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Abstract We estimate the decay of correlations for some Markov maps on a countable
state space. A necessary and sufficient condition is given for the transfer operator to
be quasi-compact on the space of locally Lipschitz functions. In the non-quasi-compact
case, the decay of correlations depends on the contribution to the transfer operator of the
complementary of finitely many cylinders. Estimates are given for some non-uniformly
expanding maps and for maps with bounded jumps.

0. Introduction

Coming from the theory of countable Markov chains, Markovian dynamics on countable
state spaces also arise naturally when studying non-uniformly expanding systems or non-
hyperbolic systems (interval maps with neutral fixed points, unimodal maps, Henon maps
(3, 30).

Several techniques have been developed to study statistical properties of such Markov
systems and especially to estimate their decay of correlations. Most of these techniques
are based on the quasi-compactness of the Ruelle—Perron—Frobenius operator (or transfer
operator) on a suitable Banach space and lead to exponential decay of correlgtiHhs [

When the transfer operator does not have a spectral gap, there are estimates of the decay
of correlations from Liveraret al[21] and Hu [L3] for some maps with neutral fixed point

and Young B(Q] for tower systems. Young's strategy is very powerful if you are able to
estimate the asymptotics of return times on the base of the tower.

We propose another strategy which does not requireagmyori knowledge on return
times. It is based on cones and projective metrics of BirkhdffJ and is especially
adapted to maps with ‘small branches’ like birth-and-death processes. It is also efficient
for estimating the decay of correlations for the well-known Gaspard-Wang example of
interval map with a neutral fixed point.

81 contains the setting, the results, the basic definitions and properties of Birkhoff’s
cones.
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§2 is devoted to the exponential decay of correlations. We give a necessary and sufficient
condition to ensure that the transfer operator is quasi-compact on the space of locally
Lipschitz functions. To achieve this aim, we construct a cone which is strictly contracted
by some iterate of the transfer operator.

In 83 we obtain sub-exponential decay of correlations for a class of maps ‘without
big branches at infinity’ (see (1.3)). In this case, the decay of correlations depends on
the contribution to the transfer operator of the complementary of finitely many cylinders.
The estimate is done by truncating the previous cae; is a cone of locally Lipschitz
functions, specified only on finitely many states, it is mapped by some iterate of the transfer
operatorintaCy, ;1 with some contractio8);. The product of thé; gives sub-exponential
decay of correlations.

In 84, we give some explicit estimations. As far as we know, the results concerning
maps with bounded jumps (84.1) are new. It does not seem possible to associate to these
systems a tower that enjoys the properties required by Yo@@ ([

1. Setting, results and basic properties of cones
Let = be a sub-shift of finite type on a countable alphaliet That is, = is given by
B = (bi )i, jeaxa, aNA x Amatrix of 0 and 1. = {x € AN | by, ., = 1}.

On Z, we consider the shitt defined byo (xg, ..., x4, ...) = (x1,...).

We will always assume that = N. Since the alphabet is infinit& is, in general, non-
compact and not even locally compact. The spadés endowed with the product topology
(on A we consider the discrete topology) which is also given by the natural distance: let
r €10, 1[, then

dx,y)=r"iff x;=y;, i=0,...,n—1, xy # yu.
The product topology is generated by the cylinders.(uet. . ., ax_1) € A* and
lag,...,ar1l={xe€e X |xi=a;,i =0,...,k—1}.

[ao, . . ., ar—1] is called acylinderor k-cylinder. Hence the spack is separable.
We will say thatX isirreducibleif and only if

Vi,j € A, 3n € Nsuchthat ™" [i1N[j] # @,

or, equivalently if and only it is topologically transitive. We will say thal is aperiodic
if and only if

Vi, j € A, dng € Nsuch thatn > ng, o "[i1N[j] # 0,

or, equivalently if and only it is topologically mixing.

We will denote byC,(X) the Banach space of uniformly continuous and bounded
functions onX. We will say that a functionf on X is uniformly locally Lipschitz(or
u.l.L.) if there exists some constafit> 0 such that for any andy in the same 1-cylinder,

[ f(x) = f] < Cd(x,y).

We will denote byK ( f) the smallest positive number satisfying this property; it will be
called the Lipschitz constant gf. Let L be the space of u.l.L. functions that are bounded
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onX. Forf e L, let|f|l = maxK(f), | flloo); this defines a norm oh which turnsL
into a Banach space.

Let F be the borelian sigma-algebra @h m be a borelian probability ol whose
support is¥ and® a u.l.L. function. According to thermodynamic formalism we will call
® apotential We will always assume that satisfies the following assumptions.

Standing assumptions on the potential (SA).

1. &isau.l.L. function.

2. SURcs D gy e®®) < o0, so the transfer operatats associated tab is well
defined and acts ofy(X): for f € Cy(2),x € X,

Lof)= Y eV ).

oy=x

3. The measure: is a conformal measure fdly, that is, for anyf € Cy(X),

/E@fdmszdm.

Remark 1.1.The fact that we assume that the conformal measure is given may seem
strange. Indeed, on the one hand, under suitable assumptions, such a measure can be
constructed and satisfies a variational principle (25)[ On the other hand, one may

think thatX represents the coding of some geometric dynamic for which there is a natural
potential and a natural conformal measure.

Using the fact thatd is u.l.L., an easy computation leads to the followimgunded
distortion propertyfor L¢:

there exist€ > 0 such that for any andy in the same 1-cylinder, for € N,

Lh1(x) < L21(y)eCdtD), (BD)

The fact thatn is a conformal measure faty implies that ifu = hm with h € Cy(X)
thenpu is o-invariant if and only ifz is a fixed point forLg. It suffices to remark that for
fandginCy(X), m(goo - f) =m(Le(g oo - f)) becausen is conformal and by the
definition of Lo, Lo(g oo - f) = gLo f, SOWe haven(goo - f) =m(gLo f).

We expect that the mixing properties of such a measure are related to the spectral
properties ofLe. To be more precise, let us assume that there exists a fixed point
h € Cy(2) for Lo which is normalizede(h) = 1) and letu = hm. For f € Cy(X) and
g € LY(m), thecorrelationsof f andg measure the lack of independence betwgemd
g o o™ with respect to the invariant measuyrefor n € N,

enl(f,g) = ‘/f(goo”)du—/fdu/gdu‘~

The measuree is mixing if and only if the coefficients, (f, g) go to zero for any

f € Cu(2) andg € L1(m). In this case, estimates on the speed of convergence to zero
of ¢, (f, g) or equivalently estimates on tliecay of correlationsnay lead to the central
limit theorem (see19]) and to the determination of asymptotic laws for entrance times
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(see L1, 24, 26¢). The following trivial computation relates the decay of correlations to
the asymptotic behavior of the iteratesf:

cn(f. 8) = ‘/[ﬁﬁi(fh) — hm(fh)lgdm 1.1)

so that ifC} f — hm(f) in some reasonable way thenis mixing and estimates on the
speed of this convergence specify the decay of correlations.
Let us state our main results.

1.1. Results. Under the following additional hypothesis:
IM > Osuchthavn e N, |[L31]lco < M (K)
we have the following result.

THEOREM1.1. Let ¥ be aperiodic and letb satisfy(SA) and (K). Then there exists
a fixed pointh € L for Lo, h > 0on X, m(h) = 1; this fixed point is unique up to
multiplication by a constant. Moreover, we have the following convergengé &€, (X):

o ——— hm(f); (1.2)

this convergence is uniform on the compact subseE aifid takes place i1 (m).

The proof of this theorem follows Sarig’s pro@d, Theorem 4] except for some details
in the construction of. Let us give the outline of the arguments.

From (K) and (BD), we deduce that the seque€§l),cn is an equicontinuous and
bounded sequence of elementdoflet

1n—1 »
Qn="> p;ﬁ@l.

Ascoli's theorem on separable sets implies that the sequégge,cn admits an
accumulation point for the topology of uniform convergence on compact sets and for
the L1(m) topology by Lebesgue’s dominated convergence theorem./ Lo such an
accumulation point. Using (BD) and (K), we get thiabelongs tol.. Using the fact that

m is a conformal measure whose supporEisve get that: is a fixed point forCe which

is non-zero because Lebesgue’s dominated convergence theorem implieg/that 1.

Now, if #(x) = O for somex € X, sinceh > 0, foranyn e Nand any; € {y | 6"y = x},

h(z) = 0. SinceX is irreducible (indeed, it is aperiodic), this set is dens&inso that

h = 0 since it is continuous. This contradicts the fact thas non-zero. Soh > 0.

The rest of the proof follows Sarig’s proof and uses some general arguments on Markov
dynamics from {]. m|

In fact, we have a more precise description of the spectrugywofSuch a description
is usual in a quasi-compactness setting. Our purpose is to give estimates on the decay of
correlations so we will omit the proof of the following result which may be foun®ij.|
Let us just remark that (K) implies that the spectral radiu€gfon the spac&y (%) is
less than or equal to 1.
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THEOREM1.2. [22] Let T be irreducible and let satisfy(SA) and (K). Thenlis a

simple eigenvalue fof¢ acting onL and if 2 is the normalized eigenfunction théns

strictly positive onX and the invariant measurg = hm is ergodic. MoreoverLq has
only finitely many eigenvalues of modulus 1; they are all simple.i¢faperiodic therl is

the only eigenvalue of maximal modulus and the invariant measuteim is mixing. We
have the convergence fgre Cy(X):

a(gfmﬂ(f),

uniformly on compact subsetsBfand in L1(m), wherer is the spectral projection on the
finite-dimensional space associated to the eigenvalues of modulus 1. In particilas if
aperiodic then
Ly f —— hm(f).
n—oo

From now on, we assume that is aperiodic and® satisfies (K) and (SA). The
normalized fixed point (given by Theorem 1.1) 6 will always be denoted by andu
will be the invariant measure = hm. We will give additional conditions under which the
speed of convergence in (1.2) can be estimated.
We will say that® satisfies (Expl) iflk1, In1 such that
Vk > k1, 3px < 1suchthavn > ny, supL&1(x) < px. (Expl)
x€[n]
(Expl) means that the cylinders close to infinity do not contribute too much to the transfer
operator, in fact their contribution is assumed to be uniformly strictly smaller than one.
This condition is sufficient to guarantee exponential decay of correlations for observables
in L (see Theorem 1.3 below).
The systen{X, o) is without big branches at infinityy there existsk € N such that for
anyn € N, for x € [n], ox belongs tq p] with p > n — K. In other words, the matrix
which defines has the following form:

0/ x

K| x
0 = (1.3)
0 0 *

with x € {0, 1}. If ny andN > nj are fixed integers, let us define
8j = SUpLE1(x) [x € [n], N <n < N +kKj}, j=0keN.

We will say that® satisfies (S-Exp1l) if there existg € N such that forN > n1, there
existsk1(N) such that foik > k1, there existR(k), 0 < R(k) < N + kK and

S < <1 R(k)

o
- Vi X -Expl
N+Kkj)’ a>0,Vj>0 (S-Expl)
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(S-Expl) means that the contribution to the transfer operator of the cylinders close to
infinity is strictly smaller than one but not uniformly. Under this condition and the
assumption thak has no big branches at infinity, we can estimate the decay of correlation
for observables i, (see Theorem 1.4 below).

Before stating our main results, let us remark that

(Expl)= (S-Expl)= (K).

The first implication is trivial: takes,,; = o for all j € N. Let us prove the second
implication.
Let N > njp be fixed and lek; = k1(N), (S-Expl) implies that for > N, k > k1,

sup £E1(x) < 1.

x€[n]

Moreover, since we always assume thét 1|, < co (SA), we have

k
sup [|£41llee < 00.
k<kq

Finally, letn be smaller thav; the bounded distortion property implies

sup £51(x) < Ct LK 1dm

x€ln] m([n]) [n

]
1 k
< Ct—/£¢1dm
m([n])
1

< Ctsup using the fact that: is conformal.

n<N m(ln

So we have proved that there exists samie- 0 such that for any € N, ||£’§I>1||oo <M,
which is (K). |

Finally, let us recall that two potentialg; and W, arecohomologou# there exists a
positive functionv € C, (%) such thatV; = Wy + logv — log(v o o). The functionv is
called thechange of potential

THEOREM1.3. Let ¥ be aperiodic. If® satisfies(SA) and (Expl) then Lo is quasi-
compact onL so we have the following exponential decay of correlations: there exist
0<y < landC > Osuchthatforf € L, g € LY(m),

en(fo8) = Cy I fINIgl s (1.4)

Moreover,(Expl)is a necessary condition for quasi-compactness in the following sense:
let @ verify (K) and (SA) then L¢ is quasi-compact od. if and only if there existsl
cohomologous t@ with a change of potential ik and bounded away from zero such that
Ly satisfiegExpl).

Let us recall that a linear operat®r on a Banach space is quasi-compacif there
exists O< ® < 1 such thatifs belong to the spectrum df and|1| > s(P)®, wheres(P)
is the spectral radius d@#, thena is an eigenvalue with finite multiplicity.
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The fact that (Expl) is a necessary condition for quasi-compactness in the sense of
Theorem 1.3 is easy to see. Indeed, let us assum& thet quasi-compact oh. Because
of Theorem 1.1, we have fgf € L, k € N,

1L £ — hm () < CYMI£IL (1.5)

with C > 0 and O< y < 1. LetW be cohomologous t® with change of potential in L
and bounded away from zero. We have

1
k1= ;c’gp(u)

so using (1.5) we obtain

L1 = 1[cﬁb(u) — hm(v)] + ﬁm(v)
v v

k vl k h
1 — - .
Lgl(x) < Cinfuy + U(x)m(v)
It is always possible to find € L (indeed, can be chosen to be constant on 1-cylinders)
such thain(v) = 1, infv > 0 and

sup sup ﬁ(x) <1

n>N xe[n] V
providedN is big enough. This concludes the proof of the necessity part of Theorem 1.3.

The rest of Theorem 1.3 will be proved in §2. This will not be done using the standard
approach consisting of the application of the lonescu—Marinescu—Tulcea thelafjdrat
we will use Birkhoff cones and projective metrics. The main advantages of this technique
are: (i) it provides a constructive bound for the rate of convergence, (ii) the cones are
adaptable to non-quasi-compact cases. Indeed, in 83 we will prove the following result.

THEOREM1.4. Let X be aperiodic and without big branches at infinity, anddesatisfy
(SA) and (S-Exp1) For any compact sep of X, there exists a sequeneg(Q) which
goes to zero whem goes to infinity such that for ang € L,

1o f —hm(Hllo = C(Qun(DIfII.

where|| - || denotes the uniform norm off and C(Q) is a positive number depending
onQ.
There exists a sequenag which goes to zero whem goes to infinity such that for
f e Landg € L®(m),
cen(fy ) S unll flllglloo-

Moreover, the sequenceg(Q) andu, have the same asympotic behavior as

J
max[ l_[ k., Z m([n]):|,
=1

n>kj

wherek is fixed andj is such thatr = k(j + j*) +r withr < j + j* and0 < u < 1 may
be chosen as close @as we wish. For example:
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1. ifm(n]) = OmW™) and é,; < (1 - 1/kj)f, o > 1, B > a — 1, then
up, = O(1/n® 1%y forall ¢ > 0;

2. ifm(n]) = O(y")and&; < (1 — C/(kj)P), @, B < 1,0 < y < 1, then
up = 0(p"") forsomed < p < 1and0 < u < 1.

In 84, we give large classes of examples satisfying (Expl) or (S-Expl) and compute
explicit bounds for some dynamics with bounded jumps and non-uniformly expanding
maps. We also prove the following theorem which states that in some cases, it suffices to
check conditions (Expl) and (S-Expl) on a singleBefore stating this theorem, let us
introduce two more definitions.

We will say that® hasno jumps to infinityf there exists an integet’ such that, for all
n € Nand for allx € [n], ox € [p] with p < n + K. In other words, the matrix which
definesX has the following form:

* --- x 0

(1.6)

with % € {0, 1}. We will say that® hasbounded jump# there exists an integek’ such
that foralln € N, forx € [n],ox € [p]withn — K < p < n + K. In other words, the
matrix which define& has the following form:

% i ol % 0

* *

0 =x * 0 (1.7)
0 0 =« * 0

with * € {0, 1}.

THEOREM1.5. (Dynamics without jumps to infinity satisfying (Exp1f))~ has no jumps
to infinity, if ® verifies(SA) and

dng such thavn > ng, (Lol), < p <1, (Exp2)

then® verifies(Expl)
(Dynamics satisfying (S-Exp1)) X is aperiodic and has bounded jumpsdifverifies
(SA) and the following two properties:
1. dngsuchthatvn > ng,Vx € [n], Lol(x) < (1—1/n)% a > 0 (S-Exp2)
2. theinvariant density: goes to zero at infinity (that is, $up, ¢, 2 (x) := h, thenh,
goes to zero whem goes to infinity),
then® verifies(S-Expl)

We will now recall definitions and results on cones and projective metrics.
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1.2. Cones and projective metricsThe theory of cones and projective metrics of
Birkhoff [4] is a powerful tool for studying linear operators. Ferrero and Schréjtt [
applied it to estimate the correlations decay for random dynamical systems. This strategy
had been used by many authors. Let us mention:
. Liverani [17], Liverani et al [20] for one-dimensional Lasota—Yorke type dynamics

with finite or countable partition;
. Liverani [18] and Viana R8] for Anosov and Axiom A diffeomorphisms;
. Baladiet al[2], Bogenschiz [6] and Buzzi B] for random dynamical systems.
They all used Birkhoff cones to obtain exponential decay of correlations.13hthe
Birkhoff cones techniques were used in a different way to obtain sub-exponential decay
of correlations. The way we use cone techniques in §3 follows some ideas of Ferrero and
Schmitt [LQ].

Let us recall definitions and properties of cones and projective metricsi(&eer [20]
for a more complete presentation).
Let B be a vector space ar@l C B a cone with the following properties:

° C is convex;

CN—C ={0};
° if o, is a sequence of real numbers such that> « andx — «,y € C Vn then

x —ay € C. This property is called ‘integral closure’.
For such a cone, the pseudo-meticon C is defined in the following way. Let, y € C,

px,y)=inf{ > 0] px —y € C},
Ax,y)=supfa > 0|y —ax € C},

with the conventionthat (x, y) = oo andi(x, y) = O if the corresponding sets are empty.
LetOc(x, y) = logu/Ar. 6¢ is called a pseudo-metric because it is not necessarily finite.
Moreover, it is a projective pseudo-metricxifindx; are proportional then forany e C,
Oc(x,y) = Oc(x1, ).

The following two results reveal the usefulness of projective metricsClLadC’ be
two cones,P alinear operatoP : C — C’. Let A denote the diameter @tC in C':

A = sup 6c/(Pf, Pg).
f,.geC

THEOREM1.6. (4] Forany f, g in C, we have
A
Oc'(Pf, Pg) = tanh(z) Oc(f. 8-

This theorem implies tha : C — C’ is always a contraction (in the wide sense) for
the projective metrics. IA < oo then it is a strict contraction.

The following result relies the metrity to certain norms oB. A norm| - || onBis a
norm adapted taC if for f andg in B such thatf + g belongs toC and f — g belongs
to C then|g|| < | fll. p is ahomogeneous form adapteddoif » mapsC to R, for any
A>0andf € C, p(Af) = rp(f) andif f — g € C impliesp(g) < p(f).
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THEOREM1.7. [4, 20 LetC be a cone, lef - || andp be adapted t&. For any f andg
in C such thato(f) = p(g) # 0we have

If —gll < (S8 —Hymin(I £1, gl

2. The quasi-compact case (proof of Theorem 1.3)
In this section, we prove the first part of Theorem 1.3, so we assumé&tisbaperiodic
and @ satisfies (SA) and (Expl). As we have already mentioned, (Expl) implies (K).
Let us note thaty = hm, whereh is the normalized fixed point foCe given by
Theorem 1.1. Sinc@ satisfies (K),k is bounded byM = sup, ||£'f1>1||oo, so for any
AeF, u(A)/m(A) < M.

For f e C,(X), the iterates ofLe(f) are converging tahm(f) in Li(m) (by
Theorem 1.1). This implies the following mixing property which will be used to obtain
decay of correlations for observabledlin

VAeF,g=14Vf € Cu(2),Im(goc" f) — n(g)m(f)| —= 0. (2.1)
Indeed, we have,
IM(gOG”’f)—u(g)m(f)l=‘/g[ %f—h/fdm]dm‘

=

cg,f—h/fdm

1

Let us set some notation. Ferand: fixed integers, we will denote b ; the finite
partition of X defined by:

o  Psy=P1UPy;

° P71 is the partition ins-cylinders of the sef0, ¢ := {x € T | xo < t};

o  P2={l0, ]} := {P2}.

We will denote byD1 the diameter for the distanekof Ps:

Dy = maxX{diam(P), P € P1} =r*,

and byD» the measure dP5:
Dz = m([|0, £[°).

Since the measure is finite, D, can be chosen as small as we want providéesilarge

enough.

We will also use the following conventions.

. a =b+cmeansthab —c <a < b+ ¢, wherea, b andc are real numbers.

. If x andy belong to the same 1-cylinder, for akye N their preimages under*
are in bijection. Ifx’ is a preimage of, we will denote byy’ the preimage of
belonging to the samve-cylinder.

° For anyk € N, let g, be defined by:

Vi e, VfeCu(®). Lhfm = > fes).

okx'=x
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Finally, let us remark that fax ande’ such thatr < 1 < o/, since the partitiorPs ; is
finite, the mixing (2.1) implies that there exists an intefgesuch that

*pnp
VK > ko, VP, P' € Pys, a < MO POPD (2.2)
w(P)ym(P’)

2.1. Afamily of cones. Let us begin the proof of the first part of Theorem 1.3. With this
aim, we will construct a con€ and an integek such that/:’gbC C C and the projective
diameter ofc% C in C is finite.

Let us consider the following family of cones. For given real positive numbghsc
and integers, ¢, CZ';Z_C is the set of functiong in L which satisfy:
o VPeP,,0<[uP))tfpfdmn<af fdm,
e K(f)<b[ fdm;
o SUBcp,lfX)<c [ fdm.
When there is no ambiguity, we will simply use instead ofcgj;)c. The following
properties follow from the definition of:
e CN-—C={0);
° C is a convex cone;
° C is closed for the uniform topology, in particular, it is integrally closed.
Moreover, the following result is easily verified.

LEMMA 2.1. Anyg € L satisfies
1
VP e P1, Vx € P, p(x) = —/ odm £ K(¢)D1, (2.3)
m(P) Jp

and forx € Py,

px) = @dm £+ 2suplg|. (2.4)
Py

m(Py) Py

If ¢ belongs taC, for anyx € X,

min[—c, Ma — bD1] / odm < ¢(x) < maXc, Ma + bD1] / pdm. (2.5)

In order to use the cor@;’z . and its projective metric, we shall need an adapted norm
and an adapted homogeneous form. Of copg® = [ f dm is an adapted homogeneous
form. For anyd > 0, let us consider the norm

Jp S dm

,2
m(P)

I flla = max<d‘ / fdm

‘p € Por I llos K(f));

the norm|| - ||4 is equivalent to the norrh - || of L.

LEMMA 2.2. If d > max(b, ¢, 2D1b) then the normj - |4 is adapted taC in the sense of
§1.2.
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Proof. Let f andg be such thatf + ¢ and f — g belong toC. (2.3) gives forx € P,

P e Py,
1
fx)—glx) = —/(f—g)dm :l:ble(f—g)dm,
m(P) P
1
f(x)+g(x)=—/(f+g)dm:|:bD1/(f+g)dm.
m(P) Jp

By substracting these inequations, we obtain,

mP) /Pgdm,blefdm).

Sincef —g € Candf +g € C, we have| [, gdm| < [, fdm forany P € Py, so

that for anyx € P1, |g(x)| < || fll4 if d = 2bD1. Moreover, ifx € P, the inequality
lg(x)| < c [ f dm follows from (2.4) in the same way. We also haveg dm| < [ f dm.

It remains to take care of the part of the norm which is given by the Lipschitz constant.
Sincef — g € Cand f + g € C, we have forx andy in the same 1-cylinder,

FG) — 8 — (FO) — g() = £bd(x, ) / (f - g)dm,

lg(x) =2 max(

FO) +8() — (FO) + g() = bd(x, ¥) / (f +g)dm.

By substracting these two inequalities, we get

K@ =b [ fam.
Finally, if d > max(b, ¢, 2bD1), we havelglla < || flla- =

2.2. Contraction of the cone.We are going to prove that the co@”;’c is strictly
contracted b)C’gb providedk, a, b, ¢, s andt are large enough.

LEMMA 2.3. Thereexisk €e N*,a > 0,b > 0,¢ > 0,s e N, e N*and0O < y < 1
such that

Proof. Let us fixa < 1 < &’ andp’ < B < 1. The parameters, b, ¢, s andr are chosen
to verify:

1) a>dA+a/22)7L

(2) ¢>Ma+1,

() b>Rc/(B—B;

(4) Dy < a/dba’;

(5) rissuchthat > n1andD> < a/8d'c.

Moreover, letkg satisfying (Expl) be such that (2.2) is verified toanda’ andVk > ko,
Mr¥ < g’ Letus fixk > ko, y = max8, px) < LandfinC>! . LetP e P,

a,b,c*
1 X _ 1
1(P) /pﬁ“’fd'" = w(P) /p S dm
1

N
w(P) pizp Jo-kpnpr
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using (2.3) and (2.4)

m(a—kP NP
/ﬁ fdm— —— | fdm
w(P) PM m(PHu(P) Jpr

Z m(@~*P N P)

P/
mPhucpy ")

+ <D1K(f)
PePq

m(o kP N Py)
m(P2)(P)

this leads to (using (2.2))

(P2) SUIOIf|>'
P2
Sincef belongs toC), .,

m/.C](‘bfdmfa//fdm[l—i—le—i—ZDgc]

/E fdm > [a —a' (Db + 2Dyc)] /fdm

w(P)
by the choices ((4) and (5)) ef, b, c andP; ; we obtain,
ot/Z/fdm (P)/L’gbfdm<a(1+a/(2a ))/fdm (2.6)

For anyp € L andk € N, the fact that® verifies (BD) and (K) leads to the following
standard inequality:

K (L) < Mr*K (¢) + R suple|. (2.7)
Combined with (2.5) and the definition of the cone, this givesffar C*

abc’

KLk ) < / fdm[bMr* + Rmaxc, Ma + bDy)]
and with the choices (2) and (4) above,

KL ) < ﬂ/b/fdm+cR/fdm, (2.8)

SO,

KLk f) < ﬁb/fdm if b > ﬁC_R (which is (3))

Finally, forx € P»,

L@ =] Y &t fE)+ D ax)f(x)
x'ePy x'&P>
<c/fdm ng(x)—i—(Ma—i—bDl)/fdm ng(x) using (2.3)
x'€Py xX'¢Pp
< max(c, Ma + bD1) fdm[ Supﬁlfbl(x)],
xepPy

<me [ 1 (2.9)
by the choices (2), (4) and (5) above and hypothesis (Exp1l); this concludes the proof of
the lemma. m|

https://doi.org/10.1017/5S0143385701001110 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001110

178 V. Maume-Deschamps

2.3. Computation of the projective diameter and conclusiom order to obtain the
speed of convergence of the iterates of the transfer operator to the spectral projection,
it remains to estimate the projective diametef@f(C) inC.

LEMMA 2.4. The projective diameter cﬂ" C in C is bounded by

1 2
2Iogmax( ty e +a>
1-y  «

Proof. Let f andg be inﬁ’(‘bC andn > 0 such thayf — g belongs taC, n should verify:

(1) VP e Py,
(P)/ (P) gdmfan/fdm—a/gdm;

(2) foranyx andy in the same 1-cylinder,

n(fx) — f)—(gkx) —g®»)
—bn/fdm—i—b/gdmg i)

Sbn/fdm—b/gdm;
(3) foranyx € P»,

—c(n/fdm—/gdm) < nf () — g(x) Sc(n/fdm—/gdm>-

To have (1) should verify

dm —1/u(P d d
n> sup afgdm=1/u(P) [pgdm and 7> sup Jrs iy
PePy, af fdm—1/u(P) [p fdm PePy, [p fdm
By (2.6), it is sufficient to have
[ gdm < 1 20/—1—01)
n > max{ ——, .
[ fdm 1—vy o
To have (2) and (3), by Lemma 2.3, it suffices thaatisfies

. Jgdm1l+y
[fdml—y
Similarly, letz > 0 be suchthag — ¢f € C. It suffices that verifies
{_fg m| 1_%1—)/ a
[fd 1+y 20 +a
So, the diamete of L’be in C is bounded by 2logmaxi+y)/(1—y), (2a'+a)/a). O

The following lemma shows that any functionincan be pushed into the cofe

LEMMA 2.5. Forany f € L,ifa > 1,b > K (h) andc > sup,cp, |h(x)], then there exists
C(f) = Osuch thatf + C(f)h belong toC, moreoverC(f) < Ct| f|. In particular,
belongs taC.
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Proof. Let f € L. C(f) should satisfy:
_Jpfdm YuP) [p fdp—af fdp P1>'

° C(f)zmax(

w(P) ’ a—1
K(f)—-b[f,
[ C(f)ZW,
. s sup @IS Sdm _
xePp C_Ih(x)|

We will always assume that, b andc satisfy the hypothesis of Lemma 2.5.
Letk = (tanh(A /4))Y/%. Using the fact thak belongs taC, the results of §1.2 give for
d > maxb, 2bDx, ¢):

VfecC, ’&)f—h/fdm 5Ct1c"/fdm;
d
since the norm§ - || and|| - ||s are equivalent,
VfeC, %f—h/fdm §Ctlc"/fdm.

Let f e Landfc = f + C(f)h;

’}bf—h/fde < 1£% fe —h/fcde +C(f)‘£’}bh—h/hde
=Ly fc —h/fchH
< Ct:c"/fc dm sincefc € C
< Cte" |1 f1I. (2.10)
(2.10) implies exponential mixing foy € L1(m) and f such thatf s belongs toL (recall

(1.2)):
ln(g oo™ ) — u@u(Hl < Cte | fRllllgl L1(m)
it also implies thatl¢ is quasi-compact oh. This concludes the proof of Theorem 1°B.

3. Dynamics without big branches at infinity

In this section, we prove Theorem 1.4. We do not assume (Expl) anymore but we assume
that X has no big branches at infinity and thhtsatisfies (SA) and (S-Expl) (see (1.3)).

Let us recall that (S-Expl) implies (K). So, let us npte= hm, whereh is the normalized

fixed point forL¢ given by Theorem 1.1.

Remark 3.1.We will assume that lim, 8¢, ; = 1. Indeed, if lim SUP_, o Ok,j < 1, then
@ satisfies (Expl) and the results of the preceding section show that the convergence of the
iterates ofL¢ to the spectral projection is uniform ah and exponential.

ForN € N, || - || v is the uniform norm o1f0, N[ (see notation in 8§2). For fixedl > n3
andk > ki, let D(j) denote the seff0, N + kK j[l and for f € L, K;(f) denotes the
Lipschitz constant of the functiofi : D(j) — R.

The cones of the preceding section may be adapted to give the following result.
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PropPoOSITION3.1. If X has no big branches at infinity andt verifies(S-Exp1l) then
VN > n1,Vf € L, Vk > ki, there exists a sequen@eg; (N)) jen, «j(N) — 0 such that

L’gf—h/f

Moreover,a; can be expressed in terms ]5[5:0 8k,c andm((D;)¢). A suitable choice of
N with respect toj gives Theorem 1.4.

<ajlfl. (3.1)
N

The proof of this proposition follows the proof of Theorem 1.3. The point is that for
andn large enoughC’gb 1(x), x € [n], is strictly smaller than 1 but this bound is not uniform
in n. This is why we shall use a family of cones specified only on thdl&GeV + kK[
that is away from infinity.

Let us consider the following family of cones. Letb, ¢, d be positive real numbers,
J.s,t € N andP;, the finite partition of¥ defined in §2.C]{,(a, b,c,d) is the set of
functionsf of L such that:

(1) VPePS,,,PcD(j),Ogi/fdmfa/fdm;
w(P) Jp b
@) K,;(f)fbfzfdm;

(3) sup |f)| = C/z fdm;

xePoND(j)

4) / fdm| < dm((Dj)C)'/ fdm.
D(j)¢ Y
The arguments of the proof of Lemma 2.2 prove that the norm

/fdm Jp fdm
s m(P)

,2

I flle.j = max<e ‘P € Ps,s N D(j),

1 flpg

R a— d 3.2
m(D(j)°) D(j)f'f mD (3:2)

is adapted to the cor@]{,(a, b, c,d) providede > max2bD, c,d). Let us remark for
further use that for any > 0, the norm| - ||, ; is greater than the uniform norm dn(;)

and also greater thaim (D(j)¢))~1 fD(j)(. fdml.‘ Moreover,C]{,(a, b c,d) is a convex
cone which is closed for the nortn || p(j) andCy, (a, b, c,d) N —C%,(a, b, c,d) = {0}.
Of course,f — [ fdm is also adapted td]{, (a, b, ¢, d). When there is no ambiguity,
we will simply write CY, instead ofCy, (a, b, ¢, d).
Outline of the proof of Proposition 3.MVe will prove that provided, b, ¢, d, s, t, N and
k are large enough and well chosen, forjalf N,

.C]&)C]]\',(a, b,c,d) C C]]\',il()/a, yb,8c,8;d) C Clj;lfl(a, b,c,d),

where O< y < 1,8; = max(é,j, p;), p; satisfies for anyp > 0,
j \C\U
1—[ <C m(D(j)°)

A= (Do
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whereu < 1 can be chosen as close to 1 as we want andAgm < §;, whereA; is the
diameter ofCk,C (a, b, ¢, d) in ¢l Na, b, e, d).

Now, letC = ﬂj C-I’V(a, b, c,d). Providedu, b, c andd are large enouglt, belongs to
C. Then the results of §1.2 give for arfye C that

j—1
y
ecg(a,b,c,d)(ﬁqf fih) < < I1 5() Aj.
=1

(S-Expl) gives tha(t]_[é;i 8¢)Aj goes to 0 when goes to infinity. Using| - |l.,0 and [ as
adapted norm and homogeneous form, we obtain Proposition 3.1 and Theorem 1.4.

Let us begin the proof of Proposition 3.1 with the following simple property of the
setsD(j).

LEMMA 3.2. SinceX has no big branches at infinity, for ariye N we have
o *D(t —1) c D).
Moreoveru, := m(D() \ o *D — 1)) < m(D(£)) — m(D(¢ — 1)).

Proof. The fact thafz is without big branches at infinity directly leads¢o*D(¢ — 1) C
D(¢). Let us prove the second assertion of the lemma. We have- m(D(¢)) —
m(o kD — 1)) = m(D®¥)) — (1 — m(c~*D — 1))) and

m(oc kD — 1)%)) = / 1p(e—1yc o ¥ dm

= / Elfbldm.
D—1)°

(S-Expl) impliescX 1(x) < L onD(¢ — 1)° C [0, N|[¢, so that
m(o kD — 1)) < m(D — 1)°).

This leads tay < m(D(£)) — m(D(£ — 1)). O

3.1. Contraction of the cone.We are going to prove that for any < 1 and
N,k,a,b,c,s,t well chosen,£XC4(a,b,c,d) C C]’V_l(ya,yb,ajc, 8;d) and the
diameter ofC% C, (a, b, ¢, d) in C]{,’l(a, b, c,d) is bounded by 2 log1 + §;)/(1 — §;)],
wheres; = maxéy, j, p;] with

_ m(D)) + (¢/d)ym(D(j) \ o *D(j — 1)
Pi= m(D(j — 1)) ’

pj < 1provided O< c¢/d < 1.
Letusfixa <1<a/,0<y <1,y <y,0<u <1 The parameters, b, c,d, s, t
andk are chosen in the following way:
1) a>dA+a/2d)y L
(2) kois such thavk > ko, Mrk < y/;
@) ¢>Ma+1,;
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(4) b>Rec/(y —v)

(5) D1 < a/6bd;

6) d>c/(1—u);

(7) lettg be such that for all > 1o we haveD;, < «a/(24a'c). Let N > n1 andr < N be
such that > g and

N 0
D=2 m(n}) and Da:= ) min) < o (3.3)
n=t n=N

(8) kiissuchthat(2.2)is satisfied fét, ; andk1 verifies (S-Exp1l);

(9) k= maxko, k1).

Let f € Cj{,(a, b,c,d)andP C D(j — 1); Lemma 3.2 implies that *P c D(j). Let
us remark that, by choice (7) above,

m(@*PNP,ND(j) m@*PNP)  m(P) - zm(a*kp N Py)
w(Pym(P20 D) p(Pym(P) m(P2ND()) ~  p(Pym(P2)

Using this and following the proof of Lemma 2.3, we obtain (using (2.2) and the definition
of the cone)

1 1
M(P)/ ofdn= 3 W) Jyipop T P a—szmmj)f "

P'CD(j)

50[’/ fdm+a’[D1b+4ch]/fdm
D(j)

but,
fdm:/fdm—/ fdm§[1+dD3]/fdm
D(j) = D(j)¢
thus,
1
— / LE fdm < &'[1L+ D1b + 4Dac + d D3) / fdm.
w(P) Jp
Using the fact that
/ fdm:/fdm—/ fdmz[l—dDg]/fdm,
D(j) = D(j)¢
we obtain

H(P)/ngdm> a—a(D1b+4ch+dD3)]/fdm

which leads, by the choices (5), (6) and (7) above, to

a/szdm<ﬁf £’§Dfdm<a(1+a/(2a))/fdm.

Moreover, since: is without big branches at infinity, (2.7) becomes

Kj—1(L% ) < Mr*K;(f) + R sup|f],
D(j)
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and, for anyf e C]{,(a, b, c,d)andx € D(j), we have (as in Lemma 2.1)
min[—c, Ma — bD1] / fdm < f(x) <maXc, Ma + bD1] / fdm.

This givesk ;_1(L% f) < [ f dm [bMr¥ + R max(c, Ma + bD1)] so, by choices (3) and

(5) above,
cR

vV

7"

Kja(Lyf) < yb/fdm if b >

Forx € P,N D(j — 1), as for (2.9), (S-Expl) gives

L5 f ()] < Sj,kc/ fdm.

It remains to worry about the last condition in the definition of the cone.

/ Lgfdm‘= / fdm / fdm‘—i—‘/ ) fdm‘
D(j-1)¢ o~kD(j-1)° D(j)¢ D(H\s"D(—-1)

< dM(D(j)c)/ercm(D(j) \o*D(j - 1))/fdm

=

<dm(D(j —1))p, / fdm using Lemma 3.2
where we have used the fact thatibelongs toD(j) \ ¢ *D(j — 1) then

min[—c, Ma — bD1] fdm < f(x) < fdmmaXc, Ma + bD1].
D()) D(j)

This gives
/ Lo fdm = fdm[l£cm(D()\ o *D(j — )]
D(j-1) D(j)

(we have chosehD; < 1 andc > aM + 1).
So we haveck € (a, b, c,d) C C{V’l(ya, yb,8jc,8;d). It remains to estimate the
projective diameter.

LEMMA 3.3. The projective diameter\; of L’;C}{,(a,b,c, d) in C]{,_l(a,b,c, d) is
bounded by log[(1+6;)/(1 —é;)] and for f andg in C-I’V(a, b,c,d),

0j-1(Lo f, Log) < 8;0;(f. 8),
whered; denotes the projective metric of the ccm)é(a, b,c,d).

Proof. Following the proof of Lemma 2.4, we obtain

1+6; 2o 1
Aj§2Iogmax( toj e —H/)

1-5;7 o« ‘l-y

since lim§; = 1 (see Remark 3.1); we may assume that

1+5j - 20+« and 1+5j - 1+y
1-6; = o 1-6; 71—y
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so we have
1+5j

Aj 52log1 5
9

A 1454;
and tanh—’ < tanh|2log ks =34;.
4 1-3;

Let f andg belong toC]{, (a,b,c,d). Theorem 1.6 and the estimate®f imply
. k k .0 .
gclfvfl(a’b’c’d)(ﬁ(bfv L(Dg) S (Sjgc.[(/(a’b)c)d)(fv g) O

Finally, let us remark that
_ m(DG)) + (e/d)mDG) \ oD — 1))

P m(D(j — 1)°)
- m(D(j)°) + (1 —u)[m(D(j) —m(D(j —1)))] - ( m(D(j)°) )”/
- m(D(j — 1)) “\mD@G -1/
for j large enough, ifn(D(j)¢)/m(D(j — 1)) goes to 1 whery goes to infinity and
0<u <u.

3.2. Estimate of the decay of correlationslin this section, we conclude the proof of
Proposition 3.1 and we show how (3.1) can be used to estimate the speed of convergence
of £} to the spectral projection on compact sets and the decay of correlations. Let
C= ﬂj>0 C-,{,(a, b, c,d). The con€ is non-empty, indeed we have the following result.

LEMMA 3.4. If a, b andc are large enough, then for ang € L, there existR(f) > 0
such thatf 4+ R(f)h € C, moreoverR(f) < Ct| f].

Proof. It suffices thatR( f) satisfy:

. R(f)zMSUpf_aff;
a — M suph
K(H)=b[f
R AUY—b) 7.
© R Z T
su —c
° R(f) > M;
¢ —supp, h
. R(f)zsup|f|—dffdm.
d — suph
The parameters, b, c andd are chosen in order to ensure that the four denominators are
strictly positive. |

In what follows,a, b, ¢, d are large enough to guarantee that Lemma 3.4 is satisfied. In
particular,s belongs tc’. ' .

Let f € Candj € N; f belongstaCy, (a, b, ¢, d) andLX! f belongstccfv_g(a, b,c,d)
fore=0,...,].

kj k(j—1
Oco (Lo £ 1) = 81003 (Lg” ™ £ )

j-1
o< Ajl_[5€~
=1

https://doi.org/10.1017/5S0143385701001110 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001110

Correlation decay for Markov maps on a countable state space 185

The norm|| - ||..0 defined by (3.2) ang(f) = fE f dm are adapted t6'%, moreover the
norm|| - |l..0 is greater thatj - |5, so for f € C,

j-1 j-1
‘ SAjl_[8geXp(Ajn8g>/ fdm.
N =1 =1 )

If p==kj+r,

o _p d
g /Efm

suﬁgnnﬁ’fgf—hfzﬂm
ﬁﬁjf—h/zf

Remark 3.2.A; ]—[-l{'j 8¢ eXplA ]—[-l{'j 8¢) depends oV andk, (S-Expl) implies that for
fixed N andk this expression goes to zero whggoes to infinity.

i)

N

N

Lemma 3.4 and (3.4) imply fof € L,

‘Eﬁff—h/f < Cta| 1.
N
with
j—1 j—1
aj(N)= A, []é exp(Aj I1 55).
=1 =1
This concludes the proof of Proposition 3.1. |

Now we are going to show how (3.4) leads to the estimate of the speed of convergence
on compact sets af and to the decay of correlations. Lete N and f belongs taC,
so thatf belongs ton\,(”Z‘” andﬁﬁf”q)f € Cf\,". This leads to the following estimate
which will be used to bound the speed of convergence on compacts:

, -1 j-1
Dy / f < exp[AHq I1 5e+q}Aj+q /E fdm[]besq. (35)
=1 =1

We also have (recall that the noim |, is greater thaivn (D(g))] 1 fD(q)(. -dm)

1 k(Gj+q) / / ”
_— L — dm hdm 3.6
‘m(D(Q)”)[/D(q)C ® f ! D(g)° (3.6)
j-1 j-1
< exp|:Aj+q ]‘[&H}AM /X fdm]]8erq- (3.7)
=1 =1

We choose a sequengéj) such thayy(j) —— oo and

Jj—o0o

N+Kkq

j=1 j=1

Ajrgiiy | | Se+atny eXp(AHq(/’) I1 5e+q(j>) =a; — 0.
=1 =1

For example, iB,/{)j <(1—(N+Kkj)~be, sinceA; < 2logi(1+48;)/(1—6;)], for any
0<e <¢ <1, wecanchoosg(j) = j¢, then we havey; < C(N, ¢, e’)(j“—s/)—l.
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Remark 3.3.The condition (S-Expl) may be replaced by: there exists a sequgiite
which goes to infinity with; and such that

j—1
Ajigip [ 8e4giy — O
=1 J—>00
Now letx belong to some compadl. There existgg such thatQ c [0, N + Kkq (jo)] C
[0, N+ Kkq(j)]Vj > jo,so,foranyf € L, j > joandp = k(j +¢q(j))+r,Lemma3.4
and (3.5) give

ﬁifm—h(x)/fdm <&@l fIl.

This can be written as

5§>f—h/fdm” =< CGoga;llf1, (3.8)
Q

whereC (jo) goes to infinity withjjo:

LEf—h[ fdm 1
Cljo) = sup 1£o/ = [ fdmlo _ oy gnt
k(Gi+g () <p<k(j+1+q(j+D) @il fl j<io %

J=Jo

Let us also remark that i§(j) = o(j) then, forp € N, the integerj which verifies
k(G+q() <p<k(j+1+q(+ 1) hasthe same order agk.

Finally, the decay of correlations is obtained in the same wayy et such thayh € L
andg € L°°(m); using (3.5) and (3.7) we obtain

lu(g oo ) — u@u(f)l <

/ [ﬁi(fh)—h/fhdm}gdm‘
[0.N+Kkq(j)]

+‘/ g[ﬁg(fh)—h/fhdm}dm‘
[O,N+Kkq(j)]

=< Cta;lll flligls +m((O, N + Kkq(NI)T flIglloo
=< Ctajll f1lIglloo- (3.9)

This concludes the proof of Theorem 1.4. m|

4. Some examples

We will now give some examples of applications of Theorems 1.3 and 1.4. We first give
large classes of dynamics satisfying (Expl) and (S-Expl). For these dynamics, it will be
sufficient to controll¢ 1(x) for x € [n] for largen. Let us begin with a sufficient condition

for ¢ to satisfy (K). We will say thatb has small contribution at infinity if

dng such thawvn > ng, (Lol), = sup Lol(x) < 1. (H)

x€(n]

LEMMA 4.1. If ® satisfiegSA)and(H), then it satisfiegK).
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Proof. Recall that we have the bounded distortion #0¢: for x and y in the same
1-cylinder andk e N, we havelk1(x) < €&k 1(y). If x belongs to[n], by
integrating on the cylindgr:], we obtain

k 1 / k
Lplx) < Rm([n]) . Loldm

< R / £ 1dm = R (becausen is conformal)
m([n]) Jx m([n])

for some constank > 0. Letng be given by (H)z < ng andk € N. Then

/

sup £X 1(x) < R max
Sup Lo lly) = REX oD

Let us note thadf;, = sups L’(;l. If n > no, we have, for any € [n], Lo1(x) <1 and

£E1(x) < Lol(x) supLk 1 < supLh1 < maxay,
X X

so we obtainVy+1 < maxM’, M) and by inductiomM; < max(M’, 1). This proves that
® satisfies (K). |

We will now prove Theorem 1.5. Recall the definitionsofjumps to infinitybounded
jumps (Exp2) and (S-Exp2) givenin 81.1.

Example 4.1. Dynamics without jumps to infinity satisfying (Exg1¥ has no jumps to
infinity and if ® verifies (SA) and

dng such thavn > ng, (Lol), <p <1, (Exp2)

then® verifies (Expl).

Indeed, (Exp2) implies (H) which implies (K) by Lemma 4.1. So, there exitts 0
such that for any: € N, [[£}1]lc < M. If ¥ has no jumps to infinity and satisfies

(Exp2) then, by induction, we may show

Vp=1Vn>no+(p—DK, supLi1l(x) < p”.

x€[n]

Letus fixky e Nandny =ng+ (k — 1)K. If Kk > k1 andn > n1 then

sup £41(x) < supLh "1y sup £21(x) < Mpkr.

x€(n] x€[n]
Then, it suffices to chosg such thatMp®t < g < 1.

Example 4.2. Dynamics satisfying (S-Expli)X is aperiodic and has bounded jumps, if

@ verifies (SA) and the following two properties:

(1) 3Ingsuchthavn > ng, Vx € [n], Lol(x) < (1—1/n)% a > 0; (S-Exp2)

(2) theinvariant density goes to zero at infinity (that s, if sup,,; 2(x) := h, thenh,
goes to zero when goes to infinity),

then® verifies (S-Expl).
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First of all, let us remark that (S-Exp2) implies (H) which implies (K). NowZxithas
bounded jumps ané verifies (S-Exp2) then, by induction, we have for dny 1 and
n>no+ (k—1DK,

L k—1 1 o
sup L5 1(x) < (l— ) . (4.2)
x€[n] ® 11:!) n—+ K]

The following lemma gives an estimateﬂ&l(x) forx e [n]andN <n < N+ (k—-1K
providedN andk are large enough.

LEMMA 4.2. For any(%)“ < n < 1, there existai1 > ng such that for anyv > nq there
existskq such that fork > k1,

sup sup £X 1(x) < 1.
N=<n<N+((k—-1)K xe€[n]

Proof. Lete < 1 suchthat2 < n. Let:

(1) No > ngbesuchthat > Ng, h, < e andni1 = maxNo+ K, ng), letus fixN > nj;
(2) ko be such tha¥k > ko, £51(x) < h(x) + ¢, forx e [n],n < NT;

(3) Kk’ > ko be such that fok > &/,

N+ Kk +1)\*
N + 2Kk g

andki > k' such thatk > kq,

N+ & +DK\*
Uy | ——————— <n,
N+ (k—-2K

whereuy, is defined by
up = supLb1(x) | x e [n], N <n < N + K(k — 1)}.

Letk > k1, N > nyandx € [n]with N <n < N + kK. If x' is the preimage of by o,
thenx’ e [n'Jwith No < N — K <n’ < N + (k+ DK,

LM = ) gox)Le1)

ox'=x
= Y 20)LE1+ Y o)Lk
No<n'<N N<n<N+(k—-1)K
(1] [2]
+ > go(x)LE1(x") .

N+(k—1)K <n’<N+(k+1)K

(3]

T SinceX has bounded jumps, the g€ N[ is compact. So Theorem 1.1 implies that such an intégexists.
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The choices oiNg andk give
1< > gol)le+h)] (bychoice (2)k > ko).
No<n'<N

1< Y. W),

N<n'<N+(k-1)K

k—1 o
131 < ) o) [] (1= ) Gv@)
j=0

/
N+(k=1)K </ <N+(k+1) K n'+Kj

1 S—
< 1— - ) go(x").
=0 N+KG+HEk+D ) ik STenrasnk
So, fork > k/,
il k—1 1 o
L0 < max[s 4+  sup hyy,ug, (1— - ) i|£q>1(x)
® W ]11, N+K(j+k+1

N+ K(k+1)\* 1 \*
<max|2s,up, | ———— 1-—
N + 2Kk N+ kK

1 o
< maxXuy, 1- ,
< maXug 77]( N+kK>

and finally by induction,

k—2 1 o 1 o
< max| uy 1-—), 1-—— ) <n. O
= [“" [1 ( N+eK) ”}( N+(k—1)K) =1

e=k'+1

So, if 1/2* < n < 1 is fixed, we have: for alN > n1, there exists1 such that for
k > ki,

8.j = SUHLY1(x) | x € [, N <n < N + kK j}

< max[ sup  LE1(x) x € [n], sup LE1(x)x € [n]]
N=<n<N+kK N+kK <n<N+kKj

k—1 1 o )
< max[n, l_[ <1— m) } (using (4.1))

i=0
this is sufficient to obtain (S-Exp1). This concludes the proof of Theorem 1.5. O

To finish, we give some explicit estimates on the decay of correlations for some maps
of the interval which are conjugated to birth-and-death process.

4.1. Uniformly expanding maps of the interval: birth-and-death-like map&fke are
going to adapt our methods to some uniformly expanding maps of the interval which do
not satisfy the ‘big branches propertyq nor the ‘covering’ property of20] and some
non-uniformly expanding maps.

In what follows,1 is the interval 0O, 1] andx is the Lebesgue measure bnFor a given
partitionZ = (I,),en (Mod 0) ofl in open subintervalg; is the Banach space of functions
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on I which are Lipschitz on each with uniformly bounded Lipschitz constant. LEt( f)

be the sup of the Lipschitz constants joe B. For f € B, let| f|| = max(|| f |lco, K (f)),

| - |l is a norm onB which turns it into a Banach space.Tif: I — I is C* and injective

on eachl,, then the Lebesgue measure is conformal for the transfer operator associated
to the potential-log7’. We will denote this transfer operator iy We assume thaf
verifies the Markov property: for any € N, T I,, is a union (mod 0) of elements @fand

that the partitiorZ generates the borelian sigma-field un@erSuch systems are always
conjugated to some sub-shift of finite type. We will say thias expanding ifT’(x) > 1
foranyx € |J, I, and thatT is uniformly expanding if there exist® > 1 such that

T'(x) = D foranyx € |, I,. If T is uniformly expanding themB injects naturally

in L and we may work on the symbolic dynamic as well as on the interval. But, since
we also wish to consider non-uniformly expanding maps, it is preferable to work directly
on I. The techniques that we have developed in 882 and 3 are directly applicable to the
uniformly expanding case and are applicable with some modifications to the non-uniformly
expanding case. In the interval maps setting ktloglinders correspond to subintervals of

I of the form(\—g T~ I,,,. We will treat the following example.

Example 4.3Let T : I — I be defined in the following way7 is C2, monotone and
increasing on each,, it may be continued to a continuous function on the closurg, of
and there exists some integ€rsuch that

TI, = U I,
n—K<p<n+K
(with the convention thak, = ¢ if n < 0). Moreover[T is uniformly expanding and there
existsR > 0 such that”’(x) < R foranyx € | I,.
These dynamics are aperiodic and with bounded jumps. We will denote by

)\' n

Pn = K o
p=n—K P

with A, = A(L,).

Let us remark that
ot = x,jl/ T’ d.
I

LEMMA 4.3. If the sequencér,), < satisfies one of the two following properties:

(1) limy—eo An+1/An < 1 (in this case, we would say that the sequengeis of
exponential type);

(2)  Ani1/Aq is increasing tdl for n > ng, andi, = o(n=?);

then. satisfiegH).

Proof. We have for any andy in I,,

IT'(x) — T'(y)| < supT”(2)|x — yl.

zel,

By integrating on/,,, we obtain

1 1
—RA(Ip) + o <T(x) < Rx(ly) +—. (4.2)

n n
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Let us assume that lim, oo Aut1/A, = 0 < 1. This implies thap, goes todX /(1 + - --
+62K) < (2K + 171 and sup.,; £1(x) to 2K + 1)K /(1 + - -- + 62K)) < 1 (using
(4.2)) so that (H) is satisfied.

Let us assume that there existssuch that fromzg the sequencg, 1/, increases to
1. LetO< u, < 1be such that for > no, u,+1 < u,, the sequence, goes to zero and

An-{-l
An
Foranyj =1,..., K andn > ng + K, there exists a sequengg ; such that, ; goes to
zero whem goes to infinity, O< u,41,; < u, ; and

= (1 —up).

Anti
)\—ﬂ = (1 —un)). (4.3)
n

We get for some, > no and for anyn > np 4 K,

K K 00
pn_l =R2K+1 — Zun’j + Z |:I/tn_j,j + Z(u”_j’-j)l} > (2K + 1). (4.4)
j=1 j=1 i=2
We remark thab ", u, ; = oo for all j. Sincer, = o(n~?), we have thaL,,/uﬁ,l. goes to
zero for allj. So, using (4.2), we gefl, < 1if n > ng + K and (H) is verified. |

As we have already noticed, (H) and the fact th& a conformal measure fdr imply
(K). Let & be the invariant density and = hA. The proof of Lemma 4.3 shows that
if (Ay).en IS Of exponential type, thed satisfies (Exp2). Sinc& has bounded jumps,
Example 4.1 proves thdt satisfies (Exp1l), so that the decay of correlations is exponential
on the spac&. Moreover, ifT is affine on each, then it is easy to see thatdefined by
©(x) = Apyx + -+ M—g if x € I, is a fixed point forL (so it is the only one up to a
normalization by Theorem 1.1). Let us considgr= J,. y . x 1»- We have

(TN Iy N Io) — u(In)no)| = w(JIn)u(lo) becausd N Jy N Ip = 0.

In particular, it is not possible to have an exponential decay of correlations of type (1.4)
if the sequence,, is not majored by an exponential sequence. The decay of correlations
may, nevertheless, be estimated in some casesP Fom, let || - || p denote the uniform
normonlJ;p I;.

PROPOSITION4.4. If A, = Ky" + o(y™),1/2 < a < 1, then there existd < p < 1
andO0 < u < 1such that for anyf andg such thatfh € B andg € L*°, foranyP € N,

lu(fg o T — n(HHr(@l < Co™ I fhlliglloo

and
IL" f —hm(f)llp < C(P)™ || f| foranyf e B.

If « = 1/2then there exists > O such that

1
ln(fgo T —u(Hu(@l < C 1 f Rl oo

in fact, u is as close tq2K /(2K + 1))(logy)?a? as we wish.
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Proof. Let us assume that(Z,) = Ky"* + o(y""), @ < 1. Using (4.3) and (4.4), we get
that p,, satisfies

_ 1 C 1
=k ¥l pzaw 0\ GEre )
for some positive constai@ = «2(logy)2/2K. So, there existag such that for some

positive constan€ andn > ny,

- 1 C
"Z2K+1 np2l-o°

0

So, using (4.2), it > no,

@K +1C _, ¢

Supﬁl(x)fl—m —m.

x€[n]
LetB =21 —a) < 1lifa > % which we will assume. This means thatverifies
(S-Exp2). Moreover, fou(x) = n~%, « > 0forx € I, if £, is the transfer operator
associated to this change of potential, the arguments of Lemma 4.3 prov, thatisfies
(H); this implies that the invariant densityof £ goes to zero at infinity (indeed, we have
thath /v is bounded). So Example 4.2 shows the following estimate.

LEMMA 4.5. There existaq such that forN > nq, there exist&g such that fork > ko,

. k—1 c k—1 1 c
(S',kI Su ,Cl < 1—75 (1—7)
R 11, (N +kj+i)P l:!, (N +kj+i)P

So £ satisfies (S-Expl). Moreover, (3.8) and (3.9) give fore L, q(j) = j*,
O<u<landn =k(j+q(j)+r,j=0m/k),if B <1, uptoincreasing slightlg,

I1£" f = hm(f)llp < CHP, N) max[exp(—c(N +kHTH, Y y"“}
n>N+kj
and for f such thatfh € B andg € L,

Iu(fgoT")—u(f)u(g)IECt(N)maX[eXFX—C(NJrkj)l’3), > y} (4.5)
n>N+kj

Sincey_ ., v?" = 0(n'~*y™), we have the announced estimate fox 1. The same
computation also leads to the result foe= 1. |

Remark 4.1.When the convergence to zerox(fl,) is slower thany”“, % <a < 1, for
example if it is polynomial, we have

sup L1(x) < (1— %) with 8 > 1
x€[n] n

providedn is large enough; this estimate is not sufficient to use the techniques of §3.
However, it might be possible to estimate the decay of correlations by improving the above
estimate for iterates of.

https://doi.org/10.1017/5S0143385701001110 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001110

Correlation decay for Markov maps on a countable state space 193

4.2. Non-uniformly expanding maps of the intervale conclude this article by
sketching how to estimate the decay of correlations for Gaspard—Wang type applications.
Let (I,),en be a partition (mod 0) of with A(I,) = K/n + D%, K > 0, > 1.
Let us consider the following piecewise affine applicatiofi. is increasing, affine on
eachl,, TI, = I,_1 forn > 1 andTIy = I. This is a linearization of smooth non-
uniformly expanding maps of the interval considered, for example, by Tt&eLiverani
et al [2]] and introduced by Gaspard and Wari@ [ 29 in order to model intermitency
phenomenons. It is well known thdt admits a unique absolutely continuous invariant
measure whose densityerifiescn < h(x) < Cn if x € I, [1€]. In particular,u = hi is
a finite measure if and only i > 2. Moreover, this measure is mixing. Let us notice that
this dynamic is without big branches at infinity and aperiodic.

If d > 0 we denote by, : I — R the locally constant function:

d

vi(x)=v, =n* ifxel,.

Let E be the space of functiong such that

h
fh € Bforanyd >1 and sup{

Vg d>1

h
f—H =1 < oo.
Vg

We are going to prove the following result.

PROPOSITION4.6. For anye > 0, there exist€ (¢) such that for allf € £ andg € L*,

1
lu(fgoT") — u(Hu(g)l < CENfMENoo == 0]
n
Let us remark that sincé: < h(x) < Cn for x € I,, the spaceB is included inE and
for f € B, we have| f|| < Ct| f].

Remark 4.2.There exists many results on the decay of correlations for this map (linearized
or not). The oldest are from Lambegt al [16], and Mori [23]. Concerning the smooth
model, using approximation techniques, Liverainal [21] obtain a rate of convergence in
(logn)/n*=2 for Lipschitz functions on the interval this space is included if. Using a
coupling method, Youndg30] obtained, on the same space, a rate of convergence of order
1/n*~2; in [13] Hu proves the same result and that this result is optimal for Lipschitz
functions on/.

Proof of Proposition 4.6 The transfer operatdts associated to the potential= —log 7’
satisfies "
n+
Lol =|—— A(1o).
d4dn <n +2> + A(lo)
Sinceh is not bounded/L¢ cannot verify (K). This is why we use a cohomologous
potential.

Ford > 1, let L; be the transfer operator associated to the change of poteptial
Laf = wa) Lo (fva).

sup Lg1(x) =

x€[n] + 2 nd ’

1\* I
<n+ > +?»( 0)
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So, if n is large enough/£;1, < 1, which means that; satisfies (H) so it satisfies
(K) provided that the conformal measurg; = vgyA remains finite: the potential is
constant on each, so it is uniformly locally Lipschitz on the partitio(V, ), .. We have
mg(l) =Y vyA(ly), Somg (1) is finite if and only ifa — d > 1; sinced > 1, we recover
the condition > 2 which guarantees the existence of an absolutely continuous invariant
measurew. In what follows, we assume that > 2, « — d > 1 and the measuray
is normalized (i.emy(I) = 1). Leth,; be the normalized fixed point of;; we have
w=hgmg = h.

Let us prove that’; verifies (S-Expl). Letusfix& n <a—dandletd =a —d —n.

LEMMA 4.7. There existsi11 = ni(d, n) and there exist&g such that forN > n1 and
k > ko,

k-1 B
1
Sj= sup supLhiex) <] (1_+) ’
! N<n<N+kj x€ln] 4 =0 N+kj+e4+2

The proof of this lemma is by induction and uses ideas close to that of Example 4.2.
So, we have,

1 Bk
Sk.i <(1— ,
k’f—( N+k(j+1)+2>

and L, satisfies (S-Expl). We also remark that < (N + kj)/(N + k(j — 1)))x—d-n
for j large enough. In order to adapt the method of 83, it suffices to estim,e(té’;f)
for f € CJ (a, b, c,d). Letus noteg(x) = (T'(x))"* andg; (x) = [[*-3 §(T'x). Forx
andy € I,,n < N +k(j —1) andf € B, sinceT is without big branches at infinity and
affine, we obtain
ILEF ) = LEFODI < Ki(Hd(x,y) Y k(@) = K ())d(x, ) Lhar(x).
Tkx'=x

We haveg; < 1, so that fom > N,

L3 () = L f D] < Kj(f)d(x, )b ;.

Let0 <n < N. Fixe > Osuchthatt = d — ¢ > 1. We have that, satisfies
(S-Exp1l) and the change of potential betwe&grandL is ve. If T¥x’ = x thenx’ € [n']
with n’ < n + k. We haveg,(x') < (n’'/(n’ + k))¥ thus, using that &< n < N, we have

Law=s Y gk<x’)< . ) SN+ Y abn”

/
Tkx'=x Thx'=x

N \° -
=(N+k~n°Lh1(x) < (N—Jrk) -M (L satisfies (K))

So, there exist&(N) such that fok > k(N),
Iﬁﬁf(X) - Efff(y)l < K;(f)d(x, y)d,;-

Finally, fork > k(N), we havek ;_1(L% f) < K;(f)é, ;. With the notation of §3, for
anyk > maxk(N), ko) and O< y < 1,

chcla,b,c,d)y c C} M ya, 8;b,58j¢,8;d)
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and the hyperbolic diameter ﬁf;q{](a, b,c,d)in C]j;,_l(ya, 8ib, §;c) is bounded above
by 2lod (14 6;)/(1 — §;)]. The fixed point ofC, verifieshy = h/vq. If f is such that
fhqg = fh/vg € B andg € L*, the estimate (3.9) gives with(j) = j*,0 < u < 1 and
n=k(j+q(j)+r,j=0m/k),

N +kqg(j)H ) h
u(fg o T — u(fHu(g)] < Ct {Iog(zv kG +q0))) (#ﬁ”) } f—dH lgloc
1 fh
< Ct(d, M)W HE' llglloo-

Let f belongtoE. We fixe > 0and1<d <1+4+¢. LetO<u=1— (0 —2—¢)/(x —
d—1) < 1;then

1
ln(fgoT") — n(fHHn(@l < Ct(S)ja_ﬁlllflllllglloo-

Sincej = O(n/k) we deduce

1
ln(fgo T — n(fHn(g)l < Ctee, b=z I gl

This concludes the proof of the proposition. |

Remark 4.3.We can also apply the same techniques to affine non-uniformly expanding
Markovian maps of the interval with bounded jumps provided they satisfy (S-Exp2).
Moreover, the techniques may be improved to consider dynamics which do not verify the
bounded distortion property (but a bounded distortion on égcéind then obtain estimates

for piecewise smooth non-uniformly expanding maps.
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