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Abstract. We estimate the decay of correlations for some Markov maps on a countable
state space. A necessary and sufficient condition is given for the transfer operator to
be quasi-compact on the space of locally Lipschitz functions. In the non-quasi-compact
case, the decay of correlations depends on the contribution to the transfer operator of the
complementary of finitely many cylinders. Estimates are given for some non-uniformly
expanding maps and for maps with bounded jumps.

0. Introduction
Coming from the theory of countable Markov chains, Markovian dynamics on countable
state spaces also arise naturally when studying non-uniformly expanding systems or non-
hyperbolic systems (interval maps with neutral fixed points, unimodal maps, Henon maps
[3, 30]).

Several techniques have been developed to study statistical properties of such Markov
systems and especially to estimate their decay of correlations. Most of these techniques
are based on the quasi-compactness of the Ruelle–Perron–Frobenius operator (or transfer
operator) on a suitable Banach space and lead to exponential decay of correlations [7, 25].
When the transfer operator does not have a spectral gap, there are estimates of the decay
of correlations from Liveraniet al [21] and Hu [13] for some maps with neutral fixed point
and Young [30] for tower systems. Young’s strategy is very powerful if you are able to
estimate the asymptotics of return times on the base of the tower.

We propose another strategy which does not require anya priori knowledge on return
times. It is based on cones and projective metrics of Birkhoff [4, 5] and is especially
adapted to maps with ‘small branches’ like birth-and-death processes. It is also efficient
for estimating the decay of correlations for the well-known Gaspard–Wang example of
interval map with a neutral fixed point.

§1 contains the setting, the results, the basic definitions and properties of Birkhoff’s
cones.
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§2 is devoted to the exponential decay of correlations. We give a necessary and sufficient
condition to ensure that the transfer operator is quasi-compact on the space of locally
Lipschitz functions. To achieve this aim, we construct a cone which is strictly contracted
by some iterate of the transfer operator.

In §3 we obtain sub-exponential decay of correlations for a class of maps ‘without
big branches at infinity’ (see (1.3)). In this case, the decay of correlations depends on
the contribution to the transfer operator of the complementary of finitely many cylinders.
The estimate is done by truncating the previous cone:CN,j is a cone of locally Lipschitz
functions, specified only on finitely many states, it is mapped by some iterate of the transfer
operator intoCN,j−1 with some contractionδj . The product of theδj gives sub-exponential
decay of correlations.

In §4, we give some explicit estimations. As far as we know, the results concerning
maps with bounded jumps (§4.1) are new. It does not seem possible to associate to these
systems a tower that enjoys the properties required by Young ([30]).

1. Setting, results and basic properties of cones
Let 6 be a sub-shift of finite type on a countable alphabetA. That is,6 is given by
B = (bi,j )i,j∈A×A, anA × A matrix of 0 and 1:6 = {x ∈ AN | bxi,xi+1 = 1}.

On6, we consider the shiftσ defined byσ(x0, . . . , xn, . . . ) = (x1, . . . ).
We will always assume thatA = N. Since the alphabet is infinite,6 is, in general, non-

compact and not even locally compact. The space6 is endowed with the product topology
(on A we consider the discrete topology) which is also given by the natural distance: let
r ∈ ]0, 1[, then

d(x, y) = rn iff xi = yi, i = 0, . . . , n − 1, xn 6= yn.

The product topology is generated by the cylinders. Let(a0, . . . , ak−1) ∈ Ak and

[a0, . . . , ak−1] = {x ∈ 6 | xi = ai, i = 0, . . . , k − 1}.
[a0, . . . , ak−1] is called acylinderor k-cylinder. Hence the space6 is separable.

We will say that6 is irreducibleif and only if

∀i, j ∈ A, ∃n ∈ N such thatσ−n[i] ∩ [j ] 6= ∅,

or, equivalently if and only ifσ is topologically transitive. We will say that6 is aperiodic
if and only if

∀i, j ∈ A, ∃n0 ∈ N such that∀n ≥ n0, σ
−n[i] ∩ [j ] 6= ∅,

or, equivalently if and only ifσ is topologically mixing.
We will denote byCu(6) the Banach space of uniformly continuous and bounded

functions on6. We will say that a functionf on 6 is uniformly locally Lipschitz(or
u.l.L.) if there exists some constantC > 0 such that for anyx andy in the same 1-cylinder,

|f (x) − f (y)| ≤ Cd(x, y).

We will denote byK(f ) the smallest positive number satisfying this property; it will be
called the Lipschitz constant off . Let L be the space of u.l.L. functions that are bounded
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on6. Forf ∈ L, let ‖f ‖ = max(K(f ), ‖f ‖∞); this defines a norm onL which turnsL
into a Banach space.

Let F be the borelian sigma-algebra on6, m be a borelian probability on6 whose
support is6 and8 a u.l.L. function. According to thermodynamic formalism we will call
8 a potential. We will always assume that8 satisfies the following assumptions.

Standing assumptions on the potential (SA).
1. 8 is a u.l.L. function.
2. supx∈6

∑
σy=x e8(y) < ∞, so the transfer operatorL8 associated to8 is well

defined and acts onCu(6): for f ∈ Cu(6), x ∈ 6,

L8f (x) =
∑
σy=x

e8(y)f (y).

3. The measurem is a conformal measure forL8, that is, for anyf ∈ Cu(6),∫
L8f dm =

∫
f dm.

Remark 1.1.The fact that we assume that the conformal measure is given may seem
strange. Indeed, on the one hand, under suitable assumptions, such a measure can be
constructed and satisfies a variational principle (see [25]). On the other hand, one may
think that6 represents the coding of some geometric dynamic for which there is a natural
potential and a natural conformal measure.

Using the fact that8 is u.l.L., an easy computation leads to the followingbounded
distortion propertyfor L8:

there existsC > 0 such that for anyx andy in the same 1-cylinder, forn ∈ N,

L
n
81(x) ≤ L

n
81(y)eCd(x,y). (BD)

The fact thatm is a conformal measure forL8 implies that ifµ = hm with h ∈ Cu(6)

thenµ is σ -invariant if and only ifh is a fixed point forL8. It suffices to remark that for
f andg in Cu(6), m(g ◦ σ · f ) = m(L8(g ◦ σ · f )) becausem is conformal and by the
definition ofL8, L8(g ◦ σ · f ) = gL8f , so we havem(g ◦ σ · f ) = m(gL8f ).

We expect that the mixing properties of such a measure are related to the spectral
properties ofL8. To be more precise, let us assume that there exists a fixed point
h ∈ Cu(6) for L8 which is normalized (m(h) = 1) and letµ = hm. Forf ∈ Cu(6) and
g ∈ L1(m), thecorrelationsof f andg measure the lack of independence betweenf and
g ◦ σn with respect to the invariant measureµ: for n ∈ N,

cn(f, g) =
∣∣∣∣ ∫ f (g ◦ σn) dµ −

∫
f dµ

∫
g dµ

∣∣∣∣.
The measureµ is mixing if and only if the coefficientscn(f, g) go to zero for any
f ∈ Cu(6) andg ∈ L1(m). In this case, estimates on the speed of convergence to zero
of cn(f, g) or equivalently estimates on thedecay of correlationsmay lead to the central
limit theorem (see [19]) and to the determination of asymptotic laws for entrance times
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(see [11, 24, 26]). The following trivial computation relates the decay of correlations to
the asymptotic behavior of the iterates ofL8:

cn(f, g) =
∣∣∣∣ ∫ [Ln

8(f h) − hm(f h)]g dm

∣∣∣∣ (1.1)

so that ifLn
8f → hm(f ) in some reasonable way thenµ is mixing and estimates on the

speed of this convergence specify the decay of correlations.
Let us state our main results.

1.1. Results. Under the following additional hypothesis:

∃M > 0 such that∀n ∈ N, ‖Ln
81‖∞ ≤ M (K)

we have the following result.

THEOREM 1.1. Let 6 be aperiodic and let8 satisfy(SA) and (K). Then there exists
a fixed pointh ∈ L for L8, h > 0 on 6, m(h) = 1; this fixed point is unique up to
multiplication by a constant. Moreover, we have the following convergence forf ∈ Cu(6):

L
n
8f −−−→

n→∞ hm(f ); (1.2)

this convergence is uniform on the compact subsets of6 and takes place inL1(m).

The proof of this theorem follows Sarig’s proof [25, Theorem 4] except for some details
in the construction ofh. Let us give the outline of the arguments.

From (K) and (BD), we deduce that the sequence(Ln
81)n∈N is an equicontinuous and

bounded sequence of elements ofL. Let

Qn = 1

n

n−1∑
p=0

L
p
81.

Ascoli’s theorem on separable sets implies that the sequence(Qn)n∈N admits an
accumulation point for the topology of uniform convergence on compact sets and for
the L1(m) topology by Lebesgue’s dominated convergence theorem. Leth be such an
accumulation point. Using (BD) and (K), we get thath belongs toL. Using the fact that
m is a conformal measure whose support is6, we get thath is a fixed point forL8 which
is non-zero because Lebesgue’s dominated convergence theorem implies thatm(h) = 1.
Now, if h(x) = 0 for somex ∈ 6, sinceh ≥ 0, for anyn ∈ N and anyz ∈ {y | σny = x},
h(z) = 0. Since6 is irreducible (indeed, it is aperiodic), this set is dense in6, so that
h ≡ 0 since it is continuous. This contradicts the fact thath is non-zero. So,h > 0.
The rest of the proof follows Sarig’s proof and uses some general arguments on Markov
dynamics from [1]. 2

In fact, we have a more precise description of the spectrum ofL8. Such a description
is usual in a quasi-compactness setting. Our purpose is to give estimates on the decay of
correlations so we will omit the proof of the following result which may be found in [22].
Let us just remark that (K) implies that the spectral radius ofL8 on the spaceCu(6) is
less than or equal to 1.
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THEOREM 1.2. [22] Let 6 be irreducible and let8 satisfy(SA) and (K). Then1 is a
simple eigenvalue forL8 acting onL and if h is the normalized eigenfunction thenh is
strictly positive on6 and the invariant measureµ = hm is ergodic. Moreover,L8 has
only finitely many eigenvalues of modulus 1; they are all simple. If6 is aperiodic then1 is
the only eigenvalue of maximal modulus and the invariant measureµ = hm is mixing. We
have the convergence forf ∈ Cu(6):

L
n
8f −−−→

n→∞ π(f ),

uniformly on compact subsets of6 and inL1(m), whereπ is the spectral projection on the
finite-dimensional space associated to the eigenvalues of modulus 1. In particular, if6 is
aperiodic then

L
n
8f −−−→

n→∞ hm(f ).

From now on, we assume that6 is aperiodic and8 satisfies (K) and (SA). The
normalized fixed point (given by Theorem 1.1) forL8 will always be denoted byh andµ

will be the invariant measureµ = hm. We will give additional conditions under which the
speed of convergence in (1.2) can be estimated.

We will say that8 satisfies (Exp1) if∃k1, ∃n1 such that

∀k > k1, ∃ρk < 1 such that∀n > n1, sup
x∈[n]

L
k
81(x) ≤ ρk. (Exp1)

(Exp1) means that the cylinders close to infinity do not contribute too much to the transfer
operator, in fact their contribution is assumed to be uniformly strictly smaller than one.
This condition is sufficient to guarantee exponential decay of correlations for observables
in L (see Theorem 1.3 below).

The system(6, σ) is without big branches at infinityif there existsK ∈ N such that for
anyn ∈ N, for x ∈ [n], σx belongs to[p] with p ≥ n − K. In other words, the matrix
which defines6 has the following form:

0
...

K



∗ · · · · · · · · · · · ·
...

∗
0 ∗
...

. . .
. . .

0 0 ∗
...

. . .
. . .


(1.3)

with ∗ ∈ {0, 1}. If n1 andN ≥ n1 are fixed integers, let us define

δk,j := sup{Lk
81(x) | x ∈ [n], N ≤ n ≤ N + kKj }, j ≥ 0, k ∈ N.

We will say that8 satisfies (S-Exp1) if there existsn1 ∈ N such that forN ≥ n1, there
existsk1(N) such that fork ≥ k1, there existsR(k), 0 < R(k) < N + kK and

δk,j ≤
(

1 − R(k)

N + Kkj

)α

, α > 0,∀j ≥ 0. (S-Exp1)
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(S-Exp1) means that the contribution to the transfer operator of the cylinders close to
infinity is strictly smaller than one but not uniformly. Under this condition and the
assumption that6 has no big branches at infinity, we can estimate the decay of correlation
for observables inL (see Theorem 1.4 below).

Before stating our main results, let us remark that

(Exp1)⇒ (S-Exp1)⇒ (K).

The first implication is trivial: takeδk,j = ρk for all j ∈ N. Let us prove the second
implication.

Let N ≥ n1 be fixed and letk1 = k1(N), (S-Exp1) implies that forn ≥ N , k ≥ k1,

sup
x∈[n]

L
k
81(x) ≤ 1.

Moreover, since we always assume that‖L81‖∞ < ∞ (SA), we have

sup
k<k1

‖Lk
81‖∞ < ∞.

Finally, letn be smaller thanN ; the bounded distortion property implies

sup
x∈[n]

L
k
81(x) ≤ Ct

1

m([n])
∫

[n]
L

k
81dm

≤ Ct
1

m([n])
∫
L

k
81dm

≤ Ct sup
n≤N

1

m([n]) using the fact thatm is conformal.

So we have proved that there exists someM > 0 such that for anyn ∈ N, ‖Lk
81‖∞ ≤ M,

which is (K). 2

Finally, let us recall that two potentials91 and92 arecohomologousif there exists a
positive functionv ∈ Cu(6) such that91 = 92 + logv − log(v ◦ σ). The functionv is
called thechange of potential.

THEOREM 1.3. Let 6 be aperiodic. If8 satisfies(SA) and (Exp1) thenL8 is quasi-
compact onL so we have the following exponential decay of correlations: there exist
0 < γ < 1 andC > 0 such that forf ∈ L, g ∈ L1(m),

cn(f, g) ≤ Cγ n‖f ‖‖g‖L1. (1.4)

Moreover,(Exp1) is a necessary condition for quasi-compactness in the following sense:
let 8 verify (K) and (SA) thenL8 is quasi-compact onL if and only if there exists9
cohomologous to8 with a change of potential inL and bounded away from zero such that
L9 satisfies(Exp1).

Let us recall that a linear operatorP on a Banach spaceB is quasi-compactif there
exists 0< 2 < 1 such that ifλ belong to the spectrum ofP and|λ| > s(P )2, wheres(P )

is the spectral radius ofP , thenλ is an eigenvalue with finite multiplicity.
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The fact that (Exp1) is a necessary condition for quasi-compactness in the sense of
Theorem 1.3 is easy to see. Indeed, let us assume thatL8 is quasi-compact onL. Because
of Theorem 1.1, we have forf ∈ L, k ∈ N,

‖Lk
8f − hm(f )‖ ≤ Cγ k‖f ‖, (1.5)

with C > 0 and 0< γ < 1. Let9 be cohomologous to8 with change of potentialv in L

and bounded away from zero. We have

L
k
91 = 1

v
L

k
8(v)

so using (1.5) we obtain

L
k
91 = 1

v
[Lk

8(v) − hm(v)] + h

v
m(v)

L
k
91(x) ≤ C

‖v‖
inf v

γ k + h

v
(x)m(v).

It is always possible to findv ∈ L (indeed,v can be chosen to be constant on 1-cylinders)
such thatm(v) = 1, infv > 0 and

sup
n≥N

sup
x∈[n]

h

v
(x) < 1

providedN is big enough. This concludes the proof of the necessity part of Theorem 1.3.2

The rest of Theorem 1.3 will be proved in §2. This will not be done using the standard
approach consisting of the application of the Ionescu–Marinescu–Tulcea theorem [14] but
we will use Birkhoff cones and projective metrics. The main advantages of this technique
are: (i) it provides a constructive bound for the rate of convergence, (ii) the cones are
adaptable to non-quasi-compact cases. Indeed, in §3 we will prove the following result.

THEOREM 1.4. Let6 be aperiodic and without big branches at infinity, and let8 satisfy
(SA) and (S-Exp1). For any compact setQ of 6, there exists a sequenceun(Q) which
goes to zero whenn goes to infinity such that for anyf ∈ L,

‖Ln
8f − hm(f )‖Q ≤ C(Q)un(Q)‖f ‖,

where‖ · ‖Q denotes the uniform norm onQ andC(Q) is a positive number depending
onQ.

There exists a sequenceun which goes to zero whenn goes to infinity such that for
f ∈ L andg ∈ L∞(m),

cn(f, g) ≤ un‖f ‖‖g‖∞.

Moreover, the sequencesun(Q) andun have the same asympotic behavior as

max

[ j∏
`=1

δk,`,
∑
n≥kj

m([n])
]
,

wherek is fixed andj is such thatn = k(j + ju) + r with r < j + ju and0 < u < 1 may
be chosen as close to0 as we wish. For example:
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1. if m([n]) = O(n−α) and δk,j ≤ (1 − 1/kj)β , α > 1, β ≥ α − 1, then
un = O(1/nα−1−ε) for all ε > 0;

2. if m([n]) = O(γ nα
) and δk,j ≤ (1 − C/(kj)β), α, β < 1, 0 < γ < 1, then

un = O(ρnu
) for some0 < ρ < 1 and0 < u < 1.

In §4, we give large classes of examples satisfying (Exp1) or (S-Exp1) and compute
explicit bounds for some dynamics with bounded jumps and non-uniformly expanding
maps. We also prove the following theorem which states that in some cases, it suffices to
check conditions (Exp1) and (S-Exp1) on a singlek. Before stating this theorem, let us
introduce two more definitions.

We will say that6 hasno jumps to infinityif there exists an integerK such that, for all
n ∈ N and for allx ∈ [n], σx ∈ [p] with p ≤ n + K. In other words, the matrix which
defines6 has the following form:

∗ · · · ∗ 0 · · · · · · · · ·
...

. . .
. . .

∗ ∗ 0
...

. . .
. . .

 (1.6)

with ∗ ∈ {0, 1}. We will say that6 hasbounded jumpsif there exists an integerK such
that for alln ∈ N, for x ∈ [n], σx ∈ [p] with n − K ≤ p ≤ n + K. In other words, the
matrix which defines6 has the following form:

∗ · · · · · · ∗ 0 · · · · · · · · · · · · · · · · · ·
...

. . .
. . .

∗ ∗ 0
0 ∗ ∗ 0
...

. . .
. . .

. . .
. . .

0 0 ∗ ∗ 0
...

. . .
. . .

. . .
. . .


(1.7)

with ∗ ∈ {0, 1}.
THEOREM 1.5. (Dynamics without jumps to infinity satisfying (Exp1))If 6 has no jumps
to infinity, if 8 verifies(SA) and

∃n0 such that∀n > n0, (L81)n ≤ ρ < 1, (Exp2)

then8 verifies(Exp1).
(Dynamics satisfying (S-Exp1))If 6 is aperiodic and has bounded jumps, if8 verifies

(SA) and the following two properties:
1. ∃n0 such that∀n > n0, ∀x ∈ [n], L81(x) ≤ (1 − 1/n)α , α > 0; (S-Exp2)
2. the invariant densityh goes to zero at infinity (that is, ifsupx∈[n] h(x) := hn thenhn

goes to zero whenn goes to infinity),
then8 verifies(S-Exp1).

We will now recall definitions and results on cones and projective metrics.
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1.2. Cones and projective metrics.The theory of cones and projective metrics of
Birkhoff [4] is a powerful tool for studying linear operators. Ferrero and Schmitt [9]
applied it to estimate the correlations decay for random dynamical systems. This strategy
had been used by many authors. Let us mention:
• Liverani [17], Liverani et al [20] for one-dimensional Lasota–Yorke type dynamics

with finite or countable partition;
• Liverani [18] and Viana [28] for Anosov and Axiom A diffeomorphisms;
• Baladiet al [2], Bogensch¨utz [6] and Buzzi [8] for random dynamical systems.
They all used Birkhoff cones to obtain exponential decay of correlations. In [15] the
Birkhoff cones techniques were used in a different way to obtain sub-exponential decay
of correlations. The way we use cone techniques in §3 follows some ideas of Ferrero and
Schmitt [10].

Let us recall definitions and properties of cones and projective metrics (see [18] or [20]
for a more complete presentation).

Let B be a vector space andC ⊂ B a cone with the following properties:
• C is convex;
• C ∩ −C = {0};
• if αn is a sequence of real numbers such thatαn → α andx − αny ∈ C ∀n then

x − αy ∈ C. This property is called ‘integral closure’.
For such a cone, the pseudo-metricθC onC is defined in the following way. Letx, y ∈ C,

µ(x, y) = inf{β > 0 | βx − y ∈ C},
λ(x, y) = sup{α > 0 | y − αx ∈ C},

with the convention thatµ(x, y) = ∞ andλ(x, y) = 0 if the corresponding sets are empty.
Let θC(x, y) = logµ/λ. θC is called a pseudo-metric because it is not necessarily finite.
Moreover, it is a projective pseudo-metric: ifx andx1 are proportional then for anyy ∈ C,
θC(x, y) = θC(x1, y).

The following two results reveal the usefulness of projective metrics. LetC andC′ be
two cones,P a linear operatorP : C → C′. Let 1 denote the diameter ofPC in C′:

1 = sup
f,g∈C

θC ′(Pf, Pg).

THEOREM 1.6. [4] For anyf, g in C, we have

θC ′(Pf, Pg) ≤ tanh

(
1

4

)
θC(f, g).

This theorem implies thatP : C → C′ is always a contraction (in the wide sense) for
the projective metrics. If1 < ∞ then it is a strict contraction.

The following result relies the metricθC to certain norms onB. A norm‖ · ‖ onB is a
norm adapted toC if for f andg in B such thatf + g belongs toC andf − g belongs
to C then‖g‖ ≤ ‖f ‖. ρ is ahomogeneous form adapted toC if ρ mapsC to R

+, for any
λ > 0 andf ∈ C, ρ(λf ) = λρ(f ) and iff − g ∈ C impliesρ(g) ≤ ρ(f ).

https://doi.org/10.1017/S0143385701001110 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001110


174 V. Maume-Deschamps

THEOREM 1.7. [4, 20] LetC be a cone, let‖ · ‖ andρ be adapted toC. For anyf andg

in C such thatρ(f ) = ρ(g) 6= 0 we have

‖f − g‖ ≤ (eθ(f,g) − 1) min(‖f ‖, ‖g‖).

2. The quasi-compact case (proof of Theorem 1.3)
In this section, we prove the first part of Theorem 1.3, so we assume that6 is aperiodic
and8 satisfies (SA) and (Exp1). As we have already mentioned, (Exp1) implies (K).
Let us note thatµ = hm, whereh is the normalized fixed point forL8 given by
Theorem 1.1. Since8 satisfies (K),h is bounded byM = supk ‖Lk

81‖∞, so for any
A ∈ F , µ(A)/m(A) ≤ M.

For f ∈ Cu(6), the iterates ofL8(f ) are converging tohm(f ) in L1(m) (by
Theorem 1.1). This implies the following mixing property which will be used to obtain
decay of correlations for observables inL:

∀A ∈ F, g = 1A,∀f ∈ Cu(6), |m(g ◦ σnf ) − µ(g)m(f )| −−−→
n→∞ 0. (2.1)

Indeed, we have,

|m(g ◦ σn · f ) − µ(g)m(f )| =
∣∣∣∣ ∫ g

[
L

n
8f − h

∫
f dm

]
dm

∣∣∣∣
≤

∥∥∥∥Ln
8f − h

∫
f dm

∥∥∥∥
1
.

Let us set some notation. Fors and t fixed integers, we will denote byPs,t the finite
partition of6 defined by:
• Ps,t = P1 ∪ P2;
• P1 is the partition ins-cylinders of the set[]0, t[] := {x ∈ 6 | x0 ≤ t};
• P2 = {[]0, t[]c} := {P2}.
We will denote byD1 the diameter for the distanced of P1:

D1 = max{diam(P ), P ∈ P1} = rs ,

and byD2 the measure ofP2:
D2 = m([]0, t[]c).

Since the measurem is finite, D2 can be chosen as small as we want providedt is large
enough.

We will also use the following conventions.
• a = b ± c means thatb − c ≤ a ≤ b + c, wherea, b andc are real numbers.
• If x andy belong to the same 1-cylinder, for anyk ∈ N their preimages underσk

are in bijection. Ifx ′ is a preimage ofx, we will denote byy ′ the preimage ofy
belonging to the samek-cylinder.

• For anyk ∈ N, let gk be defined by:

∀x ∈ 6, ∀f ∈ Cu(6), Lk
8f (x) =

∑
σkx ′=x

f (x ′)gk(x
′).
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Finally, let us remark that forα andα′ such thatα < 1 < α′, since the partitionPs,t is
finite, the mixing (2.1) implies that there exists an integerk0 such that

∀k ≥ k0, ∀P,P ′ ∈ Ps,t , α ≤ m(σ−kP ∩ P ′)
µ(P )m(P ′)

≤ α′. (2.2)

2.1. A family of cones. Let us begin the proof of the first part of Theorem 1.3. With this
aim, we will construct a coneC and an integerk such thatLk

8C ⊂ C and the projective
diameter ofLk

8C in C is finite.

Let us consider the following family of cones. For given real positive numbersa, b, c

and integerss, t, C
s,t
a,b,c is the set of functionsf in L which satisfy:

• ∀P ∈ Ps,t , 0 ≤ [µ(P)]−1
∫
P f dm ≤ a

∫
f dm;

• K(f ) ≤ b
∫

f dm;
• supx∈P2

|f (x)| ≤ c
∫

f dm.

When there is no ambiguity, we will simply useC instead ofCs,t
a,b,c. The following

properties follow from the definition ofC:

• C ∩ −C = {0};
• C is a convex cone;
• C is closed for the uniform topology, in particular, it is integrally closed.

Moreover, the following result is easily verified.

LEMMA 2.1. Anyϕ ∈ L satisfies

∀P ∈ P1, ∀x ∈ P, ϕ(x) = 1

m(P)

∫
P

ϕ dm ± K(ϕ)D1, (2.3)

and forx ∈ P2,

ϕ(x) = 1

m(P2)

∫
P2

ϕ dm ± 2 sup
P2

|ϕ|. (2.4)

If ϕ belongs toC, for anyx ∈ 6,

min[−c,Ma − bD1]
∫

ϕ dm ≤ ϕ(x) ≤ max[c,Ma + bD1]
∫

ϕ dm. (2.5)

In order to use the coneCs,t
a,b,c and its projective metric, we shall need an adapted norm

and an adapted homogeneous form. Of courseρ(f ) = ∫
f dm is an adapted homogeneous

form. For anyd > 0, let us consider the norm

‖f ‖d = max

(
d

∣∣∣∣ ∫ f dm

∣∣∣∣, 2

∣∣∣∣
∫
P

f dm

m(P)

∣∣∣∣P ∈ Ps,t , ‖f ‖∞,K(f )

)
;

the norm‖ · ‖d is equivalent to the norm‖ · ‖ of L.

LEMMA 2.2. If d ≥ max(b, c, 2D1b) then the norm‖ · ‖d is adapted toC in the sense of
§1.2.
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Proof. Let f andg be such thatf + g andf − g belong toC. (2.3) gives forx ∈ P ,
P ∈ P1,

f (x) − g(x) = 1

m(P)

∫
(f − g) dm ± bD1

∫
P

(f − g) dm,

f (x) + g(x) = 1

m(P)

∫
P

(f + g) dm ± bD1

∫
(f + g) dm.

By substracting these inequations, we obtain,

|g(x)| ≤ 2 max

(
1

m(P)

∣∣∣∣ ∫
P

g dm

∣∣∣∣, bD1

∫
f dm

)
.

Sincef − g ∈ C andf + g ∈ C, we have| ∫
P

g dm| ≤ ∫
P

f dm for anyP ∈ Ps,t , so
that for anyx ∈ P1, |g(x)| ≤ ‖f ‖d if d ≥ 2bD1. Moreover, ifx ∈ P2, the inequality
|g(x)| ≤ c

∫
f dm follows from (2.4) in the same way. We also have| ∫ g dm| ≤ ∫

f dm.
It remains to take care of the part of the norm which is given by the Lipschitz constant.
Sincef − g ∈ C andf + g ∈ C, we have forx andy in the same 1-cylinder,

f (x) − g(x) − (f (y) − g(y)) = ±bd(x, y)

∫
(f − g) dm,

f (x) + g(x) − (f (y) + g(y)) = ±bd(x, y)

∫
(f + g) dm.

By substracting these two inequalities, we get

K(g) ≤ b

∫
f dm.

Finally, if d ≥ max(b, c, 2bD1), we have‖g‖d ≤ ‖f ‖d . 2

2.2. Contraction of the cone. We are going to prove that the coneCs,t
a,b,c is strictly

contracted byLk
8 providedk, a, b, c, s andt are large enough.

LEMMA 2.3. There existk ∈ N
∗, a > 0, b > 0, c > 0, s ∈ N

∗, t ∈ N
∗ and0 < γ < 1

such that
L

k
8C

s,t
a,b,c ⊆ C

s,t
γ a,γ b,γ c.

Proof. Let us fixα < 1 < α′ andβ ′ < β < 1. The parametersa, b, c, s andt are chosen
to verify:
(1) a > α′(1 + α/2α′)β−1;
(2) c ≥ Ma + 1;
(3) b > Rc/(β − β ′);
(4) D1 < α/4bα′;
(5) t is such thatt ≥ n1 andD2 < α/8α′c.
Moreover, letk0 satisfying (Exp1) be such that (2.2) is verified forα andα′ and∀k > k0,
Mrk < β ′. Let us fixk > k0, γ = max(β, ρk) < 1 andf in C

s,t
a,b,c. Let P ∈ P ,

1

µ(P)

∫
P

L
k
8f dm = 1

µ(P)

∫
σ−kP

f dm

= 1

µ(P)

∑
P ′∈Ps,t

∫
σ−kP∩P ′

f dm,
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using (2.3) and (2.4),

1

µ(P)

∫
P

L
k
8f dm =

∑
P ′∈Ps,t

m(σ−kP ∩ P ′)
m(P ′)µ(P )

∫
P ′

f dm

±
(

D1K(f )
∑

P ′∈P1

m(σ−kP ∩ P ′)
m(P ′)µ(P )

m(P ′)

+ 2
m(σ−kP ∩ P2)

m(P2)µ(P )
m(P2) sup

P2

|f |
)

.

Sincef belongs toCs,t
a,b,c, this leads to (using (2.2))

1

µ(P)

∫
P

L
k
8f dm ≤ α′

∫
f dm[1 + D1b + 2D2c]

1

µ(P)

∫
P

L
k
8f dm ≥ [α − α′(D1b + 2D2c)]

∫
f dm;

by the choices ((4) and (5)) ofa, b, c andPs,t we obtain,

α/2
∫

f dm ≤ 1

µ(P)

∫
P

L
k
8f dm ≤ α′(1 + α/(2α′))

∫
f dm. (2.6)

For anyϕ ∈ L andk ∈ N, the fact that8 verifies (BD) and (K) leads to the following
standard inequality:

K(Lk
8ϕ) ≤ MrkK(ϕ) + R sup|ϕ|. (2.7)

Combined with (2.5) and the definition of the cone, this gives forf ∈ C
s,t
a,b,c,

K(Lk
8f ) ≤

∫
f dm[bMrk + R max(c,Ma + bD1)]

and with the choices (2) and (4) above,

K(Lk
8f ) ≤ β ′b

∫
f dm + cR

∫
f dm, (2.8)

so,

K(Lk
8f ) ≤ βb

∫
f dm if b >

cR

β − β ′ (which is (3)).

Finally, forx ∈ P2,

|Lk
8f (x)| =

∣∣∣∣ ∑
x ′∈P2

gk(x
′)f (x ′) +

∑
x ′ 6∈P2

gk(x
′)f (x ′)

∣∣∣∣
≤ c

∫
f dm

∑
x ′∈P2

gk(x
′) + (Ma + bD1)

∫
f dm

∑
x ′ 6∈P2

gk(x
′), using (2.3)

≤ max(c,Ma + bD1)

∫
f dm

[
sup
x∈P2

L
k
81(x)

]
,

≤ ρkc

∫
f, (2.9)

by the choices (2), (4) and (5) above and hypothesis (Exp1); this concludes the proof of
the lemma. 2
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2.3. Computation of the projective diameter and conclusion.In order to obtain the
speed of convergence of the iterates of the transfer operator to the spectral projection,
it remains to estimate the projective diameter ofL

k
8(C) in C.

LEMMA 2.4. The projective diameter ofLk
8C in C is bounded by

2 log max

(
1 + γ

1 − γ
,

2α′ + α

α

)
.

Proof. Let f andg be inLk
8C andη > 0 such thatηf − g belongs toC, η should verify:

(1) ∀P ∈ Ps,t ,

0 <
η

µ(P)

∫
P

f dm − 1

µ(P)

∫
P

g dm ≤ aη

∫
f dm − a

∫
g dm;

(2) for anyx andy in the same 1-cylinder,

−bη

∫
f dm + b

∫
g dm ≤ η(f (x) − f (y)) − (g(x) − g(y))

d(x, y)

≤ bη

∫
f dm − b

∫
g dm;

(3) for anyx ∈ P2,

−c

(
η

∫
f dm −

∫
g dm

)
≤ ηf (x) − g(x) ≤ c

(
η

∫
f dm −

∫
g dm

)
.

To have (1),η should verify

η ≥ sup
P∈Ps,t

a
∫

g dm − 1/µ(P )
∫
P g dm

a
∫

f dm − 1/µ(P )
∫
P f dm

and η ≥ sup
P∈Ps,t

∫
P g dm∫
P f dm

.

By (2.6), it is sufficient to have

η ≥
∫

g dm∫
f dm

max

(
1

1 − γ
,

2α′ + α

α

)
.

To have (2) and (3), by Lemma 2.3, it suffices thatη satisfies

η ≥
∫

g dm∫
f dm

1 + γ

1 − γ
.

Similarly, letζ > 0 be such thatg − ζf ∈ C. It suffices thatζ verifies

ζ ≤
∫

g dm∫
f dm

min

[
1 − γ,

1 − γ

1 + γ
,

α

2α′ + α

]
.

So, the diameter1 of Lk
8C in C is bounded by 2 log max((1+γ )/(1−γ ), (2α′+α)/α).2

The following lemma shows that any function inL can be pushed into the coneC.

LEMMA 2.5. For anyf ∈ L, if a > 1, b > K(h) andc > supx∈P2
|h(x)|, then there exists

C(f ) ≥ 0 such thatf + C(f )h belong toC, moreoverC(f ) ≤ Ct‖f ‖. In particular, h
belongs toC.
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Proof. Let f ∈ L. C(f ) should satisfy:

• C(f ) ≥ max

(
−

∫
P f dm

µ(P)
,

1/µ(P )
∫
P f dµ − a

∫
f dµ

a − 1
P ∈ P1

)
;

• C(f ) ≥ K(f ) − b
∫

f

b − K(h)
;

• C(f ) ≥ sup
x∈P2

|f (x)| − c
∫

f dm

c − |h(x)| . 2

We will always assume thata, b andc satisfy the hypothesis of Lemma 2.5.
Let κ = (tanh(1/4))1/k. Using the fact thath belongs toC, the results of §1.2 give for

d ≥ max(b, 2bD1, c):

∀f ∈ C,

∥∥∥∥Ln
8f − h

∫
f dm

∥∥∥∥
d

≤ Ctκn

∫
f dm;

since the norms‖ · ‖ and‖ · ‖d are equivalent,

∀f ∈ C,

∥∥∥∥Ln
8f − h

∫
f dm

∥∥∥∥ ≤ Ctκn

∫
f dm.

Let f ∈ L andfC = f + C(f )h;∥∥∥∥Ln
8f − h

∫
f dm

∥∥∥∥ ≤
∥∥∥∥Ln

8fC − h

∫
fC dm

∥∥∥∥ + C(f )

∥∥∥∥Ln
8h − h

∫
h dm

∥∥∥∥
=

∥∥∥∥Ln
8fC − h

∫
fC dm

∥∥∥∥
≤ Ctκn

∫
fC dm sincefC ∈ C

≤ Ctκn‖f ‖. (2.10)

(2.10) implies exponential mixing forg ∈ L1(m) andf such thatf h belongs toL (recall
(1.1)):

|µ(g ◦ σnf ) − µ(g)µ(f )| ≤ Ctκn‖f h‖‖g‖L1(m),

it also implies thatL8 is quasi-compact onL. This concludes the proof of Theorem 1.3.2

3. Dynamics without big branches at infinity
In this section, we prove Theorem 1.4. We do not assume (Exp1) anymore but we assume
that6 has no big branches at infinity and that8 satisfies (SA) and (S-Exp1) (see (1.3)).
Let us recall that (S-Exp1) implies (K). So, let us noteµ = hm, whereh is the normalized
fixed point forL8 given by Theorem 1.1.

Remark 3.1.We will assume that limj→∞ δk,j = 1. Indeed, if lim supj→∞ δk,j < 1, then
8 satisfies (Exp1) and the results of the preceding section show that the convergence of the
iterates ofL8 to the spectral projection is uniform on6 and exponential.

ForN ∈ N, ‖ · ‖N is the uniform norm on[]0, N[] (see notation in §2). For fixedN ≥ n1

andk ≥ k1, let D(j) denote the set[]0, N + kKj [] and forf ∈ L, Kj (f ) denotes the
Lipschitz constant of the functionf : D(j) → R.

The cones of the preceding section may be adapted to give the following result.
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PROPOSITION3.1. If 6 has no big branches at infinity and8 verifies(S-Exp1), then
∀N ≥ n1, ∀f ∈ L, ∀k ≥ k1, there exists a sequence(αj (N))j∈N , αj (N) → 0 such that∥∥∥∥Lkj

8 f − h

∫
f

∥∥∥∥
N

≤ αj‖f ‖. (3.1)

Moreover,αj can be expressed in terms of
∏j

`=0 δk,` andm((Dj )
c). A suitable choice of

N with respect toj gives Theorem 1.4.

The proof of this proposition follows the proof of Theorem 1.3. The point is that fork

andn large enough,Lk
81(x), x ∈ [n], is strictly smaller than 1 but this bound is not uniform

in n. This is why we shall use a family of cones specified only on the set[]0, N + kKj []
that is away from infinity.

Let us consider the following family of cones. Leta, b, c, d be positive real numbers,
j, s, t ∈ N andPs,t the finite partition of6 defined in §2.Cj

N(a, b, c, d) is the set of
functionsf of L such that:

(1) ∀P ∈ Ps,t , P ⊂ D(j), 0 ≤ 1

µ(P)

∫
P

f dm ≤ a

∫
6

f dm;

(2) Kj(f ) ≤ b

∫
6

f dm;

(3) sup
x∈P2∩D(j)

|f (x)| ≤ c

∫
6

f dm;

(4)

∣∣∣∣ ∫
D(j)c

f dm

∣∣∣∣ ≤ dm((Dj )
c) ·

∫
6

f dm.

The arguments of the proof of Lemma 2.2 prove that the norm

‖f ‖e,j = max

(
e

∣∣∣∣ ∫
6

f dm

∣∣∣∣, 2

∣∣∣∣
∫
P

f dm

m(P)

∣∣∣∣P ∈ Ps,t ∩ D(j),

‖f ‖D(j),

∣∣∣∣ 1

m(D(j)c)

∫
D(j)c

f dm

∣∣∣∣) (3.2)

is adapted to the coneCj
N(a, b, c, d) providede ≥ max(2bD1, c, d). Let us remark for

further use that for anye > 0, the norm‖ · ‖e,j is greater than the uniform norm onD(j)

and also greater than|(m(D(j)c))−1
∫
D(j)c

f dm|. Moreover,Cj
N(a, b, c, d) is a convex

cone which is closed for the norm‖ · ‖D(j) andC
j

N (a, b, c, d) ∩ −C
j

N(a, b, c, d) = {0}.
Of course,f → ∫

6
f dm is also adapted toCj

N(a, b, c, d). When there is no ambiguity,

we will simply writeC
j

N instead ofCj

N(a, b, c, d).

Outline of the proof of Proposition 3.1.We will prove that provideda, b, c, d, s, t, N and
k are large enough and well chosen, for allj ∈ N,

L
k
8C

j

N(a, b, c, d) ⊂ C
j−1
N (γ a, γ b, δjc, δj d) ⊂ C

j−1
N (a, b, c, d),

where 0< γ < 1, δj = max(δk,j , ρj ), ρj satisfies for anyj0 ≥ 0,

j∏
`=j0

ρ` ≤ C
m(D(j)c)u

m(D(j0)c)u
,
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whereu < 1 can be chosen as close to 1 as we want and tanh1j/4 ≤ δj , where1j is the

diameter ofLk
8C

j

N (a, b, c, d) in C
j−1
N (a, b, c, d).

Now, letC = ⋂
j C

j
N (a, b, c, d). Provideda, b, c andd are large enough,h belongs to

C. Then the results of §1.2 give for anyf ∈ C that

θC0
N(a,b,c,d)(L

kj
8 f, h) ≤

( j−1∏
`=1

δ`

)
1j.

(S-Exp1) gives that(
∏j−1

`=1 δ`)1j goes to 0 whenj goes to infinity. Using‖ · ‖e,0 and
∫

as
adapted norm and homogeneous form, we obtain Proposition 3.1 and Theorem 1.4.

Let us begin the proof of Proposition 3.1 with the following simple property of the
setsD(j).

LEMMA 3.2. Since6 has no big branches at infinity, for any` ∈ N we have

σ−kD(` − 1) ⊂ D(`).

Moreover,u` := m(D(`) \ σ−kD(` − 1)) ≤ m(D(`)) − m(D(` − 1)).

Proof. The fact that6 is without big branches at infinity directly leads toσ−kD(` − 1) ⊂
D(`). Let us prove the second assertion of the lemma. We haveu` = m(D(`)) −
m(σ−kD(` − 1)) = m(D(`)) − (1 − m(σ−kD(` − 1)c)) and

m(σ−kD(` − 1)c)) =
∫

1D(`−1)c ◦ σk dm

=
∫

D(`−1)c
L

k
81dm.

(S-Exp1) impliesLk
81(x) ≤ 1 onD(` − 1)c ⊂ []0, N[]c, so that

m(σ−kD(` − 1)c)) ≤ m(D(` − 1)c).

This leads tou` ≤ m(D(`)) − m(D(` − 1)). 2

3.1. Contraction of the cone. We are going to prove that for anyγ < 1 and
N, k, a, b, c, s, t well chosen,Lk

8C
j
N(a, b, c, d) ⊂ C

j−1
N (γ a, γ b, δjc, δj d) and the

diameter ofLk
8C

j
N(a, b, c, d) in C

j−1
N (a, b, c, d) is bounded by 2 log[(1 + δj )/(1 − δj )],

whereδj = max[δk,j , ρj ] with

ρj = m(D(j)c) + (c/d)m(D(j) \ σ−kD(j − 1))

m(D(j − 1)c)
,

ρj < 1 provided 0< c/d < 1.
Let us fixα < 1 < α′, 0 < γ < 1, γ ′ < γ , 0 < u < 1. The parametersa, b, c, d, s, t

andk are chosen in the following way:
(1) a > α′(1 + α/2α′)γ −1;
(2) k0 is such that∀k > k0, Mrk < γ ′;
(3) c ≥ Ma + 1;
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(4) b > Rc/(γ − γ ′);
(5) D1 < α/6bα′;
(6) d > c/(1 − u);
(7) let t0 be such that for allt > t0 we haveD2 < α/(24α′c). Let N ≥ n1 andt ≤ N be

such thatt > t0 and

D2 ≤ 2
N∑

n=t

m([n]) and D3 :=
∞∑

n=N

m([n]) ≤ α

6α′d
; (3.3)

(8) k1 is such that (2.2) is satisfied forPs,t andk1 verifies (S-Exp1);
(9) k ≥ max(k0, k1).

Let f ∈ C
j

N(a, b, c, d) andP ⊂ D(j − 1); Lemma 3.2 implies thatσ−kP ⊂ D(j). Let
us remark that, by choice (7) above,

m(σ−kP ∩ P2 ∩ D(j))

µ(P )m(P2 ∩ D(j))
= m(σ−kP ∩ P2)

µ(P )m(P2)

m(P2)

m(P2 ∩ D(j))
≤ 2

m(σ−kP ∩ P2)

µ(P )m(P2)
.

Using this and following the proof of Lemma 2.3, we obtain (using (2.2) and the definition
of the cone)

1

µ(P)

∫
P

L
k
8f dm =

∑
P ′⊂D(j)

1

µ(P)

∫
σ−kP∩P ′

f dm + 1

µ(P)

∫
σ−kP∩P2∩D(j)

f dm

≤ α′
∫

D(j)

f dm + α′[D1b + 4D2c]
∫

f dm

but, ∫
D(j)

f dm =
∫

6

f dm −
∫

D(j)c
f dm ≤ [1 + dD3]

∫
f dm

thus,
1

µ(P)

∫
P

L
k
8f dm ≤ α′[1 + D1b + 4D2c + dD3]

∫
f dm.

Using the fact that∫
D(j)

f dm =
∫

6

f dm −
∫

D(j)c
f dm ≥ [1 − dD3]

∫
f dm,

we obtain

1

µ(P)

∫
P

L
k
8f dm ≥ [α − α′(D1b + 4D2c + dD3)]

∫
f dm

which leads, by the choices (5), (6) and (7) above, to

α/2
∫

f dm ≤ 1

µ(P)

∫
P

L
k
8f dm ≤ α′(1 + α/(2α′))

∫
f dm.

Moreover, since6 is without big branches at infinity, (2.7) becomes

Kj−1(L
k
8f ) ≤ MrkKj (f ) + R sup

D(j)

|f |,
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and, for anyf ∈ C
j
N(a, b, c, d) andx ∈ D(j), we have (as in Lemma 2.1)

min[−c,Ma − bD1]
∫

f dm ≤ f (x) ≤ max[c,Ma + bD1]
∫

f dm.

This givesKj−1(L
k
8f ) ≤ ∫

f dm [bMrk + R max(c,Ma + bD1)] so, by choices (3) and
(5) above,

Kj−1(L
k
8f ) ≤ γ b

∫
f dm if b >

cR

γ − γ ′ .

Forx ∈ P2 ∩ D(j − 1), as for (2.9), (S-Exp1) gives

|Lk
8f (x)| ≤ δj,kc

∫
f dm.

It remains to worry about the last condition in the definition of the cone.∣∣∣∣ ∫
D(j−1)c

L
k
8f dm

∣∣∣∣ =
∣∣∣∣ ∫

σ−kD(j−1)c
f dm

∣∣∣∣ ≤
∣∣∣∣ ∫

D(j)c
f dm

∣∣∣∣ +
∣∣∣∣ ∫

D(j)\−k
s D(j−1)

f dm

∣∣∣∣
≤ dm(D(j)c)

∫
f + cm(D(j) \ σ−kD(j − 1))

∫
f dm

≤ dm(D(j − 1)c)ρj

∫
f dm using Lemma 3.2,

where we have used the fact that ifx belongs toD(j) \ σ−kD(j − 1) then

min[−c,Ma − bD1]
∫

D(j)

f dm ≤ f (x) ≤
∫

D(j)

f dm max[c,Ma + bD1].

This gives ∫
D(j−1)

L
k
8f dm =

∫
D(j)

f dm[1 ± c m(D(j) \ σ−kD(j − 1))]

(we have chosenbD1 < 1 andc ≥ aM + 1).
So we haveLk

8C
j
N (a, b, c, d) ⊂ C

j−1
N (γ a, γ b, δjc, δjd). It remains to estimate the

projective diameter.

LEMMA 3.3. The projective diameter1j of Lk
8C

j

N(a, b, c, d) in C
j−1
N (a, b, c, d) is

bounded by2 log[(1 + δj )/(1 − δj )] and forf andg in C
j
N(a, b, c, d),

θj−1(L
k
8f,Lk

8g) ≤ δj θj (f, g),

whereθj denotes the projective metric of the coneC
j
N(a, b, c, d).

Proof. Following the proof of Lemma 2.4, we obtain

1j ≤ 2 log max

(
1 + δj

1 − δj

,
2α′ + α

α
,

1 + γ

1 − γ

)
since limδj = 1 (see Remark 3.1); we may assume that

1 + δj

1 − δj

≥ 2α′ + α

α
and

1 + δj

1 − δj

≥ 1 + γ

1 − γ
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so we have

1j ≤ 2 log
1 + δj

1 − δj

and tanh
1j

4
≤ tanh

[
2 log

1 + δj

1 − δj

]
= δj .

Let f andg belong toCj
N(a, b, c, d). Theorem 1.6 and the estimate of1j imply

θ
C

j−1
N (a,b,c,d)

(Lk
8f,Lk

8g) ≤ δj θC
j
N(a,b,c,d)

(f, g). 2

Finally, let us remark that

ρj = m(D(j)c) + (c/d)m(D(j) \ σ−kD(j − 1))

m(D(j − 1)c)

≤ m(D(j)c) + (1 − u)[m(D(j) − m(D(j − 1)))]
m(D(j − 1)c)

≤
(

m(D(j)c)

m(D(j − 1)c)

)u′

,

for j large enough, ifm(D(j)c)/m(D(j − 1)c) goes to 1 whenj goes to infinity and
0 < u′ < u.

3.2. Estimate of the decay of correlations.In this section, we conclude the proof of
Proposition 3.1 and we show how (3.1) can be used to estimate the speed of convergence
of Ln

8 to the spectral projection on compact sets and the decay of correlations. Let

C = ⋂
j>0 C

j
N(a, b, c, d). The coneC is non-empty, indeed we have the following result.

LEMMA 3.4. If a, b andc are large enough, then for anyf ∈ L, there existsR(f ) ≥ 0
such thatf + R(f )h ∈ C, moreoverR(f ) ≤ Ct‖f ‖.

Proof. It suffices thatR(f ) satisfy:

• R(f ) ≥ M supf − a
∫

f

a − M suph
;

• R(f ) ≥ K(f ) − b
∫

f

b − K(h)
;

• R(f ) ≥ supP2
f − c

∫
f

c − supP2
h

;

• R(f ) ≥ sup|f | − d
∫

f dm

d − suph
.

The parametersa, b, c andd are chosen in order to ensure that the four denominators are
strictly positive. 2

In what follows,a, b, c, d are large enough to guarantee that Lemma 3.4 is satisfied. In
particular,h belongs toC.

Letf ∈ C andj ∈ N; f belongs toCj

N(a, b, c, d) andLk`
8 f belongs toCj−`

N (a, b, c, d)

for ` = 0, . . . , j .

θC0
N
(L

kj
8 f, h) ≤ δ1θC1

N
(L

k(j−1)
8 f, h)

. . . ≤ 1j

j−1∏
`=1

δ`.
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The norm‖ · ‖e,0 defined by (3.2) andρ(f ) = ∫
6 f dm are adapted toC0

N , moreover the
norm‖ · ‖e,0 is greater than‖ · ‖N , so forf ∈ C,∥∥∥∥Lkj

8 f − h

∫
6

f dm

∥∥∥∥
N

≤ 1j

j−1∏
`=1

δ` exp

(
1j

j−1∏
`=1

δ`

) ∫
6

f dm.

If p = kj + r, ∥∥∥∥Lp
8f − h

∫
6

f

∥∥∥∥
N

≤ ‖Lr
8‖‖Lkj

8 f − h

∫
6

f ‖N

≤ M

∥∥∥∥Lkj
8 f − h

∫
6

f

∥∥∥∥
N

. (3.4)

Remark 3.2.1j

∏j−1
`=1 δ` exp(1j

∏j−1
`=1 δ`) depends onN andk, (S-Exp1) implies that for

fixedN andk this expression goes to zero whenj goes to infinity.

Lemma 3.4 and (3.4) imply forf ∈ L,∥∥∥∥Lkj
8 f − h

∫
f

∥∥∥∥
N

≤ Ctαj‖f ‖,

with

αj (N) = 1j

j−1∏
`=1

δ` exp

(
1j

j−1∏
`=1

δ`

)
.

This concludes the proof of Proposition 3.1. 2

Now we are going to show how (3.4) leads to the estimate of the speed of convergence
on compact sets of6 and to the decay of correlations. Letq ∈ N andf belongs toC,
so thatf belongs toCk(j+2q)

N andLk(j+q)
8 f ∈ C

kq

N . This leads to the following estimate
which will be used to bound the speed of convergence on compacts:∥∥∥∥Lk(j+q)

8 f − h

∫
f

∥∥∥∥
N+Kkq

≤ exp

[
1j+q

j−1∏
`=1

δ`+q

]
1j+q

∫
6

f dm

j−1∏
`=1

δ`+q. (3.5)

We also have (recall that the norm‖ · ‖e,q is greater than[m(D(q)c)]−1
∫
D(q)c

· dm)∣∣∣∣ 1

m(D(q)c)

[ ∫
D(q)c

L
k(j+q)
8 f −

∫
f dm

∫
D(q)c

h dm

]∣∣∣∣ (3.6)

≤ exp

[
1j+q

j−1∏
`=1

δ`+q

]
1j+q

∫
6

f dm

j−1∏
`=1

δ`+q . (3.7)

We choose a sequenceq(j) such thatq(j) −−−→
j→∞

∞ and

1j+q(j)

j−1∏
`=1

δ`+q(j) exp

(
1j+q(j)

j−1∏
`=1

δ`+q(j)

)
:= α̃j −→ 0.

For example, ifδ′
k,j ≤ (1− (N + Kkj)−1)α , since1j ≤ 2 log[(1+ δj )/(1− δj )], for any

0 < ε < ε′ < 1, we can chooseq(j) = jε, then we have,̃αj ≤ C(N, ε, ε′)(jα−ε′
)−1.
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Remark 3.3.The condition (S-Exp1) may be replaced by: there exists a sequenceq(j)

which goes to infinity withj and such that

1j+q(j)

j−1∏
`=1

δ`+q(j) −−−→
j→∞

0.

Now letx belong to some compactQ. There existsj0 such thatQ ⊂ [0, N + Kkq(j0)] ⊂
[0, N +Kkq(j)] ∀j ≥ j0, so, for anyf ∈ L, j ≥ j0 andp = k(j +q(j))+ r, Lemma 3.4
and (3.5) give ∣∣∣∣Lp

8f (x) − h(x)

∫
f dm

∣∣∣∣ ≤ Ct α̃j‖f ‖.

This can be written as ∥∥∥∥Lp
8f − h

∫
f dm

∥∥∥∥
Q

≤ C(j0)α̃j‖f ‖, (3.8)

whereC(j0) goes to infinity withj0:

C(j0) = sup
k(j+q(j))≤p<k(j+1+q(j+1))

j≤j0

‖Lp
8f − h

∫
f dm‖Q

α̃j‖f ‖ ≤ Ct sup
j≤j0

1

α̃j

.

Let us also remark that ifq(j) = o(j) then, forp ∈ N, the integerj which verifies
k(j + q(j)) ≤ p < k(j + 1 + q(j + 1)) has the same order asp/k.

Finally, the decay of correlations is obtained in the same way. Letf be such thatf h ∈ L

andg ∈ L∞(m); using (3.5) and (3.7) we obtain

|µ(g ◦ σpf ) − µ(g)µ(f )| ≤
∣∣∣∣ ∫[0,N+Kkq(j)]

[
L

p
8(f h) − h

∫
f h dm

]
g dm

∣∣∣∣
+

∣∣∣∣ ∫[0,N+Kkq(j)]c
g

[
L

p
8(f h) − h

∫
f h dm

]
dm

∣∣∣∣
≤ Ct α̃j [‖f ‖‖g‖1 + m([0, N + Kkq(j)]c)]‖f ‖‖g‖∞
≤ Ct α̃j‖f ‖‖g‖∞. (3.9)

This concludes the proof of Theorem 1.4. 2

4. Some examples
We will now give some examples of applications of Theorems 1.3 and 1.4. We first give
large classes of dynamics satisfying (Exp1) and (S-Exp1). For these dynamics, it will be
sufficient to controlL81(x) for x ∈ [n] for largen. Let us begin with a sufficient condition
for φ to satisfy (K). We will say that8 has small contribution at infinity if

∃n0 such that∀n > n0, (L81)n = sup
x∈[n]

L81(x) ≤ 1. (H)

LEMMA 4.1. If 8 satisfies(SA) and(H), then it satisfies(K).
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Proof. Recall that we have the bounded distortion forL8: for x and y in the same
1-cylinder andk ∈ N, we haveLk

81(x) ≤ eCd(x,y)L
k
81(y). If x belongs to[n], by

integrating on the cylinder[n], we obtain

L
k
81(x) ≤ R

1

m([n])
∫

[n]
L

k
81dm

≤ R

m([n])
∫

6

L
k
81dm = R

m([n]) (becausem is conformal)

for some constantR > 0. Letn0 be given by (H),n ≤ n0 andk ∈ N. Then

sup
x∈[n]

L
k
81(x) ≤ R max

p≤n0

1

m([p]) := M ′.

Let us note thatMk = sup6 L
k
81. If n > n0, we have, for anyx ∈ [n], L81(x) ≤ 1 and

L
k+1
8 1(x) ≤ L81(x) sup

6

L
k
81 ≤ sup

6

L
k
81 ≤ maxMk,

so we obtainMk+1 ≤ max(M ′,Mk) and by inductionMk ≤ max(M ′, 1). This proves that
8 satisfies (K). 2

We will now prove Theorem 1.5. Recall the definitions ofno jumps to infinity, bounded
jumps, (Exp2) and (S-Exp2) given in §1.1.

Example 4.1. Dynamics without jumps to infinity satisfying (Exp1).If 6 has no jumps to
infinity and if 8 verifies (SA) and

∃n0 such that∀n > n0, (L81)n ≤ ρ < 1, (Exp2)

then8 verifies (Exp1).

Indeed, (Exp2) implies (H) which implies (K) by Lemma 4.1. So, there existsM > 0
such that for anyn ∈ N, ‖Ln

81‖∞ ≤ M. If 6 has no jumps to infinity and8 satisfies
(Exp2) then, by induction, we may show

∀p ≥ 1,∀n > n0 + (p − 1)K, sup
x∈[n]

L
p
81(x) ≤ ρp.

Let us fixk1 ∈ N andn1 = n0 + (k − 1)K. If k ≥ k1 andn ≥ n1 then

sup
x∈[n]

L
k
81(x) ≤ sup(Lk−k1

8 1) sup
x∈[n]

L
k1
8 1(x) ≤ Mρk1.

Then, it suffices to chosek1 such thatMρk1 ≤ β < 1.

Example 4.2. Dynamics satisfying (S-Exp1).If 6 is aperiodic and has bounded jumps, if
8 verifies (SA) and the following two properties:
(1) ∃n0 such that∀n > n0, ∀x ∈ [n], L81(x) ≤ (1 − 1/n)α, α > 0; (S-Exp2)
(2) the invariant densityh goes to zero at infinity (that is, if supx∈[n] h(x) := hn thenhn

goes to zero whenn goes to infinity),
then8 verifies (S-Exp1).
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First of all, let us remark that (S-Exp2) implies (H) which implies (K). Now, if6 has
bounded jumps and8 verifies (S-Exp2) then, by induction, we have for anyk ≥ 1 and
n > n0 + (k − 1)K,

sup
x∈[n]

L
k
81(x) ≤

k−1∏
j=0

(
1 − 1

n + Kj

)α

. (4.1)

The following lemma gives an estimate ofLk
81(x) for x ∈ [n] andN ≤ n ≤ N + (k−1)K

providedN andk are large enough.

LEMMA 4.2. For any(1
2)α < η < 1, there existsn1 ≥ n0 such that for anyN ≥ n1 there

existsk1 such that fork ≥ k1,

sup
N≤n<N+(k−1)K

sup
x∈[n]

L
k
81(x) < η.

Proof. Let ε < 1 such that 2ε < η. Let:

(1) N0 ≥ n0 be such thatn ≥ N0, hn ≤ ε andn1 = max(N0+K,n0), let us fixN ≥ n1;
(2) k0 be such that∀k ≥ k0, Lk

81(x) ≤ h(x) + ε, for x ∈ [n], n ≤ N†;
(3) k′ > k0 be such that fork > k′,(

N + K(k + 1)

N + 2Kk

)α

< η

andk1 > k′ such thatk > k1,

uk′
(

N + (k′ + 1)K

N + (k − 2)K

)α

< η,

whereuk is defined by

uk = sup{Lk
81(x) | x ∈ [n], N ≤ n < N + K(k − 1)}.

Let k > k1, N ≥ n1 andx ∈ [n] with N ≤ n < N + kK. If x ′ is the preimage ofx by σ ,
thenx ′ ∈ [n′] with N0 < N − K ≤ n′ < N + (k + 1)K,

L
k+1
8 1(x) =

∑
σx ′=x

g0(x
′)Lk

81(x ′)

=
∑

N0<n′≤N

g0(x
′)Lk

81(x ′)︸ ︷︷ ︸
[1]

+
∑

N<n<N+(k−1)K

g0(x
′)Lk

81(x ′)︸ ︷︷ ︸
[2]

+
∑

N+(k−1)K≤n′<N+(k+1)K

g0(x
′)Lk

81(x ′)︸ ︷︷ ︸
[3]

.

† Since6 has bounded jumps, the set[]0, N [] is compact. So Theorem 1.1 implies that such an integerk0 exists.
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The choices ofN0 andk give

[1] ≤
∑

N0<n′≤N

g0(x
′)[ε + h(x ′)] (by choice (2),k ≥ k0),

[2] ≤ uk

∑
N<n′<N+(k−1)K

g0(x
′),

[3] ≤
∑

N+(k−1)K≤n′<N+(k+1)K

g0(x
′)

k−1∏
j=0

(
1 − 1

n′ + Kj

)α

(by (4.1))

≤
k−1∏
j=0

(
1 − 1

N + K(j + k + 1)

)α ∑
N+(k−1)K≤n′<N+(k+1)K

g0(x
′).

So, fork > k′,

L
k+1
8 1(x) ≤ max

[
ε + sup

N0<n′≤N

hn′ , uk,

k−1∏
j=0

(
1 − 1

N + K(j + k + 1)

)α]
L81(x)

≤ max

[
2ε, uk,

(
N + K(k + 1)

N + 2Kk

)α](
1 − 1

N + kK

)α

≤ max[uk, η]
(

1 − 1

N + kK

)α

,

and finally by induction,

uk ≤ max

[
uk′

k−2∏
`=k′+1

(
1 − 1

N + `K

)α

, η

](
1 − 1

N + (k − 1)K

)α

≤ η. 2

So, if 1/2α < η < 1 is fixed, we have: for allN ≥ n1, there existsk1 such that for
k ≥ k1,

δk,j = sup{Lk
81(x) | x ∈ [n], N ≤ n ≤ N + kKj }

≤ max
[

sup
N≤n≤N+kK

L
k
81(x) x ∈ [n], sup

N+kK≤n≤N+kKj

L
k
81(x)x ∈ [n]

]
≤ max

[
η,

k−1∏
i=0

(
1 − 1

N + K(kj + i)

)α]
(using (4.1));

this is sufficient to obtain (S-Exp1). This concludes the proof of Theorem 1.5. 2

To finish, we give some explicit estimates on the decay of correlations for some maps
of the interval which are conjugated to birth-and-death process.

4.1. Uniformly expanding maps of the interval: birth-and-death-like maps.We are
going to adapt our methods to some uniformly expanding maps of the interval which do
not satisfy the ‘big branches property’ [25] nor the ‘covering’ property of [20] and some
non-uniformly expanding maps.

In what follows,I is the interval[0, 1] andλ is the Lebesgue measure onI . For a given
partitionI = (In)n∈N (mod 0) ofI in open subintervals,B is the Banach space of functions
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onI which are Lipschitz on eachIn with uniformly bounded Lipschitz constant. LetK(f )

be the sup of the Lipschitz constants forf ∈ B. Forf ∈ B, let‖f ‖ = max(‖f ‖∞,K(f )),
‖ · ‖ is a norm onB which turns it into a Banach space. IfT : I → I is C1 and injective
on eachIn, then the Lebesgue measure is conformal for the transfer operator associated
to the potential−logT ′. We will denote this transfer operator byL. We assume thatT
verifies the Markov property: for anyn ∈ N, T In is a union (mod 0) of elements ofI and
that the partitionI generates the borelian sigma-field underT . Such systems are always
conjugated to some sub-shift of finite type. We will say thatT is expanding ifT ′(x) > 1
for any x ∈ ⋃

n In and thatT is uniformly expanding if there existsD > 1 such that
T ′(x) ≥ D for any x ∈ ⋃

n In. If T is uniformly expanding thenB injects naturally
in L and we may work on the symbolic dynamic as well as on the interval. But, since
we also wish to consider non-uniformly expanding maps, it is preferable to work directly
on I . The techniques that we have developed in §§2 and 3 are directly applicable to the
uniformly expanding case and are applicable with some modifications to the non-uniformly
expanding case. In the interval maps setting, thek-cylinders correspond to subintervals of
I of the form

⋂k−1
i=0 T −i Ini . We will treat the following example.

Example 4.3.Let T : I → I be defined in the following way.T is C2, monotone and
increasing on eachIn, it may be continued to a continuous function on the closure ofIn

and there exists some integerK such that

T In =
⋃

n−K≤p≤n+K

Ip

(with the convention thatIn = ∅ if n < 0). Moreover,T is uniformly expanding and there
existsR > 0 such thatT ′′(x) ≤ R for anyx ∈ ⋃

In.

These dynamics are aperiodic and with bounded jumps. We will denote by

ρn = λn∑n+K
p=n−K λp

with λn = λ(In).

Let us remark that

ρ−1
n = λ−1

n

∫
In

T ′ dλ.

LEMMA 4.3. If the sequence(λn)n∈N satisfies one of the two following properties:
(1) limn→∞ λn+1/λn < 1 (in this case, we would say that the sequenceλn is of

exponential type);
(2) λn+1/λn is increasing to1 for n ≥ n0, andλn = o(n−2);
thenL satisfies(H).

Proof. We have for anyx andy in In,

|T ′(x) − T ′(y)| ≤ sup
z∈In

T ′′(z)|x − y|.

By integrating onIn, we obtain

−Rλ(In) + 1

ρn

≤ T ′(x) ≤ Rλ(In) + 1

ρn

. (4.2)
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Let us assume that limn→∞ λn+1/λn = θ < 1. This implies thatρn goes toθK/(1 + · · ·
+ θ2K) < (2K + 1)−1 and supx∈[n]L1(x) to (2K + 1)(θK/(1 + · · · + θ2K)) < 1 (using
(4.2)) so that (H) is satisfied.

Let us assume that there existsn0 such that fromn0 the sequenceλn+1/λn increases to
1. Let 0< un < 1 be such that forn ≥ n0, un+1 ≤ un, the sequenceun goes to zero and

λn+1

λn

= (1 − un).

For anyj = 1, . . . ,K andn ≥ n0 + K, there exists a sequenceun,j such thatun,j goes to
zero whenn goes to infinity, 0< un+1,j ≤ un,j and

λn+j

λn

= (1 − un,j ). (4.3)

We get for somen′
0 ≥ n0 and for anyn ≥ n′

0 + K,

ρ−1
n = (2K + 1) −

K∑
j=1

un,j +
K∑

j=1

[
un−j,j +

∞∑
i=2

(un−j,j )i
]

≥ (2K + 1). (4.4)

We remark that
∑

n un,j = ∞ for all j . Sinceλn = o(n−2), we have thatλn/u
2
n,j goes to

zero for allj . So, using (4.2), we getL1n ≤ 1 if n ≥ n0 + K and (H) is verified. 2

As we have already noticed, (H) and the fact thatλ is a conformal measure forL imply
(K). Let h be the invariant density andµ = hλ. The proof of Lemma 4.3 shows that
if (λn)n∈N is of exponential type, thenL satisfies (Exp2). SinceT has bounded jumps,
Example 4.1 proves thatL satisfies (Exp1), so that the decay of correlations is exponential
on the spaceB. Moreover, ifT is affine on eachIn then it is easy to see thatϕ defined by
ϕ(x) = λn+K + · · · + λn−K if x ∈ In is a fixed point forL (so it is the only one up to a
normalization by Theorem 1.1). Let us considerJN = ⋃

n>N+K In. We have

|µ(T −NJN ∩ I0) − µ(JN)µ(I0)| = µ(JN)µ(I0) becauseT −NJN ∩ I0 = ∅.

In particular, it is not possible to have an exponential decay of correlations of type (1.4)
if the sequenceλn is not majored by an exponential sequence. The decay of correlations
may, nevertheless, be estimated in some cases. ForP ∈ N, let ‖ · ‖P denote the uniform
norm on

⋃
j≤P Ij .

PROPOSITION4.4. If λn = Kγ nα + o(γ nα
), 1/2 < α < 1, then there exists0 < ρ < 1

and0 < u < 1 such that for anyf andg such thatf h ∈ B andg ∈ L∞, for anyP ∈ N,

|µ(fg ◦ T n) − µ(f )µ(g)| ≤ Cρnu‖f h‖‖g‖∞

and
‖Lnf − hm(f )‖P ≤ C(P)ρnu‖f ‖ for anyf ∈ B.

If α = 1/2 then there existsu > 0 such that

|µ(fg ◦ T n) − µ(f )µ(g)| ≤ C
1

nu
‖f h‖‖g‖∞;

in fact,u is as close to(2K/(2K + 1))(logγ )2α2 as we wish.
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Proof. Let us assume thatλ(In) = Kγ nα + o(γ nα
), α < 1. Using (4.3) and (4.4), we get

thatρn satisfies

ρn = 1

2K + 1
− C

n2(1−α)
+ o

(
1

n2(1−α)

)
.

for some positive constantC = α2(logγ )2/2K. So, there existsn0 such that for some
positive constantC andn ≥ n0,

ρn ≤ 1

2K + 1
− C

n2(1−α)
.

So, using (4.2), ifn ≥ n0,

sup
x∈[n]

L1(x) ≤ 1 − (2K + 1)C

n2(1−α)
:= 1 − c

n2(1−α)
.

Let β = 2(1 − α) ≤ 1 if α ≥ 1
2, which we will assume. This means thatL verifies

(S-Exp2). Moreover, forv(x) = n−α , α > 0 for x ∈ In, if Lv is the transfer operator
associated to this change of potential, the arguments of Lemma 4.3 prove thatLv satisfies
(H); this implies that the invariant densityh of L goes to zero at infinity (indeed, we have
thath/v is bounded). So Example 4.2 shows the following estimate.

LEMMA 4.5. There existsn1 such that forN ≥ n1, there existsk0 such that fork ≥ k0,

δj,k = sup
N≤n≤N+kj

L
k1n ≤

k−1∏
i=0

1 − c

(N + kj + i)β
≤

k−1∏
i=0

(
1 − 1

(N + kj + i)β

)c

.

So L satisfies (S-Exp1). Moreover, (3.8) and (3.9) give forf ∈ L, q(j) = ju,
0 < u < 1 andn = k(j + q(j)) + r, j = O(n/k), if β < 1, up to increasing slightlyβ,

‖Lnf − hm(f )‖P ≤ Ct(P,N) max

[
exp(−c(N + kj)1−β),

∑
n≥N+kj

γ nα

]
and forf such thatfh ∈ B andg ∈ L∞,

|µ(fg ◦ T n) − µ(f )µ(g)| ≤ Ct(N) max

[
exp(−c(N + kj)1−β),

∑
n≥N+kj

γ nα

]
. (4.5)

Since
∑

p≥n γ pα = O(n1−αγ nα
), we have the announced estimate forβ < 1. The same

computation also leads to the result forβ = 1. 2

Remark 4.1.When the convergence to zero ofλ(In) is slower thanγ nα
, 1

2 ≤ α < 1, for
example if it is polynomial, we have

sup
x∈[n]

L1(x) ≤
(

1 − C

nβ

)
with β > 1

providedn is large enough; this estimate is not sufficient to use the techniques of §3.
However, it might be possible to estimate the decay of correlations by improving the above
estimate for iterates ofL.
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4.2. Non-uniformly expanding maps of the interval.We conclude this article by
sketching how to estimate the decay of correlations for Gaspard–Wang type applications.
Let (In)n∈N be a partition (mod 0) ofI with λ(In) = K/(n + 1)α, K > 0, α > 1.
Let us consider the following piecewise affine application.T is increasing, affine on
eachIn, T In = In−1 for n ≥ 1 andT I0 = I . This is a linearization of smooth non-
uniformly expanding maps of the interval considered, for example, by Thaler [27], Liverani
et al [21] and introduced by Gaspard and Wang [12, 29] in order to model intermitency
phenomenons. It is well known thatT admits a unique absolutely continuous invariant
measure whose densityh verifiescn ≤ h(x) ≤ Cn if x ∈ In [16]. In particular,µ = hλ is
a finite measure if and only ifα > 2. Moreover, this measure is mixing. Let us notice that
this dynamic is without big branches at infinity and aperiodic.

If d > 0 we denote byvd : I → R
+ the locally constant function:

vd(x) = vn = nd if x ∈ In.

Let E be the space of functionsf such that

fh

vd

∈ B for anyd > 1 and sup
d>1

∥∥∥∥fh

vd

∥∥∥∥ := |||f ||| < ∞.

We are going to prove the following result.

PROPOSITION4.6. For anyε > 0, there existsC(ε) such that for allf ∈ E andg ∈ L∞,

|µ(fg ◦ T n) − µ(f )µ(g)| ≤ C(ε)|||f |||‖g‖∞
1

nα−2−ε
. (I)

Let us remark that sincecn ≤ h(x) ≤ Cn for x ∈ In, the spaceB is included inE and
for f ∈ B, we have|||f ||| ≤ Ct‖f ‖.

Remark 4.2.There exists many results on the decay of correlations for this map (linearized
or not). The oldest are from Lambertet al [16], and Mori [23]. Concerning the smooth
model, using approximation techniques, Liveraniet al [21] obtain a rate of convergence in
(logn)/nα−2 for Lipschitz functions on the intervalI ; this space is included inE. Using a
coupling method, Young [30] obtained, on the same space, a rate of convergence of order
1/nα−2; in [13] Hu proves the same result and that this result is optimal for Lipschitz
functions onI .

Proof of Proposition 4.6.The transfer operatorL8 associated to the potential8 = −logT ′
satisfies

L81n =
(

n + 1

n + 2

)α

+ λ(I0).

Sinceh is not bounded,L8 cannot verify (K). This is why we use a cohomologous
potential.

For d > 1, let Ld be the transfer operator associated to the change of potentialvd ,
Ldf = (vd)−1L8(f vd).

sup
x∈[n]

Ld1(x) =
(

n + 1

n + 2

)α−d

+ λ(I0)

nd
.
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So, if n is large enough,Ld1n ≤ 1, which means thatLd satisfies (H) so it satisfies
(K) provided that the conformal measuremd = vdλ remains finite: the potential is
constant on eachIn so it is uniformly locally Lipschitz on the partition(In)n∈N . We have
md(I) = ∑

vnλ(In), somd(I) is finite if and only ifα − d > 1; sinced > 1, we recover
the conditionα > 2 which guarantees the existence of an absolutely continuous invariant
measureµ. In what follows, we assume thatα > 2, α − d > 1 and the measuremd

is normalized (i.e.md(I) = 1). Let hd be the normalized fixed point ofLd ; we have
µ = hdmd = hλ.

Let us prove thatLd verifies (S-Exp1). Let us fix 0< η < α −d and letβ = α −d −η.

LEMMA 4.7. There existsn1 = n1(d, η) and there existsk0 such that forN ≥ n1 and
k ≥ k0,

δk,j = sup
N≤n≤N+kj

sup
x∈[n]

L
k
d1(x) ≤

k−1∏
`=0

(
1 − 1

N + kj + ` + 2

)β

.

The proof of this lemma is by induction and uses ideas close to that of Example 4.2.
So, we have,

δk,j ≤
(

1 − 1

N + k(j + 1) + 2

)βk

,

andLd satisfies (S-Exp1). We also remark thatρj ≤ ((N + kj)/(N + k(j − 1)))α−d−η

for j large enough. In order to adapt the method of §3, it suffices to estimateKj(L
k
df )

for f ∈ C
j

N(a, b, c, d). Let us noteg̃(x) = (T ′(x))−1 andg̃k(x) = ∏k−1
i=0 g̃(T ix). Forx

andy ∈ In, n ≤ N + k(j − 1) andf ∈ B, sinceT is without big branches at infinity and
affine, we obtain

|Lk
df (x) − L

k
df (y)| ≤ Kj (f )d(x, y)

∑
T kx ′=x

gk(x
′)g̃k(x

′) = Kj (f )d(x, y)Lk
d g̃k(x).

We haveg̃k ≤ 1, so that forn ≥ N ,

|Lk
df (x) − L

k
df (y)| ≤ Kj (f )d(x, y)δk,j .

Let 0 ≤ n < N . Fix ε > 0 such thatd ′ = d − ε > 1. We have thatLd ′ satisfies
(S-Exp1) and the change of potential betweenLd andLd ′ is vε. If T kx ′ = x thenx ′ ∈ [n′]
with n′ ≤ n + k. We haveg̃k(x

′) ≤ (n′/(n′ + k))α thus, using that 0≤ n < N , we have

L
k g̃k(x) ≤

∑
T kx ′=x

gk(x
′)

(
n′

n′ + k

)α

≤ (N + k)−ε
∑

T kx ′=x

gk(x
′)n′ε

= (N + k)−εnε
L

k
d ′1(x) ≤

(
N

N + k

)ε

· M (Ld ′ satisfies (K)).

So, there existsk(N) such that fork > k(N),

|Lk
df (x) − L

k
df (y)| ≤ Kj (f )d(x, y)δk,j .

Finally, for k ≥ k(N), we haveKj−1(L
k
8f ) ≤ Kj(f )δk,j . With the notation of §3, for

anyk ≥ max(k(N), k0) and 0< γ < 1,

L
k
dC

j

N (a, b, c, d) ⊂ C
j−1
N (γ a, δjb, δjc, δj d)
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and the hyperbolic diameter ofLk
dC

j
N(a, b, c, d) in C

j−1
N (γ a, δjb, δjc) is bounded above

by 2 log[(1 + δj )/(1 − δj )]. The fixed point ofLd verifieshd = h/vd . If f is such that
fhd = f h/vd ∈ B andg ∈ L∞, the estimate (3.9) gives withq(j) = ju, 0 < u < 1 and
n = k(j + q(j)) + r, j = O(n/k),

|µ(fg ◦ T n) − µ(f )µ(g)| ≤ Ct

[
log(N + k(j + q(j)))

(
N + kq(j)

N + kj

)β
] ∥∥∥∥fh

vd

∥∥∥∥ ‖g‖∞

≤ Ct(d, u)
1

(j)(1−u)β

∥∥∥∥f h

vd

∥∥∥∥ ‖g‖∞.

Let f belong toE. We fix ε > 0 and 1< d < 1 + ε. Let 0 < u = 1 − (α − 2 − ε)/(α −
d − 1) < 1; then

|µ(fg ◦ T n) − µ(f )µ(g)| ≤ Ct(ε)
1

jα−2−ε
|||f |||‖g‖∞.

Sincej = O(n/k) we deduce

|µ(fg ◦ T n) − µ(f )µ(g)| ≤ Ct(ε, k)
1

nα−2−ε
|||f |||‖g‖∞.

This concludes the proof of the proposition. 2

Remark 4.3.We can also apply the same techniques to affine non-uniformly expanding
Markovian maps of the interval with bounded jumps provided they satisfy (S-Exp2).
Moreover, the techniques may be improved to consider dynamics which do not verify the
bounded distortion property (but a bounded distortion on eachIn) and then obtain estimates
for piecewise smooth non-uniformly expanding maps.
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