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We derive the distribution of the time-to-empty for an open tandem Jackson net-
work assuming that while in equilibrium at time the arrival stream is suddenly
shut off The analysis is based on analogous results regarding the distribution of
the time-to-empty for the corresponding closed tandem Jackson nefiherkesults
obtained are used in the analysis of a two-class tandem Jackson network with FIFO
discipline in which customers of the second class have negligible service times

1. INTRODUCTION

We consider a open tandem Jackson network Witkingle-server exponential sta-
tions with service rateg,,, m=1,2,..., M, and external Poisson arrivals with rate
A < miny_1 . mHm- Assuming the process to be in equilibriuwe are interested
in the distribution of the time it takes for the system to empty if at time0 the
arrival process is suddenly switched.off

More formally, consider the continuous-time Markov chain= {X(t);t € R}
with state spacé := {n := (n,,...,Ny), Ny € N} and generator

Q(n,n+em+l_em):uml(nm>0), m:lvzv"',M _1’

a(n,n —ey) = Pu 1(ny > 0),

M
a(n,n) = = > Hynl(n, > 0),
m=1

g(n,n’) =0 for any othem’.
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(Here e, = (0,0,...,1,...,0) is the unit vector in thenth direction inR™ and
(0,0,...,0) acts as an absorbing stat€he above procestogether with the initial
condition P(X(0) = n) = [Th_,(1 — pm) pam, describes the behavior of the open
tandem Jackson network when the arrival process is switched off at tine

Note that the time-to-empty is precisely the flow time through the network of
a virtual customer who arrives at tinhe= 0 and finds the system in equilibrium and
whose service time is zero at all statiombus the time-to-empty can be thought of
as a generalization of the worklo&arr virtual waiting time for a tandem network
In Section 4 we take advantage of this remark to apply the results obtained to the
analysis of a two-class FIFO tandem network in which customers of the second
class have negligible service times

Let7 =inf{t = 0: X(t) = (0,0,...,0)} be the time required for the system to
empty In order to compute the Laplace transfoRts) := Ee™ ", we first condition
on the number of customers in the network at timéf @ve denote by

Ru(s) == E{eS’

% Xm(0) = N:|

the Laplace transform of conditional on havindN customers in the system ini-
tially, then

R(s) = Ngo RN(S)P< EZl Xin(0) = N)- 1)

The total number of customers in the system in steady state for the original open
Jackson netwotkbefore the arrival process is switched,offin of course be
obtained as the sum &fl independent geometric random variables,ahds its
probability generating function takes the form

M

o) M 1_ m M 1_ m
NzozNP<2lxm<0>=N>=H—p=2cm NG

= mzll_pmZ m=1 1_sz

where the constants

1-p
Cn=

=11 —2—, m=12..Mm, 3)
I#m 1_P|/Pm

are determined by a partial fractions expansibime above expansion,isf course
valid only if the service rates are different from each ofher, p,, # p, (and thus
pm# p) form#11], an assumption which we will adopt for simplicity in the sequel
Thus we have

P< 2 Xn(0) = N) = 2 Cn(1— pm) pN, N=0,12,.... (4)
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In order to evaluat®y (), it suffices to realize that this is the same as the time
to emptiness for the correspondintpsedJackson network in equilibrium ifat
time Q we “break the loop” and suppose that customers who finish service at sta-
tion M simply leave the system and do not return to statiomhe next section
we will see how this can be evaluated by turning what is a question regarding the
transient behavior of the network into a question regarding its steady-state operation

2. A RECURSIVE RELATIONSHIP FOR THE TIME-TO-EMPTY
IN TANDEM CLOSED NETWORKS

Consider the same tandem network as earlier which we now assume operating as
a closed Jackson network withcustomersin fact, we will consider a whole fam-
ily of closed network processgesach described by a continuous-time Markov
chain XN = {XN(t);t € R} with state spaces := {n := (ny,...,Ny), N, € N,
m_inm, = N} defined on a probability spacéQ, F,P), where XN(t) =
(XN(1),..., XN(t)) denotes the number of customers in each station at ttivé
assume that the Markov chax" is stationary undelP and we denote b{D}} the
point process of departures from nddeWe use the standard numbering conven-
tion thatD)! = 0 < D) P-as. (i.e., call DY the first point strictly to the right of the
time origin) and denote byl := DY.; — DY, n € Z, the interdeparture timegVe
will also denote byP? the Palm transformation of the probability measBrender
the point proces§D)\} and byEQ the expectation with respect R{.

If we were to assume that at time 0 “the loop is broken” between stitiand
station 1 so that customers who finish service at stadlosimply leave the system
without returning then because at time O the system is a closed network in equi-
librium, the time for the system to empty is precis&y, the time until theNth
departure in a closed network withcustomers in equilibriumThis, of courseis
true since all stations have single servers so that it is not possible for one customer
to overtake anotheirhus

Ry (s) = Ee DN,
We are now ready to establish the following theorem

THEOREM 1: The time-to-empty starting from equilibrium for a closed tandem Jack-
son network with N customers is given by the expression

AN )\Nfl"')\z dN71
(N=1)! dsM?

Ru(s) = (=DN* Ri(s), ()

where) is the throughput in such a network with k customers ap@Hs the time
to emptiness from equilibrium in the network with a single customer given by

RA(S) = Ay T, ©
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where
LA
Ef[e =Pi] = . 7
rle ] rr1;[l b+ s (7)

Proor: We will use the approach ifl0] (see alsd12]) as follows Let XN*1 be
the same closed Jackson netwarith N + 1 customersand suppose that it is sta-
tionary underP. If we denote by{D)**} the departure process for this system and
if PJ..; denotes the Palm probability transformationPofinder{D/\*1}, then as a
consequence of the arrival theorésee[3,6—9]), we have

_ N+1
Ru(s) = EQ. 875

However by the shift invariance properties B ; and sincePd. (D)1 =0) =1,
we also have

Ru(s) = EQ.,e SR 0™

— Eg+le—s(DNNf11 - DN/

- E,gﬂe—s(D{“*l— DNy,

Using the above equations in conjunction with the arrival theoreenconclude
that

Ru(s) = Ef, e sOR0mn
= Ee SO« DN k=12 ... N-—1 (8)

(In the above argumestote thaRy(s) is originally expressed as a stationary expec-
tation then the arrival theorem is used to express it as a Palm expectation in a
network with one additional customehen a shift is performed along the points of
the departure procesand finally, the arrival theorem is used once more to return
to a stationary expectation in the original network wiNhcustomerg Using the
Palm inversion formuldsee[1]), we obtain the relationship

Rl

Ee s(ON-k—DN1) — An Eﬁf eSO« — DM1) gt
0]

= Ay E'S[d(')\‘ e s(ORk— Dyk#»l)]

= AWEQ[dN e sPRa PO ] k=12 N-1 (9
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where in the last equation we have again used the shift invarianeg &rom (8)
and(9), adding term by tergwe obtain

N—2

(N=DRy(s) = D> AyEQ[dNe SN2~ D]
k=0

= AN EO[Dqu’SD”*], (10)

where in the above equation we have taken into accountPfieds. D = 0 and
DY_;=dl+dN+ ... +dY_,. However we have

N d N
E°[DR e "] = —— Ele %]
d ~
= — — E[e—sbit
e (e ]
d
= _d_SRN—l(S)

(where we have used the arrival theorem agaand hence (10) can be written as

An ER (s) 11
N—1 ds N-1(S). (11)

Ru(s) = —
Applying the above recursively we readily obtg®). It remains to establiskg),
which, however follows immediately by applying the Palm inversion formula
once more (This should be intuitively obviousR,(s) = E[e %] is simply
the forward recurrence time of the departure prod&sy in the closed network
with a single customein equilibrium) Finally, (7) clearly holds sincéd{ under
P? is the typical cycle time in a closed tandem network with a single customer

[ ]

From Theorem Jlit is clear that the explicit computation &(s) is not dif-
ficult. In the next sectioywe carry out this computation and we return to the prob-
lem of the open network

3. CLOSED-FORM EXPRESSIONS FOR THE TIME-TO-EMPTY IN CLOSED
AND OPEN JACKSON NETWORKS

Here we will assume for simplicity that the service rates in different nodes of the

network are differentp,, # W whenp # 1). Under this assumptigrit has been
shown in[10] that

https://doi.org/10.1017/50269964804184052 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964804184052

498 M. Zazanis

M
am —k+1
)\k = M ) (12)
2 Om Hm
m=1
where
Hi
am = , m=12,...,M. (13)
r=m Hi = Hm
The constants,, arise from the partial fractions expansion
M M
S (14)

m=1 HmtS o1 “m+3

If we setC := IIm_,(1 — pm), then it is easy to see that these constants are con-
nected to the constan(8) via the relationship

A (15)

From(5)—(7), (12), and(14), after some elementary manipulatiomse obtain
the following closed-form expression for the time-to-empty for a closed tandem
Jackson network initially in equilibrium withN customers

M

z am( Hm t S)iN

Ry(s) = o (16)
2 Om IJ-%N

m=1

It is interesting to compare the above formula with the expression for the Laplace
transform of the cycle time of a customer in this network witbustomerswhich
we will denote bydy(s), as given in10]:

2 Mo fn + )N
Dy (s) = —

v a7
E Am HEnN”

m=1

We are now in a position to compute the Laplace transform of the time-to-
empty for the open tandem Jackson network in steady. $teden (1), (4), (15), and
(16), we obtain
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M
o M Z am(“m+s)_N
m=1
R(s)=C > D ampN v
N=0 m=1 2 Cle-j.;']N
m=1
v v 1-p Hm — A
= (1- m) + m( ) : 18
n!;[l P mE:1p |1;!n1_P|/Pm Hm—A+S (18)

Again, the comparison with the corresponding flow tifwiz. the time it takes from

the moment a customer arrives to the first station until the time it leaves the last
station in steady stafés interesting|f this flow time is denoted byb(s), then it is

well known (e.g., see[7,9]) that

M
Hm— A
() =
(S) rrl;lll-'lm_)‘—i_S
v 1-p Hm — A
= , 19
m21<|1;1n1_P|/Pm>Um_)l+5 (19)

the second expression equality following by a partial fractions expansion of the
first.

Finally, we compute the Laplace transform of the time-to-empty for the same
system assuming that at time O it is in steady state and conditioning on the event
that there are N or more customers in the systBlamentary manipulations similar
to the ones described earlier give

M
E[egf > Xm(O)zN]
m=1
M N —
N “m um /\
mPm| | _ l-pmtpm——
mEzlC P (Hm+5 P P Hm—A+s
_ . , (20)
Ecmpm
m=1

where the constants, are given in(3). Note the similarity of the above expression
with the corresponding result for thé/M/1 queueSuppose that alil/M/1 system

with arrival rateA and service rat@ > A is in equilibrium at time = 0 and that at

that time the arrival process is switched offhen the Laplace transform of the
time required for the system to empty can be easily computed via a conditioning
argument and is equal to

poN H—A
[ — —_ + e —
<u+5> (l P pu—A+S>’ 1)
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wherep = A/ It is worth noting that the corresponding result for the tandem
network given in(20) is simply a weighted average of the correspondifyivi/1
factors for each station

From(20), we can readily obtain the mean time for the network to empty given
that there are at leadt customers in the system

e|-

> Xm(0) = N}

M M
> CopiHmt 2 Cpi (M — A7
m=1

3

1

M M

2 Cmpan 2 CmPan
m=1 m=1

4. APPLICATION: A TWO-CLASS TANDEM NETWORK
WITH PROBE CUSTOMERS

Consider now an operiandem Jackson network witivo classes of customers
Customers belonging to the first class arrive to the system according to a Poisson
process with rat& and their service rates at té stations arguy, Ho,..., Uy, as
earlier Customers belonging to the second class arrive according to an independent
Poisson process with rateand the service discipline is FIFO for all customers and
stations We will assume that the service times of class 2 customers at the various
stations are so small compared with the timescale of the system that we can entirely
ignore themThus these customeya/hich we will callprobe customerdlow through

the system without delay except for the fact that they have to wait in front of class 1
customersThere are many cases in both communications systems and in manufac-
turing where such a model is applicablden one can easily see that the flow time

of the typical probe customer is precisely the time-to-empty for the Jackson net-
work in equilibrium with only one class of customeifhus (18) gives the flow

time for probe customers alsbet us now denote b¥i(z) the probability generat-

ing function (p.g.f.) of the stationary number of probe customers in the system
Then we can use the distributional law of Littlseg[4,5]) to obtain

I1(z) = R(r(1— 2))

il v 1-p Hm — A
“Ma-p0)+ S pm .
ngl( pm) mEzlp <|1¢_!nl_P|/Pm>Hm_)\+V_VZ

Thus the stationary distribution of probe customers is expressed as a combination
of geometric factors

One might be tempted to derivi@(z) directly by noting that the number of
probe customers who arrive between two consecutive class 1 customers is geomet-
rically distributed with pg.f. given by A/(A + v — »vz) and then composing this
p.g.f. with the pg.f. of the total number of class 1 customers in the systswiven
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in (2). Such reasonindiowever will not lead to the correct result since the number
of class 1 customers in the system at any given time and the interarrival intervals
corresponding to these customers, afecourse not independent.

Clearly as long as the process of class 1 customers is in steadytsiaftow
time of probe customers will be given §¥8), regardless of the statistics of their
arrival processprovided of course that this arrival process is independent of the
arrivals and service requirements of class 1 custonwhat could become more
complicated is the determination of the statistics of the total number of probe cus-
tomers in the networkdowever when probe customers arrive according to a renewal
process with interarrival distributio®, independent of the arrivals and service times
of class 1 customeyghen as we will seethe stationary number of probe customers
in the system can be easily determin€his is done using the distributional version
of Little’s law for renewal arrivals in the form given ii1] (see alsgd2]).

In the framework adopted therene starts with a marked point process
{(T,W,); n € Z}, which is assumed to be stationary under the probability measure
P. The marks\,, are assumed to be nonnegativp.M. Corresponding to this marked
point processone defines the arrival counting meas@) := >, 1(T, € B),
whereB is any Borel set ifR, and the system size proceéd) := X, LT, =t <
T, + W,). T, is to be interpreted as the arrival epoch of thie customerW, as his
sojourn time through the systeamdY(t) as the total number of customers in the sys-
tem attime. In our situation{T,} is the renewal arrival process of probe customers
{W,} is their corresponding sojourn times through the netwankdY(t) is the total
number of probe customers in the network at titmé&/e will also denote by* the
Palm transformation d® with respect to the point proce§g,}. LetI1(z) := Ez¥©@
denote the .f. of the stationary number of probe customers in the systefi1],
it is shown that

H(z)=1-v(1-2 foo P*(W, > u)E*[z2Cu1] du, (22)
6]

wherev~! = ["udG(u) is the mean interarrival timeassumed finiteprovided
that the following two conditions hold

1. The system is FIFQi.e., T, + Wy, = T, + W, w.p.1 whenevem < n).

2. The system enjoys the following Lack of Anticipation PropetinderP*,
W, and A(Q,u] are independent for ali > 0. This simply states that the
sojourn time of a customer cannot be influenced by future artigals$ future
arrivals in turn, do not contain any information regarding the sojourn time
of the customer who arrives at time 0

In our situation it is clear that both conditigns are satisfiddo, E*[zA®Y] =
D0 Z"P*(T, = u < T,11), and if we denote bys(s) = [,° e 5'dG(t) the Laplace
transform ofG, a straightforward computation gives

G| (s)

1-2G(s)’ (23)

Vf e SUE*[zA0U]du=
0
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where we have used the notati@(s) := »s (1 — G(s)) to denote the Laplace
transform of thentegrated tail distributionthat corresponds t@. In view of (18)
and(3), we have

M
P*(Wp > U) = D, Cppme UHm Y, (24)
m=1

Thus from (22)—(24), we conclude that

(1-2)G (Pn— )
1-2G(Un—A)

M
M(z)=1— > Cnpm
m=1

The above displays the total number of probe customers in the system as a combi-
nation of geometric factors
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