralln>1,we{0,1}"and € =0, 1,
and
k
Xpt1(@, 0) < X, (@) < Xpp1(w, 1)  where X, (w) := M.
n
Next, for w € 2 := {0, I}N,
Xp(@1, ..., 0p) — X(@), where (] (o, ..., o) ={X(@)},
n—o0 n>1
and
QnX((U) = qn Xy (w) + Qn(XrH—l(w) — Xn(w)) + CIn(X(w) - Xn-H(a)))
= kn(®) + &y () + Op(w),
where

&n(w) ' =qn(X;41(w) — Xp(w)) and
On (@) := gn(X (@) — Xpy1(w)).

Note that |0, (w)| < &, := (49, /qn+2) and that, by assumption, anl &, < oo.
Forn > 1, w € {0, 1}", there exists a unique p, q : {0, 1} — (0, 1), such that

pn,w(o) + pn,w(l) =1 and Xnt1 (w, O)pn,w(o) + Xn-H(wa 1)pn,w(1) = Xy ().

Define P : {cylinders}— (0, 1) by

1 n—1
P(lar, a2, ..., a,]) === 1_[ pk,(al,az,...,ak)(ak)-
2 k=1

It follows that P is additive and, by standard extension theory, there exists P € P(£2)
extending P.

Denoting expectation with respect to P by E, and writing o = (w1, w2, ..., wy) €
{0, 1}, we have

IE(Xn+1 w1, w2, ..., wp) = Xn+1(0)a 0)pn,w(0) + Xn+1(ws 1)pn,a)(1) = Xy (),
whence
E¢ullor, w2, ..., on) = gn(EXpt1llor, w2, ..., o) — Xp(@)) =0,

and E(&,) =0.
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Forn, k> 1,

EEnéntk) = qngn-kEEEEn i llon, w2, - .., wptk))

= gnqn+kEEn (0)E& 1kllo1, @2, ..., wptk)) =0 and
16¢2
E(E2) =1 A, < 2,
qn+1

By assumption, ), . A, < 00,50 ), ; &, converges in L*(P) for every J C N and

E((Z sn)z) =) EEH=) Au

nelJ nelJ nelJ
The measure u:=Po X~! € P(T) is continuous. We claim that it is IP-Dirichlet
along ¢g.
To check this, let K > 1, F C NN [K, 00) be finite and write Ef := ZneF &,; then

e

I xqF) — 1|IL2(M) <

NeF L2 ()
= <Z(5N+9N>>
NeF L2(P)
< IKER 2y + ) En-
NeF
Next,
KER72 @, = E(EF))
= \2 = \2
= E(gp <y (BF)D +Eyg, . (807
<E(ER +;PUEFI >3] (EF’ <y,
< 2E(E%) by Tchebychev’s inequality
o
=2) EGy=2) Av.
NeF N=K
Thus,
o0
gy = U2y < BRI 2@y + D En
N=K
o o
2 Z AN + Z En
N=K N=K
proving that u is IP-Dirichlet along g. o

Remark. The converses to Propositions 4.1 and 4.2 are false. It is easy to construct

g € NY(1) multiplicative, super-lacunary so that anl(qn /qn+1)? = oo for all p > 0. By
Proposition 3, |G1(q)| > Np and T € IPRWM.
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4.1. Non-arithmetic sequences. ~We begin with a strong converse to Proposition 4.1 for
non-arithmetic sequences. For d € N, let
Zq:={t:0<k<d-1)<T.
PROPOSITION 4.3. Suppose that g € NN (1) is a non-arithmetic sequence with q41 =

anqn + Ay, where 1 < |A,| <d for n large, and let p > 0; then

dn P
(—) =OO:>Gp(q)CZd!.
n>1 qn-H

This was stated in [ET] for p =1 and ¢, the Erdos-Taylor sequence associated with
(2, 3, ...). See also [P, Théoreme 2].

Proof. Lett € T\Zg; then E := min {||kt] : 1 < |k|] <d} > 0, and we claim that

L > 2
> —
2a, dnt1tl =5

since, in this case, g,t = K + (0/a,), where K € Z and |0| < E/2, whence g,41t =
Ayt +a, K + 6 and

llgntll <

E
lgnill =122 + 01l = | Antll = 101 > =

Consequently,
° either ||gnt|l > (E/2ay) eventually and ), llgnt||? = oo; or
° llgn+1tll > (E/2) infinitely often and Zn>1_||qnt||l’ = 00.
Either way, t ¢ G (q). - o

Proof of Proposition 4. The implications (i) = (ii)) = (iii)) = (i) follow from
Proposition 4.2, Theorem 2 and Proposition 4.3, respectively. a

4.2.  Examples. It follows from Proposition 4 that
o if¢g©@ e NN(4) is the Erdos—Taylor sequence associated with (2, 3, . . .), then

(@) ¢©@ e 1PRWM and (b) G1(¢?) = {0},

and that

o if ¢V e NN(1) is the Erdos—Taylor sequence associated with (a2, a3, . . . ), where
a, — oo and Zpl(l/aﬁ) =00 (e.g., a, 1= [/n]), then ¢V is super-lacunary,
G2(q"V) = {0} and gV is not a sequence of IP-rigidity for any probability-
preserving transformation other than the identity.

5. Proof of Theorem 2
We prove Theorem 2 using dyadic cocycles over the dyadic odometer.

Let Q := {0, I}N, let P € P(2) be the symmetric product measure P = [—[(%, %), and
let T : 2 — 2 be the dyadic odometer defined by

‘L’(l,...,1,0,6()”1,...):(0,...,0, 1,a)e+1,...),

where £ = {(w) :=min {n > 1: w,, = 0}.
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The dyadic cocycle ¢ : Q@ — 7 associated with g € NN (%) is defined by

L(w)—1
9(@) = quw) — Y 4k

k=1
and its skew product ty : Q x Z — Q x Zis defined by 7, (x, n) = (t(x), n + ¢(x)).
Define Q: Q xZ — Q2 x Zby Q(x,n) :=(x,n+ 1) andfix pe P(Q x Z), p~ P X
#, where # is the counting measure on Z.
There is (see [Z, pp. 76-77]) an ergodic, non-singular transformation (X, B(X), p, %)
of a standard probability space and a map 7 : 2 x Z — X such that
pornl=p, 7BX)={A€BQxZ):tyA=A} and moQ=Fom.

The ergodic, non-singular transformation (X, B(X), p, %) is called the Mackey range of
(T, ¢).

In case ¢ is a growth sequence, equivalently ¢ : 2 — N, there is a o -finite, T -invariant
measure m ~ p with respect to which the Mackey range (X, B(X), m, ¥) is isomorphic to
the tower over (€2, B(2), P, t) with height function ¢ (also known as the dyadic tower
with growth sequence q in [A2]).

The collection of eigenvalues of the Mackey range is

e(X):={reT:IF € L®(p), F£0, F o T = *™'F},
and it follows from the definitions that
e(X)=T(1,9):={se€T:3f € L°(P), f £0, f o1 =e>5¢ f}.
It it is shown in [AN, §2] (see also [A1, Theorem 2.6.3]) that
T(x, ¢) = G2(q). =)

Although, formally, (B&¥”) was only stated for growth sequences in [AN, A1], the proofs
do not use this condition and apply to arbitrary g € NN(1).

Consider the Polish group B(u):={f € L*(n):|f| =1} equipped with LZ(u)-
distance.

LEMMA 5.1. If the probability u € P(T) is IP-Dirichlet along q, then there exists X :
Q — B(w) continuous such that

— £
as)lellg)z IXgk @ni1.) — X (@ L2y —— 0, (£)

where K (w) :={n>1:w, =1}.

Proof. Suppose that u € P(T) is IP-Dirichlet along g. Fix w € 2. We claim that the
sequence 1 > Xy (K (w)n1,a]) is Cauchy in L2(w). To see this, let

En = sup ”Xq(}:) - 1”L2(M);
FeF ,min F>n

then, by assumption, £, —— 0. Evidently,
n—oo

”Xq(K(w)ﬁ[l,n]) - Xq(K(a))ﬂ[l,n+k])”L2(,,¢) = ”Xq([((w)m[n+1.n+k]) - llle(H) <&,
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whence there exists X' : 2 — B (u) such that

L? . .
Xq (K (@)N[1,n]) M X(w) uniformly in w € Q.
n—>0o0
For w € Q,

| Xq(k @) — X (@)l L2y D I Xq(K @110 — Xg(K @n(Ln+kDl L2y < 2En,
proving (xx‘). Clearly, for each n > 1, @ = x4(K (w)n[1,4]) i continuous (2 — B(u)) and
so continuity of X : @ — B(u) follows from the uniformity of the convergence. O
Note that the converse of Lemma 5.1 is also true.

Completion of the proof. Now suppose that p € P(T) is IP-Dirichlet along g. By
Lemma 5.1, there exists X : Q — B(u) satisfying (x*‘).
We claim that
X(ow)= Xga(w)X(a))- (.A‘)

To see this, note that xq(k (w)n[1,n]) () = ]_[Z:l Xogr (1) =: Xy (w, 1). For n > £(w),

X (Tw) _ Xg(K(to)N[1,n]) _ - X(Tw)rqr
Xn(@)  XgK@nNiLa) oy Xowar

= Xo()-

Since (X, (tw) /X, (@) % (X (1) /X (@), this proves (43).

By (Xg‘ ), there exists nj — oo such that

D X, = Xll2psepy < D sUp IxgK@nitngh — X @l 120, < 00

J>1 J>1 @€

(where X(w, 1) :=X(w)(t)). Hence, A&,, - XP x p-almost everywhere, and by
Fubini’s theorem, there exists A € B(T), u(A) = 1, such that

ny

Xogr () J—) Xi(w) =X (w)() forallt € A and P-almostevery w € Q.
k=1 — 00
By (%), fort € A,
X, 01 =¢>""%%, P-almost everywhere

and t € 7 (1, ¢). By (083, t € G2(q). O

As shown in [A3] (see also Remark 6.1 below), measures on G,(q)(g € NN(T)) have
rigidity sequences which are ‘large’ with respect to q. However, note the following
example.

Example 5.2. There exist g € NN(1) and pe P(G2(q)) non-atomic, not IP-Dirichlet
along q.

Construction: Define ¢ € NY(1) by ¢, := [Tiey ax with ag :=k + 1.
Consider the mapping ¢ : Q2 := szl{()’ 1} — [0, 1] defined by
Ho)=t@1, 0, ...) =Y =2,
nZl qn
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This is injective and Borel measurable, so #(£2) is an uncountable Borel set in [0, 1]. We

claim that
1(2) C Ga(q).
Proofof(ﬁ\). For w € Q and N > 1, we have

w 1 w
N+1 + N+k mod 1.

gnt(w) =
AN+1  AN41 Z5 ON+2 - - - AN+k

Z WN +k

=2 AN+2 " ANtk

1 1

<> <

=5 AN+2---AN+k  AN+1

Thus, we have
WN+1

1
(gnt(w)) = + On(w) where Oy < ——,

N+l AN+
whence |(gnt(w))]? <2/N? and

> lawt @) < 5. ().

k=1

)

)

d

Now define P eP(Q) by P:=[]o;(380+ 181) and set pw:=Por~!; then

€ P(Ga(q)). We now show that i is not IP-Dirichlet along ¢.
1
Fix I < A < e7; then, by (¥—),

WN+1
Yo dant@) - Y]
AN <k<aAN+1 AN <k<aN+1 anN+1
and setting s, == Y [_ @), kn := [A"], £y 1= |A"*1], we have
Dk _ 3 Sk Skl
Ak kn<k=<Cyn k+1
Sk Sk
DD e B DR o

KN <k=<ly ky—l1<k<ty—1

Y Eoo

AN <k <aN+1

ANV <k <N+

Sty Sicy Sk
= — + _—
In+1 kny+2 KNséN—l (k+ Dk +2)
By the strong law of large numbers, we have

SN 1
— —> — almost surely.
N Nooco 2

Writing 'y & Ay as N — oo to mean 'y =~ Ay N—> 0, we have for P-almost every
—00

we€ RQ,as N - o0:

Y (avt@)) D

a
AN <k <aAN+1 AN <k <AN+l k

%

Sty Skn Sk
= — + ——
tn+1 kv +2 Zf] k+Dk+2)

KN<k=<ly

Q

Z 1
Ky <k<ty-—1 2k

— log X.
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Thus,
2
sup  lxgry = Uiag, = E(exp[zm' > qu(w>]—1>
FeF,min F>\N AN <k <) N+L
2
> 4E( > <qu<w>>)
ANV <k<AN+1
— 2log A. o

6. Remarks on the thickness of rigidity sequences
Remark 6.1. Rigidity sequences for weakly mixing transformations can be arbitrarily
‘large’ within the limitation of density zero.

It follows from the definitions that for ¢ € NN (1), a growth sequence,
IFS(q) N[1, n]| < 2¢™,

where c¢(n) =min {k > 1:q, >n}, and if T € PPT(X, B, m) is IP-rigid along ¢, one
might expect a rigid sequence of at least this thickness.

Indeed, in this case, by Theorem 2, o7 (e(%)“) = 0, where ¥ is the dyadic tower with
growth sequence ¢ (since, by [AN], e(%) = G2(q)). By [A2, Theorem 4], there exists

L C N with LA
N[,
TP, 1q ana EOLLA
n—oo,nel Zc(n) n—oo

By the corollary in [A2], for all a(n) > 0, a(n)/n —— 0, there is a weakly mixing
n—0o0
T e PPT(X, B, m) and L C N such that

™" PPT Td and ILNI[L,n]|
n—o0o0,n€L a(n) n—00

For more on this phenomenon, see [BJLR, §3].

Remark 6.2. Let ¢ € NN(1) be a growth sequence and suppose that H-dim(G1(q)) > «
(where o € (0, 1) and H-dim denotes Hausdorff dimension).

We claim that there exists 7 € PPT weakly mixing and IP-rigid along g with the
property that for any sequence L C N along which T is rigid:

>, |[LN[1,
> o e ()
n=1

Note that it follows from this that 302 | 2¢" /p2~% < oo,

Proof of (*®). As in the proof of [A3, Theorem 1], it follows from Frostman’s theorem
([Fr], see also [KS]) that there exists u € P(G1(g)) such that

i ()]
< 0
nl—a

n=1

Let T € PPT(X, B, m) be the associated Gaussian automorphism. By Proposition 1, T is
IP-rigid along q.
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Suppose that 7 is rigid along L C N. In particular, there exists N > 1 such that
[i(n)| = % forallne L,n> N.
It follows that

O Lml ]| > 1
g . Z lL(k)n2—ot

n=1 k=1
o o0 1
=2 ) ——
k=1 n=k "
1 o
<—%1
<1 ]; L)

N + 2 i (k)|
“1-a  1- k1=«
o @ SN

< 0o. (D). O

Remark 6.3. The condition (%) is sharp. In §5 of [A3], for all @ € (0, 1), a growth
sequence ¢ e NN(4) is exhibited with

H-dim (G1(¢®)) = @ and 2¢“'® 5 pl-@

whence, if T € PPT(X, B, m) is such that 07 (G2(¢®)¢) = 0, then (again by Theorem 4
in [A2]) there exists L C N rigid for T with |L N [1, n]|/n1_°‘ — 00, and therefore

Z|Lm [ nll _

6.1. Update. Since submission, [G] appeared, which, inter alia, shows that the converse
to Theorem 2 is false. In particular ([G, Theorem 1.5]), if g € NN(1) is given by
{gn:n =1} =Upalpe. 2pe. - .., €2 pe}, where py =1 and pey1 = (€2 + 1))/2) pe
for all / > 1, then |G2(g)| > Ro, but FS(g) has positive density, whence g ¢ ITPRWM.
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