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Abstract

The marked Hawkes risk process is a compound point process where the occurrence and
amplitude of past events impact the future. Since data in real life are acquired over a dis-
crete time grid, we propose a strong discrete-time approximation of the continuous-time
risk process obtained by embedding from the same Poisson measure. We then prove tra-
jectorial convergence results in both fractional Sobolev spaces and the Skorokhod space,
hence extending the theorems proven in Huang and Khabou ((2023). Stoch. Process.
Appl. 161, 201–241) and Kirchner ((2016). Stoch. Process. Appl. 126(8), 2494–2525).
We also provide upper bounds on the convergence speed with explicit dependence on
the size of the discretization step, the time horizon, and the regularity of the kernel.

Keywords: Hawkes process; Euler scheme; Sobolev space; Skorokhod space; Poisson
autoregression
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1. Introduction

Initially introduced as a model for contagious events [19], continuous-time linear Hawkes
processes found applications in many fields of study involving self-excitation or cross-
excitation, such as portfolio credit risk [13], microstructure price dynamics [31], queuing
networks [11], social media networks [32], and earthquakes [34]. The Hawkes process was
then extended to the nonlinear setting in a seminal article by Brémaud and Massoulié [6],
thus allowing a more general dependence on the past including self-inhibition, in opposition
to the mere affine dependence allowed by the linear process. This generalization comes at a
price: the nonlinear Hawkes process lacks the Galton–Watson framework, as well as closed
formulae for its expected value and covariance [20]. Nonetheless, nonlinear Hawkes processes
have found applications in fields where self-inhibition and cross-inhibition are crucial, such as
neuroscience [30]. Because of the flexibility they confer, nonlinear Hawkes processes and their
estimation recently became a popular field of research. For instance, Sulem et al. [37] provided
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The functional discrete-time approximation of marked Hawkes risk processes 1277

guaranties for the Bayesian estimation of such processes. Similarly, in the Markov setting, we
refer to [12] for the nonparametric estimation on neuronal networks.

As the amount of data involving bin counts (or count series) has been increasing, appropriate
discrete-time count models have recently become a relevant object of research. In the context
of autoregressive processes, a number of count series models have been proposed to capture
the self-exciting (or self-inhibiting) aspects of a given dynamics. One of them is the integer
autoregressive process of order p (INAR(p)) [1]. The generalization of this model to the infinity
order (INAR(∞)) has been proven to be a discrete-time version of linear Hawkes processes
(see [29] and the convergence results therein). Because of the way they are constructed, INAR
time series are linear models capable of capturing only self-excitation.

Another prominent family of count series that has been extensively studied in the litera-
ture is Poisson autoregressions [14, 35]. Statistical guaranties such as strong consistency and
asymptotic normality of maximum likelihood estimators have been proven for Poisson autore-
gressions, initially for the univariate case [15] and then generalized to the multivariate [17] and
network [2] settings.

Beyond their simpler definition, Poisson autoregressions present another advantage com-
pared with INAR series: they can be nonlinear and thus allow the modeling of self-inhibition
in counts. Such nonlinear models have been studied in [16] in the Markovian setting and have
been generalized to the case of infinite memory in [25].

The Markovian nonlinear Poisson autoregressions have been proven to be a discrete-time
version of nonlinear Hawkes processes with Erlang kernels (that is, the product of a polynomial
and an exponential) in the Skorokhod topology in [23]. This constituted a bridge between the
literature on count series and the literature on Hawkes processes in the Markovian case.

In this article, we suggest a straightforward approach based on the intuitive discretization of
a stochastic integral, further bridging the literature on Hawkes processes with the literature on
count series in the general setting. This can be used, for instance, to derive more data-oriented
estimation procedures for nonlinear Hawkes processes. The results proven in this article also
constitute a building block for quantitative Euler schemes for the simulation of state-dependent
Hawkes jump-diffusions [27].

To give an explicit illustration, we start by recalling the definition of a continuous-time
Hawkes process. Let N = (Nt)t∈[0,T] be a point process observed on a time interval [0, T] and
measurable with respect to its canonical filtration FN . Assume that N has an intensity; that is,
a predictable process measuring the propensity of N to jump in the near future, or informally

λtdt=E
[
dNt|FN

t−
]
, (1)

where dNt =Nt+dt −Nt takes the value 1 or 0, depending on the presence of a jump at time t.
Obviously, the larger λt is at a given time t, the more likely Nt is to jump, and vice versa.

We say that N is a Hawkes process of kernel h and jump rate ψ if the intensity takes the
form

λt =ψ
(
μ+

∫ t−

0
h(t− s)dNs

)
, t ∈ [0, T], (2)

where the integral is taken in the Stieltjes sense. We take ψ to be a positive Lipschitz function
and h to be integrable. Up to some standard stability hypothesis that will be stated in the next
section, it is possible to build the Hawkes process on R+ and show that, like for the Poisson
process, the random variable NT is of order O(T) on average.

In this article, we work with a discrete-time model entirely based on the Riemann sum
approximation of the integral (2). Indeed, given a discretization time step �> 0, the infinites-
imal increment dNt can be seen as the number of events observed in the ‘small’ time interval
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1278 M. KHABOU AND L. COUTIN

(n�, (n+ 1)�], where n= � t
�
�. Giving a discrete approximation of N is then equivalent to

giving a sequence of bin counts (X0, X1, . . . , XM), where M = � T
�
�. Knowing all of the past

count values, we simulate the count series Xn according to a Poisson distribution of parameter
� · l�n , where the expression for the (discrete) intensity is

l�n =ψ
(

n−1∑
k=1

h (� · (n− k)) Xk

)
,

ensuring that it is predictable with respect to the filtration (σ (X0, . . . , Xk)k∈N). We point out
that given l�n , Xn is independent of (X0, . . . , Xn−1).

The choice of the Poisson distribution P(� · l�n ) guarantees that � · l�n =
E[Xn|X0, . . . , Xn−1] (which is the discrete equivalent of (1)) and is preferred to the
more trivial choice of the uniform distribution U (� · l�n ) used in [36] for the following
reasons:

(i) A priori, we do not have a guarantee that � · l�n < 1.

(ii) Even for reasonably small time steps�, we can always expect to see two or more events
in a given time bin, especially if events are clustered due to self-excitation.

We then embed the discrete-time process back into the continuous-time setting by means
of càdlàg (right continuous with left limits) embedding, thus obtaining a new process N�

defined as

N�t =
�t/��∑
k=0

Xk.

Since the new process has a discontinuous trajectory, the uniform distance fails to capture its
proximity to the original process N, as two very similar trajectories will have a large distance
in the uniform metric as soon as they have one discontinuity that does not occur at the exact
same time. This is why we provide approximation results in two different spaces that are more
adapted to càdlàg processes: the fractional Sobolev space and the Skorokhod space, both of
which are defined in Section 3.

To the best of our knowledge, this is the first work that provides strong approximation
results for Hawkes processes, the other two studies [23, 29] proving weak convergence in
the Skorokhod metric. Furthermore, the bounds are provided in this article with explicit
dependence on the time step � and the time horizon T , making them useful for numerical
applications. We also point out that unlike [23], in which Markov process techniques are used,
we prove convergence results for any kernel of finite p-variation and not only of the Erlang
type. Moreover, since we use Poisson autoregressions instead of INAR time series as used in
[29], we give convergence results that work for nonlinear Hawkes processes.

It is also worthwhile highlighting that our framework is different from the classical approx-
imation results of Poisson jump-diffusions, because interarrival times cannot be explicitly
simulated for Hawkes processes (unless the process is linear with an exponential kernel [10]).

This article is organized as follows: In Section 2 we give the rigorous definitions of the
continuous-time and discrete-time Hawkes processes, as results of thinning from the same
underlying Poisson randomness. In Section 3, explicit bounds on the Sobolev and Skorokhod
distances between the continuous-time Hawkes process and its discrete-time approximation are
given. Our findings are summarized in Section 4. Appendix A contains the different proofs, and
Appendix B contains the technical lemmata.
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2. Definitions

In the two following subsections, we define the compound marked Hawkes process, both
in continuous time and in discrete time using the Poisson embedding idea from [6]. The main
source of randomness for these two processes is a tridimensional Poisson measure P that takes
values in the configuration space

� :=
{
ω=

n∑
i=1

δ(τ ′i ,θi,yi), 0< τ ′1 < · · ·< τ ′n, (θi, yi) ∈R+ ×R and n ∈N∪ {+∞}
}

.

Given a nonnegative Borel measure ν on R such that ν(R)= 1, we take P to be the probability
measure under which the point measure P defined as

P ((0, t], (0, θ ], (−∞, y]) (ω)=ω ((0, t], (0, θ ], (−∞, y]), (t, θ, y) ∈R2+ ×R,

is a Poisson measure with intensity dt× dθ × ν(dy). We also let

Ft = σ (P(T × S), T ⊂B((0, t]) and S ∈B(R+ ×R)),

be the filtration associated with P. Throughout this article, the conditional expectation knowing
Ft is denoted by Et.

2.1. The continuous-time setting

For a fixed T > 0, let h be a function in L1([0, T]). Let ψ be a positive L-Lipschitz function
on R and b be a positive Borel function on R. We now state the stability assumption on the
aforementioned elements.

Assumption 1. We have

ρh := L‖h‖1E[b(Y)]< 1,

where Y is a random variable of distribution ν and ‖h‖1 =
∫ T

0 |h(t)|dt. We also assume that ν
has a finite first moment; that is, E[|Y|]<+∞.

We now give the definition of the marked compound Hawkes process (or risk) as a result of
thinning from the underlying tridimensional Poisson measure P. The procedure is now standard
(see, for example, [6] or [33]) and gives the Hawkes process as the unique pathwise solution
of a stochastic differential equation (SDE) as examined in more detail in [21].

Definition 1. Let P be a tridimensional Poisson measure on R
2+ ×R of intensity dt× dθ ×

ν(dy). Fix the time horizon T > 0 and let h ∈ L1([0, T]), ψ : R→R+ L-Lipschitz, and b : R→
R+ such that Assumption 1 is in force. The SDE on [0,T]⎧⎨

⎩
Rt =

∫
(0,t]×R+×R y1θ≤λs P(ds, dθ, dy),

λt =ψ
(∫

[0,t)×R+×R h(t− s)1θ≤λsb(y)P(ds, dθ, dy)
) (3)

has a unique pathwise solution (R, λ) such that R is F measurable and λ ∈ L1(dP× dt) is F
predictable.

We say that R is a marked Hawkes risk of kernel h, jump rate ψ , and claim size
distribution ν. We call λ the intensity of R, and b the marks the modulation function.

https://doi.org/10.1017/apr.2025.10049 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2025.10049


1280 M. KHABOU AND L. COUTIN

Furthermore, we define the marked simple Hawkes process N as

Nt :=
∫

(0,t]×R+×R
1θ≤λs P(ds, dθ, dy), t ∈ [0, T],

and the auxiliary process as

ξt :=
∫

(0,t]×R+×R
b(y)1θ≤λs P(ds, dθ, dy).

Proof. The proof is an adaptation of a classical contraction argument to the L1 setting,
following the proof of Theorem 1.2 in [18].

First, we start by mentioning that the system (3) is triangular. Therefore, once λ is con-
structed, R is simply obtained by thinning from the underlying Poisson measure P. We thus
focus on the construction of the intensity λ.

Let f be the function that maps a predictable, integrable process on [0, T] of finite
expectation to the integrable predictable process κ := f (λ) defined by

κt =ψ
(∫

[0,t)×R+×R
h(t− s)1θ≤λs b(y)P(ds, dθ, dy)

)
.

Given two predictable processes λ and λ′ and their images κ and κ ′, we have

E

[∫ T

0

∣∣κ ′t − κt
∣∣ dt

]
≤ LE

[∫ T

0

∣∣∣∣
∫

[0,t)×R+×R
h(t− s)(1θ≤λ′s − 1θ≤λs )b(y)P(ds, dθ, dy)

∣∣∣∣ dt

]

≤ LE

[∫ T

0

∫
[0,t)×R+×R

|h(t− s)| ∣∣1θ≤λ′s − 1θ≤λs

∣∣ b(y)P(ds, dθ, dy)dt

]
,

and using the fact that λ and λ′ are predictable, we have

E

[∫ T

0

∣∣κ ′t − κt
∣∣ dt

]
≤ LE

[∫ T

0

∫
[0,t)
|h(t− s)| ∣∣λ′s − λs

∣∣E[b(Y)]dsdt

]

= LE[b(Y)]E

[∫ T

0

∫ T

s
|h(t− s)| ∣∣λ′s − λs

∣∣ dtds

]

= LE[b(Y)]E

[∫ T

0

∣∣λ′s − λs
∣∣ ∫ T

s
|h(t− s)|dtds

]

≤ LE[b(Y)]‖h‖1E
[∫ T

0

∣∣λ′s − λs
∣∣ dt

]
.

By introducing the norm

‖X‖ =E

[∫ T

0
|Xt|dt

]
,

we can write the last inequality in the form

‖f (λ′)− f (λ)‖ ≤ LE[b(Y)]‖h‖1‖λ′ − λ‖,
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where LE[b(Y)]‖h‖1 < 1 thanks to Assumption 1. Using the Banach fixed-point theorem, we
conclude that f has a unique fixed point λ. �
Remark 1. The assumption that b is positive is superfluous from a mathematical point of view
and can be omitted (up to the introduction of absolute values). However, we chose to keep it
here because we want the excitation/inhibition to be determined by the sign of the kernel h,
assuming that ψ is monotonous.

If ψ(x)=μ+ x, x ∈R+ for a positive constant μ under the constraint h≥ 0, we say that the
Hawkes process/risk is linear. In this particular case, the Hawkes dynamics have a branching
process representation. Although the first two moments of the process are explicitly known
(up to the computation of an infinite sum of convolutions of h; see [3, 21]), linear Hawkes
processes do not allow for self-inhibition.

The marked Hawkes risk can also be defined in a more elementary (yet informal) way
without explicit use of the thinning procedure. Let N be a simple point process on [0, T]
and (Yk)k∈N be a family of independent and identically distributed (i.i.d) random variables of
common distribution ν. Note that we do not assume the variables (Yk)k∈N and the process N to
be independent. N is said to be a marked simple Hawkes process if its intensity λ follows the
dynamics

λt =ψ
(∑
τi<t

h(t− τi)b(Yi)

)
,

where (τi)i∈N are the arrival times of the points of N. Note that the intensity can also be
expressed in the integral form

λt =ψ
(∫ t−

0
h(t− s)dξs

)
,

where ξ is the auxiliary process ξt =∑Nt
k=1 b(Yk), t ∈ [0, T]. The risk process is simply the

aggregation of all the marks

Rt =
Nt∑

k=1

Yk, t ∈ [0, T].

The marked Hawkes process is useful in modeling phenomena where the intensity is impacted
not only by the realization of an event τi but also by its ‘severity’ Yi. For instance, the choice
b(y)= 1y≥a means that only claims of a size larger than a given threshold a have an impact
on the intensity. Karabash and Zhu [24] provided limit theorems for a general class of marked
Hawkes processes, albeit in the linear setting.

This constitutes a generalization of the compound Hawkes process usually studied in the
literature (see [13, 26, 28]) where the marks Y do not impact the intensity.

If the modulation function b is chosen to be equal to the constant 1, we can retrieve the

usual unmarked intensity λt =ψ
(∫ t−

0 h(t− s)dNs

)
. Similarly, the choice Y ≡ 1 ensures that

R≡N; hence we will focus exclusively on R.
The goal is to suggest an intuitive discretization scheme on [0, T] and to obtain a bound on

the distance between this scheme and the continuous-time process in a convenient functional
space.
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2.2. The discrete-time setting

Throughout this article, the bounded interval [0, T] is discretized into M ∈N∗ equidis-
tant intervals (ti, ti+1] of length �, where �= T/M. For a given t ∈ [0, T], we define (t)� =
�t/��� to be its projection on the time grid. We also define nt = �t/��.

For a k≤M, we set hk = h(k�). We omit the dependence on � to avoid cumbersome nota-
tion. Before defining the discrete-time marked Hawkes risk, we give the following stability
assumption.

Assumption 2. Assume that

ρh,� := L
M∑

k=1

|hk|�E[b(Y)]< 1,

where L is the Lipschitz coefficient of ψ and Y is a random variable of distribution ν. We also
assume that ν has a finite first moment; that is, E[|Y|]<+∞.

Just like the continuous-time case, we build the discrete-time marked Hawkes risk using the
same tridimensional Poisson measure P.

Definition 2. Let P be a tridimensional Poisson measure on R
2+ ×R of intensity dt× dθ ×

ν(dy). Fix the time horizon T > 0 and let h ∈ L1([0, T]), ψ : R→R+ L-Lipschitz, and b : R→
R+ such that Assumption 2 is in force. Fix M ∈N and let �= T/M.

Define the measurable (with respect to the filtration (Fn�)n=0,...,M) sequence (X�k )k=0,...,M

and the predictable sequence (l�k )k=0,...,M recursively:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

X�0 = 0, l�0 = l�1 =ψ(0), D�0 = 0,

X�n = ∫
((n−1)�,n�]×R+×R b(y)1θ≤l�n

P(ds, dθ, dy),

l�n =ψ
(∑n−1

k=1 hn−kX�k

)
,

D�n = ∫
((n−1)�,n�]×R+×R 1θ≤l�n

P(ds, dθ, dy),

for n≥ 1. (4)

The discrete-time Hawkes risk R� and intensity λ� are the càdlàg piecewise constant processes
defined as ⎧⎨

⎩
λ�t = λ�(t)� = l�nt

,

R�t = R�(t)� =
∑nt

k=1

∫
((k−1)�,k�]×R+×R y1θ≤λ�k�P(ds, dθ, dy).

Furthermore, the discrete-time auxiliary process can be defined as

ξ�t = ξ�(t)� =
nt∑

k=1

Xk,

and the discrete Hawkes process can be defined as

N�t =N�(t)� =
nt∑

k=1

Dk.

Note that despite their names, the discrete-time processes defined above are continuous-
time embeddings of the times series l� and X�; however, their values are allowed to change
exclusively on the points of the discretization grid.
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Algorithm 1 Nonlinear Poisson autoregression with general kernel.

Require: (X�k )k∈{1,...,n}, (R�k�)k∈{1,...,n}
S← 0
for i= 1, . . . , n do

S← S+ hn+1−iX�i
end for
l�n+1←ψ (S) �The stochastic intensity built from previous counts
D�n+1←P

(
� · l�n+1

)
Sample Yn+1

1 , . . . , Yn+1
D�n+1
∼ ν i.i.d.

X�n+1← 0

R�(n+1)�← R�n�
for i= 1, . . . ,D�n+1 do

X�n+1← X�n+1 + b
(

Yn+1
i

)
R�(n+1)�← R�(n+1)� + Yn+1

i
end for
return (X�k )k∈{1,...,n+1}, (R�k�)k∈{1,...,n+1}

2.3. Simulation of nonlinear Poisson autoregressions

For simulation purposes, it is possible to build the sequences X� and l� without simulat-
ing the underlying Poisson measure P. This is based on the following observation: knowing
X�1 , . . . , X�n (and thus l�n+1 according to (4)), the variable

X�n+1 =
∫

(n�,(n+1)�]×R+×R
b(y)1θ≤l�n+1

P(ds, dθ, dy)

is a compound Poisson variable; that is,

X�n+1 =
D�n+1∑
k=1

b(Yn+1
k ),

where D�n+1|(X�1 , . . . , X�n )∼P(� · l�n+1) and Yn+1
1 , . . . , Yn+1

D�n+1
are i.i.d variables of distribu-

tion ν and independent of D�n+1.
Algorithm 1 yields the simulation of (X�n+1, R�(n+1)�) given (X�k , R�k�)k=1,...,n.

Intuitively, the variable X�n+1 =
∑D�n+1

k=1 b(Yn+1
k ) is the discrete equivalent of the increment

dξt given in Definition 1. This is why we see R� as a good approximation of R, which is what
we will prove in the rest of this article.

We conclude this subsection by discussing the numerical cost of simulating the discrete-
time process. Generally, the computation of the recursion (4) is of order O(M2). This cost can
be reduced in two cases:

(i) If the kernel is an Erlang function, that is, h(t)=Q(t)e−βt, where β > 0 and Q is a
polynomial of degree q, then the intensity is a Markov chain (up to the introduction of
auxiliary processes; see [23]) and the computation cost is of order O(qM).
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FIGURE 1. Top: Discrete Poisson process of a constant deterministic intensity. Because of the inde-
pendence, some nonzero counts are close to other nonzero counts. Bottom: Self-inhibiting Poisson
autoregression. The realization of a nonzero count decreases the likelihood of observing counts in the
near future.

(ii) If the kernel h is of compact support S, that is, h(t)= 0 for any t≥ S, then the cost is of
order O(rM), where r= S/�.

As an illustration, we simulate a nonlinear self-inhibiting Poisson autoregression (see
Figure 1). For simplicity, we let ν(dy)= δ1(dy). In this case, X�n =D�n for all n≥ 0. We choose
the kernel to be

h(t)=− 1

1+ t2
,

and the jump rate ψ(x)= (1+ x)+. We also simulate a discrete Poisson process of constant
discrete intensity � (see Figure 1).

Remark 2. We seek to approximate h by a piecewise constant function. We choose to approx-
imate h on [tk, tk+1[ by h(tk). We can also approximate h on [tk, tk+1[ by �−1

∫
(tk,tk+1] h(s)ds.

This latter choice is more convenient from the mathematical point of view. Nevertheless, the
exact computation of the coefficients (�−1

∫
(tk,tk+1] h(s)ds)k can be cumbersome for general

kernel h.

Before we show that R� converges to R as the time step � goes to zero, we discuss the
choice of the spaces in which the convergence occurs.

2.4. Discussion of functional spaces

The quality of the strong approximation of continuous stochastic processes (Zt)t∈[0,T] (and,
in particular, diffusion SDEs) is evaluated by controlling the average uniform error

E

[
sup

0≤t≤T
|Zt − Z�t |

]
.
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While the supremum norm is adapted to processes that have continuous trajectories, it can
also be extended to jump-diffusion SDEs driven by a homogeneous Poisson process [7]. This
is the case because the arrival times of a Poisson process (τi) are explicitly known and can
be simulated exactly (unlike for general Hawkes processes), therefore rendering the problem
equivalent to approximating a diffusion on (τi, τi+1].

The supremum norm, however, should not be used to evaluate the proximity of càdlàg
trajectories.

By construction, the Hawkes process and the discrete Hawkes process are càdlàg piece-
wise constant functions. The Hawkes process jump times are contained in the set of the jump
times of the underlying Poisson random measure. On the other hand, the jumps of the discrete
Hawkes process are contained in {tk, k= 1, ...,N}, the set of the points of the subdivision.
Thus, almost surely sups∈[0,T] |Ns −N�s |≥1 on a set with non-null probability. The processes
(N�)�∈(0,1) will not converge to N in the uniform norm on compact sets of R+ almost surely.
This leads us to compute the distance between the Hawkes process and the discrete Hawkes
process in D([0, T],R) equipped with the Skorokhod metric

dS(f , g)= inf
μ∈�

{
sup

0≤t≤T
|t−μ(t)| ∨ sup

0≤t≤T
|f (t)− g(μ(t))|

}
, (5)

where � is the set of strictly increasing continuous functions from [0, T] to itself such that
μ(0)= 0 and μ(T)= T . Note that since this distance allows some flexibility in the time at
which the jump occurs (the role of the time changeμ), the problem that occurs with the uniform
distance disappears.

By working in D([0, T],R), we do not pay attention to the properties or the potential reg-
ularity of the paths of the processes. As increasing processes, the sample path of the Hawkes
process and the discrete Hawkes process belong to a set of functions with finite bounded
variation starting from 0 endowed with the distance

dFV,T (f , g)= sup
(si)

∑
i

|f (si)− g(si)|,

where the supremum runs over all finite partitions (si) of [0, T]. It should be noticed that
sups∈[0,T] |f (s)− g(s)| ≤ dFV,T (f , g) if f (0)= g(0)= 0. Thus, N� will not converge to N when
� converges to 0 for the dFV,T distance.

As pointed out in [8] or [9], fractional Sobolev spaces provide a good framework for
the study of the rate of convergence of càdlàg piecewise constant processes. According to
Definition 2.1 in [4], for p≥ 1 and 0<η< 1

Wη,p
T = {u ∈ Lp([0, T]),

u(s)− u(t)

(t− s)η+
1
p

∈ Lp([0, T]2)}. (6)

They are Banach spaces endowed with the norm ‖ · ‖Wη,p
T

, where

‖u‖p
Wη,p

T
:=

∫ T

0
|u(s)|pds+

∫ ∫
[0,T]2

|u(s)− u(t)|p
(t− s)ηp+1

dsdt.

The classical Sobolev space is W1,1([0, T])= {u ∈ L1([0, T]), u(·)= u(0)+∫ ·
0 u′(s)ds with u′ ∈ L1([0, T])} with ‖u‖W1,1([0,T]) =

∫ T
0 [|u(s)| + |u′(s)|]ds. For p= 1,
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fractional Sobolev spaces are interpolated spaces between L1([0, T]) and the classical Sobolev
space:

L1([0, T])⊂Wη,1
T ⊂W1,1([0, T]) for all η ∈ (0, 1]

with continuous injections; see [4] for more details. One can go further. The sample paths of
R− R� are not absolutely continuous with respect to the Lebesgue measure, but they can be
seen as fractional integral in the following senses. Since R− R� is a linear combination of indi-
cator functions, according to Example 4.1 in [4], there exists a process g� with sample paths
in L1([0, T]) almost surely such that R− R� = Iη0+(g�). Here, for u ∈ L1([0, T]), the Liouville

fractional of u of order η is defined by Iη0+(u)(t)= 1
�(η)

∫ t
0 (t− s)η−1u(s)ds, t ∈ [0, T]. The

Riemann–Liouville space

Iη0+(L1([0, T]))= {u= Iη0+(u′), u′ ∈ L1([0, T])}
endowed with

‖u‖RL,η,T = ‖u′‖L1([0,T])

is a Banach space. According to Theorem 4.1 in [4], since R− R� is piecewise constant,
limη→1 ‖R− R�‖RL,η,T = dFV,T (R, R�). Moreover, according to Theorem 3.2 in [4], for
η′, η ∈ (0, 1) η > η′,

Wη,1
T ∩ Iη

′
0+(L1([0, T]))⊂Wη′,1

T ,

with a continuous injection. Thus, we compute the distance between the Hawkes process and
the discrete Hawkes process in Wη,1([0, T]) for all 0<η< 1 and in Riemann–Liouville frac-
tional Sobolev spaces. See [4] for some definitions. We expect that the rate of convergence in
Wη,1

T will vanish when η goes to 1.

3. Main Results

In this section, we show the strong convergence of the discrete-time Hawkes risk process
to the continuous-time counterpart and give convergence rates both in the time step � and in
the time horizon T . In this section K is a constant that may depend on L, ν, h, and b but is
independent of T and �. We emphasize that while K is finite, if the stability assumption given
by Assumption 1 holds, it can diverge to infinity as ρh approaches 1.

We also emphasize that our continuous-time and discrete-time processes are thinned from
the same Poisson measure P. As an illustration, Figure 2 shows both processes and their
underlying common randomness for two values of the time step �.

3.1. Preliminary results

First, we give a regularity result on the limit process; that is, the continuous-time process.
This is motivated by the fact that if λ is too irregular, a piecewise approximation of it would
accept (or miss) many points that are not accepted (or are rejected) in the continuous-time
process.

Lemma 1. Let h, ψ , and b be three functions satisfying Assumption 1. There exists a constant
K such that for any v ∈ [0, T] we have

E
[|λv − λ(v)� |

]≤K

(∫ �

0
|h(y)|dy+ sup

ε∈[0,�]

∫ T−�

0
|h(y+ ε)− h(y)| dy

)
.
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(a) (b)

FIGURE 2. A realization of the discrete-time and continuous-time intensities as thinning from the same
underlying Poisson measure P. The jump rate ψ(x)= (1+ x)+ and the kernel function h(t)= 0.6·cos (t)

1+t2
.

(a) When the discretization step � is relatively large, the discrete intensity is more susceptible to miss
points that are accepted by the continuous-time trajectory; (b) As the discretization step � becomes
smaller, the two trajectories become closer and tend to accept the exact same points.

Proof. For v= T, λv − λ(v)� = 0; thus we choose v ∈ [0, T). Since ψ is L-Lipschitz and
using a linear change of variables, we have

E
[|λv − λ(v)� |

]
≤ LE

[∣∣∣∣∣
∫ v

0
h(v− s)dξs −

∫ (v)�

0
h((v)� − s)dξs

∣∣∣∣∣
]

≤ L

(
E

[∣∣∣∣
∫ v

(v)�
h(v− s)dξs

∣∣∣∣
]
+E

[∣∣∣∣∣
∫ (v)�

0
h(v− s)− h((v)� − s)dξs

∣∣∣∣∣
])

≤ L

(∫ v

(v)�
|h(v− s)|E[b(Y)]E [λs] ds+

∫ (v)�

0
|h(v− s)− h((v)� − s)|E[b(Y)]E[λs]ds

)
,

because dE[ξs]=E[b(Y)]E[λs]ds. Using the bound on the expected value proved in Lemma 5,
we have

E
[|λv − λ(v)� |

]≤ E[b(Y)]Lψ(0)

1−E[b(Y)]L‖h‖1

(∫ �

0
|h(y)|dy+

∫ (v)�

0
|h(y+ v− (v)�)− h(y)| dy

)
,

and the result follows immediately. �
This lemma shows that the kernel’s regularity in the sense of the shift operator in the L1

norm yields the intensity’s regularity.
Since the risk process is the result of accepting the points of the underlying Poisson measure

under the intensity’s curve, the approximation of the intensity is an important step in proving
the convergence of R� to R. We now give the first bound on the distance between intensities
on the points of the discretization grid.

The following constants will be useful for the sequel.
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Definition 3. We recall that ρh = L‖h‖1E[b(Y)] and ρh,� = L
∑M

k=1 |hk|�E[b(Y)]. We set

CS(h, �)= 1

(1− ρh)
+ 1

(1− ρh,�)
,

CR(h, �)=
∫ �

0
|h(y)|dy+ sup

ε∈[0,�]

∫ T−�

0
|h(y+ ε)− h(y)|dy+

∫ T−�

0
|h(y)− h((y)� +�)|dy.

The constant CS(h, �) is related to the stability assumptions given by Assumptions 1 and 2,
while the constant CR(h, �) depends on the regularity of the kernel.

Lemma 2. Let λ (or λ�) be the intensities defined by thinning from the Poisson measure P in
Definition 1 (or Definition 2). Assume that Assumptions 1 and 2 hold. There exists a constant
K such that for all u ∈ [0, T] we have

E
[∣∣λ(u)� − λ�u

∣∣]≤KCR(h, �)CS(h, �). (7)

The proof of this Lemma is given in Appendix A.
Before proving the convergence of the discrete-time Hawkes risk, we point out that if

h satisfies Assumption 1 and is sufficiently regular, that is, it satisfies Assumption 3, then
Assumption 2 becomes superfluous.

Assumption 3.

lim
�→0

∫ T−�

0
|h(t)− h((t)� +�)|dt= 0.

Lemma 3. If Assumptions 1 and 3 are satisfied by a kernel h, then for any ε > 0 small enough,
there exists a threshold �1 > 0 such that

1

1− ρh,�
≤ 1

1− ρh
+ ε

for any �≤�1. In particular, if there exists �0 > 0, Assumption 2 is verified by h for any
�≤�0.

Proof. For a given kernel h ∈ L1([0, T]) we have

�

M−1∑
i=1

|h(i�)| ≤
M−1∑
i=1

�

∣∣∣∣h(i�)−�−1
∫ i�

(i−1)�
h(s)ds

∣∣∣∣+ M−1∑
i=1

∣∣∣∣
∫ i�

(i−1)�
h(s)ds

∣∣∣∣
≤

M−1∑
i=1

∫ i�

(i−1)�
|h(i�)− h(s)|ds+

∫ T

0
|h(s)|ds

=
∫ T−�

0
|h(s)− h((s)� +�)|ds+ ‖h‖1. (8)

Since the first time on the right-hand side of the last inequality tends to zero, we conclude that
Assumption 2 is satisfied below a certain threshold �1 > 0. �

To conclude this subsection, we comment on the role of the stability assumption given
by Assumption 1. First, we point out that in the linear setting (that is, ψ(x)=μ+ x for
some μ> 0), the violation of that assumption means that E [λt] diverges. In particular, if
h(t)= αe−βt with α > β, then E[λt]∼Ce(α−β)t; see [13]. We expect that the bounds proven in
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(b)(a)

FIGURE 3. A realization of the discrete-time and continuous-time intensities as thinning from the same
underlying Poisson measure P. The jump rate ψ(x)= 1+ x and the kernel function h(t)= 1.01e−t. This
figure should be contrasted with Figure 2. (a) When the discretization step� is relatively large, instability
means that the continuous-time intensity and its discrete-time approximation diverge greatly; (b) As the
discretization step � becomes smaller, the two trajectories become closer, at least for short times. As
time increases, this becomes less true as instability amplifies small differences.

Lemma 1 no longer hold uniformly in time, but instead hold with a factor ecT for some c> 0,
where T is the time horizon. Such results can be proven with use of the Grönwall lemma, but
this is beyond the scope of this article.

As an illustration, we simulate a slightly unstable linear Hawkes process with an exponential
kernel (not marked) and its discrete-time approximation in Figure 3.

With these results stated, we are now ready to give the first approximation result for the risk
process. We will skip the dependence on CS(h, �) in the convergence results.

3.2. Convergence in the fractional Sobolev space

The goal of this subsection is to give a bound on the distance between the risk process on
the compact interval [0, T] and its discrete counterpart in the fractional Sobolev space defined

in (6). Recall that for η ∈ (0, 1), Wη,q
T :=

{
u ∈ Lq([0, T]):‖u‖Wη,q

T
<+∞

}
. Here we restrict

ourselves to q= 1 and omit it from the notation. We also recall the fractional integral. For
u ∈ L1([0, T]) and 0<η< 1,

Iη0+(u)(t)= 1

�(η)

∫ t

0
(t− s)η−1u(s)ds, t ∈ [0, T],

and the Riemann-Liouville space

Iη0+(L1([0, T]))= {u ∈ L1([0, T]) | there exists v ∈ L1([0, T]), u= Iη0+(v)}.

Proposition 1. Let T > 0. Let (h, ψ, ν, b) fulfill Assumption 1. Let R (or R�) be the continuous-
time (or discrete-time) risk process. We have

(Rt)t∈[0,T] ∈Wη
T ∩ Iη0+(L1([0, T])) and (R�t )t∈[0,T] ∈Wη

T ∩ Iη0+(L1([0, T]))

almost surely.
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FIGURE 4. A Monte Carlo approximation of E
[|NT −N�T |

]
for T = 5 (blue), and the least-squares linear

approximation (orange), with the equation being y= 8.4 ·�1.1.

Proof. Note that Rt =∑Nt
k=1 Yk and R�t =

∑N�t
k=1 Yk for all t ∈ [0, T]. Moreover, N and N�

are counting processes with finite expectation. Indeed,

E[NT ]+E[N�T ]=
∫ T

0

(
E[λs]+E[λ�s ]

)
ds<∞,

according to Lemmas 5 and 4. Thus, the processes R and R� are linear combination of
indicators of finite subinterval of the form [a, T] with a> 0 of [0, T] which belongs to
Wη

T ∩ Iη0+(L1([0, T])) according to Example 4.1 in [4]. �
We now give a bound on the difference between the aggregate risk observed for the

continuous-time risk process and its discrete-time counterpart, which will be crucial in proving
convergence in the fractional Sobolev space.

Proposition 2. Let T >�> 0. Let (h, ψ, ν, b) fulfill Assumptions 1 and 2. Let R (or R�) be
a continuous-time (or discrete-time) Hawkes risk process, defined by thinning from the same
underlying Poisson measure P.

There exists a constant K such that for all 0≤ s≤ t≤ T

E
[|(Rt − Rs)− (R�t − R�s )|]≤K (CR(h, �) [(t)� − (s)�]+�),

where CR(h, �) is given in Definition 3.

The proof of this proposition is given in Appendix A. Before we move to strong functional
convergence results, we give in Figure 4 a numerical illustration of Proposition 2 for the simple

Hawkes process of kernel h(t)= 0.6·cos (t)
1+t2

.
We are now ready to give the first general strong convergence result for the discrete-time

Hawkes risk processes.
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Theorem 1. Let T > 0. Let (h, ψ, ν, b) fulfill Assumptions 1 and 2. Let R (or R�) be a
continuous-time (or discrete-time) Hawkes risk process. We have

E

[
‖R− R�‖Wη

T

]
≤K

[
T2CR(h, �)+ T�1−η],

where CR(h, �) is defined in Definition 3 and K is a positive multiplicative constant depending
on η that does not depend on T or �.

Remark 3. The rate of convergence depends on the functional space in which we are envision-
ing the processes under study. The rate of convergence in � decreases with the parameter η
and vanishes when η goes to 1.

The strong approximation result in Theorem 1 is not useful for numerical approximations,
because the dependence of CR(h, �) on � is not explicit a priori. It turns out that if the kernel
is of finite p-variations, we can give the order of convergence in �.

For p≥ 1, the p-variation of a function f :[0, T]→R is defined as

‖f‖p-var :=
⎛
⎝sup

D

∑
ti∈D
|f (ti+1)− f (ti)|p

⎞
⎠1/p

,

where D is the set of finite subdivisions of [0, T].
The set of functions of finite p-variation contains piecewise Hölder functions of a Hölder

index p−1 ∈ (0, 1]. As we will see in Corollary 1, these functions are regular enough to have
more explicit rates of convergence. Using Lemma 9, we derive Corollary 1.

Corollary 1. Let T > 0 and p≥ 1 and assume that Assumption 1 holds. Moreover, assume that
the kernel h is of a finite p-variation ‖h‖p-var. Then, for � small enough, Assumption 3 is
fulfilled and

CR(h, �)≤K
[
‖h‖p-varT

p−1
p �

1
p +�‖h‖∞

]
.

Moreover,

E
[‖R− R�‖Wη

T

]≤Kη
[
‖h‖p-varT

3p−1
p �

1
p + T�1−η +�‖h‖∞

]
for some positive constant Kη that does not depend on T or �.

Remark 4. The parameter p measures the regularity of the kernel h. The rate of convergence
in � is a decreasing function of p, and in T is an increasing function of p.

We now turn to the proof of Theorem 1.

Proof. First, we recall the result of Proposition 2:

E
[|(Rt − Rs)− (R�t − R�s )|]≤K [CR(h, �) ((t)� − (s)�)+�].

The norm of the difference between the continuous-time risk process and its discrete-time
counterpart in the fractional Sobolev space is written as

E
[‖R− R�‖Wη

T

]= ∫ T

0
E
[|Rt − R�t |

]
dt+

∫ T

0

∫ T

0

E
[|(Rt − Rs)− (R�t − R�s )|]

|t− s|1+η dtds.
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We bound each of the three terms individually. We start with the second term. Thanks to the
symmetry of the integrals with respect to s and t,∫ T

0

∫ T

0

E
[|(Rt − Rs)− (R�t − R�s )|]

|t− s|1+η dtds

=
M∑

i,j=1

∫ i�∧T

(i−1)�

∫ j�∧T

(j−1)�

E
[|(Rt − Rs)− (R�t − R�s )|]

|t− s|1+η dtds

=
M∑

i=1

∫ i�∧T

(i−1)�

∫ i�∧T

(i−1)�

E
[|(Rt − Rs)− (R�t − R�s )|]

|t− s|1+η dtds

+ 2
M−1∑
i=1

∫ i�

(i−1)�

∫ (i+1)�∧T

i�

E
[|(Rt − Rs)− (R�t − R�s )|]

|t− s|1+η dtds

+ 2
M−2∑
i=1

M∑
j=i+2

∫ i�

(i−1)�

∫ j�∧T

(j−1)�

E
[|(Rt − Rs)− (R�t − R�s )|]

|t− s|1+η dtds.

For the first term, since s and t are in the same interval [(i− 1)�, i�), we have R�t − R�s = 0.
Moreover,

E [|Rt − Rs|]≤E

⎡
⎣ Nt∑

i=Ns+1

|Yi|
⎤
⎦=E[|Y|]E[Nt −Ns]=K

∫ t

s
E[λu]du.

Using Lemma 5 and the fact that ρh < 1, we have

E [|Rt − Rs|]≤ K(t− s)

1− ρh

≤K(t− s).

Therefore,

M∑
i=1

∫ i�∧T

(i−1)�

∫ i�∧T

(i−1)�

E
[|(Rt − Rs)− (R�t − R�s )|]

|t− s|1+η dtds=
M∑

i=1

∫ i�∧T

(i−1)�

∫ i�∧T

(i−1)�

E [|Rt − Rs|]
|t− s|1+η dtds

≤K
M∑

i=1

∫ i�∧T

(i−1)�

∫ i�∧T

(i−1)�

|t− s|
|t− s|1+η dtds

≤K
M∑

i=1

∫ i�∧T

(i−1)�∧T

∫ t

(i−1)�

ds

(t− s)η
dt

≤K
M∑

i=1

∫ i�∧T

(i−1)�
(t− (i− 1)�)1−η dt

≤KηT�1−η.
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When s and t are in adjacent bins, R�t − R�s =
∑D�nt

k=1 Yj in distribution, where
D�nt
= ∫

((nt−1)�,nt�]×R+×R 1θ≤λ�u P(du, dθ, dy). Thus,

M−1∑
i=1

∫ i�

(i−1)�

∫ (i+1)�∧T

i�

E
[|(Rt − Rs)− (R�t − R�s )|]

|t− s|1+η dtds

=
M−1∑
i=1

∫ i�

(i−1)�

∫ (i+1)�∧T

i�

E

[∣∣∣∣Rt − Rs −∑D�nt−1
j=1 Yj

∣∣∣∣
]

|t− s|1+η dtds

≤
M−1∑
i=1

∫ i�

(i−1)�

∫ (i+1)�∧T

i�

E [|Rt − Rs|]+E[|Y|]E [
D�nt

]
|t− s|1+η dtds.

And since E
[
D�nt

]= ∫ nt�

(nt−1)� E
[
λ�u

]
du, we bound λ�u using Lemma 4 and the definition of

CS(h, �) given in Definition 3:

M−1∑
i=1

∫ i�

(i−1)�

∫ (i+1)�∧T

i�

E
[|(Rt − Rs)− (R�t − R�s )|]

|t− s|1+η dtds

≤K
M−1∑
i=1

∫ i�

(i−1)�

∫ (i+1)�∧T

i�

1

(t− s)η
+ �

(t− s)1+η dtds

≤K
M−1∑
i=1

∫ i�

(i−1)�

(
((i+ 1)�− s)1−η − (i�− s)1−η

−�((i+ 1)�− s)−η +�(i�− s)−η
)

ds

=K
M−1∑
i=1

∫ �

0
(x+�)1−η − x1−η −�(x+�)−η +�x−ηdx

≤K
M−1∑
i=1

�2−η

≤KηT�1−η.

We now treat the third-case scenario, when s and t are separated by more than one bin. Keeping
in mind that �< t− s implies ((t)� − (s)�)≤ (t− s+�)≤ 2(t− s) and using the result of
Proposition 2 and Remark 3, we have

M−2∑
i=1

M∑
j=i+2

∫ i�

(i−1)�

∫ j�∧T

(j−1)�

E
[|(Rt − Rs)− (R�t − R�s )|]

E|Y1||t− s|1+η dtds

≤K
M−2∑
i=1

M∑
j=i+2

∫ i�

(i−1)�

∫ j�∧T

(j−1)�

CR(h, �)(t− s)+�
|t− s|1+η dtds
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≤K
M−2∑
i=1

∫ i�

(i−1)�

∫ T

(i+1)�

CR(h, �)(t− s)+�
|t− s|1+η dtds

≤K
M−2∑
i=1

∫ i�

(i−1)�
CR(h, �)(t− s)1−η +�((i+ 1)�− s)−ηds

≤Kη
[
CR(h, �)T2−η + T�1−η].

For the first term, using the fact that t� ≤ t, we have∫ T

0
E
[|Rt − R�t |

]
dt≤K

∫ T

0
(CR(h, �)t� +�)dt

≤K
∫ T

0
(CR(�)t+�)dt

≤K
[
CR(�)T2 +�T

]
.

�
This yields the first explicit speed of convergence of the discrete-time marked Hawkes risk

for a rich family of kernels. We point out that convergence rates can also be obtained for
different kernels that do not lie in the set of functions with finite p-variations. A particularly
interesting example is the Hawkes process driven by the kernel

h(t)= C√
t
1t∈(0,T],

where C> 0 is a constant that ensures that Assumption 1 is in force.
Since this kernel is not of finite p-variation, it should be verified that Assumption 2 holds.

This is possible because the sum of the inverses of the square root can be bounded by the
integral of 1√

x
. Once this is done, we can apply Theorem 1. Using the fact that h is decreasing

on (0, T], we can bound the modulus of continuity of the shift operator in an elementary
fashion: ∫ T−�

0
|h(y+ ε)− h(y)|dy=

∫ T−�

0
h(y)− h(y+ ε)dy

=
∫ T−�

0
h(y)dy−

∫ T−�

0
h(y+ ε)dy

=O(�
1
2 ).

Hence,

E

[
‖R� − R‖Wη

T

]
≤K(T�

1
2 + T�1−η).

This rate is slower than the rate of convergence for Hawkes risks whose kernels are of bounded
variations K(T2�+ T�1−η), which is natural because of the singularity of the inverse square
root near zero.

We now prove the convergence in the space of càdlàg functions equipped with the
Skorokhod metric for a class of Hawkes processes.

https://doi.org/10.1017/apr.2025.10049 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2025.10049


The functional discrete-time approximation of marked Hawkes risk processes 1295

3.3 Convergence in the Skorokhod space

We start this section by recalling the definition of the Skorokhod space. We call D([0, T],R)
the space of right continuous functions, with left limit (càdlàg). The canonical metric over this
space is the Skorokhod metric defined by (5). The fact that this distance allows for small
uncertainties in time, unlike the uniform distance, ensures that it is well adapted for Hawkes
risk processes whether in continuous time or in discrete time. The different properties of the
Skorokhod space can be found in [5]. Let � denote the class of strictly increasing continuous
mapping of |0, T] into itself such that λ(0)= 0, λ(T)= T . For x and y in D([0, T]),

dS(x, y)= inf
λ∈� {‖λ− Id‖∞ ∨ ‖x− yλ‖∞} ,

where Id is the identity map from [0, T].
Since the jump times of the continuous-time Hawkes risk R occur almost surely out-

side the time grid σ = (k�)k=1,...,M , the projection (AσR)t∈[0,T] := (R(t)� )t∈[0,T] represents an
intermediate process between R and R�; hence,

dS(R, R�)≤ dS(R, AσR)+ dS(AσR, R�).

The first term on the left-hand side simply evaluates the distance between the path of R and its
projection on the grid, and is bounded (see [5], Lemma 3, p. 127) by

dS(R, AσR)≤�∨ω′R(�),

where ω′R(�) is the � modulus of continuity for the càdlàg process

ω′X(�)= inf
�-sparse

max
1≤i≤M

sup
u,v∈[ti−1,ti)

|Xu − Xv|,

the infimum being taken on the set of all partitions {ti} of [0, T] such that min ti − ti−1 >�.
Therefore, the Skorokhod distance between the continuous-time Hawkes risk and its discrete-
time counterpart is controlled by

dS(R, R�)≤�+ω′R(�)+ dS(AσR, R�).

It is then enough to control the regularity of R (using (ω′R(�)) and its distance from R� on
the points of the grid (dS(AσR, R�)). Indeed, noticing that both AσR and R� are constant on
[k�, (k+ 1)�) for k= 1, . . . ,M, we immediately see that

dS(AσR, R�)≤ ‖AσR− R�‖∞
= max

k=1,...,M
|Rk� − R�k�|,

yielding
dS(R, R�)≤�+ω′R(�)+ max

k=1,...,M
|Rk� − R�k�|. (9)

Before giving an upper bound on the distance between the two processes evaluated on the
points of the grid, we remind the reader that F is the filtration associated with the common
underlying Poisson measure P.

Proposition 3. Assume that Assumptions 1 and 3 or Assumptions 1 and 2 are in force. Assume
also that ν has a finite second moment. Let

�k := Rk� −E[Y]
∫ k�

0
λsds
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and

��k := R�k� −E[Y]
k∑

i=1

λ�i��.

Then (�k)k=0,...,M and (��k )k=0,...,M are (Fk�)k=1,...,M-martingales. Moreover,

E

[
max

k=1,...,M
|�k −��k |

]
≤K

√
TCR(h, �),

where K is a positive multiplicative constant that does not depend on T or � and CR(h, �) is
defined in Definition 3.

The proof of this Proposition can be found in Appendix A.
We finally give an upper bound on the Skorokhod distance between the continuous-time

Hawkes risk and its discrete-time counterpart in the case that the jump rate ψ is bounded.

Theorem 2. Suppose that Assumptions 1 and 3 or Assumptions 1 and 2 are in force. Assume
furthermore that ψ is bounded and that ν has a finite second moment.There exists a positive
constant K that does not depend on T and � such that

E
[
dS(R, R�)

]≤K
(
�

(
1+ ‖ψ‖∞[1+ ‖ψ‖2∞T2]

)
+√

TCR(h, �)+ TCR(h, �)
)

.

Moreover, if h is of finite p-variations for p≥ 1, then Assumption 3 automatically holds and

E
[
dS

(
R, R�

)]≤K�
(

1+ ‖ψ‖∞
(

1+ T2‖ψ‖2∞
))

+K

(√
‖h‖p-varT

2p−1
p �

1
p + T�‖h‖∞ + ‖h‖p-varT

2p−1
p �

1
p + T�‖h‖∞

)
.

Proof. Taking the expected value of the inequality (9), we have

E
[
dS

(
R, R�

)]≤�+E[ω′R(�)]+E

[
max

k=1,...,M
|Rk� − R�k�|

]

≤�+E[ω′R(�)]+E

[
max

k=1,...,M
|�k −��k |

]

+E

[
max

k=1,...,M

∣∣∣∣∣
∫ k�

0
λsds−

k∑
i=1

λ�i��

∣∣∣∣∣
]

=�+ A1 + A2 + A3.

The difference between the values for the discrete-time and continuous-time processes has
been separated into a martingale part and a compensator part.

The martingale term A2 has already been dealt with in Proposition 3. For A3, we simply
write
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∣∣∣∣∣
∫ k�

0
λsds−

k∑
i=1

λ�i��

∣∣∣∣∣=
∣∣∣∣∣

k∑
i=1

∫ i�

(i−1)�
λs − λ�i�ds

∣∣∣∣∣
≤

M∑
i=1

∫ i�

(i−1)�
|λs − λ�i�|ds.

Taking the expectation of each term of the previous inequality and using the inequality (7), we
obtain

A3 ≤KTCR(h, �).

The last term is A1. Since the jump rate is bounded by ‖ψ‖∞, the compound Poisson
process

�t =
∫

(0,t]×R+×R
|y|1θ≤‖ψ‖∞P(ds, dθ, dy)

dominates the process R. That is, for any 0≤ a≤ b≤ T , �b −�a ≥ |Rb − Ra| . The problem
now is to determine the behavior of the modulus of continuity of a compound Poisson process
of intensity ‖ψ‖∞, which is solved in Lemma 8. �

The case of a bounded jump rate is quite restrictive; for instance, the results of Theorem 2
cannot be applied to the standard linear Hawkes process. We therefore give a generalization to
unbounded jump rates in the following theorem.

Theorem 3. Suppose that Assumptions 1 and 3 or Assumptions 1 and 2 are in force. Assume
that h is bounded and that ν has a finite second moment. There exists a positive constant K that
does not depend on T and � such that

E
[
dS

(
R, R�

)]≤K
(
�

1
4

(
1+ T2

)
+√

TCR(h, �)+ TCR(h, �)
)

.

Moreover, if h is of finite p-variations for p≥ 1, then Assumption 3 automatically holds and

E
[
dS(R, R�)

]≤K
(
�

1
4

(
1+ T2

)
+ T�

)

+K

(√
‖h‖p-varT

2p−1
p �

1
p + T�‖h‖∞ + ‖h‖p-varT

2p−1
p �

1
p + T�‖h‖∞

)
.

Proof. Let C a positive real number to be fixed later and let ψC =ψ ∧C. We also denote
by λC, NC, RC the intensity, Hawkes process and risk process, and by λC,�, NC,�, RC,�

the discrete intensity, Hawkes process and risk process associated with ψC. On the event �C =
{ω, supt≤T λt ≤C}, the process

(
λC

t ,NC
t , RC

t , t ∈ [0, T]
)

and (λt,Nt, Rt, t ∈ [0, T]) coincide,

and on the event �C,� =
{
ω, supt≤T λ

�
t ≤C

}
, the processes

(
λ

C,�
t ,NC,�

t , RC,�
t , t ∈ [0, T]

)
and

(
λ�t ,N�t , R�t , t ∈ [0, T]

)
coincide.

On the event � \ (�C ∩ �C,�
)
, we estimate

dS
(
R, R�

)≤ sup
s≤T
|Rs| + sup

s≤T
|R�s | ≤

NT∑
k=1

|Yk| +
N�T∑
k=1

|Yk|.
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Thus,

E
[
dS

(
R, R�

)]=E
[
dS

(
R, R�

)
1�C∩�C,�

]+E

[
dS

(
R, R�

) (
1�c

C∪�c
C,�

)]
≤E

[
dS

(
RC, RC,�

)]
+E

[
dS

(
R, R�

) (
1�c

C
+ 1�c

C,�

)]
.

Using Cauchy-Schwarz and Markov inequalities, we obtain

E
[
dS
(
R, R�

)]

≤E

[
dS
(
RC, RC,�)]+

√√√√√√4E

⎛
⎜⎝
[

NT∑
k=1

|Yk|
]2

+
⎡
⎣ N�T∑

k=1

|Yk|
⎤
⎦

2⎞⎟⎠(
P
(
�c

C

)+ P

(
�c

C,�

))

≤E

[
dS
(
RC, RC,�)]+ 2

C

√√√√√√E

⎛
⎜⎝
[

NT∑
k=1

|Yk|
]2

+
⎡
⎣ N�T∑

k=1

|Yk|
⎤
⎦

2⎞⎟⎠E

(
sup
s≤T

λ2
s + sup

s≤T
(λ�s )2

)
.

We now bound each term under the square root.
First, since Nt =

∫
(0,t]×R+×R 1θ≤λs P(ds, dθ, dy),

E[N2
T ]≤ 2

∫ T

0
E[λs]ds+ 2E

[∫ T

0
λsds

]2

≤ 2T sup
s≤T

E[λs]+ 2T2 sup
s≤T

E[λ2
s ].

According to Lemmas 5 and 7,

E[N2
T ]≤K

(
1+ T2). (10)

Second, since N�t =
∫

(0,t]×R+×R 1θ≤λ�s P(ds, dθ, dy),

E[
(
N�T

)2]≤ 2
∫ T

0
E[λ�s ]ds+ 2E

[∫ T

0
λ�s ds

]2

≤ 2T sup
s≤T

E[λ�s ]+ 2T2 sup
s≤T

E[
(
λ�s

)2].

According to Lemmas 4 and 6,

E[
(
N�T

)2]≤K
(
1+ T2).

Third, recall that

λt =ψ
(∫ t−

0
h(t− s)dξs

)
.
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Thus, since ψ is Lipschitz continuous,

λs ≤ψ(0)+ L
∫ t−

0
h(t− s)dξs.

Since ξt =
∫

(0,t]×R+×R b(y)1θ≤λs P(ds, dθ, dy) is an increasing process and h is bounded,

λs ≤ψ(0)+ L‖h‖∞ξT .

Thus,

sup
s≤T

λ2
s ≤ 2ψ(0)+ 2L2‖h‖2∞ξ2

T .

Then, taking the expectation of each term, we obtain

E

[
sup
s≤T

λ2
s

]
≤ 2ψ(0)+ 2L2‖h‖2∞E

[
ξ2

T

]
.

Using the same line as in the proof of the estimation of E[N2
T ], (10), we have

E

[
sup
s≤T

λ2
s

]
≤K

(
1+ T2). (11)

Fourth, recall that λ�t =ψ
(∑nt−1

k=1 h(nt − k)X�k

)
. Since ψ is Lipschitz continuous,

λ�t ≤ψ(0)+ L
nt−1∑
k=1

h(nt − k)X�k .

Using the fact that h is bounded and

X�n =
∫

((n−1)�,n�]×R+×R
b(y)1θ≤l�n

P(ds, dθ, dy),

we have

sup
s≤T

λ�s ≤ψ(0)+ L‖h‖∞
∫

(0,T]×R+×R
b(y)1θ≤λ�s P(ds, dθ, dy).

Using the same lines as in the proof of the estimation (11), we obtain

E

[
sup
s≤T

(
λ�s

)2

]
≤K

(
1+ T2

)
.

Then for a universal constant K,

E
[
dS
(
R, R�

)]≤E

[
dS
(
RC, RC,�)]+K

1+ T2

C
.
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The quantity E
[
dS
(
RC, RC,�

)]
is bounded with the use of Theorem 2 for ψC with

‖ψC‖∞ ≤C,

E
[
dS
(
R, R�

)]≤K
(
�
[
1+C

(
1+C2T2)]+√

TCR(h, �)+ TCR(h, �)
)
+K

1+ T2

C
.

Taking C= 1

�
1
4

, we derive

E
[
dS(R, R�)

]≤K�
1
4
(
1+ T2)+K

(√
TCR(h, �)+ TCR(h, �)

)
,

where K is a constant independent of T and �. �

Remark 5. If in the proof of Theorem 3, we bound P(�c
C) by

E[ sups≤T λs]
C instead of

E[ sups≤T λ
2
s ]

C2 ,
we obtain

E

[
dS
(
R, RC,�)]≤K

(
�

1
7
(
1+ T

11
7
)+√

TCR(h, �)+ TCR(h, �)
)

.

The power of T in the constant is smaller than in the bound given in Theorem 3 but the rate of
convergence in � is slower.

4. Conclusion

Using coupling arguments based on thinning from a given Poisson measure, we derived
explicit bounds on the distance between the continuous-time embedding of nonlinear Poisson
autoregression (referred to here as the discrete-time Hawkes process) and the standard
continuous-time Hawkes process, both in the Sobolev space and in the Skorokhod space.
Our bounds yield a quantitative generalization of the convergence result proven in [23]. More
specifically, the speed of convergence is given both in the time step of the discretization � and
in the time horizon T .

We point out that the convergence results proven in this article can be generalized to multi-
variate Hawkes processes involving cross-excitation and inhibition. The difference lies in the
fact that we need to perform the thinning procedure from d independent Poisson measures
instead of one.

Another interesting development from the results shown in this article is their extension to
SDEs involving both Brownian noise and state-dependent Hawkes jumps in the Skorokhod
metric; see [27]. To the best of our knowledge, such results do not exist in the literature where
jumps are supposed to follow a Poisson process [7]. We thus consider that they would constitute
a valuable contribution to the approximation of jump-diffusion SDEs with potential numerical
applications in many fields, such as in option pricing or neuroscience.

Appendix A. Proofs of the Convergence Results

A.1 Proof of Lemma 2

First, we compute the distance between the two intensities at a point of the grid. For a
given u ∈ [0, T) we write the expressions for the intensities in order to find an upper bound of
E
∣∣λ(u)� − λ�u

∣∣:
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E
[∣∣λ(u)� − λ�u

∣∣]=E

[∣∣∣∣∣ψ
(∫ (u)�

0
h ((u)� − v) dξv

)
−ψ

(nu−1∑
k=1

hnu−kX�k

)∣∣∣∣∣
]

≤ LE

[∣∣∣∣∣
∫

(tnu−1,(u)�]×R2+
h((u)� − v)b(y)1θ≤λv P(dv, dθ, dy)

∣∣∣∣∣
]

+ LE

[∣∣∣∣∣
nu−1∑
k=1

∫
(tk−1,tk]×R2+

(
h((u)� − v)1θ≤λv − hnu−k1θ≤λ�tk

)
b(y)P(dv, dθ, dy)

∣∣∣∣∣
]
,

E
[|λ(u)� − λ�u |

]≤E[b(Y)]L
∫

((u)�−�,(u)�]
|h((u)� − v)|E[λv]dv

+ L
nu−1∑
k=1

E

[∣∣∣∣∣
∫

(tk−1,tk]×R2+

(
h((u)� − v)1θ≤λv − h((u)� − v)1θ≤λ�tk

)
b(y)P(dv, dθ, dy)

∣∣∣∣∣
]

+ L
nu−1∑
k=1

E

[∣∣∣∣∣
∫

(tk−1,tk]×R2+

(
h((u)� − v)1θ≤λ�tk − hnu−k1θ≤λ�tk

)
b(y)P(dv, dθ, dy)

∣∣∣∣∣
]

≤K
∫

((u)�−�,(u)�]
|h((u)� − v)|E[λv]dv

+ L
nu−1∑
k=1

∫
(tk−1,tk]

|h((u)� − v)|E [|λv − λ�v |
]

dv

+ L
nu−1∑
k=1

∫
(tk−1,tk]

∣∣h((u)� − v)− hnu−k
∣∣E [

λ�v
]

dv,

where K is a constant independent of T and�. To apply the same induction used in the proof of
Lemma 4, the quantity in the integral

∫
(0,(u)�−�] and the term to the left E

∣∣λ(u)� − λ�u
∣∣ should

coincide. That is why we take the projection of λv on the discretization grid. Therefore, using
the upper bounds on Eλv and Eλ�v (see Lemmas 5 and 4) we have

E
[∣∣λ(u)� − λ�u

∣∣]≤K

(
1

1− ρh

∫
((u)�−�,(u)�]

|h((u)� − v)|dv

)

+K

(
1

1− ρh,�

nu−1∑
k=1

∫
(tk−1,tk]

∣∣h((u)� − v)− hnu−k
∣∣ dv

)

+E[b(Y)]L
nu−1∑
k=1

∫
(tk−1,tk]

|h((u)� − v)|E
[
|λtk−1 − λ�tk−1

|
]

dv

+
∫

(tk−1,tk]
|h((u)� − v)|E [|λv − λ(v)� |

]
dv
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≤K

(
1

1− ρh

∫ �

0
|h(y)|dy

)

+K

(
1

1− ρh,�

nu−1∑
k=1

∫
(tk−1,tk]

∣∣h((u)� − v)− hnu−k
∣∣ dv

)

+E[b(Y)]L
nu−1∑
k=1

E

[
|λtk−1 − λ�tk−1

|
] ∫

(tk−1,tk]
|h((u)� − v)| dv

+ K

1− ρh

(∫ �

0
|h(y)|dy+ sup

ε∈[0,�]

∫ T−�

0
|h(y+ ε)− h(y)| dy

)
,

where we got the fourth line from Lemma 1 and the first line using a linear time change.
For the second line, we notice that tk−1 = tk −�= (v)�; hence,

nu−1∑
k=1

∫
(tk−1,tk]

∣∣h((u)� − v)− hnu−k
∣∣ dv=

nu−1∑
k=1

∫
(tk−1,tk]

|h((u)� − v)− h((u)� − k�)| dv

=
nu−1∑
k=1

∫
(tk−1,tk]

|h((u)� − v)− h((u)� − (v)� +�)| dv

=
∫ (u)�−�

0
|h((u)� − v)− h((u)� − (v)� +�)| dv.

Using the change of variables y= (u)� − v and noticing that (u)� is already on the discretiza-
tion grid, we have

nu−1∑
k=1

∫
(tk−1,tk]

∣∣h((u)� − v)− hnu−k
∣∣ dv=

∫ (u)�

�

|h(y)− h ((u)� − ((u)� − y)� +�)| dy

=
∫ (u)�

�

|h(y)− h ((y)� +�)| dy

≤
∫ T−�

0
|h(y)− h ((y)� +�)| dy.

For the third line we notice that
∫

(tk−1,tk] |h((u)� − v)| dv depends only on the difference
nu − k; indeed,

E[b(Y)]L
∫ tk

tk−1

|h((u)� − v)| dv=E[b(Y)]L
∫ (nu−k+1)�

(nu−k)�
|h(y)|dy

:= η�nu−(k−1).
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By denoting nu = n, gn =E
∣∣λn� − λ�n�

∣∣, and η̃�j = η�j 1j≥2, we have

gn ≤C(h, �)+
n−1∑
k=1

gkη̃
�
n−k,

where

C(h, �)=K
1

1− ρh

(∫ �

0
|h(y)|dy+ sup

ε∈[0,�]

∫ T−�

0
|h(y+ ε)− h(y)| dy

)

+K
1

1− ρh,�

∫ T−�

0
|h(y)− h ((y)� +�)| dy.

Since η̃� ∈ l1 and its sum is bounded by E[b(Y)]L‖h‖1 < 1, we apply the same induction
as in the proof of Lemma 4 to obtain

E
[∣∣λ(u)� − λ�u

∣∣]≤ C(h, �)

1− ρh
.

Using Definition 3, we finally conclude that

E
[∣∣λ(u)� − λ�u

∣∣]≤KCR(h, �)CS(h, �).

A.2 Proof of Proposition 2

Proof. We first start by projecting both s and t on the time grid:

E
[|(Rt − Rs)− (R�t − R�s )|]=E

[|(Rt − R(t)� )+ (R(s)� − Rs)+ (R(t)� − R(s)� )− (R�t − R�s )|]
≤E

[|Rt − R(t)� |
]+E

[|Rs − R(s)� |
]

+E

[
|(R(t)� − R(s)� )− (R�(t)� − R�(s)� )|

]
.

We handle the first two terms as follows:

E
[|Rt − R(t)� |

]≤E

[∣∣∣∣
∫

((t)�,t]×R+×R
1θ≤λu yP(du, dθ, dy)

∣∣∣∣
]

≤
∫
R+
|y|ν(dy)E

[∫
((t)�,t]

λudu

]

≤E[|Y|]
∫

((t)�,t]
E[λu]du

≤ K�

1− ρh
.

Hence,

E
[|Rt − R(t)� |

]+E
[|Rs − R(s)� |

]≤K
�

1− ρh
. (A1)
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When it comes to the difference between the increments, we have

E

[∣∣∣ (R(t)� − R(s)�

)− (
R�(t)� − R�(s)�

) ∣∣∣]
≤E

[∣∣∣∣
∫

((s)�,(t)�]×R+×R
y
(

1θ≤λu − 1θ≤λ�u
)

P(du, dθ, dy)

∣∣∣∣
]

≤
∫
R+
|y|ν(dy)E

[∫
((s)�,(t)�]

∣∣λu − λ�u
∣∣ du

]

=E[|Y|]
∫

((s)�,(t)�]
E
[∣∣λu − λ�u

∣∣] du

≤K

(∫
((s)�,(t)�]

E
[∣∣λ(u)� − λ�u

∣∣]+E
[|λ(u)� − λu|

]
du

)
,

where the first term in the integral measures the discretization error on the grid and the second
term measures the variation between a given point and its projection on the grid.

The second term in the integral can be bounded with the use of Lemma 1:∫ (t)�

(s)�
E
[|λ(u)� − λu|

]
du

≤ K

1− ρh

(∫ �

0
|h(y)|dy+ sup

ε∈[0,�]

∫ T−�

0
|h(y+ ε)− h(y)| dy

)
((t)� − (s)�). (A2)

The first term is upper-bounded with the use of Lemma 2:∫ (t)�

(s)�
E
[∣∣λ(u)� − λ�u

∣∣] du≤KCR(h, �) ((t)� − (s)�). (A3)

Combining the inequalities (A1), (A2), and (A3), we obtain the result. �

A.3. Proof of Proposition 3

Note that
(

Rt −EY
∫ t

0 λsds
)

t
is a continuous-time F-martingale and (�k)k=0,...,M is a

discrete-time martingale. As for the discrete-time process, we have

��k = R�k� −E[Y]
k∑

i=1

λ�i��

=
k∑

i=1

∫
((i−1)�,i�]

∫
R+×R

y1θ≤λ�i� (P(ds, dθ, dy)− dsdθν(dy)).

By construction we have
∫

((i−1)�,i�]

∫
R+×R y1θ≤λ�i� (P(ds, dθ, dy)− dsdθν(dy)) ∈Fi� and

λ�i� ∈F(i−1)�, which yields the result.
For the upper bound, we start by combining the Cauchy–Schwarz inequality with Doob’s

maximal inequality:
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E

[
max

k=1,...,M
|�k −��k |

]
≤E

[
max

k=1,...,M
|�k −��k |2

]1/2

≤ 2
√
E[|�M −��M|2].

Keeping in mind that �M = T , we have

�M −��M =
∫ T

0

∫
R+×R

y1θ≤λs (P(ds, dθ, dy)− dsdθν(dy))

−
M∑

i=1

∫
((i−1)�,i�]

∫
R+×R

y1θ≤λ�i� (P(ds, dθ, dy)− dsdθν(dy))

=
∫ T

0

∫
R+×R

M∑
i=1

y1(i−1)�<s≤i�

(
1θ≤λs − 1θ≤λ�i�

)
(P(ds, dθ, dy)− dsdθν(dy)).

Therefore,

E

[
|�M −��M|2

]
=E

[
[�−��]T

]

=E

⎡
⎣∫ T

0

∫
R+×R

(
M∑

i=1

y1(i−1)�<s≤i�(1θ≤λs − 1θ≤λ�i� )

)2

dsdθν(dy)

⎤
⎦

=E

[∫ T

0

∫
R+×R

M∑
i=1

y212
(i−1)�<s≤i�

(
1θ≤λs − 1θ≤λ�i�

)2
dsdθν(dy)

]
,

because 1(i−1)�<s≤i�1(j−1)�<s≤j� = 0 if i �= j. Thus,

E

[
|�M −��M|2

]
=E[Y2]

M∑
i=1

∫ i�

(i−1)�
E[|λs − λ�ti |]dt.

By adding and subtracting λti , we have for all s ∈ ((i− 1)�, i�],

E
[|λs − λ��i|

]≤E [|λs − λ�i|]+E
[|λ�i − λ��i|

]
.

Following the proof of Lemma 1 and projecting s on the nearest upper point of the grid (instead
of the lower), we have the bound

E [|λs − λ�i|]≤K

(∫ �

0
|h(y)|dy+ sup

ε∈[0,�]

∫ T−�

0
|h(y+ ε)− h(y)| dy

)
.

Thus, using the inequality (7) to bound E
[|λ�i − λ��i|

]
, we obtain with the expression for

CR(h, �) given in Definition 3

E

[
|�M −��M|2

]
≤KCR(h, �)T

for a constant K that does not depend on T or �.
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Appendix B. Technical Lemmata

B.1. Bounds on the moments of the intensities

In this section, for completeness we prove some uniform estimations on the first and second
moments of the continuous-time and discrete-time intensities.

Lemma 4. Assume that Assumption 2 holds and � ∈ (0, T]. Then

E
[
λ�t

]≤ ψ(0)

1− ρh,�

for any t ∈ (0, T].

Proof. Since λ�t = λ�nt�
, the inequality on the expected value of the discrete-time intensity

will be proven by induction on n. We have for any 0≤ n≤M

λ�n� =ψ
(

n−1∑
k=1

hnt−kX�k

)
.

In particular, for n= 0, 1,

λ�n� =ψ(0)≤ ψ(0)

1− ρh,�
.

Let n≥ 2 and assume that for all j≤ n<M

E

[
λ�j�

]
≤ ψ(0)

1− ρh,�
.

Using the fact that ψ is L-Lipschitz, we have

λ�(n+1)� ≤ψ(0)+ L

∣∣∣∣∣
n∑

k=1

hn+1−kX�k

∣∣∣∣∣
≤ψ(0)+ L

n∑
k=1

|h|n+1−kX�k .

Since E
[
X�k

]=E
[
E
[
X�k |λ�k�

]]=E[b(Y)]� ·E [
λ�k�

]
for any k≥ 1, we have

E

[
λ�(n+1)�

]
≤ψ(0)+ L

n∑
k=1

|h|n+1−kE
[
X�k

]

=ψ(0)+ L
n∑

k=1

|h|n+1−kE[b(Y)]� ·E [
λ�k�

]
,

which, according to the induction’s hypothesis, is bounded by
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E

[
λ�(n+1)�

]
≤ψ(0)+ Lψ(0)

1−E[b(Y)]L
∑M−1

k=1 |h|k�
E[b(Y)]

n∑
k=1

|h|n+1−k�

≤ψ(0)+ Lψ(0)

1−E[b(Y)]L
∑M−1

k=1 |h|k�
E[b(Y)]

M−1∑
k=1

|h|k�,

which yields the result for n+ 1≤M. �
Lemma 5. Suppose that Assumption 1 is in force. Let t ∈ [0, T]. We have

E[λt]≤ ψ(0)

1− ρh
.

Proof. The facts that λt is integrable and t �→E(λt) is locally bounded follow from the same
lines as in the proof of Theorem 1 in [6]. Using the fact that ψ is L-Lipschitz, we have

λt =ψ
(∫ t−

0
h(t− s)dξs

)

≤ψ(0)+ L

∣∣∣∣
∫ t−

0
h(t− s)dξs

∣∣∣∣
≤ψ(0)+ L

∫ t

0
|h|(t− s)dξs,

which yields by our taking the expected value

E[λt]≤ψ(0)+
∫ t

0
L|h|(t− s)E[b(Y)]E[λs]ds. (B1)

Let ∗ denote the convolution operator (f ∗ g)(t)= ∫ t
0 f (s)g(t− s)ds for any integrable f and g.

Let

S=
∑
n≥1

(E[b(Y)]L|h|)(n) , (B2)

where (E[b(Y)]L|h|)(n) =E[b(Y)]L|h| ∗ · · · ∗︸ ︷︷ ︸
n times

E[b(Y)]L|h|. The stability condition

E[b(Y)]L‖h‖1 < 1 ensures that S is well defined and that ‖S‖1 =E[b(Y)]L‖h‖1(1−
E[b(Y)]L‖h‖1)−1.

For a given k≥ 0, convoling the inequality (B1) with L|h|(k), we obtain

((E[b(Y)]L|h|)(k) ∗E[λ])(t)− ((E[b(Y)]L|h|)(k+1) ∗E[λ])(t)≤
(

(E[b(Y)]L|h|)(k) ∗ψ(0)
)

(t),

which yields after telescoping

E[λt]− ((E[b(Y)]L|h|)(n+1) ∗E[λ])(t)≤ψ(0)+
n∑

k=1

(
(E[b(Y)]L|h|)(k) ∗ψ(0)

)
(t).

https://doi.org/10.1017/apr.2025.10049 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2025.10049


1308 M. KHABOU AND L. COUTIN

Since E[λt] is finite, (E[b(Y)]L|h|)(n+1) ∗E[λ] converges to zero as n tends to infinity, and
finally

E[λt]≤ψ(0)+
M∑

k=1

(
(E[b(Y)]L|h|)(k) ∗ψ(0)

)
(t)

=ψ(0)

(
1+

M∑
k=1

(E[b(Y)]L|h|)(k) ∗ 1

)

=ψ(0)

(
1+ E[b(Y)]L‖h‖1

1−E[b(Y)]L‖h‖1
)
,

hence the result. �
Lemma 6. Assume that ρh,� = LE[b(Y)]

∑M
k=1 |hk|�< 1 and that E[b(Y)2]<∞. Then

sup
t∈[0,T]

E

[
(λ�t )2

]
≤

(
ψ(0)2 + L2

E[b2(Y)]
ψ(0)

1− ρh,�
‖h‖2�,2

)
1

(1− ρh,�)2
,

where ‖h‖�,2 :=
(∑M

j=1 |hj|2�
)1/2

.

Proof. The process λ� is piecewise constant. Let us recall the definition of λ��n = l�n given
in Definition 2:

l�n =ψ
(

n−1∑
k=1

hn−kXk

)
.

Since ψ is L-Lipschitz continuous, we have

l�n ≤ψ(0)+ L

(
n−1∑
k=1

|hn−k|Xk

)
.

Let us introduce X̃k = Xk −�E(b(Y))l�k ; then

l�n ≤ψ(0)+ L

(
n−1∑
k=1

|hn−k|X̃k

)
+

n−1∑
k=1

L�E[b(Y)]|hn−k|l�k

= ṽn +
n−1∑
k=1

L�E[b(Y)]|hn−k|l�k ,

where ṽn := ψ(0)+ L
(∑n−1

k=1 |hn−k|X̃k

)
. Since l�n is nonnegative, we have

l�n ≤ ṽn +
n∑

k=0

L�E[b(Y)]|hn−k|l�k

= ṽn +
(
L�E[b(Y)]|h| ∗ l�

)
n , (B3)

https://doi.org/10.1017/apr.2025.10049 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2025.10049


The functional discrete-time approximation of marked Hawkes risk processes 1309

∗ here being the discrete convolution operator for sequences defined on N and that take the
value 0 for n>M. For a given j ∈N we recursively define for any n= 0, . . . ,M⎧⎪⎪⎪⎨

⎪⎪⎪⎩
a(0)

n = 1n=0,

a(1)
n = an = L�E [b(Y)] |hn|,

a(j)
n = (a(j−1) ∗ a)n.

For a given integer j we take the convolution of the inequality (B3) (whose right-hand side
is nonnegative) with the nonnegative sequence a(j), yielding for any n= 0, . . . ,M(

a(j) ∗ l�
)

n
≤

(
a(j) ∗ ṽ

)
n
+

(
a(j+1) ∗ l�

)
n
,

and therefore by telescoping

l�n −
(

a(j+1) ∗ l�
)

n
≤

j+1∑
i=0

(
a(i) ∗ ṽ

)
n

.

Since l�n is almost surely finite for any n= 0, . . . ,M (in fact it has a finite first moment) and
since ‖a‖1 = ‖L�E[b(Y)]|h|‖1 < 1, we have(

a(j+1) ∗ l�
)

n
≤ ‖a(j+1) ∗ l�‖1

≤ ‖a‖j+1
1 ‖l�‖1 −−−−−−→j→+∞ 0.

Hence, for any n= 0, . . . ,M

l�n ≤ ṽn +
n∑

k=0

An−kṽk,

where A := ∑+∞
j=1 a(j) is well defined because ‖a‖1 < 1 and satisfies ‖A‖1 ≤ ‖a‖1

1−‖a‖1 . Taking
the square, we obtain

(l�n )2 ≤ (ṽn)2 + 2
n∑

k=0

An−kṽkṽn +
(

n∑
k=0

An−kṽk

)2

= (ṽn)2 + 2
n∑

k=0

An−kṽkṽn + 2
∑

0≤j<k≤n

An−kAn−jṽkṽj +
n∑

k=0

(An−k)2(ṽk)2.

Using the definition of ṽ and the fact that X̃ is a martingale increment sequence, we have for
k≤ n

E
[
ṽkṽn

]=ψ(0)2 + L2
k∑

j=1

|hn−j||hk−j|E[l�j ]�E[b2(Y)]

≤ψ(0)2 + L2
E[b2(Y)]

ψ(0)

1− ρh,�

k∑
j=1

|hn−j||hk−j|�
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≤ψ(0)2 + L2
E[b2(Y)]

ψ(0)

1− ρh,�

⎛
⎝ k∑

j=1

|hk−j|2�
⎞
⎠1/2 ⎛⎝ n∑

j=1

|hn−j|2�
⎞
⎠1/2

≤ψ(0)2 + L2
E[b2(Y)]

ψ(0)

1− ρh,�
‖h‖2�,2,

where ‖h‖�,2 :=
(∑M

j=1 |hj|2�
)1/2

. Since ‖A‖1 ≤ ρh,�
1−ρh,�

we have

E

[(
l�n

)2
]
≤

(
ψ(0)2 + L2

E[b2(Y)]
ψ(0)

1− ρh,�
‖h‖2�,2

)(
1+ 2

ρh,�

1− ρh,�
+

(
ρh,�

1− ρh,�

)2
)

=
(
ψ(0)2 + L2

E[b2(Y)]
ψ(0)

1− ρh,�
‖h‖2�,2

)(
1+ ρh,�

1− ρh,�

)2

≤
(
ψ(0)2 + L2

E[b2(Y)]
ψ(0)

1− ρh,�
‖h‖2�,2

)
1

(1− ρh,�)2
.

�
Lemma 7. Under Assumption 1 and Eb(Y)2 <∞,

sup
t∈[0,T]

E[λ2
t ]≤

(
ψ(0)2 + L2

E[b(Y)2]
ψ(0)

1− ρh
‖h‖22

)
1

(1− ρh)2
.

Remark 6. Unlike Theorem 2.4 in [20] in which an exact expression for E[λ2
t ] is given, we

provide here an upper bound on that quantity. Our result has the advantage of being explicit
in the parameters of the Hawkes process and of illustrating that the second moment is also
bounded in t when the stability condition is met.

Proof. Recall from Definition 1 that

λt =ψ
(∫

[0,t)×R+×R
h(t− s)1θ≤λsb(y)P(ds, dθ, dy)

)
.

Since � is Lipschitz continuous, we have

λt ≤ψ(0)+ L
∫

[0,t)×R+×R
|h(t− s)|1θ≤λsb(y)P(ds, dθ, dy)

≤ M̃t + LE[b(Y)]
∫ t

0
|h(t− s)|λsds,

where

M̃t =ψ(0)+ L
∫

[0,t)×R+×R
|h(t− s)|1θ≤λsb(y) (P(ds, dθ, dy)− dsdθν(dy)).

Using the same lines as in the proof of Lemma 5 or Lemma 3 in [3], we have

λt ≤ M̃t +
∫ t

0
S(t− s)M̃sds,
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where S is defined in (B2). Then

λ2
t ≤ M̃2

t + 2
∫ t

0
S(t− s)M̃sM̃tds+

(∫ t

0
S(t− s)M̃sds

)2

≤ M̃2
t + 2

∫ t

0
S(t− s)M̃sM̃tds+

∫
[0,t]2

S(t− s)S(t− u)M̃sM̃udsdu.

According to the definition of M̃t, the fact that h is bounded, ρh = LE[b(Y)]‖h‖1 < 1, and
Lemma 1,

E
[
M̃sM̃u

]=ψ(0)2 + L2
∫ min (u,s)

0
E[b(Y)2]|h(s− r)||h(u− r)|E[λr]dr

≤ψ(0)2 + L2
E[b(Y)2]

ψ(0)

1− ρh

∫ min (u,s)

0
|h(s− r)||h(u− r)|dr

≤ψ(0)2 + L2
E[b(Y)2]

ψ(0)

1− ρh

(∫ s

0
h2(s− r)dr

)1/2 (∫ u

0
h2(u− r)dr

)1/2

=ψ(0)2 + L2
E[b(Y)2]

ψ(0)

1− ρh
‖h‖22.

Since ‖S‖1 = ρh[1− ρh]−1 we have

E[λ2
t ]≤

(
ψ(0)2 + L2

E[b(Y)2]
ψ(0)

1− ρh
‖h‖22

)(
1+ 2ρh

1− ρh
+ ρh

(1− ρh)2

)

=
(
ψ(0)2 + L2

E[b(Y)2]
ψ(0)

1− ρh
‖h‖22

)
1

(1− ρh)2
.

�

B.2. Estimation on the modulus of continuity of compound Poisson processes

Lemma 8. Let N be a Poisson process of intensity I on [0,1] and Rt =∑Nt
k=0 |Yk|, where (Yk)k is

a sequence of i.i.d. random variables with common distribution ν such that
∫
R
|y|ν(dy)<+∞.

Then its average modulus of continuity in D([0, T],R) is bounded by

E
[
ω′R(�, [0, T])

]≤E[|Y1|]IT�
T

(5+ 4I2T2)=E[|Y1|]I�(5+ 4I2T2).

Proof. First, we assume that T = 1. Let τ1, τ2, . . . denote the arrival times of the Poisson
process and S1, S2, . . . be the interarrival times. Using the law of total probability, we have

E
[
ω′R(�, [0, 1])

]= +∞∑
n=1

E[ω′R(�)|NT = n]P[NT = n]

=
+∞∑
n=1

En[ω′R(�)]
(I)n

n! e−I .
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Knowing that NT = n, the distribution of the arrival times is that of the order statistics of n uni-
form random variables on [0,1], that is, of density p(τ1 = t1, . . . , τn = tn)= 10≤t1≤···≤tn≤1n!.
Using an affine change of variables, we obtain a similar formula for the density of the
interarrival times:

p(S1 = s1, . . . , Sn = sn)= 10≤s1+···+sn≤1n!
n∏

i=1

1si≥0.

Two scenarios are possible:

(i) All of the interarrival times are greater than � (which is possible only if n�≤ T). In
this case we have only two possibilities:

• ω′R(�, [0, 1])= |Yn| if the last arrival time τn is at a distance less than � from 1.

• ω′R(�, [0, 1])= 0 otherwise.

(ii) At least one interarrival time Si for i= 1, . . . , n is less than �. In this case, the worst-
case scenario is to have all of the jumps in one interval of size at most �, yielding

ω′R(�, [0, 1])≤
n∑

k=1

|Yk|.

Hence, we have

En
[
ω′R(�, [0, 1])

]≤En[|Yn|]Pn[A1]+
n∑

k=1

En[|Yk|]Pn[A2]

=E[|Y1|]Pn[A1]+ nE[|Y1|]Pn[A2],

where A1 = {Si ≥� for all i= 1, . . . , n and 1− τn <�} and A2 = {there exists i ∈ [1, n],
Si ≤�}.

Keeping in mind that τn is the maximum of n uniform i.i.d. variables on [0,1], we have

Pn[A1]≤ Pn[1−�< τn]

= 1− Pn[1−�> τn]

= 1− Pn[1−�> U [0, 1]]n because τn = max
i=1,...,n

Ui

= 1− (1−�)n

≤ (n�)∧ 1.

For the event A2 we have

Pn[A2]= Pn[ min
1≤i≤n

(Si)≤�]

=
∫
R

n+
1min1≤i≤n (si)≤�10≤s1+···+sn≤1n!ds1 . . . dsn
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≤
n∑

i=1

∫
0≤s1+···+sn≤1

1si≤�n!ds1 . . . dsn

= n
∫

0≤s1+···+sn≤1
1s1≤�n!ds1 . . . dsn

≤ nn!
∫ �

0
ds1

∫
0≤s2+···+sn≤1

ds2 . . . dsn

= nn!� 1

(n− 1)!
= n2�.

Therefore,

En
[
ω′R(�, [0, 1])

]≤ [
nE[|Y1|]+ nE[|Y1|]n2

]
�.

By averaging over the Poisson variable, we obtain

E[ω′R(�, [0, 1])]≤E[|Y1|]�(2+ 3I + I2)I

≤E[|Y1|]�I(5+ 4I2). (B4)

We now define the time-scaled process RT
v = RvT , where v ∈ [0, T]. The process RT is also

a compound Poisson process of intensity IT . Using the fact that �-sparse subdivisions of
[0, T] are exactly the �

T -sparse subdivisions of [0,1] multiplied by T , we have

ω′R(�, [0, T])= inf
�-sparse

max
1≤i≤K

sup
u,v∈[ti−1,ti)

|Ru − Rv|

= inf
�-sparse

max
1≤i≤K

Rti− − Rti−1

= inf
�-sparse

max
1≤i≤K

RT ti−
T
− R

T
ti−1

T

= inf
�
T -sparse

max
1≤i≤K

RT
si− − RT

si−1
=ω′RT

(
�

T
, [0, 1]

)
.

We now take the expected value and use the upper bound (B4) with intensity IT , time step �
T ,

and time horizon 1 to obtain

E
[
ω′R(�, [0, T])

]≤E[|Y1|]IT�
T

(5+ 4I2T2)=E[|Y1|]I�(5+ 4I2T2).

�

B.3. Estimation for finite p-variation kernels

We now give a more exploitable bound instead of CR(�) for a class of kernels.

Lemma 9. Let T > 0 and p≥ 1. Assume that h is of bounded p-variation on [0, T]. Then there
exists a constant K, independent of T, h, and �, such that

https://doi.org/10.1017/apr.2025.10049 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2025.10049


1314 M. KHABOU AND L. COUTIN

∫ �

0
|h(y)|dy≤�‖h‖∞,

sup
ε≤�

∫ T

0
|h(t+ ε)− h(t)|dt≤K‖h‖p-var,T

(
T

p−1
p �

1
p +�

)
,

∫ T

0
|h(y)− h ((y)�) |dy≤K‖h‖p-var,T

(
T

p−1
p �

1
p +�

)
,

where ‖h‖p-var,T is the p-variation seminorm of h on [0,T] and ‖h‖∞,T = sup0≤t≤T |h(t)|.
Moreover, for � small enough, Assumption 2 is fulfilled.

Proof. We start the proof by providing an upper bound on the modulus of continuity of the
shift operator in L1, along the lines of Lemma A.1 in [22]. Let 0< ε ≤�. Then

∫ T

0
|h(t+ ε)− h(t)|dt=

�T/ε�+1∑
j=1

∫ jε∧T

(j−1)ε
|h(t+ ε)− h(t)|dt

=
�T/ε�+1∑

j=1

∫ ε

0
|h((t+ jε)∧ T)− h(t+ (j− 1)ε)|dt

=
∫ ε

0

�T/ε�+1∑
j=1

|h((t+ jε)∧ T)− h(t+ (j− 1)ε)|dt.

Using Hölder’s inequality, we have for t ∈ [0, ε] and 1
q = 1− 1

p ,

�T/ε�+1∑
j=1

|h((t+ jε)∧ T)− h(t+ (j− 1)ε)|

≤
⎛
⎝�T/ε�+1∑

j=1

|h((t+ jε)∧ T)− h(t+ (j− 1)ε)|p
⎞
⎠1/p⎛⎝�T/ε�+1∑

j=1

1

⎞
⎠1/q

≤ ‖h‖p-var,T (�T/ε� + 1)
p−1

p

≤K‖h‖p-var,T

⎛
⎝(

T

ε

) p−1
p + 1

⎞
⎠.

By integration from 0 to ε we get∫ T

0
|h(t+ ε)− h(t)|dt≤K‖h‖p-var,T

(
T

p−1
p ε

1
p + ε

)
,

which by our taking the supremum of ε between 0 and � yields

sup
ε∈[0,T]

∫ T

0
|h(t+ ε)− h(t)|dt≤K‖h‖p-var,T

(
T

p−1
p �

1
p +�

)
.
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In a similar fashion, we also show that∫ T

0
|h(y)− h ((y)�) | ≤K‖h‖p-var,T

(
T

p−1
p �

1
p +�

)
.

Indeed,

∫ T

0
|h(y)− h((y)�)|dy=

M∑
k=1

∫ tk

tk−1

|h(y)− h((y)�)|dy

=
∫ �

0

M∑
k=1

|h((tk−1 + r)∧ T)− h(tk−1)|dr

≤
∫ �

0

M∑
k=1

|h((tk−1 + r)∧ T)− h(tk−1)| + |h(tk ∧ T)

− h((tk−1 + r)∧ T)|dr.

Thus, we also show that∫ T

0
|h(y)− h ((y)�) | ≤K‖h‖p-var,T

(
T

p−1
p �

1
p +�

)
.

In a similar fashion, we can show that∫ T−�

0
|h((t)� +�)− h(t)|dt≤ ‖h‖p-var,TT

p−1
p �

1
p .

This means that lim�→0
∫ T−�

0 |h((t)� +�)− h(t)|dt= 0, and hence, thanks to the inequality
(8) we have that Assumption 2 is in force. �
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