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Abstract. In a recent paper the authors introduced universal and exotic generalized
fixed-point algebras for weakly proper group actions on C*-algebras. Here we extend
the notion of weakly proper actions to actions on Hilbert modules. As a result we
obtain several imprimitivity theorems establishing important Morita equivalences between
universal, reduced, or exotic crossed products and appropriate universal, reduced, or exotic
fixed-point algebras, respectively. In particular, we obtain an exotic version of Green’s
imprimitivity theorem and a very general version of the symmetric imprimitivity theorem
by weakly proper actions of product groups G x H. In addition, we study functorial
properties of generalized fixed-point algebras for equivariant categories of C*-algebras
based on correspondences.

1. Introduction

Suppose that o : G — Aut(A) is an action of a locally compact group G on the C*-algebra
A and let X be a proper G-space. Then we say that A is a weakly proper X x G-algebra if
there exists a G-equivariant non-degenerate *-homomorphism ¢ : Co(X) — M(A). This
notion substantially generalizes the notion of (centrally) proper Co(X)-algebras, in which
the homomorphism ¢ : Co(X) — M (A) is assumed to take values in the center ZM (A) of
the multiplier algebra M (A). On the other hand, it follows from [29, Proposition 5.9] that
weakly proper actions are always proper in the sense of Rieffel (see [28, 29]), who showed
in [28] that all proper actions in his sense allow the construction of a generalized fixed-
point algebra ArG which is Morita equivalent to an ideal in the reduced crossed product
A x4 G. But already in his paper [28], Rieffel discussed whether it is possible to obtain
similar constructions which involve the universal crossed product A x4, G. We show
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in [7] that such theory exists in the case of weakly proper actions. In that paper we also
construct a universal version of the generalized fixed-point algebras AE , which is Morita
equivalent to an ideal in the universal crossed product A x4y G. It can be obtained as a
completion of the fixed-point algebra with compact supports

AZ=CG\X) - {m e M(A)C | f-m,m - f € AV f € Co(X)} - Ce(G\X),

with f-a:=¢(f)a for f e Cp(X), ae M(A), and A, :=C.(X)-A-C.(X). As an
application, we obtained Landstad duality for maximal coactions and we answered a
number of questions about duality properties of exotic crossed products which were raised
in a recent paper by Kaliszewski, Landstad and Quigg [15].

In this paper we further develop the theory by studying weakly proper actions on Hilbert
modules which are inspired by Meyer’s theory of square-integrable Hilbert modules as
studied in [22]. To be more precise, if (B, B) is a G-algebra and (&, y) is a G-equivariant
Hilbert B-module, we say that (£, y) is a weakly proper (B, X x G)-module if there
exist a proper G-space X and a G-equivariant non-degenerate representation ¢ : Co(X) —
L(E). Of course, this implies that (C(£), Ady) is a weakly proper X x G-algebra as
above. Let F¢(€) := ¢(Cc(X))E € €. We show that F.(£) completes to a Hilbert B xig
G-module F,(£) with respect to the C.(G, B)-valued inner product

(e, ) = A6 Elys () 5.
The corresponding universal generalized fixed-point algebra Fixf (&) is defined as
Fix8 (€) := K(Fu(£)).

It turns out that Fixg; (&) is canonically isomorphic to the universal generalized fixed-point
algebra [C(& )f (see Proposition 3.20). It follows directly from the definition that F(E)
implements a Morita equivalence between Fixf (&) and the ideal

Ip :=span(Fu(E)Fu(E)) puy,6 S B Xpu G.

We say that the action of G on € is universally saturated if Ig = B %, G.

We shall see that this construction has many interesting applications. Consider
the Hilbert B-module L?(G) ® B = L*(G, B) for the G-algebra (B, B). Let p: G —
U(L?*(G)) denote the right regular representation of G and let M : Co(G) — L(L*(G))
denote the representation by multiplication operators. Then L?(G) ® B becomes a
weakly proper Hilbert (B, G ¥ G)-module with G-action p ® 8 and structure map
M ® 1p: Co(G) — L(L*(G) ® B). If we restrict the action to a closed subgroup H
of G, L*(G, B) becomes a weakly proper (B, G x H)-module, and it turns out that
]-'f(L2(G, B)) is isomorphic to Green’s Co(G/H, B) X.ggu G—B Xgy H equivalence
bimodule. Hence, we obtain Green’s imprimitivity theorem as a special case of our
constructions. Indeed, if we start just with an action of H on B, we obtain the version
for induced algebras:

Il’ldg(B, B) XInd B,u G~y B Xgu H.

The key result for this (Theorem 5.4) is a general isomorphism (A o, H )3 = AE Mo u
H which works for any weak X x (G x H)-algebra (A, ) such that G acts properly on X
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(i.e. there exists a G x H-equivariant structure map ¢ : C.(X) - M(A), but we assume
properness only for the action of G). In this case, A X4y H is a weakly proper X
G-algebra via the composition of ¢ with the canonical embedding i : A —
M(A Xy G).

If both G and H act properly on X, we obtain a very general version of the symmetric
imprimitivity theorem: there is a canonical partial AS x, H-A x, G equivalence
bimodule which implements a Morita equivalence if the actions of G and H on A are both
universally saturated, which is always true if the actions of G and H on X are free. We
show that the module can be realized as a completion of A, = C.(X) - A - C.(X) which
can be made into a partial C.(H, Af)—CC(G, Afl ) pre-equivalence bimodule (a partial
equivalence bimodule between two C*-algebras A and B is an equivalence bimodule
between ideals /4 and /p in A and B, respectively).

Above we stated all results for the universal crossed-product norms. But all proofs are
given also for the reduced crossed products and, more generally, for certain compatible
choices of exotic crossed-product norms for G, H and G x H in the sense of Kaliszewski,
Landstad and Quigg (see [15]). In particular, we shall see that Green’s imprimitivity
theorem holds for any given exotic G-crossed product corresponding to a G-invariant
weak-* closed ideal £ C B(G) as constructed in [15] if we take the H-crossed product
with respect to the weak-* closed ideal Ey € B(H) generated by {f|g | f € B(G)}. In
the reduced case we recover a number of results from the literature. In particular, our
symmetric imprimitivity theorem extends the one given by an Huef, Raeburn and Williams
in [4] for Rieffel proper actions. However, we think that our approach is more direct and
the description of the pre-equivalence bimodule is much easier to handle. Of course, our
result also covers the version of the symmetric imprimitivity theorem for Cy(X)-algebras
due to Kasparov [18] and Raeburn [25].

The paper is structured as follows. In a preliminary section we recall some background
on crossed products by actions on C*-algebras and Hilbert modules with respect to
universal, reduced and exotic crossed-product norms. For the latter we restrict ourselves
to norms which are attached to G-invariant ideals of the Fourier—Stieltjes algebra B(G),
as studied in [15]. We also obtain some useful functoriality properties for such exotic
crossed products which are needed in the sequel. In §3 we introduce weakly proper
Hilbert modules and the corresponding fixed-point algebras and we establish a number
of useful results about these objects. In §4 we study equivariant bimodules (£, y) between
two weakly proper X x G-algebras (A, o) and (B, 8), and we show that such modules
always allow the construction of an AY — BY fixed module £F (and similarly for other
crossed-product norms), which will be a full equivalence bimodule if the actions of G
on A and B are both universally saturated. A similar construction of fixed modules for
weakly proper actions was done in the reduced case in [3] under the additional assumption
that the action on X is free. Our construction does not use this assumption and allows
functoriality of fixed-point algebras for saturated weakly proper actions. We also derive
a useful decomposition result for such bimodules, which will play an important role in
the description of the direct module for the symmetric imprimitivity theorem, which,
together with Green’s theorem, is derived in §5. Finally, in §6 we discuss some functorial
properties of the construction which assigns to a proper X x G-algebra its fixed-point
algebra Ag with respect to exotic crossed-product norms || - ||, attached to G-invariant
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subsets of B(G). This generalizes the main results of the papers [1, 2] by an Huef,
Kaliszewski, Raeburn and Williams.

2. Preliminaries
2.1. Exotic crossed products. Let (B, G, ) be a C*-dynamical system. Then
C.(G, B) becomes a *-algebra with respect to the usual convolution and involution:

fxgt) = /G F&)Bs(gs™ ') ds and  f*(1) =AM B (fGT)E

The full crossed product B xg, G is the completion of C.(G, B) with respect to the
universal norm || - ||, obtained from integrated forms of covariant representations. Let us
write (1, tg) for the canonical covariant representation of (B, G, ) into M (B xg G),
ie.tp: B—> M(B g, G)andig: G — UM(B xg G) are given by

(gb) - £)t) =bf (1), f-1pb) = f(O)B(b),
(G() - O =B(fT'),  (fiaN@) =A6) fs™),

for f € C.(G, B), b € B and s € G. We refer to [31] for further details.

If (B, G, B) is a C*-dynamical system, let (i}, i;): (B, G) > M(B ® K(LA(G)))

denote the covariant pair given by i;; = 1 ® Ag and i} denotes the composition
B idg@M 2

B —— Cp(G, B) S M(B ® Co(G)) —— M(B ® K(L*(G)))
in which ﬁ maps b € B to the function ¢ +— B,-1(b) and M : Cy(G) — L(L*(G)) is
the representation by multiplication operators. Its integrated form Ap :=i} x i :
B xguyG—> M(B® K(L?(G))) is called the regular representation of (B, G, B) and
the reduced crossed product B xg; G is defined as the image Ap(B x5 G) S M(B ®
KC(L?(G)). Of course, we may also regard B X, G as the completion of C.(G, B) with
respect to the reduced norm | f|l; = |1 Ap()Il.

In this paper we shall also consider exotic C*-norms || - ||,, on C.(G, B), i.e. norms
which satisfy the C*-condition || f* * f1,, = || f I?, so that the (Hausdorff) completion
B xg, G of C.(G, B) with respect to this norm is a C*-algebra. Such norms are most
interesting if they satisfy || f|l, < | fllx < Il fll. and if they are coming from a crossed-
product functor (B, G, 8) = B xg, G. Such functors have recently been studied by
several authors (see e.g. [6, 7, 15, 23]). Although some of our results could possibly be
stated for more general crossed-product norms, in this paper we shall work exclusively
with the crossed-product norms as introduced by Kaliszewski, Quigg, and Landstad in
[15]. As we shall see below, these norms have very good functorial properties with respect
to equivariant morphisms and correspondences.

To recall the construction, let B(G) denote the Fourier—Stieltjes algebra of G, i.e. the set
of all matrix coefficients s — ((s)&|n) of all unitary representations & of G. Recall that
B(G) identifies with the Banach-space dual C*(G)* if we map the function s — (7 (s)&|n)
to the linear functional on C*(G) given by x — (7 (x)&|n). Assume now that E C B(G) is
a non-zero ideal in B(G) which is G-invariant with respect to left and right translation. It
is shown in [15, Lemmas 3.1 and 3.14] that Ir :=1E ={x e C*(G) | f(x) =0V f € E}
is a closed ideal in C*(G) which is contained in the kernel of the regular representation
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AG : C*(G) — C{(G), and hence the quotient C},(G) := C*(G)/IE is a group C*-algebra
lying between C;(G) and C*(G). Let gg : C*(G) — C%(G) denote the quotient map
and let u : G —> UM (C*(G)) denote the canonical homomorphism. If 8: G — Aut(B)
is an action, let E:: (ip®1) % (ic®u): BxpgyG— M(B xgyG®C*(G)) denote
the dual coaction. Then Kaliszewski, Quigg and Landstad define the E-crossed product
B xpg . Gas

B Xpg,u, Gi=(BxpuG)/Jpp withJsp :=ker(id® gr) o B.

They also show that the dual coaction //3\ of G on B xgy G factors to a dual coaction B\H E
on the E-crossed product [15, Theorem 6.2]. Moreover, it follows from [15, Corollary
3.13] that C%(G) =C %y, G. The E-norm does not change if we pass from E to its
weak-* closure in B(G) by [15, Lemma 3.5], so we may always assume that E is weak-*
closed. Moreover, for E = B(G) we obtain the universal norm || - ||y, and for E = B;(G),
the weak-* closure of the Fourier algebra A(G), we obtain the reduced norm || - ||;. In
what follows we shall write x instead of u g if confusion seems unlikely.

For later use it is important for us to see that the above construction of a crossed-product
functor works for any given quotient C¥(G) of C*(G) with quotient map ¢ : C*(G) —
C}(G). For this let (B, G, B) be any given C*-dynamical system and let

Jy :=ker((idgx 4,6 ® ) o ﬁ: B XguG— M(B xp,GQ C;(G))). 2.1
Then we can define B g, G := (B gy G)/J,. But the following proposition shows

that this does not give any new crossed products.

PROPOSITION 2.2. Let 1 C C*(G) be the kernel of the quotient map q :C*(G) —
Ci(G), let F := I+ denote the annihilator of I in B(G), and let E := (F) denote
the weak-* closed ideal in B(G) generated by F. Then the crossed product B xg,
G constructed above coincides with the Kaliszewski—Landstad—Quigg crossed product
B xg,,, G constructed from E. In particular, we have C x,, G = C;(G) if and only if
F = It is an ideal in B(G).

Proof. We first note that F is G-invariant by [15, Lemma 3.1]. Let §g: C*(G) —
M(C*(G) ® C*(G)) denote the comultiplication on C*(G). If f € F and g € B(G),
then the pointwise product g - f is given by the formula (g - f)(x) = (g ® f) o §g(x) for
x € C*(G). This implies that x € C*(G) lies in the annihilator LE of E=B(G) - Fw* if
and only if x € J :=ker(idg ® g) o 5.

Now let ¢; : C*(G) — C*(G)/J denote the quotient map. The proposition will follow
as soon as we show that for any system (B, G, ) we get

ker(idgx 5,6 ® ¢7) 0 B =ker(idgx,6 ® q) o B.
To see this we compute
ker(idp 5,6 ® ¢7) 0 B =ker(idpx,6 ® (idg ® ¢) 08) 0 B
= ker(idgx ¢ ® idg ® q) 0 (idpxy,c ®3c) 0
=ker(idpx,6 ®ide ® q) o (B®idg) o B
—ker(B®¢q) o B
= ker(idg ¢ ® q) o B.
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For the first equation we used ker g; = ker(idg ® ¢g) o 6 and for the last equation we
used ker E: {0}. This finishes the proof of the first assertion. The last assertion in the
statement follows from the first one and the fact observed above that for a G-invariant
ideal E C B(G) we always have C x,,, G = C%(G). O

The following result shows that taking E-crossed products has good functorial
properties. For notation, if 8 : G — Aut(B) is an action we always write (i g, i g) for the
canonical covariant homomorphism of (B, G, ) into M(B xg , G) whose integrated
form is the quotient map B xgy G — B xg, G.

LEMMA 2.3. Let (A, G, @) and (B, G, B) be C*-dynamical systems and assume that

¢:A— M(B) is a (possibly degenerate) G-equivariant map. Suppose further that

E C B(G) is a G-invariant non-zero ideal with corresponding crossed-product norm

I - l;o. Then there is a canonical *-homomorphism ¢ 3, G: A Xg , G — M(B g, G)

given on Cc(G, A) by (¢ X, G(f))(s) = ¢ (f(5)) (acting via convolution on C.(G, B) C

B %, G) and such that the following are true:

(i) @ x, G is the integrated form of the covariant homomorphism (ig o, ig) of
(A, G, @) whose integrated form factors through A Xy, G;

(ii) ¢ X, G is non-degenerate if ¢ is non-degenerate;

(iil) ¢ %, G is faithful if the corresponding map ¢ Xy G : A Xqu G — M(B gy G)
for the full crossed products is faithful;

(iv) ¢ % G is equivariant with respect to the dual coactions ¢, and EM ie. EM o (¢ Xy
G) = (¢ 1, G ®1idg) o ty.

Proof. Existence of the map ¢ x, G is given by [7, Proposition 5.2] and it is then easy to
check that conditions (i) and (ii) hold. In order to check (iv) we first note that Eo (¢ Xy
G) = (¢ ¥y G ®idg) o @, which follows from the fact that both are given by the covariant
homomorphism (ip 0o p ® 1, ic ® u) of (A, G, «). It is clear that this factors through the
condition in (iv). Finally, to check (iii) assume that A X4y G injects into M(B gy G)
via ¢ Xy G. It then follows that

Jo, g =ker(idax,c ® gr) od =ker(¢p Xy G Qqp) o
=ker(idpx,6 ® gr) 0 B o (¢ Xy G) =ker(p %, G),

where in the last line we regard ¢ <, G as ahomomorphism from A x4y G to M(B xg
G). Note that all compositions in the above equation exist even if ¢ is degenerate. The
only place where degeneracy of ¢ might lead to a problem is the composition (¢ %y, G ®
gE) o @. But this exists because @ takes values in the subalgebra M(A Xgu G ® C*(G))
of M(A %y G ® C*(G)) consisting of those multipliers m which satisfy m(1 ® z) €
A Xgu G ® C*(G) for all z € C*(G). The result follows. O

2.2. Crossed products by Hilbert modules. 1f (B, G, B) is a C*-dynamical system,
then a G-equivariant Hilbert B-module is a Hilbert B-module £ together with a strongly
continuous action y : G — Aut(€) such that (y;(&)|ys(m))p = Bs((EIn) ) and y5 (& - b) =
ys(&) - Bs(b) for all £, n € & and b € B. We then say that (£, y) is a Hilbert (B, G)-
module.
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If (£, y) is a Hilbert (B, G)-module, then C.(G, &) can be turned into a pre-Hilbert
C.(G, B)-module with respect to the following operations:

(x]y)(@®) := /G Bs-1({x(s)|y(st))p)ds forall x, y € C.(G, &), 2.4)

(xx@)() = / x(s)ﬂs(f(s_lt)) ds forallx € C.(G, E), ¢ € C.(G, B). (2.5)
G

If, in addition, £ carries a G-equivariant left action of a G-algebra (A, «), i.e. if there is a
G-equivariant *-homomorphism ¢: A — L(E), written as a - & := ¢ (a)&, then C.(G, A)
also acts on the left of C.(G, &) by

(f *x)(1) :=/ F(s) ys(x(s™' ) ds  forall f e Co(G, A), x € Ce(G, E).  (2.6)
G

In particular, this can be applied to A = K(€) with G-action « = Ady. In this case, we
also have a compatible left C.(G, K(€))-valued inner product on C.(G, &) given by

Co(GIC(E) (XYY (1) = /G Ac(t™ ) e (x)y (e~ s))) ds, 2.7)

for all x, y € C.(G, £). It is shown in [8] and [18] that C.(G, £) completes to give
a Hilbert B Xy G-module £ %,y G such that the left action of C.(G, A) extends to
a *-homomorphism ¢ Xy G: A Xgy G = L(€ X,y G). Similarly, we may regard the
above defined inner product with values in the reduced crossed product B g G and
obtain a completion £ X, G with left action ¢ X G : A Xq; G — L(E xpg: G). We
want to extend this construction to arbitrary crossed-product norms. As we shall see
below, this works especially well if we consider norms related to non-zero G-invariant
ideals E C B(G).

If E is such an ideal in B(G) and || - ||, is the corresponding crossed-product norm on
C.(G, B) then the pre-Hilbert C.(G, B)-module C.(G, £) completes to a Hilbert B xg ;,
G-module £ 1, ,, G and the identity map on C¢(G, £) extends to a surjective linear map

QM: EXyuG—-E Xy, G.
This map is a morphism of Hilbert modules (see [11, 12]) compatible with the
canonical surjection Q,: B xgy G — B xg , G meaning that Q(x x f) = Q(x)QA(f)
and Q((x|y) Bxy,6) = (Q)Q()Bxg,G forallx, y €& xyyGand f € B Xgy G. In

particular, Q induces a surjective *~homomorphism
Yt K(E) Madyu GE=EK(E Xy u G) = K(E %y G)
satisfying ¥, (k&) %, ,6 (X|y)) = K(Exy,uG)(Q(x)|Q(y)> forallx, y € £ X,y G. We then

get the following result.

LEMMA 2.8. The *-homomorphism r, : K(E) Xady,u G — K(E %y, ;. G) factors through
an isomorphism K(E) Xady, . G 5 KE Ay G). Moreover, if L(E) = (Kg(f) ‘;’;) is the
linking algebra of € endowed with the canonical G-action ¥ = ( ;* Z ) (see [11, Ch. 2.5]),
then the canonical identification

C.(G, L&) = <CC(G, K(&)) C.(G, 5)>

C.(G, )"  C.(G, B)

induces an isomorphism L(E) %9, G = L(E Xy, G).
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Proof. Since the canonical inclusion of K(E) Xadyu G into L(£) Xy y G induced by
the G-equivariant inclusion K(€) < L(€) is injective, the canonical map of u-crossed
products KC(E) Xady,u G = L(E) Xy, G is injective by Lemma 2.3. Thus the result
will follow if we can show the isomorphism L(&) Xy, G = L(E %, G). Note that
this isomorphism holds for the universal crossed products. Applying Lemma 2.3 to the
inclusion B < L(&), we see that K(E) X ady,, G and B xg ;, G are opposite corners in
L(€) xp,, G. Hence, the canonical identification (C&(L((;GK(S(?) CC*ZE(G;?)) =C.(G, L&)
is isometric in the upper right and lower left corner with respect to the crossed-product
norms || - ||,, everywhere. But this implies that this identification extends to the desired

isomorphism. O

A combination of Lemma 2.3 with Lemma 2.8 above shows that the E-crossed product
construction is functorial with respect to G-equivariant correspondences:

COROLLARY 2.9. Suppose that (£, v) is a G-equivariant correspondence from (A, G, a)
to (B, G, B), ie. (£,v) is a Hilbert (B, G)-module together with a G-equivariant
*-homomorphism ¢ : A — L(E). Then € 1, ;. G becomes a correspondence from A Xq,
G to B xg ;. G with left action of A Xy, G given by

O Xy G AXgy G— MK(E) Xady,u G) = L(E %y, G).

Moreover, this E-crossed product functor respects composition of correspondences in the
sense that if (€, y) is a G-equivariant correspondence from (A, G, a) to (B, G, B) and
(F, 1) is a correspondence from (B, G, ) to (C, G, o), then

(& Xy G) ®B><1ﬂ_“G (FHG)= (E®pF) NyRt, 1 G

as correspondences from A Xq , G to C Xy, G.

Proof. The first result follows directly as a combination of Lemma 2.3 with
Lemma 2.8. For the composition, we follow the arguments given in the proof of [11,
Theorem 3.7] to see that the rule

T(x@y)(s)=/ x() @ w(y(t™'s)) dt
G

determines a map Y : C.(G, &) © C.(G, F) — C.(G, £ ®p F) which preserves the
C.(G, C)-valued inner product, the right C.(G, C)-action, the left C.(G, A)-action and
has dense image in the inductive limit topology. Passing to completions with respect to the
norms induced by the E-norm || - ||, on C¢(G, C) on both sides gives the desired result. O

3. Weakly proper Hilbert modules and generalized fixed-point algebras

In this section we extend the theory of universal or exotic generalized fixed-point algebras
for weakly proper X x G-algebras as introduced in [7] to cover weakly proper Hilbert
modules as follows:

Definition 3.1. Let (B, G, ) be a C*-dynamical system and let X be a proper G-space.
A weakly proper (B, X x G)-module is a Hilbert (B, G)-module (£, y) together with
a G-equivariant non-degenerate *-homomorphism ¢: Co(X) — Lp(£). In other words,
(€, y) is a G-equivariant correspondence from Cy(X) to B.
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Recall from [7] that a G-algebra (A, «) is called a weakly proper X x G-algebra for
the proper G-space X if there exists a G-equivariant non-degenerate *-homomorphism
¢ : Co(X) = M(A). If we view (A, «) as a Hilbert (A, G)-module, this just means that
(A, o) is a weakly proper (A, X x G)-module. Conversely, if (£, y) is a weakly proper
(B, X x G)-module, then (C(€), Ady) is a weakly proper X x G-algebra. We should
notice that weakly proper (B, X X G)-modules are always continuously square-integrable
in the sense of Meyer [22] (see also Remark 3.11 below) and that part of our treatment is
inspired by his results.

As usual, we use module notation for the left action of Co(X) on &, i.e. we write
f-&:=¢(f)E for f e Co(X) and & € £ whenever (£, y) is a (B, X x G)-module as
above. Moreover, in what follows we denote by t: G — Aut(Co(X)) the action of G on
Co(X) given by 7,(f)(x) = f(s~" - x).

It follows from classical results by Rieffel and Green (see [14, 27]) that if we view
C.(G, Co(X)) as a dense subalgebra of Co(X) Xy G then F.(X) := C.(X) can be made
into a pre-Hilbert C.(G, Cop(X))-module by defining the inner product and right action of
Cc(G, Co(X)) on Fc(X) by

EMe.6.cox) (8 %) = Alg) " E()n(g ™ x)

and

% 0)(x) = /G A®) (g g g 'x) dg

for all &, n € F.(X) and ¢ € C.(G, Cp(X)). Hence F.(X) completes to give a Hilbert
Co(X) X¢y G-module F(X), and the left action of Co(G\X) on F.(X) given by
(f -&)(x) = f(Gx)&(x) induces an isomorphism Co(G\X) = (F(X)). The inner
product on F(X) is full if and only if G acts freely on X (see [21]), in which case
F(X) becomes a Co(G\X)—-Co(X) X,y G equivalence bimodule. In general, we obtain
an equivalence bimodule between Co(G\ X) and the ideal

Ix = SPan{(&11) cyxyxe6 | 6 1 € FX)} € Co(X) e G.

We extend this construction to arbitrary (B, X x G)-Hilbert modules (£, y) as follows:
let F.(€) := C¢(X) - £. We define a C.(G, B)-valued inner product on F,(£) and a right
action of C.(G, B) on F,(£) by

(Em) () == A2 El ) s (3.2)
and

Exgi= /G A PyE o) dt, (3.3)

for &, n € F-(€) and ¢ € C.(G, B). The next lemma will turn out to be extremely useful.
We need some notation

Definition 3.4. We say that a net (§;) in F. (&) converges to & € F.(&) in the inductive limit
topology on F.(E), if there exists f € C.(X) such that f -& =§; foralli and & — £ in
& with respect to || - Il = (II{:1-) 51D/
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The inductive limit topology on C.(G, B) is the usual one given by uniform
convergence of nets with supports in a fixed compact subset of G.

Comment. Note that although we use the word ‘topology’ in the above definition, we
actually will not show (or use) that there is a topology on F.(£) such that convergence
of nets in this topology is precisely the one defined above. Whenever we use terms like
‘continuous with respect to the inductive topology’ or ‘inductive limit dense’, we just mean
continuity in terms of inductive limit convergent nets in the sense of the above definition
or the possibility of approximating elements by such nets, respectively. We shall do so also
for other spaces with similar definitions of inductive limit convergent nets, like C.(G, B),
or for the fixed-point algebra with compact supports A for a weakly proper X x G-
algebra A. The notion of inductive limit convergent nets in A® has been introduced in [7,
Definition 2.11]. Hence we follow a similar policy as discussed in [31, Remark 1.86]. In
this sense we can formulate the following result.

LEMMA 3.5. The C.(G, B)-valued inner product on F.(£) is jointly continuous with

respect to the inductive limit topology on F.(£) and the inductive limit topology on
C.(G, B).

Proof. This follows as in the proof of [7, Lemma 2.10] in the case of weakly proper X x
G-algebras. O

PROPOSITION 3.6. Let || - ||u be an E-crossed-product norm on C.(G, B). Then the
operations (3.2) and (3.3) turn F.(E) into a pre-Hilbert C.(G, B)-module with respect
to || - |l and hence F.(£) completes to a Hilbert B xg ,, G-module F,,(E). Moreover,
there is an isomorphism of Hilbert B x,, ;, G-modules

v, F(X) QCy(X)xG (& Hy.u G) — fu((‘:)

given on elementary tensors &€ @ x € F.(X) © C.(G, &) by
W, @x)=Exx :=f AN Py - x@h) di € Fe(). (3.7)
G

Proof. The proof is very similar to the proof of [7, Propositions 2.2 and 2.9], but we
follow a slightly different direction here by proving both assertions of the proposition
simultaneously.

First of all it is straightforward to check that all algebraic properties of a pre-
Hilbert module, as spelled out in [26, Lemma 2.16], hold. The only property which
deserves a closer look is positivity of the inner product: for all £ € F.(£) we need to
check that (§|&)c (g, p) is positive as an element of B g, G. Since the product on
F(X) ®cyxyxG (B %, G) is positive, this will follow from Lemma 3.5 once we have
shown the following facts:

(a) the map W, preserves the C.(G, B)-valued inner product on the dense subspace
Fe(€) © C(G, &);

(b) the image W, (F.(€) © Cc(G, &)) is dense in F.(£) with respect to the inductive
limit topology.
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Now, statement (a) follows from a straightforward computation very similar to the one
given in the proof of [7, Proposition 2.9] and (b) follows exactly as in the proof of a
similar statement given in [7, Lemma 2.12]. Statements (a) and (b) also imply that W,
extends from F.(X) ® C.(G, B) to the desired isomorphism of Hilbert modules. O

For later use we state the following lemma.

LEMMA 3.8. Suppose that D is norm dense in E. Then C.(X) - D is inductive limit dense
in Fo(€), and therefore it is dense in F,(£) for every crossed-product norm | - ||, on
C.(G, B).

Proof. The first assertion is clear, and the second assertion follows from the first together
with the fact that the inductive limit topology on C.(G, B) is stronger than the norm-
topology for any crossed-product norm (since it is stronger than the L!-topology). O

Definition 3.9. The p-generalized fixed-point algebra associated to a weakly proper
(B, X x G)-module (&, y) is, by definition, the C*-algebra Fixg(E) =K (Fu(€)) of
compact operators on F,(€). In the particular case where || - ||, = || - [lu is the universal
norm (or the reduced norm || - ||;) we call Fixf &) (Fier (€)) the universal (reduced)
generalized fixed-point algebra associated to .

COROLLARY 3.10. If (£, y) is a weakly proper (B, X x G)-module, then Fixg(é') is
Morita equivalent to the ideal

Ly = span{(F (O Fu(E)) px,c = SPan{(&[n) g, G | §. 1 € Fu(E)}
of B g, G.

Remark 3.11. Let (€, y) be a weakly proper (B, X X G)-module. Then the subspace
Fe(€) of £ consists of square-integrable elements and is relatively continuous by [22,
Theorem 6.5]. Then our reduced fixed-point algebra Fix? (€) coincides with the one
constructed by Meyer in [22]. It can also be obtained from Rieffel’s theory in [28]
by observing that Fier (€) coincides with the reduced generalized fixed-point algebra
IC(E)rG’AdV with respect to the dense subalgebra KC(E). := C.(X) - K(E) - C.(X), as we
shall prove in Proposition 3.20 below.

Our constructions of F,(£) and Fixg () depend, a priori, on the given structure map
¢: Co(X) = L(E). However, the following result says that this dependence is not too
strong.

PROPOSITION 3.12. Let (€, y) be a (B, G)-module and let X and Y be proper G-spaces.
Assume that ¢ : Co(X) — L(E) and : Co(Y) — L(E) are two G-equivariant non-
degenerate *-homomorphisms such that

¢ (Ce(XNY(Ce(Y)) =Y (Ce(Y))P(Ce(X))

and let F,(E)* (F(E)},) denote the module for the (B, X x G)-structure (B, Y x G)-
structure) on €. Then F &)X = Fu (&)Y as Hilbert B X g, G-modules. In particular,
both structures give the same generalized fixed-point algebras Fixg ).
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Proof. Since C.(Y)-& is dense in &, it follows that C.(X) - C.(Y) - & is inductive
limit dense in F.(£)X and hence also (norm) dense in ]-'M(E)X by Lemma 3.8. The
assumption ¢ (Cc(X)Y (Cc(Y)) = Y (Ce(Y))$(Co(X)) implies that Co(X) - Co(Y) - € =
C.(Y) - Cc(X) - € is also dense in F, (&)Y . Since the C.(G, B)-valued inner products of
both modules coincide on C.(X) - C.(Y) - £, the result follows. O

Remark 3.13. (a) It follows from the above result that if ¢ : Co(X) — L(&) takes values
in the center of L£(£), then every other G-equivariant structure map v : Co(Y) — L(E)
will lead to the same modules and fixed-point algebras as ¢. This is the situation of proper
actions as defined by Kasparov in [18, §3].

(b) Suppose that (&, y1) is a weakly proper (B, X x G)-module and (&, y») is a
weakly proper (C, Y x G)-module. Let £ ®, & denote the completion of the algebraic
tensor product & © & with respect to the canonical B ®, C-valued inner product
for a given C*-tensor norm | - ||, on B® C. Then (£ ®, &, ¥1 @ y») carries three
different canonical structures as weakly proper (B ®, C, G)-modules: one given by
dRY: Co(X xY)— L(E ®)y &), the second given by ¢ ® 1: Co(X) = L(& ®y &),
and third given by 1 ® ¥ : Co(Y) — L(&1 ®, &). The previous proposition implies that
all three structures give the same modules and fixed-point algebras.

(¢) Suppose that £ is a weakly proper (B, X x G)-module with structural
homomorphism ¢: Co(X) — L(E), and that 6 is a continuous G-equivariant map
from X into another proper G-space Y. Then 6 induces a G-equivariant non-
degenerate *-homomorphism 6*: Co(Y) — Cp(X), f — f o 6, which therefore induces a
G-equivariant *-homomorphism ¢ := ¢ 0 6*: Co(Y) — L(E). It is clear that the images
of ¢ and ¢ commute (pointwise) in £(£) and therefore both structures give the same
modules F,,(€) and fixed-point algebras Fix, (£) by Proposition 3.12.

(d) Recall from [5, 19] that for any locally compact group G there exists a universal
proper G-space EG with the property that for any other proper G-space X we get a
continuous G-equivariant map ¢ : X — EG which is unique up to G-homotopy (and
hence the space EG is unique up to G-homotopy equivalence). If (£, y) is a weakly proper
(B, X x G)-module with structure map ¢y : Co(X) — L(£), and if ¢: X — EG is as
above, then we obtain a G-equivariant structure map ¢gg: Co(EG) — L(E); ¢ppc(f) =
dx (f o). As a special case of (c), both structure maps give the same modules and fixed-
point algebras. In particular, we could always assume that X = EG.

(e) It is not clear to us whether the commutation assumption ¢ (C.(X)¥(C.(Y)) =
Y (Ce(Y))p(C.(X)) in the proposition is necessary, i.e. whether there might exist two
different structures of a given (B, G)-module (£, y) as a weakly proper module which
give different generalized fixed-point algebras.

Definition 3.14. A weakly proper (B, X x G)-module (&, y) is called universally
saturated if 1T, =m«fu(5)|}—u(5)»3xﬂ,ua =B %y G. Moreover, if | - ||, is any
crossed-product norm on C.(G, B), we say that (£, y) is pu-saturated, if the B xg , G-
valued inner product on F, (£) is full.

Remark 3.15. If (A, «) is a proper G-algebra in the sense of Rieffel, then he defined the
action to be saturated, if the module F;(A) is a full Hilbert A x4 G-module. In our
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terminology, this means that (A, «) is r-saturated. The following result shows that this
follows if the action is universally saturated, but it is not clear to us whether the converse
is also true.

LEMMA 3.16. Let (£, y) be a weakly proper (B, X x G)-module. Then the following are

true:

(1)  If the action of G on X is free and & is full as a Hilbert B-module, then (€, y) is
universally saturated.

(i) If (&, y) is universally saturated, then it is also p-saturated for every crossed-
product norm || - ||, on Cc(G, B). More generally, if (€, y) is v-saturated, then it is
also p-saturated whenever || - ||, and || - ||, are crossed-product norms on C¢(G, B)
satisfying || - e < Il - v

(iii) If (&, y) is p-saturated, then F, (€) is a Fixg (E)-B g, G equivalence bimodule.

Proof. For the first assertion recall that for free and proper actions on X the Hilbert
Co(X) X,y G-module F(X) is full. Moreover, if £ is B-full, then £ x, 4 G is B xgy G-
full. Then Proposition 3.6 implies that F,(£) = F(X) ®cyx)x.G (€ Xyu G) is full as a
Hilbert B gy G-module. The second assertion follows from the fact that 7, (£) is the
quotient of F,,(£) corresponding to the quotient map Q, ,: B xg, G — B g, G. The
last assertion is clear. O

The following result generalizes the isomorphism of bimodules in Proposition 3.6:

PROPOSITION 3.17. Suppose that (€1, y1) is a weakly proper Hilbert (B, X x G)-module
and that (&5, y2) is a Hilbert (C, G, 0)-module. Assume further that ¢: B — L(&) is a
G-equivariant *-homomorphism. Then the action of Co(X) on the first factor of €1 @ &2
gives (€1 ®p &, y) with y = y1 ® y» the structure of a weakly proper Hilbert (C, X %
G)-module. Let || - ||, be any crossed-product norm on C.(G, C). Then the map which
sends an elementary tensor £ @ x € F.(E1) © Cc(G, &) to the element

eexi= [ A0 nE o) di e FuE B8 E
G
extends to an isomorphism of Hilbert C X, G-modules

U: Fo(€1) ®Bxy,6 (E2 1 G) = Fu(€1 @5 &) (3.18)

for any crossed-product norm || - ||, on C.(G, B) such that the left action of C.(G, B) on
& Xy G extends to B xg,, G (in particular, for || - |, = || - ||, by Lemma 2.8).

Proof. Let us check that U respects inner products of elementary tensors, i.e.

(E@xIn®y)c.6,c) = *xIn*yhc.6.0)
forallé, n e F(&)eand x, y € Ce(G, &). In fact,

(E®xIn®y)c.G,0)®)
= (xI{5Indc.,B) * Y)c.G.0) ()

= /G o-1 ((x ()€ e, c.B) * Y)(sD)c) ds dr
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- ,/G /G o1 (xOE M .8y Dy, (™ s)) ) ds dr

= /G fG AE) o (S NEVL M) By (0 sD))e) ds dr

= fG /G AT (a1 =1 Oy -1, ) Y21, (0 s1))) ) ds dr
= /G fG AGtr) ™2 (g1 151 Ey1er (D) BY2.0r ™)) ds dr
= /G /G A2 (s N6 @710 (DY B 72,0 (Y~ D)) dis dr

- /G /G AGIY (1,06 8 ya.s ™ DIy () ® v (Y~ ds dr

= fG fG AGtr) ™2 (15 8) ® (s~ yar () @ (b)) ds dr

=AW V2E xxly(* Y))e = (E *xIn* Veu6.0)(0)-

Hence U extends to an isometry F,(€1) ®Bpx,6 &2 Xy G 5 F, (&) and the result will
follow if we can show that it has dense image. But an argument similar to the one used
in the proof of [7, Lemma 2.12] shows that the image is dense in F (&} ®p &) in the
inductive limit topology, which gives the desired result. O

Remark 3.19. The isomorphism F,(£1) ®px,6 (&2 X, G) = F, (€1 @p &) can also be
obtained via the following chain of isomorphisms:
Fu(&1) ®Bx,6 (&2 1y G) = F(X) ®cyx)xc (€1 Xy G) @, (€2 X, G)
= F(X) Qcyx)xe (€1 ®@p &) 1y, G)
=Fu(&1 ®8 &).
The only problematic part is the isomorphism (€1 x, G) ®px,c (&2 X, G) = (&1 ®p
&) x, G. But this follows with exactly the same arguments as used in the proof of the

corresponding result in Corollary 2.9. The case of reduced norms was already known. It
can be obtained from [22, Theorem 7.1].

Recall from [7] that if (A, @) is a weakly proper X x G-algebra and if || - ||, is a
crossed-product norm on C.(G, A) corresponding to a G-invariant ideal £ C B(G), then
the p-generalized fixed-point algebra Ag can be obtained as a completion of the fixed-
point algebra with compact supports ACG defined as follows:

AS = C(G\X) - {me M) |m-f, f-meAVf € Ce(X)}-Cc(G\X) S M(A).
Here M (A)S denotes the classical fixed-point algebra in M (A) and
Ac=Cc(X) - A-Co(X) CA.

For each a € A, the strict unconditional integral fét a;(a) dt is the unique element in
M(A) which satisfies the equation

st
(/ o (a) dt)c :/ or(a)cdt forallce A,
G G
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(see [13]). Note that the integrand on the right-hand side is a continuous A-valued function
with compact support, and therefore the (Bochner) integral exists, at least for ¢ € A..
But the integral also converges for general c € A (see [29, Propositions 4.4, 4.6 and
Theorem 5.7] and also [22, Proposition 6.8]).

In what follows, if (A, o) is a weakly proper X X G-algebra, we write
st
E(a) :=/ ai(a)dt fora € A..
G

We then have ACG =E(A.) by [7, Lemma 2.5]. Using this, it is shown in [7, §2] that
Fc(A) becomes a partial Af—CC(G, A) pre-equivalence bimodule with left action of a
partial Af on F.(A) given by multiplication inside M(A) and with Af—valued inner
product on F.(A) given by AG (Eln) =EEn*) = ‘G” a;(§n*) dt. The completion F, (A)
of Fc(A) with respect to || - || £, := (||((~|->)||M)1/2 then becomes a partial Ag —AXe,u G
imprimitivity bimodule.

We now obtain a similar picture for Fixfj(é’). Recall that if (£, y) is a Hilbert
(B, X x G)-module, then (KC(E), Ady) becomes a weakly proper X x G-algebra by the
same structure map ¢ : Co(X) —> MK(E)) = L(E) as for E.

In the proof of the following proposition we need the fact that if & is a Hilbert B-
module and &; is a Hilbert (& )-module, then k£ — k ® 1 is an isomorphism between
K(&1) and K(&1 ®xe,) £2). If the K(&)-valued inner product on & is full, this is a
consequence of [20, Proposition 4.7]. But the general case follows from this, since it is
a straightforward consequence of the formula for the inner product on &1 ®x(g,) &> that
E1 Bk E2=E81 @1 (- &) for I :=(E11€1) ke,

PROPOSITION 3.20. Assume that (£, y) is a Hilbert (B, X X G)-module for a proper
G-space X. The action of K(E) on &€ induces a left action of/C(S)f C L(E) on F.(E) and
there is a left K(E)f-valued inner product on F.(E) given by

st
k&)e (&) = Elxce)(Eln) <=/G az(K(s)(élﬁ))dt) (3.21)

such that K(&)S (&) -¢=8&-(nl¢hc.c,p) for all &, m, & € Fe(E). As a consequence,
if | -l @s a crossed-product norm on C.(G, B) corresponding to a G-invariant ideal
E C B(G), then the left action oflC(S)cG on F.(E) extends to an action of IC(E)E on the
completion F,,(£) which extends to an isomorphism IC(S)S = Fixg &).

Proof. Note first that if £, n € F.(€) = Cc(X) - &, then i g) (&) € K(E)., since we can
find f € C.(X) suchthaté = f - & and n = f - 1 and then

k& & =x@ (f-Elf -0 =f keEm-f.

Hence, the definition K(&)S (&1n) :=E(x&)(§1n)) makes sense. An easy computation

gives the compatibility condition K(E)S Em)-¢=8&-lchc.c.p for all & n,¢ €
Fe(&E). But this implies that the linear span j( £)6 (Fe(E)|Fc(E)) of all such inner products

K(E)S {&|n) forms a dense subspace of Fixg (&) = K(FL&)).
Since IC(E)E =E(C(E),) by [7, Lemma 2.5], it follows that K(E)S (Fc(O)Fe(E)) lies

in IC(E)CG. Hence the result will follow if we can show that there is an isomorphism
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IC(E)S = K(Fu(&) = Fixfj (£) which extends the left action of IC(S)CG on F.(&).
Recall from Lemma 2.8 that K(E) xady,, G = K(€ %y, G). As a special case of the
decomposition (3.18) applied to the Hilbert (]C(£), X x G)-module (K(£), Ady) and the
given module (£, y) we get

Fu(€) = Fu(K(€) k) €) = Fu(K(E)) ®K(€)xany nG (€ Xyu G). (3.22)

Hence K(£)§ = K(Fu(K(£)) = K(Fu(K(€)) ®K(E)xinay G € Xy G)) = K(Fu(£))
via k — k ® 1 by the discussion preceding this proposition. Using the explicit formula
for the isomorphism (3.22) as given in Proposition 3.17, it is straightforward to check that
this isomorphism extends the canonical left action of /(€ )f,; on F.(&). O

Remark 3.23. Let (€, y) be a weakly proper Hilbert (B, X x G)-module. Then (&) =
E ®p E* as Hilbert ((£), X x G)-modules and we can apply (3.18) to obtain an
isomorphism
Fu(K(€) = Fu(€) ®Bx,c (E* 1, G).
In the following proposition we view G as a proper G-space with respect to the
right translation action of G on G. Then, if p denotes the right regular representation

of G, (L*(G), p) becomes a weakly proper (C, G x G)-module with respect to the
representation M : Co(G) — L(L%(G)) via multiplication operators.

PROPOSITION 3.24. Let (£, y) be a Hilbert (B, G)-module and consider the (B, G X
G)-module L*(G, £) = L*(G) ® & with respect to the diagonal action p ® y of G. Then,
for any E-crossed-product norm || - ||, on Cc(G, B), we have

FuLX(G, E)ZE %y, G
as Hilbert B xg ;, G-modules. It follows that Fixg (L3(G, &) =K (&) Hady,u G.

Proof. Recall that £ %, , G is the completion of the pre-Hilbert C.(G, B)-module
C.(G, &) with respect to the structure defined by formulas (2.4) and (2.5). On the other
hand, since C.(G, &) is inductive limit dense in F.(L*(G, £)) = C.(G) - L*(G, &), we
may view ]-'M(LZ(G, £)) as the completion of the pre-Hilbert module C.(G, £) with
respect to the B X, G-valued inner product

(X B, @) = AT (xI(0 @ ¥)i ()8
= /G ATV x () (N AM? ds = /G (x () 1y (y(s1))) ds,

and the right C.(G, B)-action:

Xk f(t) = (/G A @ y)sx - fFs7H) ds)(r) =/G s (x (1)) Bs (f(s™1)) ds.

Defining U: C.(G, £) — C.(G, £) by U (x)|; := y;(x(1)), it is straightforward to check
that U is a linear bijection satisfying (UDIU))Bx,6 = ((x|y))B><“G and U(x % f) =
Ux)- fforallx,ye C.(G, &) and f € C.(G, B). It follows that U extends to a unitary
isomorphism F, (L3(G, &) 5S¢ X, G of Hilbert B x,, G-modules as desired. The last
assertion is then a consequence of Proposition 3.20. O
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COROLLARY 3.25. Let (A, a) be a G-algebra and let || - ||, be an E-crossed-product
normon Ce(G, A). Let K = KC(L?*(G)) be equipped with the G-action Adp and let A ® K
be equipped with the diagonal action o ® Adp. Then

(A®K)S = A Xy, G.
Proof. We have (A @ IC)g = IC(}',L(LZ(G, AN)=KA X, G)=Ax,G. O

Remark 3.26. (a) We should mention that the reduced version of Proposition 3.24, and
hence implicitly of Corollary 3.25, is already given in [22, §7]. The reduced version of
Corollary 3.25 is also given in [16, Corollary 4.4]. As above, these results are always with
respect to the canonical structure of A ® KC(L?(G)) as a weakly proper G x G-algebra
via the representation 1 ® M : Co(G) > M(A® K(L*(G))) by multiplication operators.
However, if A is a weakly proper X x G-algebra with respect to ¢p: Co(X) — M (A), then
A ® K(L*(G)) may also be viewed as a weakly proper X x G-algebra with respect to
P ®1: Co(X) > M(A® K(L*(G))) or as a weakly proper (X x G) x G-algebra with
respect to ¢ @ M: Co(X x G) — M(A ® K(L*(G))). It follows from Proposition 3.12
together with Remark 3.13(c) that all these structures give the same modules and fixed-
point algebras. In particular, for all these structures we get JF, (L*(G, A)) = A g, wG
as Hilbert A X, G-modules and hence Fix§ (L*(G, A)) = K(F,(L*(G, A))) = A X,
G. This is a little surprising since the counterexamples in [22] show that the G-algebras
of the form A ® K(L2(G)) allow the construction of generalized fixed-point algebras for
square-integrable actions which are neither isomorphic nor Morita equivalent to A %, G
evenif G =7.

(b) In [9, Theorem 2.14] it is shown that the full crossed product A x4, G is
isomorphic to the reduced fixed-point algebra (A ® IC(LZ(G)))IG if A ® K(L%(G)) carries
the structure of an X x G-algebra for some proper G-space X with structure map ¢ :
Co(X) - ZM(A), i.e. for centrally proper actions as studied by Kasparov in [18] and
others (see e.g. [25]). In particular, this shows that for centrally proper X x G-algebras A
with structure map ¢ : Co(X) - ZM(A) we get

AXguG=(AQKL*G)E = A Xy, G

so that in this case the full and reduced crossed products coincide. One can check
that the corresponding isomorphism A X4, G SA Xgr G is given by the regular
representation A 4. This well-known fact also follows from [30, Proposition 4.11], since
the transformation groupoid X x G for a proper G-space X is amenable.

The following theorem shows that for centrally proper X x G-actions the fixed-point
algebras Ag can be described as

A% 1= Co(G\X) - {m € M(A)Y | Co(X) -m S A} S M(A). (3.27)
This coincides with the algebra introduced by Kasparov in [18, p. 164].

THEOREM 3.28. Suppose that (€, y) is a weakly proper (B, X x G)-module such that
the structure map ¢ : Co(X) — L(E) takes values in the center of L(E). Then Fy (&) =
Fix, (€) = F:(€) and, hence, Fixf &)= Fixg &)= Fier (&) for every E-crossed-product
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norm || - |l,.. If € is universally saturated and full as a Hilbert B-module, then we also
have B xg G =B xg, G=B xg,;G.

In particular, if A is a proper X x G-algebra with structure map ¢: Co(X) — ZM(A),
then all generalized fixed-point algebras Ag coincide with the algebra AC as defined in
(3.27) above.

Proof. Since F;(€) is a quotient of F,(£), which in turn is a quotient of 7, (), and since
they agree if and only if their algebras of compact operators agree, which follows from the
Rieffel correspondence between submodules of F,(£) and ideals in IC(Fy(€)) = Fixff &),
it suffices for the first assertion to show that Fier &)= Fixf (). But, by Proposition 3.20,
we have Fixf; &)= IC(S)rG and Fixff &) = IC(E')S; , SO we may assume without loss of
generality that we are in the situation of a proper X x G-algebra A with structure map ¢ :
Co(X) - ZM(A). But then we know from the above remark that A x4, G = A Xy G,
which implies that F,(A) = F;(A) and hence AY = K(Fy(A)) = K(F(A)) = AY. If the
action of G on £ is universally saturated and £ is B-full, the equation F,(€) = F(€) also
implies that B xgy G = B xg G by the Rieffel correspondence between submodules of
FG(€) and ideals in B xp,, G.

For the second assertion, we first observe that A¢ lies in the closure A® of AY inside
M(A). So we have to show that A® € AS. By continuity of multiplication in M (A),
it follows that A = {m € M(A)° | Co(X) - m C A} is closed in M(A) and it obviously
contains Af. Then A,G is a closed subalgebra of AY. Since Af; is a non-degenerate
Co(G\ X)-module by [7, Proposition 6.2], we get

A% = Cp(G\X) - AY C Co(G\X) - AS = AC. O
Remark 3.29. For later use, it is important to describe the isomorphism
AXgu G=(ARKWLAHG))

of Proposition 3.24 for the case £ = A as Hilbert (A, G)-module on the level of the
dense subalgebra C.(G, A). For this, let @ : A — Cp(G, A) € M(A ® Co(G)) be given
by a(a)(s) =a,-1(a) and let 1: A > M(A® KC(L?*(G))) be the composition 7 :=
(id4 ® M) o @. Combining [31, Lemmas 7.4 and 7.6], we have a canonical isomorphism
Co(G, A) Xrqu G=EA® K(L3(G)) given by the integrated form of the covariant
homomorphism ((1 ® M) ® m, 1 ® Ag). The isomorphism

P:=((1®@M)Q@m) x (1®1): Co(G, A) Xrgq G — AQ K(L*(G))

is 0 —a ® Adp-equivariant for the action o : G — Aut(Co(G, A) Mgy G) given on
F e C.(G, Cy(G, A)) by o;(F)(s,r)=F(s,rt). Thus, if we view C.(G, A) as a
dense submodule of LZ(G, A), the left module action of C.(G, C.(G, A)) and the left
C.(G, C.(G, A))-valued inner product are given by

F-x@) :/ a1 (F(s, t))x(s_lt) ds
G

and
Co(G,Co(G, AN (XYY (s, 1) = AG(s TP, (x(My(s™ir%) (3.30)
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for F € C.(G, C.(G, A)) and x, y € C.(G, A). The first formula follows from evaluating
®(F)x att € G. The second formula comes from the requirement ¢, (G,c.(G,a)) (x|y) - 2 =
x - (ylz)a for x, y, z € Cc(G, A) together with the formulas (x|y)4 = fG x(s$)*y(s) ds
and (x -a)(t) =x(t)a forx, y € L%(G, A)and a € A.

Now, if we consider A as the subalgebra of constant functions in M (Cy(G, A)), we
obtain a natural embedding of C.(G, A) into (Co(G, A) X g« G)f. Restricting @ to this
subspace gives the integrated form of the covariant pair (77, 1 ® 1) of (A, G, «), which is
just the regular representation A4 of (A, G, @) on LZ(G, A) as discussed in §2. Hence,
the left action of C.(G, A) and the left C.(G, A)-valued inner product on C.(G, A) C
Fo(L*(G, A)) are given by

f 00 = fG &t (F6)x(s™ 1) ds
and
c.G.A){xly) @) = ([G 01 (Ce(G,C(G. AN (XY)) dr)(t)
:/GAG(flr)a,(x(r)y(r”t)*) dr. (3.31)

One can check that the transformation U: F.(L*(G, A)) — C.(G, A); (Ux)(t) =
o, (x(t)), as given in the proof of Proposition 3.24, transforms these actions and inner
products into the usual convolution formulas for f * x and x * y* on Cc(G, A) € A %, G.

We close this section with a result which shows that, starting with a (B, X x G)-module
(€, y), we canrecover (£, y) as a (B, G)-module from any of the modules F, () if || - ||,
is the E-crossed-product norm on C.(G, B) for some G-invariant ideal £ C B(G). The
result is an analogue of Meyer’s Theorem 5.3 in [22]. But we should note that we did
not succeed in also recovering the structure map Co(X) — £(£) from the modules F, (£),
which is not surprising in the light of Proposition 3.12 and Remark 3.13.

PROPOSITION 3.32. Let (£, y) be as above. For g € C.(G, B), write g(t) := B; (g(t’])).
Then there is an isomorphism of Hilbert (B, G)-modules

®: Fu(€) ®x,6 LX(G, B) > &

given on elementary vectors € ® g € Fe(£) © Ce(G, B) by
P ®g) :=s*§=/G APy gah) drsz AW Py E)g () dt.
Proof. Given&, ne F.(€) and f, g € C.(G, B), we have
(E® fIn®g)s=(fIAB(EIM) puc)8)B = fG SO (ABEM) 5xc)) (@) di
= [G fG FO Bt (€M) g ()8 (s~ ') ds d

:/G/;;A(S)_l/zf(t)*ﬁf|((glys(’?))B)g(S_lf) ds dt
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=/G /G A2 F O (1 ©)lye1 (1) 58 () ds di

= /G fG<A<t>‘”2yfl(s>f<r>|A(s)—1/2yfl(n)g(s»B ds d
= (&% fln*8)p.

It follows that £ ® f+— & % f extends to an isometry ®: F,(£) ®Bx,G L*(G, B) =
E. To see that it is surjective, let & € F.(£) and € > 0. By the continuity of ¢ —
A~V 2)/,71 (&), there is a compact unit neighborhood V € G with

IAG) ™ 2y, 1(8) =&l <e/2 forallze V.

Take b € B with ||b]| <1 and || — & - b|| < €/2 and a non-negative function g € C.(G)
with supp(g) € V and fG g()dt = 1. Then, for f :=g ® b € C.(G, B), we get

% f—El<lE*f—&-bI+1E-b—E|
< /V(HA(t)*”zy,-](s) —ENlIblig)) dt + g <e.

Writing y’ for the G-action 8 ® p on L*(G, B)Z BQ® L*(G), it is easy to see that
Vs(E % f) =& % vI(f) for all £ € F.(£), f € C.(G, B), s € G. This implies that ® is
G-equivariant. This finishes the proof. O

4. Weakly proper equivalence bimodules

In this section we want to study partial equivalence bimodules between two weakly proper
X x G-algebras. We shall see that such bimodules allow a canonical construction of a
fixed bimodule, which is a partial equivalence bimodule between the generalized fixed-
point algebras. In the next lemma, we let (L(£),0) = (( A ‘g), (;* E)) denote the
linking algebra of a G-equivariant partial (A, «)—(B, B) equivalence bimodule (£, y) and
| - Il denote the E-crossed-product norm for a fixed G-equivariant ideal E € B(G). By

Lemma 2.8, there is a canonical isomorphism L(&) Xg , G = L(€ %y, G).

LEMMA 4.1. Suppose that (A, o) and (B, B) are weakly proper X x G-algebras with
structure maps ¢4 : Co(X) = M(A) and ¢p: Co(X) > M(B) and let (£,y) be a
partial (A, «)—(B, B) equivalence bimodule. Then the linking algebra (L(E), 6) becomes
a weak X x G-algebra with structure map

o1 : Co(X) > M(LE)); o¢r(f)= <¢A(f) 0 )

0 ¢8(f)

Moreover, if p= ((1)8) and q = (8?) € M(L(E)), the corner EE = p(L(S)g)q
becomes a partial AE—BE equivalence bimodule.

Remark 4.2. (a) Of course, the lemma will apply for any (B, X x G)-module (&, y)
if (B, B) itself is a weakly proper X x B-algebra. In this case, (£, y) becomes an
equivariant partial K(£)—B equivalence bimodule and (KC(€), Ady) is a weakly proper
X x G-algebra.

(b) The above result can easily be extended to the case where (A, «) is a weakly proper
X x G-algebra and (B, B) is a weakly proper Y x G-algebra for two proper G-spaces X
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and Y, since by Remark 3.13 both spaces X and Y can be replaced by a universal proper
G-space EG.

(c) By construction, the linking algebra L(é’g) of the partial A
bimodule 5,? is canonically isomorphic to L(é’)g.

G
w

-BS equivalence

The proof of the lemma will follow at once if we can show that p (and hence also
g =1 — p) may be regarded as projections in M(L(E)g). But this follows from the
following more general result.

LEMMA 4.3. Let (A, o) be a weakly proper X x G-algebra and let p € M(A) be
a G-invariant projection such that p - f = f - p for all f € Co(X). Then, for every
E-crossed-product norm || - ||, on C.(G, A), the projection p induces a projection p €
M(Ag) which acts as p on Af, i.e. pa = paforalla e ACG.

Proof. Given &€ = f - a € F.(A), for some f € C.(X) and a € A, we observe that p& =
f - (pa) € Fc.(A). Moreover, if ¢ x, G:Co(X) X G — M(A Xy, G) denotes the
homomorphism determined by the G-equivariant structure map ¢ : Co(X) — M(A), we
get

(PEIPE) a6 = ((p - Pal(p - fla)ax,c
=L (@* ()@ % GU SIS ) cyxymc )y (P (@).

Since p commutes with every element in ¢(Co(X)) and is G-invariant, it follows
that P := Lf:(p) € M(A x, G) is a projection which commutes with every element in
¢ 1, G(Co(X) x G). In particular, P commutes with the positive operator T :=
& X G SIS Deyxyng)- 1t follows that PT P < T and hence

(PEIPE) axi, 6 < Uy (@7 (@ X G LI o ne)iy @ = (E1E) ax G-

Therefore, the map F.(A) > F.(A), & p& extends to a bounded operator
p: Fu(A) — F,(A) which is adjointable with p*=p=p> ie. a projection
P € LIFu(A)) = M(AF) as desired. .

Remark 4.4. The module Eg of Lemma 4.1 can also be obtained as follows. We first
observe that the structure maps ¢4, ¢p : Co(X) = M(A), M(B) define left and right
actions of Co(X) on E by f - & :=pas(f)& and & - f := E¢pp(f). With this notation we let
E:=C.(X)-E-C.(X) and define

EF=C(G\X) - (E€eME | f-& & [e& V[ eC(X)} CAG\X).

Here, for convenience, we define M(E) = pM(L(E))g with p, g as above. But it
follows from [11, Proposition 1.51] that this coincides with the usual notion of the
multiplier bimodule M(€) = Lp(B, &) if the left inner product is full (i.e. if A = KC(E);
see [11, §1.2]). The module actions and inner products on £ extend to the multiplier
module and then induce an A®-~BY pre-Hilbert bimodule structure on €Y which then
completes to a partial AS—B g equivalence bimodule £ g Using the obvious identification
EY = pL(£)Yq it is not difficult to check that both constructions coincide.

In what follows, we will relate the fixed bimodule construction £ +— Sfj with our
previous construction &£ > F| MG ).
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PROPOSITION 4.5. Suppose that (A, o) and (B, B) are weakly proper X x G-algebras
and assume that (€, y) and (D, 6) are two weakly proper (C, X x G)-modules for the
G-algebra (C, o) such that (A, @) = (K(E), Ady) and (B, B) = (K(D), Ad). Then
there is a canonical isomorphism of partial Ag — Bg equivalence bimodules

FE(E) ®cx 6 Fi (D) = (€ ®c DHG

which is given on elementary tensors € @ n € F.(E) © F.(D)* by
st
BE 9= [ 1) @00 ds € (€ @a DY,

Proof. We should first give an interpretation for the strict unconditional integral
o 1 (©) ®6,(n) ds. I & € Fo(€) = Ce(X) - € and 1 € Fo(D)* =D* - Ce(X), then £ ©
n € Ce(X)(€ ®c D¥) - Ce(X) € Ce(X) - LIE ®c D*) - Ce(X) = L(E @ D*)c, and the
integral can be interpreted as the restriction of the map E;: L(€£ ®c D*). — L(£ ®c¢
D*)Y to the upper right corner (€ ®c D*)... By [7, Lemma 2.5], the map E, is surjective,
and since £ © D* is norm dense in £ Q¢ D*, it follows that F. () © F.(D*) = C.(X) -
(€ © D*) - Co(X) is inductive limit dense in (£ ®c D*).. Thus, the map E of the lemma
is an isomorphism if it preserves the inner products and module actions.
We do the computation for the right inner product and the right module action. The left
formulas follow by symmetry from similar computations. So let &1, & € F.(€) and let
n1, 2 € Fe(D)*. Then, for elements b, ¢ € B., we get

b(EGE @ n)IEE ® n2))poc

b(/ / (¥5(§1) ® Os(n) |y (52) ® 01 (n2)) B dss dt)

// (s (51) @ 6:(n)ly1 (52) ® 6, (n2)) pe ds dt
// (OsmIysED e (62)) O (m2)) pe ds dt

= /G /G BBs (M 1{&1 17,1, () Oy, () p)e ds di
= fG /G BBy (m (€111 (E2)) b, (1)) ) ds d

- fG /G BB (M| AW &1 1620 ¢ 0, 6 (16 (1)) B)e ds dit

- /G BB, (1 €1 |E2) o - 12 B)C dis
=b(ml{&11&2) cx, 6 - mhpec =b(&1 @ m&2 ® m2) gac.

Note that all integrals starting from the third line are over functions with compact supports,
hence they exist and the manipulations are justified. Assume now that b € BY, & € F.(€)
and n € F.(D)*. Since b € M(B) is G-invariant, we have E(¢ ® ) -b=E(E ® n - b),
which implies that [ is also compatible with the right module actions. O
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COROLLARY 4.6. Let (A, «), (B, B) and (£, y) be as in Lemma 4.1. If the A-valued
inner product on € is full, i.e. if A = KC(E), then

ESZTFI(E) ®Bx,6 Ty (B) = FI(A) ®ax,c (€ %y G) ®px,c Fpy (B)

as partial Ag—Bg equivalence bimodules.
In particular, if £ is an A — B equivalence bimodule and the actions of G on A and B
are [i-saturated, then Eg becomes a (full) Ag—Bg equivalence bimodule.

Proof. We have a canonical isomorphism £ =& ®p B*, so the isomorphism Sg =
F f (&) ®Bx,G F, ;? (B)* follows directly from Proposition 4.5. Proposition 3.17 applied
for A ®4 £ = € yields a canonical isomorphism }_ﬁ &= .Ff (A) ®ax,6 € x, G which
in combination with the first part implies the second isomorphism & E = F g (A) ®ax,c
(€ % G) ®Bx,G Fi (B)*. =

Example 4.7. We should note that the final conclusion of Corollary 4.6 does not hold in
general without the assumption that the actions on both algebras are saturated. As an
example, let G be a compact group and consider L%(G) as a K(L%(G))-C equivalence
bimodule. Let G act on L2(G) via the right regular representation p : G — U (L%(G)).
Then L%(G) becomes an equivariant K(L*(G))-C equivalence bimodule with respect to
the weakly proper {pt} x G-actions Adp and idc on the algebras. By Corollary 3.25, we
get IC(L?(G))® = C*(G) and we certainly have C¢ = C. It is clear that both algebras are
Morita equivalent if and only if G is the trivial group. So, in general, the module £ f will
only be a partial equivalence bimodule, even if £ is assumed to be a full A—B equivalence
bimodule.

5. The imprimitivity theorems
In this section we want to apply our techniques to derive several imprimitivity theorems for
weakly proper actions. Throughout this section we fix two locally compact groups G and
H. These groups will act on spaces, algebras and modules in a commutative way, i.e. we
will consider G x H-actions. If G x H acts on a space X, we will write 7% and t¥ for the
corresponding G- and H-actions. We also use similar notation for actions on algebras or
modules. Also, to avoid confusion and to be clear which action is being used, we make use
of superscripts, e.g. FC for our functor £ — FY(£) whenever £ isa (B, X x G)-module.
Recall that for any G x H-algebra (B, ), the natural map C.(G x H, B) —
C.(G, C.(H, B)) induces isomorphisms

B xpgu(Gx H)=(B X gG 4G G) NgH yH H

for the full crossed products. Here, in an abuse of notation, we also write ,BH for
the action of H on B X6 w6 G which is given for f € C.(G, B) by ﬂ}fl(f)(t) =
ﬁf (f(¢)) (and similarly for the action of G on B gt ui H). The isomorphism follows
from the observation that C.(G x H, B) is dense in both algebras and that (7, v) —
(mr xv|g, vlg) gives a bijection of covariant representations. This correspondence

of representations sends the regular representation Ind{Ge}XH 7 induced from a faithful

representation 77 : B — L(Hz) of (B, G x H, B) on L*(G x H, Hy) to the regular
representation Ind{IZ} (Ind{(’;} m) of (B xge G, H, By on L*(H, L*(G, Hy)), and
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therefore we obtain a similar isomorphism B Xg (G x H) = (B Xg6 ;¢ G) Xgu n H
for the reduced crossed products.
In particular, exchanging the roles of G and H, we obtain canonical isomorphisms

(B XgH yH H) X gG 4G G=Bxgy(Gx H)y=(B X gG 4G G) NgH yH H,

and a similar isomorphism exists for the reduced crossed products.

Suppose now that we have two crossed-product functors for G and H in the
Kaliszewski-Landstad—Quigg sense (see §2) with corresponding norms ¢ and . By
functoriality (see Lemma 2.3), it follows that ,BG factors through an action on B x BH M H
(and vice versa), and we obtain two canonical quotient maps

qH,G :B Xguw (G x H) — (B XgH | H H) XgG G G,
qG,H :B Xgu (G x H) — (B X G G G) XgH ,H H.

Here we compound the abuse of notation by denoting the action of G on B Xgu ,u H still
by B¢ (and similarly for 7).

Definition 5.1. Let (/,LG, u, /LH ) be a triple of crossed-product norms for G, G x H, and
H corresponding to ideals E¢ € B(G), E € B(G x H), and Eg € B(H), respectively.
We then say that (uC, u, u'?) is compatible if, for every G x H-algebra B, the above
quotient maps gy, ¢ and gg, g factor through isomorphisms

(B %46 6 G) Xy H <2 B x5, (G x H) —=%5 (B xgn_yn H) %40 6 G,
respectively.

By the above discussion, we know that the triple (uG, u, u ) of universal norms and
the triple (r%, r, 1) of reduced norms are compatible triples of crossed-product norms.
But in general it seems to be quite difficult to decide whether a given triple of crossed-
product norms is compatible. But if one of the groups, say H, is amenable, we shall see
that every crossed-product norm € for G fits into a triple (1%, u, uf’) for the unique
crossed-product norm u” for H:

PROPOSITION 5.2. Suppose that G and H are locally compact groups such that H is
amenable. Let E C B(G) be any weak-* closed G-invariant ideal of B(G) and let
F C B(G x H) be the ideal generated by E ® 1y € B(G x H). Let u be the crossed-
product norm for G x H corresponding to F and nC the crossed-product norm for G
corresponding to E. Then (u%, w, u™) is a compatible triple of crossed-product norms
forG,G x H, H.

Proof. Let us start with some comments on notation. Let (ip,ig,iy) denote the
canonical maps of (B, G, H) into M(B xg, (G x H)). Then we use the same symbols
for the corresponding maps of (B, G, H) into the iterated crossed products (B Xg_ 6
G) XgH yH H and (B X gy utl H) X gG uG G which correspond to (ip, ig,iy) via the
canonical isomorphisms between B xg, (G x H) and the respective iterated crossed
products. To make things more precise, if we denote by (jpx ¢, jg) the canonical maps of
(B Xg6 w6 G, H) into M((B X, u6 G) Xgu yu H), and by (kp, k) the canonical maps
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of (B, G) into M(B X gG G G),thenip = jpxg okp, i = jpxc o kg, and iy = jy if
we identify B gy (G x H) with the iterated crossed product (B X g uG G) XgH yH H,
and similarly for the other iterated crossed product.

Consider now the canonical quotient map g : C*(G x H) — Cj(G) given by the
composition of the canonical quotient map C*(G x H) — C*(G) followed by the
quotient map gg : C*(G) — Cj(G). Realizing elements of E as coefficient functions of
representations of C(G), it is straightforward to check that the kernel / := ker g equals
the annihilator ~(E ® 1) € C*(G x H). Thus, it follows from Proposition 2.2 that for
any action 8:G x H — Aut(B) the crossed product B xg , (G x H) is given by the
quotient of B gy (G x H) by the kernel Jg ¢ of the homomorphism

(idpsi(Gxm) ®q) o B : B xpu (G x H) — M(B x5, (G x H) ® C5(G)).

If vg:G— UM(CEL(G)) denotes the unitary representation which integrates to the
quotient map gg : C*(G) — Cy(G), then (idgxGxH) ® q) © 313 the integrated form of
the covariant homomorphism (ip ® 1) X ((ic ® vg) X (ig ® 1)).

We now consider the iterated crossed products. We start with (B X g6 ,6 G) Xgu u H.
The crossed product B X g6 ,¢ G can be identified with the image of the homomorphism

W= (idpyG ® qr) 0 BO : B 356 36 G — M(B 3456 6 G ® CE(G)).

If welet H acton B X g6 6 G ® Cr(G) via B ®id, then ¥ becomes H-equivariant and
since the u©-crossed product is functorial by Lemma 2.3, we see that J 86 £ S B g6 6
G is B -invariant. Since H is amenable, and hence the universal crossed product by H
coincides with the reduced one, it follows that the homomorphism

W ox H (B %6 46 G) Xgn g H—> M((B %46 46 G® Ci(G)) Xgngigun H)

factors through an isomorphism of (B xgc ,6 G) Xgun  u H with the image of W x H.
This follows from the general observation that if C and D are H-algebras and & : C —
M(D) is a faithful H-equivariant representation, then the composition of ® x H with
a regular representation of D x,# H is a regular representation of C x,» H. By the
amenability of H, we also have a canonical isomorphism

(B 346 46 G ® C5(G)) X ggigun H = (B X6 46 G) Xgngigun H) ® C5(G)

(see e.g. [31, Lemma 7.16]). Note that if (lB><1G®Cz(G)v ly) are the canonical maps
of (B xgc 6 G®CE(G), H) into M((B g6 6 G® CL(G)) Xghgiquu H) and if
(kB, kg) denote the canonical maps of (B, G) into M (B X gG G G), then, via the above
isomorphism, we get the identifications

ip®1=lpgxcacy o kp®1), ic®l=lpugecic) otke®), in®l=Iy.

Then, with a little book-keeping, we see that the homomorphism W x H, viewed as a
map into M(((B Xg6 6 G) Xgngiqui H) ® C%(G)) is given as the integrated form
of the covariant homomorphism ((ip ® 1) X (i @ vg), ig ® 1). This coincides with
(i5® 1) ((ig ® vE) % (ig ® 1)) = (idpx(GxH) ® q) o P after identifying (B x40 40
G) xgu yu H with B g, (G x H). This implies the isomorphism B g, (G x H) =
(B xg6 ,6 G) Xgn yu H.
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For the other iterated crossed product, note that the crossed product (B x BH uH
H) XgG G G is the quotient of (B XgH y H) X g6 4G G by the kernel of the
homomorphism (idpxgxc ® q) © EE which is given as the integrated form of the
homomorphism ((ip ® 1) X (ig ® 1), ic ® vg) which again corresponds to (ip ® 1) X
((ic ® vE) X (in ® 1)) = (idpx(GxH) ® q) o B after identifying (B Xgu yi H) X g6 6
G with B xgy (G x H). This completes the proof. O

Assume that (B, B) is a G x H-algebra and X is a G x H-space such that the action
of G on X is proper. Assume further that (£, y) is a weak (B, X x (G x H))-module,
meaning that we have a G x H-equivariant non-degenerate structure map ¢ : Co(X) —
L(£), but we require properness only for the G-action. Assume further that (1, u, uf)
is a compatible triple of norms for G, G x H, and H as explained above.

LEMMA 5.3. In the above situation, the Hilbert B X g6 ¢ G-module F,c(E) carries
an H-action, given on F.(E) C & by the restriction of y to this subspace (and which
in a further abuse of notation we also denote y™) such that (F 6 (&), vy becomes a
(B xgc ,6 G, H)-Hilbert module. As a consequence, if we write (A, o) := (K(E), Ady),
we obtain the H-action a™ := Ady™ on the fixed-point algebra Agc = Fixgg &)=
IC(./—'-MG (£)). It is given for m € Af C M(A) via the extension of o to M(A).

Proof. One can use the isomorphism F,6 (&) = F(X) ®cyx)xG (B X gc 6 G) from
Proposition 3.6 and the diagonal action ¥ ® B# on F(X) ®cyx)xG (B Xgs 46 G)
to get an H-action y on F,6(E) compatible with BY. A simple computation using
the explicit isomorphism in Proposition 3.6 shows that y, on the dense subspace
Fe(&) € F 6 (), is the restriction of the original H-action on & to Fc(€) € &. Since
K¢ (Fc(E)|Fe(E)) is inductive limit dense in Af, this also implies the last statement of
the lemma. O

On the other hand, writing (A4, ) := (K(E), AdyH), if we first take crossed products
by H, it follows from Lemma 2.8 that we obtain the Hilbert B XgH H H-module
& x,n ,,u H with compact operators A X,n ,u H. As above, we obtain canonical actions

H
«%, y% and B on these crossed products. Moreover, the composition i Z o¢:Co(X) —
M(A xgn n H) = L(E Xu n H) gives (€ X, n ,n H, y9) the structure of a weakly
proper (B xgn ,u H, X x G)-module. Using this notation, we get the following theorem.

THEOREM 5.4. Let (£, y) be a weak (B, X x (G x H))-module as above such that G
acts properly on X. Then, identifying

(B NﬂG,HG G) NﬁH’MH Hg(B N,BH,MH H) NﬂG”uG G
and writing (A, o) := (K(E), Ady ), we get
J—"lfc () %yu n HE J—"/fc (€ x,u,n H) and Aij Mo i H = (A Xy n H)fjc.

The second isomorphism is an extension of the canonical inclusion of C.(H, Ag) -
C.(H, M(A)) into (A X ,u H)E € M(A Xy, H).
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Proof. Observe that C.(H, ]-'CG (£)), with respect to the topology on ]-'CG (&) inherited
from £, is inductive limit dense in ff (€ x pt H) and in Cc(H, ]:/?G (&)) in the sense of
Definition 3.4. It therefore suffices to check that the C.(G x H, B)-valued inner products
on both spaces coincide on C.(H, .7-"CG (&)). But it follows from formulas (2.4) and (3.2)
that both inner products are given for &, n € C.(H, .7-"CG (€)) by

() (s, h) = /H AG ()" V2B ((EWD)|Bs(n(Ih))) p) dl.

The resulting isomorphism of Hilbert modules ]:/?G (&) x,n H= ]-'EG (€ x,u H)
induces an isomorphism between the compact operators IC(]—'/?G (&) x,n H) =
Aga XoH ,h H and IC(]:SG (€ Xyn H)) = (A Xyn 1 H)gc, and this isomorphism
sends the left ASG Nt 1 H -valued inner product of two elements &, n € C.(H, .FCG &)
to the (A Mo H )SG—valued inner product of these elements. But, for &, ne
C.(H, ]-'CG (£)), the first inner product takes values in C.(H, Agg) with the formula

cet,a (&) (h) =fHAH(h_ll)Ag((S(l)lyh(n(h_ll)))) dl

st
:/H/G Ap (" Dal (A EDlyt™ D)) ds dl,  (5.5)

which follows from a combination of (2.7) with (3.21), while the (A X, ,u H);Cx.;G -valued

inner product takes values in (A Xon ,u H )f given by

st
(ANQH,#HH>§«‘§|”>> =/G al (c.m,a)EIn)) ds.

If we evaluate the integrand at h € H, we just obtain (5.5), which implies the last assertion
of the theorem. 0

Of course, the isomorphism A, Mot i H=(AXon u H )SG applies for any weak
X % (G x H)-algebra (A, o) in which the action of G on X is proper. We only
need to apply the theorem to the weak Hilbert (A, X x (G x H))-module (A, «). In
particular, we get A% Xgu yu H = (A Xgn i H)S and AG xon i H = (A Xgn
H )rGG for the triple of universal norms (uC, u, uf’) and the triple of reduced norms
(rG, r, 7 ), respectively. Moreover, if H is amenable, a combination of Theorem 5.4 with
Proposition 5.2 implies the following result.

COROLLARY 5.6. Suppose that G and H are locally compact groups with H amenable,
and let || - || ;6 be the E-crossed-product norm for G associated to a G-invariant ideal
E C B(G). Let X be a G x H-space such that G (or H, respectively) acts properly on
X and let A be a weak X x (G x H)-algebra with action « : G x H — Aut(A). Then
Afjc X H= (A xyu H)gc (or A" 31,6 6 G = (Ax,6 ,6)", respectively).

Note that in the above corollary we have omitted to indicate the norm in the notation
of the H-crossed products and H -fixed-point algebras, respectively, since for amenable
groups all H-crossed-product norms coincide.
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5.1. Green’s imprimitivity theorem. If G is a locally compact group and H is a closed
subgroup of G, we write It for the left translation action of G on Co(G/H). Then
IC(Lz(G))fF}Adp = Co(G/H) %y 46 G. In fact, the canonical isomorphism Co(G) X 6
G %IC(Lz(G)) transforms the action of H on Co(G) Xy ¢ G induced by the right
translation action rt of H on Co(G) to the H-action Adp on IC(L*(G)). Hence, applying

Theorem 5.4, we get
K(LXG)IAY = (Co(G) sy 06 G = Co(G)™ 3y 6 G = Co(G/H) 16 G

A similar argument shows that (A ® K(L2(G))15*®* = (A ® Co(G/H)) 4giu6 G
whenever (A, «) is a G-algebra.

More generally, suppose that (B, 8) is an H-algebra and let (Indg (B, B), Ind B) be the
induced G-algebra Cy(G, B)H obtained as in Lemma 5.3 from the weak G x (H x G)-
algebra Co(G, B) with structure map M : Co(G) — ZM(Co(G, B)), the proper diagonal
H-action rt ® B and the proper G-action It @ idp. It follows from Theorem 3.28 that the
full and reduced fixed-point algebras coincide and that Indg(B, B)=Co(G, B YA can be
described as

Ind (B, B) = {f € Co(G, B) | B(f(s1)) = f(s) Vs € G, 1 € H
and (s H — || f(s)I]) € Co(G/H)},

with induced G-action given by left translation: (Ind 8),(f)|; = f (s~ 1).

PROPOSITION 5.7. Let (B, B) be any H-algebra and let (u°, ) be any pair of crossed-
product norms which fit into a compatible triple of norms (u°, w, u*!) as in Definition 5.1.

Then
Z’;ﬁ@Ad". (5.8)

Ind§ (B, B) ¥pq g6 G = (B ® K(L*(G)))
Proof. Observe that we have a canonical H-equivariant isomorphism
Co(G, B) Xygiq, 6 G = (B ® Co(G)) Xiggy, u6 G
= B ® (Co(G) xy 46 G) = B ® K(L*(G)).
In fact, for the universal norm ¢ =u% this is well known (see [31, Lemma 7.16]). But
since the G-action on Co(G, B) is centrally proper, all crossed-product norms coincide for

this action by Theorem 3.28, from which the observation follows. The isomorphism (5.8)
now follows directly from Theorem 5.4:

10d5 (B, B) Apa g e G = (Co(G, B) Xygig 6 G) 3™

= (B@KWL (G, . D

As a first application we want to obtain a quite general version of Green’s imprimitivity

theorem for classical and exotic crossed products. To prepare for the result, assume that H

is a closed subgroup of G and let 8 : H — Aut(B) be an action. Consider C.(G, B) as a

pre-Hilbert C.(G, Indg B)-C.(H, B) bimodule with module actions and inner products
given by the formulas

£E-o@t) = /H A ()2 Ag(W)' 2By (E(th) - p(h™Y)) dh,
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FoE() =/G s, DEG1) ds,

Emde, .y = Ag ) 2Ag ()2 /G £(s)*Bu(n(sh)) ds

and
Co(G.1nd B (EIN) (2, 1) = /H A rh)BuE(rh)n(t ™ ri)*) dh, (5.9)

for £, n € Co(G, B), 9 € Co(H, B) and f € C.(G, IndS B).

THEOREM 5.10. (Green’s imprimitivity theorem for exotic norms, version 1) Suppose
that (u°, w, u) is a compatible triple of norms on G, G x H and H as in Definition
5.1. Then the module actions and inner products on C.(G, B) as given in (5.9) extend to
give an Indg(B, B) Xnap ¢ G — B xg ,u H imprimitivity bimodule.

Proof. Let B® L?(G) be the weakly proper (B, G x H)-module with H-action
B®p and structure map 1® M :Co(G) > L(B® L%(G)). Then it follows
from Proposition 3.20 that ffH (B® L*(G)) is a K(B® LZ(G))fH — B g, H

~

imprimitivity bimodule, and combining this with the isomorphism (B ® LZ(G))g =
Indg(B, B) Xna g G given by (5.8) we see that }';’H(B(XJLZ(G)) becomes an
Indg (B, B) X1nq g, u6 G—B % g ,u H imprimitivity bimodule.

The subspace C.(G, B) C L*(G, B)= B ® L*(G) is dense in F.(L*(G, B)) =
C.(G) - L3(G, B) with respect to the inductive limit topology and hence it is norm
dense in F :’H (L*(G, B)). The result then follows if we can show that the module
actions and inner products are given on C.(G, B) and the dense subalgebras C.(H, B)
and C.(G, Ind B) of B Xg .t H and Indf,(B, B) Hina B.uG G by (5.9). Indeed, the first
three formulas follow directly from the corresponding formulas for the C.(G, Co(G, B))—
B submodule C.(G, B) of the Co(G, B) Xgia G—B equivalence bimodule L%(G, B)
together with (3.2) and (3.3), and the last formula follows from the requirement that
c.Gmd (&) - ¢ =& - nl&hc,m,p forall &, n, £ € Cc(G, B). m

Remark 5.11. We should note that the formulas given in (5.9) correspond to the formulas
given in [11, Appendix B.1] via the transformation & Agl/zé on C.(G, B). This
follows from some straightforward computations which we omit.

Applying Theorem 5.10 to the triples (u®, u, uf’) and (%, r, rf'), we recover the
well-known versions of Green’s imprimitivity theorem for universal and reduced crossed
products. Moreover, we shall see below that Green’s theorem also applies for arbitrary
exotic crossed-product norms ¢ for G corresponding to a weak-* closed G-invariant
ideal £ C B(G) in the sense of [15] if we let uf be the crossed-product norm for
H corresponding to the weak-* closed ideal Ey € B(H) generated by {f|g | f € E},
although we do not know whether the pair (1, 1) always fits into a compatible triple
of norms as in Definition 5.1. For the proof we make use of an adaptation of [11, Theorem
4.11] to universal crossed products.

Recall from [11, Lemma 3.19] thatif § : A — M (A ® C*(H)) is a coaction of a closed
subgroup H of a locally compact group G and if 1y : C*(H) — M(C*(G)) denotes the
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canonical homomorphism, then § can be inflated to a coaction of G by defining
Inf§ := (idg ® ty) 08 : B—> M(B ® C*(G)).
We then get the following theorem.

THEOREM 5.12. (Green’s imprimitivity theorem for exotic norms, version 2) Suppose that
B : H — Aut(B) is an action of the closed subgroup H of G and let X, denote Green’s
Indg(B, B) X g6 G=B xg u H imprimitivity bimodule of Theorem 5.10. Then there
exists a coaction 8y, : Xy — M(Xy @ C*(G)) which implements a Morita equivalence
between the dual coc}Etion m of G on Indg(B, B) Xina gu6 G and the inflation Inf 3
of the dual coaction B of H on B Xg u H.

Moreover, let % and p* denote the crossed-product norms corresponding to the
weak-* closed ideal E C B(G) and the weak-* closed ideal Ey C B(H) generated
by Elg :={f|u | f € E}, respectively. Then there is a unique quotient module X,
of Xy such that 3x, factors through a coaction dx, : X), — M(X, ® C*(G)) which
implements a Morita equivalence between the coactions (@) G and IHf(EMH) of G
on Indg (B, B) Xind p,uc G and B xg ,n H, respectively. In particular, Green’s theorem
holds for the pair (18, ™) of exotic crossed-product norms.

Proof. By Remark 5.11 we may use the formulas for the actions and inner products as
given in [11, Ch. 6]. We are then in the setting of [11, Theorem 4.11], which gives
our theorem in the case of the reduced crossed-product norms (©, rf). Indeed, all
constructions and computations are done in [11] on the level of functions with compact
supports on G with values in various (multiplier) algebras. Since these spaces embed into
the universal crossed product and module completions as well as for the reduced ones, we
may go through the proof of [11, Theorem 4.11] step by step to see that precisely the same
arguments give the desired coaction 8y, : Xy — M (X, ® C*(G)) of our theorem.

Assume now that 1€ is a crossed-product norm corresponding to a weak-* closed ideal
E C B(G) in the sense of [15] and let Cj(G) denote the corresponding exotic group
C*-algebra. Let

LX) = <Indg(B, B) Xnd puG G Xy >

Xl;k B Nﬁ,uH H

denote the linking algebra for A},. Then there is a unique coaction

SLiy = (I“d p 5"&)  L(Xy) = M(L(X) ® C*(G)) = M(L(X, ® C*(G)))
Sx: Infp

of G on L(Ay) (see [11, Ch. 2.5]). The intersection of the kernel I} (x;) of the composition
(dr(x,) ® qE) 08L&, LX) — M(L(&y) ® CE(G)) = M(L(Xy ® CE(G)))

with the corners Indg(B, B) Xagu6 G and B xg u H, respectively, is given by Jg :=

ker(idmd 56 ® g£) o Ind B and the ideal If :=ker(idpxy ® gr) o InfB. It follows
from [11, Lemmas 1.20 and 1.52] that the kernel Y :=ker(idy, ® gg) o dx, S Xu
matches Jg and Ig under the Rieffel correspondence, and hence &) factors to give an
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Ind% (B, B) Nind g,u6 G — B X g ,n H imprimitivity bimodule X, := &,/) as soon as
we can show that B xig ,n H = (B xgu H)/IE.

To see this we first observe that the annihilator +(E|g) of E|y C B(H) in C*(H)
is precisely the kernel of the composition gg oty : C*(H) — M(C5%(G)). This follows
from the fact that E consists of all coefficient functions of unitary representations of G
which annihilate ker gg. The intersection of kernels in C*(H) of the restrictions of these
representations to H coincides with LEI (ker gg) =ker(gg o ty). The equation B Xg
H = (B xg  u H)/IE then follows from Proposition 2.2 applied to the quotient C *(H) =
C*(H)/ ker(qg o tpy).

We finally check that éx, factors through a coaction éx, on the quotient module X,
which implements a Morita equivalence between the coactions (Ifd\,B) G and Inf(EMH),
which exist by [15, Theorem 6.2]. For this let g7 (x) : L(Xy) — L(Xy)/Ip(x,) = L(X/Y)
denote the quotient map. Then the intersection of the kernel of the composition

(qrx) ®1dg) 0 81(x,) : L(&Xy) - M(L(A/Y) ® C*(G))

with the upper left corner Indg(B, B) X B.uG G coincides with Jpgg g, since

we know from [15, Theorem 6.2] that m factors through an injective coaction
on Ind§ (B, B) X4 p.,6 G = (Ind% (B, B) g p.u6 G)/Jmap.e. Since (idy, ® gr) o
dx, is an imprimitivity bimodule homomorphism, the intersection of the kernel of
(GLx) ®idg) o 81(x,) with the other corners corresponds to Jingg e by the Rieffel
correspondence (again use [11, Lemmas 1.20 and 1.52]), hence they must coincide with
Y and Ig, respectively. Thus we see that the kernel of (g7,x) ® idg) o 81, coincides
with Iy =ker((idz(x,) ® gE) 0 8r(x,))- It follows that (g7 vy ® idg) o 81 (x,) factors
through a coaction on L(Ay)/Ipx,) = L(&y/Y) whose restriction to the upper right

corner gives a coaction on &), := A&, /) which implements the desired Morita equivalence
between (Ind B) ¢ and Inf(B,,n). O

The following corollary shows that our version 1 of Green’s theorem is actually a
special case of version 2. It also indicates that one cannot expect very much freedom
for independent choices of norms in compatible triples (1€, u, uf?).

COROLLARY 5.13. Suppose that H is a closed subgroup of G and that (1%, w, u™) is a
compatible triple of norms for G, G x H, and H as in Definition 5.1. If u© is associated
to the weak-* closed G-invariant ideal E C B(G), then u* is associated to the weak-*
closed ideal Ey in B(H) generated by E|lg ={f|uy | f € E}.

Proof. Let B: H— Aut(B) be any action. Then it follows from Theorems 5.10
and 5.12 that both crossed products B Xg ,n H and B xg,,, H correspond to the
crossed product Indg(B, B) Xina g6 G under the Rieffel correspondence for Green’s
Indg (B, B) X1nd g6 G — B X H imprimitivity bimodule A,. Hence they must be
the same. O

5.2. The symmetric imprimitivity theorem. ~We will now derive a very general version

of the symmetric imprimitivity theorem, which was first obtained for commuting free and
proper actions of two groups G and H on a space X by Green and Rieffel (see e.g. [27]).
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This result was extended by Raeburn [25], Kasparov [18, §3], and Quigg-Spielberg [24]
to commuting actions of G and H such that there exists a G x H-space X on which G
and H act freely and properly together with a structure map ¢ : Co(X) — M(A) which
takes its values in the center ZM(A) of M(A). A version of the symmetric imprimitivity
theorem for saturated Rieffel proper actions is given by an Huef, Raeburn, and Williams
in [4]. Although the result in [4] was formulated in principle for a more general class of
actions (with a number of extra technical assumptions), the only class of examples where
it was explicitly shown to apply is given by weak X x (G x H)-algebras (A, «) in our
sense, such that G and H both act freely and properly on X. Also, the results in [4] are
restricted to the case of reduced fixed-point algebras and crossed products. Below we shall
give a version of the symmetric imprimitivity theorem for such algebras which also works
for universal crossed products and for exotic crossed products for any compatible triple
(u, i, 1) in the sense of Definition 5.1. Since we assume the presence of a G x H-
equivariant structure map ¢ : Co(X) — M (A) from the beginning (without assuming the
actions of G and H to be free), our proof and the derived formulas turn out to be much
easier and less technical than those obtained in [4]. Allowing non-free actions and exotic
norms, our results also extend the results of Raeburn, Kasparov, and Spielberg and Quigg
on centrally proper commuting actions.

Recall from Propositions 3.6 and 3.20 that whenever we have a weakly proper X x
G-algebra (A, ), the module FY, (A) becomes a partial AgG—A Mg u6 G equivalence
bimodule. The word “partial” indicates that the A X, ,¢ G-valued inner product might not
be full. It is always full if the action of G on A is ,uG-saturated as in Definition 3.14, which
is true if G acts freely on X. Now, if (A, «) is a weak X x (G x H)-algebra such that
G acts properly on X, we obtain the partial AgG Xt i H=(A %46 6 G) Xgu u H
equivalence bimodule }—SG (A) x,u H as above by passing to the H-descent. This is
an equivalence bimodule, if (and only if) ]:;?G (A) is one. If also the action of H on
X is proper, we may reverse the role of G and H to obtain a partial ASH MG 6 G—
(A Xgyn, uH H) x46. G G equivalence bimodule F 5,, (A) x uG G, which is an equivalence

bimodule if the action of H on A is u -saturated. Using the canonical isomorphism

(A %46 6 G) X u H=A g, (G x H)= (A Xon ,u H) X6 6 G,
which follows from our compatibility assumption for the given norms (1%, u, uf), we
may form the product

FulA, G, H) i= (F 6 (A) Xy H) ®asy Gty (F i (A) %6 G)F

which is a partial AC, Mot i H -AH, % «G,,6 G equivalence bimodule. If both actions
of G and H on A are saturated, which holds in particular if both actions of G and H on
X are free, then this will become a full equivalence bimodule. Thus we have shown the
following result.

THEOREM 5.14. (Symmetric imprimitivity theorem, version 1) Let X be a G x H-space
with commuting proper G and H -actions, assume that (u€, w, u*!) is a compatible triple
of norms as in Definition 5.1, and let (A, a) be a weak X x (G x H)-algebra. Then
Fu(A, G, H) constructed above is a partial AgG Mo H H—AlI;IH NG G G equivalence
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bimodule. Moreover, if both actions of G and H on A are u©-saturated (™ -saturated),
then F,, (A, G, H) becomes a Morita equivalence

G W aH
AMG Mot gt H ~p AMH NG 4G G.

As a consequence of the previous theorem and the isomorphisms (A %6 G)g =
H G ~ G . .
Ay X,6 .G and.AMG X, n H = gA N.MH. ,I—I.)MG from Th.eorerr.l 5.4, we immediately get
the following ‘twisted symmetric imprimitivity theorem’ in which the roles of fixed-point
algebras and crossed products are interchanged in comparison with the usual version of
that theorem.

COROLLARY 5.15. Let (A, o) be a weak X x (G x H)-algebra such that the actions of
G and H on X are proper and the actions of G and H on A are nC-saturated (" -
saturated). Then

(A X i H) GG~ (A X466 G) iy

Remark 5.16. 1t is interesting to observe that, even if we start with an X X (G x H)-
algebra A such that the structure map ¢ : Co(X) — ZM(A) takes values in the center
of M(A) and such that G and H act freely and properly on X, which is the situation
considered by Raeburn and Kasparov in [25] and [18], the above corollary does not make
sense outside the setting of weakly proper algebras since the canonical structure maps from
Co(X) into M(A %46 ,6 G) or M(A Xon ,n H) will rarely take values in the centers of
these multiplier algebras.

If one of the groups, say H, is amenable, we may combine Theorem 5.14 with
Proposition 5.2 to obtain the following corollary.

COROLLARY 5.17. Let (A, @) be a weak X x (G x H)-algebra such that G and H act
properly on X. Assume further that H is amenable. Then for any fixed E-crossed-product
norm uS for G we obtain a partial ASG Xy H H-AHY XoG 6 G equivalence bimodule

Fu(A, G, H). Moreover, if the actions of G and H on A are wC -saturated (0 -saturated),
then we obtain Morita equivalences

A xgn H~y AT 36,6 G and - (A xgn H)o ~u (A x40 6 G
In what follows next, we want to obtain a more direct description of the

ASG X i H — AZIH 46,6 G bimodule F,(A, G, H). For this we need the
following lemma.

LEMMA 5.18. Suppose that (B, B) is a G x H-algebra, X is a proper G x H-space and
(&, y)isaweak (B, X x (G x H))-module. Moreover, let (A, a) := (K(E), Ady) and let
(uC, w, ) be any compatible triple of norms as in Definition 5.1. Then (‘F/?G &),y
is a weakly proper (B xgc ,6 G, G\X x H)-module with H-action v induced from the
given H-action y|y on }"CG (&) € &, and we get isomorphisms

FliFle@) = F7ME) and (Ao [l = A7,

The first isomorphism is given by the identification FH (]—'CG &) =FH %G (&) and the
second isomorphism is given by the canonical inclusion A f] <G ey (AgG) f[ .
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Proof. Observe that FH(FC(£))=C.(G\X) - Ce(X) - E=Cc(X)-E=TFHxC©&),
since C.(G\X) - C.(X) = Ce(X). Now, if &, n € C.(X) - £, we have

EM e, xe.s (B ) =AM 2 Ac()™ 2 Elyn.s () s
= (Aam) 2 E M) c.6.8) )
= (& c.u.c.c ) 5)
which shows that the embedding F* *G(g) FH (ff (£)) is isometric. A similar

computation also shows that it preserves the right module structure. Since ]-'CG )
is norm dense in .FI?G(E), it follows that ff (.EG (£)) is inductive limit dense

in FH (}'SG (£)) and the isomorphism F :’H (}'56 (€)= FF*H (&) follows from the
isomorphism (B Xgu ,u H) X6 ,6 G =B Xg,, (G x H) of the coefficient algebras.
Finally, using Proposition 3.20, we get AgG =K )S = IC(]-'/?G (£)) and then

(AY6) [t = K(F 6 (O)ln = K(F 1 (F o (©)
= KFIH @y =K©&"

_ AGxH
_AM . O

We now want to obtain a more concrete version of our symmetric imprimitivity theorem
with precise formulas for the actions and inner products on the equivalence bimodule

Fu(A, G, H) = (FO(A) %, H) @ty (Flhy (A) %6 G)*,

So in what follows let us assume that (A, o) is a weak X x (G x H)-algebra such that G
and H both act properly on X, and let (/LG, w, [LH ) be a compatible triple of norms.

Recall from Theorem 5.4, applied to the Hilbert (A, X x (G x H))-module (A, «),
that ]:/?G (A) ¥y u H= ]:/?G (A xyn ,n H) with isomorphism given by the identity
map on C.(H, J—'CG (A)), which is a submodule of both modules. On the other hand,
if we view L2(H)® A as a weakly proper (A, (H x X) x H)-module with H-action
pH ® a and structure map My ® ¢: Co(H x X) — L(L*(H) ® A), it follows from
Propositions 3.12 and 3.24 that A x,u ,u H = ]—';’H (L>(H) ® A). If we let G act on
L*(H) ® A via id}2(y) ® a, we get commuting actions of H and G on L*(H) ® A
such that this module together with the structure map My ® ¢ becomes a weakly proper
(A, (H x X) x (H x G))-module. Together with Lemma 5.18 we get

F o (A) gn yn H = FIG(E Xqu i H)
= F oo (Fily (L2(H) ® A))
= FOH(LX(H) ® A).

Similarly, exchanging the role of G and H in the above discussion, and viewing
L*(G)®@ Aasa weakly proper (A, (G x X) x (H x G))-module with action pg ® o and
structure map Mg ® ¢, we get an isomorphism

Fla(A) %q6 6 GZF LG ® A).
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By Proposition 4.5, we then get
FulA, G, H) = (Fl(A) % H) ® 4, GxH) (Fyn (A) X6 G)F

= FOH(LAH) @ A) @ exm Fo M (LHG) ® A)*

*

L (L2 ® A) @4 (L2(G) A

()

= (L*(H) ® L*(G)* @ A)§"".

The isomorphism (*:) in the last line is given by multiplication in A, and the isomorphism
(x) is given as in Proposition 4.5.

Next, we give a detailed description of the module (L*2(H) ® LX(G)* ® A)gXH . For
this we first recall the structure of the K(L2(H)) ® A—K(L*(G)) ® A-module L*(H) ®
L%(G)* ® A. If we identify K(L?(H)) ® A with Co(H, A) X,gq H and K(L*(G)) ® A
with Co(G, A) X,y G as in Remark 3.29, and if we restrict our attention to the dense
submodule

C.(GxH,A):=C.(X) Cc(Gx H, A -Cc(X),
we get a (partial) C.(H, C.(H, A.))-C.(G, C.(G, A;)) pre-equivalence bimodule
structure with actions and inner products given by

(f &), h)= fH a1 (f, h)EGs, 17 h)y dl,

& -¥)(s, h)=/ E(ts, Wa,—1-1 (Y (2, ts)) dt,
¢ (5.19)

Cott,Coct, A (MY (R, D) = A (hD) /G ar(E(s, Dn(s, k™ 'D*) ds,

M) G..Gan (82 ) = A(s ™) /H w0 (5, (s, D) dl,

for feC.(H,C.(H, Ac)), ¥ € Co(G, Co(G, Ap)) and &£, neC.(G x H, A;). The
formulas follow from the isomorphism

(L*(H) ® A) @4 (L*(G) @ A)* = L*(H) ® L*(G)* ® A
given by multiplication in A together with the formulas for the C.(H, C.(H, A))-
A-module C.(H, A) C L?>(H)® A and the A-C.(G, C.(G, A))-module C.(G, A) C
(L*(G) ® A)* (see Remark 3.29 for C.(H, A) and use the general procedure for passing
from a bimodule £ to its adjoint £* for the second).

We now study the projections into the fixed-point algebras and the fixed-point module
via the strict unconditional integrals over G x H. Since H acts on C.(H, C.(H, A.)) by
right translation of the second variable of f (&, [) and since G acts by «, this will send a
function f € C.(H, C.(H, A.)) on the left to the function E(f): H x H — Af given by

E(f)(h, 1)=fnf as(f(h, 1k)) dk ds. (5.20)
G H

The translation k — [~ 'k in the integral shows that this function is constant in / and that
E(f) may be regarded as a function E(f) € C.(H, Af) given by the formula

]E(f)(h):/”/ as(f(h, 1)) dl ds. (5.21)
G H
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Similarly, if ¢ € C.(G, C.(G, A.)) we may regard E(¢) as a function in C.(G, Af)
given by

st
E(y) (1) = / / (bt ) ds di.
H G

Moreover, the map E: C.(G x H, A;) — (L*(H) ® L*(G)* ® A)¢*H sends £ e
C.(G x H, A;) to afunction E(§) : G x H — A, given by

E() (1, h) = / / A2 Ag(s) e 1y E(es. hl)) dl ds (522)
G JH

which satisfies the equation E(§)(r, h) = Ag()™ 2 A ()™ Pa-1 -1y E(E) (e, €)).
Thus every such function is uniquely determined by its value at the unit (e, ¢) and we
may regard E(£) as an element of A, given by

E() = / / A2 Ag(s) a1y (EGs. D) dl ds.
G JH

If we apply the formulas (5.19) to elements f € C.(H, ACG), v e Cq(G, Af’) and
&, n € A, regarding them as functions on H x H, G x G and G x H via the relations
observed above, we see that A, becomes a partial C.(H, Af)—CC(G, A f’ ) pre-equivalence
bimodule with inner products and module actions given by

&= /H AV f ey (8) dl,

£y =/ Act) VParEy ) dt,
¢ st (5.23)
Cot, 40 (EIM) (W) = A ()™ /G as Ean(n®)) ds,

st
(EImc,(G,am) () = Mg ()" fH o (E* et (1)) dl.

At this point we should note that the correct continuity condition for a function
feC.(H, A?) (and similarly for C.(G, ACH )) is continuity with respect to the inductive
limit topology on ALG as defined in [7, Definition 2.11]. To be more precise, we define
C.(H, Af) as the set of all functions f : G — Af with compact supports such that the
following conditions are satisfied:

(i) There exists a function ¥ € C.(G\X) such that f(h) =y - f(h) -y forallhe H
(which simply means that the elements f(h) € AL.G have controlled support in G\ X).
(i) Forevery ¢ € C.(X) the functions h +— ¢ - f(h), f(h) - ¢ are norm-continuous with
controlled compact supports in X.
As a sample computation, we show how we derive the last formula in (5.23) from (5.19).
Using the derivation of (5.21) from (5.20), we may regard (§[n) ¢, (. Ay as a function
GxG— A f which is constant in the second variable. In the same way, by the discussion
following (5.22), we may regard &, n € A, as functions on G x H such that £(¢, h) =
AG([)_I/ZAH(I’Z)_I/ZO[(Zfl’hfl)(%_) and similarly for n. If we now apply the last formula
in (5.19) to these functions, we obtain
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((5|77»c(,((;,A51)(S) = ((‘§|TI»CC(G,A§)(&6)

st
_ Aa(s—1>/ E(e, 1y n(s™", 1y dl
H

st
= Ag(s™h f Ag(™HAG ) o1 (E*ay(n)) dl
H

It

st
2 AG(s) 2 /H w0y (E*ary () dl.

The other formulas follow by the same recipe. Note that the integrals make sense as strict
unconditional integrals; and one can check that the appropriate pairings with elements
in the original module C.(H x G, A;) C L*(H) ® L*(G)* ® A and the corresponding
subalgebras in the coefficient algebras of this module reveal that these formulas determine
the unique extension of the module operations to the multiplier modules and multiplier
algebras. As a result of this discussion we get the following theorem.

THEOREM 5.24. (Symmetric imprimitivity theorem, version 2) Suppose that (A, a) is a
weak X x (G x H)-algebra such that the actions of G and H on X are proper and let
([,LG, W, [,LH) be a compatible triple of norms as in Definition 5.1. Then the C.(H, Ag)—
C.(G, Af) bimodule A. equipped with the inner products and module actions as in
(5.23) completes to give a partial AgG NoH H H—A;IH XoG ;6 G equivalence bimodule

Fu (A)g. It will be a full equivalence bimodule if the actions of H and G on A are u°-
saturated (WX -saturated).

Proof. The above discussion shows that the completion fu(A)g of A, with respect
to the actions and inner products of (5.23) is isomorphic to the module (]-"g (A)
H) ®ax,GxH) (FL (A) %, G)* of Theorem 5.14. m

Remark 5.25. We should remark that the version of the symmetric imprimitivity theorem
proved by Raeburn in [25] is only for full crossed products. The reduced version was later
obtained by Quigg and Spielberg in [24] by some rather indirect methods. Our proof does
for all cases simultaneously based on the isomorphisms

(A %6 G) X H= A x, (G x H)Z(Ax,n H) %,6 G

for the iterated crossed products together with the compatibility of several other modules
with E-crossed products (see e.g. Lemma 2.8). However, we should remark that Kasparov
in [18] also obtained his version of the full and reduced symmetric imprimitivity theorem
in one step.

Observe that the discussion above also shows that F,(A)Z is isomorphic to the
fixed-point bimodule (L*(H) ® L*(G)* ® A)gXH under the identifications of (A ®
K(L2H)GH = Agc 1 H and (A ® K(L*(G))§*H = A;’H x,6 G. Of course, if
H is the trivial group, this bimodule is also isomorphic to ]:,?G (A). Therefore, as a
consequence we get the following corollary.

COROLLARY 5.26. For any weakly proper X x G-algebra (A, o) and any E-crossed-
product norm w for G, the partial Ag—A Xa,u G equivalence bimodule }"l?(A) is
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isomorphic to the fixed-point bimodule (A ® LZ(G)*)g under the identification (A ®
K(L*(G)))S = A X4, G as given in Remark 3.29.

Taking duals (or taking G to be the trivial group in the above discussion), it also
follows that the u-fixed-point bimodule of A ® L*(G) is isomorphic to the dual F MG (A)*
of FZ(A), ie.

(A® LY(G)“® = FJ (A

Recall that, for u =, ]-'rG (A)* is isomorphic to Rieffel’s bimodule constructed in [28] for
A viewed as a Rieffel proper algebra with respect to the dense subalgebra A.. The above
isomorphism therefore gives a new point of view for Rieffel’s bimodule implementing the
partial equivalence between A X, G and ArG : it is just the reduced fixed-point bimodule
of L2(G, A) = A ® L*(G) with respect to the action o ® p. Of course, our results only
allow us to prove this for weakly proper algebras A, but it could be true also for general
Rieffel proper actions.
We close this section with some natural questions.

Question 5.27. (1) If H is amenable, we were able to show in Proposition 5.2 that every
crossed-product norm wC for G fits into a compatible triple (1%, w, uf!). Note that u? is
the unique crossed-product norm for H. Is it true in general that every given norm % for
G (besides the universal or reduced norm) fits into a compatible triple (MG, W, MH ) for
suitable norms u and ! for G x H and H, respectively?

(2) In the light of Corollary 5.13, suppose that H is a closed subgroup of G, u® is a
norm for G associated to a G-invariant weak-* closed ideal £ C B(G) and ,uH is the norm
for H corresponding to the ideal Ey generated by E|y in B(H). Does the pair (MG, wt)
always fit into a compatible triple (1, ., u)?

6. Functoriality in correspondence categories

Throughout this section, we fix a locally compact group G and a G-invariant nonzero ideal
E of B(G) and we denote by u the corresponding crossed-product norm on C.(G, A) for
any G-algebra A.

We will prove in this section that our constructions are functorial. More precisely,
we show that the assignment A Ag is a functor between appropriate categories of
C*-algebras with correspondences as their morphisms. For categories of C*-algebras
based on *-homomorphisms as their morphisms, the functoriality of fixed-point algebras
has already been proved in [7]: in this case, one obtains functoriality in complete generality
(the actions here might be non-saturated). On the other hand, since functors preserve
invertible morphisms, which in correspondence categories are imprimitivity bimodules,
Example 4.7 shows that we cannot expect functoriality of the construction A +— Ag
between correspondence categories unless we restrict to saturated actions. But we show
below that the construction A +— Ag is functorial with respect to (isomorphism classes
of) equivariant correspondences if we restrict to the subcategory whose objects are weakly
proper saturated actions. This includes (but is not limited to) the important case where G
acts freely on the underlying proper space X.

We first need to fix some notation. Given two C*-algebras A and B, by a
correspondence from A to B we mean a (right) Hilbert B-module £ together with a
non-degenerate *-homomorphism ¢: A — L£(£). We usually use ¢ to view & as a left
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A-module and write a - £ := ¢ (a)& foralla € A and & € £. The correspondence category
Cotrr has C*-algebras as its objects and isomorphism classes, denoted [£], of A — B-
correspondences £ as the set of morphisms from A to B. The composition of two
morphisms [D]: A ~» B and [£]: B ~ C is given by the usual balanced tensor product
of correspondences: [£] o [D] :=[D ®p £&].

For us it will also be important to consider equivariant versions of correspondence
categories. For a fixed locally compact group G and a G-space X, we write Cott(X, G)
for the category whose objects are weak X x G—C*-algebras, i.e. G-algebras A endowed
with X % G-equivariant non-degenerate *-homomorphism of Cy(X) into M(A), and
whose morphisms A ~» B are isomorphisms classes of G-equivariant correspondences.
This means correspondences £ from A to B endowed with G-actions compatible with
the G-actions on A and B (in the usual sense; see [11]). Notice that in this case the
structural Co(X)-homomorphisms into M(A) and M (B) induce left and right module
Co(X)-actions on € by f-&:=¢a(f)§ and & - f:=& - pp(f) for all f € Co(X) and
& € £, but we do not require any compatibility conditions between these two actions. The
left action f -& = ¢4 (f)& gives & the structure of a weak (B, X x G)-module, which
then also induces a structure of a weak (X x G)—C*-algebra on KC(£). In what follows,
we always equip £ and [C(£) with these structures. If the G-action on X is proper, £ is
therefore a weakly proper (B, X x G)-module and we can apply the theory developed in
the previous sections.

Notice that with these settings, Cotr(X, G) is a full subcategory of the correspondence
category Corr(G) which has G-C*-algebras as objects and isomorphism classes of
G-equivariant correspondences as morphisms.

Assume now that the G-space X is proper. Let £ be a G-equivariant correspondence
from A to B (two given weak X x G-algebras). Forgetting the left A-action, we may
view £ as a partial K(£)-B equivalence bimodule and therefore consider the p-fixed-
point bimodule £%, which is a partial equivalence bimodule from IC(E)E to Bg (see
Lemma 4.1). In particular, K(Eg ) is an ideal in K(é’)g and hence we get a canonical
*-homomorphism M(K(S)g) — M(IC(SE)) (we will shortly assume that all actions are
saturated; in this case IC(EE ) is actually isomorphic to K(&)Y, but we do not need this
here).

On the other hand, the non-degenerate G-equivariant *-homomorphism A — L(€) =
M(K(E)) induces, by [7, Proposition 6.2], a non-degenerate *-homomorphism Ag —
M(IC(E)S). Composing this with M(K(f)g) — M(IC(ES)), we therefore get a
*-homomorphism Afj — L’(é’f ) which is easily seen (using the construction of £ g as in
Remark 4.4) to be given by E(a) - x =E(a - x) foralla € A. and x € ECG. Therefore Eg
has a canonical structure of a correspondence from Afj to BE. Since both fixed-point
algebras carry canonical structures as weak G\X-algebras via E(f)-a=E(f -a) for
feCsX)anda € ACG (and similarly for BS), we obtain a morphism [Sg]: Ag ~ Bg in
Core(G\ X). Itis clear that the construction £ +— 85 descends to isomorphism classes and
hence gives a well-defined assignment between the categories Cort(X, G) and Corr(G\X)
which on the level of objects maps A to Ag and on the level of morphisms maps [£]
to [E9].

Our next goal is to show that these assignments determine a functor Fixg if we restrict
to the full subcategory Cort(X, G)“, consisting of u-saturated objects in Cotr(X, G),

sat
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i.e. the objects in Cotr(X, G)L, are weak X x G-algebras whose action is u-saturated
(and the morphisms between two such objects are the same as in Corr(X, G)). Notice
that, by Lemma 3.16, if the G-action on X is free, then Corr(X, G)é‘at = Corr(X, G), but
in general Corr(X, G) is strictly bigger. As already noticed at the beginning of this section,
Fixg cannot be a functor from Corr(X, G) to Corr(G\X) in general. The main point is
the following result.

PROPOSITION 6.1. Let A, B, C be weak X x G-algebras, let D be an X x G-equivariant
correspondence from A to B, and let £ be a G-equivariant correspondence from B to C.
Assume that the action on B is p-saturated. Then the canonical embedding DCG O] ECG —
(D ®p E)CG extends to an isomorphism

'DS ®BE 85 = (D ®p 5)3
of correspondences from Ag to Cg.

Proof. By Corollary 4.6, we have canonical isomorphisms
DS = F (D) ®px,c Fo (B)* and EF = FI(E) ®cx,c Fp (O)F

mapping E(& - b*) — £ ® b and E(5 - ¢*) — 1 ® ¢, respectively, for all £ € C.(X) - D,
beC.(X) B, neCc.(X)-& and c € C.(X) - C. Since B — L(&) is non-degenerate,
we have a canonical isomorphism B ®p £ =&, a ® n— a - . Hence, Proposition 3.17
yields an isomorphism

FE(B) ®Bx,6 € ¥ G=FG(E)

which identifies a ® f € F.(B) © Ce(G, &) with a x f = [ AWV yi(a- f71)) dt.
Since the G-action on B is u-saturated, we also have an isomorphism

Fii(B)* ®pg Fi/(BYZ B, b®ar> (bla)gsx,c-

Also, if 6 and y denote the G-actions on D and &, respectively, then, by Proposition 3.17,
we have an isomorphism

FZ(D) ®Bx,6 € %y G— F(D®p E)

sending £ ®g € Fo(D)OC(G.E) to Exg= [ ANDT26,(6) ®@yi(gt™") dr.
Coupling these isomorphisms and also the canonical isomorphism B X, G ®px,G
Ex, G=E %, G whichsends ¢ ® ftogx* f|; = fG () - vs(f(s~11)) ds (see (2.6)),
we obtain the following chain of isomorphisms:

Dy ®pg &;
= F(D) ®pu,c FS (B)* ®pc FS(€) ®cx,c Fo (C)F
1% BxuG Y Bg " Cx,G Yy
= 7 (D) @, Fy (B @pg i (B) ®8,6 € X G ®c,6 Ff (O)F
= FU(D) ®8x,6 B 1 G ®B8x,6 € ¥y G ®cx,c Fo (C)* (6.2)
= F (D) ®8x,6 € ¥ G ®cx,6 Fy (O)F
=FI(D®5 E) Ocx,c Fr (C)F
=D

The last isomorphism follows from Corollary 4.6.

https://doi.org/10.1017/etds.2014.36 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2014.36

2452 A. Buss and S. Echterhoff

We now show that the composition of the above isomorphisms extends the canonical
embedding DS © £Y — (D ®p €)Y given by the identity on elementary tensors. To see
this, let x € DCG be of the form x =E(& - b*) with & € F.(D) = C.(X) - Dand b € B, and
lety e ECG be of the form y =E(n - ¢*) with n € F.(£) = C.(X) - £ and ¢ € C.. Notice

that such elements form dense subspaces of DS and £, respectively. Furthermore,

we may assume that n =a * f with a € B, and f € C.(G, &) since these form a dense
subspace of F.(£), which follows from Proposition 3.17 applied to the decomposition
&= B ®p . Now, starting with x ® y =E(& - b*) @ E(n - ¢*) € DS ® 50 EY . we follow
the isomorphisms in (6.2) writing = to identify the corresponding elements:
x®@y=E®E b)) @E(: ")

ZERQbRaxfRc

=ERbRa® f®c

=& @ (bla)py,c® f ®c

2E® (bla) g, * f ®C

=&x((bla) * fH®c

=E((E * ((bla) g, * f)) - ).

Now we compute
& x ((bla) px,c * f)

- /G AWV @ (Bla) g, + £ dr
= [ a0 e o5 y,( i <<b|a»BNMG<s)yy<f<s—1t—1>>ds) i

:/;;/;;A(t)—l/ZA(S)—I/ZQZ(E) ®B ﬂt(b*)ﬂm(a))/m(f(s_lt_l)) ds dt

St

_IS/G/GA(S)*I/ZG;@) ®5 ﬁf(b*)ﬁs(a)ys(f(sfl))dsdt

= [ 0n [ A6 f6ds
G G

=E¢ b)) ®pax f=EE b)) ®pn.
It follows that E((& (((b|a))B>4HG N =EE-P)YQEMn-c*)=x®y. This
proves that the composition of isomorphisms in (6.2) is the canonical embedding, as
desired. It is clear that this canonical isomorphism preserves the left Ag-actions as
well as the right Cg-actions and the Cg-valued inner products (all the isomorphisms

involved preserve this right structure). Therefore Dg Q® BG Eff =D R®s 5)3 as Ag—CE
correspondences. O

We are now ready to prove one of the main results of this section.

THEOREM 6.3. Let G be a locally compact group and let X be a proper G-space. Then
the assignment mapping a weak X x G-algebra A to Ag and the isomorphism class of an
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X X G-equivariant correspondence [E] to [EE] defines a functor Fixg Sfrom Corr(X, G)fat
to Corr(G\ X).

Proof. Since all objects in Corr(X, G)fat are, by definition, p-saturated weak X x G-
algebras, Proposition 6.1 says that

(€710 D] =D} @56 £;1=1D @5 &)

for every pair of composable morphisms [D] and [£] in Cort(X, G). This means that
Fixg: Corr(X, G)é‘at — Cort(G\X), [€]—~ [é’g] preserves composition of morphisms.
Since the identity morphism [A]: A — A in €ote(X, G) for an object A in Cotr(X, G) is
obviously sent to the identity morphism [AG]: AG — A in Core(G\X), it follows that

Fix{ is a functor Corr(X, G)lgy — Core(G\X). o

sat
For a free and proper G-space X, every weak X x G-algebra is p-saturated by
Lemma 3.16, so we immediately get the following consequence.

COROLLARY 6.4. If X is a free and proper G-space, then the assignments A — A,
[E] > [E9] define a functor Fix§ : Core(X, G) — Corr(G\X).

We observe that for reduced generalized fixed-point algebras, the above corollary was
proved by an Huef, Raeburn and Williams in [3, Theorem 13].

Next, we interpret the construction A +— JF,(A) as a natural isomorphism in the
following sense (similar to what has been done for reduced generalized fixed-point
algebras and free actions on spaces in [17]). The result generalizes the main result of
[1] where the authors obtain a reduced version under the additional assumption that G acts
freely on X.

PROPOSITION 6.5. If G acts properly on a space X, then the assignment that maps a [i-
saturated weak X X G-algebra A to the Ag—A X G equivalence bimodule F, g (A)isa
natural isomorphism between the fixed functor Fixg: A Ag and the crossed product
Sunctor CP,: A A X, G considered as functors from Corr(X, G)k, to Cort(G\X). In
particular, if G acts freely and properly on X, then A — F,, (A) is a natural isomorphism
between Fix/(f and CP,, as functors Corr(X, G) — Corr(G\X).

Proof. Recall that on the level of objects, the crossed product functor CP,, sends a weak
X % G-algebra A to the crossed product A x,, G, viewed as a weak G\X-algebra with
respect to the canonical homomorphism Cy(G\X) — M(A %, G) induced by Co(X) —
M(A). On the level of morphisms it sends a G-equivariant A—B correspondence
[£]: A~ Bto[£ x, G] (see §2.2 for the precise formulas).

All we have to prove is the naturality of A — F, ;? (A), i.e. given two p-saturated weak
X x G-algebras A and B and a morphism [£]: A ~~ B, we have to show that the following
diagram of morphisms in Corr(G\ X) commutes:

FE(A)
Afj — = Ax, G
Sfl \ENMG
FS(B)

B ———~ B x,G.
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In other words, we need to show that }'S(A) ®Ax,G Ex, G %SMG ®Bﬁ" .FMG(B)
as G\X-equivariant A°—B X, G correspondences. We have a canonical isomorphism
]-'MG(A) ®ax, G E XNy G= Fg(é‘) of Hilbert B X, G-modules. Hence it is an
isomorphism of G\X-equivariant Ag—B X, G correspondences. On the other
hand, by Corollary 4.6, we have a canonical isomorphism SE = ]-'l? (&) ®Bx,6
]-'E(B)*. Together with the canonical isomorphism ]-'MG(B)* ®Bﬁ" .7-"5(B) =Bx,G
(here we have used the fact that B is pu-saturated), this yields an isomorphism 85 ® BG
Fil (B) 2 F () ®px,c F (B)* ®pg Fi(B) = FJ(€) of Hilbert B x, G-modules.
It is easy to check that this isomorphism preserves the left Ag—actions. This yields the
desired result. O

Remark 6.6. Recall that a proper G-space Z is called universal if for every proper G-space
X there exists a continuous G-map ¢ : X — Z which is unique up to G-homotopy. It is
shown in [19] that such a universal proper G-space Z always exists, and is unique up to
G-homotopy. Let us fix a universal proper G-space which, following the usual convention,
wecall EG.

As observed in Remark 3.13, we can always replace a given proper G-space X by
EG by composing the structure map ¢ : Co(X) — M (A) with the *-homomorphism ¢* :
Co(EG) = M(Cy(X)) given by ¢*(f) = f o ¢ for a continuous G-map ¢ : X — EG.
It follows from Proposition 3.12 that the generalized fixed-point algebras Ag remain
unchanged. Thus, if X and Y are two proper G-spaces, (A, «) is a saturated weakly
proper X x G-algebra, and (B, B) is a saturated weakly proper ¥ x G-algebra, we may
regard both systems (A, «) and (B, B) as objects in Cott(EG, G)ffat. We therefore
obtain a universal theory in which the objects are the saturated weakly proper X x G-
algebras for all proper G-spaces X. Moreover, if (A, o) and (B, B) are two such objects,
the morphisms from (A, «) to (B, B) are just the isomorphism classes of G-equivariant
correspondences [£]: A ~> B.

We finish by deducing a symmetric version of the above result. Suppose that G and
H are locally compact groups and that (1, u, u#) is a compatible triple of norms as
in Definition 5.1. Assume that X is a G x H-space such that G and H act properly on
X. In this situation we write Cote(X, G x H)é‘at for the category of weak X x (G x H)-
algebras (A, «) such that both underlying weakly proper X x G- and X x H-structures
(A, «%) and (A, aff) are saturated. If (£, y) is a correspondence from (A, ) to (B, B)
in Cote(X, G x H )fat, it follows from a combination of Lemmas 4.1 and 5.3 (the latter
applied to A, B and the linking algebra L(E)) that the restriction of y ¥ to £ C & extends
to an H-action on the ASG —BSG -correspondence EEG. By considering diagonal actions on
tensor products of correspondences, it is straightforward to obtain an equivariant version
of Proposition 6.1 and Theorem 6.3 to obtain the following result, in which Cott(G)
(Corr(H)) denotes the correspondence category of C*-dynamical G-systems (H -systems)

as in [10, Ch. 2.2].

PROPOSITION 6.7. Let (uC, w, ™) be a compatible triple of crossed-product norms as
in Definition 5.1. Then there are functors
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sat

Fing(H) :Core(X, G x H)!, — Core(H)
and

Fixij (G): Corr(X, G x H)", — Corr(G)

sat

in which Fixgc (H) sends an object (A, a) € Corr(X, G x H)ffat to the object (AEG,
afly e Core(H) and an isomorphism class [(£, y)] of an (A, a)—(B, B) correspondence
(€, y) to the isomorphism class of the (ASG, otH)—(BgG, ﬂH) correspondence (556, yH),

and similarly for FileH (G).

Recall that Cotr denotes the correspondence category with C*-algebras as objects. In
what follows, we let CP ¢ : Cotr(G) — Corr, A> A %6 G (CP,u : Corr(H) — Corr,
A+ A x,u H) denote the wC-crossed product functor (u ! -crossed product functor) for
G (H). Moreover, we let CP;’G and CPSH denote the functors from Core(X, G x H) to
Corr(H) and Corr(G), respectively, which send a system (A, &) to (A X466 G, ot
and (A X n ,u H, «9), respectively. We are now ready to combine the results of this
section with the symmetric imprimitivity theorem to obtain the following generalization

of the main result of [2].

THEOREM 6.8. Assume that X is a G X H-space such that G and H act properly on
X and let (uC, w, u™) be a compatible triple of norms as in Definition 5.1. Then the
AgG X H H_AZIH X,6 G equivalence bimodule F), (A)g of Theorem 5.24 is a natural

isomorphism between the functors CP,n o Fixgc (H) and CP,6 o FixZIG (G). Moreover,
both functors are naturally isomorphic to the crossed-product functor

CP, : Corr(X, G x H)L,, — €orr; (A, @)~ A %, (G x H)

sat

via the equivalence bimodules ]-'EG (A) x,u H and F :H (A) 6 G, respectively.

Proof. Note that the canonical isomorphisms
(A X466 G) X yn H=A Xg , (G X H)=(AXgn u H) X6 6 G,

which exist by the compatibility assumption for (1€, u, u?), give natural isomorphisms
between the functors CPMH o CPZIG, CP,, and CPMc o CPSH, respectively. Moreover,
by the above discussion we obtain an H-equivariant version of Proposition 6.5 which
shows that (A, &) — (FG,(A), @) (in which @ denotes the action of H on FY;(A)
u 2
induced from o« as in Lemma 5.3) is a natural isomorphism between the functors
Fing(H ) and CP;IG. Taking crossed products by H, we therefore get the natural
isomorphism (A, &) + F i (A) x,,n H between CP,,ir o Fix (' (H) and CP,n o CPl; =
CP,. Similarly (A, o) — F 5,, (A) ¥ ,6 G gives a natural isomorphism between the
functors CP 6 o FixgH (G) and CP 6 o CPSH = CP,. By the proof of Theorem 5.24 we
have an isomorphism F, (A)d = (FF (A) %, H) @A, Gxw) (F(A) X, G)* and the
result follows. O
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