Combinatorics, Probability and Computing (2004) 13, 499-536. (© 2004 Cambridge University Press
DOI: 10.1017/S0963548304006261 Printed in the United Kingdom

Dynamical Analysis of the Parametrized
Lehmer—Euclid Algorithm

BENOIT DAIREAUX and BRIGITTE VALLEE

GREYC, Université de Caen, F-14032 Caen, France
(e-mail: daireaux@info.unicaen.fr)

Received 13 January 2003; revised 31 December 2003

The Lehmer—Euclid Algorithm is an improvement of the Euclid Algorithm when applied to
large integers. The original Lehmer—Euclid Algorithm replaces divisions on multi-precision
integers by divisions on single-precision integers. Here we study a slightly different algorithm
that replaces computations on n-bit integers by computations on pn-bit integers. This
algorithm depends on the truncation degree u €]0, 1[ and is denoted as the £ &, algorithm.
The original Lehmer—Euclid Algorithm can be viewed as the limit of the £ ¢, algorithms
for 4 — 0. We provide here a precise analysis of the £ &, algorithm. For this purpose, we
are led to study what we call the Interrupted Euclid Algorithm. This algorithm depends
on some parameter o € [0,1] and is denoted by &,. When running with an input (a, b),
it performs the same steps as the usual Euclid Algorithm, but it stops as soon as the
current integer is smaller than a*, so that & is the classical Euclid Algorithm. We obtain a
very precise analysis of the algorithm &,, and describe the behaviour of main parameters
(number of iterations, bit complexity) as a function of parameter «. Since the Lehmer—
Euclid Algorithm #¢&, when running on n-bit integers can be viewed as a sequence of
executions of the Interrupted Euclid Algorithm &/, on un-bit integers, we then come back
to the analysis of the £ &, algorithm and obtain our results.

1. Introduction

The computation of the gecd is a major subroutine for most computations on long integers;
it is widely used for expressing rational numbers in ‘lowest terms’, finding modular inverses,
and so on. It is one of the most time-consuming basic operations on long integers. For
instance, during the computation of Grobner bases, it was noticed that 80% of computing
time is spent in long integer arithmetic, and notably in gcd computations. When applied to
long integers, the Euclid Algorithm is not very attractive, since it performs a sequence of
multiple-precision divisions that are quite time-consuming. Indeed, although theoretically
division has the same time complexity as multiplication [16], a division algorithm that
will be designed along the lines explained by Knuth will be about 30 times slower than
multiplication [14]. With some improvements due to Krandick and Johnson [17], one
may hope to reduce the gap to 15 times. For very long integers, Jebelean [15] proposed a
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division algorithm which is about twice as slow as Karatsuba multiplication — in most of
the cases, since there is a small probability of failure.

A significant improvement in the speed of the Euclid Algorithm when high-precision
numbers are involved can be achieved with the so-called Lehmer—Euclid Algorithm, which
uses a method due to Lehmer [18]. Working only with the leading digits of large integers,
it is possible to simulate most of the multiple-precision divisions by single-precision
divisions, which leads to a significant speed-up of the algorithm. The first version of
this algorithm appeared in [18]; then some variants were described in Knuth [16], and
finally Collins [7] and Jebelean [14] provided various improvements to the algorithm.
Nowadays, most of computer algebra systems and multi-precision libraries use many of
these variants. However, there exist very few analyses of the Lehmer—Euclid Algorithm.
Sorenson [23] obtained a worst-case analysis of this algorithm, but, to the best of our
knowledge, there does not exist any precise average-case analysis of the Lehmer—Euclid
Algorithm. It is the purpose of this paper to provide such an analysis.

Main results
The original Lehmer—Euclid Algorithm replaces divisions on multi-precision integers by
divisions on single-precision integers (sometimes double precision is used). Here, we study a
slightly different algorithm that replaces computations on n-bit integers by computations
on un-bit integers. This algorithm depends on the truncation degree u €]0,1[ and is
denoted as the #¢&, algorithm. This Lehmer—Euclid Algorithm can be viewed as a
sequence of executions of the so-called Interrupted Euclid Algorithm. Generally speaking,
this Interrupted Algorithm depends on some parameter o € [0, 1], and is denoted by &,. It
performs exactly the same steps as the Euclid Algorithm but, when running on some input
(a,b),a > b, it stops as soon as the current integer is smaller than a*. We first provide a
complete analysis of this Interrupted Algorithm, and we carefully study (in the average
case) its main parameters — number of iterations and bit complexity — as a function of the
parameter o (Theorem 2.1, proved in Section 4, and Theorem 2.2, proved in Section 5).
Then, we come back to the initial algorithm, the #¢&, algorithm and we carefully
compare its average bit complexity with the average bit complexity of the classical Euclid
Algorithm. We first prove that the £¢&, algorithm, when running on n-bit integers,
performs (almost surely) a sequence of executions of the Interrupted Euclid Algorithm
&1/, on un-bit integers. We then use the previous analysis of the &, algorithm, and
obtain a precise asymptotical value for the average bit complexity of the £ &, algorithm
when it runs on n-bit integers. This value involves, together with the parameter u, the
constants M, D, resulting from the cost of a multiplication or a division, together with
some constants L;, L, that appear in the average bit complexity of the classical Euclid
Algorithm. More precisely, the main result of the paper is the following (Theorem 2.3,
proved in Section 6):

When the Lehmer—Euclid Algorithm deals with a truncation degree u, its average bit
complexity on pairs of length n is asymptotically equal to

3
E(LIM + LoD+ (Li + Ly))Mpu + (2 — p)M | n?,

https://doi.org/10.1017/50963548304006261 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548304006261

Analysis of the Lehmer—Euclid Algorithm 501

while the average bit complexity of the plain Euclid Algorithm on pairs of length n is
asymptotically equal to (LiM + LyD)n*. Here, L| and L, are the two constants

1210g?2 6log2 . 1
Li=—5—~058  Ly=—3 logg L+ 5 ) ~ 0.6,

and M, D are the constants resulting from the costs of a multiplication or a division.

At this point, some important remarks have to be made. The Lehmer—Euclid Algorithm
£, is useful only in the case when a large division is more expensive than a large
multiplication. More precisely, the Lehmer—Euclid Algorithm may be less expensive than
the Euclid Algorithm only if 2M < L;M + L, D, which is always the case on most of the
computers, since we usually have D > SM. Suppose that it is the case. Then, all the values
of u are not convenient. For instance, in the case when D = 5M, we have to choose a
truncation degree u at most equal to 0.3. Generally speaking, if D/M := p, the maximal
value uo of u is:

_ Li+Lyp—2
SLi+ Ly(3p+2) =2

For p = 15, and u = 1/3, the ratio between the bit complexity of the two algorithms (the
Lehmer—Euclid Algorithm and the Euclid Algorithm) is close to 0.7. For p = 30, and
u = 1/10, this ratio is close to 1/4.

Consider now a situation that may be found in ‘real life’. When we replace long
integers used in the RSA algorithm (n=1024) by single-precision integers (32 bits), we
use a truncation degree u equal to 1/32. Suppose also that we work with p = 30. If we
apply our (asymptotical) results (only true for n — c0...), we find that the ratio between
the bit complexity of the two algorithms (the Lehmer—Euclid Algorithm and the Euclid
Algorithm) is now close to 1/6.

There is a general agreement between our theoretical results and the experimental
curves obtained by Lercier in his thesis [19]. We reproduce these curves in Figure 1. The
curves on the left part of the figure represent the execution times of the Euclid Algorithm,
the Lehmer—Euclid Algorithm and the Binary Algorithm on two different workstations:
DEC (on top) and SUN (bottom). The curves on the right part represent the speed-up
between the algorithms: it is the ratio between the execution times of two algorithms.
Here, the curves represent the speed-up of the Lehmer—Euclid and Binary Algorithms
with respect to the Euclid Algorithm. Lercier insists on the fact that the implementation of
divisions is quite different on DEC processors or on SUN processors. With our notation,
the parameter p has thus two distinct values: its DEC value, and its SUN value. If the
parameter u could tend to 0, the limit ratio between the two algorithms should be equal to

B 2

C L+ Ly’

On the curves obtained by Lercier, this ratio is about 1/10 for DEC, and about 1/5 for
SUN. This makes it possible to obtain (somewhat!) indirect values for parameter p; its

DEC value is near 30, and its SUN value near 15. Moreover, for n= 1024, the DEC curve
exhibits a ratio of 1/12, while the SUN curve shows a ratio of about 1/6. Finally, in [22],

Ho

L(p)
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Figure 1. Comparison between three algorithms (from [19]): the plain Euclid Algorithm, the Lehmer—Euclid
Algorithm and the Binary Algorithm. DEC workstation (top), SUN workstation (bottom); execution time (left)
and speed-up (right)

Schonhage’s implementation of the algorithms on a multitape Turing machine exhibits a
speed-up of 2 for the Binary Algorithm and of 5/3 for the Lehmer—Euclid Algorithm,
this speed-up still being with respect to the Euclid Algorithm.

Methods

Most of the variants of the classical Euclid algorithms have already been analysed, in the
worst case as well as the average case. Heilbronn [12] and Dixon [9] in 1969 provided the
first average-case analysis of the Euclid Algorithm. All further average-case analyses of
Euclidean algorithms are instances of what we now call dynamical analysis. This method,
due to Vallée, consists in viewing the algorithm as a dynamical system, where each step
corresponds to an iteration of the algorithm. More precisely, this method relies on a
description of relevant parameters by means of generating functions, now a common tool
in the average-case analysis of algorithms [11]. As is usual in number theory contexts, the
generating functions are Dirichlet series. They are first proved to be algebraically related
to the so-called transfer operators that encapsulate all the important informations relative
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to the ‘dynamics’ of the algorithm. The analytical properties of Dirichlet series depend
on spectral properties of the transfer operators, most notably the existence of a ‘spectral
gap’ that separates the dominant eigenvalue from the remainder of the spectrum. This
determines the singularities of the Dirichlet series of costs. The asymptotic extraction
of coeflicients is then achieved by means of Tauberian theorems [8], so that average
complexity estimates finally result. The main thread of the method is thus adequately
summarized by the chain:

Euclidean algorithm ~» associated transformations
~» transfer operator ~» Dirichlet series of costs

~» Tauberian inversion ~» average-case complexity.

In this way, Vallée studied a whole class of Euclidean algorithms, and this analysis leads
to a classification into two subclasses [28]: the first one is formed of slow algorithms
of log-squared average complexity, whereas the other class is formed of fast algorithms,
of log average complexity. The same method provided the complete analysis of another
widely used algorithm, the Binary Algorithm [26]. These methods are also suitable for
performing bit complexity analyses: see [1, 27].

However, all the previous dynamical analyses dealt with algorithms that exhibit a simple
structure, so that it is easy to relate the algorithm to the underlying dynamical system.
Here, the structure of the Lehmer—Euclid Algorithm is more intricate, since the algorithm
can be described as a sequence of internal loops. This is why this analysis is also a kind
of test for the dynamical analysis methodology.

Plan of the paper

Section 2 is an introductory section that explains the framework, and describes the main
algorithms, the Interrupted Euclid Algorithm &, with interruption degree «, and the
Lehmer-Euclid Algorithm £&, with truncation degree u. Here, the main cost parameters
are defined and the theorems are stated. Section 3 describes the general framework of
dynamical analysis methodology, and each following section is devoted to the proof of
one of the main three theorems: Section 4 for Theorem 2.1, which describes the average
number of iterations of the &, algorithm; Section 5 for Theorem 2.2, which describes
the average bit complexity of the &, algorithm; finally, Section 6 for Theorem 2.3, which
states the main result of this paper, i.e., the average bit complexity of the £ &, algorithm.

2. The Lehmer—Euclid Algorithm

This introductory section presents the main algorithms to be studied: the plain Euclid
Algorithm, the Interrupted Euclid Algorithm and finally the Lehmer—Euclid Algorithm.
We describe here the parameters of interest, and the probabilistic models. We state the
three main theorems.

2.1. The Euclid Algorithm
Let (Ag, A1) be a pair of positive integers with 4; < 4p. When running on the input
(Ao, A1), the Euclid Algorithm computes the remainder sequence (4;) defined by

Aira = (4; mod A1), Apt1 =0,
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and the last nonzero remainder A, is the gcd of (Ag,A;). This computation is then a
succession of divisions of the form

. A;
Ai = Qi+1Ai+1 +Ai+2 with Q,’+1 = {A J (21)
i+1
The integer Q; is called the ith quotient and the successive divisions can be written as
ol = i1 Aipy, with o = (Ai“) and 2; := (O ! ) (2.2)
Ai I

so that &/g = M o/; with M; = 212, -+ 2;.
In addition to the quotient sequence (Q;), the Extended Euclid Algorithm computes
step by step the matrix .#; and its inverse .4,

V: U (U —U:
—1 i+1 i+1 i i i+1
;= i = (—1 .
M ( — ) My = (—1) ( v ) (2.3)

which involve two other sequences (U;) and (V;) defined by

Vi Ury _ (10 and Vier U1 (-0 1 Vi U
Vo Up) \0 1 Vi U ) \1 0)\Vig U)

Then, for any i,0 < i < p, the equality 4; = Ag U; + A, V; holds, and the final coefficients
U, and V, form the Bezout pair (U, V') that satisfies UAg + VA = gcd(Ao, 41).

2.2. Main principles of the Lehmer—Euclid Algorithm
In spite of its simplicity, the Euclid Algorithm is not well suited to large integers. Indeed,
Euclidean divisions are quite time-consuming, especially for large integers. The cost of a
division of two large integers may be higher than the cost of the multiplication of two
large integers. Lehmer’s idea is the following: Replace a sequence of large divisions by a
sequence of small divisions and small multiplications followed by some large multiplications.
From here on, we let /(x) := |log, x| + 1 denote the binary length of a positive integer
x. We consider a valid input (Ag, A;) of the Euclid Algorithm. It satisfies A; < A4y, and
its length n is (by definition) the binary length of Ay. For some m < n, the truncated pair
(ao, ay), defined by

ap == |Ap/2" "], ap == A4,/2"™"],

is built by erasing the n — m least significant digits of 4y and A;: it is of length m.

In fact, Lehmer suggests using the first steps of the Extended Euclid Algorithm on the
small pair (ag,a;) to simulate the first steps of the Euclid Algorithm on the large pair
(Ao, A1).

More precisely, the Extended Euclid Algorithm is applied to the pair (ag,a;), and
provides the remainder sequence (g;), the quotient sequence (g;) and the two co-sequences
(u;) and (v;). Since the two rationals A; /Ay and a;/ag are close, one can expect that the two
quotient sequences, the sequence ¢; obtained from the Euclid Algorithm on (ag,a;) and
the sequence Q; obtained from the Euclid Algorithm on (Ao, 4;) are not too different, at
least at the beginning of the process. There always exists some integer j > 0 for which the
two quotient sequences ¢; and Q; are equal for i < j. Since the equalities (u;,v;) = (U;, Vi)
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Figure 2. General principle of the Lehmer—Euclid Algorithm
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Figure 3. Principle of the Lehmer—Euclid Algorithm: one phase

hold for i < j+1, it is then possible to compute the large integers A; and A;;; that
would have been obtained when performing j steps of the Euclid Algorithm on the input
(Ao, A1): the coefficients of matrix .#; are computed from the small co-sequences (u;), (v;)
so that, with (2.2) and (2.3),

AjZUjAo+ujA1, Aj+1 =Uj+1A()+uj+1A1.

The main problem is now to evaluate a possible value of the index j without computing
the quotients Q; of the large sequence. There exist many different possible tests, due
to Lehmer [18], Collins [7] or Jebelean [14], that are in fact very close; we choose the
following one:

1/2

If a;j > aq, then Q;=g¢q;, foralli<j—2.

Therefore, if r is the first index for which a, < a(l)/ 2, then the two sequences Q; and ¢; are

the same until i = r — 3, and it is thus possible to recover the value of the pair (4,_3, 4,—2)
without performing the large divisions.

2.3. The Lehmer—Euclid Algorithm

More precisely, the Lehmer—Euclid Algorithm can be viewed as a sequence of phases,
each phase replacing a sequence of some steps of the Euclid Algorithm. Each phase is
formed by three different stages (see Figure 3).

Stage 1 is a truncation step which replaces a large pair (4y, A1) by the small pair (ag, a;).

Stage 2 can be defined as an ‘Interrupted Euclid Algorithm’ that performs only the first
iterations of the Euclid Algorithm on input (ag, a1). This algorithm stops, after r iterations,
as soon as the current integer a; becomes smaller than _/ag.
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Algorithm Z¢&,.
Input. An integer pair (A, B) with 0 < B < A.
Initialization n := £(A); m:=|un|; Ao := A; A1 := B;
While ¢(A4p) > m do

(1) apg = Tm (Ao); a; = Tm(Al);

(2) i:=1; uo:=1; uy:=0; vo:=0;v1 :=1;

While a; > ay * do

qi = aj—1diva;; ai+1 :=a;_1 mod a;;
Uil 1= —Uigi + Ui-15 Vitl = —Vigi + Vi-1;
=1+ 1;

(3) A" :=uj—3A0 +vi—3A1; B' :=wuj—240+vi—241;
Ag:=A'; A =B
i:=1;
While A; > 0 do
Ai+1 = qu_1 mod A77
=141

Output. gcd(A, B) := A;_1.

Figure 4. The Lehmer—Euclid Algorithm with truncation degree p

Stage 3 is a multiplication step that recovers the value of the large pair (A4,_3, 4,—,) which
would have been computed with r — 3 iterations of the Euclid Algorithm on the input

pair (Ao, A1).

The Lehmer—Euclid Algorithm mainly depends on the choice of the truncation. Here,
we work with truncations that are proportional to the length of the input. When the
input pair (4p, A1) has length n, each truncation step will produce a pair of length m, with
m = |un| for some fixed parameter p€]0,1]. This parameter p is called the truncation
degree and the corresponding Lehmer—Euclid Algorithm is denoted by Z& ..

We work with the set Q of valid inputs and with the subsets Q, of inputs of length n,

Q = {(Ao,A41); 0 < A; < Ao},
Q, = {(40, A1) € Q; £(Ag) = n} = {(Ao, A1) € Q; 2" < 4y < 2"},

If the input pair has length n, each truncation step uses the truncation mapping T :
Q, > Q,, with m = = | un|. This mapping creates, from a current pair (4, B') of length k, a
pair (a’,b') of length m obtained by erasing the k — m least significant digits of A" and B,

P (LA//zk—mJ’ [Bl/zk—mJ)’ if k>m
Tnld B = {(0’ 0), else.

The Lehmer—Euclid Algorithm £ &, is described in Figure 4.
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Input. An integer pair (a,b) with b < a.

ap :=a; ay :=b;

uo :=1; up :=0; vo :=0; v :=1;

1:=1;

While a; > df do
qi = a;-1diva;; ai41 := a;—1 mod a;;
Uil = ~UiGi + Ui 1] Vig1 1= —ViQi + Vi_1;
=1+ 1

Output. An integer pair (a;,a;+1) that satisfies

ait1 < ap < a; and ged(ao, a1) = ged(aivt, aq).

Figure 5. The Interrupted Euclid Algorithm &,

2.4. The Interrupted Euclid Algorithm

We are mainly interested in the analysis of Stage 2, since it provides the value r that
determines the length of a phase, i.e., the number of large divisions that can be replaced by
small ones. More generally, we wish to study a more general algorithm whose interruption
depends on a real parameter o € [0, 1] (¢f. Figure 5). When running on an input (ao, a1),
this algorithm, denoted by &,, stops as soon as the current integer a; becomes smaller
than af.

Then, Stage 2 in the Lehmer—Euclid Algorithm is exactly the Interrupted Algorithm &'/,
applied on truncated integers. For the moment, we forget the Lehmer—Euclid Algorithm
and focus on the analysis of the general Interrupted Algorithm &, for any value o € [0, 1]
and any input pair of integers. This algorithm is described in Figure 5.

We work with sets Q,ﬁ of valid inputs and with sets Qn,ﬁn of valid inputs of binary
length n,

Q = {(ap,a); 0 < ay < ap,ged(ap,a1) =1}, Q= {(ap,a1); 0 < as < ag},
Q, = {(ap,a;) € Q; 2" < ay <2}, Q, = {(ag,a1) € Q: 2" <ay< 2M.

The following definition makes precise the probabilistic model.

Definition. Let f be a positive function defined on the unit interval 1. We say that Q
(resp. Q) is endowed with f if any element (ao, a;) of Q is weighted with the quantity f(Z—:)).

This framework defines a sequence of probabilistic models on subsets Q,, ﬁ,,. For each
n, the corresponding probabilities and expectations on Qn,ﬁn are denoted by Pr,, E,; if
we wish to insist on the dependence on function f, we put it as an exponent. Then, the
symbols Pr)[B] (for any subset B = Q or Q) and EY)[X] (for any variable X defined on
Q or ﬁ) denote the following quantities:

_ Zwaeons f (@)
Z(uo,al)eﬂnf(%) , !

The exponent (f) will be omitted if not necessary.

_ Ylaanea, X(ao,anf (§)

Pr/[B] :
' Z(ao,al)a)n f(ZTI))
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2.5. The Interrupted Algorithm: number of iterations
Our first main result relates the number P, of iterations of the algorithm &, to the number
P of iterations of the Euclid Algorithm &. This theorem will be proved in Section 4.

Theorem 2.1. Suppose that the valid sets Q,Q are endowed with some positive function f
with bounded variation on the unit interval I. Let & denote the Euclid Algorithm, let &, be
the Interrupted Euclid Algorithm of parameter «, let P, be the number of iterations of &,,
and let P be the number of iterations of &. Then:

(1) for any & > 0, there exists some K < 1 such that

P
Prn{ *

— —(l—a)
(i1) the expectations of these costs on Q, or on Q, satisfy, when n — oo,

P >s} = O0(K"), when n— oo;

Eu[P] ~(1 =) E,[P] ~ (1 —o)———n

Remark. The random variable P was first analysed around 1970 by Dixon [9] and
Heilbronn [12], who proved independently that

in the case when f = 1. More recently, in the particular case f = 1, Hensley [13] proved
that the random variable P asymptotically follows a normal law. He expressed the
expectation and the variance with some function A(s) which will play a fundamental role
in this paper,

A//(z)
A’(2)3

—log?2

E.[P] ~ A(2)

n, Var,[P] ~—log?2

n.

Remark. In (i), one can choose

K =27 with 5=|A(2)]/A"(2).

2.6. The Interrupted Euclid Algorithm: bit complexity
The operations that are performed by the Euclid Algorithm & do not all have the same
cost. The Extended Euclid Algorithm performs exchanges, multiplications and divisions.
We let M denote the constant that arises in the multiplication and exchange costs, and
let D be the constant that arises in the division cost. Then the cost of a multiplication
between two integers u and v has a cost equal to M -/(u)-/(v), while the cost of an
exchange between u and v is M(Z(u) + £(v)).

A Euclidean division v = uq + r has a bit cost equal to D - Z(u) - /(q). It is followed by
two exchanges, whose cost are M - /(u). When the algorithm & performs p iterations on
input (ap, ay), the total bit cost B of the execution of the algorithm

p
B(ag,a;) = Z {(a;) - b(q;) with b(q) :=D-/(q)+2M (2.4)
i=1

involves both the quotient sequence (g;) and the remainder sequence (a;).

https://doi.org/10.1017/50963548304006261 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548304006261

Analysis of the Lehmer—Euclid Algorithm 509

For computing the Bezout coefficients, the Extended Euclid Algorithm performs
multiplications and exchanges, so that the supplementary bit cost C for one Bezout
coeflicient v;,

4

Clag,a1) =Y /(w) e(q)), with c(q) = (£(q) +2)M, (2.5)
i=1

involves both the quotient sequence (¢;) and the co-sequence (v;).

Theorem 2.1 proves that the algorithm &, stops (almost surely) at the [(1 — )P [th
iteration. We introduce another truncated algorithm, which we denote by &, that stops
exactly at the [(1 — «)P |th iteration: it is a regularized version of the &, algorithm. This
algorithm — not very realistic, since it must ‘guess’ the value of P — is just a tool for the
analysis; the following theorem shows that it behaves asymptotically in the same way as
&, and it is easier to analyse. This theorem will be proved in Section 5.

Theorem 2.2. Suppose that the valid sets Q,Q are endowed with some Sfunction f with
bounded variation on the unit interval 1. Let & denote the Euclid Algorithm, and let &,
be the Interrupted Euclid Algorithm of parameter o. We consider three measures of cost
for the Interrupted Algorithm &,: the bit cost B,, the supplementary bit cost C, due to
the computation of one Bezout coefficient, and the total bit cost E, of the Extended Euclid
Algorithm (i.e., E, = B, + 2C,). With a bar (i.e., B,,C,, E,), the same quantities denote the
corresponding costs for the &, algorithm, and without index o (i.e., B,C,E) for the Euclid
Algorithm &.
Then, for any positive function f with bounded variation on I, we have, for n — o0,

(i) E, [BO(] ~E, [Ba] ~ (1 - 052) E, [B]a
(ii) E, [Coc] ~E, [?a] ~ (1 - O‘)2 E, [C]a

(i) E,[E.] ~ E,[E,] ~ %(1 —a)(3 — o) Ey[E].

Remark. The random variables B, C, E were first analysed by Akhavi and Vallée [1, 27]
in the case when f = 1. With the notation used here, their results can be translated in the
following way:

E.[B] ~ (LiM + LyD)n?,  E,[C] ~ (Li + Ly)M n?,

_ 1210g?2 6log2 . 1~ 1
with Lj=-—2=~058  Ly=-— logkll 1+ 3¢ ) ~ 0.66.

In the remainder of this section, we come back to the Lehmer—Euclid Algorithm £¢,,.
We recall that we work with a truncation degree u: from an input (Ag, A1) of §~2n or Q,,
we deal with pairs of length m with m := |un], and we always use the truncation map
T,,, which creates a new input (ag, a;) belonging to ﬁm. Here, we wish to give an idea of
what we can expect about the asymptotic behaviour of the Lehmer—Euclid Algorithm, if
we ‘insert’ in it our previous results about the Interrupted Algorithm &,. Later in this
paper — namely Section 6 — we will prove these facts.
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2.7. Comparison between the Lehmer—Euclid Algorithm and the Euclid Algorithm:

the first phase
If the algorithm starts with f = 1, the distribution is uniform for the inputs (4g,4;) in
ﬁn, and the distribution of the truncated pairs (ag, a) is also uniform on ﬁm.

Then Stage 2 is exactly the Interrupted Algorithm &/, on integers of length m := |[un],
and stops when the length of the current integers a;, u;,v; is about m/2. In Stage 3, we
compute four products, each between an integer of length n and an integer of length
m/2 (see Figure 3). The output integers (4’,B’) now have a length of about n(1 — ).
Consequently, the top horizontal line is the Interrupted Algorithm &'_, /) on integers of
length n.

Then we can easily compare the two costs, and the expressions involve the length
n of the inputs, the degree p of integer truncation, the constant M that arises in a
multiplication cost, and the constant D that arises in a division cost. The constants Ly, L,
are the constants that are important in the Euclid bit cost.

The cost of the top horizontal line corresponding to the first phase is equal to

1— 1—52(LM+LD2— BN (LM + LDy |2
5 1 2)n—u4(1+2)n.

This cost has to be compared with the total cost of the first phase (Stages 2 and 3), which
is equal to

3 1
{Z(LlM + L,D)? + 5(L, + Ly)Mp? + 2HM] n’.

2.8. Comparison between the Lehmer—Euclid Algorithm and the Euclid Algorithm:
the other phases

During each phase, the length of the small pair decreases by a quantity equal to m/2. If
this is also true for the large pair, then the average number of phases would be around
2/u. At the end of the jth phase, one computes four products, each between an integer
of length m/2 and an integer of length (1 — (j — 1)(i/2))n (that is, the length of the
large integers at the beginning of the jth phase). If the argument given in the previous
paragraph could be repeated for each phase, the average cost of the jth phase would be

3 1
(LM 4 LaD)n + 5(Ly + Lo)Myen® + 4% (1 (- 1)%) M.
The average cost of the Lehmer—Euclid Algorithm would then be

3
S(LiM + LoD+ (Li + Lo)Mp+ (2 - #)M} ",

which can be compared to the bit cost of the classical Euclid Algorithm, that is, (L; M +
L,D)n?.

2.9. The final result

However, the previous argument cannot be repeated a priori for the other phases, because
the distribution on Q is modified by the execution of the Euclid Algorithm. At the
beginning of the second phase, the distribution of the new inputs at Stage 1 is not the
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same as at the beginning of the algorithm. However, the evolution of the distribution of
the integers during the execution of the Euclid Algorithm can be precisely described with
tools of Dynamical Analysis. The main idea is then to simulate the cost of the Lehmer—
Euclid Algorithm only on the Euclid Algorithm itself. Then all the previous remarks will
be proved and we shall obtain our final result.

Theorem 2.3. Suppose that the valid sets Q,Q are endowed with some function f with
bounded variation on the unit interval I. When the Lehmer—Euclid Algorithm deals with
a truncation degree u, its average bit complexity on pairs of length n is asymptotically
equal to

3
SIAM + LoD+ (Ly + Lo)Mp + (2 = H)M} n.

Here, Ly and L, are the two constants that appear in the average bit complexity of the
Euclid Algorithm,

121og?2 6log2 .+~ 1
Li=—7F—~05  L=—; 1ogk]1 L+ 5 ) ~ 066,

and M, D are the constants resulting from the costs of a multiplication or a division.

In the rest of the paper, we shall prove the three theorems successively. We first recall
the general methodology of what we call a dynamical analysis.

3. Principles of dynamical analysis

This method uses tools that come from dynamical systems theory, mainly transfer
operators.

3.1. Dirichlet series and Tauberian theorem

We are interested in analysing some costs, and, from here on, we deal with the generating
Dirichlet series of these costs. To any cost X, and to any weight defined on I, we associate
Dirichlet series

Fr(s) = Z X(Cg)s,m)f(Z_:)) Fo(s) = Z X(a;s,m)f(Z_(l)).
0 0

(ag,a1)€Q (ag.a1)€Q
Then,
X ~ X,
Fy(s) =) 8. Fxl)=) =%
a1 a1
where x,, X, denote the cumulative costs of X on
wq = {(ag,a1) € Q;ap = a}, @4 = {(ag,a1) € Q;ap = a}.
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For the trivial cost, t, or t, are just the weights of subsets w,, @,. The mean values of the
cost X on Q,,Q, are then given by the ratio of partial sums,

_ ZawmNe g - e (3.1)

Z/(a):n la , Z/(a):n la

The asymptotics of such partial sums can be provided when applying the following
Tauberian theorem, due to Delange [8].

E,[X]

Tauberian Theorem (Delange). Let F(s) be a Dirichlet series with nonnegative coefficients
Fls) =32
ab
a1

Assume that
(i) F(s) converges for R(s) > o > 0 and is analytic on R(s) = 7,5 # 0,
(i1) for some 0 > 0, we have, for s near o,

A(s)
(s — a)"“

where A, C are analytic at o, with A(c) # 0.

F(s) = + C(s),

Then, as n — oo,

= - i 0 ﬂ no .0 N
/%;n)cu = |:<1 20)(10g2) O'F(0+ 1) 2"n [1 +8(I’l)], 8(}’1) 0.

3.2. Costs of interest
We now describe the main costs that intervene in this paper. Theorem 2.1 deals with
the parameter P,, which denotes the number of iterations of the &, algorithm, and we
are mainly interested in the events [P, > 0P] and [P, < 0P], with ¢ € [0,1]. Since the
algorithm stops as soon as a; < aj, these events satisfy

[P, > 6P] = [P, > [6P]] = {““’—” > 1},

oL
do

aD(

[P, < 0P] = [P, < [P ] = {“””J < 1],
0

and Markov’s inequality entails

app) '\’
Pr, [P, > 0P] < E, o , forall y>0, (3.2)
0
app) '\’
Pr, [P, < 0P] <E, —a , forall y<O0. (3.3)
0
We are then led to define the first cost as
. Y
M(ag, a1) = ((E_;q) : (3.4)
0
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This cost depends on three parameters, namely the interruption parameter o, the fraction
0 of the depth of the continued fraction expansion, and finally y, which appears in
Markov’s inequality.

Section 2.6 explained why the main costs studied in Theorem 2.2, namely B, and
C,, involve the main parameters of the Euclid Algorithm: the depth P, and the four
main sequences that are computed, the quotients (g;), the remainders (g;), and the two
co-sequences (u;), (v;). We have

_ [(1—)P] - [(1—)P]
Bu(ag.ar) ~ > la)-ba),  Cilaga) ~ > Lu)- (g, (3.5)
i=1 i=1

with
b(q) :=£(q)D + 2M, c(q) = ({(q)+2)M. (3.6)

We shall provide alternative expressions for the corresponding Dirichlet series of costs
in Sections 4 and 5. These expressions deal with the transfer operator H; relative to the
Euclidean dynamical system. Then, the singularities of the Dirichlet series will become
apparent and related to the dominant spectral objects of the transfer operator H;. We
now describe this dynamical system and present the operator H; together with its main
spectral properties.

3.3. The Euclidean dynamical system
When computing the gcd of the integer-pair (ag,a;), Euclid’s algorithm performs a
sequence of p iterations of the form

ap = q1a1 + ay, a = qay +as,..., ap—1 = (pap. (3.7)

This sequence can be associated with the map S that satisfies

S<ﬂ> - Q...,S( di ) - “"“,...,S<&> —0.
ap ai ai—1 ai ap—1

When extended to the real interval I = [0, 1], this map corresponds to the classical
continued fraction expansion algorithm, and is defined by

S0 == 5| e s =g o ve | g
X X qg+1 ¢

The pair (I, S) defines the dynamical system relative to the Euclid Algorithm. We let #
denote the set of the inverse branches of S,

1
H = {xH —iq > 1},
q+x

and let " be the set of inverse branches of depth n (i.e., the set of inverse branches
of S"),

H"={h=hyo-oh,;h € H,Vi}.

https://doi.org/10.1017/50963548304006261 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548304006261

514 B. Daireaux and B. Vallée

Figure 6. Euclidean dynamical system

Then the sequence (3.7) builds a continued fraction

ap 1

= i . (3.8)
0 q1 + T
Q@+ — 1
q; + 1
=
dp
and can be written as
%=h(0) with h=hjohyo...oh, € #P. (3.9)
0

We then associate to each execution of the algorithm a unique LFT (Linear Fractional
Transformation) h whose depth is exactly the number p of divisions performed.

Note that all quantities of interest appear on the continued fraction (3.8) or in the
decomposition (3.9). The depth P equals its height; note that the ith LFT h; used
by the algorithm is exactly the LFT relative to matrix 2; of Section 2.1, so that the
LFT hyohyo...oh; is relative to matrix .#; of Section 2.1. Then, when we ‘split’ the
CF-expansion (3.8) of a;/ag at depth i, we obtain two CF-expansions,

1 1

(3.10)
qi1 +

q; +

CI2+—1 Qi+1+
G+ 1 1
L

qi—1 dp

di+2 +

each defining a rational number. When we consider only the i — 1 first LFTs, we get the
‘beginning’ rational, which can be expressed with the co-sequences (u;), (v;) as

h1<>hzo"'0hz>1(())=M

|vi|
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When we consider only the p —i last LFTs, we get the ‘ending’ rational, which can be
expressed with the sequence (a;),

di
hist o higa 0+ 0 hy(0) = =

3.4. Transfer operators

The main tool of dynamical analysis is the transfer operator, denoted by H;. It generalizes
the density transformer H that describes the evolution of the density: if fo denotes the
initial density on I, and f; the density on I after one iteration of S, then f; can be written
as f1 = H[fo], where H is defined by

HIf1(x) = Y [F(lf o h(x). (3.11)

heA#

We let R;, denote the ‘component’ operator relative to a single LFT h € #
Ry [f1(x) = [N (x)| f o h(x). (3.12)

The derivative i'(x) can be expressed with the denominator function D defined by

Dlgl(x) = ex +d, for g(x)= = with ged(a,b,c,d) = 1,
ex+d
as
deth
Hx)= ———.
"= by
Since all the LFTs have a determinant equal to +1, this implies an alternative expression
for Ry,
Ru[f1(x) = —==—5 f o h(x).

[]()

It is convenient to use a more general operator that depends on a complex parameter s:

1
W f o h(x).

The composition property of the denominator,

D[hog](x) = D[h](g(x))D[g](x),

entails a composition property on operators, namely

Rs,h [f] (X) =

Rs,hog = Rs,g © Rs,h~
In particular, the transfer operator Hy, and its iterates are defined as
H,=) Ry,  H!=> Ry
he# he™

Since H, = H, the transfer operator can be viewed as a generalization of the density
transformer. Finally, the operator that is the quasi-inverse of Hj,

v) b= ZHn Z Rs,h

n>=>0 hesx™
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will play a fundamental role hereafter, and it can be viewed as a generating operator of
the set #* formed by all possible transformations used by the Euclid Algorithm.

3.5. Spectral properties of the transfer operator

In dynamical analysis context, singularity analysis of generating functions is closely related
to spectral properties of the transfer operator. These properties depend on the functional
space where the operator acts. Previous analyses of Euclidean algorithms dealt with spaces
of analytic functions defined on a complex neighbourhood of the unit interval I. Here we
have to work with characteristic functions of some intervals, and we are led to work with
a larger space, the space of functions with bounded variation on the unit interval I. This
functional space was used previously in dynamical analysis [4], and the main properties
of the transfer operator, when acting on this functional space, can be found there.

For R(s) > 1, the operator H; acts on BV (I') and the map s +— Hj is analytic. We denote
by R(s) the spectral radius of H;. The function s+ R(s) is strictly decreasing along the
real axis, and satisfies R(s) < R(r) for R(s) = r. For s = 2, the operator is quasi-compact:
there exists a spectral gap between the unique dominant eigenvalue (which equals 1, since
the operator is a density transformer) and the remainder of the spectrum. By perturbation
theory, these facts — existence of a dominant eigenvalue A(s) and of a spectral gap —
remain true in a neighbourhood of s = 2. There, the operator splits into two parts: the
part relative to the dominant eigenvalue, denoted Py, and the part relative to the remainder
of the spectrum, denoted Ny, whose spectral radius is strictly less than |A(s)|. This leads
to the spectral decomposition

H[£1(x) = A(s)Ps[ f1(x) + N[ f1(x). (3.13)

The projector P, can also be written as P,[ f](x) = ys(x)E[ f], where vy is the dominant
eigenfunction and E; is the dominant eigenfunction of the dual operator H] with
normalization condition Eg[yp,] = 1.

The decomposition (3.13) extends to the powers of the operator

H{[f1(x) = 2"(s)Ps[ f1(x) + NS[f1(x),

and finally to the quasi-inverse (I — H,)™':

A(s)
1—A(s)

(I—Hy) ' [fl(x) = Py[f1(x) + (I = Ng) ' [ f1(x). (3.14)

The first term on the right is singular at s = 2, while the second term is analytic on the
half-plane {RR(s) > 2}.

3.6. Decomposition of the quasi-inverse: properties of the dominant eigenvalue
We summarize here the main properties that will be extensively used hereafter, in
particular, when one applies the Tauberian Theorem.
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When the operator H acts on BV(I), the following is true.

(a) At s =2, dominant spectral objects are all explicit,

) 1 1
W)=1 vl = sy

—72

1
Bl = [ fod 0= 5.

(b) The dominant eigenvalue s — A(s) is well defined on a neighbourhood 7~ of s = 2.
On the interval ¥" N R, the function s+ A(s) is positive, analytic, strictly decreasing
and strictly log-convex.

(c) For any ¢ > 1 and any s with R(s) = o, the spectral radius R(s) satisfies R(s) < R(o).
For any ¢ € #"NR and any s with R(s) = g,s # g, the spectral radius R(s) satisfies
R(s) < R(a) = A0).

(d) The quasi-inverse (I — H;)~! of H; is analytic on the half-plane {R(s) > 2,s # 2}, and
has a simple pole at s = 2. Near s = 2, one has, for any positive function f of BV (I),
and any x € I,

1 -1 1 1
I —H,)™! ~ t)dt ). 3.15
=B A0~ 25 70 1oz T (] F0) (3.15)
3.7. The basic Dirichlet series Fy(s)

We explain now, as a kind of test, how the previous results can be used in the study
of the Dirichlet series Fy(s) relative to the trivial cost X = 1. First, this series admits

another expression that involves the quasi-inverse (I — H,)~!. Consider an input (ag, a;)
of Q. There exists a unique LFT h of #* for which a;/ay = h(0). Then

Fi)= 3. %f(“—l) =Y L pomo) = (1 —HY110)

(ap,ar)eQ 4o do hesx™ D [h] (O)S

Moreover, the Riemann Zeta function {(s) relates Fi(s) anNd F 1(s) via the equality Fi (s) =
{(s)Fi(s). Then the Tauberian Theorem applies to Fi(s), Fi(s) with ¢ =2,0 =0, and, in
the case when f is a density, we obtain

1 -1 1 1 6
(s—2) ¥(2)log2 (s—2)n2

Fi(s)~

so that
9 n 7 3 n
Zta"-’ﬁ“, ZIUNZ‘"
/(a)=n /(a)=n

Of course, these results can be obtained directly! But, the previous lines are in a sense
‘generic’ in the dynamical analysis methods.

3.8. Evolution of the density during the execution of the Euclid Algorithm

When all the real inputs of the Continued Fraction Algorithm are considered, the evolution
of the density during the algorithm is well known. In this case, the algorithm does not
terminate (almost surely), and the asymptotic density on the unit interval is the Gauss
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density p = vy, defined in Section 3.6,

(1) = 1 1
= log21+1¢

But, when we only consider rationals of Q, the situation is not so clear, since the algorithm
always terminates; moreover, at the end of the algorithm, all the rationals are now at the
point 0, so the limit measure on Q is the Dirac measure concentrated at x = 0.

The following two lemmas describe the evolution of density on rational inputs; the first
one at the beginning of the algorithm, and the second one at any fraction of the depth.

Lemma 3.1. Suppose that Q is endowed with a density f with bounded variation. Then, for
any interval B,

lim Pr,[B] = / 1(1) dt.
n—ao0 B

Proof. Since Q is endowed with f, we have

ZXEQ”QB f(x) — erﬁ,, IB(X)f(X)
ZXEQ“ f(X) erﬂn f(X) '

The Dirichlet series of costs for numerator and denominator are

1 ai 1 [
G(s) = Z pn (le)<ao), Fi(s) = Z agf(ao)’

pry
(ag.ar)eQ 0 (ap,a1)€Q

Pr,[B] =

which have alternative expressions involving the quasi-inverse (I — Hy)™!,

Fi(s)=( —H)'[f10),  G(s)=(I —H,) ' [15 f1(0).

Then the Tauberian Theorem applies to F(s) and G(s) with ¢ =2 and 6 = 0 and gives
the result. ]

The next lemma describes the situation ‘at a fraction of the depth’.

Lemma 3.2. Suppose that Q is endowed with a density f with bounded variation. For o €
10,1[ and any x € Q with depth p, let x, denote the pair that arises at the |ap|th iteration
of the Euclid Algorithm when applied to x. Then, for any interval B,

LI
log2 1+ x

n—oo

lim Pr,[x, € B] :/w(t)dt, where (x) =
B

is the stationary density of the Euclid Algorithm.

Proof. Consider a rational x := a;/ag of depth p and its transform g(x) after i :=i(p)
steps of the Euclid Algorithm. Then g(x) = a;y1/a;. There exists some LFTs h of depth i,
r of depth p —i for which x := hor(0),g(x) :=r(0). Then

> e, 18 © g(X)f (x)
erQn f(x) .

Pr,[x;g(x) € B] =
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Since 15 o g(x)f(x) = 15 or(0)f o h o r(0), the Dirichlet series relative to the numerator is
G(s) = > HI P [1,H)[ £1](0).
p

It converges on the punctured half-plane {R(s) > 2,s # 2}. Moreover, in the case when
i(p) and p —i(p) both tend to oo for p — oo, the ‘dominant’ part of this Dirichlet series at
s=21s
G™(s) =Y _ As)"Py[15P[ £1](0);
P

it has a pole at s = 2, whose residue is

P20 = 500 [Pl

Since Py[ f](t) = y(t) dt, we finally obtain the result. ]

Remark. We have in fact proved a more general result. Consider a function Q : N —» N
such that 0 < Q(n) < n, and both Q(n) and n — Q(n) tend to infinity. For any x € Q with
depth p, we denote by x¢ the integer pair that arises at the Q(p)th iteration of the Euclid
Algorithm when applied to x. Then the following holds:
lim Pr,[xo € B] =/1p(t) dt.

B

n—0o0

The previous lemma is the special case Q(n) = |an].

We thus can describe (in an approximate way) the distribution at the beginning of
each phase of the Lehmer—Euclid Algorithm. This provides a first argument towards our
heuristic reasoning in Section 2.8.

Proposition 3.3. Suppose that the set of the initial inputs of the Euclid Algorithm is endowed
with some density f with bounded variation on the unit interval I. Then, at the beginning
of each phase of the Lehmer—Euclid Algorithm — except the first one — the large inputs and
the small inputs have a distribution that is ‘close’ to the distribution of Q weighted by the
stationary density of the Euclid Algorithm.

4. Analysis of the Interrupted Euclid Algorithm: number of iterations

In this section we prove Theorem 2.1. We deal here with the cost M defined in (3.4) and
we denote by F M,f v the Dirichlet series relative to this cost. We use in this section the
notation gathered in Table 1. Note that in Sections 4.1, 4.2 and 4.3 we only consider
strictly positive values for y. We come back to the general case in Section 4.4.

4.1. The Dirichlet series Fy;(s)
We first provide an expression for Fj(s),

ajsp ay
Fu(s) = > k.,,gf(%),

(ag.anee 4o

as a function of operator H, that involves two values of t, namely t = s™ and t = 5™
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Table 1. The notation used in the Proof of Theorem 2.1

o is the ‘interruption parameter’ in the Euclid Algorithm; f :=1—o.
y is strictly positive; it appears when using Markov’s inequality.

s denotes the ‘Dirichlet series parameter’. We let s~ (a,7) = s — iy and
st(o,y) = s+ ay. For a fixed value of the pair (a,y), we just write
st and s™.

P denotes the number of iterations of the Euclid Algorithm (the depth).

o (with ¢ € [0,1]) is used to denote the index of a generic step in the
Euclid Algorithm, |§P .

For easier computations, ¢ is a rational 6 = ¢/(c + d). Thus,
P =(c+dk+ j, with j < c+d, and we set j/ := [dj].

Lemma 4.1. The Dirichlet series Fp(s), FM(S) can be expressed in terms of the transfer
operators,

Fu(s) =Y HUP o HRP£10),  Fa(s) = L) Fus). (4.1)
p=0
Proof. Consider an input (ag,a;) of Q on which the algorithm performs p iterations.
There exists a unique LFT h of depth p such that a;/ay = h(0). We can decompose h in
two LFTs, g and r, of depth |dp] and p — [dp] such that h = g or. In this case, we have
D[g or](0) = ag and D[r](0) = a|;,|. Now, the general term of the series Fy(s) decomposes
as

5, D[rI7(0) 1 1

@~ Dlgor(0) D[l (0) D[gl* or(0)

Furthermore, when a;/ay varies in the set of all inputs of Q with a given depth p, we

obtain
ajs a 16 d
S () —wr
ap,ay )€ 0
Pza()o,tlli)ip

Finally, a summation over p gives the result. Moreover, the relation F M(s) = ((sT)Fu(s)
proves that it is sufficient to work with inputs of Q. ]

4.2. Dominant singularity of Fy,(s)
With the notation of Table 1, the expression of the previous lemma takes the form

c+d—1
Fu(s)= > H 7o [ Y H¥oHE | o HL[£](0). (4.2)
j=0 k>0

and the possible singularities of the series F);(s) become apparent.
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Lemma 4.2. Let s be a real s > 1, and let R(s) be the spectral radius of the operator Hy.
Let ¢(s) be the function

$(s) := R4(s™) R°(s). (4.3)

For 0 <y < 1, the equation ¢(s) = 1 has a unique real solution p. This solution belongs to
the interval [2 —ay,2 + fy].
The function Fy(s) is analytic on the half-plane R(s) > p.

Proof. The function ¢ is defined for s > 1 + fy. Notice that if the solution p exists, then
p~ <2< pt. It is thus sufficient to study ¢(s) on the interval

[2—ay,2 4+ B7y], (4.4)

on which ¢ is defined: the inequality 0 <y < 1 entails 2 — ay > 1 4 fy. Since s+ R(s) is
strictly decreasing on the real axis, the same is true for s+— ¢(s) (on the real axis), and
the sequence of inequalities

P2 —op) =RI2—7)>22) = 1> R(Q2+7) = ¢+ 7).

proves that the equation ¢(s) = 1 has a unique solution p.
From (4.2), we obtain, when taking norms on space BV (1),

c+d—1

IV OIS TN B s i < S I Y s vea ) ¢ vl

Jj=0 k=0

The right part defines a series whose general term is equivalent to R(s™)%R(s™)%*. This
series is convergent when ¢(s) = R(s™)?R(s)" is less than one. L]

Lemma 4.3. Suppose that v is positive and sufficiently small. Then, the series Fy(s) has a
pole of order 1 at s = p where p is defined as the unique solution of the equation ¢(s) = 1.
Moreover, Fy(s) is analytic on the half-plane {R(s) > p,s # p}.

Proof. If y is sufficiently small, the interval (2 —17,2+7y) is contained in the
neighbourhood 7~ of Section 3.6. Then, when s belongs to the interval defined by (4.4),
the two values s™ and s~ belong to ¥~, and the two operators Hy+, H,- are quasi-compact.
Thus the dominant eigenvalue A(s™), A(s™) of the operators Hy+, Hy- are well defined. The
spectral decomposition (3.13) of H, described in Section 3 applies to t =s*,t = s~ and
extends to the series F);(s) via the equality (4.2) so that, on the interval (4.4), the series
Fy(s) decomposes into a sum of two terms, a ‘dominant’ term and a ‘remainder’ term.
The dominant term is obtained when replacing each occurrence of H; by the term A(¢)P;,
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and is of the form Fy;(s) Ps- o Ps[ f1(0), with

c+d—1
)= Y #7)XH | | DUk,
j=0 k>0
1 c+d—1
- W (s (s) . (4.5)
L —¢(s) %;

Spectral properties of the operator H;, for t = s*,¢ = s, prove that the dominant poles
of the series Fy(s) are only brought by the dominant part Fy,(s). Thus, the dominant pole
of Fj(s) arises at s = p if p is solution of the equation ¢(s) = 1. Near s = p, we have

_1 c+d—1 o )
Fu(s) ~ S 70 ; W (p) (p )P, 0 Py [ £1(0). (4.6)

The maximum properties of the function s — A(s) along vertical and horizontal lines are
inherited by s— ¢(s), so that ¢(s) < 1 for R(s) = p,s & p. [

According to the last lemma, the series Fy(s) fulfils all the conditions of the Tauberian
theorem with ¢ = p and 60 = 0 when 7 is positive. Since the Dirichlet series Fy(s) fulfils
all the conditions of Tauberian theorem with ¢ =2 and 6 = 0 (as proved in Section 3.7),
this leads to the main result of this section.

Proposition 4.4. For all strictly positive y sufficiently close to 0, for all o,0 € [0, 1], there
exists p (depending on o,y and ) such that the expectation of the cost M satisfies

E, |:(a[5;ﬂ ) :| _ 0(2;1(/)—2))'
o

4.3. Particular case when ¢ is near 1 —a
We now prove that p is less than 2 when 6 equals (1 — a) + ¢ with ¢ > 0.

Lemma 4.5. When 6 = (1 — o) +¢, with ¢ >0, there exists y > 0 such that the unique

solution p of equation ¢(s) =1 is strictly less than 2. Moreover, one can choose 2 — p =
Q(e?).

Proof. Suppose that 6 = - is of the form 6 = (1 —a) + & We have

d o—e o—e

¢ l—oa+e f+e

Now, equation ¢(s) = 1 can be written with the function A(s) := log A(s) as

A e _ pe

AGst) d  oa—e&

D(s) :
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On a neighbourhood of s = 2, the left term defines a strictly decreasing function @ of s.
It is thus sufficient to show that there exists some y > 0 (depending on ¢) for which
ﬁ +e

—¢

D(2) < D(p) =
The function s — A(s) satisfies
A2) =0, A((2) <0, A'(@2)>0

so that, for a sufficiently small 7,

IA2=Pp)I B 1+Ber _ P+ea : 3y A'(Q2)
(I) = — = — .
Q=R xm) S o o ~a—g MM = TR0
One can choose
AN(2 3¢
Yy = S‘A”((z))‘ so that & = ) <e¢ and @(2) < D(p).

In this case, we have p < 2, and this proves the first part of the lemma. We now wish to
evaluate 2 — p as a function of e. First
D2)—d
2, (22— )
'(2)

Then,

B+e B+e JE—8 _ 8

() () > =—.
Q) =) > | T > =

On the other hand, when taking logarithmic derivatives, and using the fact that |[(A’/A)(2 +
x)| ~ (1/x) (near x = 2), we have

‘(D ‘ 22— By )‘ ‘ (2+ay)| so that |®'(2)| ~ %,
«y
and finally
2 ’
ey _ & |A'(2)
> 22
TP YT A =

4.4. The case y <0

We now consider the case when the cost M is relative to parameters (a, 0, —y) with y > 0.
We remark that s™(«,y) = st(1 — o, —y). Moreover, even if the two costs, the cost M
relative to (o, 0, —y) and the cost M relative to (1 —a,1—9,y) are not a priori the same,
the two Dirichlet series Fy(s) and Fy;(s) have the same dominant part

Z Hdk °© Hs*’
k>0

and the function ¢ is the same in both cases. Let p(a, J,y) denote the unique solution
of the equation ¢(s) =1, where ¢ is relative to parameters (o, d,y); then the equality
p(a,0,—y) = p(1 —a,1 —9,y) and Lemma 4.5 imply that for any ¢ > 0, there exists y > 0
such that for any «

p(“al—fx—ﬁ,_y):P(l_%(x‘i‘ga”/)<2-
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This entails that, for any & > 0, there exists y > 0 such that p™ = p(o,1 —x +¢,7) and
p~ = p(a, 1 —a— ¢ —y) are both less than 2. Then, with (3.2) and (3.3),
2 (1-ow

P
Pr, [ P

with K = 2ma(¢"»7)=2 This proves Theorem 2.1(i).

> g] = 0(K"),

4.5. Proof of Theorem 2.1(ii)

Let Q, denote the random variable Q, := |P, — (1 — «)P|, and consider, for some ¢ > 0,
the exceptional event A(e) := [Q, > e¢P]. The worst case of the Euclid Algorithm entails
that, on Q,, we always have P = O(n). This yields

E.[Q.] < Kn (Pr,[A(e)] + ¢),
and, together with Theorem 2.1(i), we obtain
E,[P.] ~ (1 —2)E,[P].
This ends the proof of Theorem 2.1. ]

5. Analysis of the Interrupted Algorithm: bit complexity

In this section we prove Theorem 2.2. We are interested in studying the average bit
complexity of the Interrupted Euclid Algorithm &,, which terminates as soon as the
current integer a; is less than af. As claimed in Section 3.2, we replace this algorithm by
a ‘regularized’ algorithm &,, which always terminates at a fraction of the depth. Thanks
to Theorem 2.1, the two algorithms are quite close, and their bit complexities will be
asymptotically the same.

5.1. Expression of Dirichlet series with transfer operators
As in the previous section, the first step relates the Dirichlet series of costs B, C,,

[(1—o)p]
Bi(ag,ar) = Y /(a;)-b(g:) with b(q) :=D/(q)+2M, (5.1)
i=1

[(1—o)p]
Colag,a) = > /() clq) with c(g) = (/(q) +2)M, (52)
i=1

to some transfer operators. These costs involve different parameters, namely the length
/(q) of the quotients ¢ relative to the LFT h : x+— 1/(q + x), the length /(a;) of the
remainders, and the lengths of the Bezout terms u;, v;.

As in (3.9), (3.10), we consider an input (ag,a;) of the algorithm such that a;/ay =
h(0) = hy o hy o---0h,(0) and we split the LFT h in three parts:
(a) the beginning part b;j(h) = hy oo h;_y,
(b) the ending part e;(h) = hiy10---0ohp,
(c) the ith component h;.
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Then, the operator relative to the LFT h decomposes as
R, = Ry 0 Ry 0 Ry -

First, we weight the operator R;), with some cost d(g;) relative to the quotient g; of the
LFT h; and introduce, for any LFT g of depth 1, the operator

_dlg)
D[gl(x)*

and the total operator H¥ is thus defined by

HI[f1(x) =) R,

geAH

RIG[11(x) = fog),

Second, we take derivatives with respect to s, and use the derivative functional A defined
for an operator L; which depends on a parameter s by
1 d
ALy i = ————
* log2ds °

When applied to R,,, it produces at the numerator the logarithm log, D[g]. Since
D[ei(h)](0) = a;, D[b;i(h)](x) = v; + v;_1 X, we obtain, with costs b, ¢ defined in (5.1), (5.2),

1 a
ARy o RE) o Ry [ £1(0) = —log, ai b(g)f (a—;)
0

, 1 a; a
Ry o R o ARy [£1(0) = = log, <U1 + i1 ) cqi) f < 1)-
a ai—1 ao

The inequalities

logyai—A(a)| <1,  |log, (m Yo a“" ) — )] < 1 (5.3)
i—1
prove that the costs Ea, 61 defined as
R [(1=a)p]
Bo(ag,a1) = ) logy(a;) - b(gy), (5.4)
i=1
[(1—a)p]
Clag,a)) = > log, <Uz+vz 1 1) ~c(qi), (5.5)
i—

i=1

can be viewed as ‘approximations’ for costs B,,C, (we shall prove this statement in a
precise way in Section 5.3). Now, the operators

[(1—a)p]
b
BU) = ) ARy oRY) o Ry,
i=1
L(1—)p]
C% = > RyomoRL) o ARy,

i=1
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are generating operators for the costs B: and a on the input (ag, a;), since
1~ a 1~ a
B[ /100) = — B (av, al)f<—1>, Cf10) = —Scx(ao,anf(—l).
§ ay ap § apy agp
When (ag,a;) is a generic element of Q with depth p, the LFT h is a generic element of
AP. When summing over p, we obtain the following lemma.

Lemma 5.1. The Dirichlet series Fx(s) relative to costs X = E; or X = /C: defined in (5.4),
(5.5) are expressed in terms of the transfer operator Hy, the weighted operator HY) relative
to cost d = b,c defined in (5.1), (5.2), and the functional derivative A,

[(1—a)p]
Fp0=Y > anr o HM o HI'[£](0),

p=0  i=1
[(1—o)p] ' ‘
Fe(s)=>_ > HIoH o AH'[f](0).

=0 i=I

5.2. Spectral decomposition and Tauberian theorem
We now work with s near to 2 and use the spectral decomposition (3.13), which splits the
operator HY in two parts,

H" = J"(s)P, + N,

N

where A(s) is the dominant eigenvalue of the operator. This decomposition extends to the
series. There appears a ‘dominant’ term that is obtained when replacing all the powers
H} by A(s)"P;. Note also that

AH! = "H/™' o AH, o H}™/
j=1

brings a dominant term equal to nA""!(s)P; o AH; o P,. Finally, the dominant terms
Fli;“(s), Fa(s) of Fj (s), F¢ (s) involve the operators
Q,=P;0AH,0P;oH"o P,  T,=P,0H! 0P 0 AH,0 P,

under the form

F}(s)=B"(s) Qf10).  F}(s)=C"(s) T,[£1(0),

o

with (near s = 2)

[(1—a)p]

= _ B 1 3
=3 (3 ) 1(3)“(1—“2(1_@(5))’

[(1—a)p]

3
6(0()(S) — Z Z i ;Lﬁ—l(s) ~ (1 — 06)2 (1_;}(5)) .

p=0 i=0
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Near s = 2, the relations
B@(s) C(s)
BO)(s) CO)(s)

prove an analogue of Theorem 2.2 when the bar is replaced by a hat, namely,

~(1—a)?

~ (1 - az)y

E.[B.] ~ (1 —o®)E,[Bol,  E,[C,] ~ (1 —2)*E,[Co], (5.6)

for n — oo.

Furthermore, the asymptotic behaviour of the expectations E, [§0], E, [CAO] can be
obtained when applying Tauberian Theorem as in [1, 27]. Near s = 2, the two quantities
Q;[ f1(0), Ts[ £1(0) define analytic functions of s whose values at s = 2 involve two integrals

1 1
/ HY9[y](1) dt, / AH[y](t) dt, (5.7)
0 0

which deal with the stationary density y, and the possible costs d = b,c. As in [1, 27] (we
recall that / is the binary length),

1 0 1 1
| H0d = o T (1 n ?) [ o =~z
0 k=0 0

so that
E,[Bo] ~ (LiM + LyD)r?,  E,[Col ~ (L; + Ly)M r?,
_ 12log®2

6log2 - 1
with L= . L, = 2 logH (1 + F)
k=0

We now come back to the original costs, first with a bar, second without a bar.

5.3. Relation between costs with a hat and costs with a bar
The Dirichlet series of the cost Y (ag,a1) := > _/_, d(q;) corresponding to d = b, c is exactly

Fy(s) = (I —Hy) "' o H o (I — H,)"'[ f1(0).

Since this series has a pole of order 2 at s = 2, the expectation E,[Y] is O(n). Finally, the
inequalities (5.3) entail that

E.[B,] — E.[B,] = 0(n),  E,[C,] — E,[C,] = O(n).

5.4. Relation between the costs with a bar and without a bar
In the same vein as in Section 4.5, let Q, denote the random variable Q, := [P, — (1 — a)P|
and let R, be one of the two random variables R, := |B, — B,| or R, :=|C, — C,|. The
worst case of the Euclid Algorithm implies that, on Q,, we always have R, = O(n?).
Furthermore, when dealing with the exceptional event A(¢) := [Q, > ¢P], we obtain the
relation
[(1—et-e)P |
E,[R,] < K'n® Pr, [A(e)] + nE, [X,] with X, = > dg) (5.8)
i=|(1—o—¢)P |
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where d is one of the two costs b or c. Theorem 2.1 proves that the first term is o(n?). The
Dirichlet series relative to cost X,

[(1—a+e)p]

S Y HroHYoHI[£](0),

p20 i=|(1—a—e¢)p]

has a dominant term equal to

2
& (; p)v(S)p1> P, o HY o P,[ £](0) = 8(1 _1/1(3)> P, o HY o P,[ £](0),
so that the second term of (5.8) is of the form o(n?). Furthermore, for both costs R,, we
have E,[R,] = o(n?), and

E.[B.] ~ E, [B—oc], E.[C)] ~ E, [C—x]
Finally, Theorem 2.2 is obtained with (5.6), Sections 5.3 and 5.4.

6. Analysis of the Lehmer—Euclid Algorithm

We now prove Theorem 2.3. There are two main ideas, summarized by the next two
lemmas. The first lemma compares, during each phase, the quantities that would appear
if one used the usual Euclid Algorithm (the top horizontal line of Figure 7) with the
quantities that actually appear in the bottom horizontal line of Figure 7.

Since these quantities are closely related, we can ‘simulate’ the bit complexity of the
Lehmer—Euclid Algorithm only on the plain Euclid Algorithm itself. The second lemma
shows that the algorithm is almost surely ‘regular’ in the sense that the duration of each
phase is (almost surely) equal to a fraction of the depth. Then, as in the previous section,
we first study, in the third lemma, a regularized version of the Lehmer—Euclid Algorithm
L&, which we denote by £&,, where the duration of each phase is exactly equal to a
fraction of the depth, i.e., |(u/2)P]. This section ends by comparing the bit complexity of
the two algorithms — the ¥, algorithm and the # &, algorithm.

In the top horizontal line, the jth phase begins with the pair (Agj),A(lj ), while the bottom
horizontal line starts with

(W) d?) = T (4D AD).

At the ith step of the jth phase, the Lehmer—Euclid Algorithm deals with the pair
(@, a"), while the Euclid Algorithm (if performed) would deal with the pair (4", 4.
Except at the first step of the jth phase, it is not true that the small pair (agﬁl,agj)) is
the truncation of the large pair (Agi)l,Agj)): usually this is even wrong. However, the next

lemma shows that these pairs have almost the same length.

Lemma 6.1. Let (agi)l,agj)) denote the pair used by the Lehmer—Euclid Algorithm at the
ith step of the jth phase, and let (AEJ_)I,AEJ)) be the pair that would be used by the Euclid
Algorithm at the corresponding step. Then,

(") /(D) +£(45)) ] <2
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()

AV A AV A)

i r—1’

G ) 1) 1) ()
(a,,aq, . a - (a’,a’)

Figure 7. The jth phase of the Lehmer—Euclid Algorithm

Proof. We fix a phase, and we omit the index j. We use the notation of Section 2.1.
Since the two matrices .#; (the ‘large’ one and the ‘small’ one) are equal, we have

At -1 (A aiy1\ _ 1 (d
() ar) = () ) w

On the other hand, since the pair (ag,a;) is the m-truncation of the pair (4o, A1),

()= ~[@) @)

where dg, 01 satisfy 0 < 9,01 < 1. Then,

Ait) _ Sr(ag)-m | (@it 01
( Ai ) =2 ai +ﬂ 50

Moreover, during each step, the relation ag = |vi_1|a; + |vi] ai—1 together with the
inequalities a;, a;_1 > \/_ prove that the absolute values of all the coefficients of the
matrices .#;_1,.#7"| are less than (1/2) /a f (1/2)a;. Finally, the relation

|Ai _ 2/(A0)_mai| < 2/(A0)—m &
= 2

proves the lemma. Ul

The bit cost of the jth phase decomposes into three bit costs. The first one (type 1)
is the bit cost of an Interrupted Euclid Algorithm, the second one (type 2) is the extra
cost due to the computation of the two co-sequences, and the third one (type 3) is due
to the four multiplications of Stage 3. The second and the third costs (types 2 and 3)
involve quantities that could have been computed during the Euclid Algorithm of the
top horizontal line, so the Dirichlet series of these two costs admit expressions that
involve the transfer operators relative to the Euclidean dynamical system, with a possible
intervention of the cost d = ¢ or d = b, and of the functional A. The first cost (type 1)
involves the quantities previously denoted by /(agj)) that are not computed by the ‘top’
Euclid Algorithm. However, Lemma 6.1 proves that these quantities can be approximated
by other quantities f(Agj)), /(AEJ)), computed by the ‘top’ Euclid Algorithm.

We let J denote the number of phases, let p(j) be the beginning index of the jth phase,
and let v[r,t] be the coefficient v that is computed between the two indices i = r and i = .
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More precisely, v[r,t] is the Bezout coefficient that would be computed if one were to
start the Extended Euclid Algorithm with input pair (4,, 4,+1) and stop with integer A;.
Here are the different costs involved during the algorithm.

Array 1. Costs:
p(j+1)—
cost of type 1 Z] . ((Ai) — {(Apj) +m] - b(gi),

i=p(j)

cost of type 2 22 . Z purh Z(v[p(j),il) - c(qi),

i=p(j)

cost of type 3 4Zj=1 {(Apjy) - £wlp(j), p(j + 1)]).

In fact, the cost of type 1 decomposes into three different costs. The first one gives rise to
the bit complexity of the plain Euclid Algorithm during the phase and the third one was
analysed in Section 5.3. There remains the second part, which we call the cost of type 1":
, J U1
cost of type 1 Zj:1 {(Apj)) Zi:p(j) b(g;).

All the previous expressions heavily depend on the sequence of indices p(j) that denote
the beginning of the jth phase. The next lemma proves that the length of each phase
is almost surely the expected one, namely equal to p := |(u/2)p], so that the sequence
p(j) is not too far from an arithmetic progression. This lemma is an (easy) extension of
Theorem 2.1.

Lemma 6.2. Let 6(j) denote the number of iterations performed during the jth phase. For
any ¢, there exists K < 1 for which, as n — oo,

o(j) u
Pr, ||—=—<% = O(K").
T [ P 5 > ¢ (K™)
Proof. If a phase begins at the rth iteration of the Euclid Algorithm, it ends at the
(r 4 t)th iteration, as soon as the (small) sequence a; satisfies some condition. However,
the previous lemma proves that there is a precise relation between the length of small a;
and the length of large A;. In fact, the phase ends as soon as
Ar

w2
Ay

As in the proof of Theorem 2.1, we use Markov’s inequality and we are led to study the
Dirichlet series relative to the cost

o Ar+z !
N(A0>A1) = —u2
4,45

Ar+t ~

for some y > 0. We use the same notation as in Table 1 with « = 1 — (u/2) and f§ = u/2.
This Dirichlet series admits an alternative expression that involves the transfer operator
H,, as

— _t o
H!™"" o H. o HJ. .
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It is important to note that the dominant part of the function does not depend on the
index r that denotes the moment when the phase begins. If we let p := (c + d)k,t := ck,
then the function ¢ that is relative to the dominant singularity is exactly the same as
in Lemma 4.2, ie., ¢(s) = A4s7)A°(st). The end of the proof is exactly the same as in
Section 4. O

Since the length of each phase is almost surely equal to p := |(u/2)p], we now consider
the regularized version of the Lehmer—Euclid Algorithm, where the length of each phase
exactly equals p := |(1/2)p]. We denote this algorithm by #&,. We shall prove two facts.
First, the expectation of the bit cost of the WH algorithm on Q,, ﬁn is given by the
expression of Theorem 2.3. Second, the difference between the two average bit costs, the
average bit cost of the ﬁu algorithm on Q,,Q, and the average bit cost of the £&,
algorithm on Q,, Q, is o(n?). We first consider the regularized version of the algorithm.

Lemma 6.3. The expectation of the bit cost during the jth phase of the ﬁﬂ algorithm on
Q,,Q, is asymptotically equal to

3 1
(LM 4 LaDyen® + 5 (Ly + L)Muln® + 4% (1 —(j— 1)%) Mn?.

Proof. We first obtain an expression for the costs of the #&, algorithm during the jth
phase when the depth of the algorithm equals p.

Array 2. Costs of the regularized algorithm during the jth phase:

Jjp—1
cost of type 1’ Z Z(Aj-1p) - b(qi),

i=(j—1)p
Jp—1
tof type 2 2 {[(j— 1)p,i]) - c(qi)s
costoftype2 23 /[l — D)) ()
cost of type 3 4/ (A(j—1) - /(v[(j — 1), jP]).
We easily deduce an expression for the Dirichlet series of ‘regularized’ costs when the

depth equals p. In fact, we work with some approximated costs that are the analogues of
the costs denoted by hats in the previous section.

Array 3. Dirichlet series for costs of the regularized algorithm during the jth phase:
cost of type I' S A[HI 7 o HI o HIY o HIT'] o HU-IP[£](0),
cost of type 2 2 Zil HY P o H o HY o A[HI'| o HY VP £1(0),
cost of type 3 4A[HZ ™7 o A(H?)] o HY=VP[ £](0).

When summing over all possible values of depth p, the dominant terms of the Dirichlet
series of Array 3 all involve a product of two factors. The first factor is the same for all
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the three series and is equal to

A RS
> PPl ~ 2( — (S)> . (6.2)

p=0
Array 4. The other factors are respectively equal to:

cost of type 1’ g [1 — g(j — 1)} P; o AH; o P ng”] o Py[ f1(0),

! 2
cost of type 2 25 (g) P, o H! o P, o AH, o P,[ f](0),

cost of type 3 4% [1 — %(j — 1)} P, o AH; o P, o AH, o P,[ f](0).

Near s = 2, all these functions are analytic and their values at s =2 involve the same
integrals as in (5.7). As in Section 5.4, it is easy to compare costs with a hat and costs
with a bar. This ends the proof of the lemma. ]

When summing over the index j, which varies between 1 and J := [2/u], we get the
expression given in Theorem 2.3. It then remains to compare the bit complexity of the two
algorithms, the Lehmer—Euclid Algorithm #&, and its regularized version Z&,. This is
the purpose of the following lemma.

Lemma 6.4. When n — oo, the average bit complexity of the Lehmer—Euclid Algorithm
L&, and the average bit complexity of its regularized version L&, are asymptotically the
same.

Proof. Lemma 6.2 proves that the length J(j) of the jth phase is almost surely close
to p ;= |[(u/2)p]. We then split the set of inputs Q into two subsets: a subset of inputs
that have an exceptional behaviour, and an ordinary subset. Consider, for some ¢ > 0, the
event

D(e) :=[3j < J, 16(j) —pl > ep]. (6.3)

Lemma 6.2 proves that there exists a K < 1 for which Pr,[D(¢)] = O(K"), so that the
subset D(e) is exceptional. It is sufficient to study the bit complexity of the £ &, algorithm
on the complementary subset of D(g). Here, there are two ‘extremal ordinary values’,

I ]
and the beginning indices p(j), p(j + 1) satisfy
Jp— < p(j) < jpys
Lip G+ Dp] = [p(j)p(+ D] = [jp-, (G + D]
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Note that the number J of phases satisfies

2 2

J = <JKJH = — 6.4

u+2e u—12e 64

and note that the length of the large interval [jp_, (j + 1)p.] is less than p,, := p+ J ep,
while the length of the small interval is greater than p__ := p— J ¢p. The function

i— /(A;) is a decreasing function, and the function [r,t] — v[r, t] is an increasing function.
Finally, for each cost that has been previously defined, we provide an upper bound and a
lower bound on the ordinary subset.

Array 5. Upper ordinary bounds:

cost of type 1/ Zﬁ ¢ (AG-1p.) 'ij_l b(q:),

j=1 i=(j—1)p-

Jt Jp+—1 . - )
cost of type 2 22]':1 Zf=(j71)ﬁ_ Z[(j — Dp-.1i]) - c(qi),
J*r . _ .
cost of type 3 4Zj:1 ((Agj—p.) - LG — D)=, jp+]).

Array 6. Lower ordinary bounds:

J- ip-—1
cost of type I’ ) i’ (A-1p.) - Zm b(qi),

i=(j—1)p+

J- Jjp——1 . .
costoftype2 23 > Alli— Dps i) elan)

-
cost of type 3 42;’:1 ¢ (AG-1p,) - L [(j — 1)P4. jP-).

Here are the Dirichlet series of various costs relative to jth phase, when the total depth
of the algorithm equals p. In fact, we work with some approximate costs that are the
analogues of the costs denoted by hats in the previous section.

Array 7. Dirichlet series for upper ordinary bounds of costs during the jth phase:
D+

cost of type 1’ Z A[HPU-DP=1 o HI o HI'] o HY-DP-[ £1(0),

Dt

cost of type 2 22_ ,
=

cost of type 3 4A[HI /P o A(HI*+)] o HY=VP-[ £](0).

H2U=P—T o HI o AH!] o HU-DP-[ £](0),

Array 8. Dirichlet series for lower ordinary bounds of costs during the jth phase:

cost of type 1’ Zéj A[HZU=DP o HIP o HET' 0 HY VP4 [ £1(0),
i
cost of type 2 2 Z’:’ HU=0P=i o HI o A[HE!] 0 HY VP [ £1(0),

cost of type 3 4A [Hf‘ji’* o A(H)] o HY=D74[ £1(0).
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When summing over all possible values of depth p, the dominant terms of the Dirichlet
series of Array 7 or Array 8 all involve a product of two factors. The first factor is the
same for all the three series of the two arrays and is the same as in (6.2), that is,

2, 1 ’
I;p A(S)pfwz(l—)»(s)) .

It remains to study the second factors and compare them to the expressions given in
Array 4. The operators involved are the same as in Array 4, and the constants of Array 4,

2
aw =41-50-0]. B =3(5).

are respectively replaced by A(i) + O(¢), B(u) + O(¢). We now sum over all possible values
of index j. This index varies (according to the cases) between 1 and J~ or between 1 and
JT (these values are defined in (6.4)). We finally obtain the result. ]

This ends the proof of Theorem 2.3, which is the main result of the paper.

The previous results prove that all transpires as if we could directly apply the heuristic
reasoning of Section 2. We recall that Section 3 provides a first explanation of this fact,
based on the description of the evolution of the density on Q during the execution of the
Euclid Algorithm.

7. Conclusion

This paper has provided for the first time an average-case analysis of the Lehmer—Euclid
Algorithm when the truncation degree u is constant. This is not the algorithm that is
used in most applications, though. Usually, truncations are designed so as to transform
multi-precision integers into fixed-precision integers. In this case, the truncation degree is
no longer a constant but is of the form ¢/n for some constant c. In order to deal with this
algorithm, we would have to change our analysis, as it currently applies only to constant
values of u. This would require in an essential way uniform bounds and error terms,
which are not obtainable by means of Tauberian Theorems. Hopefully new results [2]
concerning the transfer operator associated to the Euclidean algorithm can perhaps serve
for this purpose. An alternative approach might be to analyse directly the Interrupted
Euclid Algorithm, which stops as soon as the current integer has lost a constant number
of bits.

This first study may be of interest from several other points of view. Here, we have
analysed a standard version of the parametrized Lehmer—Euclid Algorithm. Collins [7],
Jebelean [14], and many others have proposed improvements on the Lehmer—Euclid
Algorithm. For instance, it is sufficient to compute only one co-sequence and recover the
second one at the end of each phase, at the expense of an additional product. On the other
hand, Jebelean remarks that, when truncated numbers with m bits are used, almost all the
operations performed involve numbers of m/2 bits, very few operations actually requiring
numbers with m bits. Accordingly, he proposes to work with double-precision numbers.
So far, such variants have only been assessed via experiments and empirically determined
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computation times. We provide in this paper a new theoretical tool that can provide an
alternative way to quantify precisely the effect of such algorithmic optimizations.

Finally, we should mention the recursive version of the Lehmer—Euclid Algorithm,
RZLE in short. It is based on a divide-and-conquer principle, and replaces computations
on n-bit integers by operations on un-bit integers (with u near 1/2). The design of this
algorithm, initially proposed by Schonhage [21], is now more precise, after recent progress
due to the works of Cesari [6], Zimmermann [30] and Stehlé [24]. It is well described in
the book by Yap [29]. It is our intention to analyse the 2. & Algorithm and we believe
that many mathematical tools introduced here can be used for this task.
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