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Abstract. In this paper, we propose a numerical method for solving the heat equa-
tions with interfaces. This method uses the non-traditional finite element method
together with finite difference method to get solutions with second-order accuracy.
It is capable of dealing with matrix coefficient involving time, and the interfaces un-
der consideration are sharp-edged interfaces instead of smooth interfaces. Modified
Euler Method is employed to ensure the accuracy in time. More than 1.5th order
accuracy is observed for solution with singularity (second derivative blows up) on
the sharp-edged interface corner. Extensive numerical experiments illustrate the
feasibility of the method.
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1. Introduction

Interface problems arise in problems involving multi-physics/multi-phase materials,
which is common in fluid dynamics, electromagnetic, biological systems [1, 2], etc.
Therefore, they attract considerable interest both theoretically and numerically in the
past decades. However, due to the low global regularity and the irregular geometry of
the interface, it is difficult to design a highly efficient method for such problems. In this
paper, we seek the solution for heat equations with sharp-edged interface and matrix
coefficient. The setting of the problem is as follows:

Consider a rectangular domain 2 = (Zyin, Tmaz) X Ymin, Ymaz)- L is an interface
prescribed by the zero level-set {(z,y) € Q | ¢(x,y) = 0} of a level-set function ¢(x,y).
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% pointing from Q™ = {(z,y) € Q| ¢(z,y) < 0}

to QT = {(x,y) € Q| ¢(x,y) > 0}. Now the governing equation reads

The unit normal vector of I'is n =

du(x, t)
ot

=V (B 1) Vulx b)) = f(x,t), in (Q\T) < (0,7),  (1.1)

in which x = (21, ...,z4) denotes the spatial variables and v/ is the gradient operator.
The coefficient 3(x, t) is assumed to be a d x d matrix that is uniformly elliptic on each
disjoint subdomain, Q~ and 9", and its components are continuously differentiable on
each disjoint subdomain, but they may be discontinuous across the interface I'. The
right-hand side f(x,t) is assumed to lie in L?().

Given functions a and b along the interface I", we prescribe the jump conditions on
I'x(0,T)

[u(x,t)]p = ut(x,t) —u”(x,t) = a(x, 1),
[(B(x,t) v ulx, 1)) -nfp =n- (B7(x,t) 7 u'(x,1)) (1.2)
(B G t) v (1) = b ),

The superscripts “4” refer to limits taken from within the subdomains Q. Finally, we
prescribe initial and boundary conditions

u(x, 0) = uo(x), in ©,

u(x,t) = g(x,t), on 9Q x (0,T). (1.3)

for a given function g on the boundary 02 and u( on the domain €.

Since the pioneer work of Peskin in 1977, much attention has been paid to solving
interface problems. The Immersed Boundary Method [3, 4] that he proposed uses a
numerical approximation of the J-function, which smears out the solution on a thin
finite band around the interface I". In [5], the “immersed boundary” method was
combined with the level set method, resulting in a first order numerical method that is
simple to implement, even in multiple spatial dimensions. However, for both methods,
the numerical smearing at the interface forces continuity of the solution at the interface,
regardless of the interface condition [u] = a, where a might not be zero.

After that, in order to get higher order accuracy, researchers has done a lot of work
on the finite difference solution for interface problems. The main idea is to use differ-
ence scheme and stencils carefully near the interface to incorporate jump conditions
and achieve high order local truncation error using Taylor expansion. The Immersed
Interface Method [6, 7] incorporates the interface conditions into the finite difference
scheme near the interface to achieve second-order accuracy based on a Taylor expan-
sion in a local coordinate system. The corresponding linear system is sparse, but not
symmetric or positive definite.

The Boundary Condition Capturing Method [8] uses the idea of Ghost Fluid Method
[9] to capture the boundary conditions. The method extends the solution from one
side across the interface using the jump conditions. The GFM is robust and simple to
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implement, and so is the resulting boundary condition capturing method. In [10], the
boundary condition capturing method has been sped up by a multi-grid method. The
method can solve the elliptic equation with interface conditions [u] # 0 and [Sun] # 0
in two and three dimensions. However, the original version is only first order accurate.
In a recent work [11], the method is improved to second order accuracy for smooth
interfaces.

In [12], the Matched Interface and Boundary Method was proposed to solve elliptic
equations with smooth interfaces. In [13], the matched interface and boundary method
was generalized to treat sharp-edged interfaces. With an elegant treatment, second
order accuracy was achieved in the L°>° norm. However, for oscillatory solutions, the
errors deteriorate.

The existing finite element schemes on non-body-fitted meshes are usually designed
by modifying the finite element basis near the interface. Examples of finite element
methods for interface problems are Extended Finite Element Method [14-16], Im-
mersed Finite Element Method [17, 18], and Penalty Finite Element Method [19, 20].
Chen and Zou [21] studied the convergence of the finite element method for ellip-
tic and parabolic interface problems, sub-optimal error estimates can be achieved for
smooth interfaces. The convergence of Immersed Finite Element Method for semi-
linear parabolic interface problems was analyzed in [22], which proved that the con-
vergence rates for the semi-discrete and fully discrete schemes based on the backward
Euler method are in the optimal order.

In [23], a non-traditional finite element formulation for solving elliptic equations
with smooth or sharp-edged interfaces was proposed with non-body-fitting grids for
[u] # 0 and [Bun| # 0. It achieved second order accuracy in the L> norm for smooth
interfaces and about 0.8-th order for sharp-edged interfaces. In [24,25], the method is
modified and improved to close to 2nd order accurate for sharp-edged interfaces, and it
is extended to handle general elliptic equations with matrix coefficient and lower order
terms. The resulting linear system is non-symmetric but positive definite.

Also, there has been a large body of work from the finite volume perspective for
developing high order methods for elliptic and parabolic interface problems. Colella
and collaborators proposed the Embedded Boundary Method (EBM) [26-28] from the
finite volume perspective, which embeds the domain into a regular Cartesian grid. In
[29], this method was extended to parabolic problems with fixed or moving interfaces
in domains with complex geometry. This method can achieve second-order accuracy in
both space and time.

In this paper, based on our previous work [24,25,30-35], we propose a new nu-
merical method for solving the heat equations with interfaces. Generally speaking, this
method uses different basis for the test function and the jump conditions across the
interface, which are standard finite element basis and piecewise linear basis, respec-
tively. The Modified Euler Method is employed to get second-order accuracy in time.
Compared with [6,36], this method has two advantages: first, this method is capable
of dealing with a larger variety of interfaces, including sharp-edged interface and com-
plex interface; second, the coefficients are generalized to matrix instead of scalar and
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the time term can be included in the matrix, which obviously enlarged the scope of
problem that can be solved. Numerical experiments show that this method can achieve
second-order accuracy.

2. Weak formulation
First, define some notations, see [21,37]. For a Banach space B, define
H™(0,T; B) = {u(t) € Bforae. t e (0,7) and ||u] gm0 < oo},

where || u || gmo,1;p) is the norm of H™(0,T; B) and is given by

12
W ep—— {Z / ) ||2dt} ,
L*(0,T;B) = H°(0,T; B).

In the rest of this section, we derive the weak formulation of the interface problem. To
this end, we split it into two heat equations:

% — V- (B, t)VuT (x, 1)) = f(x,t), inQ" x 0,77, (2.1)
L_a(: Yy (B, )Vu~ (x,t)) = f(x,t), inQ~ x[0,T], (2.2)

Note that the boundary of each subdomain 9Q* is Lipschitz continuous, and thus inte-
gration by parts is valid on each subdomain [38, Theorem 1.5.3.1].

Now we are ready to derive the weak formulations for (2.1) and (2.2). First, by
multiplying both sides of (1.1) with the test function ¢ € H} () and integrating over
the subdomain QO+, we deduce from Green’s theorem that

[oro=[ o= [ v @vaw
O+ q+ Ot o+
8u+ ou™ 23
_ ou _ +
N o+ 8tw+/ AVu- Vi - /Q+naQ ont /pﬁ wan""
where n™ is the unit outward normal direction of 9Q*. Similarly, we have
| ogo= [ S [ 5vu-ve- G [ g, @
- - QN on on
where n~ is the unit outward normal direction of 92~. On the interface I", we set the
normal direction n point from Q~ to QF such that n = n~ = —n™. We note that if

Q™ N oM is an empty set, then

ou~
—poi =,
/Q—maﬂﬁ ¢8n*

https://doi.org/10.4208/nmtma.2015.m1331 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2015.m1331

A Numerical Method for Solving Matrix Coefficient Heat Equations with Interfaces 479

Otherwise, we have 1|sq = 0 because ¥ € H} (), so

out ou~
Btyp——=0 and B Yp—=0
/Q+ non Y ont Q- N on~
Adding Eq. (2.4) and Eq. (2.3) gives the weak formulation for the heat Eq. (1.1): for
any ¢ € H}(Q)

Lro=[ sos [ 1o

—/( o+ 0%u 90 + [ G+ u-vo) - [(red - et

on+t on—

= - at¢+ t¢+/&2+,8Vu-V¢+ Q_ﬁvu.v¢+éb¢. (2.5)

3. Numerical method

Below we employ the weak formulation for the heat equation. First divide the
time interval [0, 7] into N equally spaced subintervals [t,_1,t,],n = 1,2,--- , N, with
tn = nAt,At = T/N.

According to the improved Euler method in [39], (1.1) can be rewritten as

du(x,t, )
TJFW -V (B(x, tn-‘rl/?) \V4 u(x, tn+1/2)) = f(x’ tn-‘rl/?)’ n=1-- ’N’ (31)

where tn+1/2 = (tn + tn+1)/2'

The Taylor series expansions of v"*! and u™ at ¢,, /2 are given by

At du(x, tn+1/2)

’U,(x, tn—i—l) = u(x, tn+1/2 + At/2) = u(x, tn+1/2) + — + O(AtQ), (32)

2 dt
At du(x, t,
u(x, tn) = u(x, tyy1/0 — At/2) = u(x, tyy12) — 7(TH/2) O(A#?).  (3.3)
By subtracting (3.3) from (3.2), we have
d
O I0i112) (o 111) — o t))/2 + O(A), (3.4)
and by adding (3.3) to (3.2), we deduce
u(X, tyq12) = (ulx, tn) +ux, thi1))/2 + O(At?), (3.5)

Now by substituting (3.4) and (3.5) into (3.1) and taking into account the truncation
error, the following semidiscrete problem by the modified Euler method is derived:

e, 1) + ulX; ) )
2

u(x, ty —u(x,ty
( H)At e,tn) Vo (BOtg12) V

:f(xatn+1/2)a n = 15 )N°
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Now the weak formulation of semidiscrete problem reads

/ (" + %ﬁ”“/?vwﬂ Vi) + /
O+
- /m(u"qp - %ﬁ"“/?vu" v +/

+At / Y2 — At / b2y, W e HY(Q),
Q T

At
(’U,n+1¢ + 7671—}—1/2vun—|—1 . vw)

(unw . %BnJrl/Qvun . V?,Z))

where
bn+1/2 -n- (l3+,n+1/2 v u+,n+1/2) —n. (ﬂf,n+1/2 VA uf,n+1/2).

For ease of discussion, and for the numerical test in Section 4, we assume that the
functions a and b are smooth on the closure of 2, 5 and f are smooth on Q* x (0,7')
and Q~ x (0,7"), but they may be discontinuous across the interface I'. However the
boundaries 992, 9Q~ and 90" are always Lipschitz continuous. We assume that there
is a Lipschitz continuous and piecewise smooth level-set function ¢ on €2, where I" =

{p =0}, 2" ={¢ <0} and Q = {¢ > 0}. A unit vector n = ‘g—% can be obtained on

Q, which is a unit normal vector of I' pointing from Q~ to Q7.

In this paper, we restrict ourselves to a rectangular domain Q = (Zin, Tmaz) X
(Ymins Ymaz ) in the plane, [ is a 2 x 2 matrix that is uniformly elliptic in each subdomain.
Given positive integers I and J, set Az = (Typaz — Tmin)/I and Ay = (Ymaz — Ymin)/J-
Define (z;,y;) = (Tmin + 1A, Ymin + jAy) fori =0,...,] and j = 0, ..., J as a uniform
Cartesian grid. Each (z;,y;) is called a grid point. For the case i =0,/ or j =0,J, a
grid point is called a boundary point, otherwise it is called an interior point. The grid
size is defined as h = max(Ax, Ay) > 0.

Two sets of grid functions are needed and they are denoted by

b = {wh:(wi7]~):0§igl,0§j§J},
Hé’h: {wh: (wij) € Hi’h:wi,j =0if:=0,1 orj:O,J}.

Next we cut every rectangular region [z;, x;+1] X [y;, y;+1] into two right triangles:

one is bounded by z = z;,y = y; and y = %(x — xi41) + yj, the other is bounded

by z = wiy1,y = yj41 and y = L (3 — 2,44) + y;. Collecting all those triangular

Ti—Ti41
regions, we obtain a uniform triangulation 7" : |Jx o K, see Fig. 1. We can also
_ Y1y : :
choose the hypotenuse to be y = ﬁ(:c — x;) + y;, and get another uniform trian-
gulation from the same Cartesian grid. There is no conceptual difference on these two

triangulations for our method.

If ¢(zi,y;) < 0, we count the grid point (;,y;) as in Q~; otherwise we count it as
in Q7. An edge of a triangle in the triangulation is called an interface edge if the two
vertices belong to different subdomains; otherwise we call it a regular edge.

A cell K is called an interface cell if its vertices belong to different subdomains. In
an interface cell, we write K = K*|JK~. KT and K~ are separated by a straight
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N
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\

Figure 1: A uniform triangulation.

line segment, denoted by I'%.. The two end points of the line segment I'%.- are located
on interface I' and their locations are calculated from the linear interpolations of the
discrete level-set functions ¢" = ¢(z;,y;). The vertices of KT are located in Qt(JT
and the vertices of K~ are located in Q~ (JI'. Kt and K~ are approximations of the
regions K (" and K (2~ , respectively. A cell K is called a regular cell if all its
vertices belong to the same subdomain, either QF or Q~. For a regular cell, we also
write K = KT |JK~, where K~ = {} (empty set) if all vertices of K are in 2", and
KT = {} if all vertices of K are in Q™. Clearly I'>. = {} in a regular cell, K™ and K~
are approximations of the regions K (| Q" and K () Q~, respectively. We use |K | and
| K| to represent the areas of K and K —, respectively.

Two extension operators are needed. The first extension operator is T" : H{" —

HE (). For any ¢" € H& b T" (") is a standard continuous piecewise linear function,
which is a linear function in every triangular cell and 7" (z/") matches ¥ on grid points.
Clearly such a function set, denoted by Hé’h , is a finite dimensional subspace of H} ().
The second extension operator U" is constructed as follows. For any u"" ¢ H."
with ™ = g"" on boundary points at ¢,,, U"(u") is a piecewise linear function and
matches v" on grid points at t,,. It is a linear function in each regular cell, just like the
first extension operator U"(u") = T"(u"") in a regular cell at ¢,,. In each interface
cell, it consists of two pieces of linear functions, one is on K and the other is on
K~. The location of its discontinuity in the interface cell is the straight line segment
I'%.. Note that two end points of the line segment are located on interface I', hence
the interface condition [u(t,)] = a(t,) could be and is enforced exactly at these two
end points. In each interface cell, the interface condition [5(t,) 7 u(ty) - n] = b(ty)
is enforced with value b at the middle point of T'%. In order to use this extension, we
need the following theorem.

Theorem 3.1. For all ™ € HL" U"(u"™) can be constructed uniquely at t,,, provided
T" ¢,a(t,) and b(t,) are given.

Proof. There are five different cases in consideration:
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Case 0. The cell K3 is a regular triangle. When calculating, we assume that all
vertices of the triangle belong to QO+ or Q™.

Suppose that vertices 1,2,3 of K 3 belong to Q~, then K; 235 C Q.
UMuh™) = u™(z1,01) +up ™ (@ — 21) +uy "y — 1), 2,y € Kigg,
where u; ", u, """ can be written in the following form
uy " =l uT" (1) + C;’gnu_’n@) + C;,glu_’n(g)’
uy™ = o uT (L) + e uT M (2) + o u T (3),

Case 1. The interface comes across one vertex of the cell K, 3, see Fig. 2(a). When
calculating, we need to check whether the vertex is on the interface or not. If it is on
the interface, then it belongs to Q", otherwise it depends on which domain it belongs
to.

Suppose that vertices 2, 3 in Fig. 2(a) belong to Q~, K; 23 C Q™.
UM (uh™) = u™(z9,y2) + uy " (@ — z2) + u, "y —y2), T,y € K123,
uz ", uy " can be written in the following form
U = (1) e )+ e (8) + (1),
u;” = c;?’lnu#”(l) + c;’Q"u_’”(Q) + c;’gnu_’”(?)) + c;;lna”(l).

Case 2. The interface covers one side of the cell K 53, see Fig. 2(b). When calcu-
lating, we need to check whether one vertex is on the interface or not. If it is on the
interface, then it belongs to Q*, otherwise it depends on which domain it belongs to.
The difference between Cases 1 and 2 is that when calculating the integration, Case 1
does not need to calculate the line integration, but Case 2 does.

Suppose that vertex 2 in Fig. 2(b) belongsto O, K23 C Q™.
UMuh™) = u(xg,y2) +uy ™ (@ — m9) +uy "y —y2), 2,y € K23,
uz ", uy " can be written in the following form
uy ™ = e uT (1) + ey uTM2) + ey T (3) 4 ¢, a (1)
+y5a"(3) + ¢y 50" (6),
u, " = c;’lnuJ“"(l) + e, uTm(2) + c;’gnu+’"(3) +c,a"(1)

+ c;éna"(?)) + c;énb"(6).
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2 3

(a) The interface comes across
one vertex of the triangle.

1

2 3

(c) The interface comes across one
vertex and one side of the triangle.

: X
(b) The interface covers one side

of the triangle.
1

2 3

(d) The interface cuts two sides of
the triangle.

Figure 2: Interface cells.

Case 3. The interface comes across one vertex and cuts one side of the cell K; 23 =
KT |J K, see Fig. 2(c). When calculating, we also need to check whether one vertex
is on the interface or not. If it is on the interface, then it belongs to Q", otherwise it
depends on which domain it belongs to.

Suppose that vertex 1 in Fig. 2(c) belongs to Q*, then K 25 C QF, vertex 3 in Fig.
2(c) belongs to Q~, then Ky35 C Q™.

u™(x1,y1) + U:n(x —x1)+ U;rn(y —11), %,y € Kiaps,

Uh(uh,n) — {

u™(x3,y3) +uz " (x — x3) +uy " (y —y3), x,y € Koz

The value u(5)*" of vertex 5 can be denoted as a linear function of u*"(1), u*"(2),
u"(3),

u(5)"" = ¢ Mu(1) P 4 e Mu(2) T 4 el Mu T (3) 4 ¢f Ma(2) + ¢ " (5) + e " (6),

u(5) 7" = e ()T ey Mu(2) T + e "uTM(3) + e A (2) 4+ e5 " (B) 4 g ™ (6).
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Hence u; ", uy ", us "™ and u; " can be written in the following form
uf™ = et (1) 4 et (2) e T (3) e ya(2) + egla” (5) 4 ¢y 5 0 (6),
u;“" = czlnqu "(1) + c;’QnuJ“"(Q) + cy suT"(3) + 62_4”@"(2) + c;5na"(5) + c;};nb"(6),
up ™ = e (1) + ey uT(2) e T (3) + e at(2) + e 5a” (5) + e 07 (6),
u, " =c, a1 + ¢y yut(2) + €yl SuT™(3) + c;;lna”(Q) + c;’;a”(S) + c;énb”(6).

Case 4. The interface cuts two sides of the cell K 53 = K+ J K, see Fig. 2(d). When
computing the integral, we need to check which domain one vertex belongs to.

Suppose that vertex 1 in Fig. 2(d) belongs to Q7, then K; 45 C Q7, vertices 2, 3 in
Fig. 2(d) belongs to 27, then Ky 35 C Q.
U ) { u(@1,y1) +ud (@ - a) Fuy "y =), 7y € Kiogs,
u"”’ =
u™(x3,y3) + ur " (x — x3) +uy (Y —y3), w,y € Kazs.

The value u(4)*" and u(5)*" can be represented as a linear function of u*"(1),
u™(2), um"(3),
) ™ Y )+ cii'a"(4) + e 2'am(5) + ¢ b (6),
) ( ( ) Fegya™(4) +eg5'at(5) + ¢y 50"(6),
u(5)T" = e ut (1) 4 e uT " (2) F el guT ™ (3) 4 e yta(4) 4 ¢ tam(5) 4 ¢ b (6
(5) 5,1 5,2 5,3 5,4 4,5 4,6 ;
) ( ( ) "(4) + cp5'a"(5) + cp 40" (6).

Hence uz ", u, " u

S+
3

and u; " can be written in the following form

+,n n

u;“"—cjlnqu"(l —I—cx3u (3 +cya 4)+c:5"a"(5 +c;glb"(6,

) ) ) ( ) )
uf " = c;rl"u+ "(1) + c;é"u_’”(Q) + cy suT"(3) + C;r4nan(4) + C;r5nan(5) + C;énbn(G),
U™ = (1) + G u(R) + M (B) + ¢l () + () + b (6),
uy ™ = e, YuT(1) + ey 3T (2) + ey T (3) 4 ¢ ) a (4) + ¢ 5l (B) + ¢y 5 07(6).

To complete the proof of Theorem 3.1, we need the following lemma [24]:

Lemma 3.1. All coefficients ¢ in Theorem 3.1 are finite and independent of v, a™ and
b". O

Remark 3.1. For special cases when the sharp edge of the interface cut through the
vertex or edges of a grid cell, take the red line in Fig. 3(a) for example, in irregular
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i ot

!t 3 4

\01 2 1 2
B 0-

@ (b)

Figure 3: Treatment of special cases.

cell Ay34, the normal direction is perpendicular to the red line (interface) at the middle
point, pointing from Q- to QF; for special cases like the interface shown as the red line
in figure Fig. 3(b), since red points 2 and 3 both belong to 2T, black point 1 belongs to
Q~, in Aqo3 the interface is dealt as the dashed line, A3 is treated as an irregular cell.
For this reason, the interface would not appear in Ass4, and it is treated as a regular
cell.

Based on the above discussion, we propose the following method:

Method 3.1. Find a discrete function u"" € H}" with u"" = ¢"" on boundary points
such that for all /" € H}"", we have

At n+l hy, hntly by h by htlyahy b
th<2 /K+5 v U"(u ) vT(@Z))+/K+U(U )T (Y")
At ntl hy, hntl by, h hy, hyn+1yph b
o [ ety utaheny it + [ ohaeerin)

At 1
- UMW) = = B g UMW) - o T ()
KezTh </K+ : /K+
[ vraheriet - 5

n+1i h(, hny hih
> [ BT U)o

+At/K+ f"+éTh(¢h)+At/ frreTh(phy —At/

bn+%Th(¢h)> )

Tl

To implement the method, we use the Gaussian quadrature rule for integrals. The idea
is illustrated in Fig. 4. If T is separated into two pieces by the interface uzus, connect ug
and u, to get three triangles: 77 = Aujuqus, To = Aususug, T3 = Augugus. For each
triangle, label the center point p;; of each edge w;w;. In numerical computation, apply
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Uz

U1 514 Ua 524
Figure 4: Quadrature.

the average of three f(p;;) in each triangle. Numerical results show the quadrature can

yield higher accuracy than that in [23].

4. Numerical experiments

In all numerical experiments below, the level-set function ¢(z,y), the coefficients

% (x,y,t) and the solutions

u=u"(z,y,t), in Q1 x (0,7),
u=u (x,y,t), in Q@ x (0,7),

are given. Hence

ut(2,9,0), in Q% wo(z,y) =u (z,9,0), in Q"

uo(z,y) =

g(z,y,t) = (:c y,t), ond x (0,7,

f(@,y,t) = =V - (B(z,y,t)Vu(z,y,t)), inQx(0,T),
a(z,y,t) =u" (z,y,t) —u (x,9,t), onT x (0,T),
b(x,y, )z( (x,y,t) (x,y,t))-n

— (ﬁ_(:c,y,t)Vu_(x,y,t)) ‘n, onl x(0,7T).

All the examples are defined on the domain [—1, 1] x [—1,1] x [0,1]. All errors in
solutions are measured in the L norm in the whole domain €.

Example 4.1. This example is a “happy face” interface. The level-set function ¢, the
coefficients A% and the solution u® are given as follows:
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Table 1: Happy Face

ng X ny xny | [lu—u"[|s | Order ||

9x9x10 0.035
18 x 18 x 20 | 0.0098 1.82
36 x 36 x 40 0.0026 1.92
72 x 72 x 80 | 6.83e-004 | 1.93

-1 -1 -1 -1

(@ (b)
Figure 5: Happy Face.

¢(x) y) = max(min(¢1a ¢2a ¢3)) ¢4) ¢5) ¢6) min(¢7a ¢8))5

o1(x,y) = 22 + 32 — 0.75% — 0.15%,

b2(z,y) = (x — 0.75)% + y* — 0.15%,

p3(x,y) = (x+0.75)% + y% — 0.152,

Pa(,y) = —00%112(90 —0.2)* - %(y —0.22)2 +0.12- 0.1,
¢5(z,y) = —00%112( +0.2)% - ﬁ(y —0.22)2 4+ 0.12- 0.1,
d6(2,y) = —2* — (y + 0.08)% 4 0.122,

dr(x,y) = —% — (y + 0.625)? + 0.425%,

ps(z,y) = —x% — (y + 0.25)% + 0.2%,

Bt (z,y,t) = [z +5,0;0,2 + zy],

B (z,y,t) = [y +2,0;0,0.5(x +y) + 8],

ut(z,y,t) = (1+2%)(1 —y),

u (z,y,t) = exp(ac2 + y2t).

Fig. 5(a) shows the numerical result at ¢ = 1 using a 36 x 36 x 40 grid. Fig. 5(b)
shows the error of this example at ¢ = 1 using a 36 x 36 x 40 grid. Table 1 shows
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Table 2: Circle

ng X ny x ng | [Ju—u”o | Order

9x9x10 0.012
18 x 18 x 20 0.0032 1.89
36 x 36 x 40 | 8.48e-004 | 1.91
72 x 72 x 80 | 2.34e-004 | 1.86

Figure 6: Circle.

that the method achieves 2nd order accuracy on different grids for heat equations with
sharp-edged interfaces when the matrix coefficients are functions of x and y.

Example 4.2. This example is a “circle” interface. The level-set function ¢, the coeffi-
cients 4% and the solution u* are given as follows:

d(z,y) = 2% + y* — 0.563%,

Bt (z,y,t) =[tx +6,2 +1+t/5;2+1+1t/5 2t +xy + 5],
ﬁf(x,y,t) = [t+y+5,y—|—1—|—t/5;y+1+t/5,x+y+t—|—6],
ut (z,y,t) = sin(xy + t),

u (x,y,t) = exp(zy + ).

Fig. 6(a) shows the numerical result at ¢ = 1 using a 36 x 36 x 40 grid. Fig. 6(b) shows
the error of this example at ¢ = 1 using a 36 x 36 x 40 grid. Table 2 shows that the
method achieves 2nd order accuracy on different grids when the matrix coefficients are
functions of x, y and t¢.

Example 4.3. This example is a “star” interface. The level-set function ¢, the coeffi-
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Table 3: Star

ng X ny x ng | [Ju—u”o | Order

9x9x10 0.15
18 x 18 x 20 0.040 1.87
36 x 36 x 40 0.0090 2.16
72 x 72 x 80 0.0022 2.02

(@) (b)
Figure 7: Star.

cients 4% and the solution u* are given as follows:
Rsin(% 2 — 2 2 — 1
) T2 g TR
sin(%—i—@—@r—%) b 5
5(r,0) = o | |
Rsin(%) v (2 — 3) <0<b, 1 7r(2z5— 2)7

sin(%t —0+0, — —QW(?D)

with 6; = /5, 6, =7/7, R=6/7Tand i =1,2,3,4,5.

B (2, y,t) =[x +5+2t,0;0, (2 + xy) + 1],

B (z,y,t) =[y+2+10;0,0.5(x +y) + 8 + tx],
ut(z,y,t) = 1+ 2°0)(1 - y),

u” (z,y,t) = sin(rx + 2twy).

Fig. 7(a) shows the numerical result at ¢ = 1 using a 36 x 36 x 40 grid. Fig. 7(b)
shows the error of this example at ¢ = 1 using a 36 x 36 x 40 grid. Table 3 shows
that the method achieves 2nd order accuracy on different grids for heat equations with
sharp-edged interfaces when the matrix coefficients are functions of z, y and ¢.
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Table 4: Combination of Two Circles

ng X ny x ng | [Ju—u”o | Order

9%x9x10 0.011
18 x 18 x 20 0.0033 1.72
36 x 36 x 40 | 8.87e-004 | 1.89
72 x 72 x 80 | 2.28e-004 | 1.95

(a (b)

Figure 8: Combination of Two Circles.

Example 4.4. The level-set function ¢, the coefficients 3* and the solution u*

given as follows:

are

Qb(x’ y) = min(¢1(x’ y), ¢2(5Ca y)),
o1(x,y) = (v — 0.431)% + y* — 0.431%

ba(z,y) = (z +0.431)% + 3y — 0.4312,

T(z,y,t) = [z +2,0;0,2 + 2y,
B~ (z,y,t) = [y +2,0;0,0.5(z +y) + 2],
ut(@,y,t) = (1 +2?)y(l - y),
u”(x,y,t) = t?sin(z + 2y) sin(zy).

Fig. 8(a) shows the numerical result at ¢ = 1 using a 36 x 36 x 40 grid. Fig. 8(b)
shows the error of this example at ¢ = 1 using a 36 x 36 x 40 grid. Table 4 shows
that the method achieves 2nd order accuracy on different grids for heat equations with
sharp-edged interfaces when the matrix coefficients are functions of x and y.

Example 4.5. The level-set function ¢, the coefficients 5* and the solution u* are
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Table 5: Quarter of a Circle

ng X ny xng | lu—u"[ls | Order | [u} — v | Order
9x9x10 0.0097 0.0096
18 x 18 x 20 0.0025 1.94 0.0025 1.95
36 x 36 x 40 6.19e-004 | 2.02 5.88e-004 2.08
72 x 72 x 80 1.61e-004 | 1.95 1.31e-004 2.16
144 x 144 x 160 | 3.82e-005 | 2.07

R
2 XEATA
SIS KISKKRESAL
SRSISRELAZ
SSSSSNRRAES AT

IR
R
NN
NN
e

Figure 9: Quarter of a Circle.

given as follows:

d(z,y) = (x+1)* + (y + 1) — 1.25,

Bt (z,y,t) = [tr* + 3,0;0,2t + zy + 5],
B (x,y,t) =

ut (1) = (o + 2092 + ),

u (., 1) = cos(tay)

[t(y +2) +3,0;0,2%/2 +y*/2 + /2 + 6],

Fig. 9(a) shows the numerical result at ¢ = 1 using a 36 x 36 x 40 grid. Fig. 9(b)
shows the error of this example at ¢ = 1 using a 36 x 36 x 40 grid. Table 5 shows
that the method achieves 2nd order accuracy on different grids for heat equations with
sharp-edged interfaces when the matrix coefficients are functions of x, y and ¢. Each
numerical result «” is compared with the result u}}, which is achieved by the finest

mesh 144 x 144 x 160.

Example 4.6. The solution in this example has singularity at the corner of the interface.
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Table 6: Singular point on the interface.

Ny X Ny X Ny lu — u"||o | Order ||u? —u"| & | Order
12 x 12 x 10 0.0094 0.0014
24 x 24 x 20 0.0035 1.41 5.12e-004 1.49

48 x 48 x 40 0.0013 1.46 1.41e-004 | 1.86
96 x 96 x 80 4.54e-004 | 1.49 | 3.46e-005 2.03
192 x 192 x 160 | 1.59e-004 | 1.51

-1 1

(a) (b)

Figure 10: Singular point on the interface.

The level-set function ¢, the coefficients 5% and the solution u* are given as follows:

d(x,y) =y — 2, ifx+y >0
d(r,y) =y +x/2, ifr+y <0

B (2, y,t) =[x +2,0;0,2 + 2y,

B (z,y,t) = [y +2,0;0,0.5(z +y) + 2],
ut(z,y,t) = Pz,

u(z,y,t) = (22 + y*)*/5 + cos(xyt).

Fig. 10(a) shows the numerical result at ¢ = 1 using a 48 x 48 x 40 grid. From Fig. 10(b),
we can see that the maximum error occurs at the kink where the singularity located.
Table 6 shows that the method achieves almost 1.5th order accuracy on different grids
for heat equations with a singular point on the sharp-edged interfaces when the matrix
coefficients are functions of  and 3. Each numerical result u" is compared with the
result u’}, which is achieved by the finest mesh 192 x 192 x 160.
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5. Conclusion and future work

In this paper, we proposed a numerical method for solving the heat equations with
interfaces. A weak formulation for the problem is developed and the numerical method
is derived by discretizing the weak formulation. The standard finite element basis is
employed for the test functions and a piecewise linear basis is constructed to satisfy
the jump conditions across the interface. The modified Euler method is applied to
ensure the accuracy in time. Numerical examples show that our method is second
order accurate in L° norm for piecewise smooth solutions and 1.5th order accurate
for solutions with singularity on the sharp-edged interface. For future work, the three-
dimensional problem with similar settings will be considered. Also, the conditioning
of the resulting linear system of equations will be studied. Besides, for its satisfactory
performance on heat equations, we are planning to extend this method to moving
interface problems.
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