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EXISTENTIALLY CLOSED MODELS OF FIELDS WITH
A DISTINGUISHED SUBMODULE

CHRISTIAN D’ELBEE, ITAY KAPLAN, AND LEOR NEUHAUSER

Abstract. This article deals with the class of existentially closed models of fields with a distinguished
submodule (over a fixed subring). In the positive characteristic case. this class is elementary and was
investigated by the first-named author. Here we study this class in Robinson’s logic, meaning the category
of existentially closed models with embeddings following Haykazyan and Kirby, and prove that in this
context this class is NSOP; and TP,.

§1. Introduction. Suppose that C is a class of structures. A structure M € C is
existentially closed if, roughly speaking, any quantifier-free configuration that holds
in an extension of M from C is witnessed in M (see Definition 2.1 for the formal
definition). Finding first-order axioms for the class of existentially closed structures
in C could be extremely important in analyzing C. For example, when we study the
theory of fields, it is often convenient to work with algebraically closed fields, which
are precisely the existentially closed fields. In an inductive theory 7, if the class of
existentially closed models is first-order axiomatizable, then the resulting theory is
the model companion of 7.

In [4], the first-named author studied pairs (M, N ), where N is a substructure of
a reduct of M. The existentially closed models of such pairs are called models with
a generic substructure. A particular example of interest to us is the theory of fields
of positive characteristic with a distinguished vector subspace over a finite subfield.
The class of existentially closed models of this theory is first-order axiomatizable,
which gives rise to a model companion. The theory ACF,G of algebraically closed
fields of characteristic p > 0 with a generic additive subgroup is a specific case of
the above construction, as additive subgroups are vector subspaces over IF,. This
theory was extensively studied in [3].

Furthermore, [4] defines weak-independence and strong-independence, and gives
conditions implying that a model with a generic substructure is NSOP; and weak-
independence is Kim-independence. The model companion of fields of positive
characteristic with a vector subspace over a finite subfield satisfies those conditions,
so it is NSOP;. It was also proved that this model companion is not simple
[4, Proposition 5.20].
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2 CHRISTIAN D’ELBEE, ITAY KAPLAN, AND LEOR NEUHAUSER

Itis natural to try and generalize this results to fields that are of characteristic 0, or
vector spaces that are over infinite subfields. Another generalization is to consider
modules over infinite subrings (a finite subring is a field). In [4], the first named
author showed that for fields of characteristic 0 with an additive subgroup (which is
a Z-module), the class of existentially closed models is not first-order axiomatizable.

However, it is possible to study the existentially closed models of an inductive
theory in a different logical setting, namely, in Robinson’s logic. In essence, it means
that instead of studying models and elementary embeddings between them, we study
existentially closed models and embeddings between them (see the introduction
of [21]). Pillay [19] refers to this setting as the Category of existentially closed
models. This approach was used by Haykazyan and Kirby [11] in their study of
exponential fields—fields F with a distinguished homomorphism E : F* — F*
from the additive group structure to the multiplicative group structure.

(We note that there is a recent interest in positive model theory, which is a
generalization of our setting (e.g.. [6, 10, 14]).)

This article follows the steps of [11], considering the structure of fields with a
submodule. We will first give a description of the existentially closed fields with
submodules over a fixed ring (Theorem 3.7). This description will not in general
be first-order, except for the case of positive characteristic and submodules over
a finite subring (see Remark 3.9). We use this description in Section 3.2 to prove
that an ultraproduct of models of ACF,G over all primes p belongs to the class of
existentially closed fields with a vector subspace over a fixed pseudo-finite field, in
spite of the fact that this class is not elementary (this is Theorem 3.11).

We will then prove that the category of existentially closed models of this theory
is NSOP; (see Theorem 4.9) but not NTP, (and in particular, not simple; see
Theorem 4.2); the appropriate definitions for these concepts in the category of
existentially closed models appear in Section 2.5, and are taken from [11]. The
proof of NSOP; will use weak independence (mentioned above). We will also study
strong independence, which does not help with proving NSOP; but has interesting
properties of its own, including n-amalgamation for every n (see Theorem 5.5). In the
proofs we are using a definition of higher amalgamation that is slightly different from
the one found in the literature (see [8, 13, 20]). In the Appendix we study this notion
of amalgamation and its relation to independence.

§2. Preliminaries. In this section, we will present the definitions and facts needed
to work in the category of existentially closed models. Unless stated otherwise,
all definitions and results will be given as they are presented by Haykazyan and
Kirby [11].

2.1. Existentially closed models of an inductive theory.
DerINITION 2.1. A model M E T is an existentially closed model of T if for every
extension M C N E T, and every quantifier-free formula ¢(x, a) with parameters

a€M,NF3Ixp(x.a) = M FEIx¢p(x,a).

Remark 2.2. If T is inductive, then for every A F T we can construct by
transfinite induction an extension 4 C M such that M F T is existentially closed.
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Let Emb(T) be the category of models of T with embeddings between them. Let
EC(T) be the full subcategory of Emb(T') consisting of existentially closed models
and embeddings between them (which in particular preserve existential formulas).

Fact 2.3 [11, Fact 2.3]. For two inductive theories T) and T,, the following are
equivalent:

(1) The theories Ty and T> have the same universal consequences.
(2) Every model of Ty embeds into a model of T> and vice-versa.
(3) The existentially closed models of Ty and T, are the same.

Two theories 77 and T, satisfying the above equivalent conditions are called
companions. Thus, EC(T) uniquely determines the theory T modulo companions
for T inductive.

We will also use the following fact.

Fact 2.4 [11, Fact 2.2]. Let M be a model of an inductive theory T. The following
are equivalent:

(1) M is an existentially closed model of T.
(2) For every tuple a € M., the type tpX (a) is a maximal existential type.

REMARK 2.5. In particular, if M is an existentially closed model of 7, and A C M
is a subset. then tp} (a/A4) is a maximal existential type over A. Indeed. let M4 be
the model M with added constant symbols for 4, and let 74 be the same theory as
T but in the expanded language. Every model of T4 extending M4 must interpret
the constant symbols as A4, so M 4 is an existentially closed model of 74, as we allow
parameters in the definition of existentially closed. The result then follows from
Fact 2.4.

2.2. Amalgamation and joint embedding.

DEFINITION 2.6. A model 4 F T is an amalgamation base for Emb(T) if for
every two models By, B, F T and embeddings f; : 4 — By and f; : A — Bs, then
there is a model C F T and embeddings g : By — C and g, : B, — C such that
g1of1=go fa

Furthermore, A4 is a disjoint amalgamation base if we can pick g;. g> such that

g1(B1) Nga(By) = g1(f1(4)).

Fact 2.7 [12, Corollary 8.6.8]. Every existentially closed model is a disjoint
amalgamation base.

DEFINITION 2.8. The category Emb(T') has the joint embedding property (JEP) if
any two models of 7 can be embedded into a third model.

In the category of existentially closed models, extending 7" to an inductive theory
T’ with JEP corresponds to choosing a completion in first-order logic. However, we
need to make sure that EC(T") is contained in £C(T'). This gives rise to the following
definition.

DEFINITION 2.9. An inductive extension 7"’ of an inductive theory T is called a
JEP-refinement of T if T’ has JEP and every existentially closed model of 7" is an
existentially closed model of 7.
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Facr 2.10 [11, Lemma 2.12]. If A is an amalgamation base for Emb(T), then
T UThs(4) is a JEP-refinement of T.

Furthermore, an existentially closed model of T is a model of a unigue JEP-
refinement of T modulo companions.

2.3. Higher amalgamation. We proceed to define higher amalgamation, as it was
defined in [11].

Let £ C Emb(T') bea subcategory. Letn > 3, considernasasetn = {0,....n — 1}
and consider P(n) and P~ (n) = P(n) \ {n} as categories with a unique morphism
a — b if a Cb. Define a P(n)-system (respectively, P~ (n)-system) of K to be
a functor F from P(n) (respectively, P~ (n)) to K. For each a € P(n). denote
F, = F(a).

Suppose that for every M € K, we have a ternary relation | on subsets of M.
A P(n)-system (P~ (n)-system) F is called independent with respect to |, if for every
a € P(n) (a € P (n)) and every b C a,

F[,J_, U Fy

Ueco Fe pgaca
as subsets of F,,, where we consider every embedding F, — F, as an inclusion.

DEFINITION 2.11. Suppose K. | are as above. Say that K has n-amalgamation
(n > 3) if any independent P~ (n)-system in K can be completed to an independent
P(n)-system. Say that T has n-amalgamation if Emb(7") has n-amalgamation.

Note that this definition of independent systems and n-amalgamation is not the
same as the one used by other authors (e.g.. [8. 13, 20]). It is, however, similar
to the definition of stable systems found in [22]. with the main difference being
that in stable systems all embeddings are inclusions and everything lives inside the
monster model, so there is no amalgamation. This enables us to use the following
fact, which is originally stated for general stable theories, but will be presented here
asin [11, Fact 5.3] where it is stated specifically for ACF.

FAcT 2.12 [22, Fact XI1.2.5]. Let F = {F,},-, be an independent P(n)-system
of ACF, where every F; is considered as a subset of F,. and let t C n. For i < m let
s(i) € P(n) and let @; € F ;. Assume that for some formula ¢(Xo. ... . Xp_1) we have
F, E ¢(ay. ... an-1). Then there are a| € Fyq, such that F, & ¢(aj. ....a), ). and
if s(i) C t, then a] = a;.

In Appendix A we prove some well-known results about higher amalgamation
using our definition, including the fact that ACF has n-amalgamation for every n
(Proposition A.3).

2.4. Monster model. We present a notion of saturation for the category of
existentially closed models. It is convenient to work inside a large saturated model,
which we will call a monster model.

This section borrows from [11, Section 2.4], except for our definition of strong
k-homogeneity and Proposition 2.15 (see Remark 2.16).

DEerINITION 2.13. Let T be an inductive theory with JEP, and suppose M is an
existentially closed model of 7. Let x be a cardinal.
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e M is called k-saturated if every unitary existential type with parameters from
aset A C M of cardinality less than « is realized in M.

o M is called k-universal if for every A £ T, and a tuple a C A4 with |a| < k&,
there exists a tuple b C M realizing tp4 (a) (that is. tp4 (a) C tp¥ (b)).

e M is called k-homogeneous if for any two tuples a, b from M with length less
than x such that @ =7 b, and every singleton a’ € M there exists a singelton
b' € M such that aa’ =3 bb’.

o M is called strongly k-homogeneous if for any two tuples a,b from M with
length less than & such that « =3 b, there exists an automorphism ¢ of M such
that o(a) = b.

REMARK 2.14. If k > |L|, then M is k-universal iff every model 4 F T of size less
than « can be embedded in M, by Lowenheim—Skolem.

PROPOSITION 2.15.  In the same settings as above, the following are equivalent:

(1) M is k-saturated;
(2) M is kT -universal and k-homogeneous;
(3) M is No-universal and k-homogeneous.

Furthermore, if k = |M |, then k-homogeneity implies strong k-homogeneity.

Proof. (1) = (2): Suppose M is k-saturated. To prove x'-universality, let
AFET and let a = (a;);<, C A be a tuple. For o < k. denote ao = (a;)ica. We
will construct b = (b;) <, satisfying tp4(a). by constructing b, by induction on
a < k. For a = 1, by JEP there is some model N = T and embeddings f|: 4 > N
and f>: M — N. f1(ao) realizes tp4(ag) in N. as it is an existential type. Because
M is existentially closed and embeds in N, it follows that tp4(ao) is consistent
in M, and there is by € M realizing it by saturation. For a + 1, consider the
existential type p(x) = tp4(aq/a<a). replacing the parameters a, with b, results
in a consistent existential type ¢(x) in M, because for every finite conjunction
w(x.by) of formulas from ¢(x). we have 4 F Ixw(x, acy). so M F Ixy(x, boy).
By saturation there is some b, € M satisfying ¢(x). s0 Boobo = beo1 satisfies
tp4(d<a+1). If @ is a limit ordinal, take the union b, = Up<a b<p- To prove
r-homogeneity, suppose a,b C M are tuples of length less than «, and let a’ € M.
Consider p(x) = tpd (a’/a). replacing the parameters a by b results in a consistent
existential type, because for every finite conjunction w(x, b) of formulas from ¢(x).
we have 4 F Ixy(x.a). so M E Ixy(x,b).

(2) = (3): trivial.

(3) = (1): First we will prove that x-universality and x-homogeneity imply
r-saturation: Let p(x) be a unitary existential type (|x| = 1) over A C M of size
less than «. There is some extension N O M with an element b € N realizing p(x).
By k-universality, there is some 4’6’ C M that satisfy tp} (4b). when considered
as tuples. In particular, we have 4’ =7 4 in M. so by k-homogeneity there is some
b" € M such that A’b’ =7 Ab". Thus, b" = tp¥ (b/4) = p(x).

Now, assuming Np-universality and «-homogeneity, will prove by induction on
A < Kk that M is A-saturated. For A = Ny, it follows from the above claim. For AT,
we know that M is J-saturated, so by (1) = (2)M is A*-universal. We also know
that M is A*-homogeneous, so by the claim M is A-saturated. For A a limit cardinal,
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a set of parameters 4 C M of size less than 4, is also of size less than u for some

<A
For the “furthermore” part, if M is | M |-homogeneous and @ == b in M, we can
construct an automorphism mapping « to b by the back and forth method. o

REMARK 2.16. Our definition of strong k-homogeneity differs from the one given
in [11], which is
e M is called strongly k-homogeneous if for any amalgamation base A4 of size less

than k and embeddings /|, f» of A in M. there exists an automorphism ¢ of
M such thatg o | = f>.

However, strong x-homogeneity in our definition implies strong s-homogeneity
in their definition: 4 is an amalgamation base, so there is a model N F T and
embeddings g1. g, of M in N such that g, o /| = g, o f». With 4 considered as a
tuple, we have

tp3 (f1(4)) = tpf (g1(f1(4))) = tp§ (g2(/2(4))) = tpd (f1(4)).

because M is existentially closed. From our definition of strong homogeneity, there
is an automorphism ¢ of M such that ¢(f1(4)) = f2(A4) considered as tuples, thus

go fi1=fa

The following example (due to Alex Kruckman) shows that the opposite direction
of Remark 2.16 does not hold, namely, strong k-homogeneity in the sense of [11]
does not even imply Np-homogeneity in our sense.

ExampPLE 2.17. Let V' be a vector space over F, of countable dimension, and
let (e;)i<, be a basis. Consider the two-sorted language L with sorts X and Y
containing unary function symbols f“ : X — X for every a € V', unary predicate
symbols (P);,, on X and a function symbolz : X — Y.

Let T be the L-theory whose axioms are:

(1) Y isinfinite, and for each y € Y.z !(y) is infinite.

(2) V acts freely on X (via the functions f).

(3) For each x € X and i # j < w. P'(x) <= P'(f%(x)) and P'(x) <

—PI(f€(x)).

(4) Foreachx € X anda € V., n(x) = n(f*(x)).

It is not difficult to see that T is complete, has quantifier elimination, and is thus
inductive (in essence, each fiber of 7 is a model of the theory described in [17]).
Also, as T is model complete, every model of T is existentially closed.

Let ~ be the equivalence relation on 2¢ (functions from w to {0, 1}) of agreeing
up to finitely many coordinates (57 ~ v iff for some n < w, (i) = v(i) forall i > n).
Note that there are continuum many ~-classes.

Construct the following model M of T: Xy =22, Yy =2/~ 7tps - Xy — Yu
is the canonical projection. £} (1) flips the i’th coordinate of # € Xy, and P’ ()
holds iff #(i) = 1. Note that no two elements of X, have the same type. This
implies (*): if N = T embeds into M, there is a unique embedding witnessing this
(and in particular M is rigid). On the one hand, (*) implies that M is strongly
2%0-homogeneous in the sense of [11], and on the other hand, by quantifier
elimination all elements of Y, have the same type, so M is not Ry-homogeneous
(because if w # r € Yy, given some 57 € w there isno v € r such that y = v).

https://doi.org/10.1017/js1.2025.10110 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.10110

EXISTENTIALLY CLOSED MODELS OF FIELDS WITH A DISTINGUISHED SUBMODULE 7

Call M saturated if it is |M |-saturated. We will call a large saturated model a
monster model. In these settings, monster models are often called universal domains,
or e-universal domains, but we kept the terminology of [11].

We will assume that monster models exist. This usually requires some set-theoretic
assumptions like the generalized continuum hypothesis, but one can change the set-
theoretic universe without changing any object we are interested in, ensuring that
monster models of large enough sizes exist (see [9]). One can also work without a
monster model, using only commuting diagrams, but it is less convenient.

2.5. Model-theoretic tree properties. We will present two properties of formulas,
TP, and SOP;, adapted to the category of existentially closed models. The main
difference is that the formulas have to be existential, and there must be an existential
formula that witnesses inconsistency. In the following, let 7" be an inductive theory
with JEP, and work inside a monster model M E T'.

DEFINITION 2.18.  Anexistential formula ¢(x, y) (x, y tuples) has TP, with respect
to £C(T) if there is an amalgamation base A = T'. an existential formula y (31, 1),
and parameters (a; ;); j<,, from A such that the following hold:

(1) forall o € w®. the set {¢(x. a;,(;))} is consistent:
(2) w(y1.y,) implies that ¢(x, y1) A ¢(x, y,) is inconsistent, i.e.,

T = —=3xyiyaly (v1. y2) A d(x. y1) A d(x, y2)1:
(3) forevery i, j.k < w.,if j # k. then A F w(a; ;. a;x).
If no existential formula has TP,, we say that £C(T) is NTP;.

DEFINITION 2.19. An existential formula ¢(x,y) (x.y tuples) has SOP; with
respect to EC(T) if there is an amalgamation base A4 = T, an existential formula
w(y1.y2). and a binary tree of parameters (a,),c2<w from A4 such that the following
hold:

(1) for every branch o € 2% the set {¢(x. a,),)} is consistent:
(2) w(y1,y2) implies that ¢(x, y1) A ¢(x, y,) is inconsistent, i.e.,

T = =3xy1yalw (1. y2) A d(x. y1) A d(x. y2)l:
(3) forally € 2<”if v >y ~ (0). then 4 F w(a,~qy.ay).
If no existential formula has SOP;, we say that £C(T') is NSOP;.

REMARK 2.20. If the class EC(T) is first-order axiomatizable by 7”, that is, T’
is the model companion of 7, then the above definitions are equivalent to 7"’ being
NTP,, NSOP;, respectively, in the usual first-order sense. To be precise, an existential
formula ¢(x. y) witnesses SOP;/TP, (as defined in [I, Definition 3.1]) in 7" iff
¢(x.y) witnesses SOP /TP, in £C(T). This is essentially because in model complete
theories, every formula is equivalent to an existential one.

There is a Kim—Pillay style characterization for NSOP; theories in the category
of existentially closed models. This characterization is due to Haykazyan and
Kirby [11], and is based on a theorem of Chernikov and Ramsey [2] for complete
first-order theories.
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Fact 2.21 [11, Theorem 6.4]. Let | be an Aut(M)-invariant ternary relation on
small subsets of M. Assume that | satisfies the following, for any small existentially
closed model M and tuples a, b from M:

e (Strong finite character) if a [ ,,; b. then there is an existential formula
#(x.b,m) € tps(a/Mb) such that for any a' realizing ¢, the relation a’ £ ,; b
holds.

e (Existence over models) a | ,; M.

e (Monotonicity) aa’ | ,, bb’ impliesa | ,, b.

o (Symmetry) a | ,, b impliesb | ,; a.

e (Independence theorem) If ¢y |3y c2.b1 L5y €1.52 L5y c2.and by E%/I by then
there exists b with b Eiﬂ,l by andb =3 bs.

—Mcy
Then EC(T) has NSOP;.

It is folklore that the independence theorem is equivalent to 3-amalgamation (see,
e.g.. the discussion under [16, Definition 9.1.3]). However, different definitions of
amalgamation are used by different authors, as noted in the beginning of Section 2.3.
For this reason we include in the Appendix a proof of this equivalence in our setting
(Proposition A.4).

§3. Special models of fields with a submodule. In this section, we will define the
theory of fields with a submodule, and give a characterization of special models that
we are interested in: existentially closed models and amalgamation bases.

3.1. Existentially closed models. For the rest of the article, let R be an integral
domain.

Lemma 3.1. If A, B, and C are R-modules, that are submodules of a common
R-module, such that B C A, then AN(B+ C) =B+ (4N C).

Proor. It is clear that B+ (AN C)C AN (B + C). For the other inclusion,
suppose @ € AN (B + C). There are b € B and ¢ € C such that a = b + ¢, but
becBCAsowegetc=a-becANC.Thus,a€ B+ (ANC). 4

DEerINITION 3.2. Let Lg.p be the language of rings with a constant symbol for
every element » € R, and a unitary predicate P.

e Define the theory Fg_oque’ in the language Lg.p to be the theory of fields
with the quantifier-free diagram of R, and P an R-submodule of the universe.

o Define the theory ACFg_oqule 10 the language Lg.p to be the extension of
F r-module With the added axioms that the universe is an algebraically closed
field (ACFR—module = ACFU 1:R—module)-

REMARK 3.3. If M, N F Fr_nodule. then:

(1) Ris a subring of M.
(2) M is an Lg.p-substructure of N iff M is a subfield of N and Py N M = Py;.

ExampLE 3.4. If R = Z, then Fy_oque 18 the theory of fields of characteristic
0 with an additive subgroup. If R = Q, then Fg module 1 the theory of fields of

IF stands for the theory of fields, as ACF stands for the theory of algebraically closed fields.
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characteristic 0 with a divisible additive subgroup. If R = FF,,, then Fr, module 18 the
theory of fields of characteristic p with an additive subgroup, which was studied
in [4].

DerFmNITION 3.5. Let K be a field containing R. Call a variety V' C K" R-free if
there is some field extension K’ O K, and a € K™ a generic point of V' over K,
such that a is R-linearly independent over K. That is, if roag + -+ + r, 14,1 € K for
ri€ R, thenrg=--=r,1=0.

DEFINITION 3.6. Let M = Frnodue be a field with an R-submodule, and let
0 <k <n, 0<s. For a matrix 4 € Mat,,(R) and a tuple ¢ € M", call (4.c¢)
a k-compatible pair if for every rg. ..., 1| € R,

(1) rodo + - +r1 A =0 = roco+ - + rio1Ck1 € Py
(2) for k <i<n, either A; # rodg+ - +rr 141 Or roco+ - + Fr1Cp1 —
¢i ¢ Pu.

where A; is the i-th row of A.

THEOREM 3.7. Let M E FRronoaue be a field with an R-submodule. The model M
is existentially closed iff for every R-free variety V.C M*. 0 <k <n and (A.c) a
k-compatible pair, where A € Mat, »;(R) and ¢ € M", there is a point b € V such
that fora = Ab + ¢, ag, ..., a1 € Py and ay., ..., a1 & Py

Proor. For the left to right implication, suppose V, 4, ¢ are as above. There
is some field extension M’ D M and b’ € M’ a generic point of V over M such
that 4’ is R-linearly independent over M. Let a’ = Ab’ + ¢, and consider M’ as
a model of Frunodule- With Py = Py +(ay.....a; )r. To show that M is an
Lr.p-substructure of M’, we need to show that Py, N M = Py,. By Lemma 3.1,
Py N M = (Py +{(aj.....a,_)rR) "M = Py + ({af.....a,_,)rN M), so it is
enough to show (a.....a; )R N M C Py. Suppose m € (ag.....a; )R N M. we
can write m = roag + - + rr1a; | with r; € R. Substitute a; for A4;b’ 4 ¢; and
rearrange to get

(rodo + -+ + 11 Ak1)b" = m — (roco + -+ + rr_1cx1) € M.

However, b’ is R-linearly independent over M, so we must have roAdg + - +
re-1Ai_1 = 0. This implies that m = roco + --- + rr_1ck—1, and by k-compatibility
roco + -+ + r_1Ck-1 € Py.som € Pyy.

Consider the formula

¢ =VANAiy+e e Pn J\ Adiy+e ¢ P

i<k k<i<n

where |y| = |b’|. We want to show that ¢ () is satisfied by b’ in M. It is obvious that
b' e V(M')and 4;b’ + ¢; = a! € Py fori < k.itremains to prove that 4;0" + ¢; =
al ¢ Py for k <i<n. Assume towards contradiction that a/ € P, for some
k <i< n, then there are ry.....7 € R and p € Py such that a] = p + roa) +
-+ re1a;_y. Substitute a; for A;b’ + ¢; and rearrange to get

(A;i —roAo+ -+ —re1Ar1)b' = p+roco+ - + 111 — ¢ € M.
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Again, because b’ is R-linearly independent over M, this implies 4; — ro4do + - —
re A1 =0, so A; =rgAg+ -+ + rr1Ar1. It also follows that p + roco + -+ +
FeoiCr — ¢ =0, so rocog+ -+ + rp_jck_1 — ¢ =— p € Py, in contradiction to
k-compatibility. ¢(y) is satisfied by b’ in M, so by existential closedness there is some
b € V(M), such that a = Ab + c¢ satisfies ay. ..., a1 € Py, ag,....ay1 ¢ Py, as
needed.

For the right to left implication, let M F F g_0qule Satisfy the right-hand condition,
and let M’ E F g.module be some model extending M. We need to show that for every
formula y (x) which is a conjunction of atomic formulas, where x = (xq. ..., x,_1) is
a tuple of variables, if M’ F Ixy(x), then M F Ixy(x). Atomic formulas in Lg.p
take one of the following forms:

(1) q(x) =
(2) q(x) #
(3) q(x) €
4) q(x )¢P

where ¢g(x) is a polynomial over M. Let w(x) be a conjunction of atomic formulas.
By introducing more variables, we can replace the atomic formulas of the second
form ¢(x) # Owith x,, - ¢(x) = 1, to get an atomic formula of the first form, because
Ix(g(x) #0) <= Ix. x,(x, - g(x) = 1). Similarly we can replace the third and
fourth forms ¢(x) € P, gq(x) ¢ P with ¢(x) =x, Ax, € P, ¢(x) =x, A x, ¢ P.
After those replacements, we are left only with atomic formulas of the forms
g(x)=0,x; € P,and x; ¢ P.

Furthermore, suppose a’ € M’ witnesses the existence M’ = Ixy (x). For every
i < n,either a] € P or a/ ¢ P. Taking the conjunction of y with the corresponding
conditions x; € P or x; ¢ P, we get a stronger formula w*(x) that is still satisfied
by a’, and has the additional property that for every i < n either x; € P or x; ¢ P
appears in w*(x). Thus, it is enough to prove existential closedness for formulas
with the above property, and we can assume that y (x) is of the form:

w(x)=W(x)AX0soo. X1 € PAXL, .o, Xp 1 & P,

where W (x) is a conjunction of polynomial equations, i.e., a variety over M.

Let a’ € M’ witness the existence M’ F Ixy (x). Consider the fraction field of R,
Frac(R) C M. There is some 0 < s < n, and some tuple b’ € M'* that is Frac(R)-
linearly independent over M, such that M + (a')prae(r) = M © (b')prac(r)- Write
a’ = Ab' + ¢ for A € Mat,,»(Frac(R)), ¢ € M". We can assume without loss of
generality that A4 is a matrix over R, else let 0 # d € R be the product of the denom-
inators of all elements in A4, and replace 4. b’ with dA, ﬁb’ to get a matrix over R.

We will prove that (4.c) is a k-compatible pair. Let ry.....r, € R, if
Ay + - +r Ay =0, then

Py S riaj + -+ rpag = (ndy 4 -+ d)b’ A rier + -+ e
=110+ TG

but also ric; + -+ rrex € M, so ricy + -+ + rrex € Py, Suppose for k <i<n
that both 4; = riA; + -+ +ri Ay and ricy + -+ + rpcx — ¢; € Py, then
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rajy+ - +reap —al = (A + -+ rAg — Ai)b' +riey + o+ ek — ¢
=rici+ -+ rcp — ¢ € Py

Thus. a] € Py +(aj.....a;)r € Pyp. a contradiction. Let V' be the locus of b’
over M. The pair (4. c¢) is k-compatible and V is R-free, so by our assumption there

exists b € V', such that fora = Ab + ¢ we have ay, ..., ax € Py, ags1s.... Ay ¢ Py
Furthermore, W (Ay + ¢) is contained in V' (y), as a’ = Ab’ + ¢ belongs to W, so
a=Ab+cc W.Wefound a € M" such that M F w(a), as needed. —|

REMARK 3.8. Note that the statement of Theorem 3.7 is equivalent to the same
statement quantifying over irreducible R-free varieties; indeed, a variety V is R-free
iff one of its irreducible components is R-free, because any generic point of V' is the
generic point of one of its irreducible components.

REMARK 3.9. Let M be an existentially closed model of Fg 1,0que. Then R is
definable as a subset of M. Indeed, R = {x € M | xPy; C Py} (i.e., defined by the
universal formula Vy € P xy € P): ‘C’ is clear. For the other direction assume
by contradiction that m € M \ R and mPy C Py, and consider the structure

N = (M(1). Py + RL). where ¢ is transcendental over M. Then it is easy to check
that N is an extension of M and that t ¢ Py. Thus, N F 3x(x € P Amx ¢ P)
(the second conjunct uses the assumption towards contradiction), and since M is
existentially closed, we get a contradiction. This is essentially the same proof as
[4, Proposition 5.32].

It follows that if R is infinite, then the class of existentially closed models of
Fr_module 1S NOt elementary—else, starting with some existentially closed model, we
could construct by compactness an existentially closed model extending it with a
strictly larger R. On the other hand, if R is finite, then this class is elementary, by
[4, Proposition 5.4]. In particular, if R is infinite, the characterization of existentially
closed models given in Theorem 3.7 is not first-order.

3.2. Ultraproducts of existentially closed models. In [3], the theory of fields of
characteristic p > 0 with a predicate for an additive subgroup, which is exactly
Fr, modue. was shown to have a model companion named ACF,G. It was also
shown in [3, Remark 1.20] that an ultraproduct of models of ACF,G, with U/ a
non-principal ultrafilter on the primes, is not existentially closed as a field with an
additive subgroup. Here we will show that the ultraproduct is existentially closed as
a model of Fx_paue (fields with a K-vector subspace), where K = [] peprimes Fo/U
is a pseudo-finite field of characteristic 0.

3.2.1. Setting. Let I be an indexing set, and for every a € I let R, be a ring and
M, = FRoﬁmodule-

Let Lo p be the language of rings with two added predicates Q and P, and let
M, be the reduct to Lg p of the expansion of M, given by interpreting O as R,
(i.e.. replacing the constants for R, by a predicate for it). Let &/ be a non-principal
ultrafilter on / and define M = [],.; Mo /U in the language Ly p. Define R = Q.

We have R = ]_[ae, R, /U, so Ris aring, and P, is a module over R.
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Let M be the reduct to Lg.p of the expansion of M given by adding constants
for the elements of R (i.e., replacing the predicate of R with constants). We get that
M F FRr_module-

Now suppose that ' C M* is a variety defined by a conjunction of polynomial
equations:

¢(x:b) = (fo(x:b) =0) A A(fra(x:b) =0).

where b is some tuple in M. Elements of M are equivalence classes of sequences in
I, c1 M4 so we can choose a representative sequence (by)aer for b, where each b,
is a |b|-tuple in M, . Define varieties V,, = ¢(M,,b,) C M*® foreach o € I.

Lemma 3.10. If V is an irreducible variety, then so is V,, for U-almost all o € 1.
If Vis furthermore an R-free variety, then V is Ry-free for U-almost all a € 1.

PrOOF. Suppose that V is an irreducible variety. By [7, Theorem 2.10(i)] (see
also [15, Theorem 10.2.1]). there is a formula in the language of rings 0(y) with y a
|b|-tuple of variables, such that for any field K and ¢ € K, K F 6(c) iff the variety
¢(K,c) C K* is an irreducible variety. We know that (b) holds, so (b,) holds for
U-almost all o € 1.

Now suppose furthermore that V' is R-free. For every a € I, we can find a field
extension N, O M, with a, € N, a generic point of V,, over M,,. Let N, be the Ly p
structure on N, given by interpreting Q and P as in M. Define N =[], ., N /U.
N is an Ly p-superstructure of M with Q and P interpreted as in M. Let a € N be
the equivalence class of (dq)acy-

We will show that « is a generic point of V" over M. First of all, for all « € I
we have N, F ¢(aq.bs), so N E ¢(a.b). Now suppose a satisfies some polynomial
equation over M, f(a;b’) = 0. For U-almost all o« € I, f(aq.b!,) = 0 holds, where
(b)aer is a representative sequence of b’. Consider only those o € I where the
above holds and ¥, is irreducible. As a, is a generic point of the irreducible variety
V4. the polynomial f (x:b) is in the ideal generated by fo(x:b4), ... fn1(x:bq).
By [7, Theorem 1.11], there is a bound D, depending only on n and the degrees of
f.f0.... fn1 (and not on the field or the specific polynomials). and polynomials
g%, ....g" ! over M, with degrees at most D such that

f(x;b(/)) = gng(X;ba) + - +g271fn71 (x:,ba)-

We can quantify over all polynomials of degree at most D, so the above property is
first-order expressible in the language of rings. Thus there are polynomial g°, ..., g"!
over M of degree at most D such that

f(X;b/) = gOfO(XQb) + +gn7]fnfl(x§b)-

In particular, f(x:b’) is in the ideal generated by fo(x:b). ... f,_1(x:b). Thus a is
a generic point of V.

As V is an R-free variety, it has an R-linearly independent generic point over
M, and because it is irreducible all generic points share this property (a linear
dependence is in particular a polynomial equation, and all generic points of an
irreducible variety solve the same polynomial equations). Thus a is R-linearly
independent. and because this property is first-order expressible in L p. it follows
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that for U-almost all « € I, a, is R,-linearly independent. Thus for {/-almost all
a €1, V,isan R,-free variety. -

THEOREM 3.11. Ifforall o € I, M, is an existentially closed model of Fr,,_module-
then M is an existentially closed model of F g_module.

Proor. We check that the conditions of Theorem 3.7 hold. We are given an
R-free variety V' C M*, which, by Remark 3.8, we may assume irreducible. Let
0 <k < nand let (4.c) be a k-compatible pair, where A € Mat,«,(R). c € M".
We need to find b € V' such that for a = Ab + ¢ we have ay, ..., a;1 € Py and
(27 | ¢ PM.

Suppose V is defined by a conjunction of polynomial equations ¢(x;d). Let
(d*)acr be a representative sequence of d, and define V,, = ¢(M,:d*) C M:. By
Lemma 3.10, V, is an R-free variety for U/-almost all & € I.

Let (A%)qer and (¢®)qer be representative sequences of A4 and ¢, respectively.
Being a k-compatible pair is first-order expressible in Ly p, so for I/-almost all
a €1, (A%, ¢?) is a k-compatible pair. We assumed that the M,’s are existentially
closed, so for U-almost all o € I, by Theorem 3.7 we can find b* € V, such that
fora® = A*b* +-c®. af.....a} | € Py, and a.....as | ¢ Py,. Let b € M be the
equivalence class of (b*),e; (this sequence may be defined for only /-almost all
acl), andlet a=Ab+c. Wehave b € V, ay,...,a | € Py and ay., ....a, 1 ¢
Py, as needed. -

QUESTION 3.12. In[5, Example 5.14], the theory of the pair (M, K ), where M is an
algebraically closed field and K is a pseudo-finite subfield, was shown to be simple. The
structure M in the language Lo p is an expansion of the pair (M, K ) with a predicate
for a K-vector subspace. Note that by Theorem 4.2, Th(M, Py;) is TP, in particular
Th(M) is not simple. Is it NSOP,?

This question is different from the result in Theorem 4.9, that the class of existentially
closed modules of F g _poaue is NSOPy, as here we have a predicate for K instead of
constants.

3.3. Amalgamation bases.

ProposITION 3.13. The amalgamation bases of Fr.moaue are precisely the models
of ACFR_yodute, algebraically closed fields with an R-submodule. Furthermore, they are
disjoint amalgamation bases.

ProOF. Let M be an algebraically closed field with an R-submodule, and
f1: M — My, fr: M — M, be embeddings of fields with R-submodules. There
is an algebraically closed field N and field embeddings g; : M| — N, g, : M, - N
such that gy o f{ =gy 0 f> and M, \L’;CF M, in N, where we identify the fields
with their images under the embeddings. In particular, M N M, = M, because M
is algebraically closed.

Give N an Lp.p structure by defining Py = Py, + Pyy,. To show that M and M,
are Lp.p substructures of N, we need to show that M| N Py = Py, and Mo N Py =
Py, will follow from symmetry. By Lemma 3.1, M1 N Py = My N (Py, + Py,) =
PM1 + (M1 ﬁPMZ), and we have M, ﬁPM2 =M, ﬂMzﬁPMz = MﬂPMz = Py,
so My N Py = Py, + Py = Py,. Thus, M is an amalgamation base, and from
M, N M, = M itis a disjoint amalgamation base.
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Suppose M E Fgrmodule 18 not algebraically closed. There is an element
a€ M\ M.Let Mi = M, = M, but define Py, = Py, Py, = Py + (a)r. Note
that Py, "M = Py because if p+ra € (Py + (a)g) N M. then ra € M. so
r =0, which implies p +ra = p € Py; thus M C M, is an Lg.p-substructure.
Suppose we could amalgamate M, M, to a model N E Fg_odue by embeddings
g1:M; — N, go: M, — N, such that gi|y = g2|s. By changing N, we can
assume that g, is an inclusion M C N. and in particular a € Py, C Py.
However, M, =M, so Im(g;) =M and there is some b € M; such that
g1(b) = a. In particular, b € Py, = Py. This would imply a = g,(b) =b € M. as
g1|m = idy, a contradiction. Thus, M is not an amalgamation base. =

§4. Classification.

4.1. TP,. We will construct a formula that is TP; in every JEP refinement of
F R-module. as per Definition 2.18. In particular, this will prove that for every JEP
refinement T, EC(T) is not NTP;.

Lemma 4.1. If M E FRropoduie is existentially closed, then the index [M : Py] = cc.

Proor. If M’ D M is a large enough field extension, then in particular
[M': Py] = oo. Consider the Lg.p-structure on M’ given by Py = Py, M is
an Lg.p-substructure of M’. The fact that [M' : Py;/] = co can be expressed by
existential sentences “there exist at least n elements in different P-cosets™ for every
n, so by existential closedness we have [M : P/] = oc. o

THEOREM 4.2. Let T be some JEP refinement of Fr-moduie- The formula ¢(x: y,z) =
Y- X 4z € P has TP, with respect to EC(T).

PrOOF. Take the formula y(y1,z1: 32, 22)tobey; = ya Az — 2 ¢ P.Let M ET
be existentially closed such that | M| > |R| + Ry, in particular it is an amalgamation
base, and it is existentially closed in F g-modute. The fact that |M| > |R| + Nq implies in
particular that dimg,,.(z) (M) > Y. so thereare fi;. f5.--- € M suchthat 1. 1. f. ...
are Frac(R)-linearly independent, and in particular R-linearly independent. By
Lemma 4.1, [M : Py/] = oo, so there are y;, 7.~ € M that are all in different
Py-cosets. Take the sequence of tuples a;; = (., y;). Conditions (2) and (3) of
Definition 2.18 obviously hold. it remains to show (1). Let g € (w \ {0})*\%}, by
compactness it is enough to show that for every n > 0. A/_, (8 - x + Voli) € P) is

consistent.
Consider the variety V (xo. x1. ..., x,) given by
X1 = fixo.
Xn = BnXo-

Letb" = (b{. p1b. .... pnb}) be a generic point of V in some field extension. Suppose
that for rg, ..., 7, € R we have

rob(l] -+ }"1,31176 + -+ rnﬂnb(') e M,
(ro 4+ rip1+ -+ rafu)by € M,
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then ro + rf1 + - +r,f, =0, else we would get by € M. But 1,f..... S, are
R-linearly independent, so we must have rg = --- = r,, = 0, thus V' is R-free. Consider
the n x (n 4 1) matrix

0 1 0
A=1: .
00 1
and the tuple ¢ = (J5(1). ... Vo(n))- We claim that 4 and ¢ are n-compatible. It
is enough to see that the matrix 4 is of rank n, so if rjd; +--+r,A4, =0,

then r; =--=r,=0. From Theorem 3.7, it follows that there is a point
b = (b(), ,Blb(), e ﬁnbo) € ¥V such that for

Ab + ¢ = (P1bo + Vo(1)- - Pubo + Vo(n))-
we have f;bo + 7,(;) € Pu. as needed. -

REMARK 4.3. The above implies in particular that every JEP refinement of
F R-module 18 non-simple, by [11, Proposition A.5], where the definition for simplicity
in the category of existentially closed models is given in [11, Definition A.4].

4.2. NSOP;. We will show that for every JEP refinement T of Fz_modute. EC(T)
is NSOP, using Fact 2.21. The independence relation that we will use was defined
in [4, Definition 3.1], and called weak independence. We will present the definition
for our specific case.

DEerINITION 4.4. For a model M E ACF g_moquie. and subsets 4, B, C C M, say
that 4 and B are weakly independent over C, and denote A | ¢ B.if A J/‘éCF B and
Py N(AC +BC) = PyyNAC + Py, N BC.

REMARK 4.5. The inclusion Py NAC + Py NBC C Py N(AC + BC) is
always true.

LEMMA 4.6 (3-amalgamation). ACFr_odque has 3-amalgamation, meaning any
weakly independent P~(3)-system of ACFrpodue can be completed to a weakly
independent P (3)-system.

PrOOF. Suppose that M = { M} (3) is a weakly independent P~(3)-system of
ACF g.module, and denote Py = Py, . By Proposition A.3 there is some algebraically
closed field M3 that completes M as an independent system of ACF. By embedding
all the systems in M3, we can assume that the embeddings are inclusions.
Define P; = Py + P; + P;, where i =3\ {i}. and consider (M3, P3) as a model
of ACF g.module- We need to show that M3 is an Lg.p-extension of the rest of the
system, that is. P3 N M; = P;. By symmetry it is enough to prove for i = 0.

By Lemma 3.1, P3N M() = (P() +Pi + Pﬁ) OMG = P() + (Pi —|—P2) N M@, so it
is enough to prove (P; + P;) N M; C P;. Let my € (P; + P;) N M;. there are
P; € P;. ps € P5 such that my = p; + ps. Fact 2.12 applied for 1 = 1 implies that
there exists mygy € Myoy. myy € My such that myy, = p; + mygy. in particular
Pi € Moy + My,;. However, by weak independence in M. P; N (Mo} + My2y) =
Poy + P2y, 80 p; € Proy + Py2;. Similarly, by applying Fact 2.12 for = 2. we get
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P; € Proy + Py Altogether, my = p; + ps € Proy + Pyiy + Ppoy. By Lemma 3.1,
(P{o} + P{l} + P{z}) N M() = P{O} N M() + (P{l} + P{z}), but P{l} + P{z} - P@,
so it is enough to prove Pypy N My C P;. ACF-independence of the P(3)-
system implies that Mgy \L/;[(;F Mj in M3, and My is algebraically closed so
M{O} N M@ = M. Thus,

P{O}ﬂMﬁiP{o}ﬂM{o}ﬁM():P{O}QM@ =Py QP()

It remains to show that the system is weakly independent. By symmetry, there are
only two general cases we need to check:

w .

(2) My L, Moy

Because the system is ACF-independent, we already have M J/;f{f} My M; M.
M; J,’;}%F Mpy. For the first case, notice that P3N My = Py, P3N M;M; 2D

Pi -+ Pﬁ, SO

P3ﬂMﬁ+P3ﬂMTM§2P6+P1+P§:P32P3ﬂ(M6+M()Mi),

where the other inclusion is obvious (Remark 4.5). For the second case, by
Lemma 3.1 P3N (M() + M{o}) = (P(‘) + PT + PQ) N (M() + M{o}) = P() + (Pi +
P;) N (M + My} ). soitis enough to show (P; + P5) N (M + Myoy) € Py + Pioy.
Let p; + ps € (P + P;) N (M + Mygy). where p; € P;. p; € P;. We can write
Pi + ps = my + mygy, where my € My, mygy € Myoy. By Fact 2.12 applied for 1 = 1.
there are m%o} € Myoy. mypy € Myyy such that p; + mf{o} = myay + Myoy, SO p; €
Moy + M(3y. By weak independence in M;, P; N (M{o} + M{z}) = Py + Pyay.
$0 p; € Pyoy + Pyz;. Similarly, by applying Fact 2.12 for t = 2, P; € Proy + Pyiy.
Thus, py + ps € Proy + Priy + Ppay € Py + Proy. -

QUESTION 4.7.  For which n > 3 does ACF g_odule have n-amalgamation with weak
independence?

LEMMA 4.8. Suppose M is a monster model of a JEP-refinement of Fr_yodule. For

a singleton a € M, a tuple b € M, and C C M, if a € C(b), then there is a formula
¢(x.b.c) € tp3(a/Ch) isolating the type. in the sense that if a' = ¢(x.b.c) then
a' =2, a.

Furthermore, we can choose ¢(x,b.c) in such a way that for any a’.b’ € M,

E¢(a’,b'.c) impliesa’ € C(b').

ProoF. We have a € C(b), so there is some non-zero polynomial ¢(x.b,c)
with a as a root, where ¢ € C. In particular, the formula ¢(x,b,c) = 0 belongs
to tp5(a/Ch) and has finitely many realizations. Take some formula ¢(x,b,c) €
tp5(a/Ch) with a minimal number of realizations, a conjunction of existential
formulas is existential, so ¢(x,b,¢) must imply every formula in tp5(a/Cbh). Let
a'E ¢(x,b,c), it follows that a’ F tp5(a/Ch). that is, tp5(a’/Cb) 2 tp5(a/Ch). On
the other hand, Remark 2.5 says that tp5(a/Ch) is a maximal existential type, so
tps(a’/Cb) = tp5(a/Ch).

For the “furthermore” part, we can assume that ¢(x.y.c) F g(x,y.c) =0A
Ix'q(x’, y.c) # 0, because for y = b we know it is true, so we can take the
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conjunction of this formula with ¢(x, y.c) without changing ¢(x, b, c). Thus, if
F ¢(a’.b’, c), then in particular a’ is a root of the non-zero polynomial ¢(x, b, c).
soa’ € C(b"). 4

THEOREM 4.9. Suppose T is a JEP-refinement of Fr.pmoduie- then EC(T') has NSOP;.

w

Proor. We will use Fact 2.21, with the weak independence | *.

Let M be a monster model of T, and let P = Py. Invariance, symmetry, and
existence over models are trivial. For monotonicity, suppose 4, B, C, D C M, and
A4 | % BD. By monotonicity of independence in ACF, we have 4 | »°" B. We also
get that

N(AC +BC)=PN(AC +BDC)n(AC + BC)
N

=(PNAC+PnNBDC)N(AC + BC)
=PNAC +PNBDCN(AC + BC)
=PNAC+Pn(BDCNAC + BC),
where the last two equalities follow from Lemma 3.1, because P ﬂ_ AC cA AC + BC
and BC C BDC. However, 4 \LACF BD implies that BDC N AC = C, so we get

PN(AC +BC)=PNAC+PNBC.Thus. 4 | ¢ B

Proposition A.4 will give us the independence theorem. Note that to use
Proposition A.4 we need 3-amalgamation of £C(T), but Lemma 4.6 gives us
3-amalgamation of ACFg_moque. However, a weakly independent P~(3)-system
{45} ep 3y of EC(T) is in particular a weakly independent P~ (3)-system of

F r-module. as existentially closed models of T are also existentially closed models
of Fromodule (by the definition of JEP refinement), and in particular algebraically
closed. A completion of the system in ACFg_nodue: 43 F ACFg.module. €an be
expanded to a model of T, because A3 is a model of Fr.modue U Ths(Ap), which
is a companion of T (Fact 2.10). The model of T can in turn be expanded to an
existentially closed model, giving a completion of the system in EC(T).

For strong finite character, suppose a [, b, and let A = M(a), B = M (b).
If a L/;[CF b, then the result follows from strong finite character in ACF. Else,
there is some s € PN (4 + B)\ (PN A+ PN B). There are a € A, f € B such
that s = a + . We claim that § ¢ M + P N B. Otherwise, there are some m € M,
p € PN B suchthat f = m + p, and so s = a + m + p. This implies that s — p =
a+mePNA thuss=a+m+pePNA+ PN B, acontradiction.

There are formulas w,(y.a.m) € tps(a/Ma) and ws(z.b.m) € tps(f/Mb)
isolating their respective types as in Lemma 4.8. Let A(x, b, m) be the formula

IyIzwa(y. x.m) Nyp(z.b.m) Ny +z € P,

we have A(x, b, m) € tp5(a/Mb).

Suppose that a’ £ A(x, b, m), and assume towards contradiction that a’ |}, b
Let A" = M(a'), from a' \L’;[CF b we get A/ NB=M. Let o, witness
the existence in A(a’,b,m), that is,. o E zzz/a(y,a’,m), B’ E wp(z.b.m), and
s':=a'+ p" € P. We have ' =3, B. in particular ' € B and ' ¢ M + PN B,
and by the “furthermore” part of Lemma 4.8, we can assume that o’ € A’. By weak
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independence, PN (A’ +B) =PNA 4+ PNB. so there are o’ € PNA'. p" ¢
P N B such that s’ = a” + f”. It follows that o’ —a’' ="' - "€ A’'NB=M,
but then p’ = a” — o’ + " € M + (B N P), a contradiction. =

REMARK 4.10. In a recent paper [6], Dobrowolski and Kamsma generalized the
notion of Kim-independence to positive logic, which is a more general context than
the one we deal with. They also prove that the independence relation defined on
exponential fields in [11] to prove NSOP; is actually Kim-independence. A similar
strategy as the one in [6. Section 10.2] seems to yield that | * is Kim-independence:
extension and transitivity of | * are similar to [3, Theorem 1.4] and the fact that
F r-module 18 Hausdorff follows from Theorem 3.13.

§5. Higher amalgamation of strong independence. In the previous section, we used
the weak independence defined in [4, Definition 3.1]. In the above cited definition,
another independence called strong independence was defined. Strong independence
is less useful for us in the study of NSOP;, because the proof of strong finite character
does not work for strong independence, yet it still has properties worth studying.
In this section we will prove that strong independence has n-amalgamation for every
n>3.

Note that in [11], Haykazyan and Kirby defined a single independence relation
that had both strong finite character and n-amalgamation. This does not seem to be
the case in our situation.

DEerNITION 5.1. For a model M E ACF g_module, and subsets 4, B. C C M, say
that 4 and B are strongly independent over C, and denote 4 | 3. B, if 4 | 2T B
and Pyy N ABC = Py; N AC + Py, N BC.

LEmMA 5.2. The following are a few model-theoretic properties of strong indepen-
dence that we will use.

o (Algebraicity) If A |} B. then AC L% BC.

o (Monotonicity) If A |} BD. then A | }. B.

PrOOF. Algebraicity is obvious from the definition, and from algebraicity of

LACF. For monotonicity, suppose 4 | i BD, from monotonicity of | *F we have
A | 2" B. We also get that

PN (ABC)=PNABDC N ABC
=(PNAC+PnNBDC)NABC
=PNAC +PNBDCNABC
=PNAC + PN BC,
where the second equality is from the definition of strong independence, the third

equality is from Lemma 3.1, and the last equality is from AB ngF BDC. which
we get from base monotonicity of | A°F. o
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NOTATION 5.3. A subset I C P(n) is called downward-closed if a € I and b C a
implyb € 1.

For a P(n) (P~ (n))-system F of fields with an R-submodule, and I C P(n) (P~(n))
non-empty downward-closed, let

FI:UFa

acl

Py =Y Pg,.

ael

Also let Fcy = Fp-(,). and the same for P.

LemMA 5.4. A P(n) (P~ (n))-system M of ACF g.oduie is strongly independent iff
it is | -independent and for every a € P(n) (P~(n)) and I C P(a) non-empty
downward-closed (if a € I andb C a, then b € I), we have P, N M| = P;.

Proor. For the left to right direction, suppose M is strongly independent.
The proof is by induction on |I]. If |I| = 1, then we must have I = {0}, so this
case is trivial as P, N My = Py. If |I| > 1, then take a maximal b € I and let
I’ = I'\ {b}, which is also non-empty downward-closed. By strong independence,
M, J/fwgb Usgeca Me. For every ¢ € I' we have b ¢ ¢ C a. so by monotonicity

and algebraicity (Lemma 5.2) M, \Li‘kb M. It follows that

P.NM;=P,0NMyMy
= (Pa N My) + (P, Mp)
=P, +Pp =Py,
where the second equality is from strong independence and the third equality is from

the induction assumption.
For the right to left direction, we need to prove M, J/‘;V[Cb Usgeca Me. Consider

the downward-closed families I’ = {¢ | b Z ¢ C a} and I = I' U {b}. With this
notation, We need to prove M, J/j‘lo M. By the assumption,
P, NMyM;y =P,N"NM;=P;=P,+ Pps
= (Py N M) + (P N M),

and we already know M, J/’,}CCFh M, so this finishes the proof. 4

THEOREM 5.5 (n-amalgamation). Every strongly independent P~(n)-system of
ACF R_nodule can be completed to a strongly independent P(n)-system.

PROOF. Suppose M = (M,),cp-(,) is a strongly independent P~ (n)-system of
ACF g_module- By Proposition A.3, there is a field M, completing M as an independent
system of ACF. Define P, := Pc, =) -, Ps. we need to show that (M,.P,)
completes a strongly independent system. For this we will need the following claim.

CLAIM. For every I.J C P(n) non-empty downward-closed, M; N P; C Py.
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Suppose we proved this claim. For every a € P(n), if we take I = P(a) and
J = P(n), then we will get M, N P, C P,. and the other inclusion is obvious, so
(M,,. P,) completes a system of ACF g_.moqute- Taking J = P(a) and I C P(a). we'll
get M; N P, C P;, and again the other inclusion is obvious, so by Lemma 5.4 the
system is strongly independent. All that remains is proving the claim.

We will prove the claim by induction on |IJ|. The base case is |[IJ| = 1, which must
mean I = J = {0}, which is trivial. In the general case, first notice that if J = P(n),
then P; = P, = Pp(,). so without loss of generality we can assume J C P(n).
If J C I, then it is also trivial, else take some maximal ¢ € J such that ¢ ¢ I, and
consider J’ = J \ {c}, which is also non-empty downward-closed.

We have P; = P. + Py, sowe need to prove that M; N (P. 4+ Py/) C P;.Suppose
Pe+py € My (P. +Py) for p. € P., py € Py. In particular, p. € M.
Remember that M;;r = J,c;» Ma. so there is a tuple m € |J,c;;» M, such
that ¢(p..m) =0 for some non-zero polynomial ¢(x,m). By Fact 2.12, there
is a tuple m’ € J,c;yr Mane such that g(p..m’) =0 and ¢(x,m’) is a non-zero
polynomial. Let K ={a € IJ' |a Cc}={anc |a € 1J'}, we get that p, € M.
By Lemma 5.4, P, N Mg = Pg C Pyyr, so p. € Pyyr. Also, pyr € Py C Py, 80
Pe + pyr € Pryr. We know that ¢ ¢ IJ', so in particular |[IJ'| < |IJ|, and by the
induction hypothesis M; N P;;r C P;. Thus, p. + p; € Py, as needed.

Appendix A. Results on higher amalgamation. Our definition of independent
systems, which we borrowed from [11], is not the same as the one used by other
authors (e.g.. [8. 13, 20]). For example, in the latter definition the objects of
the independent system are not necessarily models, and in the former there
is no requirement about the bounded closure. It follows that our notion of
n-amalgamation is different from the one used in those papers, and adapting
results from one definition to another is not trivial. In this appendix we prove
well-known results about higher amalgamation, using our definition.

A.1. Higher amalgamation of ACF. Under the common definition, ACF has
n-amalgamation for every n. More generally, [20, Proposition 1.6] proves that any
stable theory has n-amalgamation over a model for all n. In this section we prove
that ACF has n-amalgamation per our definition.

First, recall that for fields 4, B, C that are subfields of a common field, such that
C C AN B, we say that A4 is linearly disjoint from B over C, and denote 4 \LIC B, if
whenever ay,....a, | € A are linearly independent over C they are also linearly
independent over B. Equivalently, A is linearly disjoint from B over C iff the
canonical map 4 ® B — A[B] is an isomorphism. In particular, if 4 JJIC B and
we have maps [ : 4 — K and g : B — K (for some field K) such that f|c = g|c.
then we can jointly extend them to a map A.B — K. For more information, see
[18, Section III.1.a].

LemMa A.l. Let F = {Fu},cp(,) be an independent P(n)-system of ACF, where
all embeddings are subset-inclusions. Suppose a, by, ..., by_1 C n, then

F, ' Fpy ... Fy, .

F(zﬁbo"'Faﬁhk%
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PrOOF. Suppose ) ; a;ff; =0 for o; € F, and f; € Fy, . Fy, . We can write
Bi = qi(Bio. -... Bik1) for Bij € Fbj and ¢; a rational function. By Fact 2.12, there
exist ;; € Funp,; such that -, 0;qi(yi0. ... yir-1) = 0. Denote

Vi = qi(7i0- - Vik-1) € Fappg - Fary -
we have ), a;y; = 0 as needed. B

Lemva A2, Let F ={Fu},cp(y (n>0) be an independent P(n)-system of
ACF, where all embeddings are subset-inclusions. Suppose K is another field, and for
every a C n there is an embedding t, : F, — K. such that t,|p, = 1) forb Ca C n.
Furthermore, suppose that T is a transcendence basis of F, over |J,, F. and that
S C K isalgebraically independent over ] ,,, ta(F,) with|S| = |T|. Then there exists
an embedding v, : F, — K such that t,|, - t.fora Cnandt,(T)=S.

PRrOOF. For i, j < n. denote i =n\ {i} and i. j = n \ {i. j}. We will build by
induction maps o, : Fj ... F——K such that am|pt¢ = trfori <m < n.Form =1,
set g1 to be 5. Suppose we defined 7,,. by Lemma A.1,

Fi \L[ Fﬁ...Fﬁ.
F;

Furthermore, for every i < m,

‘Fl’jﬁ =Tim = T |FA - O-Wl|FA

.m
so 77 and g, coincide on the base of the independence. Thus, there exists a map
Om+1 : Fy... F3 — K such that am+1\F6“_pﬁ =0y and 6, 11|F, = Ta-
Once we built g, for every 1 <m <n, extend g, : Fj... Fﬁ—> K to an

embedding 7, : F, — K by mapping T to S and extending to the algebraic
closure. 4

ProPOSITION A.3.  ACF has n-amalgamation for every n, with respect to non-forking
independence.

Proor. Let F = {F,},.p (,) be an independent P~ (n)-system of ACF with
embeddings 7, : Fp — F, forb C a.Forevery® C a C n,let T, be a transcendence
basis of F, over | J,c, 75.«(F»). By induction on |a| it follows that

F, :T@,a(F(Z))( U Tb,a(Tb))-

0ChbCa

Let F, be some algebraically closed field extension of Fj, with a large enough
transcendence degree over Fy. Let {S, }QCaCn be some disjoint family of subsets of
F, such that |S,| = |T,| and U@cacn S, is algebraically independent over Fj. We
will extend F to a P(n)-system by defining embeddings 7., : F, — F, foralla C n.
The embeddings 7, , will be built by induction on |a]|.

For a = (), define 7y, : Fy — F, to be the inclusion map. For a # ., suppose
we built 7, for every b C a. Consider {Th,a(Fb)}bca as an independent P(a)-
system (where the embeddings are subset-inclusions). By Lemma A.2. there exist an
embedding 7, : F, — F, such that t,, o 754 = 75, for b C a and 7,,,(T,) = S,.
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This completes F to a P(n)-system, it remains to prove independence. Consider
all {F,},c, as subsets of F, by taking their image under 7, ,. Notice that by the way
we defined Tan (specifically, because 7y ,(Fy) = Fy and 7,,(T,) = S,), we have that
after taking the image under 7,

Fa:F@( U Sb)

0CbCa

We need to prove that for every a C n,

F, X" F.

Ubga Fy aZcCn

which is the same, up to taking algebraic closures, as

Fol | Sa) LAF Fa( | S0

#CdCa FolUgcoca So)  ageCn

This follows from the fact that S, is algebraically independent over Fy(U,¢,c, Se)-

A.2. The independence theorem. It is a well-known fact in the folklore that the
independence theorem is equivalent to 3-amalgamation. In our case there are two
differences, the definition of 3-amalgamation is different and we work in the category
of existentially closed models. We reprove this equivalence in our setting.

ProOPOSITION A.4. Let M be a monster model of an inductive theory T with JEP.
Suppose that there is a ternary relation | on subsets of M satisfying invariance,
existence, monotonicity, symmetry, and extension. For M € EC(T), the following are
equivalent:

(1) (3-amalgamation) every independent P~(3)-system of EC(T) over M can be
completed to an independent P(3)-system of EC(T) (a system F is over M if
Fy = M).

(2) (strengthened independence theorem) for tuples cy. ¢, by, by such that ¢y | ,,
2. by Ly 1. ba Ly, c2 and by =3, by, there exists b such that b E?m by.

b Eﬁlcz by.andb | ,, cica.bey Ly, c2.ber Ly, 1.

Proor. (1) = (2): We can find existentially closed models C;, C, € EC(T)
suchthat Mc¢; C C; (i = 1.2)and C, | ,, C>—start withsome Mc¢; C C; € EC(T).
and using extension and invariance move it by an automorphism fixing Mc; so that
Ci L, ¢2. then do the same with some Mc, C C, € EC(T). By extension, we can
find b} =3, b; (i = 1.2) such that b/ |, C;. Note that

b} =3, by =3, by =3, b,

We can find existentially closed models Mb] C B; € EC (T) such that By Ei/[ B, and
B; |, Ci (i = 1,2)—start with some Mb| C By € EC(T). as before use extension
and invariance to assume By | u C1. then let B, be the image of B; under an
automorphism given by b] =3, b}, by extension and invariance we can move B, by
an automorphism fixing Mb}, such that B, | ,, C».
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Let Ny, N1, N, € M be some existentially closed models such that C;, C; C Ny,
C1. B C Ny, and C,, B, C N, and consider the P~(3)-system

where all the arrows are inclusions, except for ¢ which maps B; to B,, fixing M.
The above system is independent, so it can be completed to an independent
P(3)-system

N
PN
No Ny N,

We can expand N to the monster M, and by Remark 2.16 we can expand 7y, 71, 75
to automorphisms of M. By applying 161 to M., we can assume that 7( is the
identity

M
/ Trly
No Nl N2

Let b = 7;(b]) = 72(b}). By following the diagram, we see that 7, fixes Mc; and 7,
fixes Mc,, so

_3 /3

b =Mc, bl =Mc, by,
—3 /3

b :MCZ b2 :MC2 bz.

The independences we need to show follow from the fact that the system is
independent (using monotonicity).
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(2) = (1): For the other direction, let F be an independent P~(3)-system
over M. We will show that all but one of the embeddings can be assumed to be

inclusions:
Fron Flon Fun
Froy Fry Fray

SN

Start by replacing Fy. Fyoy, Fy1y with their images in Fyg;;. Now move Fygy; so that
the embedding Fygy — Fyo; would be an inclusion (the system stays independent by
invariance), and replace F {2y with its image in Fyq,y. Finally, move Fyj,y so that the

embedding Fyjy — Fyj2; would be an inclusion. We are left only with Fy,y Z Fiiay.
which we can’t assume to be an inclusion.

Recall that M = Fy. and consider ¢; = Fygy. 2 = Fyyy.by = Fppy.and by = o (by)
as tuples. The conditions for the independence theorem hold from the independent
system, so there is some b satisfying b =y, bi. b =pe, ba. b Ly, c102. bey Ly,
¢y, and bey J/M c1. There are automorphisms 7y, 7, such that 7, : bjc; — bcy, 72 :
bycyr > bey, so the following diagram commutes:

Py

Fronpy Fropy Froy
Froy Fy Fiay

SN

We have b | ,, ci1¢2. so by extension, by possibly changing b and thus also
changing 71, 7, while fixing Mcic,, we have b |, Fio1y. which is Fyy, J/Fm Fro1y-
We also know bey |y, ¢2. so by extension, possibly changing 1. we get Fiony \LF@

Fyyy. Similarly, we get Fyya) \LF@ Fyoy. Next, by existence. Fyoy Fyy \I’F{O}F{l}

F02y F12}. so by extension and changing F{g;; (really, its embpdding into M) we
get that Fropy LF{O}F 5 Fo2y F123. The same can be done with Fyoy J/F{U}F{z}

Frony Frizy and Fypoy Fo11 Fyo2; - Notice that the automorphisms we take

FryFiy
preserve FyoyF(1}F2y. so they preserve the independences already established.
This gives us an independent P(3)-system that completes the given independent

P~(3)-system. 4
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