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Abstract. We examine the class of increasing sequences of natural numbers which are
IP-rigidity sequences for some weakly mixing probability-preserving transformation. This
property is closely related to the uncountability of the eigenvalue group of a corresponding
non-singular transformation. We give examples, including a super-lacunary sequence
which is not IP-rigid.

1. Introduction
Let (X, B, m) be a standard, continuous, probability space, that is, (X, B) is a Polish space
equipped with its Borel sets and a non-atomic m ∈ P(X) (the collection of probability
measures on (X, B)). We will denote by PPT= PPT(X, B, m) the collection of invertible,
probability-preserving transformations of (X, B, m). This is a Polish space when equipped
with the coarse topology with basic neighborhoods of the form

U (T0, f1, . . . , fN ; ε)

:= {T ∈ PPT : ‖ f j ◦ T s
− f j ◦ T s

0 ‖L2(m) < ε ∀1≤ j ≤ N , s =±1},

where T0 ∈ PPT(X, B, m) and f1, . . . , fN ∈ L2(m).
Equipped with the coarse topology, PPT(X, B, m) is a topological group under

composition. It is embedded into the Polish, topological group U(L2(m)) of unitary
operators on L2(m) equipped with the strong operator topology by the Koopman
representation UT f := f ◦ T (T ∈ PPT(X, B, m), f ∈ L2(m)). Accounts of the spectral
theory of unitary operators can be found in [KT] and [N2].

1.1. Recurrence and rigidity. A sequence q ∈ NN(↑) := {q ∈ NN
: qn < qn+1 for all

n ≥ 1} is called a sequence of recurrence for T ∈ PPT(X, B, m) if lim supn→∞
µ(A ∩ T−qn A) > 0 for each A ∈ B of positive measure.

Rigidity is a stronger version of recurrence.

Ergod. Th. & Dynam. Sys. (2014), 34, 1057–1076 c© Cambridge University Press, 2013

https://doi.org/10.1017/etds.2012.186 Published online by Cambridge University Press

https://doi.org/10.1017/etds.2012.186


1058 J. Aaronson et al

A sequence q ∈ NN(↑) is called a rigidity sequence for T ∈ PPT(X, B, m) if
µ(T qn A4A)→ 0 for each A ∈ B; equivalently,

T qn PPT
−−−→
n→∞

Id. ( )

We denote by σT the restricted spectral type of T (i.e., UT |L2(m)0 ). It is the equivalence
class of all maximal spectral measures. Recall that the spectral measure of f ∈ L2(m)0
is the unique finite positive Borel measure µ on the additive circle T satisfying µ̂(k) :=∫
χk(t) dt =

∫
X f ◦ T k

· f dm, k ∈ Z, where χk(t) := e2π ikt . It follows that ( ) is
equivalent to σT having the Dirichlet property along q , that is,

χqn

L2(T,σT )
−−−−−→

n→∞
1. (‡)

1.2. Gaussian automorphism. Let µ0 ∈ P(T) be a continuous, Borel, probability
measure, and let µ be the symmetrization of µ0 defined by µ(A) := 1

2 (µ0(A)+ µ0(−A));
then µ̂(n) ∈ R, and there is a real-valued Gaussian process with spectral measure µ.

The Gaussian automorphism with spectral measure µ is the shift (X, B, m, T ) of
this process. It is (see, e.g., [CFS]) weakly mixing and indeed its spectral type is
σT =

∑
n≥0 µ

n∗, where µn∗ denotes the n-fold convolution of µ with itself.
It follows that ( ) holds for the Gaussian automorphism with spectral measure µ if and

only if (‡) is satisfied with σT replaced by µ.
Rigidity sequences for non-trivial transformations must be sparse. In particular, unless

T ∈ PPT is purely periodic, any rigidity sequence for T has at most finite intersection with
each of its translates, and therefore has zero Banach density.

Additional properties of rigidity sequences are studied in [BJLR] and [EG] including
the rigidity properties of lacunary and super-lacunary sequences, a sequence q ∈
NN(↑) being called lacunary if (qn+1/qn)≥ λ > 1 for all n ≥ 1, and super-lacunary if
(qn+1/qn)−−−→

n→∞
∞.

1.3. Rigid factors, mild mixing and IP-sets. Let T ∈ PPT(X, B, m) and let q ∈ NN(↑).
It is well known that the collection of sets

R(q) :=
{

A ∈ B : m(A1T qn A)−−−→
n→∞

0
}

( )

is a T -invariant σ -algebra. It corresponds to the maximal factor of T which is rigid along
q . The transformation T ∈ PPT(X, B, m) is called mildly mixing if it has no non-trivial,
rigid factor along any q ∈ NN(↑) (as in [FW]).

Since the spectral type σS of a factor S of T is absolutely continuous with respect to σT ,
it is evident that T has some non-trivial rigid factor if and only if there exists a Dirichlet
measure µ� σT (that is, one satisfying (‡) along some q ∈ NN(↑)).

An IP-set is a collection of ‘finite-sum sets’ of the form

FS (q) := {q(F) : F ∈ F},

where q ∈ NN(↑), and for

F ∈ F := {finite, non-empty subsets of N}, q(F) :=
∑
j∈F

q j .
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This notion appears in combinatorics, ultrafilter theory, topological dynamics and ergodic
theory (see [Fu, HS]).

As shown in [Fu], T ∈ PPT(X, B, m) is mildly mixing if and only if there exists K ⊂ N
which intersects with every finite-sum set, such that

m(A ∩ T−n B)−−−−−−→
n→∞,n∈K

m(A)m(B) for all A, B ∈ B;

equivalently (see [HMP1]), T is not mildly mixing if and only if there exists q ∈ NN(↑),
such that

inf
n∈FS(q)

|µ̂(n)|> 0.

The considerations involved give rise to the notion of IP-convergence.

1.4. IP-convergence. Let q ∈ NN(↑). We will say that a sequence a : N→ Z (a metric
space) converges IP to L ∈ Z along FS(q),

written a(n)
FS(q)
−−−→
n→∞

L in Z , if

a(q(F))
Z

−−−−−−−−−−→
F∈F ,min F→∞

L .

This paper is about IP-rigidity.

1.5. IP-rigidity. We will say that q ∈ NN(↑) is an IP-rigidity sequence for T and that T
is IP-rigid along q if

T n FS(q)
−−−→
n→∞

Id in PPT.

Let

IPRWM := {q ∈ NN(↑) : ∃T ∈ PPT(X, B, m), weakly mixing and IP-rigid along q}.

Any rigid transformation is IP-rigid on some subsequence (see [Fu]). On the other
hand, if a transformation is IP-rigid on q ∈ NN(↑), then it is rigid along much thicker
subsequences (see §6).

Similarly to ( ), for q ∈ NN(↑), the collection

RIP(q) :=

{
A ∈ B : m(A1T n A)

FS (q)
−−−→
n→∞

0
}

is a T -invariant σ -algebra. It corresponds to the maximal factor of T which is IP-
rigid along q . As above, T has a non-trivial factor, IP-rigid along q , if and only if
limN→∞ infF∈F ,min F≥N |σ̂T (q(F))|> 0.

The existence of IP-Dirichlet measures along q ∈ NN(↑) is related to the groups

G p(q) :=

{
t ∈ T :

∞∑
n=1

‖qn t‖p <∞

}
(0< p <∞) and

G∞(q) :=

{
t ∈ T : ‖qn t‖ −−−→

n→∞
0
}
,

where, for x ∈ R, ‖x‖ :=minn∈Z |x − n|.
These groups are discussed in connection with diophantine approximations in [E, ET],

and their ergodic significance is discussed in [AN, HMP2].
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1.6. Results.

PROPOSITION 1. Suppose that q ∈ NN(↑); then

|G1(q)|> ℵ0 H⇒ q ∈ IPRWM.

Proposition 1 (which is folklore; see also §3.1.1 in [BJLR], the proof of Proposition 3.2
therein) can be proved using Propositions 2.1 and 2.2 (below).

THEOREM 2. If q ∈ NN(↑), then

q ∈ IPRWM H⇒ |G2(q)|> ℵ0.

Theorem 2 also provides an answer to a question in [BJLR]:
if q ∈ IPRWM, then some irrational rotation is rigid along q , because if |G2(q)|> ℵ0,

then there exists a ∈ G2(q)\Q⊂ G∞(q)\Q. It follows from [BJLR] that rotation of T by
α is rigid along q . 2

The converse of Theorem 2 holds for arithmetic sequences and non-arithmetic
sequences. Unfortunately, there are also many sequences which are neither arithmetic
nor non-arithmetic.

A sequence q ∈ NN(↑) is called arithmetic if it is either:
• multiplicative in the sense that qn|qn+1 for all n ≥ 1; or it is the
• principal denominator sequence of some α ∈ T\Q, being defined by q0 = 1, q1 =

a1, qn+1 := an+1qn + qn−1, where α = [0; a1, a2, . . .] is the continued fraction
expansion of α.

The following proposition characterizing arithmetic members of IPRWM is an extension
of a result from [BJLR, Section 3.4.5], where only implication (c)⇒(a) has been proved.

PROPOSITION 3. Let q ∈ NN(↑) be arithmetic. The following statements are equivalent.

(a) lim
n→∞

qn+1

qn
=∞, (b) |G1(q)|> ℵ0,

(c) q ∈ IPRWM, (d) |G2(q)|> ℵ0.

A sequence q ∈ NN(↑) is called non-arithmetic if, for n large, we have
• qn+1 = anqn +1n , where an ∈ N, 1n ∈ Z\{0} with supn |1n|<∞.

Non-arithmetic sequences with 1n ≡ 1 were introduced in [ET], and are called here
Erdos–Taylor sequences.

PROPOSITION 4. If q ∈ NN(↑), is non-arithmetic, then

(i)
∑
n≥1

(
qn

qn+1

)2

<∞ ⇐⇒ (ii) q ∈ IPRWM ⇐⇒ (iii) |G2(q)|> ℵ0.

We will see that there are super-lacunary Erdos–Taylor sequences q(0) and q(1) ∈ NN(↑)
satisfying

q(0) ∈ IPRWM and G1(q
(0))= {0} and G2(q

(1))= {0}.
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1.7. Eigenvalue groups and Theorem 2. Groups of the form G2 appear as eigenvalue
groups (see [AN]). Eigenvalue groups and rigidity are related as follows.

An ergodic probability-preserving transformation S is not mildly mixing (i.e., has a
rigid factor) if and only if there is a conservative, ergodic, non-singular transformation T
such that S × T is not ergodic (see [FW]).

By Keane’s ergodic multiplier theorem (see, e.g., §2.7 of [A1]), this situation is
characterized by σS(e(T )) > 0, where σS is the restricted spectral type of S and e(T ) is the
group of eigenvalues of T .

We prove Theorem 2 in §5 by considering a dyadic cocycle (see below) associated with
q ∈ NN(↑) over the dyadic adding machine. The eigenvalue group of the Mackey range
(as in [Z, pp. 76–77]) of this cocycle is G2(q).

In case q is a growth sequence, as in [A2], that is, qn >
∑

1≤k<n qk , then the Mackey
range preserves an equivalent, σ -finite measure and is isomorphic to the appropriate dyadic
tower over the dyadic adding machine (defined in [A2]).

1.8. Organization of the paper. In §2, we establish the basic results on Dirichlet sets
and measures and begin to consider membership of IPRWM.

In §3, we consider the class of arithmetic sequences, and prove Proposition 3.
In §4, we prove Proposition 4 for non-arithmetic sequences and give our main examples.
The proofs of Propositions 3 and 4 both use Theorem 2, which is established in

§5. In §6, we make some quantitative remarks on the growth of rigid sequences for
transformations IP-rigid along some (particular) q ∈ NN(↑).

2. Dirichlet sets and measures

2.1. Dirichlet sets. A Dirichlet set is a subset 0 ⊂ T of the form

0(q)=

{
t ∈ T : χqn (t)−−−→n→∞

1
}
,

where q ∈ NN(↑) and χn(t) := e2π int .
An IP-Dirichlet set is a subset 0 ⊂ T of the form

0(FS (q))=

{
t ∈ T : χn(t)

FS (q)
−−−→
n→∞

1
}
,

where q ∈ NN(↑).

PROPOSITION 2.1. For q ∈ NN(↑),

0(FS (q))= G1(q).

Proof sketch of ⊆. It suffices to show that, for t ∈ R,

‖nt‖
FS (q)
−−−→
n→∞

0⇒
∑
n≥1

‖qn t‖<∞.
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For x ∈ R, let bxe be the nearest integer to x (if there are two, take the lesser one), and
let

〈x〉 := x − bxe, then |〈x〉| = ‖x‖ ≤ 1
2 .

Fix t ∈ R such that ‖nt‖
FS (q)
−−−→
n→∞

0 and let K > 0 be such that

‖q(F)t‖< 1
16 for all F ∈ F ,min F ≥ K ;

then 〈q(F)t〉 =
∑

n∈F 〈qn t〉 for all F ∈ F ,min F ≥ K , and it follows that∑
n≥K ,〈qn t〉≥0

‖qn t‖ ≤
1

16
,

∑
n≥K ,〈qn t〉<0

‖qn t‖ ≤
1

16
and

∑
n≥K

‖qn t‖<
1
8
. 2

2.2. Dirichlet measures. A probability measure µ ∈ P(T) is called
• a Dirichlet measure if

‖χqn − 1‖L2(µ) −−−→n→∞
0

for some q ∈ NN(↑), in which case µ is called Dirichlet along q, and
• an IP-Dirichlet measure if

‖χn − 1‖L2(µ)

FS (q)
−−−→
n→∞

0

for some q ∈ NN(↑), in which case µ is called IP-Dirichlet along q.
Evidently, for µ ∈ P(T):

– χnk

L2(µ)
−−−→
k→∞

1 if and only if µ̂(nk)−−−→
k→∞

µ(T),
– if µ is Dirichlet (IP-Dirichlet) along q, then so is any ν� µ,
– if q ∈ NN(↑) and µ(G1(q))= 1, then by Proposition 2.1, µ is IP-Dirichlet along q,
– if µ is Dirichlet, then there exists q ∈ NN(↑) such that

∑
n≥1 ‖χqn − 1‖L2(µ) <∞,

whence µ(G1(q))= 1, and µ is IP-Dirichlet along q .
By Proposition 2.1, a totally atomic measure µ ∈ P(T) is IP-Dirichlet along q ∈ NN(↑)

only if µ(G1(q))= 1. The examples in §4 (below) show that this is false for continuous
measures µ ∈ P(T).

PROPOSITION 2.2.

IPRWM= {q ∈ NN(↑) : ∃µ ∈ P(T) continuous and IP-Dirichlet along q}.

Proof of ⊆. Suppose that q ∈ IPRWM and that (X, B, m, T ) is a weakly mixing,

probability-preserving transformation such that T n FS (q)
−−−→
n→∞

Id. Fix f ∈ L2(m),
∫

X f dm =

0,
∫

X | f |
2dm = 1. The spectral measure of f , µ ∈ P(T), is continuous and IP-Dirichlet

along q.

Proof of ⊇. Suppose that µ0 ∈ P(T) is continuous and IP-Dirichlet along q . Let µ be the
symmetrization of µ0 (also continuous and IP-Dirichlet along q), and let (X, B, m, T ) be
the shift of the Gaussian process with spectral measure µ. Each µK∗ is continuous and

IP-Dirichlet along q (since µ̂K∗(n)= µ̂(n)K FS (q)
−−−→
n→∞

1). Every ν� σT is also IP-Dirichlet

along q and T is IP-rigid along q . Thus, q ∈ IPRWM. 2

It follows from Proposition 2.2 that if q ∈ NN(↑) is an IP-rigidity sequence for some
T ∈ PPT not of discrete spectrum (i.e., σT is not totally atomic), then q ∈ IPRWM.
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Proof of Proposition 1. Suppose that q ∈ NN(↑) and that |G1(q)|> ℵ0, then G1(q) is an
uncountable Borel subset of T and supports a continuous probability measure µ ∈ P(T).

By Proposition 2.1, µ(0(FS (q)))= 1 and µ is IP-Dirichlet along q.
By Proposition 2.2, q ∈ IPRWM. 2

We complete this section with a ‘mixed’ multiplicative finite-sum condition for
membership in IPRWM, which is an extension of a similar finite-sum result from [BJLR].

PROPOSITION 2.3. Suppose that q ∈ NN(↑) and that there exists S ⊂ N infinite, such that∑
n∈S(qn/qn+1) <∞, and qn|qn+1 for n /∈ S; then q ∈ IPRWM.

If N\S is finite, then |G1(q)|> ℵ0 by [ET, Theorem 5], whence q ∈ IPRWM by
Proposition 1.

Proof. Assume (without loss of generality) that q1 = 1. We construct a weakly mixing
T ∈ PPT(X, B, m) which is IP-rigid along q by cutting and stacking as in [N1, Ch. 7].

To this end, we construct a nested sequence of Rokhlin towers (τn)n≥1 of intervals,
where τn has height qn .

Let τ1 be [0, 1]. To construct τn+1 from τn :
• if n /∈ S and qn+1 = anqn, an ∈ N, an ≥ 2, then we cut τn into an columns and stack;

and
• if n ∈ S and qn+1 = anqn + rn , an, rn ∈ N, 1≤ rn < qn , we cut τn into an columns

and put one spacer interval above the ban/2cth column from the left and rn − 1
spacer intervals above the last column in the right, and then we stack.

The tower τn is a stack of qn intervals of length
∏n−1

j=1 1/a j , called levels of τn .
It follows from [N1, §7.31] that the constructed transformation T preserves a finite

measure m. A standard argument, as in [BJLR, proof of Proposition 3.10], shows that T
is weakly mixing.

Next, we show that if A is a union of levels in some τK , then

∞∑
n=1

m(A1T qn A) <∞.

To see this, we note first that A is also a union of levels in every τn, n ≥ K . Fix n ≥ K
and write

S ∩ [K ,∞)= {s1 < s2 < s3 < · · · }.

Since 1/(as` + 1)≤ qs`/qs`+1 ≤ 1/as` , our assumptions imply
∑
∞

`=1 1/as` <∞.
To estimate m(A1T−qn A) for n ∈ (s`−1, s`], we consider the appearance of the tower

τn as ‘τn-stalks’ inside τs`+1.

A τn-stalk in τs`+1 is a union s=
⋃
·

qn−1
k=0 T k B of levels of τs`+1, where B is contained

in the base of τn .
Let s ∈ B be a τn-stalk in τs`+1; then

m(s ∩ A)=
s∏̀

j=n

1
a j
· m(A).

By construction, τs`+1 consists entirely of τn-stalks and spacer stalks added in τs`+1.
Thus, all points of A, except those contained in the two τn-stalks preceding the spacer
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stalks added in τs`+1, return to A at time qn , so

m(A1T−qn A)= 2m(A\T−qn A)= 4
s∏̀

j=n

1
a j
· m(A)≤

4
2s`−n ·

1
as`
· m(A).

Thus, writing s0 := K − 1, we have
∞∑

n=K

m(A1T−qn A) =
∞∑
`=1

∑
n∈(s`−1,s`]

m(T qn (A)1A)

≤

∞∑
`=1

∑
n∈(s`−1,s`]

4
2s`−n ·

1
as`
· m(A)

≤ 4m(A)
∞∑
`=1

1
as`

<∞.

It follows from this that for A a union of levels in some tower τn and F = {n1 < n2 <

· · ·< nk} ∈ F ,

m(A1T q(F)A) = m

(
A1T

∑k
j=1 qn j A

)
≤ m(A1T q1 A)+ m

(
T q1 A1T

∑k
j=1 qn j A

)
= m(A1T q1 A)+ m

(
A1T

∑k
j=2 qn j A

)
≤

...

≤

k∑
j=1

m(A1T q j A)

≤

∞∑
n=min F

m(T qn (A)1A)

−−−−−−−−−−→
F∈F , min F→∞

0.

The collection of measurable sets C satisfying this last convergence is a σ -algebra and

C ⊃ σ
(⋃

n≥1

{unions of levels in τn}

)
= B.

Thus T is IP-rigid along q. 2

Remark 2.4. The proof of Proposition 2.3 establishes the following proposition.
Suppose that q ∈ NN(↑), p > 0 and that there exists S ⊂ N infinite, such that∑

n∈S(qn/qn+1)
p <∞, and qn|qn+1 for n /∈ S, then there exists T ∈ PPT(X, B, m)

weakly mixing and a dense collection A⊂ B such that∑
n≥1

m(A1T qn A)p <∞ for all A ∈A. ( (p))
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As above ( (1)) H⇒ IP-rigidity along q , whence σT (G2(q)c)= 0 by Theorem 2. Using
the spectral theorem, one sees that ( ( 1

2 )) H⇒ σT (G1(q)c)= 0.

3. Arithmetic sequences
In this section, we prove Proposition 3. The implications (b) H⇒ (c) H⇒ (d) H⇒ (a)
follow from Proposition 1, [E, Theorems 2 and 16] (respectively). None of these uses
arithmeticity.

We turn to the remaining implication (a) H⇒ (b).

LEMMA 3.1. If q ∈ NN(↑) is multiplicative and supn≥1 qn+1/qn =∞, then |G1(q)|> ℵ0.

Cf. [ET, Theorem 3].

Proof. Suppose that qn+1 = an+1qn , where an ≥ 2 for all n ≥ 1.
Since supn≥1 an =∞, there exists a subsequence (nk)k≥1 such that ank+1/ank ≥

3 for all k ≥ 1. Define t :� := {0, 1}N→ [0, 1] by

t (ω) :=
∞∑

k=1

ωk

qnk

.

Since
∞∑

k=L+1

ωk

qnk

≤
1

qnL

∞∑
j=1

1
anL+1anL+2 · · · an j

≤
1

qnL

∞∑
j=1

1
3 j <

1
qnL

,

we have t :� := {0, 1}N→ [0, 1] is strictly increasing (with respect to lexicographic order
on �), whence it is injective and |t (�)|> ℵ0.

It suffices to show that t (�)⊂ G1(q).
To see this, fix ω ∈�. For N ≥ 1, we have

qN t (ω)=
∞∑

k=1

qNωk

qnk

=

∑
k≥1,nk≥N

ωk

aN+1aN+2 · · · ank

mod 1,

whence

‖qN t (ω)‖ =
∑

k≥1,nk≥N

ωk

aN+1aN+2 · · · ank

≤

∑
k≥1,nk≥N

1
aN+1aN+2 · · · ank

=:1N .

For nK−1 < N ≤ nK ,

1N =
∑
k≥K

1
aN+1aN+2 · · · ank

≤

∑
k≥K

1
aN+1aN+2 · · · anK · ank

≤
1

2nK−N anK

.

Thus,

∞∑
N=n1

‖qN t (ω)‖ ≤
∞∑

N=n1

1N =

∞∑
k=2

nk∑
N=nk−1+1

∞∑
ν=k

1
aN+1aN+2 · · · anν

≤

∞∑
k=2

nk∑
N=nk−1+1

1
2nk−N ank

≤

∞∑
k=2

2
ank

≤ 4,

and t (ω) ∈ G1(q). 2
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LEMMA 3.2. Let q = q(α) ∈ NN(↑) be the principal denominator sequence of α ∈
(0, 1)\Q.

If supn≥1 qn+1/qn =∞, then |G1(q)|> ℵ0.

Proof. As shown in [IN], for any t ∈ [0, 1], there is a unique sequence (ωn)n≥1 ∈∏
n≥1{0, 1, . . . , an} such that
• ωk ≤ ak, ωk = ak ⇒ ωk+1 = 0, and
• t =

∑
∞

n=1 ωn〈qnα〉 mod 1.
Since supn≥1 an = supn≥1 qn+1/qn =∞, we can choose a subsequence ank such that∑
k≥1 1/ank <∞, and define

t :�= {0, 1}N→ T by t (ω) :=
∞∑

k=1

ωk〈qnk−1α〉 mod 1.

By the above, t :�→ T is injective. It follows that |t (�)|> ℵ0 and it suffices to show
that t (�)⊂ G1(q).

We claim that supω∈�
∑
∞

n=1 ‖qn t (ω)‖<∞.
Fix K ≥ 1 and consider nK − 1≤ N ≤ nK+1 − 1. Then

‖qN t (ω)‖ ≤
∞∑

k=1

‖ωnk−1qN qnk−1α‖

≤

∞∑
k=1

‖qN qnk−1α‖

≤

K∑
k=1

qnk−1

qN+1
+

∞∑
k=K+1

qN

qnk

.

Using the fact that (q j+n/q j )≥
√

2
n−2

for all j, n ≥ 1, we have, for some absolute
constant C ,

qnk−1

qN+1
=

qnk−1

qnK−1
·

qnK−1

qnK

·
qnK

qN+1
≤

C
√

2
nK−nk

·
1

anK

·
C

√
2

N−nK
for k ≤ K ,

and
qN

qnk

=
qN

qnK+1−1
·

qnK+1−1

qnK+1

·
qnK+1

qnk

≤
C

√
2

nK+1−N ·
1

anK+1

·
C

√
2

nk−nK+1
for k > K .

Therefore,
nK+1−2∑
N=nK−1

‖qN t (ω)‖ ≤
nK+1−2∑
N=nK−1

( K∑
k=1

qnk−1

qN+1
+

∞∑
k=K+1

qN

qnk

)

≤ C2
nK+1−2∑
N=nK−1

( K∑
k=1

1

anK

√
2

N−nk
+

∞∑
k=K+1

1

anK+1

√
2

nk−N

)

≤ C3
nK+1−2∑
N=nK−1

(
1

anK

√
2

N−nK
+

1

anK+1

√
2

nK+1−N

)
≤ C4

(
1

anK

+
1

anK+1

)
,
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and
∞∑

N=1

‖qN t (ω)‖ ≤ C4
∞∑

K=1

(
1

anK

+
1

anK+1

)
<∞. 2

Hence, q ∈ IPRWM.

The proof of Proposition 3 is now complete. 2

4. Super-lacunary sequences
Suppose that b = (q1, q2, . . . ) ∈ NN(↑) is super-lacunary, i.e., (qn+1/qn)−−−→

n→∞
∞.

As in [E, Theorem 17], we fix N ≥ 1 with (qn+1/qn) > 10 for all n ≥ N and let

E :=
⋂

n≥N

En,

where

En :=

{
t ∈ [0, 1] : ‖qn t‖ ≤

4qn

qn+1

}
.

Now,

En ⊇

qn−1⋃
k=1

Ik,n,

where

Ik,n :=

[
k

qn
−

4
qn+1

,
k

qn
+

4
qn+1

]
.

For each n ≥ N , the intervals {Ik,n : 1≤ k < qn} are disjoint, and each interval Ik,n contains
at least five disjoint intervals of the form Ik′,n+1. It follows that E contains a Cantor set
and |E |> ℵ0. Thus, the proof is as follows (cf. [ET, Theorem 5]).

PROPOSITION 4.1. Suppose that q ∈ NN(↑) and p > 0; then∑
n≥1

(
qn

qn+1

)p

<∞H⇒ |G p(q)|> ℵ0.

Proof. Let N ≥ 1 and E be as above; then, for t ∈ E ,∑
n≥1

‖qn t‖p
≤ N + 4p

∑
n≥N

(
qn

qn+1

)p

<∞. 2

PROPOSITION 4.2. Suppose that q ∈ NN(↑) and that∑
n≥1

(
qn

qn+1

)2

<∞, then q ∈ IPRWM.

Proof. By Proposition 2.2, it suffices to construct a continuous probability in T which is
IP-Dirichlet along q.

To this end, let N ≥ 1, E and {Ik,n : 1≤ k < qn} be as above. As above, for each n ≥ N ,
the intervals {Ik,n : 1≤ k < qn} are disjoint, and each interval Ik,n contains at least five
disjoint intervals of the form Ik′,n+1.
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Thus, we may choose

In(ω)= Ikn(ω),n (n ≥ 1, ω ∈ {0, 1}n),

such that

In+1(ω, ε)⊂ In(ω) for all n ≥ 1, ω ∈ {0, 1}n and ε = 0, 1,

and

Xn+1(ω, 0) < Xn(ω) < Xn+1(ω, 1) where Xn(ω) :=
kn(ω)

qn
.

Next, for ω ∈� := {0, 1}N,

Xn(ω1, . . . , ωn)−−−→
n→∞

X (ω), where
⋂
n≥1

In(ω1, . . . , ωn)= {X (ω)},

and

qn X (ω) = qn Xn(ω)+ qn(Xn+1(ω)− Xn(ω))+ qn(X (ω)− Xn+1(ω))

= kn(ω)+ ξn(ω)+ θn(ω),

where

ξn(ω) := qn(Xn+1(ω)− Xn(ω)) and

θn(ω) := qn(X (ω)− Xn+1(ω)).

Note that |θn(ω)| ≤ En := (4qn/qn+2) and that, by assumption,
∑

n≥1 En <∞.
For n ≥ 1, ω ∈ {0, 1}n, there exists a unique pn,ω : {0, 1} → (0, 1), such that

pn,ω(0)+ pn,ω(1)= 1 and Xn+1(ω, 0)pn,ω(0)+ Xn+1(ω, 1)pn,ω(1)= Xn(ω).

Define P : {cylinders} → (0, 1) by

P([a1, a2, . . . , an]) :=
1
2

n−1∏
k=1

pk,(a1,a2,...,ak )(ak).

It follows that P is additive and, by standard extension theory, there exists P ∈ P(�)
extending P .

Denoting expectation with respect to P by E, and writing ω = (ω1, ω2, . . . , ωn) ∈

{0, 1}n , we have

E(Xn+1‖ω1, ω2, . . . , ωn)= Xn+1(ω, 0)pn,ω(0)+ Xn+1(ω, 1)pn,ω(1)= Xn(ω),

whence

E(ξn‖ω1, ω2, . . . , ωn)= qn(E(Xn+1‖ω1, ω2, . . . , ωn)− Xn(ω))= 0,

and E(ξn)= 0.
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For n, k ≥ 1,

E(ξnξn+k) = qnqn+kE(E(ξnξn+k‖ω1, ω2, . . . , ωn+k))

= qnqn+kE(ξn(ω)E(ξn+k‖ω1, ω2, . . . , ωn+k))= 0 and

E(ξ2
n )=:1n ≤

16q2
n

q2
n+1

.

By assumption,
∑

n≥1 1n <∞, so
∑

n∈J ξn converges in L2(P) for every J ⊂ N and

E
((∑

n∈J

ξn

)2)
=

∑
n∈J

E(ξ2
n )=

∑
n∈J

1n .

The measure µ := P ◦ X−1
∈ P(T) is continuous. We claim that it is IP-Dirichlet

along q .
To check this, let K ≥ 1, F ⊂ N ∩ [K ,∞) be finite and write 4F :=

∑
n∈F ξn ; then

‖χq(F) − 1‖L2(µ) ≤

∥∥∥∥〈∑
N∈F

qN t

〉∥∥∥∥
L2(µ)

=

∥∥∥∥〈∑
N∈F

(ξN + θN )

〉∥∥∥∥
L2(P)

≤ ‖〈4F 〉‖L2(P) +
∑
N∈F

E N .

Next,

‖〈4F 〉‖
2
L2(P) = E(〈4F 〉

2)

= E(1
[|4F |≤

1
2 ]
〈4F 〉

2)+ E(1
[|4F |>

1
2 ]
〈4F 〉

2)

≤ E(42
F )+

1
4P[|4F |>

1
2 ] ∵ 〈4F 〉

2
≤

1
4 ,

≤ 2E(42
F ) by Tchebychev’s inequality

= 2
∑
N∈F

E(ξ2
N )≤ 2

∞∑
N=K

1N .

Thus,

‖χq(F) − 1‖L2(µ) ≤ ‖〈4F 〉‖L2(P) +
∞∑

N=K

E N

≤

√√√√2
∞∑

N=K

1N +

∞∑
N=K

E N

−−−−→
K→∞

0,

proving that µ is IP-Dirichlet along q. 2

Remark. The converses to Propositions 4.1 and 4.2 are false. It is easy to construct
q ∈ NN(↑) multiplicative, super-lacunary so that

∑
n≥1(qn/qn+1)

p
=∞ for all p > 0. By

Proposition 3, |G1(q)|> ℵ0 and T ∈ IPRWM.
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4.1. Non-arithmetic sequences. We begin with a strong converse to Proposition 4.1 for
non-arithmetic sequences. For d ∈ N, let

Zd := {
k
d : 0≤ k ≤ d − 1} ≤ T.

PROPOSITION 4.3. Suppose that q ∈ NN(↑) is a non-arithmetic sequence with qn+1 =

anqn +1n , where 1≤ |1n| ≤ d for n large, and let p > 0; then∑
n≥1

(
qn

qn+1

)p

=∞H⇒ G p(q)⊂ Zd!.

This was stated in [ET] for p = 1 and q, the Erdos–Taylor sequence associated with
(2, 3, . . . ). See also [P, Théorème 2].

Proof. Let t ∈ T\Zd!; then E :=min {‖kt‖ : 1≤ |k| ≤ d}> 0, and we claim that

‖qn t‖<
E

2an
H⇒ ‖qn+1t‖>

E

2

since, in this case, qn t = K + (θ/an), where K ∈ Z and |θ |< E/2, whence qn+1t =
1n t + an K + θ and

‖qn+1‖ = ‖1n t + θ‖ ≥ ‖1n t‖ − ‖θ‖>
E

2
.

Consequently,
• either ‖qn t‖ ≥ (E/2an) eventually and

∑
n≥1 ‖qn t‖p

=∞; or
• ‖qn+1t‖> (E/2) infinitely often and

∑
n≥1 ‖qn t‖p

=∞.
Either way, t /∈ G p(q). 2

Proof of Proposition 4. The implications (i) H⇒ (ii) H⇒ (iii) H⇒ (i) follow from
Proposition 4.2, Theorem 2 and Proposition 4.3, respectively. 2

4.2. Examples. It follows from Proposition 4 that
• if q(0) ∈ NN(↑) is the Erdos–Taylor sequence associated with (2, 3, . . . ), then

(a) q(0) ∈ IPRWM and (b) G1(q
(0))= {0},

and that
• if q(1) ∈ NN(↑) is the Erdos–Taylor sequence associated with (a2, a3, . . . ), where

an→∞ and
∑

n≥1(1/a
2
n)=∞ (e.g., an := b

√
nc), then q(1) is super-lacunary,

G2(q(1))= {0} and q(1) is not a sequence of IP-rigidity for any probability-
preserving transformation other than the identity.

5. Proof of Theorem 2
We prove Theorem 2 using dyadic cocycles over the dyadic odometer.

Let � := {0, 1}N, let P ∈ P(�) be the symmetric product measure P =
∏
( 1

2 ,
1
2 ), and

let τ :�→� be the dyadic odometer defined by

τ(1, . . . , 1, 0, ω`+1, . . .)= (0, . . . , 0, 1, ω`+1, . . .),

where `= `(ω) :=min {n ≥ 1 : ωn = 0}.
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The dyadic cocycle ϕ :�→ Z associated with q ∈ NN(↑) is defined by

ϕ(ω) := q`(ω) −
`(ω)−1∑

k=1

qk,

and its skew product τϕ :�× Z→�× Z is defined by τϕ(x, n)= (τ (x), n + ϕ(x)).
Define Q :�× Z→�× Z by Q(x, n) := (x, n + 1) and fix p ∈ P(�× Z), p ∼ P ×

#, where # is the counting measure on Z.
There is (see [Z, pp. 76–77]) an ergodic, non-singular transformation (X, B(X), p, T)

of a standard probability space and a map π :�× Z→ X such that

p ◦ π−1
= p, π−1 B(X)= {A ∈ B(�× Z) : τϕ A = A} and π ◦ Q = T ◦ π.

The ergodic, non-singular transformation (X, B(X), p, T) is called the Mackey range of
(τ, ϕ).

In case q is a growth sequence, equivalently ϕ :�→ N, there is a σ -finite, T -invariant
measure m∼ p with respect to which the Mackey range (X, B(X),m, T) is isomorphic to
the tower over (�, B(�), P, τ ) with height function ϕ (also known as the dyadic tower
with growth sequence q in [A2]).

The collection of eigenvalues of the Mackey range is

e(T) := {t ∈ T : ∃F ∈ L∞(p), F 6≡ 0, F ◦ T= e2π i t F},

and it follows from the definitions that

e(T)= T (τ, ϕ) := {s ∈ T : ∃ f ∈ L∞(P), f 6≡ 0, f ◦ τ = e2π isϕ f }.

It it is shown in [AN, §2] (see also [A1, Theorem 2.6.3]) that

T (τ, ϕ)= G2(q). ( )

Although, formally, ( ) was only stated for growth sequences in [AN, A1], the proofs
do not use this condition and apply to arbitrary q ∈ NN(↑).

Consider the Polish group B(µ) := { f ∈ L2(µ) : | f | ≡ 1} equipped with L2(µ)-
distance.

LEMMA 5.1. If the probability µ ∈ P(T) is IP-Dirichlet along q, then there exists X :
�→B(µ) continuous such that

sup
ω∈�

‖χq(K (ω)∩[1,n]) − X (ω)‖L2(µ) −−−→n→∞
0, ( )

where K (ω) := {n ≥ 1 : ωn = 1}.

Proof. Suppose that µ ∈ P(T) is IP-Dirichlet along q . Fix ω ∈�. We claim that the
sequence n 7→ χq(K (ω)∩[1,n]) is Cauchy in L2(µ). To see this, let

En := sup
F∈F ,min F≥n

‖χq(F) − 1‖L2(µ);

then, by assumption, En −−−→
n→∞

0. Evidently,

‖χq(K (ω)∩[1,n]) − χq(K (ω)∩[1,n+k])‖L2(µ) = ‖χq(K (ω)∩[n+1,n+k]) − 1‖L2(µ) ≤ En,
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whence there exists X :�→B(µ) such that

χq(K (ω)∩[1,n])
L2(µ)
−−−→
n→∞

X (ω) uniformly in ω ∈�.

For ω ∈�,

‖χq(K (ω)∩[1,n]) − X (ω)‖L2(µ)←−−−
k→∞

‖χq(K (ω)∩[1,n]) − χq(K (ω)∩[1,n+k])‖L2(µ) ≤ 2En,

proving ( ). Clearly, for each n ≥ 1, ω 7→ χq(K (ω)∩[1,n]) is continuous (�→B(µ)) and
so continuity of X :�→B(µ) follows from the uniformity of the convergence. 2

Note that the converse of Lemma 5.1 is also true.

Completion of the proof. Now suppose that µ ∈ P(T) is IP-Dirichlet along q. By
Lemma 5.1, there exists X :�→B(µ) satisfying ( ).

We claim that
X (τω)= χϕ(ω)X (ω). ( )

To see this, note that χq(K (ω)∩[1,n])(t)=
∏n

k=1 χωkqk (t)=: Xn(ω, t). For n > `(ω),

Xn(τω)

Xn(ω)
=
χq(K (τω)∩[1,n])

χq(K (ω)∩[1,n])
=

n∏
k=1

χ(τω)kqk

χωkqk

= χϕ(ω).

Since (Xn(τω)/Xn(ω))
B(µ)
−−−→
n→∞

(X (τω)/X (ω)), this proves ( ).

By ( ), there exists n J →∞ such that∑
J≥1

‖Xn J − X‖L2(P×µ) ≤
∑
J≥1

sup
ω∈�

‖χq(K (ω)∩[1,n J ]) − X (ω)‖L2(µ) <∞

(where X (ω, t) := X (ω)(t)). Hence, Xn J → X P × µ-almost everywhere, and by
Fubini’s theorem, there exists 3 ∈ B(T), µ(3)= 1, such that

n J∏
k=1

χωkqk (t)−−−→J→∞
Xt (ω) := X (ω)(t) for all t ∈3 and P-almost every ω ∈�.

By ( ), for t ∈3,
Xt ◦ τ = e2π i tϕXt P-almost everywhere

and t ∈ T (τ, ϕ). By ( ), t ∈ G2(q). 2

As shown in [A3] (see also Remark 6.1 below), measures on G2(q)(q ∈ NN(↑)) have
rigidity sequences which are ‘large’ with respect to q. However, note the following
example.

Example 5.2. There exist q ∈ NN(↑) and µ ∈ P(G2(q)) non-atomic, not IP-Dirichlet
along q.

Construction: Define q ∈ NN(↑) by qn :=
∏n

k=1 ak with ak := k + 1.
Consider the mapping t :� :=

∏
k≥1{0, 1} → [0, 1] defined by

t (ω)= t (ω1, ω2, . . . ) :=
∑
n≥1

ωn

qn
.
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This is injective and Borel measurable, so t (�) is an uncountable Borel set in [0, 1]. We
claim that

t (�)⊂ G2(q). ( )

Proof of ( ). For ω ∈� and N ≥ 1, we have

qN t (ω)=
ωN+1

aN+1
+

1
aN+1

∑
k≥2

ωN+k

aN+2 . . . aN+k
mod 1.

Now, ∣∣∣∣∑
k≥2

ωN+k

aN+2 · · · aN+k

∣∣∣∣≤∑
k≥2

1
aN+2 . . . aN+k

<
1

aN+1
.

Thus, we have

〈qN t (ω)〉 =
ωN+1

aN+1
+ θN (ω) where θN ≤

1

a2
N+1

, ( )

whence |〈qN t (ω)〉|2 ≤ 2/N 2 and
∞∑

k=1

|〈qk t (ω)〉|2 ≤
π

3
. ( ). 2

Now define P ∈ P(�) by P :=
∏

k≥1(
1
2δ0 +

1
2δ1) and set µ := P ◦ t−1; then

µ ∈ P(G2(q)). We now show that µ is not IP-Dirichlet along q .
Fix 1< λ < e

1
3 ; then, by ( ),∣∣∣∣ ∑

λN<k<λN+1

〈qN t (ω)〉 −
∑

λN<k<λN+1

ωN+1

aN+1

∣∣∣∣≤ ∑
λN<k<λN+1

2
k2 −−−−→

N→∞
0,

and setting sn :=
∑n

j=1 ω j , κn := dλ
n
e, `n := bλ

n+1
c, we have∑

λN<k<λN+1

ωk

ak
=

∑
κN≤k≤`N

sk − sk−1

k + 1

=

∑
κN≤k≤`N

sk

k + 1
−

∑
κN−1≤k≤`N−1

sk

k + 2

=
s`N

`N + 1
−

sκN

κN + 2
+

∑
κN≤k≤`N−1

sk

(k + 1)(k + 2)
.

By the strong law of large numbers, we have
sN

N
−−−−→
N→∞

1
2

almost surely.

Writing 0N ≈1N as N →∞ to mean 0N ≈1N −−−−→
N→∞

0, we have for P-almost every

ω ∈�, as N →∞:∑
λN<k<λN+1

〈qN t (ω)〉 ≈
∑

λN<k<λN+1

ωk

ak

=
s`N

`N + 1
−

sκN

κN + 2
+

∑
κN≤k≤`N−1

sk

(k + 1)(k + 2)

≈

∑
κN≤k≤`N−1

1
2k

−→ log λ.
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Thus,

sup
F∈F ,min F>λN

‖χq(F) − 1‖2L2(µ)
≥ E

(∣∣∣∣exp[2π i
∑

λN<k<λN+1

qN t (ω)] − 1

∣∣∣∣2)

≥ 4E
(∣∣∣∣ ∑
λN<k<λN+1

〈qN t (ω)〉

∣∣∣∣2)
−→ 2 log λ. 2

6. Remarks on the thickness of rigidity sequences
Remark 6.1. Rigidity sequences for weakly mixing transformations can be arbitrarily
‘large’ within the limitation of density zero.

It follows from the definitions that for q ∈ NN(↑), a growth sequence,

|FS(q) ∩ [1, n]| � 2c(n),

where c(n)=min {k ≥ 1 : qk ≥ n}, and if T ∈ PPT(X, B, m) is IP-rigid along q, one
might expect a rigid sequence of at least this thickness.

Indeed, in this case, by Theorem 2, σT (e(T)c)= 0, where T is the dyadic tower with
growth sequence q (since, by [AN], e(T)= G2(q)). By [A2, Theorem 4], there exists
L ⊂ N with

T n PPT
−−−−−−→
n→∞,n∈L

Id and
|L ∩ [1, n]|

2c(n)
−−−→
n→∞

∞.

By the corollary in [A2], for all a(n) > 0, a(n)/n −−−→
n→∞

0, there is a weakly mixing

T ∈ PPT(X, B, m) and L ⊂ N such that

T n PPT
−−−−−−→
n→∞,n∈L

Id and
|L ∩ [1, n]|

a(n)
−−−→
n→∞

∞.

For more on this phenomenon, see [BJLR, §3].

Remark 6.2. Let q ∈ NN(↑) be a growth sequence and suppose that H-dim(G1(q)) > α
(where α ∈ (0, 1) and H-dim denotes Hausdorff dimension).

We claim that there exists T ∈ PPT weakly mixing and IP-rigid along q with the
property that for any sequence L ⊂ N along which T is rigid:

∞∑
n=1

|L ∩ [1, n]|

n2−α <∞. ( )

Note that it follows from this that
∑
∞

n=1 2c(n)/n2−α <∞.

Proof of ( ). As in the proof of [A3, Theorem 1], it follows from Frostman’s theorem
([Fr], see also [KS]) that there exists µ ∈ P(G1(q)) such that

∞∑
n=1

|µ̂(n)|

n1−α <∞.

Let T ∈ PPT(X, B, m) be the associated Gaussian automorphism. By Proposition 1, T is
IP-rigid along q.
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Suppose that T is rigid along L ⊂ N. In particular, there exists N ≥ 1 such that
|µ̂(n)| ≥ 1

2 for all n ∈ L , n > N .
It follows that

∞∑
n=1

|L ∩ [1, n]|

n2−α =

∞∑
n=1

n∑
k=1

1L(k)
1

n2−α

=

∞∑
k=1

1L(k)
∞∑

n=k

1

n2−α

≤
1

1− α

∞∑
k=1

1L(k)
1

k1−α

≤
N

1− α
+

2
1− α

∞∑
k=N+1

|µ̂(k)|

k1−α

<∞. ( ). 2

Remark 6.3. The condition ( ) is sharp. In §5 of [A3], for all α ∈ (0, 1), a growth
sequence q(α) ∈ NN(↑) is exhibited with

H-dim (G1(q
(α)))= α and 2c(α)(n)

� n1−α,

whence, if T ∈ PPT(X, B, m) is such that σT (G2(q(α))c)= 0, then (again by Theorem 4
in [A2]) there exists L ⊂ N rigid for T with |L ∩ [1, n]|/n1−α

→∞, and therefore

∞∑
n=1

|L ∩ [1, n]|

n2−α =∞.

6.1. Update. Since submission, [G] appeared, which, inter alia, shows that the converse
to Theorem 2 is false. In particular ([G, Theorem 1.5]), if q ∈ NN(↑) is given by
{qn : n ≥ 1} =

⋃
`≥2{p`, 2p`, . . . , `2 p`}, where p1 = 1 and p`+1 = ((`

2(`2
+ 1))/2)p`

for all l ≥ 1, then |G2(q)|> ℵ0, but FS(q) has positive density, whence q /∈ IPRWM.
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