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Abstract. Let X be a metrizable space with a continuous group or semi-group action G.
Let D be a non-empty subset of X. Our problem is how to choose a fixed number of
setsin {g~'D; g € G}, say 0 ~! D with o € 7, to maximize the cardinality of the partition
P{o~!D; o € 1}) generated by them. Let
Pxop®) = sup #P({fo 'D;oeth) (k=1,2,...).
TCG, #r=k
An infinite subset ¥ of G is called an optimal position of the triple (X, G, D) if

#P({(o 7' D; 0 €1)) = pk ;. pk)

holds for any k=1, 2, ... and T C ¥ with #7 = k. In this paper, we discuss examples
of the triple (X, G, D) admitting or not admitting an optimal position. Let X =G =
R" (n > 1), where the action g € G to x € X is the translation x — g. If D is the n-
dimensional unit ball, then

" (k-1
pé},c,u(k):zz( l. )

i=0

holds and the triple (X, G, D) admits an optimal position. In fact, if » > 2 and ¥ is an
infinite subset of G such that for some § with 0 <§ <1, ¥ C {x € R"; | x|| =48}, and
that any subset of ¥ with cardinality n + 1 is not on a hyperplane, then X is an optimal
position of the triple (X, G, D). We have determined the primitive factor of the uniform
sets coming from these optimal positions. We also show that in the above setting with
n =2 and the unit square D’ in place of the unit disk D, the maximal pattern complexity
is unchanged and p}"(’ G.D' (k) = k* — k + 2, but there is no optimal position.

1. Introduction
Let X be a metrizable space with a continuous group or semi-group action G. For a family
of subsets Ay, Ay, ..., A of X, P({A;; i=1,2,...,k}) denotes the partition of X
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generated by these sets, that is, the family of non-empty sets of the form
AllI ﬂAlzzﬂ~~~ﬂA;<k (i1, iz, ..., ix € {0, 1}),

where for a set A C X, we denote A' = A and A = X\ A.

Let D be a non-empty subset of X. Our problem is how to choose a fixed number of sets
in {g”'D; g € G} to maximize the cardinality of the partition generated by them. Define
the maximal pattern complexity function P*x, ¢.p of the triple (X, G, D) by

Piopk)= sup #P({lo7'D; oet)) (k=1,2,..),
o TCG, #r=k
where # denotes the number of elements in a set.
An infinite subset ¥ of G is called an optimal position of the triple (X, G, D) if

#P({o”'D; o €1)) = pk ;. pk)

holds forany k =1, 2, ...and T C ¥ with #r =k.

In this paper, we discuss examples of the triple (X, G, D) admitting or not admitting
an optimal position. Let X = G =R" (n > 1), where the action g € G to x € X is the
translation x — g. If D is the n-dimensional unit ball, then

" k-1
p;G*D(k):zZ( i )
i=0

holds and the triple (X, G, D) admits an optimal position. In fact, if » > 2 and X is an
infinite subset of G such that for some § with0 <& < 1, £ C {x € R"; ||x| = 4}, and that
any subset of ¥ with cardinality #» + 1 is not on a hyperplane, then X is an optimal position
of the triple (X, G, D). Also, if n =1 and ¥ C (—1, 1), then X is an optimal position.

On the other hand, if in the above with n =2, D is replaced by the unit square
D’ =10, 1] x [0, 1], then we have the same maximal pattern complexity

Py.o® =pPxcpl) =k —k+2,

but the optimal position does not exist.

If the optimal position X for the triple (X, G, D) exists, then the name set €2 which is
the closure of {wy; x € X} C {0, 1}*, where w, € {0, 1}* is such that w, (o) = 1 if and
only if x € 0 ~! D, satisfies the property that #Q|s depends only on #S for any finite set
S C ¥, where Q|5 = {w]s; » € Q}and w|s € {0, 1}5 is the restriction of w € {0, 1}* to S.
Such a set is called a uniform set. In fact, we have #Q|s = p% 5 p(#S).

For € c {0, 1} and an infinite set N'={Nyg <N; <Ny <--}CN, we denote
QN = {0[N]; w € 2}, where o[N] € {0, 1}V is such that w[N](n) = w(N,) (n € N).
We call a non-empty closed set Q C {0, 1} a super-stationary set if Q[N'] =  holds for
any infinite subset A/ of N.

It is known [2] that for any uniform set Q C {0, 1}*, there exists an injection ¥ :
N — ¥ such that Qo ={wo ¥ € {0, 1}N; w € Q} is a super-stationary set. In this
case, we say that Q has a primitive factor [2 o Y], where [$2 o ] is the isomorphic class
containing €2 o ¥ in the sense that two non-empty closed subsets 2 and ® of {0, N
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are said to be isomorphic if there is an isometric bijection between them. The notion
of primitive factor is introduced in [4] to distinguish pattern Sturmian words of different
types.

The class of super-stationary sets is characterized in [5] in terms of super-subwords.
For £ =&& - & €{0, 1} and we{0, 1}V, & is called a super-subword of w,
denoted by & < w, if there exist I1,lr, ...,y such that 0 <l <l <--- <l and
o(Dw() - -w(y) =&. The set of infinite words with prohibited super-subword &
is denoted by P(§) = {w € {0, 1}N; & « w does not hold}. Then the class of super-
stationary sets other than {0, 13N coincides with the class of sets of the form Ué ez P&)
with non-empty finite sets E C (= {0, 1}k

For the name set Q C {0, 1}* with respect to the above optimal position X for the
triple (X, G, D) with X = G =R" and D the n-dimensional unit ball, we prove that Q
has a unique primitive factor [P((01)!0) U P((10)/1)] if n = 2I is even, and [P((01)'T1) U
P10)*TH]if n =21 + 1 is odd.

The basic terminology and notations follow from [2, 5]. For further related results,
see [1, 3, 4, 6-9].

2. Basic lemmas

Definition 1. The Euclidean space R"*! is sometimes considered as a vector space.
Let S" = {x e R**!; | x| =1} (n = 1) be the n-dimensional unit sphere, where for x =

(X1, - ., Xny Xny1) € R"T1 we denote || x|| =\/x12 + - +x24x2, . Forve R"™! with
lv] =1 and c € R with —1 < ¢ < 1, we define a disk on S” by

D,(v,c):={xe8" (x,v)>c},

where (-, -) is the inner product. A one-point set in S” is considered as a degenerate disk.
Let D, be the family of disks on S". Also let D, be the union of D, with the family of
degenerate disks.

For A = D, (v, ¢), dA denotes the boundary. That is, dA = {x € §"; (x, v) = c}, which
is the (n — 1)-dimensional sphere with center cv and radius /1 — ¢Z. In particular, a 0-
dimensional sphere is considered as a two-points set, and a (—1)-dimensional sphere is
considered as the empty set.

LEMMA 2. For A := ﬂle dD,, (v, ci) withn > 1 and k > 1, one of the following three
cases OCccurs:

1) A=0;

2) #A=1;and

(3) Aisan (n — d)-dimensional sphere withd =1, 2, ..., min{k, n}.

Moreover, this condition (3) is equivalent to the following condition (4):

@) dim{vy, vy, ..., v} =d and cA~lc < 1 hold for any hy, ha, ..., hg such that
1<hi<hy<---<hg<kandvy,, ..., vy, arelinearly independent, where A :=
((Wn;s VR )i, j=1,....d and € := (Cpys - - -, Chy)-
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Proof. Let dim{vy, va, ..., vt} =d. Assume without loss of generality that vy, vo,
..., vgq are linearly independent so that by =1, hp =2, ..., hg =d. Let

W={xeR" (x,vj)=cifori=1,2,...,d}.

Then {x € RrH, (x,vi)=c;fori=1,2,...,k}equals either W or {. In the latter case,
we have A = (J. Assume the former case.
Let w € W be such that ||w| = min{||x||; x € W}. Then

w=Avr + A2+ -+ Agvg
(w,v)=¢ (=1,2,...,d)

holds. Hence, we have

d
Wi, vprj=c¢ ((=12,...,d)
=1

J

and Ax' = ¢/, where A = (A1, A2, ... Ag). Therefore, A’ = A~ 1¢.

Denoting A = (a;;)i,j=1....a and A~' = (a/); j_1,.. 4, we have

w:Za”cjvl+Za2/c./v2+---+Zadfc.,~vd. (D
J J J
Hence,

2 ij i'j’
lwl* = E E E E a'’cja'’ cj(vi, vir)
T T
§ : § : § : § : ij i'j’
= a-c;ja - cjpdajj’
i g
— il e g
= cja - cj a’aijp
A N i
i’
= E E E cja ]Cj’si’j
T
- _
= E E cira'cjp=cA ¢,
i’ /'/

Note that W is the (n — d + 1)-dimensional plane with w € W orthogonal to OQw,
where O is the origin. Moreover, A = W N {x e R"*!; | x| = 1}. There are 3 cases.

Case 1. If |w]| > 1, then A = @.

Case 2. If ||w| =1, then #A = 1.

Case 3. If |w]|| < 1, then A is an (n — d)-dimensional sphere.

Thus, the proof is complete. O

Definition 3. Let A C D, with #4>1 and n > 1. We call A a general position if for
any subset {D,(v;, ¢;); i =1,2,...,1} of A with cardinality [ such that 1 <l <n + 1,
we have that ﬂf: 1 9Dy (v, ¢;) is either an (n — I)-dimensional sphere or the empty set,
where a 0-dimensional sphere is a two-points set and (—1)-dimensional sphere is the empty
set. It is called intersecting if the former case always holds.
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Definition 4. For a family A of subsets of ", P(A) denotes the partition of S” generated
by the sets in A. That is,

P(A) = { ﬂ A £ ¢ ig €10, 1} is chosen for each A € A},
AeA

where we denote A' = A and A = A° =S"\A. We also denote by Q(A) the set of

connected components of S"\(J . 4 0A.

LEMMA 5. Let AC Dy withn > 1 and #A > 1 be a general position. Then every C in
P(A) satisfies C = C!, where C! is the set of interior points of C, and C is the closure
of C.
Proof. Letxg € C € P(A) and C = 4cg AN(\pca\s A for € C A. Let

C:={A€&; xpedA}={Dy(vi,c); i=1,2,...,d}.

If d = 0, then x is an interior point of C. Assume thatd > 1.

Since A is a general position, d <n holds, and vy, v,..., vy are linearly
independent with cA~!¢/ < 1, where A := ((v;, V)i j=1,..d and ¢ := (c1, . .., ¢q). Since
V1, V2, ..., Uy are linearly independent,

d

(x eR™ (x, ) > i}

i=1

is the interior of an n-dimensional polygon. Moreover, since cA~ ¢/ < 1,

d
ﬂ Al =8"n ﬂ{x eR™ (x, v) > ¢}
AeC i=1
is a non-empty open set in S”. Since xp belongs to an open set

ﬂ Aln ﬂ AC,

Ae&E\C AcA\E

MNace Al'n ﬂAeA\g A is a non-empty open set contained in C, and x¢ is in its closure,
which completes the proof. O

LEMMA 6. For& C Z_)n withn > 1 and #€ = k > 1, there exists a general position A such
that #A = #E and #P(A) > #P(E).
Proof. Denote each degenerate disk, say {x} € £, by D(x, 1). Let £ ={D,(v;, ¢;), i =
1,2,...,k}. For each C € P(£), choose x¢c € C. There exists € > 0 such that if C =
Nicc Pn(is i) N Nigqr2...ap¢ Pnvis i), then
xceﬂDn(Ui»Ci_f)lm m Dy, (vi, ¢; —€)°.
ieC ie(1,2,...k]\C

Hence, each xc¢ is an interior point of the corresponding element of the partition
P{Dp(vi,ci —€); i=1,2,...,k}).
We can also move v; slightly to u;, keeping x¢ separated so that

A= {Dy(ui,ci—e€), i=1,2,...,k}
is a general position. Then, #.4 = k and #P(A) > #P(£), completing the proof. O
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LEMMA 7. Let A C D, be a general position. Then #P(A) < #Q(A).

Proof. If C and C’ are distinct elements in P(A), then by Lemma 5, C! # @ and C’ Iz,
Take x € C! and x' € C'!. There exists A = D, (v, ¢) € A such that either C C A and
C'NA=@orC’'C Aand C N A = (. Assume the former case without loss of generality.
Then (x, v) > c and (x’, v) < c. Thus, x and x’ belong to different elements in Q(A). This
implies that #P(A) < #Q(A). O

Definition 8. Let A= D, (v, ¢) with n>2. Let D} be the set of B €D, such that
0A N AdBisan (n — 2)-dimensional sphere. Let E, . 1= {x € R (x, v) = c}; the space
of elements x — cv with x € E,, . is identified with R". Let ¢4 : E, . — R” be such that

Pa(x) = (x —cv)/v1 =2

LEMMA 9. Let A = D, (v, ¢).
(1) The map ¢a:E,.—R" is an affine map such that for Dp(w,d) € D,f,
da(Dy(w, d) N Eyc)= Dn—l(w/s d/) with

, w — (v, w)v

/1= (v, w)?

. d—c(v, w)
V1= =w)?

(2) Let ACD, be a general position with #A>2 and A€ A. Then {po(BN
Ey¢); Be AN D;:‘} is a general position in Dl

d/

Proof. (1)Let B= D, (w, d) € D,f. It is clear that w’ € R” and ||w’|| = 1. Since dA N 9B
is an (n — 2)-dimensional sphere, v and w are linearly independent and cA~!¢/ < 1 by

Lemma 2, where ¢ = (¢, d) and
_ 1 (v, w)
A= ((v, w) 1 )

2 +d* —2cd(v, w)
1— (v, w)?

Therefore,

cA ¢ = <1,

and hence,
A 4+d>—2cdw, w) <1 — (v, w)>.

This implies that
0<c(v, w)> +d? —2cdv, w) < (1 — A — (v, w)?),

and hence,
s A, w)2+d*—2cd(v, w)
= <

4= (1 =31 = (v, w)?) .

Thus, we have —1 < d’ < 1.
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Let y € Dy(w, d) N E, .. Then, we have (y, v) =c and (y, w) >d. For y' = ¢4(y),
we have

(y/’w/)=<y—cv’ w—(v,w)v)Z d—c(v, w) _d
Vi=c2 /1= (v, w)? V1=c2/1= (v, w)?
Therefore, ¢4 (D (v, ¢) N Ey ) C Dy (W', d').

Conversely, let y’ € R” satisfy ||y’|| =1 and (y’, w’) >d’. Note that the space R"

is identified with the space in R"*! orthogonal to v. Hence, (y’, v) =0 holds. Let
y=+1—=c2y +cve€ E, . Then p(y) = y'. Moreover,

) =vV1—c20,v) +cv,v) =c,

O, w) =vV1=c2(, w) +c(, w)
=V1=c2(/, V1= w?w + v, w) + c(v, w)
>1— 21— (v, w)2d' + c(v, w)

d—c(v, w)
=1 =c2y1 = , 2
Vim0 s

=d—cl,w)+cl, w)=d.

+c(v, w)

Therefore, y' € ¢4 (D, (v, ¢) N E, ), and hence,
¢a(Dy(v,c)N Ev,c) DD,y (v,a d/),
which completes the proof of (1).

(2) follows from (1) and the definition of a general position. O

LEMMA 10. Let A C D, be a general position withn > 1 and #A =k > 1. Then
" (k-1
#
QA =23 ( l. )
i=0
where we define (]:) =0 ifk < i. Moreover, the equality holds if A is intersecting.

Proof. Let A C D, be a general position with n>1 and #4A=k > 1. If k=1, then
#Q(A) = 2 and our lemma holds. Moreover, if n = 1, then 9 A is a two-point set for any
A € A, and 0A N 3B = ¢ for any distinct elements A, B € A since A is a general position.
Therefore, S! \U AcA 0A has 2k connected components. Thus, our lemma holds forn =1,

since
L k=1
#P(A):Zk:ZE ( . > k=1,2,...).
. i
i=0
We use induction on k. Let k > 2 and assume that our lemma holds with 1,2, ...,k —1

in place of k. Assume also that n > 2. Take A € A. Then, {¢p4(B N E,.); Be AND}}
is a general position by Lemma 9, which is intersecting if A is intersecting. Let [ =
#(ANDA). Then, I <k — 1 and the equality holds if A is intersecting.
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Let C € Q(A\{A}). We count the number of elements in Q(A), Q(A\{A}) and
QUepa(BNEy); BeAN D,f}) coming from C, say p, g and r. There are two cases.

Case . IfCNoA=0,thenp=1,g=1andr =0.

Case 2.1f CN0A # @, then C N 9 A is divided into connected components, which are
elements in Q({pa(BNE,); Be AN D;:‘}). Let them be ¢1, £3,...,¢;. Then £
divides C into two connected components, say C; and Cj, and ¢, divides one of C|
and C, into two connected components, and hence, C is divided into three connected
components by £1 U £;. In the same way, C is divided into # + 1 connected components by
£y ULy U---U¥,. These connected components are elements of Q(A). Thus, p =1 + 1,
g=1landr=t.

Hence, using the induction hypothesis,

#QA) =) p=) g+
C C

= #Q(A\{A}) + #Q({pa(BN E,0); B AND,})
<22":<k—2>+2’§<l—1> (2)
- i=0 i i=0 i
1 (k-2 k-2
2 ()= ()
" (k-1
=2;< i )

In the above, if A is intersecting, then {¢p4 (BN Ey); B AN Df,‘} is also intersecting,
and hence, the equality in (2) holds by the induction hypothesis. Moreover, since/ =k — 1
holds in this case, the equality in (3) holds. Thus, the equality holds if .4 is intersecting. O

IA

Definition 11. Let A C 8" be a general position with n > 1 and #4 =k > 1. It is called
connected if any C in P(A) is connected.

LEMMA 12. Forany A C D" withn > 1 and #A > 1, we have

" (k—1
#]P’(A)fZZ( - )
i=0 !
Moreover, the equality holds if A is a connected, intersecting general position.

Proof. The inequality follows from Lemmas 6, 7 and 10. The equality in the case
where A is a connected, intersecting general position follows from Lemma 10, since

#P(A) =#Q(A). a

3. Existence of an optimal position
Let B, (v, r) ={x € R"; ||x — v|| <r} be the n-dimensional ball with center v € R” and
radius r > 0. Let BB, be the set of all such balls.
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Definition 13. A non-empty finite subset A of B, is called a general position if for any
subset {B, (v;, r;); i=1,2,...,1} of A with cardinality / such that 1 </ <n+ 1, we
have that ﬂﬁzl d B, (v;, r;) is either an (n — [)-dimensional sphere or the empty set, where
a 0-dimensional sphere is a two-point set and a (—1)-dimensional sphere is defined to be
the empty set. It is called intersecting if the former case holds always. Moreover, a general
position A is called connected if any C in P(A) is connected.

A bounded region of R” can be embedded into a small region of " by a map which
is close enough to a homothetic map. By this map, unit balls in R"” are mapped to small,
slightly perturbed disks with almost uniform sizes in S”. Moreover, a general position
A C B, corresponds to a position A" C D,, having the same configuration as A.

This correspondence gives the following theorem.

THEOREM 14. Forany A C B, withn > 1 and #A =k > 1, we have
" (k-1
#P(A) < .
()
i=0
Moreover, the equality holds if A is a connected and intersecting general position.

THEOREM 15. Take n > 2 and any § with 0 < § < 1. Let

A={B,(v1, 1), By(v2, 1), ..., By(vx, 1)}
with ||\vi|| =6 foranyi =1,2, ..., k. Assume that if k <n, then vi, vy, ..., Vi are not
on a plane of dimension k — 2, and if k > n + 1, then any subset of vy, va, ..., vk with

cardinality n + 1 is not on a hyperplane. Then, A is a connected and intersecting general
position.

Proof. Take any subset of .4 with cardinality / such that 2 </ <n. Without loss
of generality, let it be {B,(vi, 1), By(v2, 1), ..., B,(v;, 1)}. By our assumption,
V1, V2, ..., vy are not on a plane of dimension / — 2, but exactly on an (I — 1)-dimensional
plane. Hence, they are on an (I — 2)-dimensional sphere, say with center u € R" and
radius p, such that |Ju|| < & and p = /82 — |lu||2. Hence, ﬂﬁzl 9B, (v;, 1) isan (n — I)-
dimensional sphere

xeR" Ix—ull=y1 =82+ ull?, Gc—u,vi —u)=0@=1,...,1—D}

If k > n 4 1, then take any subset of .4 with cardinality n 4+ 1. Let it be

{Bn(vl» 1)7 Bn(UZv l)v L) Bl’l(vl’l-‘rlv l)}

without loss of generality. Suppose that ﬂ;’;“ll 0B, (v;, 1) is non-empty. Let w be an
element of it. Then

V1,02, ., U1} C X €RY x| =8N {x € R fx —w| =1}
C{x eRY (x, w) = (Jwl* + 8% — 1)/2},

which contradicts our assumption. Thus, A is an intersecting general position.
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To prove that A is connected, take any C € P(A). Let
cC=()An () A°
Ae€& AcA\E

with some £ C A. Without loss of generality, assume that
E={B;, 1); i=1,2,...,d}
withO <d <k.Fori, j=1,2,...,kwithi # j, let
Rij={xeR" |lx — vl <[lx —v;l}

which is an open half-space bounded by the hyperplane dR; ; containing the origin O.
Denote

Then R is an open polygonal cone with focus O containing C’.
Let £ be the set of unit vectors u in R” such that {tu; t > 0} C R. Define functions F
and f from £ to R4 such that

F(u) =inf{t > 0; ||tu — v;|| > 1 forsomei =1, ...,d}
f) =sup{t >0; |tu —v;|| <1forsomei=d+1,...,k}

Then it is clear that f(u) < F(u) for any u € £ and
Cl={x eR"; x =tuforsomeu € L and r with f(u) <t < F(u)}.

Moreover, since F and f are continuous functions, C! is connected, and hence, C is
connected since C! ¢ C ¢ C!. Thus, A is connected. O

COROLLARY 16. Let X =G =R" (n > 1); the action g € G to x € X is the translation
x —g. If D = B, (0, 1) is the n-dimensional unit ball, then

" (k-1
a5 (7).
i=0

Moreover, if n > 2 and X is an infinite subset of G such that for some § with 0 <§ < 1,
Y C{x eR"; |x|| =34}, and that any subset of ¥ with cardinality n + 1 is not on a
hyperplane, then ¥ is an optimal position of the triple (X, G, D). Also, if n =1 and
Y C (—1, 1), then X is an optimal position.

4. Non-existence of an optimal position
Let X = G = R?; the action g € Gtox € X isthe translation x — g. If D =0, 1] x [0, 1]
is the unit square, then the same result as for the unit disk holds for the maximal pattern
complexity, that is, p}"(’ c.pk) = k* — k + 2. But in this case, an optimal position does not
exist.

To get p}“(’ c.pk) = k* —k+2, we put translations of the unit square, say
D1, D», ..., one by one in the following way, where we let V,, denote the union of
the vertices of Dy, D3, ..., D,.
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D,y D,

D, D,

FIGURE 1. We have the configuration on the right, not the left.

(i) Dj is put anywhere. D; is put so that one of its vertices is in the interior of Dj.
Hence, D1 N D5 is a rectangle such that just two of its vertices situated diagonally
are elements in V5.

(i) Assume that D; (i =1, 2,...,2n) have been already put so that ﬂlzil D; is a
rectangle such that just two of its vertices situated diagonally, say u and v, are
elements in V5,. Put Dy, so that one of its vertices is in the interior of ﬂlzi 1 Di
and it does not contain any of # and v. Then ﬂlzﬂ'l D; is a rectangle such that just
one of its vertices, say w, belongs to V,,41. Put Dy, 1 so that one of its vertices is
in the interior of ﬂ?:fl D; and it contains w. Then ﬂlszz D; is a rectangle such
that just two of its vertices situated diagonally belong to V2,,42.

(iii) Repeat (ii) with n + 1 instead of n.

This choice of the translations of the unit square, called A, realizes the maximal pattern
complexity p}’}’ G. plk) = k% —k + 2. On the other hand, the triple (X, G, D) does not
admit an optimal position. We prove these results in the following lemmas.

LEMMA 17. For the above triple (X, G, D), p;‘(,G,D(k) =k*—k+2 and the above
A:={D;; i=1,2,...,k}satisfies

#HP(A) =#QA) = k> —k+2 (k=1,2,...).

Proof. Let B consist of k translations of D such that any two of their boundaries intersect
exactly at two points. Then #Q(B) =k*> —k +2. For any £ C {D + g; g € R?} with
#& = k, by the same arguments as in the proofs of Lemmas 6 and 7, there exists B as above
such that #P(€) < #P(B) < #Q(B) = k* — k + 2. Hence, p§ ; (k) <k* —k+2.

By the above argument, #P(A) < #Q(A) =k* — k + 2. To prove that #P(A) = k* —
k 4 2, it is sufficient to prove that #P(4) = #Q(.A). Hence, it is sufficient to prove that
any element in P(A) is connected. We prove this by induction on k. This is clear for
k=1, 2. For k =3, it holds since by our construction we have the configuration on the
right in Figure 1, but not the one on the left.

Assume that this is true for 1, 2, ..., k — 1 for some k > 4. Since one of the vertices,
say left and down, of Dy is in the interior of ﬂf:ll D;, only two neighboring edges
of Dy intersect with Uf:ll D;. Let CeP({D;; i=1,2,...,k—1}). By the induction
hypothesis, C is connected. If C NdDy is connected, then 0Dy divides C into two
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D,
u u
Dh+l
DOy
FIGURE 2. The region C and the configurations.
connected regions belonging to distinct elements in P({D;; i =1, 2, ..., k}). Therefore,

it is sufficient to prove that this is the only possible case.
Suppose that C N d Dy, is not connected. Then, C should be a region extending vertically
and horizontally at the same time and intersecting with two edges of Dy. Then there

exists Dy in {D;; i =1,2,..., k— 1} which is located rightmost and uppermost at the
same time, since otherwise there is no C as above. Hence, we have the situation on the left
of Figure 2.

If k=h+ 1, then u is a vertex of ﬂf:ll D;. In this case, we do not put Dy as on the
left of Figure 2 in our construction, and we have a contradiction. If k > & + 2, then for
any [ with h <[ < k, Dy should contain v by our construction. On the other hand, since
Dy, is further right and further up than D; by the assumption on D, the left-down vertex
of D; should be further left and further down than u, which implies that the right-up vertex
of Dy is in the interior of D, N D;. But in this case, we have the configuration on the
right of Figure 2, which contradicts our choice of Dj47 in our construction. Hence, we
have k = h 4 2 and the configuration should be as on the right of Figure 2. In this case,
ﬂ;‘;]l D; has two diagonally situated vertices in Vi_1, u and w, while we should not put
Dy, like this in our construction.

In any case, we have a contradiction coming from the supposition that C N d Dy is not
connected. Hence, it is connected. Thus, each C € P(A) is connected, which completes
the proof. O

LEMMA 18. The above triple (X, G, D) does not admit an optimal position.

Proof. Take any infinite subset ¥ of G. If there exist three distinct elements
(uy, v1), (12, v2), (u3, v3) in X such that:

(1) eitheru; <up <wuszoru; > ur > usz;and

(2) either vy < vy <w3zorv; > vy > v3,

then we have A;N A§ NA3=0 with A; =D+ (u;,v;) (=1,2,3). Hence,
#P(A, Ay, A3) <7,and {A, Ay, A3} dose not attain p§’G’D(3) = 8.
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We prove that ¥ contains three distinct elements as above. Take any five distinct
elements in X, say (uj,v;) (i=1,2,3,4,5) with u; <wuy <u3 <uq <us. Let
v, = min; v; and vy = max; v; for some h, k=1,2,3,4,5. f h+1<kork+1<h,
then (up, vp), (ur, v;), (ug, vy) satisfy the above condition with I =h + 1 <k or [ =
k + 1 < h. Otherwise either {1, 2} N {h, k} =@ or {4, 5} N {h, k} = @ holds. Assume the
former without loss of generality. If v; < v, then (uy, v1), (u2, v2), (ug, vy) satisfy the
above condition. If v; > vy, then (uy, v1), (uz, v2), (up, vy) satisfy the above condition.
Thus, there exist three distinct elements as above, which completes the proof. O

5. Primitive factor
Let (X, G, D) be the triple in Corollary 16 with n > 1 and let ¥ satisfy the conditions in
Corollary 16. Let € {0, 1}* be the name set with respect to the optimal position ¥ of
the triple (X, G, D). That s, €2 is the closure of {w;; g € R"}, where w, € {0, 1}* is such
that
1 (g € By(v, 1))

“a0)= {0 (g ¢ Ba(v. 1))
THEOREM 19. The above uniform set Q2 has the unique primitive factor [E], where E =
POD'0) UP((10)'1) if n =21 is even, and E = PO U P(10)FY) ifn =21 + 1
is odd.

(vex). “4)

Proof. We sometimes identify x € R" with the vector 5x, where O is the origin. Let
Spi={x eR"; |Ix|| =1}

Our theorem was essentially proved in [4] for the case n = 1.

Assume that n > 2. Tt is sufficient to prove that for any infinite subset X’ of X, there
exists an injection ¥ : N — ¥’ satisfying Q' o ¢ = E, where Q' is the name set with
respect to X’. For simplicity, we denote this ¥’ by X and Q' by Q.

There exist accumulation points of X. Take one of them and call it rg. For v € Sy and €
with 0 <e < 1/4, let

O, €) ={weR"; (w,v)> (1 —¢e)|w|}.

Take €9, €1, ..., €,—1 With0 < €q, €1, ..., €,—1 < 1/4 arbitrary.

Since rg is an accumulation point of X, (X — rp) N {x € R”; ||x]| < €} is an infinite set
for any € > 0. Let Xg(eg) = (£ — rg) N {x € R"; ||x]| < €o}.

There exists v; € S1 such that Xg(e) N O (vy, n) is an infinite set for any € > 0 and
n>0. Let X(eg, €1) =m1(Zo(€g) N O(v1, €1)), where m1(w) =w — (w, vy)v; is the
projection defined on ¥ (ep) N O(vy, €1).

Since there is no subset of X of cardinality n + 1 which is on a hyperplane, 7{(w) =0
holds at most for n elements in Xg(ep) N O (vy, €1). On the other hand, since w €
¥o(e0) N O(v1, €) implies that

lw = (w, v)wil|* < 2ellw]?,
there exist infinitely many w € Xq(€p) N O (vy, €) such that
0 <l (w)])? < 2ef|w|?

for any € with O < € < €1. This implies that there exist infinitely many distinct elements in
X (€0, €1).
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Now, there exists vy € S; with (v, v) = 0 such that 3 (e, n) N O (vy, ) is an infinite
setforany € > 0,n > 0and ¢ > 0. Let

(e, €1, €2) =m2 (X1 (€0, €1) N O(v2, €2)),

where 2 (w) = w — (w, v2)vy is the projection defined on X1 (€g, €1) N O(v2, €2).

If n =2, then X ={0}. If n> 3, then m(w) =0 holds at most for n elements in
Y1(e0, €1) N O(v2, €2). Then, by the same argument as above, there exist infinitely many
distinct elements in X, (€g, €1, €2).

In this way, we continue until we get X,_1 := X, _1(€p, €1, ..., €,—1) such that
Yn—1(Mo, N1, - - - » Nn—1) N O(vy,, €) is an infinite set for any 5o, N1, ..., ny—1 and € > 0,
but 7, (¥,-1 N O(v,, €)) ={0}. Let

® :=O(ep, €1, ...,en_l)znl_l on{l O"'Oﬂ,,__llzn—l C X —rp.
Note that vy, vo, .. ., v, are chosen independently of the choice of €, €1, ..., €,—1.

By the construction, ® is an infinite set, and for any w € ® we have
w = (w, v)vi + (W, v2)v2 + - - - + (W, V)V, W] < €0,

and v, vy, ..., v, are an orthonormal basis of R”. Moreover, we have

(W, v) > (1 =€) (w, v, + (. v + -+ (w, v)?

forany we® and j=1,2,...,n, since (w, vj)vj +---+ (w, vy)v, € Ov), €;). It
follows that

0 < (w,v) <e
0<w,vjy1) <26 (w,v;) (j=12,...,n—1). (5)
We need the following lemma to complete the proof.
LEMMA 20. Let A = (aij)i, j=0,1,2,...n be a matrix withn > 2 and
aij>0 (i,j=0,1,2,...,n),

ao=1 (@=0,1,2,...,n), and
ay U 4 i cian 0<j<f <n). 6)
aj’j 2(n 4+ 1)! ajj - - - -

Then
det A = (=1)""" D 2agua1 -1 - ano(1 +8)
with €| < 1/2. Hence, det A has the same sign as (—1)"("+1/2,

Proof. Assume (6). Let T be a permutation on {0, 1, ..., n}. Assume that there exist u, v
with u < v and t(u) < t(v). Let T/ = 7(u, v), where (u, v) is the transposition. Then
l_[?:() Ait(i)  Qurw)vr(v) avt(v)/avr(u) 1
H?:O it/ (i) Ayt (u)Avt’ (v) au‘[(v)/aur(u) 2(n + 1!

This implies that
n
1
0< il:([)air(i) < maOnal,n—l R0
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for any permutation 7 other than (n, n — 1, ..., 1, 0). Hence,

det A = (—1)""+D 20001 1 - - ano(l + &)

with || < 1/2. O
Let us continue the proof of Theorem 19. Choose 68, 6?, e, 62_1 with
0< 68, e?, cee, 62_1 < 1/4 arbitrary, and take wg € @(68, e?, cee, 62_1). Let ag; =
(wo, vj) (j=1,2,...,n)and ago = 1. Then by (5),a0; >0(j=1,2,...,n).
Choose eé, 611, e, e’{_l with 0 < eé, 611, e, ei_l < 1/4 such that
1 api 1 1 ao, j+1 )
€< ——m, 26 < —— =1,2,...,n—1
052+ VI T2+ 1) ay ( n=1
and take wj € O(e), €}, ..., €l ). Letajj=(wi,vj) (j=1,2,...,n) and ajp=1.
Thenby (5),a1; >0(j=1,2,...,n)and
ai j+i1/ai 1
Lj+1/41; G=0,1,....,n—1).
ap,j+1/ao;  2(n+1)!
In this way, we can choose wo, wi, wa, ...in ¥ —ro. Letag; =1, a;; = (w;, v;) for

i=0,1,2,...and j=1,2,...,n. Theng;; >0(j=1,2,...,n)and

a;, j+1/4ij
ai—1,j+1/ai-1,j  2(n+1)!

(G=0,1,....n=1)

foranyi=1,2,....

Therefore, forany lo, Iy, ..., [, withly < Iy <--- <,, the matrix A = (ay; )i, j=0,1,....n
satisfies (—1)"*T1D/2 det A > 0 by Lemma 20.

Define an injection ¢ : N — ¥ by ¥ (i) =ro + w; (i € N). To complete the proof, we
have to prove that Q2 o Y = &, where 2 is the name set with respect to X.

For g e R", let w,; be as in (4). Then w,; o ¥ (i) = wy(ro + w;) =1 if and only if
ro +w; € B,(gq, 1). To prove that w, o ¥ € E, it is sufficient to prove that wy o ¥ has
i at most n in number such that

wg 0 Y (i) # wg o Y(i + 1), ™

If |lg]l <1 -8, then w, o ¥ (i) can take value O for at most one 7, while if ||g|| > 1 + 4,
then w, o (i) can take value 1 for at most one i. Therefore, w, o ¥ has at most two i as
in (7).

Assume that 1 — 6 < ||g|| < 1+ 8. Let

2 2
8- —1
T, = {x eR"; (x,q) = ”q”+}

be the hyperplane in R". Then w, o (i) = 1 if and only if ¢ and ro + w; are not separated
by T, since ||ro + w;|| = &, where, by definition, x, y € R" are separated by 7, if x and y
are not on T, but on the opposite sides of R" separated by 7, .

Let T be a hyperplane in R"” and

M(T):={i e N; g and ry + w; are not separated by T'}.
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We can find a continuously moving family of hyperplanes 7'(¢) with ¢ € [0, 1] such that
T(0) =1y, T(1) contains n elements in {ro + w;; i € N} and M(T (¢t)) = M(T,) for any

t €[0, 1). Let
() N{rg+w;; i € N} ={ro+wy, ro+wpy, ..., ro+w,}

with [} <y <--- <,. Then, T(1) is the plane defined by the equation
I x1 x2 - x5
L oany a2 -+ apn

F(x1,x2,...,X,) = A =0,

L a1 a2 -+ apn

where the coordinate system (x, x2, ..., X,) is defined with respect to the orthonormal

basis vy, v2, ..., v, and rg as its origin.

Then, for any x, y € R", x and y are separated by 7'(1) if F(x) and F(y) have
different signs, while x and y are not separated by T (1) if F(x) and F(y) have the
same sign. Hence, wy o ¥ (i) # wy o ¥ () if F(w;) and F(w;) have different signs, while
wg oY (i) = wy o ¥(j)if F(w;) and F(w;) have the same sign.

Therefore, if Iy <i <lk4+1, then by Lemma 20, F(w;) has the same sign as
(=D¥(=1)"@+D/2 " and hence wq o Y (i) is constant for [y <i <lxy. Since F(w;)
and F(w;) with [y <i <l and l,—1 < j <[, have the same sign if h—k is
even and have different signs if 7 —k is odd, the O-l-sequence wy o ¥ (i), w, o
YiE+1),...,050% () with Ly <i<ly, h1<j<lp and i+1=[,i+2=
liv1, ..., J—1=1Ikqj—ij—2 changed values at most j —i — 1 times, where j —i —1
is the number of [,, in {i, i +1, ..., j}. Therefore, the 0-1-sequence wy o ¥ (0), wy o
Y (1), wg 0 ¥(2), ... changed values at most n times. Hence, w; o ¢ € E.

Conversely, for any choice of {l; <l <--- <[,} CN, the hyperplane T containing
{ro +wy,, ro + wy,, . . ., ro + wy, } is determined. By the assumption for 3, no other point
of {ro+w;; i e N}ison T.

Then an (n — 2)-dimensional plane 7 N {x € R"; ||x|| =} is determined with center p

and radius p, say. Let
Vs
1=(= )

Then w, oy € E. By moving ¢ slightly, we can make the values at w, o ¥ (I;) (j =
1,2,...,n) (where F (wlj) = 0) arbitrary. Hence, any element in {0, 1}N which changes
value at most 7 times can be realized by an element in 2 o v, since by taking /11 =1; + 1
and choosing the values at w, o ¥ (l;) and wy o ¥ (l;41), we can cancel some changes of
value. Hence, E C Qo .

Thus, €2 o ¢y = &, which completes the proof. O
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