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Abstract. We completely classify the Kubo—Martin—Schwinger (KMS) states for the gauge
action on a C*-algebra associated with a rational function R introduced in our previous
work. The gauge action has a phase transition at 8 = log deg R. We can recover the degree
of R, the number of branched points, the number of exceptional points and the orbits of
exceptional points from the structure of the KMS states. We also classify the KMS states
for C*-algebras associated with some self-similar sets, including the full tent map and the
Sierpinski gasket by a similar method.

1. Introduction

It is of fundamental interest in operator algebras to analyze the interplay between a
geometric (or dynamical) object and a C*-algebra associated with it. For example, if a
topological dynamical system is free and minimal, then the associated crossed product
C*-algebra is simple. The invariant measures of the dynamical system yield the traces on
the C*-algebra. Topological Markov shifts are studied in terms of the associated Cuntz—
Krieger algebras [9]. Their Ext-groups are identified with Bowen—Franks groups of the
Markov shifts. The fixed point algebras by the gauge action are AF-algebras [3] and
their K-groups are the dimension groups of the Markov shifts. The decidability of the
isomorphism problem was studied in [6].

More detailed information on the dynamical system is often obtained by studying
representations or states of the C*-algebra. For example, Bratteli and Jorgensen [4, 5]
studied a connection between filter functions corresponding to a multiresolution analysis
in wavelet theory and the representations of the Cuntz algebras [8].
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In this paper we study relations between complex dynamical systems of rational
functions and associated C*-algebras with the gauge action. In particular, we investigate
the structure of Kubo-Martin—Schwinger (KMS) states and factor type of the Gelfand-
Naimark—Segal (GNS) representations of the KMS states. These are closely related with
the singularity structure of complex dynamical systems.

For a branched covering, Deaconu and Muhly [10] introduced a C*-algebra associated
with it using an r-discrete groupoid. Dutkay and Jorgensen study a spectral theory on
Hilbert spaces built on general onto and finite-to-one maps [13]. A typical example of a
branched covering is a rational function regarded as a self-map of the Riemann sphere C.
In order to capture information of the branched points for the complex dynamical system
arising from a rational function R, the second- and third-named authors [26] introduced a
slightly different construction of a C*-algebra Og (@) (respectively Og (Jg) and Or(FR))
associated with R on C (respectively the Julia set Jg and the Fatou set Fr of R). The
C*-algebra Og (C) is the Cuntz—Pimsner algebra of a Hilbert bimodule over the C*-
algebra C(@) of the set of continuous functions, and the other two are defined in a similar
way.

We study the gauge action « on the C*-algebra. If rational functions P and Q are
topologically conjugate, then the associated bimodules are isomorphic. Therefore the
C*-dynamical systems (Op((C) «) and ((’)Q((C) «) are conjugate in the sense that there
exists an isomorphism ¢ : Op (C) — OQ((C) such that o;¢ = @, for any r. Hence the
structure of the KMS states for the gauge action is an invariant for complex dynamical
systems of rational functions up to topological conjugacy. The structure of the KMS
states reflects that of the singular points of R as we expected. We completely classify
the KMS states for the gauge action of C’)R(@). If R has no exceptional points, then the
gauge action has a phase transition at 8 = log deg R in the following sense: In the region
0 < B <logdeg R, no KMS state exists. A unique KMS state exists at 8 = log deg R,
which is of type IIlj/geg g and corresponds to the Lyubich measure. The extreme B-
KMS states at 8 > log deg R are parameterized by the branched points of R and are factor
states of type L. If R has exceptional points, then there appear additional S-KMS states for
0 < B <logdeg R parameterized by exceptional points. We can recover the degree of R,
the number of branched points and the number of exceptional points from the structure of
the KMS states. The orbits of exceptional points are distinguished by 0-KMS states. Here
we define a 0-KMS state to be an «-invariant tracial state.

For example, let P(z) =z°, Q(z) =z> + 1 and R(z) = (1/18)z3 — (1/2)z> + 6. We
denote by Ep (respectively B(P)) the set of exceptional points (respectively branched
points) of P. Then Ep = B(P) = {0, oo}, Eg = {0}, B(Q) = {0, oo} Er= {oo} and
B(R) = {0 6, oo}. Our results show that C*-dynamical systems (Op ((C) o), (OQ((C) o)
and (Og ((C), o) are not conjugate to each other.

We also classify the KMS states for the C*-algebras associated with some self-similar
sets for contractions by a similar method. In fact, if the inverse of the rational function R
has continuous branches y1, ..., yn on Jg, then our construction is arranged so that the
C*-algebra associated with the self-similar set is isomorphic to the C*-algebra Og(Jg).
For example, the Sierpinski gasket is homeomorphic to the Julia set Jr of the rational
function R(z) = ) /2.
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In the final section, we show that any symmetry of the dynamical system gives rise
to an automorphism of the algebra. We also give a criterion for outerness of such
automorphisms, including the group of symmetries of a regular icosahedron.

We recall that Olsen and Pedersen [39] showed that a 8-KMS state for the gauge action
of the Cuntz algebra O, exists if and only if 8 =logn and that the log n-KMS state is
unique. Since then, several authors have discussed KMS states for the gauge action (and
its generalization) of the Cuntz—Pimsner algebra (and its generalization). Here we content
ourselves with only giving an incomplete list of such works: [11, 14, 15, 16, 17, 18, 23, 30,
31, 32, 34, 35, 38,41, 42]. Among the others, in this paper we follow Laca and Neshveyev’s
approach [32] where the structure of the KMS states is described in terms of a certain
Perron—Frobenius type operator. Many works have been done on Perron—Frobenius type
operators (see e.g. [1, 24, 43]). We give an explicit description of the Perron—Frobenius
type operator in our cases, which allows us to perform a detailed analysis of the KMS
states.

We shall now state our main theorems of the paper.

THEOREM A. Let R be a rational function with N =deg R > 2. Consider the gauge
action a on the associated C*-algebra Og (@). Then the set ex(Kg(a)) of extreme B-KMS
states of o is completely classified as follows.

Case 1. Suppose that R has two exceptional points Egr = {w1, wa} such that R(w1) = w;
and R(wy) = wy. Then the branched points B(R) = {w1, wa}.

(1) If B =0, then the set of extreme a-invariant traces consists of two points gy, and

©B,w, such that the restriction gy, |C(C) is the Dirac measure 8y, fori =1, 2.

(2) If0< B <logN, then ex(Kg(a)) consists of two points @g v, and @g ., such that

the restriction @g y; is the Dirac measure &, fori =1, 2.

le@)

(3) IfB=log N, then ex(Kg(a)) consists of three points ok, @, and @y,, where the
restriction " | c© is the Lyubich measure and the restriction ¢y,
measure 8y, fori =1, 2.

(4) Iflog N < B, then ex(Kg(a)) consists of two points ¢g ., and ¢g ., such that the
restriction Qg

|C((f:) is the Dirac

|C((f2) is the Dirac measure 8, fori =1, 2.

Case 2. Suppose that R has two exceptional points Egr = {w1, wa} such that R(w1) = w»
and R(wy) = wy. Then B(R) = {w, ws}.
(1) If B =0, then the set of extreme a-invariant traces consists of one point @y, w, Such

that the restriction @y, , corresponds t0 58y, + 58u,-

le
©
(2) If0< B <logN, then ex(Kg(a)) consists of two points ol and P2 such that the

restriction to C(C) corresponds to the measures

1 ef

)
l—i_eﬂ-i—l

_ 2 eP 1
B+l ”

= 8
ef +1 w'+e/3+l

Bl 8w, and pP

I Sy

(3) If B=Ilog N, then ex(Kg(a)) consists of three points (pL, <p’5'1 and (pﬂ*z, where the
restriction to C(C) corresponds to the Lyubich measure u*, u#! and %2,

(4) If logN < B, then ex(Kg(a)) consists of two points (pﬂ’l and (pﬂ’z, where the
restriction to C(C) corresponds to uP' and P2
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Case 3. Suppose that R has one exceptional point, i.e. E(R) = {w}.

(1) If B=0, then the set of extreme o-invariant traces consists of one point @g ., Such
that the restriction @g |C(@) is the Dirac measure §,.

(2) If0< B <logN, then there exists a unique B-KMS state ¢g ,, and its restriction
PBwle © corresponds to the Dirac measure 8,

3) Ifp= log N, then ex(Kg(a)) consists of two pomts o™ and ¢, where the restriction
to C ((C) corresponds to the Lyubich measure w” and the Dirac measure 8.,

4) Iflog N < B, then ex(Kg(a))p is parameterized by the branched points B(R).
For w € B(R), the corresponding extreme B-KMS state @g ,, is determined by its
restriction ¢g.w| - @) The corresponding measure g, on Cis given by

“ﬁw—muﬁwz kﬁ Z

ZER™ k(w)
where my, , is the normalized constant.
Case 4. Suppose that R has no exceptional points.
(1) If B =0, then there exist no a-invariant traces.
(2) If0< B <log N, then there exist no f-KMS states.
(3) IfB=1log N, then there exists a unique B-KMS state ¢, and its restriction <p|C(© is
the Lyubich measure.
(4) Iflog N < B, then ex(Kg(a)) is parameterized by the branched points B(R) as in
case 3.
In any case the extreme B-KMS state o™ corresponding to the Lyubich measure u* is a
factor state of type 111,y . All the other extreme B-KMS states are factor states of type I.

Since Theorem A is the complete classification, we can capture some information about
the singularity of the original complex dynamical system from the C*-dynamical system
(Or(C), @) as follows.

THEOREM B. Let P and Q be rational functions of degree at least two. Consider the
gauge action a. If C*-dynamical systems (Op (©), a) and (OQ(@), a) are conjugate,
then the covering degree deg P = deg Q, the number of branched points *B(P) =*B(Q),
the number of exceptional points *Ep =*E o and the orbit structures of the exceptional
points under P and Q are the same.

This paper is an extended version of the preprint [28].

2.  Dynamical systems and Hilbert bimodules

In this section, we recall our construction of the C*-algebras associated with rational
functions in [26] and self-similar sets in [27], which are constructed as the Cuntz—Pimsner
algebras [19, 40].

2.1. The Cuntz—Pimsner algebra. Let A be a C*-algebra and X be a Hilbert right
A-module. We denote by L(X) the algebra of the adjointable bounded operators on X.
For &, n € X, the ‘rank-one’ operator 0 ), is defined by 6¢ ;(¢) =& (n|¢) 4 for ¢ € X. The
closure of the linear span of the rank-one operators is denoted by K (X).
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A sequence (u;), in X is said to be a countable basis of X over A if, for any
x € X, the series Z —1 Un(uy|x)a converges to x in norm. We note that (), converges
unconditionally in the sense that the net (Zne F Un(Up|x) A) Pr where F runs over all finite
subsets of N, converges to x in norm (see [25] on basis). We have |lu,| <1 and the
sequence (Z’,:: 1 Ougou k)n is an approximate unit for K (X).

We say that X is a Hilbert bimodule over A if X is a Hilbert right A-module with a
*-homomorphism ¢ : A — L(X). We always assume that X is full and ¢ is injective. Let
F(X) =@, X®" be the full Fock module of X with a convention X®° = A. For £ € X,
the creation operator T € L(F (X)) is defined by

Te(@)=&a and T:(61Q - ®&§) =686 Q- ®é.
We define ip(x) : A — L(F (X)) by

irx)(@)(b)=ab and i) (@)1 Q- Q&) =¢@)s ® - Q&

for a, b € A. The Cuntz—Toeplitz algebra 7y is the C*-algebra acting on F(X) generated
by ir(x)(a) witha € A and T with & € X.

Let jgx|K(X) — Tx be the homomorphism defined by jx (6¢,,) = T Tn*‘ We consider
the ideal Iy := ¢>’1(K(X)) of A. Let Jx be the ideal of 7Tx generated by {irx)(a) —
(jk o@)(a) :a € Ix}. Then the Cuntz—Pimsner algebra Oy is defined as the quotient
Tx/Jx. Let m:Tx — Ox be the quotient map. We set Sg =m(Tz) and i(a) =
m(irxy(a)). Letig : K(X)— Ox be the homomorphism defined by ig (6,,) = S¢ S;‘.
Then 7 ((jx o ¢)(a)) = (ix o ¢p)(a) fora € Ix.

The Cuntz—Pimsner algebra Oy is the universal C*-algebra generated by i(a) with
a €A and S¢ with & € X satisfying the conditions that i(a)Se = S¢a)e, Sei(a) = Stq,
and Sg‘Sn =i((In)a) forae A, E, ne X andi(a) = (ix o ¢)(a) for a € Ix. We usually
identify i (a) with a in A. We also identify Sz with & € X and simply write £ instead of S¢.

There exists an action « : R — Aut Oy defined by o, (§) = e”E foré € Xand oy (a) =a
for a € A, which is called the gauge action.

2.2. The case of rational functions. Let R be arational function with N = deg R, that s,
if R(z) = P(z)/Q(z) with relatively prime polynomials P(z) and Q(z), the degree deg R
is the maximum of those of P(z) and Q(z) We regard R as an N-fold branched covering
map R : € — C on the Riemann sphere C=cCcu {oo}. The sequence (R"), of iterations
of R gives a complex dynamical system on C. The Fatou set F g of R is the maximal open
subset of C on which (R™),, is equicontinuous (or a normal family), and the Julia set Jg of
R is the complement of the Fatou set in C. We always assume that R is of degree at least
two.

Recall that a branched point of R is a point zo around which R is not locally one-
to-one. It is a zero of the derivative R’ or a pole of R of order two or higher. The
image wo = R(zp) is called a branch value of R. Using appropriate local charts, if
R(z) = wo + ¢(z — z0)" + (higher terms) with n > 1 and ¢ # 0 on some neighborhood of
20, then the integer n = e(z¢) is called the branch index of R at zo. Thus e(zp) > 2 if zg is
a branched point and e(zg) = 1 otherwise. Therefore R is an e(zp) : 1 map in a punctured
neighborhood of zg. Let B(R) be the set of branched points of R and C(R) be the set of the

https://doi.org/10.1017/5014338570700020X Published online by Cambridge University Press


https://doi.org/10.1017/S014338570700020X

1892 M. Izumi et al

branch values of R. Then the restriction R : C \ R YC(R)) - C \ C(R) is an N-to-one
regular covering.

LetA=C ((f:) and X = C(graph R) be the set of continuous functions on Cand graph R
respectively, where graph R = {(x, y) € 2. y = R(x)} is the graph of R. Then X is an
A-A bimodule by

(a'g'b)(xv y)=a(x)§(xa }’)b()’)’ (l,beA, éEX

We define an A-valued inner product ( | )4 on X by
EmMa) = Y. e®EX nx.y), &neX, yeC

xeR7L(y)

Thanks to the branch index e(x), the inner product above gives a continuous function and
X is a full Hilbert bimodule over A without completion. The left action of A is unital and
faithful.

Since the Julia set Jg is completely invariant under R, i.e. R(JR) = Jgp = R’l(JR),
we can consider the restriction R|j, : Jg — Jg, which will often be denoted by the same
letter R. Let graph R|;, = {(x, y) € Jg x Jg : y = R(x)} be the graph of the restriction
map R|;, and X (Jg) = C(graph R|;,). In the same way as above, X(Jg) is a full
Hilbert bimodule over C(Jg). Since the Fatou set Fg is also completely invariant,
X (FR) := Co(graph R| ) is a full Hilbert bimodule over Co(Fg).

Definition 2.1. [26] The C*-algebra Og (@) is defined as the Cuntz—Pimsner algebra of
the Hilbert bimodule X = C(graph R) over A =C (C). When the Julia set Jg is not empty
(for example, deg R > 2), we define the C*-algebra Og (Jg) as the Cuntz—Pimsner algebra
of the Hilbert bimodule X = C(graph R|,,) over A = C(Jg). When the Fatou set Fg is
not empty, the C*-algebra O (Fg) is defined similarly.

2.3. The case of self-similar sets. Let (2, d) be a separable, complete metric space
Q with a metric d. Let y = (y1, ..., yn) be a system of continuous maps from €2 to
itself. We say that y; is a proper contraction if there exist positive constants ¢y and ¢, with
0 < ¢1 < ¢p < 1 satisfying the condition

cd(x,y) <d(y;(x), vi(y) <cd(x,y), i=1,2,...,N, foralx,yeX.

We say that a non-empty compact set K C Q is self-similar (in a weak sense) with

respect to the system y = (y1, ..., yn) if
N
K=Jrn&.
i=1
If the contractions are proper, then there exists a unique self-similar set K C X. In this
paper we usually ignore the ambient space €2 and assume that y = (y1, ..., ynN) is a

system of continuous functions on a self-similar set K.
We use the following notation:

B(y)={x e K |x=vyj(y)=yj(y) forsome y € K and j # j'},
Cly)={y €K |yj(y)=vyj(y) for some j # j'}.
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We call a point in B(y) a branched point, and a point in C(y) a branch value. If

y=Wi,...,yn) 1s a system of branches of R~ for a certain map R, the terms are
compatible with those for R.
We set G to be the union of the cographs of y; fori =1, 2, ..., N, thatis,

N
G=6(y;:j=12....,N):=Jitx, n e K> :x =y ()}
i=1
Let A=C(K) and let X = C(G). Then X is an A—A bimodule by

(a~f~b)(x, y)=a(-x)f(x’ Y)b(y)» Cl,bEA, fEX

We introduce an A-valued inner product ( | )4 on X by

N
EmMa) =Y Ex(), V(). y), & geX, yek.
i=1

Definition 2.2. [27] Let (K, d) be a compact metric space and y = (¥, ..., ¥n) be a
system of proper contractions on K. Assume that K is self-similar. The C*-algebra
O, (K) is defined as the Cuntz—Pimsner algebra Oy of the Hilbert bimodule X = C(G)
over A = C(K).

3. KMS states
First we recall some facts on KMS states on general Cuntz—Pimsner algebras from Laca
and Neshveyev [32]. Let A be a C*-algebra and X be a full Hilbert A—A bimodule with a
non-degenerate left A-action. Let  be the gauge action. For g > 0, we denote by Kg(x)
the set of 8-KMS states for (Ox, «).

In the following we assume that there exists a countable basis {u;}7°, for X as a right
Hilbert A-module and assume that N := sup,,cn | D1 (ui|ui) | is finite.

Much work has been done on Perron—Frobenius type operators (see e.g. [1], [24] and
[43]). But for our purpose, we only need the following special version.

Definition 3.1. (Perron—Frobenius type operators) Let the notation be as above. We
introduce a Perron—Frobenius type operator F : A* — A*, which is a bounded positive
map, by the following formula:

]

F(w)(a) = Z w((uila-u)a), weA* aeA.
i=1

For 8 > 0, we set Fg =ePF.
The operator F was discussed in [41] in the case where X is finitely generated and in
[32] in the general case. When 7 is a finite positive trace on A, it is known that F(7) is

again a finite positive trace, which does not depend on the choice of {u;}7° . Therefore for
positive @ € AT and a finite positive trace T, we have

F(t)(@)=sup ) t((vila - v),
Vi =0

where the supremum is taken over all vo, vi, ..., v, € X satisfying > 7, 0y, ,, < I (see
[32, Theorem 1.1]).
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THEOREM 3.2. (Laca—Neshveyev [32]) Let A and X be as above and let o be the gauge
action on Ox. Then there is a bijective affine isomorphism between Kg(o) and the set
T (A)g of tracial states T on A satisfying the following conditions:

Fg(t)(a) =t(a) forallac Iy, (KD)
Fg(r)(a) <t(a) forallae A*. (K2)

The correspondence is given by restriction.

Definition 3.3. Let A and X be as above. Following Exel and Laca [18], we say that a
finite positive trace 71 on A is of finite type if there exists a finite positive trace 7o on A
such that 7] = Zf,o:o F g(ro) in the weak™® topology. We denote by T (A, Fp) the set of
finite positive traces on A of finite type. We say that a finite positive trace 1 on A is of
infinite type if Fg(12) = 12. We denote by T; (A, Fp) the set of finite positive traces on A
of infinite type.

A B-KMS state ¢ for the gauge action o on Oy is said to be of finite type (respectively
infinite type) if the restriction T = ¢|4 is of finite type (respectively infinite type). We
denote by Kg(a) s (respectively Kg(a);) the set of S-KMS states of finite (respectively
infinite) type.

Laca and Neshveyev [32, Proposition 2.4] showed that any tracial state T € T(A)g is
uniquely decomposed as
T=171+10 (3.1

with 11 € Tr(A, Fg) and 72 € T; (A, Fg). Moreover 11 is given by

o
n=) Fj(w) (3.2)
n=0
with
9=1 — Fg(1) 3.3)
and 17 is given by
T =lim F g (r) in the weak™ topology. 3.4)
n

The above classification of the KMS states a priori depends on the construction of Oy
from A and X, and we do not know whether there is an intrinsic characterization of it in
terms of the system (Oy, «).

Since the decomposition (3.1) is unique, we have

ex(Kg(a)) =ex(Kg(a)r) Uex(Kg(a);), 3.5

where, for a convex set C, we denote by ex(C) the set of extreme points of C.

Equation (3.3) shows that 7y vanishes on Iy thanks to the condition (K1). Let T(A/Ix)
be the set of tracial states on A that vanish on Iy, which may be regarded as tracial
states on A/Ix. We denote by T(A/Ix)g the set of T € T(A/Ix) such that Z?,O:o F/g’ (7)
converges in the weak™ topology. When 8 > log N, we have || Fg| < 1andso T (A/Ix) =
T(A/Ix)pg. For Tt € T(A/Ix)g, we set ¢; g to be the B-KMS state corresponding to the
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tracial state Y g :=mrp Y vep F’g (tr) € T(A)g, where m; g is a normalizing constant.
Thatis, mr,p = (Y020 F4(1)(1)) " and

o
Prpla=meg Yy Fi(1)=1vrp.
n=0

LEMMA 3.4. The map T(A/Ix)p>t+> @ p € Kgla)y is a bijection, which is
not necessarily affine, but sends ex(T(A/Ix)g) =T(A/Ix)gNex(T(A/Ix)) onto
ex(Kg(a) ).

Proof. If a positive functional @ is dominated by a positive functional t such that
Z?zio F g (t) converges, then Z;O:O g(a)) also converges. Hence ex(T(A/Ix)g) =
T(A/Ix)gNex(T(A/Ix)).

The fact that the above map is bijective follows from the fact that t is uniquely given by

= ((@r.pla — Folorpla) (1) (@r.pla — Fg(or.pla))

Let t € T(A/Ix)p and v/, " € T(A/Ix) satisfy T =c17’ + cot” for some non-negative
constants ¢ and ¢ with ¢ + ¢ = 1. Then 7’ and t” belong to T(A/Ix)g, and we get
mz,gC1 me gC2

(2] +
mer g M g

Pr.p= P ,B-

Therefore if ¢, g is extreme, then so is . Conversely assume that T € ex(T'(A/Ix)g) and
that there exist ¢, ¢” € Kg(a) s such that

Qr.p= ne' + he

for some non-negative constants 1, r, with #; +# = 1. Then there exist t’ and t” €
T(A/Ix)gp such that g,/ g = ¢" and @7 g = ¢”. Put

myr gty myr gt
— i and )= i.
mr g me.pg

cl
Then
mep Y FR(T)=grpla=0¢|a+0¢"|a
n
=mq gci Z Fg(r/) +mq per Z Fg(r”)
n n

=mep Z Fg(e1t' + 1",
n

which shows that T =cjt/ 4+ ¢c;t”. Since 7 is extreme, we get ' =1" =1 and so
¢’ = ¢" = ¢ g, which finishes the proof. a
COROLLARY 3.5. If B > log N, then ex(Kg(a)) = {¢r g}l reex(T(A/Ix))-

Proof. If B > log N, then || Fg|| < 1 holds, and so Kg(a); = #. O
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In the rest of this section, we investigate the type of the GNS representation of a finite
type B-KMS state ¢ on Oy for the gauge action.

Let (my, Hy, £2,) be the GNS representation associated with ¢. Since {u; ?il
countable basis for X, the sequence (a,), := (Zzzl Quk,uk)n is an approximate unit for
K (X) C Ox. Therefore (1, (an)), converges to a projection p € m,(Ox)". Forx € X, we
have

is a

0
Pp(S0) =D 7y (Sus(uilvya) =7y (Sy)  in the strong topology.
i=1
Thus for any a € A

o0
(I = p)my(a)p = Z(l — P)7y(Sau; S;‘I_) =0 in the strong topology.
i=1
In particular, p commutes with ,(A). We denote by ¢ the weakly continuous extension
of the state ¢ to 1, (Ox)" given by ¢(T) = (T'Qy|R2,) for T € m,(Ox)".

LEMMA 3.6. Let ¢ be a B-KMS state for o and let the notation be as above. Then the
following are equivalent:

(1) o is of infinite type;

2 op=L

Proof. Since ¢ is a f-KMS state, for any a € A,

o) o0

1 1
(Fp@la)(@ =3 —s¢lalnlaun)a) =Y —5(S;, aSu,)

n=1 n=1
o0 o
=Y oSy, Sha) =Y _(1y(Su, Si )2 |2)
n=1 n=1

= (pryp(a)y|Q2) = ¢(pry(a)).
Putting a = I, we get (Fg(p|a))(1) =@(p). Since ¢ is a B-KMS state, the condition
(K2) in Theorem 3.2 implies that Fg(¢|4) < ¢|4. Therefore 1 — ¢(p) =0 if and only if
la(l) — (Fg(pla))(1) =0, thus if and only if ¢|4 = Fg(¢|a), i.€. ¢ is of infinite type. O

THEOREM 3.7. In the above setting, let v € ex(T(A/Ix)g) and ¢ :=q@.p be the
corresponding extreme B-KMS state of finite type. Let t/ be a state on A/Ix defined
by t'(a+ Ix) =t(a). Then my,(Ox)" is of type I (respectively type II) if and only if
. (A/Ix)" is of type I (respectively type II). In particular, if A is abelian, then ¢ g is
a type I state.

Proof. Since the B-KMS state ¢ is of finite type, ¢(p) # 1 by Lemma 3.6. Hence p # I.
Let Hy= (I — p)H,. Since p commutes with 7,(A), we can define a representation
p:A— B(Hp) by p(a)= (I — p)ry(a)|n,. For any x € X®" and y € X®™, we have
(I — p)my(Sy S;") = 0. Therefore

(I = p)ry(Ox)"(I = p) = = p)y(A)'(I = p) =1 = p)my(A)" = p(A)”.
Put

1
Qo i= ———( — ).
’ 1—o(p) v
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Then ||20|| = 1. Fora € A,

1
(p(a)$20/€20) ((I = p)my(a)$2y|€2y) = ]_—AQ?)((I — p)1y(a))

-4 @(p)
1
=T o0 W@ ~ Fsl)@) =r(@.

Since p(A)Q = (I — p)my(Ox)2y, the vector Qg is cyclic for p. Therefore p is unitarily
equivalent to the GNS representation 77; of A for . Hence (I — p)n,(Ox)"(I — p) is
isomorphic to 77, (A)”. Since 7, (Ox)” is a factor and 7, (A)"” is isomorphic to (A /Ix)",
we get the statement. a

4. Branched points and Perron—Frobenius type operators

In this section, we give a detailed description of the Perron—Frobenius type operators F
introduced in the previous section for concrete examples. We treat the Hilbert bimodules
arising from rational functions and self-similar sets in a unified setting, that is, a topological
relation in the sense of Brenken [7] and a topological quiver with a weighted counting
measure in the sense of Muhly and Solel [36] and Muhly and Tomforde [37].

Firstly we unify the notation of bimodules. Let K be a compact metric space and G
be a closed subset of K x K. For (x, y) € G, we set pi(x, y) =x and pr(x, y) =1y,
and G, = plpz_l(y). We assume that pi(G) = p2(G) =K and N := Supy ek #pz_l(y) <
0o. Let A=C(K), X =C(G). We introduce an A-A bimodule structure into X by
(a-&-b)(x,y)=a(x)é(x, y)b(y). We assume that there exists a positive function e on G
such that e(x, y) > 1 for all (x, y) € G and

K3y Emaly) =Y e(x, »EX, yn(x, y)
xegy
is continuous for all £, n € X.
LEMMA 4.1. For every (xg, Yo) € G, every open neighborhood W of (xg, yo), and every

& >0, there exist open neighborhoods U of xo and V of yy such that U x V C W,
p2((U xV)NnG)=V, and

e(xo, y0) — Y e(x,y)

xeUNgGy

<e forallyeV.

In particular, e is upper semicontinuous.

Proof. LetG,, = {xo, x1, . . ., x,}. We choose open neighborhoods U, of x, for0 <a <n
and open neighborhood Vj of yg such that Uy x Vo C W and U,NU,="0@fora # b. Then
there exists an open neighborhood V) of yg with V| C V such that, for all y € Vi, G, C
ngo U,. Indeed, if there were no such Vi, there would exist a sequence {(x,, y,)}oo in
G such that {y,}>° | converges to yg and x,, ¢ U, for all a. An accumulation point of this
sequence is of the form (x’, yg) € G such that x” ¢ U, for all a, which is a contradiction.
Therefore V7 as above exists. Let £ € X such that £(x, y) =1 for (x, y) € Uy x V1 and
E(x,y)=0,forall x € UZ:I U,. Then for y € Vi, we have

EBam =Y e y),

)CEUoﬂgy
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which is continuous and (§|§)4(yo) =e(xo, yo) > 1. Note that by assumption Gy # ¢
for each y € Vi, and so Up NGy, # ¥ for y sufficiently close to yg. Replacing Uy and
Vi with smaller neighborhoods U of xg and V of yp respectively, we get the first half
of the statement. Since e is a positive function, for all (x, y) € (U x V) NG we have
e(x0, o) + € > e(x, y), which means that e is upper semicontinuous. O

Since e is an upper semicontinuous function on a compact set G, e is bounded above.
Therefore (£|n)4 gives an A-valued inner product of X with the corresponding norm
equivalent to the uniform norm of C(G), and so X is a Hilbert bimodule over A.

Following [28], for f € C(K) we set f(y) = erg). f(x), which is not necessarily
continuous.

Letug, u1, ..., u, € X. Then for £ € X we have

D 1Oy E)a) =Y 1wal&) (M
a=0 a=0

Do D el e, yua(x', yualx, EX, MER, Y.

x,x'eG, a=0
Let
n —_—
AW e =Y Vel y)elx, Vuax', yua(x, y).
a=0
Then
n
> Ougu, <1 (4.1)
a=0

is equivalent to the matrix (A(y),’ x)r.x being dominated by 1 for any y. In particular,
(4.1) implies that

n

A)rx =Y e(x, Mlualx, y)P <1 forallx € Gy,
a=0

and so

D alfud =Y D f@ex, Pluax, MI* < F(y) 4.2)
a=0

a=0 xegG,
for all positive f € C(K).
In what follows, we often identify an element in C(K)% with the corresponding

measure on K. In our setting, the Perron—Frobenius type operator F is a positive map
F:C(K)* — C(K)* given by

n
Fu(f)=sup Y u((ualf -ua)), peCK)L, feCK)y, 43)
Ua 40
where the supremum is taken over all ug, ug, ..., u, € X satisfying (4.1). We have

|F|]l=N.
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Since K is separable, X is countably generated and has a countable basis {v;}7°,. We
introduce an increasing sequence {g, };° , of positive maps of C(K) by

on(f) =) _(ilf-vi)a, [ eCK).

i=0

Then F is given by the limit
FGo(f) = lim pu(@a(f)). (44)

THEOREM 4.2. Let F be as above. Then

F(M)(f)=fkf(y)du(y), JeCK)t, peCK).

Proof. First, we show the statement for any Dirac measure 1 = 8, on y € K. Note that the
above argument implies that

FGO(f) < fK FOydu®y). feCK)s peCK).

We fix yo € K and ¢ > 0. Let Gy, = {x¢, x1, ..., x,}. Applying Lemma 4.1, we choose
open neighborhoods U, of x, and V of yg such that U, N U, = @ for a # b and

n
U UsDG, forallyeV,

a=1

e(xa, yo) — Y e(x,y)

xeU,Nv

<e¢ forallyeV.

Let u, € X be a continuous non-negative function such that supp(u,) C U, x V and
1
Velxa, yo) + ¢

ug(Xq, yo) =

0=<uax,y) < for all (x.y) € (U, x V)NG.

1
velxq, yo) +¢
For y € V, we define the matrix A(y) = (A(y)x/,x)x/,xegy as before. We set I,(y) =

UsNGy for yeV and Ay(y) = (A(Y)y x)x' xci@)- Then A(y) is a direct sum of the
Aq(y). Let ¢ € £2(I(a)). Then

Do Y Vel e, yup(x’, y)etup(x, y)ex)

x',xel;(y) b=0

2
3 Ve, y) ualr, ye)

xela(y)

<llel® Y el Mlualx, y)I?

xelq(y)

e(x, y)
<lel* Y. —— < eI’

vely) €0, yo) ¢

(Aa(y)e, c)
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where we use Lemma 4.1. Thus A,(y) <1 and (4.1) is satisfied. Since

Y alf -ua)ao) = Y Y fx)elx, yo)lua(x, yo)?
a=0

xeGy, a=0
. e(x, yo) ~ 1
—g fO o+ 2O
Yo

we get F(8y,)(f) = f(30).

The above computation implies that, for every f e C(K); and every yeK,
{60 () (¥)},2, increasingly converges to f (y). Thus thanks to the bounded (or monotone)
convergence theorem, we get

F(u)(f) =nlin30/ &n(f)(y) di(y) =/ fO)du(y) forall ueC(K)L,
- JK K
which finishes the proof in the general case. O

We denote by D(e) the set of discontinuous points of e. For example, if R is a
rational function, G = graph R and e(z, R(z)) = e(z) is the branch index, then D(e)
is the set {(z, R(z)) € graph R | z € B(R)} and p;(D(e)) = B(R), where B(R) is the
set of branched points of R. If y = (y1, ..., yn) is a system of proper contractions
on K, G=UL {(x, ) e K2 :x =yi(»)}, and e(x, y) =#{i | x = i(y)), then D(e) =
{(x,y) € K* | x = y;(y) =y () for some j # j'} and p1(D(e)) = B(y).

LEMMA 4.3. Let D(e) be the set of discontinuous points of e.
(1)  For every (x0, yo) € G \ D(e), there exist closed neighborhoods F of xo and G of
Yo, and a continuous map y : F — G, such that

(FxG)NG={(y(»).y) eK*:yeG}.
(2) The set D(e) is a closed set.
Proof. (1) Let 0 < & < 1/2 and take a neighborhood W of (xg, yg) such that
le(xo, yo) —e(x, y)| <e forall (x,y)e W.
By Lemma 4.1, there exist closed neighborhoods F of xg and G of yg such that F x G C
W, po((F x G)NG) =G, and

e(xo, y0) — Y, e(x,y)

xeGyNF

<e¢ forallyeG.

Since e(x, y) > 1 for all (x, y) € G, the set G, N F is a singleton for all y € G. Thus there
exists a function y : G — F such that

(FxG)NG={(y(),y :yeG}.
Since (F x G) NG is closed, y is continuous.

(2) We choose & € X such that supp(§) CF x G, 0<& <1, and é(x,y)=1in a
neighborhood Wy of (xg, yo). Then for (x, y) € Wi, we have

EBa =Y el IEE DI =er (), ),

yeFﬂgy

which shows that e is continuous on Wi N G. Thus D(e) is a closed set. O
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The following proposition shows that the set of singularities corresponds to the ideal Iy
of A. We can prove it using the preceding lemmas as in [26] and in [27]. It is also shown
in a general situation by Muhly and Tomforde [37, Corollary 3.12].

PROPOSITION 4.4. In the above situation
Ix ={f € C(K): flpi(D(e)y) =0} = Co(K \ p1(D(e))).

COROLLARY 4.5. Let the notation be as above. Then the following hold.

(1) If B>1log N, then there is a one-to-one correspondence between ex(Kg(a)) s =
ex(Kg(a)) and p1(D(e)).

(2) IfB =Ilog N, then there is a one-to-one correspondence between Kg(o); and the set
of Borel probability measures |1 on K satisfying

1 -
[ rerane = [ Fedut forat s eci
K N Jk
In particular, such a measure  satisfies u{y € K : #G, < N} =0.

Proof. Part (1) follows from Proposition 4.4 and Lemma 3.4. The first statement of part
(2) follows from Theorem 3.2. The case with f = 1 implies the second statement. O

5. Classification of KMS states in the case of rational functions
Throughout this section, we assume that R is a rational function of degree at least two.
We shall completely classify the KMS states for the gauge actions on the C*-algebras
Or (@) and Og(Jr). We can recover the degree of R, the number of branched points, the
number of exceptional points and the orbits of exceptional points from information about
the structure of the KMS states.
Recall that, for f € C (@) andy € C, we have
for= > f,
xeR™1(y)
which is not necessarily continuous. For a bounded regular Borel measure @ on C,
we denote by 7, € C (@)* the corresponding positive linear functional (though we often
identify u with 7,,). Then the Perron—Frobenius type operator F : C (@)* —-C (@)* with
norm N = deg R is given by

F@)(f) = [C f@du).
In particular, for a Dirac measure §, on y we get

F(8y) = Z Sy

xeR~1(y)
In our particular situation, the conditions (K1) and (K2) in Theorem 3.2 take the
following forms:

i f @) du(z) = / a(z)du(z) foralla e Co(E\ B(R)), (K1)
e C C

1
—ﬁ/:&(z)du(z)S/Aa(z)du(z) foralla e Ay, (K2)
e C C

where we identify Co(@ \B(R))withIx ={f € A| f(z) =0 for z € B(R)}.
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LEMMA 5.1. If a measure | satisfies the conditions (K1) and (K2), then the point mass
n{w}) for w € C must satisfy the following:

e Pu(Rw)) = n({w)), w¢BR), (K1')
e PuRw)) < p(fw)), weC. (K2)

Proof. Let w & B(R). Then we can approximate the characteristic function yj,) by a
monotone decreasing sequence (a, ), of non-negative functions in Iy. Thus

pttwh =tim [ ap@ dn =time [ 3" adn

xeR71(2)

:e—ﬂ/C 3 tw®) du@) = e P u(Rw)))

xeR™1(2)
by the Lebesgue convergence theorem. The other one is similarly obtained. O

Let us recall some facts on exceptional points for R. For z and w in C, we define
z ~g w if there exist non-negative integers n and m with R"(z) = R™(w). Then ~p is an
equivalence relation on C. We denote the equivalence class containing z by [z]z. We also
define the backward orbit O~ (z) of z by

0 (9):={we @ | R"(w) = z for some non-negative n € Z}.
Then we have O~ (z) C [z]g.

Definition 5.2. A point z in Cisan exceptional point for R if the backward orbit O~ (z) of
z is finite. We denote by Er the set of exceptional points.

It is known that Eg is a subset of Fr NB(R) and that z is an exceptional point if
and only if [z]g is finite. A rational function R of degree at least two has at most two
exceptional points by the Riemann—-Hurwitz formula. The reader is referred to [2, §4.1]
for basic properties of exceptional points, including the following result.

LEMMA 5.3. Let R be a rational function of degree at least two. Then one of the following

holds.

(1) The set Egp =0.

(2) The set Eg consists of one point zo and {z0} = [z0]r. After a suitable conjugation
by a Mobius transformation, we may assume that 7o = oo and R is a polynomial.

(3) The set ER consists of two points zo # z1 and [zolgr = {zo} and [z1]1r = {z1}. After
a suitable conjugation by a Mobius transformation, we may assume that zo =0,
71 = 00, and R(z) = z¢ for some positive integer d.

(4) The set Eg consists of two points zo # z1 and [zolg = [z1]r = {20, 21}. After
a suitable conjugation by a Mobius transformation, we may assume that zo =0,
71 = 00, and R(z) = z¢ for some negative integer d.

The following proposition is crucial for the complete classification of the KMS states.

PROPOSITION 5.4. Assume that a measure |u satisfies the conditions (K1) and (K2). If 1
has a point mass at 7 for some 7z € ER, then 8 > 1log N.
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Proof. Thanks to Lemma 5.1, we have u{w} > 0 for any w € O~ (z). To prove the
statement, it suffices to show that there exists w € O~ (z) satisfying the following two
conditions: (1) O~ (w) NC(R) =@; and (2) R~ (w) N R~"(w) = ¥ for all distinct non-
negative integers m, n. Indeed, Lemma 5.1 with such w implies that

&)

N n
Z(;) u((w)) < (0~ (w) < 1.
n=0

Assume that condition (1) does not hold for any w € O~ (z). Then since C(R) is a
finite set, there exist two positive integers m < n such that R~"*(z) N R™"(z) is not empty,
and so z = R"7"(z). Let p be the minimal positive integer such that R”(z) = z and set
L= {Rk (z)}]f:_(;. For any w € O~ (z), the same argument as above shows that there exists
a positive integer g such that w = R7(w). Thus for a sufficiently large integer k, we
get w = R9%(w) e L. Since O~ (z) is an infinite set, this is a contradiction. Therefore
condition (1) holds for some z; € O~ (z).

Assuming that condition (2) does not hold for any w € O~ (z1), we get a contradiction
in the same way, and so there exists w € O~ (z1) satisfying conditions (1) and (2). O

We now recall basic properties of the Lyubich measure.

Definition 5.5. (Lyubich measure [20, 33]) Let N = deg R and § be the Dirac measure on
x for x € C. For any y € C\ Eg and each n € N, we define a probability measure 1, on
the Riemann sphere C by

pi= Y N7e(e(R()) - e(R" )3,

XERT(y)

The sequence (u;), converges weakly to a measure u’, which is called the Lyubich
measure. The measure u” is independent of the choice of y € C \ Eg.

The measure pLL has been studied by several authors, e.g. Freire, Lopes and Méné [20]
and Lyubich [33]. The support of u’ is the Julia set J, and u” is an invariant measure in
the sense that [,LL (E) = ,uL(R_l(E)) for any Borel set E. Hence f f(R(x)) dul‘(x) =
f f(x)dul(x). Moreover ut(R(E)) = Nu(E) for any Borel set E on which R is
injective. The measure u” is the unique measure of maximal entropy.

We introduce an operator G : C (@) —-C ((@) by setting

GHw = Y e@fR)

zeR~1(w)

and the contraction G = N~'G. The conjugate operator G* is slightly different from F.
However, if 1 has no point mass on C(R), then G* satisfies G*t,, = Fr,.

PROPOSITION 5.6. (Lyubich [33]) For any a € C(@) and compact subset K C C with
K N ERr =0, we have

=0,

m— 00
K

lim HE’"a_ / a(z) dut )
C

where || - || g is the uniform norm on K.
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We use the symbol 7% for 7,0 for simplicity.

PROPOSITION 5.7. Let i be a bounded regular Borel measure on C. Suppose that
satisfies one of the following conditions:

(1) satisfies conditions (K1) and (K2) and p has no point mass on B(R);

(2)  u satisfies condition (K1) and . has no point mass on B(R) U C(R).

Then we have the following. If B # log N, then u = 0. If B =log N, then w coincides with
the Lyubich measure up to a constant.

Proof. Suppose that u is non-zero. We may and do assume that p is a probability measure.
First we consider the case (1). Since e_ﬁu({R(w)}) < n({w}) forw e ® by Lemma 5.1,
1 has no point mass on C(R). Therefore (K1) holds for all a € A and we may consider the
case (2). Fora = 1, we have a(x) = N for almost every x with respect to i« and § =log N.
For any a € A, we have

t,(a) = Fg(t,)(a) = 1,(G(a)).

Note that u(Er) = 0 holds as Eg C B(R). For any ¢ > 0, we can choose a compact subset
K C C satisfying K N Eg =@ and u(K°)|la|| < € by the regularity of x. Thus we have

ltu(a) — T2 (@) = |7, (G (@) — L (a)|

/K G" (@) du + fK G @ dp — M @p(K) + 7@K

=

/ @" (@) — - (@) du’ + ‘/ " (@) du’ + @K <36
K K(,‘

for sufficiently large m thanks to Proposition 5.6, which shows that ;= pu-. O

PROPOSITION 5.8. The Lyubich measure u* is extended to an infinite type log N-KMS
state & on OR(C) for the gauge action.

Proof. Since the Lyubich measure has no point mass, it satisfies F (%) = G*(r%). On the
other hand, for any x € C we have

G =N Y .,
yeR™1(x)

which implies that G*(t%) = NtX. Thus by Corollary 4.5, the Lyubich measure u”
corresponds to a log N-KMS state ¢ . |

Now we are ready to state our classification results. Since we already know the result
for B > log N thanks to Corollary 4.5, we assume that 0 < 8 <log N. Proposition 5.4
implies that every finite type S-KMS state, if it exists, arises from a point in Eg. Let
1 be a probability measure corresponding to an extreme infinite type B-KMS state ¢,
which satisfies Fg(u) = . Let u = g + g be the decomposition of w into the atomic
part u, and the diffuse part py. Then a similar argument as in the proof of Lemma 5.1
shows that Fg(u,) is atomic and Fg(uy) is diffuse again, and so we get Fg(iq) = g
and Fg(uq) = pgq. Therefore either p, =0 or g =0 holds. If uys =0, Proposition 5.4
and Lemma 5.3 imply that 1 would be supported by Eg. Since R~!(x) is a singleton for
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x € ER, this does not occur. Therefore ;, = 0 and Proposition 5.7 implies that § =log N
and p is the Lyubich measure.

The above observation with an easy case-by-case analysis using Lemma 5.3 shows the
following theorems.

THEOREM 5.9. For 8 > 0, there exists an infinite type B-KMS state for the gauge action
a on Ogr(C) if and only if B =log N. The set K\og y(a); is a singleton consisting of ¢r,
given by the Lyubich measure.

THEOREM 5.10. For the finite type B-KMS states for the gauge action o on Og (@), the

following hold.

(1) For B >1og N, the set ex(Kg(a) ) of the extreme finite type B-KMS states ¢ is
parameterized by the branched points B(R). For w € B(R), the corresponding
extreme B-KMS state ¢g ., is determined by its restriction g w| - ©y i.e. the regular

Borel measure g, on ¢ given by

o0
1
k=0 z€R*(w)

where my,, , is the normalized constant.
(2) For 0<pB <logN, the set ex(Kg(a)y) of the extreme finite type B-KMS states
coincides with {¢g w}weEg-

Remark 5.11. Corollary 4.5 shows that the GNS representation of every extreme finite
type KMS state with B8 > 0 is a type I factor representation. In §7, we show that the GNS
representation of ¢’ is a factor representation of type III; /N-

Remark 5.12. Theorem 3.2 still holds for 8 =0 if we define a 0-KMS state to be an
o-invariant tracial state. Such a state exists if and only if Eg is not empty and we have
the following.

(1)  When Ey consists of one point w, then there exists a unique «-invariant trace state
¢w. The restriction of ¢, to C ((@) is given by the Dirac measure §,,.

(2) When Eg consists of two points wi and w; with R(w;) = w; and R(w2) = w,
the set of a-invariant trace states has exactly two extreme points {¢y, };=1,2. The
restriction of ¢y, to C(C) is given by Ow, fori =1, 2.

(3) When Eg consists of two points w; and w, with R(w;) = w, and R(w2) = wy, then
there exists a unique «-invariant trace ¢. The restriction of ¢ to C (@) is given by
5 Bu; + 8uy).

Note that the GNS representations of these states are not factor representations. It is routine

work to show that they give finite type I von Neumann algebras.

Proofs of Theorems A and B in the introduction. The set of all extreme B-KMS states
depends only on the system ((’)R(@), a). Since the set is obtained as ex(Kg(«)) =
ex(Kg(a)r) Uex(Kg(a);), Theorem A follows from Theorems 5.9 and 5.10 and
Remark 5.12. Theorem B immediately follows from Theorem A, because Theorem A
is a complete classification. O
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Example 5.13. Let R(z) = zV with N > 2. Then Eg = {0, oo} = B(R) with R(0) = 0 and
R(00) = oo. For every B > 0 and w =0, oo, we have g = 6y.

Example 5.14. Let R(z) =z~ with N > 2. Then we have Ex = B(R) = {0, oo} with
R(0) = 0o and R(0c0) = 0. For every 8 > 0 we have

B0 = 8o + ! 300
07 o +1 07 of +1
v = ! 8o + 1)
B,00 B 1 0 B 1 00

Example 5.15. Let R(z) = ZV + 1 with N > 2. Then Ex = {oco} and B(R) = {0, oc}. For
any B > 0 the Dirac measure d, extends to a S-KMS state ¢g . The measure

N\ o/ 1
mpo=\1-2 )2 (% 2 &
k=0 ZERTK(0)
corresponds to a B-KMS state @g o for B > log N. For 0 < B < log N, the set of 8-KMS
states consists of one point ¢g . For B =log N, the set of extreme S-KMS states consists
of two points ¢’ and ¢B,00- Forlog N < B, the set of extreme S-KMS states consists of
two points ¢g  and g o.

Finally, we consider the C*-algebras O = Og(JR) associated with a rational function
R on the Julia set Jg, which is purely infinite and simple [26].

THEOREM 5.16. For the gauge action o on the C*-algebras Og (JR), the following hold.

(1) For0 < B <log N, there exist no B-KMS states.

(2) For B =1og N, there exists a unique B-KMS state ¢*, and its restriction (pL|c(JR)
is the Lyubich measure. The GNS representation of ¢ is a factor representation of
type Il /N

(3) For log N < B, the set ex(Kg(a)) of extreme B-KMS states is parameterized by
the branched points B(R) N Jg. For w € B(R) N Jg, the corresponding extreme
B-KMS state @g ., is determined by its restriction @g y|cg), Which is given by
the same formula as in Theorem 5.10. The GNS representation of ¢g .y is a factor
representation of type 1.

Proof. The proof follows from a similar argument as in the case of Og (C) with the fact
that the Julia set Jr contains no exceptional point by [2]. O

6. Classification of KMS states in the case of self-similar sets

Let (K, d) be a compact metric space and let y = (y1, 2, ..., Yn) be a system of
proper contractions satisfying K = UlN: 1 vi (K). In this section, we consider the structure
of the KMS states for the gauge action on Ox = O, (K). Recall that A = C(K) and
Ix ={f € C(K): flBp) =0} = Co(K \ B(y)) in this case. The set B(y) is finite if and
only if C(y) is finite.

Forye K,wesety(y) = vazl{yi (y)}. The Borel function a fora € A is
N

ayn= Yy, ax)=y_

xey(y) Jj=1

—_— i . 6.1
) y)a(yj 6))) (6.1)
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Note that, if C(y) is not empty, a is not necessarily continuous. Theorem 4.2 shows that

al 1

Fp@y)=e P>

j=1

If a probability measure v on K satisfies (K2), we have u > Fg(u) > n({x}) Fg(8,) and
so the following holds:

— S, =e P Sy 6.2)
ey Y ;}) )

n(yi ) = e Pudiay). (6.3)
LEMMA 6.1. Let u be a probability regular Borel measure on K satisfying conditions
(K1) and (K2). If n(C(y)) =0, then log N < B.

Proof. Suppose that £(C(y)) =0. Then
N

=)

1(yj(y)) =N, ae.y withrespect to u.

ey, y)
Condition (K2) implies that
N 1 ~
= | 1o < [ 1ane =1
e e K K
Hence log N < 6. O

For x € K and n > 0, we set the nth orbit of x by
O,(x)=1{Vi, " Vir - Vi,(x) €K :1<iy,i2,...,0in <N}

and set O(x) = UZOZO O, (x). Note that if a measure u satisfying (K2) has a point mass
at x, it has a point mass at y for all y € O(x) thanks to (6.3).

LEMMA 6.2. Let 0 < B8 <log N and let u be a probability regular Borel measure on K
satisfying conditions (K1) and (K2). Assume that either 0 < 8 <log N or w is of finite
type. Let y € K. If there exists x € O(y) such that O(x) N C(y) =0, then w has no point
mass at'y.

Proof. First we assume that 0 < 8 < log N. If i had a point mass at y, then u would have
a point mass at x as well and we would have u > u({x}) F, /’; (8x). However, by assumption
we get

1> u({xh Fg (6 (K) = u((x})(Ne™P)" - 00 (asn — o0),

which is a contradiction.
Now we assume that 8 = log N and the corresponding KMS state is of finite type. Then
there is a measure v supported by B(y) such that

w= Z Fj (v).
n=0

Suppose that o has a point mass at y. Then there would exist n and ¢ > 0O such that
F/g’(v) > ¢8y, and so Fg"’m(v) > cF/g”(Sx). As we have Fg1(8x)(l) =1, we get

l=p)=) FimM) =) c=co,
k=0 k=n

which is a contradiction. O
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To describe infinite type KMS states, we recall the notion of the Hutchinson measure
for a self-similar set (see [22] for details).

Definition 6.3. Let G : C(K) :— G(K) be the unital positive map defined by
_ 1 &
Gla)=~ Y a-yi. aeC(K).
i=1

The Hutchinson measure is a unique G -invariant probability measure.

LEMMA 6.4. Unless K consists of one point, the Hutchinson measure "' has no point
mass.

Proof. Let u" = ju, + 114 be the decomposition of ! into the atomic part j, and the
diffuse part ;q. Then it is easy to show that 5*(,%) is atomic and G (uq) is diffuse. Thus
either ;g = 0 or sy = 0 holds thanks to the uniqueness of a G-invariant measure.

Suppose that g =0. We set m =max{u{x}:x € K} and L ={x € K : u{x} =m},
which is a finite set. Since

. 1 &
G )= 2 8y (x)
1=

and G (uf) = !, we have

. 1 &
m#L) = (L) =G L) =+ ; yZK 1{y}8y,(1) (L)

1 N
= N Z Z u{y¥ox.y; () -
i=1 xeL,yeK

This shows that ; (L) = L for alli and L = K. Since y; is a proper contraction and L is a
finite set, we conclude that K consists of one point. O

Note that when a measure p satisfies u(C(y)) =0, we have F(u) = NG(n). Thus
when the Hutchinson measure ! satisfies 1" (C(y)) =0, it gives rise to an infinite
type log N-KMS state, which we denote by ¢. Thanks to Lemma 6.4, the condition
wf (C(y)) = 0 holds whenever C(y) is a countable set. Conversely, we have the following
result.

LEMMA 6.5. Let ¢ be a B-KMS state of infinite type for f =log N and let | be the
corresponding measure on K. Then ¢ = o' and u*(C(y)) =0.

Proof. The condition Fg(u) = p implies that

. al 1
0= / (N = T()) du(x) =[ Z(l - —) dp(x)
K K j=i

e(yj(x), x)

al 1
= 1 - d ,
/cm ;( e(y; (x), x)) e

which shows that £(C(y)) = 0. Thus x = Fg(u) = G(u) and so u = pH. O
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THEOREM 6.6. Let y = (y1, y2, ..., YN) be a system of proper contractions on a

compact metric space K such that K = U[]V:l yi (K). Suppose either that B(y) is empty

or that B(y) is a finite set and, for every y € C(y), there exists x € O(y) such that

O(x) NC(y) = 0. For the gauge action a on the C*-algebras O, (K), the following hold.

(1) For0 < B <log N, there exist no B-KMS states.

(2) For B =1log N, there exists a unique B-KMS state ¢!, and its restriction ¢*! lc(k) is
the Hutchinson measure u*.

(3) Forlog N < B, the set ex(Kg(a)) of extreme B-KMS states ¢ is parameterized by
the branched points B(y).

Proof. For 0 < 8 <log N, Lemmas 6.1 and 6.2 show that there is no B-KMS state.
Assume that p is a measure corresponding to a finite type B-KMS state for § =1log N.
Then Lemma 6.2 implies that u(C(y)) =0 and so u(K)= Fg(u)(K) would hold.
However, this means that p is of infinite type, which is a contradiction. The rest follows
from Lemma 6.5 and Corollary 4.5. O

Remark 6.7. In §7, we show that the GNS representation of ¢! is a factor representation
of type Il n.

Example 6.8. (Inverse branches of the tent map) Let K = [0, 1], y1(y) = % y,and y»(y) =
1 — 1y. Then B(y) = {1} and C(y) = {1}. Since O(1/2) NC(y) =¥, the assumption of
Theorem 6.6 is satisfied. The Hutchinson measure 1 is the normalized Lebesgue measure
on [0, 1]. Hence for 0 < 8 < log 2, there exist no B-KMS states. For 8 =log 2, there
exists a unique S-KMS state @7, and its restriction ¢ lc(0,17) is the normalized Lebesgue
measure. For log 2 < B, there exists a unique B-KMS state ¢g 1,2, and its restriction

elcqo,1y is
2 1
mpap=(1=23)2 =5 2. Syeman
n=0 (J1seens Jn)e{l,2}"

Example 6.9. Let K =[0, 1], y1(y) = %y, and 2 (y) = %(y 4+ 1). Then B(y) =¢ and
C(y) = ¢ and the Hutchinson measure ;. is the normalized Lebesgue measure on [0, 1].
The C*-algebra O, (K) with « is isomorphic to the Cuntz algebra 0> with the usual gauge
action. Thus a 8-KMS state on O, (K) exists if and only if A = log 2, and its restriction to
C([0, 1]) is the normalized Lebesgue measure.

Example 6.10. (Sierpinski gasket) Let © be a regular triangle in R? with three vertices
c1=(1/2, \/3/2), ¢c2 = (0, 0) and ¢3 = (1, 0). The middle point of cjc; is denoted by by,
the middle point of c¢jc3 is denoted by by and the middle point of cac3 is denoted by b3.
We define proper contractions y; fori =1, 2, 3 by

x 1y V3 Xy x 1y
ri(x, y) = (E + 72 + T)’ ya(x, y) = (57 E)’ y3(x, y) = <§ + 3 3)
Then the self-similar set K associated with y is the Sierpinski gasket. It is known that K
is homeomorphic to the Julia set Jg of the rational function

3 16
316
R(z) = 27
Z
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However, these three contractions cannot be identified with the inverse branches of R
because y1(c2) = ya2(c1). Let y1 =y1, ¥2 = p—2x/3 © ¥2, and y3 = p2z/3 © ¥3, Where pg
is a rotation by the angle 8. The self-similar set for y = (v, y2, y3) is K as well and they
are inverse branches of a map 4 : K — K, which is conjugate to R : Jg — Jg. Therefore
ORr(JR) is isomorphic to O; (K), which is known to be a purely infinite and simple C*-
algebra. The C*-algebras O, (K) and O; (K) have non-isomorphic K-groups and hence
they are not isomorphic (see [26] for details).

Since B(y) =¥ and C(y) = @, there exists a -KMS state for the gauge automorphism
for O, (K) if and only if A =log 3.

For y, we have B(y)={b1, b2, b3}, C(y) ={c1, ¢z, c3}, and the assumption of
Theorem 6.6 is satisfied. Thus for 0 < 8 < log 3, there exist no S-KMS states. For
B =log 3, there exists a unique B-KMS state whose restriction to C(K) is given by
the Hutchinson measure u’. For log3 < B, the set ex(K g(a)) of extreme B-KMS
states is parameterized by the branched points B(y) = {by, b2, b3}. For b; € B(y), the
corresponding extreme B-KMS state is given by the measure

3 > 1
HB,b; = (1 o e_ﬁ) Z eTﬁ Z Sle"')/j,,(bi)’
n=0 G1s-rJn)€{1,2,3}"

7. Type Il representations by Lyubich and Hutchinson measures
In this section, we show that the KMS states arising from the Lyubich measures and the
Hutchinson measures give type Il y representations. Our proof is based on the facts that
the Cuntz algebra Oy arises from the Bernoulli N-shift and that the unique KMS state of
the gauge action of Oy gives a type IlI; /v representation.

Let N be an integer greater than one and Ky ={1, 2, .. ., N}N. We denote by vy the
Bernoulli measure with weight (1/N, ..., 1/N), i.e. the infinite product measure of the
uniform measure of {1, 2, ..., N}. Let o be the Bernoulli shift

o(xy, x2, .. .) = (x2, x3, . . ).
For j=1,2,..., N, we set p; to be the inverse branches of o, that is,
pjx1, x2,..) =(J, x1, X2, .. ).

Note that vy is nothing but the Hutchinson measure of p = (o1, p2, ..., ON)-
Let Y be the C(Ky)—-C (K y) bimodule giving O,(Ky). Since

N

Ui, ») € K :x € Ky} ={(x, 0(x)) € Ky : x € Ky},
j=1

in what follows, we identify Y with C (K ) whose Hilbert C*-bimodule structure is given
by

(@ fb)(x) =a) f(x)b(o(x)),
N

(Flocan® =Y FlojNew;().
j=1

https://doi.org/10.1017/5014338570700020X Published online by Cambridge University Press


https://doi.org/10.1017/S014338570700020X

KMS states and branched points 1911

We use the symbol 1g for the characteristic function of a subset E C Ky. For
E=(E1,86,...,8)€{1,2,..., N}, we denote by E¢ the cylinder set
={xeKy:xx=&,1=<k=<n}

It is known that the C*-algebra O, (Ky) is isomorphic to the Cuntz algebra Oy . Indeed,
O,(Kn) is generated by S| £ S PR , S1 Ex? which satisfy the Cuntz algebra relation
(see [27, Proposition 4.1] and 41, §4]) Note that the isomorphism Oy 3 §; — SlE €
O, (Ky) intertwines the gauge actions, and in consequence the KMS states. We glve a
W* -version of this argument first.

7.1. The case of Hutchinson measures. Let y = (y1, y2, ..., ¥yn) be an N-tuple of
proper contractions of a compact metric space K satisfying the self-similar condition
K = U;\;l v;j(K). We assume that the Hutchinson measure wt satisfies g (C(y)) =0
and denote by ¢/ the corresponding KMS state of the gauge action o on O, (K) as before.
For& = (&1, &, ...,&) €{1,2,..., N}, we use the notation
Ye =Ve Ve Ve

Since all the maps y1, y»2, ..., YNy are proper contractions, there exists a surjective
continuous map g : Ky — K such that

g =) va Ve Va, (K.
n=0

Wehave g o pj =y;0qfori=1,..., N. Since

N N
Z Yj4dxVN = Z 4xPj VN = Ngsvn,
j=1 j=1

the uniqueness of the Hutchinson measure 1 implies that gy = g.vy.

LEMMA 7.1. Forall f, g € L*(K, UN), the following holds:
(flgu= lim — > (vl Du(lg - veu,
£€{1,2,..,N}"
where (:|-), is the inner product of L2(K, p).
Proof. Since ¢*:L*(K,ug)> f+ f-qeL?>(Ky,vy) is an isometry satisfying
,ojq* = q*y}‘, it suffices to show the statement for (K, p, vy) instead of (K, y, w).
Let F, be the o-field generated by the first n coordinate functions of Ky, and

E(f|F,) be the conditional expectation of f given F,. Then for f € LY (Ky, vy) and
Eell,2,..., N}", we have

E(flfn)(é?):/K f - pe(x) doy (x).
Thus for f, g € L*>(Ky, vy), we get

1
N Do (Fpel Dy g - vedoy = (EFIFDIE@IFD)vy
£e{l,2,..,N}"

which tends to (f|g)v, as n goes to infinity. O
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Let A= C(K) and X be the A—A bimodule giving O, (K). We denote by (7, H, )
the GNS triple for . We set M = 7(0,(K))". Let @™ be the normal extension of ¢
to M given by ¢ (m) = (mQ|Q) for m € M. Since ¢ is a KMS state, ¢! is faithful
on M.

Let v/ be the traceon A = C(Ky) given by /LH and let (7o, Ho, 20) be the GNS triple
for TH. We can identify Hy with L*(K, uf) and 7o(a) with the multiplication operator
by a € A. Thus g extends to a normal representation of L*°(K, /LH ). On the other hand,
since T/ is the restriction of ¢ to A, the Hilbert space Hy is naturally identified with
the closure of w(A)Q2 and the restriction |4 of mw to A is quasi-equivalent to mo [23,
Lemma 4.1]. Therefore 7|4 extends to a normal representation of B := L®(K, u*),
which is denoted by 7.

For a measurable function f on K, we denote by | f|l, the LP-norm of f in
LP(K, ).

For m € M, we set |m||2 = ||mS2L|. It is well known that the strong operator topology
on the unit ball M! of M coincides with the topology given by | - ||2, and M is complete
with respect to || - ||2.

Let {h,};° | be an increasing sequence of non-negative functions in A such that £, (x) =
0 for x € C(y) and {h,(y)}32, converges to I forall ye K\ C(y). For 1 < j <N, we
introduce u; , € X by setting u; ,(y; (x), x) =h,(x) and u; , (yx(x), x) =0 for k # j.

LEMMA 7.2. Let the notation be as above. Then the sequence {m (S, j_n)}flo:1 converges

10 an isometry, say S i, in the x strong operator topology. The isometries (S j}j'v=1 satisfy
~H

the Cuntz algebra relation. For the modular automorphism group {0 },cR, the following

holds: of" (3;) = e~ 9ENV=TS, forall t € R.

Proof. By straightforward computation, we have [|S; | < 1 and

177 (S = Su; )3 = Nm — hanl3,
1
2 2
1S3, = 2,13 = 7l — Bl
Since we assume that (C(y)) = 0, these imply that {y'r(Su/.yn)},‘:o=1 and {JT(S,MW)*}ZO=1 are
Cauchy sequences with respect to || - ||2, and so {JT(SMJ.JY)};‘;1 converges in the * strong

operator topology. As we have S;‘j‘n Sugn =9 j,kn(|hn|2), which converges to §; 41 in the

strong operator topology, the operators {S j}y=1 are isometries with mutual orthogonal

~H ~H ~ ~
ranges. Since a;p is a normal extension of «_; o ¥, We have af (S5 = et logNv—1 S,

which implies that

Since ¢ is faithful, this implies Y}, $;5% = 1. 0

THEOREM 7.3. Let the notation be as above. Then M is the approximately finite
dimensional (AFD) type Il ,y factor.

Proof. Thanks to the above lemma, it suffices to show that M is generated by (S b }?]:1-
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Since aSu_/.ﬂ = Su_,,,,a -yj holds foralla € A, we getn(a)S'j = S‘jn(a -yj). For f € X,
we define f; € A by fj(x)= f(y;j(x), x). Since u(C(y)) =0, we have S‘;‘n(Sf) =
m(f};),and so

N
T(Sp) =Y Sm(fj).
j=1
Therefore the linear span of the elements of the form S’nn(a)gz‘ with a € C(K),
ne{l,2,...,N}Y", and ¢ €{1,2,..., N} is a dense x-algebra of M, where S',, =
SniSny -+ - Sp,,- We understand S,]sz“ = f for n=¢ = . This observation shows that

to finish the proof it suffices to prove that 7 (A) C {S’,-}?’zl//.
Fora € A, we set

anp = Z o (St (a)$,)$,Sk = Z oM (r(a - yy))S, S
ne{l,2,...,N}" ne{l,2,...,N

Then {a,};?2 | is a bounded sequence in {S‘ b }7:1”. We show that {a,,}° | converges to 7 (a)
in the strong operator topology. Indeed, we have

I7(a) — anll3 = ¢" (x(la|*) — 7 (@®)an — a}m(a) + |a|*)

1
=lali— = Do I miDul
ne{l,2,...N"

Lemma 7.2 shows that the right-hand side tends to 0 as n goes to infinity. Thus we have
~ "
7(A) {8 O

7.2.  The case of Lyubich measures. Let R be a rational function with N =deg R > 2,
A =C(C), and X = C(graph R) be as before. Since C> z+> (z, R(z)) € graph R is a
homeomorphism, we identify X with C(C), whose A—A bimodule structure is given by

(a- fb)(2) =a@) f(Db(RQ)),
(flpa@= Y e fwgw).

weR~1(z)

The following theorem relies on Heicklen and Hoffman’s remarkable result [21] saying
that (C, R, pLH) is conjugate to (K, o, vy) as measurable dynamical systems.

THEOREM 7.4. Let R be a rational function with N = deg R > 2. Let u* be the Lyubich
measure and @™ be the corresponding log N-KMS state on Og(C) for the gauge action.
Then the GNS representation of o™ is a factor representation of type Il /N-

Proof. Let (r, H, ) be the GNS triple for . We set M = w(Ox(C))”. Let ¢ be the
normal extension of ¢’ to M. We denote by # the normal extension of the restriction
T|a to B:= LOO(C, ukr). For m € M, we set ||m|; = [|mQ|. We denote by | - |, the
LP-norm of L?(C, uL) = L? (Jg, nb).

For f € X, the condition 1 (C(R)) = 0 implies that

I flloo < 1L (SHI = L ((FIH DN < VNI £llcos
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L (Pl = [C Y. elfw)Pdpt)

weR~1(z)

= / > If@Fdut @) =NIfI5.
¢ weR~1(z)
The KMS condition implies that |7 (S5)[l2 = I| f |2 //N.
o

For f e Loo(@, ul), we choose a sequence { f;, 2, inC ((@) satisfying the following
three conditions: (1) {|| fullco};; is dominated by || f [loo; (2) {ll fu — fll2};2, converges
to 0; and (3) {fu(2)};2, converges to f(z) for almost every z with respect to wE. Then
{mL(Sf,)},2, converges in the * strong operator topology, whose limit is denoted by S f-
Note that § r does not depend on the choice of the sequence {f,};° ;. Let g € L®(C, ub)
and {g,};° | be a sequence in C (@) satisfying the same properties as above for g instead
of f. Then

S;Sg = nli)ngo L ((fulgn)a),
where the limit is taken in the % strong operator topology. For f, ¢ € B, we define
(flg)B € B by the same formula as the A-valued inner product of X. Then we get

$58,=#((f19)p), f g€ L™(C, ub). (7.1)

In a similar way, we have

#(@) 87 (b) =Sappr.  f.a.beL¥C, pub). (72)
~L
Since o is a normal extension of «_; log N» W€ have
@L S S 0 [ L
of (R(@)=%(), aeLl™C, ub), (7.3)
AL A A N
of (§p)=eeNVIIG  pe L=, ub. (7.4)

Thanks to Heicklen and Hoffman [21], there exists a von Neumann algebra
isomorphism ¢ : L (Ky, vy) — L®(C, ul) satisfying ¢ (f) - R=¢(f - o) forall f
L*(Kn, vn). We claim that there exists a representation (7, H) of O,(Ky) satisfying

w(a)=7(p(a), aecC(Ky),
7(S5)=S4(r), fEY=CKn).

Thanks to (7.1) and (7.2), such a representation would exist for the Cuntz—Toeplitz algebra

Ty. Since Y has a finite basis {1g ; }?]: |» to prove the claim it suffices to show that

N ~ A~
2 SoarpShap, =1
j=1

Indeed, thanks to the KMS condition we have

N N
~ ~ 1 o ~
~H * _ ~H ,ox _
o (1-% 15¢<15f>5¢<15j>)‘1‘ﬁz P o0, Seaar) =0
J= J=

Since ¢ is faithful, we get the claim.
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It is routine work to show that 7(O,(Kn))" =M, and so (7, H, Q) is a cyclic
representation. Equations (7.3) and (7.4) imply that (7, H, 2) is unitarily equivalent to
the GNS representation of the unique log N-KMS state of the gauge action on O, (Ky).
Thus, Theorem 7.3 shows that M is the AFD type III;,y factor. a

8.  Symmetry

Since our construction of the Cuntz—Pimsner algebra from a dynamical system is natural,
a symmetry of the dynamical system gives rise to an automorphism of the algebra.
In this section, we give a criterion for outerness of such automorphisms. Quasi-free
automorphisms on the Cuntz—Pimsner algebras for bimodules with finite bases are studied
by Katayama and Takehana [29] and Zacharias [45], while the bimodules we treat in this
paper do not necessarily have finite bases.

Let M be the AFD type Illj,y factor acting on a Hilbert space. Since M arises from
the GNS representation of the unique KMS state of the gauge action on the Cuntz algebra
Oy, we may find a generating set {S j}ﬁ'\;] of M consisting of isometries satisfying the
following conditions: (1) they satisfy the Cuntz algebra relation; and (2) there exists a
cyclic and separating vector 2 € H for M such that, if we denote the vector state for €2
by ¢, then otw(Sj) = N‘tﬁSj holds forr e Rand j =1, 2, ..., N. The canonical shift
endomorphism @ of M is defined by

N
D (x) = Z SjxS%, xeM.
j=1

Let B be the maximal abelian subalgebra of M generated by U?,o: 1{S¢e Sg‘ Yee(1,2,... N}

LEMMA 8.1. Let the notation be as above. Assume that 6 is an automorphism of M
commuting with the modular automorphism group {o},cr such that (B) = B and
D -0(x) =0 - D(x)forall x € B. If there exists b € B satisfying 0(b) # b, then 0 is outer.

Proof. We first fix the notation. Let F,, = ®" (M)’ N M, which is isomorphic to Myn (C).
The centralizer M,, is a type 1I; factor generated by U, Fnand M, satisfies M N M, (;) =
C. In addition, B is a maximal abelian subalgebra of M, as well.

Suppose that there exists a unitary u € M satisfying 6 (x) = uxu™ for all x € M. We
claim that u € M. For n € Z, we set

1 T
Up = — / N’"‘mat(p(x) dt,
T Jo

where T =2n/log N. Then u,x =6(x)u,, holds for all x € My, which shows that
Whllm, Uptty, € M N Mé) = C. Thus u,, is a multiple of a unitary. If u,, % 0 for some m #
0, the KMS condition would imply that ¢ (u},u,) # @(umu},), which is a contradiction.
Thus we getu =ug € M.

Let E, be the trace-preserving conditional expectation from M, onto F,. Then
{llu — E,(u) ”2}20:1 converges to 0. For every b € B, we have
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16— 0®B)ll2 = 19" () — D" (O B))l2 = D" (D) — 0(P" (D)) |I2
= [|9"(B)u — ud" (D)2 = |12" (D) (u — En()) — (u — En(u))®" (B) 2
< 2[lu — E,(u)|12]1b1l,

which shows that b = 6(b). This is a contradiction and 6 is outer. O

Let R be a rational function with deg R > 2 and let 6 be a homeomorphism of ¢
commuting with R. Then, by naturality, we get an automorphism of Og (C) and Or(Jr),
which we denote by 6 and 6,,, respectively. Namely, we define the actions of ¢
onac C((@) and f € X = C(graph R) by 0 - a(z) =a® '(z)) and by 6 - f(z, R(z)) =
fO~ (), RO (2))), respectively.

THEOREM 8.2. Let the notation be as above and let u* be the Lyubich measure. If the
automorphism of L®(C, u%) = L>®(Jg, u*) induced by 0 is non-trivial, then ¢ and 61,
are outer.

Proof. We use the notation in the proof of Theorem 7.4. Since 6 preserves @’ there exists
an automorphism 67 of M satisfying 6y - m =x ~9@. Since 7 factors through O (Jr),
to prove the theorem it suffices to show that 6, is outer.

Let Sj = §¢<1Ej) and

N
O (x) = Z SjxS5. xeM.
j=1

We claim that, for any countable basis {u,,}goz1 of X and f € LOO(@, /LL), the following
holds:

o0

S (f) =Y w(Su)R(I(S]).

j=1
Indeed, thanks to Lemma 3.6, the right-hand side converges in the strong operator topology.
Since S{7(S,;) commutes with 7 (A)”, we have

N N
TSRS = D SESEm S )R (OTS) =D SA S (Su)(S;)
k=1 k=1

= Q@ (fNT(Su))7(S;),

which shows the claim.

Since {%(uj)};’.‘;l is a basis of X too, we get 0y (D (7 (f))) = © (O (7 (f))) for every
fe Loo(@, wb)y = ¢ (L®(Ky, vy)). Now the statement follows from Lemma 8.1, as the
proof of Theorem 7.3 shows that 7w (A)” coincides with B in Lemma 8.1. O

Example 8.3. We denote by G the group of Mdbius transformations commuting with
R. Then Gpg is a finite subgroup of PSL(2, C) (see [2,p. 104]) and Gp is either a
cyclic group, a dihedral group or the group of symmetries of a regular tetrahedron,
octahedron or icosahedron. It is known that there exist exactly three rational functions
with 2 < deg R < 30 such that Gp is the group of symmetries of a regular icosahedron,
which is isomorphic to As (see [12] and [44]).
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Let R(z) = 7" for n > 2 and let w be the primitive (n — 1)th root of unity. Then

]l w "2
)
Gr=i{z,0z,...,0" 2, —, —, ..., .
7z

Z

Thus G g is isomorphic to the dihedral group D, for n > 3 and is isomorphic to Z/27Z for
n = 2. Therefore the G g-action on O (C) transitively acts on the set of extreme 8-KMS
states for 8 > log n.

Example 8.4. If R has only real coefficients, then 6(z) = Z commutes with R.

Remark 8.5. Let y = (y1, y2, . . ., ¥n) be a system of proper contractions on a compact
metric space K satisfying the self-similarity condition. Then for a homeomorphism 6 of K
satisfying 6 - y; o = ¥p(j)» Where p is a permutation of {1, 2, ..., N}, aresult similar
to Theorem 8.2 follows from Lemma 8.1.
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