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0. Introduction

The purpose of this paper is to show that 3" annihilates the 3-primary component of
the homotopy groups of the 2n + 1-dimensional sphere. In the terminology of (2) and (3),
S2ntl has exponent 3 at 3.

In fact, a stronger result is proved. Localize at 3 and let Q?782n+1(2n 4- 1) denote the
2n-fold loop space of the 2n + 1-connected cover of S2#+1, Then Q?"827+1(2n + 1) has a
null homotopic 37-th power map.

It is also shown that a simply connected mod 3" Moore space has 3-torsion of order
3r+1 in its homotopy groups.

The main point of this paper is that, after suitable modifications, the methods and
results of (2) and (3) which were restricted to primes greater than 3 actually extend to
the prime 3. It is necessary to work harder at the prime 3 because of the fact that
Samelson products in mod 3 homotopy do not satisfy the Jacobi identity. At primes
greater than 3, the Jacobi identity is used in the proofs of certain Bockstein formulas.
(See Lemma 6-4.) These formulas are important in the proofs of the main results.

The main technical idea in this paper is to analyse the deviation from the Jacobi
identity in mod 3" homotopy. It is shown that the Bockstein formulas hold up to an
error term which does not influence the final results.

This paper is organized as follows. In Section 1, properties of Samelson products are
reviewed. In Section 2, it is shown that higher order torsion exists in the homotopy
groups of Moore spaces. In Section 3, this higher order torsion is used to prove product
decompositions of certain loop spaces. In Section 4, the decomposition theorems are
applied to exponent results. Section 5 contains the proofs of useful algebraic identities.
And, in Section 6, modifications of Bockstein formulas (upon which all else depends)
are proved.

Most results are stated so that they are valid for any odd prime. The notation,
conventions, terminology, and style are fairly consistent with (2) and (3) so that the
reader is encouraged to refer to them if clarification is ever needed.

I have chosen to repeat some of the arguments in (2) and (3). The reason for this is
twofold. First, many ideas from (2) and (3) must be recalled. To do this without putting
these ideas in their appropriate context would be ugly and incomprehensible. Second,
improvements can be made in some of the arguments and results.

Throughout this paper, p denotes an odd prime and all spaces are localized at p. All
Lie algebras are graded and connected.
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I am grateful to John Moore and to Michael Barratt who made helpful and en-
couraging comments on the nature of the problem at 3.

1. Samelson products

The proofs of the theorems of this paper depend on Samelson products in mod p”
homotopy groups. Bocksteins and Hurewicz maps also play a role. First, we recall
their properties and the notations for any odd prime. Second, we discuss differences
between the prime 3 and greater primes. Complete details for this section can be
found in (9).

The Moore spaces 8™~ U ™, which are denoted P™(p), define the mod p” homotopy
groups of a space X by 7,,(X; Z/p"Z) = [P™(p"); X]for m > 2. When ,(X) is abelian,
extend this definition by 7, (X; Z/p"Z) = m(X) ® Z/p"Z.

One should think of 7,,(X; Z/p’Z) as standing in the same relationship to 7, (X) as
H,(X; Z/[p'Z) stands to H,,(X). There are Bocksteins 8: #,(X; Z/p"Z) - m,,_,(X) and
reduction maps p: 7,,(X) > 7,(X; Z/p"Z). There is a homotopy Bockstein spectral
sequence E7(X) with Bockstein differentials 7 and with E}(X) = #,,(X; Z/pZ) and
Bt = pB.

Furthermore, the Hurewicz maps
¢: (X)) > H,(X) and ¢:m,(X;Z/pZ)~> H,(X; Z[p'Z)
satisfy ¢f = f¢ and ¢p = p¢. These Hurewicz maps induce morphisms
¢: B(X) > Ex(X)

of homotopy Bockstein spectral sequences to homology Bockstein spectral sequences.
Now, let p be an odd prime and let G be a group-like space. The Samelson product
is a bilinear pairing [, ): 7,,(G; Z/p"Z)x n,(Q; Z/p"Z) > 7, . (G Z[p"Z). It satisfies:

Lemma 1-1. (i) The Samelson product is bilinear.
(ii) Itis anti-symmetric, i.e. [z,y] = — (— 1)dee = deg ¥y 7],
(iii) The Hurewicz map preserves brackets, i.e.

$lz. y] = [¢=, dy] = gy — (- 1)des = desVgyda.

(iv) plx,y] = [pz, py] and pB(z, y] = [pfz,y]+ (— 1) [z, pBy].

(v) The Samelson productinduces a pairing of E7(F) in which the #@ are derivations
and the Hurewicz maps ¢: E7(G) - E% (@) are morphisms in the sense of (iii).

The notation [z,y] for the Samelson product suggests that it should make
74(G; Z/p"Z) and E7(®) into Lie algebras. This is the case if p is greater than 3.

LeMMA 1-2. If p is greater than 3, then the Jacobi identity holds, i.e.

[z, [y, 2]] = [[2, 9], 2]+ (- 1)de8 = des ¥y, [z, 2]].

Note that the Jacobi identity implies that 3[z, [z, z]] = 0if degz is odd. Hence, if p is
greater than 3, then [z, [z, 2]] = 0 if degx is odd.

By definition, a Lie algebra has a bilinear anti-symmetric pairing which satisfies
the Jacobi identity and the ‘triple product identity’ [z, [z, 2]] = 0if deg x is odd. Even
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though the Jacobi identity is valid for classical integral Samelson products, 7,(G) is
not a Lie algebra since the triple product identity fails. For example, if ¢ generates
Mon_1(282") and n > 1, then {¢, ¢, (]] + 0 [6, 12].

We do without the triple product identity at the prime 3, but we need to know to
what extent the Jacobi identity fails. We describe this now.

Let a, be a class in 7, ,(S™!) which is detected by the Steenrod operation 2, i.e.
2! is nonzero in the mod 3 cohomology of the complex S™~1U, e™+3. Let o be the
image of a, under theinclusion §~1 - P™(37). The deviation from the Jacobiidentity is:

LeMMA 1-8. If p = 3, then the Jacobi identity holds modulo linear combinations of

[[pfz, pPyl, pFzl(pa) and [pBy, [pfx, pfz]] (per) where p denotes the mod 3” reduction.
The class « has order 3 and hence, if » = 1, then pa is in the image of the first Bock-

stein differential #®. Thus, the deviation from the Jacobi identity is in the image
of A®,
Lemma 1-3 yields:

COROLLARY 1-4. If p = 3, then the Jacobi identity is valid if any one of pfzx, pfy, pfz
18 0. In particular, if r > 1, then the Jacobi identity is valid in E7(G).

The deviation in Lemma 1-3 introduced compositions into the work, making it useful
to have formulas which relate compositions to Samelson products. To this end, define

{, y} = [pPr,y] — (— 1)%e2[x, pfy].

LemMma 1-5. If p is an odd prime, then there are linear operators
D: m(P™(p"); Z[p"Z) > o P (p7); Z[p'Z) such that,
for x in m,(G; Z/p'Z), y in 7,(G;Z/p"Z), and k in m,(P™(p"); Z/p’Z), one has

[xh, y] = [x,y] (Z"h) + {2, 5} (E"~2D(h)).
The operator D satisfies D(Zh) = ZD(h). Recall that (a+b)k = ak+bk if k is a

suspension. If 4 is a suspension or if » > 2, then 1-5 yields

[wh, y] = [,y] (Z"h) + [pBz, y) (Z*~2D(h)) — ( — 1)%¢8 2z, pBy] (X*~2D(h)).

Finally, we remark that the results in this section extend to relative Samelson
products. Let F — E — B be a fibration sequence. Then QF - QF - QB is also a
fibration sequence. If p is an odd prime, then there are relative Samelson products

[,): 7, (QF,; Z/pZ)x 7, (QF; Z|p"Z) > 7, (QF; Z[p"Z)
and
[,}: 7 (QF; Z[pZ) x 7,,(QE; Z[p'Z) - 7, o(QF; Z [p"Z)

which satisfy the transcriptions of the formulas of this section.

2. Higher-order torsion

In this section, it is shown that the Moore space P?"+!(p") contains torsion of order
pr+linits homotopy groups. Since Samelson products are the main tool, it is convenient
to work with the loop space QP2n+1(pr).

3 PSP go
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Auxiliary spaces are needed. They are defined by the following homotopy commut-
ative diagram in which the rows and columns are fibration sequences up to homotopy.
In this diagram, * denotes a point, p": §2#+1 » §27+1 denotes the degree p™ map, and
q: P2 +1(pr) - §2n+1 denotes the map which pinches the bottom cell of P2"+1(p") to a
point.

E2n+l{pr} L_, P2"+1(p") L) S2n+1{pr}

I

QS211+1 _a) F2n+l{pr} " > PZn—l(pr) ._q) S2n+1

ler ] | |
Qg2+, Qg > * > Sentl,

The loop functor Q is applied to the above diagram to give the diagram which is
called the main diagram. The main diagram is a homotopy commutative diagram of
loop spaces and loop maps in which the rows and columns are fibration sequences up
to homotopy.

The next two paragraphs recall notation and terminology for the graded objects
that are used to describe and mod p homology of the spaces QF22+1{p}, QP2+(pr),
and Q8271 in the main diagram.

If {x,} is a graded set, then L(z,) denotes the free Lie algebra generated by {z,} and
{z,) denotes the abelian Lie algebra generated by {z,}. If K is a Lie algebra, then UK
denotes its universal enveloping algebra. Recall that UL(z,) is the free associative
algebra T'(z,) generated by {z,} and U{z,) is the free commutative algebra S(z,)
generated by {z,}. '

Let u have degree 2n — 1 and let v and 2z both have degree 2n. Denote by L the free
Lie algebra L(u, v) over the field Z/pZ and denote by L® the kernel of the map L — (i)
which sends v to ¢ and u to 0. Any subalgebra of a free Lie algebra is also a free Lie
algebra ((2), Proposition 3-9). Hence, L@ is a free Lie algebra. In fact, ((2), Proposition
9-2) asserts that:

LemMa 2-1. LO is the free Lie algebra generated by the elements z;, = ad*~1(v) (%)
with k > 1.

Lemma 2-2 below is Proposition 9-3 of (2). Lemmas 2-3, 2-4, and 2-5 are also in [2],
but they are easy exercises for the reader.

LemMa 2-2. Applying the mod p homology functor to the fibration sequence
QF2n+1{pr} - QP2n+l(pr) - QN2n+1
yields the short exact sequence of Hopf algebras UL® - UL — U{s).

LeMMma 2-3. In the mod p homology Bockstein spectral sequence E4(Q827+1), f5 =0
for all s. Hence, U{t) = E%(Q8%»+1) for all s.

LeMMA 2-4. In E4(QP2»+1(pr)), f2 = O for all s < 7. The elements » and v may be
chosen so that fv =u and fru = 0. Hence, UL = E%(QP2+1(p")) for 8 < r and
Z[pZ = EH(QP™+Yp)) for s > r.
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Since UL® injects into UL, 2-4 implies:

LemMa 2-5. In B4 (QF*+{p}), p¢ = 0 for s < r and " is the restriction of the g7 in
2-4. Hence, UL® = E%(QF*+{p}) for s < r.

Setting v = u, fru = 0, f"t = 0 determines differential Lie algebra structures on
L9, L, and {¢). Then L® - L — {1)isa short exact sequence of differential Lie algebras.
The resulting sequence of differential Hopf algebras UL® — UL ->U{t) is the
sequence E5 (QF2n+p7}) > E5(QP?+(p")) > ER(QS+1),

In order to describe the terms E%(QF2%+Y{p}) with s > 7, the following definition is
necessary.

Definition 2-6. For k > 0, define 7,(v) to be 2 ;, = ad?*-1(v) (u). Thus, 74(v) = u. For
1 > 1, define oy(v) to be

191 . .
§ J'—El p—l(J’pl —.7) [xj: xpl—;‘]'

Corollary 4-6 of (2) asserts that g77,(v) = f7o,(v) = 0 and Theorem 10-3 of (2) asserts
that:

Lemma 27. Hy(ULO,fr) = B Y QP pr}) = S(,(v), 0y(v))kso- If k> 1, then
!

prilr, (v) = A, 0 {v) where A, = 0 mod p. Hence, S(74(v)) = fH(QFz"jfl{p'})fors >r+1.
The elements 7,(v) and oy(v) are used in the construction of a filtration of the
differential Lie algebra L®. Recall Lemma 12-3 of (2):

Lemma 2.8. There exists a decreasing sequence L™ of subdifferential Lie algebras of
L© sych that:

(i) Ifk > 0, then L&+D g an ideal in L®.
)

(ii) There is a short exact sequence L® - LO® — (u) with #0(7,(v)) = u.
k)

(iii) If £ > 1, then there is a short exact sequence L*+V » L® — (r, 0, with
k(7 (v)) = 7 and 7 (0, (v) = 0.

(iv) If k > 1, then H, (UL®, g7) = S(1,(v), 04(v));5-

(v) Let L™ = ng_, L®. Then there is a graded set {z,,y,} such that L = L(z,,y,)
and frz, = y,.

Remark. Introduce a trigrading on L by giving v tridegree (2n — 1, 1, 0) and « tridegree
(2n—2,0,1). The differential g has tridegree (—1, —1, 1). This trigrading is com-
patible with the proof of [2, Lemma 12-3]. That is, all the maps in 2-8 could be chosen
to respect this trigrading. We shall suppose this done. In particular, L contains all
elements of third degree > 2.

The results of this paper are consequences of Lemma 2-8 and of Lemma 2-9 below.
The proof of 2-9 is given in Section 6.

Lemma 2-9. For k > 1, there exist mod p"+! homotopy classes
Oy pzpku-l(pr+1) - QE+{pr}
with the following properties:
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(i) Let 8, = (Q') §,: P¥*n-1(pr+1) 5 QEWH{pr} — QF2*+1{pr} and let 7;, = pé,, the
mod p reduction of 8,. Then the Hurewicz image ¢y, is in L® and n*+)($r;) = 7; that
is, ¢7;, — 74 (v) is in LE+Y,

(i) Let o = fr+'r;. Then oy, is in L® and 7%+ (o) = A, 0y, where A, £ Omod p;
that is, ¢go,— A, 0,,(v) is in L&D,

The next result is the goal of this section.

THEOREM 2-10. Let p be an odd prime and n > 1. For all k > 1, the homotopy group
Mopkn—o( QP +1(p7)) contains a summand isomorphic to Z [p™+'Z.

Proof. Let ES = E5(QP2+1(pr))andlet By = E4(QP?+(p")). To prove the theorem,
it is sufficient to exhibit nonzero classes in the image of A7*+! in dimensions 2p*n — 2 of
K7

Let o} be the composition (Qr)o}: P?n=2(p) - QF2+1{pr} » QP2+(p7). Since
p%o;, = 0fors < r, the same is true for o%. Hence, o), represents a class in E7*. Since o7,
is in the image of 7+, so is 0. It is only necessary to show that o), does not represent
zero in BT+,

Let PE% be the module of primitives in E%. The Hurewicz map ¢: E; — E7p factors
through PE};. Thus, there is an induced map H¢: E;*! — H, (PE%, 7). It is sufficient
to show that (H¢) oy + 0.

In Ey with s < r, 2:9 implies that goy, = A, 0. (v) + & where « is in L&+, Tt follows
from 2-8(iv) and from ((2), lemma 3-14) that L® ~ {(7,(v), 0,(v)) ® L*+Y as chain
complexes. Hence, (H¢) o, is not zero in

H2p"n -2 L(k) 18 )= H2p"n—2(L /9 Zp"n-Z(PEH’ /3’

The equalities hold since L® is L in dimensions greater than 2p*—1n—1 and L is PE7,
in dimensions not of the form 2p%, [ > 1. The latter follows from the fact that PE%; is
generated by L and p*-th powers of even dimensional classesin L ((2), proposition 2-8). |

Remark. If p is an odd prime and » > 1, then QP?*+2(p") has the same homotopy
type as S+l{pr} x Q Vg o Pin+2knt3(pr) by ((2), theorem 11-1). Thus, 2-10 implies that
7 (P™(p")) contains summands isomorphic to Z/p+1Z if m > 3.

3. Decompositions of loop spaces

In this section, the loop spaces QF#+1{pr} and QE*+1{pr} are shown to decompose
up to homotopy into infinite products. The symbol II is used to denote the weak
infinite product, i.e. the direct limit of the finite products.

THEOREM 3:1. Let p be an odd primeand n > 1. There exists a homotopy equivalence
¥ QV, P=(p") x H Szpl'n—l{pr+1} x §2n-1 5 QF2n+l{pr}
k=1

where n, runs over an index sets of integers greater than 4n— 1 and there are only finitely
many n, with a given value.

Proof. The proof is based on the following lemma ((2), remark 3-5, lemma 3-6, and
proposition 3-7).
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i
LEMMA 3-2. Let K’ > K — K" be a short exact sequence of finite type Lie algebras.

Us U
Then UK’ — UK - UK" is a short exact sequence of Hopf algebras. In particular, if
v: UK"” - UK isany linear map such that the composition (Uj)y: UK" - UK - UK"

is an isomorphism, then the map UK’ ® UK" U;M) UK®UK m—mt—) UK is an isomor-
phism of left UK’ modules. In fact, y can be chosen to be a map of coalgebras and, in
this case, the map mult- (U7 ® v) is an isomorphism of left UK’ module coalgebras.

Apply 3-2 to the filtration L(¥) of L(°) which is described in 2-8. Thus, UL® is iso-
morphic to UL® ® U(u) and UL® is isomorphic to UL*+tDV® U{ry,0o,) as left
differential coalgebras. Iteration gives:

LemMMa 3-3. UL® is isomorphic to UL®®@X)i-; U{r;, 0,) ® Ulu) as left UL
differential module coalgebras.

Recall that H,(QF*+Y{p}; Z/pZ) is isomorphic to UL®. The tensor product
decomposition of UL® in 3-3 is the decomposition of H,(QF**+Y{p"}; Z/pZ) which
would follow from 3-1 and the Kunneth theorem. The proof consists of realizing this
algebraic decomposition by maps of spaces. It is necessary to produce maps
f: Q Va P"a(pr)_> QF2n+l{pr}’ gr: Szp"n—l{pr+1} - QF2n+1{pr}, andﬁ: S2n~-1 _, Q) fr2n+1 {p}r
with the following homological properties: fi should map H,(Q V, P**(p"); Z/pZ) iso-
morphically onto UL, g,., should map H, (S2#**~1*{pr+1}; Z /pZ) isomorphically onto
U{ry, o)), and fi, should map H,(S%-1; Z /pZ)isomorphically onto U{u). Given these
maps, use the loop multiplication of QF?*+1{p} to multiply them. This constructs the
map ¥ of 3-1. Lemma 3-2 implies that ¢ is a mod » homology isomorphism. Hence, i is
a homology isomorphism of spaces localized at p. Therefore, i is a homotopy equi-
valence.If n = 1, the spaces are not simply connected. However, they are H-spaces and,
in this situation, a homology isomorphism still implies a homotopy equivalence.

The proof is completed by producing the maps f, g,, and z. Let

y: Pzn(pr) - QP2n+1(pr) and % P2n—l(pr) - QF2n+1{pr}

represent mod p” homotopy classes such that the Hurewicz images of their modp
reductions are given by dpv = v and dpp = u. With these homotopy classes, one can
form relative Samelson products which lie in 7, (QF3"+Y{yp}; Z /p*Z). See Section 1.

Recall from 2-8 that L = L(z,,y,) with 7z, = y,. Let n,— 1 = degree z,. Since
z, is a linear combination of Lie brackets in v and «, there is a linear combination of
relative Samelson products y, in v and g such that y,: Pra—(p") > QF#+1{p} and
#px, = x,. Therefore, y,,maps H,(Pre-1(p"); Z/pZ) isomorphically onto the vector
space generated by x, and y,.

Add the y, to get a map x: V, P*(p7) - QF*+{p7}. Extend ¥ to the multiplica-
tive extension f: QZ(V, P p")) +QF?*{ p'}. Then f4 isan isomorphism onto U L.

zz' )
In the cofibration sequence §27-1 —» §2m-1_, P2m(pr), the composition jp” is null
homotopic. Therefore, there is a map of fibration sequences up to homotopy:

r

QS2m-1 —_—> S2m—l{pr} —_ S2m—l ___1_)__) S2m—1

S T

QP (pr) — QP (p’) — *+ —— Pm(p7).
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The modp homology of 82»-1{p’} can be computed by using the Serre spectral
sequence of the principal fibration sequence Q8?1 - §2m-1{pr} —» §2m-1 The spectral
sequence collapses at E2. The induced map %, in mod p homology can be computed by
using the fact that 4 is equivariant with respect to the action of QS8?m-1and the map Qj.
Verification of this paragraph is left as an exercise.

Let 8,: P¥'n-1(pr+l)  QF+1{pr} be the map in 2-9. Extend 8, to its unique multi-
plicative extension k,: QP2P*n(pr+1) » QF2m+1{pr} Form the composition g, = k. h
with the map A in the preceding diagram. Then g,, gives an isomorphism onto
Ulry, o).

Finally, let zi: 82n~1 - QF27+1{pr} represent a generator of m,,_,(QF+{p7}). |

In order to give a decomposition of QE?m+1{pr}, let C(n) denote the fibre of the double
suspension X2: §27-1 » Q282n+1, Refer to the main diagram in Section 2 and see that
the map z in the proof of 3-1 fits into a map of fibration sequences:

C(n) — QB {pr)

L,

Szn—l _") QF2n+lpr

L.

Q282n+l ___y ()2Q2n+1

Relative Samelson products are zero in the fibration sequence

Q282ntl 5 4 5 Q82041
Hence, the main diagram implies that the relative Samelson products y, factor through
the space QE*"+1{p}. It follows that the multiplicative map
f: QV, Pra(pr) > QF 2+ p7}

factors through a multiplicative map f: Q V, Prs(p) - QE+{p"}.

In 2-9, the map &, factors through §,. Hence, the maps g, factor through maps
Gy Szp’f'n—l{pr+l} >0 E2n+l{pr}_

Consider the fibration sequence

QV, Pra(p) x [[5e; S%*0-1{r+1C(n) -> QV, Pra(pm)
x 18 Szp"n—l{pr+1} x §2n-1 _y )2Q2n+1

in which the map to Q2§%#+! is the composition %7, where 7, is the projection of the
product on the factor §2n+1. Let i’ be the result of multiplying the maps f, §;, and .
There is a map of fibration sequences up to homotopy:

© ¥’
Q V, Pra(pr) x J] S2P'n-1{pntl} x C(n) — QEH{pr}
k=1

| |

i v
QV, Pr(pr)x I S2p"n—1{pr+1} x §2n-1 — QFm+1(yr}
k=1

= v
Q282n+1 > Q282n+1,
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THEOREM 3-4. The map ' is a homotopy equivalence.

Proof. Since 1,1gn+1 and ¢ are homotopy equivalences, the five lemmas imply that
¥’ is a homotopy equivalence. |

4. Application to exponents

In this section, the decomposition theorems in Section 3 are applied to determine
the odd primary exponents of the homotopy groups of the sphere 827+ and of the
homotopy groups of the fibre C(n) of the double suspension 22: §2r»-1  (282n+1

To begin, set 7 = 1in Theorem 3-1 and let 1/~! be a homotopy inverse for the map .
Define m: Q28§%n+1 —» §27-1 to be the composition

w1 (Q0): Q28+t 5 F2n+l{pr} e} Va Pra(p) x [12-1 Szpl'n—l{pz} x Q2n-1 ;. Q2n—-1

where 74 is the projection on the last factor and Q0 is the map from the main diagram
in Section 2.

THEOREM 4-1. T'he composition nZ? is homotopic to the degree p map p: 8?1 —» §2m-1,
The composition 22w is homotopic to Q2p: Q28m+1 5 (282041,

Proof. The first statement follows from the second statement. The latter is a con-
sequence of the main diagram and of the diagram which precedes Theorem 3.4. |

If G' is an H-space, then a k-th power map, denoted by k: G — @, induces multipli-
cation by k on 7,(@). Hence, if k: G — @ is null homotopie, then k annihilates 7, (G).
The loop space QG has two natural multiplications, but they are homotopic. Therefore,
Qk ~ k. If G has a null homotopic k-th power, so does QG.

Localized at an odd prime, the sphere $%»~1is an H-space (1). Choose the multipli-
cation which makes the double suspension X2: §2n-1 —» Q2§22+1 into an H-map. With
this choice, the fibration sequence C(n) — §27-1 » Q2827+1 jg a sequence of H-spaces
and H-maps. The degree p map on $%7—1is the p-th power map. Note also that Q%p ~ p
on Q282n+1

It follows that 4-1 implies:

CoROLLARY 4-2. The kernel and cokernel of Zi:m (S2-1) — m,(Q2S2+1) gare
annshilated by p.
Apply induction and 4-2 to get:

CoroLLARY 4-3. If p 18 an odd prime, then the p-primary component of m, (S27+1) is
anmihilated by p™.

The case n = 1 of 4-3 was first proved by Selick (10).

Let 827+1(2n + 1) denote the 2n + 1-connected cover of S2n+1,

THEOREM 4-4. Localized at an odd prime p, the H-space Q2n82"+1(2n + 1) has a null
homotopic p-th power map. Localized at an odd prime p, C(n) has a null homotopic p-th
power map.

Proof. The result is proved in the following manner. First, show that Q28%(3) has
a null homotopic p-th power. Then show that C(n) has a null homotopic p-th power.
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This is all that must be proved. If n > 1, then the result for Q#827+1(2n + 1) follows
immediately by induction using the fibration sequence
Q2n—282n-1(2n — 1) > Q2S§2+1(2n + 1) » Q=30 (n).
Note that X2: §* - Q283 splits up to homotopy. Therefore, Q282 ~ §* x Q283(3) and

0283(3) is a retract of Q283,

. Consider the following homotopy commutative diagram in which the columns are
fibration sequences up to homotopy and the rows are maps of fibration sequences.

Q28%(3) —» » > 028%(3)
l " l ot l
Q283 > St » Q283

Lo, l

K(Z,1) —> K(Z,1) —> K(Z, 1).

The composition in the middle row is Q2% which is the p-th power in Q2?83. Since
Q2%83(3) is a retract of Q283, p: Q28%(3) — Q25%(3) is up to homotopy the only map
which makes the following diagram homotopy commutative.

Q28%(3) ——> Q25%3)
l np Jv
Q20— Q2B

Therefore, p: Q283(3) - Q283(3) is null homotopic.
Now consider the homotopy commutative diagram below in which the columns
are fibration sequences.

C(n) > * » C(n)
Si-—l ? > Sziq - » §2n-1

= v, I

Q2S2n+1 y S2n-1 3 )282n+1,

In fact, the above diagram is fibre homotopy commutative. The only obstruction
liesin H2#-1(§2n—1; 71, . (C(n))) = 0. It follows that the top row is p: C(n) > C(n) up to
homotopy. Hence, p: C(n) — C(n) is null homotopiec. |

8. Quasi-Lie algebras

In this section, we introduce two convenient definitions, namely, that of an anti-
symmetric algebra and that of a quasi-Lie algebra. Inside such objects various
identities hold. These identities are applied in Section 6.

Let R be a commutative ring in which 2 is a unit. The ring R is the ground ring for
the graded objects defined below.
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We adopt the convention that the degree of an element x is denoted by |z|.

Definition 5-1. Let L be a graded R-module together with a bilinear pairing
(LY LyxLy—> L, .

(i) L is an antisymmetric algebra if [z, y] = —(— 1)@ W[y, z] for all # and y in L.

(ii) L is a quasi-Lie algebra if L is an antisymmetric algebra and if the Jacobi
identity is valid, thatis, if [z, [y, 2]] = [[2, ¥], 2] + (— 1) W[y, [z, 2]]forallx,yand zin L.

(iii) L is a Lie algebra if L is a quasi-Lie algebra and if the triple product identity is
valid, that is, if [z, [, 2]] = 0 for all z of odd degree in L.

Definition 5-2. If L is an algebra of one of the three types defined in 5-1, then Lis a
differential antisymmetric algebra, a differential quasi-Lie algebra, or a differential Lie
algebra if L is endowed with a degree-1 linear map d: L, - L,_, which satisfies:

(1) d is a differential, that is, d2 = 0.

(ii) dis a derivation, that is, d[z, ] = [dz,y]+ (—1)*[z,dy] for all zx and y in L.

Examples of the notions defined in 5:1 and 5-2 have already been provided in
Section 1. To be precise, let X be a space. Then Samelson products in 7,(QX; Z/pZ)
provide bilinear pairings so that:

(i) if p > 2 and 7 > 1, then E,(QX) together with Bockstein differential 8 is a
differential antisymmetric algebra;

(if) if » > 2 and r > 2, then it is a differential quasi-Lie algebra, and

(iii) if p > 3and r > 1, then it is a differential Lie algebra.

Lemma 5-3. Let v denote an element in an antisymmetric algebra, and let z, y, zand w
denote elements in a quasi-Lie algebra. Then
(i) Ifvhaseven degree, then [v,v] = 0. In particular, [v, [v,v]] = O for even degree
elements.
(ii) If z has odd degree, then 3[z, [z,z]] = 0.

(iti) [[x,y],2] = (- 1)¥'¥([[x, 2], y] + [, [y, 2]].
(iv) If x has odd degree, then [w, [z, 2]] = 2[[w, z], ] = — 2[x, [z, w]] = — [[x, ], w].
(v) If z and y have the same odd degree, then
[+y, [z+y,z+y]] = [z, [z, z]] + v, [y, y]].
(vi) If  has odd degree, then [w, [z, [z, z]]] = 0.

Proof. The first four identities are well known, and their proofs are left as exercises.
For this proof only, use the notation [z, y] = zy.
To prove (v), note that

(@+y) (z+y) (x+y)) —z(zz) - y(yy) = 2(xy) + 2(yz) + 2(yy) + y(zx) + y(zy) + y(y)
= x(zy) + z(zy) — 2y(zy) — 2x(zy) + y(zy) + y(yz) = 0.
To prove (vi), note that
w(z(xz)) = (wz) (22) + (— 1)z (w(z))
= 2((wz) x) x — (w(zz)) * = 2((wz) 2) 2 — 2((wz)x) = = 0. |
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The identity in 5-3 (vi) is interesting since it asserts that the triple product identity,
[z, [z, 2]] = 0 if = has odd degree, is valid in a quasi-Lie algebra if it is used in the
interior of a bracketed word in a quasi-Lie algebra. This fact is used in the proof of the
next technical lemma, which makes more precise the difference between a Lie algebra
and a quasi-Lie algebra.

Let L’ be a quasi-Lie algebra. Suppose that «; is a set of generators for L’; that is,
suppose that each element in L’ is a linear combination of bracketed words in the e;’s.
Assume that there is a homomorphism f: L’ - L where L is the free Lie algebra
generated by the images fa;. Choose a basis @, for L. Thus, each w; is a linear combina-
tion of bracketed words in the fa,s. Replacing each occurrence of fo; by «; gives a
bracketed word w; such that fw, = ;.

LemMMA 5-4. If v is any element in L', then v is a linear combination of the w,’s and
of the [w;, [w), w;]]’s where w; has odd degree.

Proof. There are scalars a; such that fy = Z,a,@;. That is, antisymmetry, the Jacobi
identity, and the triple product identity allow fy to be transformed into X;a;w;.
Performing the same operations on y and noting 5-6 (vi) gives that y = Za, w; modulo
linear combinations of elements of the form [£, [8, #]] with £ of odd degree. Applying
the same reasoning to £ and noting 56 (v) gives that

(8,18, B]] = [Z6;0;, [Zc;0, Zic;0;]] = Zc} [y, [0, 4]

for scalars c;. |
Finally, let  be an element of even degree in a differential quasi-Lie algebra, and let
x; = dx. For k > 1, let x;, = [z, x,,_,] = ad(z) (x;_;). Then:

LeEMMA 5-5.
dx), = %Zf;ll (4, k—3) [z, 21—4)-

Proof. Since dz, = 0, the formula is valid for ¥ = 1. Suppose that £ > 1 and that the
formula has been proved for & — 1. Then

dz, = d[z, 2]
= [dz, Z_ ]+ [, dz;_,]
= [, @)+ I (G, k=G — 1) [, [z, 2551 ]
= [@1, Tpa] + 3 BF2L (G, b~ — 1) {7540, Beoya] + 25 750}
=325 G k=3) [zpxi5)- |

Remark 5-6. In the next section, the Lemmas 5-3, 5-4 and 5-5 are interpreted in a
combinatorial fashion, as in the proof of 5-4. That is, they are interpreted to assert that
antisymmetry and the Jacobi identity may be used to transform one bracketed word
into another bracketed word. With thisinterpretation, the lemmas make sense and are
valid for the relative Samelson products discussed in Section 1, at least when p # 3.
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6. Bockstein formulas

This section is the technical heart of this paper. It contains the proof of the Bockstein
formulas which imply the existence of higher order torsion in the homotopy groups of
the Moore spaces P™(p”) with m > 3 and p an odd prime. The case p = 3and r = 1 is
by far the most complicated. If it were not necessary to treat this case, this section
would be much shorter.

Refer to Section 3 and recall the map f: Q V, Pra(p7) - QF2»+1{p}. Since f is a loop
map, there is a fibration sequence up to homotopy

Q V, Pra(p’) > QF2+pr} > U2n+1{pr} > V, Pra(pr) - F2n+i{pr.
We begin by studying the principal fibration sequence
Q V, Pra(pr) > QF+1{pr} > Untifpr}.
Let f denote the composition
QV, Pre(pr) 1> QF2n+pr} z QP2+1(pr).
The following lemma is proved in (4):
LemMa 6-1. There exists a map j: QP?+1(p") - Q V, Pra(p*) such that jf is homo-

topic to the identity.
This yields

COROLLARY 6-2. The principal fibration sequence

Q Va P’na(pr) _!_> QF2n+l{pr} - U2n+1{pr}
has a section
8: Usnii{pr} > QFwm{pr).

Proof. Set j = jQr: QF+{pr} > Q V, Pra(p7). Then jf is homotopic to the identity.
Let U be the homotopy theoretic fibre of 5. The exact homotopy sequence of a fibration
yields that the composition U - QF#+1{pr} - U2»+1{p} is a homotopy equivalence.
Hence, U - QF?*+{pr} can be altered by a homotopy equivalence to give the section s. |

Multiplying the maps f and s in 6-2 gives a homotopy equivalence

QV, Pra(pr) x Utnt{pr} > QF 2+ pr}).
Hence, the homotopy groups of Q V, P*e(p*) are a direct summand of those of
QFn+1{pr}.

Recall from Section 2 that H,(QF2n+Y{p'}; Z/pZ) is isomorphic to UL®, and recall
from Section 3 that H,(QV, P*e(p’); Z/pZ) is isomorphic to UL It follows that there
is a map of coalgebras Z/pZ @y () UL® > H (U*+{p}; Z/pZ). Lemma 3-3 implies
that Z/pZ @y .y UL® is isomorphic to ®_;, U{r, 0;,) ® Ulu).

Lemma 6-3. The map
Z[pZRy ywUL® -~ Hy (U p'}; Z/pZ)

is an isomorphism.
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Proof. Let G - E - B be any principal fibration sequence. There is a spectral
sequence in (8) which abuts to Hy(B; Z/pZ). Its E2-term is

Tory ¢; zip2\Z/pZ, Hy(E; Z[pZ)).
If H(E;Z/pZ) is a free H,(G; Z/pZ) module, then E? is isomorphic to

Z/pZ ®H.(G; ZIp2) H#(E; Z/PZ),

and the spectral sequence collapses at E2. In this case, the natural map
Z[pZ @y q; zipnyHe(E; Z[pZ) —~ H,(B; Z/pZ)

is an isomorphism.
Apply the above to the principal fibration sequence

QV, Pre(p") > QF 1 pr} —» U2n+i{pr}
to get the required answer. Note that UL* is a sub-Hopf algebra of UL®. Hence,
((7), Theorem 4-4) asserts that UL®© is a free UL®™ module. |

Remark. In the mod p homology Bockstein spectral sequence,

EL(Un+p'}) = EffY(U+Yp'}) for s<r+1.
The map
E11‘1+1(QF2n+1{pr}) - E;_'I+l( U2n+1{pr})

is an isomorphism. These statements follow from 2:5 and 3-3.

For the next proposition, introduce the following notation. Let v, and x, denote the
respective mod p reductions of the two homotopy classes v: P2(p") - QP?"+1(p7) and
u: Pen—1(pr) » QF2n+pr} which are defined in Section 3. For k > 1, extend this
notation by letting x, denote the relative Samelson product ad¥-1(y,) (#,) in

me(QF Y p}; Z[pZ).
PrOPOSITION 6-4. I'n the mod p homotopy Bockstein spectral sequence E5(QF2»+{p}),
the following formulas are valid.
(2) Ifs <r,then fou, = 0.
@) Ifp > 3orifp=3andr > 1, then fru, = $SEH, k—3) [y, tas)-
(i23) If p = 3 and r = 1, then the formula in (it) is valid modulo
e (Q V, Pra(3); Z/3Z).
Grant Proposition 6-4 for the moment. Then we can prove the following weaker form
of Lemma 2-9. (Refer to Section 2 for the notation.)
Lemwma 6-5. (i) For k& > 1, there exist mod p'+! homotopy classes
31‘: P2p“'n—1(pr+l) >0 F2n+1{pr}
with the following properties. If 7, = pé, (the mod p reduction of 8,), then the Hurewicz
image ¢y, is in L® and #*+%(¢r.) = 7,.
(ii) Let oy, = fr+l7;. Then ¢oy, is in L® and n*+)(do;) = A, 0, where A, £ mod p.
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Proof of 6-5. Suppose that p > 3 or that p = 3and » > 1. Set

Ti(V) = phpt = adpk_l("l) (#1)-

Then 6-4 implies that 77, (v) = 0. Since ¢7,(v) = 7;, 2-7Timplies that 8417, (v) = A, 0 (V)
where A,, = 0mod p and where o,(v) is some nonzero element in E7t(QF?n+1{p}) such
that ¢o,(v) = 0 (v). Let ¢;: 82*7—2 > QF2n+1{p} be a homotopy class whose mod p
reduction pe; represents A, 0, (v). Then ¢, has order p7+! and extends over the inclusion
S2pfn=2 5 p2rtn-1(pr+1) 4o a map §,: P2*n-1(pr+l) 5 QF 2+ p}. With this choice of
0, the elements 7;, and o, are defined and o7}, represents A, o, (v). Since L* contains all
primitives in the dimensions of 7;, and o, the Hurewicz images ¢7;, and ¢o, are in L®,
Clearly, n*+D(do) = A, 0, and fr+lr; = oy implies that 7%+ D(¢r;) = 7.

Now, suppose that » = 3 and 7 = 1. Corollary 6-2 gives a section s to the map which
will be denoted by 7: QFn+}{pr} - Un+1{p}. Set

Ti(V) = Sa Ty figt = 84Ty ad? =1 (vy) (1y).

Then 6-4 implies that f'7,(v) = 0. The previous argument can be repeated with this
choice of 7, (v). |

Remark 6-6. Lemma 6-5 can be used in place of Lemma 2-9 to prove Theorem 3-1. The
proof is identical to that given in Section 3.

Proof of 6-4. If s < r, then f%, = %, = 0. Since £* is a derivation on relative
Samelson products, it follows that f%u, = 0, which proves 6-4 (i).

Suppose now that p > 3 or that p = 3 and » > 1. In the first case, the identities for
a Lie algebra hold for all relative Samelson products. In the second case, 1-4 states that
the identities for a quasi-Lie algebra hold in the mod 3 homotopy Bockstein spectral
sequence E7 provided that » > 2. In either case, 6-4 (ii) follows from the proof of 5:5.

Assume for the remainder of this proof that p = 8 and » = 1. The argument in this
case requires several technical definitions and lemmas.

Note that v = v, and g = g,. Write g for f* so that v = p.

Notation 6-7. Let h: P™(3) — P%(3) denote a mod 3 homotopy class which is a
suspension. Let w: P9(3) - QF?"+1{3} denote a relative Samelson product of length
> 2 formed from v and x with at least one occurrence of .

Definition 6-8. Define A to be the linear span of those homotopy classes in
7, (QF (3}, 7/37)

which ean be represented as a composition wh.

Since 4 is assumed to be a suspension, the identity (w; + w,) k = w, b+ w,h is valid.
Hence, 4 is unchanged if w is allowed to be a linear combination of relative Samelson
products.

Definition 6-9. The relative Samelson product o, is said to have Bockstein filtration
> qif there are at least ¢ occurrences of p in w,. This defines a decreasing filtration of
A by setting F24 equal to the linear span of those wh where w has Bockstein filtration
Zq.
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Note that F14 = A. The Bockstein filtration is finite in each degree. Hence,
F24 = 0 for g sufficiently large in a fixed degree.

LrmMma 6-10. Let w,, w,, and w; have Bockstein filtrations > g¢;,¢,, and g,, respectively.

(i) Then [wy,[w,, w;]] = [[wy, @o], W5] +(— 1)de8 1 de e[y, [w), w,]] modulo
Fatastasts 4,

(ii) And [w,}, w,]is in Fataad,

Proof. Part (i) follows from 1-3 and the fact that fw, has Bockstein filtration > ¢; + 1.

Part (ii) follows from 1-5. |
Recall from Section 3 the linear combinations y, of relative Samelson products.

Definition 6-11. Denote by 4 the subspace of A which is the linear span of those
wh with w generated by the y, and the fy,.

Itisimmediate that A is containedin 7, (Q V, P7s(3); Z/3Z). Hence, 6-4 (ii) follows
from the following two lemmas.

LeMMA 6-12. Modulo F34, fu;, = $352105, k—5) [, ey
LeMMA 6-13. A contains F4A4.
Proof of 6:12. The proof is by induction on k. It is based upon the equation

B = BV, pr_al = [y, paa] + v, Bitea),
which follows from the fact that £ is a derivation.

Note that fu, = 0 and that Su, = [py, p1]. And Bpg = [y, pa] + [¥, [44, 4]]. Since
pu, = 0, 1-4 implies that the Jacobi identity can be applied to the second term. Thus,
5-3 (iv) yields that fu, = 3[#,, #,] = 0.

It is possible to continue in this way to prove that the formula for fu, holds modulo
zero provided that k < 8. But an error term occurs in the formula for Su,.

Anyway, it is sufficient to note that the formula is proved for & < 3. Make the
inductive assumption that, modulo an error term y which is in F54, the formula is
proved for k— 1.

The argument in 5-5 shows that the formula for fu, holds modulo two error terms.

The first error term is [v, y]. Since vy isin F54, 6-10 (ii) implies that [v, y]is in F54.

The second error term is created by 1-3 and by the use of the Jacobi identity in the
proof of 5-5. It is a linear combination of

[[:“1’ ﬂ/"j]’ ﬂ/"k—j—l] (pa) a'nd [ﬂ/‘jr [/1’1’ ﬂ/"k—j—l]] (pa)
which are clearly in F'34. This completes the proof of 6-12. |

Proof of 6-13. Let w have Bockstein filtration > ¢ with ¢ > 4.

Let w; be linear combinations of relative Samelson products such that the w; map to
a basis for L® under the map which sends x to » and v to v. We may assume that there
is a subset C of the w, such that the elements of C are generated by the x, and the £y,
and such that C maps to a basis of L®.

The remark which follows 2-8 shows that we may assume that the w, respect a
trigrading which ensures that each w, is homogeneous in the number of occurrences of
p and v. In particular, C contains all w; with at least two occurrences of x in each term.
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The proof of 5-4, together with 6-10, shows that, modulo F¢+34, v is a linear combi-
nation of the w; and of those [w;, [w;, w;]] with v, of odd degree. Since w has Bockstein
filtration > 4, all of these w; lie in C. Hence, wh is contained in the sum of A and
Fat3g,

Since the Bockstein filtration is finite in each degree, one can make the inductive
assumption that F2t34 is contained in 4™, Hence, wh is in 4.

This completes the proof of 6-13 and of 6-4. |

The remainder of this paper is devoted to proving Lemma 2-9, which involves doing
for QE?*m+1{p"} something like what we have just done for QF?#+1{pr}. Extra difficulties
arise since neither of the mod p” homotopy classes  nor v are in 7, (QE**Y{p'}; Z /p"Z).
For example, neither [v, #] nor [g, ] may be regarded as a relative Samelson product
lying in m (QE*{p}; Z/p"2).

In the fibration sequence QE**+{pr} - QP2+1(pr) - Q82n+1{y} the base space is
the loops on an H-space. Hence, the base space is homotopy commutative via a
canonical homotopy. This implies that all Samelson products vanish in

My (QS2 Y pr}; Z /97 Z).
It follows that all Samelson products in 7,(QP?**+(p"); Z/p'Z) are the images of
homotopy classes in 7, (QE**{p'}; Z/p"Z). However, it may not be possible to
choose these homotopy classes so that antisymmetry and the Jacobi identities hold
(at least up to the error term in 1-3 when p = 3). John Moore and I conjecture that this
is in fact always possible.

Conjecture. Let X - Y — Z be a fibration sequence with Z an H-space. Then the
Samelson products of classes in the homotopy of QY pull back to the homotopy of QX
in such a way that antisymmetry and the Jacobi identity (up to the error term when
p = 3) are valid.

If the above is true, then 2-9 admits a proof which is almost exactly like that of 6-5.
But it is not known. It is necessary to do the case-by-case analysis which follows.

Lemma 6-14. There exist mod p” homotopy elasses [, 7], [7; 2], [#,7] and [/;7] in
T (QE*+Yp'}; Z [/p'Z) such that their respective images in 7, (QF+{p"}; Z /p’Z) are
[, 1], v, 1), [g,¥] and [v,v]. ([v,v] is interpreted to be 0.) If p > 3 or if » > 1, then
these classes are unique.
Proof. Since relative Samelson products are zero in the fibration sequence
Q282+l 5 4 > Q2041

the exact homotopy sequence of QEn+1{pr} - QF?n+1{pr} > Q282n+1 shows that such
classes exist.

A diagram in Section 3 extends to give the following homotopy commutative
diagram in which the rows are fibration sequences up to homotopy.

Q38+l 5 O(n) ————— -1, ()2g2n+l

| l l |

Q38en+l QEZn-}-l{pr} _— QFZ’H-I{pr} — Q2§2n+1,
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We now prove uniqueness when p > 3 or n > 1. Any two choices for such a class
differ by an element which comes from the homotopy of Q3827+1 and hence from the
homotopy of C(n). Since C(n) is 2pn—4 connected and the homotopy classes are in
dimensions 4n—2, 4n—1, 4n—1, and 4n, respectively, uniqueness follows from the
fact that 2pn—4 > 4n. |

Remark 6-15.If p > 3orif n > 1, then the uniqueness statement in 6-14 implies that
[,7] = 0, [v,12) = — [, V], and pB[v, ] = [, V], where pf is the mod p” reduction of the
Bockstein. If p = 3 and n = 1, first choose some [, zz] and then choose [, V] = — [, %]
and [z, ] = pB[V, ). And, in this case, choose [, 7] = 0. Finally, if [z, 7] denotes any
one of the elements (e, 72), [, 2}, [, 7], or [»,7] and if ¢ and d are scalars, then set
[6z,dy) = cd[Z7).

For the fibration sequence QE2»+1{p7} > QP¥+1(pr) » QS?*+1, interpret a relative
Samelson product of length 2 in x and v in the manner specified by 6-14 and 6-15. For
example, [v, 4] is interpreted to be [¥,%] in o (QE>¥p"}; Z /p"Z). Having done this,
there is a natural interpretation of the higher length relative Samelson products as
classes in 7, (QE*+Y{p}; Z/p'Z). For example, [v,[v,x]] is interpreted to be the
relative Samelson product [v, [V, %]]. There is no ambiguity in this interpretation.
For example, [[v, ], [, 2]] = [[V, 2], (1, #]]. This follows from:

LeEmMmMA 6-16. Let F >E->Bbea fibration sequence of connected spaces. If x and y
are classes in 7, (QF; Z/p'Z), then [z,y] = [ty 2,y] = [z, i, y] in 7, (QF; Z/p'Z).

Proof. This isimplied by ((9), Proposition 11-7) and by the remark which follows it. |
Therefore, the relative mod p” Samelson products

Xo Pna—l(pr) > QF2n+l{pr}
factor into compositions
Pna—l(pr) _;E; QE2n+1{pr} - QF2n+l{pr}
where the j,: Pra—1(p’) - QE?*"+1{p} are relative Samelson products in the above
interpretation. Add these Y, together to get a map
i‘;: va an—l(pr) - QE2n+l{pr}'
The unique multiplicative extension of ¥ is a mapf: Q V, Pre(p’) - QE2+{pr} such

that the composition Q V, Ps(p") > QE2+1{pr} - QF?»+1{pr}is the map f of Section 3.
There is a homotopy commutative diagram

Q Va P"“(p') — QEZ’H‘I{})’} N V2n+1{Pr} - Va Pna(pr) —_— E2n+1{pr}
Il | | [ ]
Q Va Pna(pr) —_ QF2n+l{pr} — U2n+1{Pr} —_— V‘z Pna(pr) —_— F2n+l{pr}

in which the rows are fibration sequences up to homotopy. Lemma 6- 1 and the argument
in 6-2 imply that the principal fibration sequence

Q Va Pna(pr) - QE2n+l{pr} > V2n+1{pr}
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has a section s’: V2*+1{pr} > QE+1{pr}. Hence, there is a homotopy equivalence
Q V, Pra(pr) x V2ntl{pr} » QE?+{pr},

We need to show that Bockstein formulas are valid.

Consider the mod p reductions v, and g, of v and g, respectively. Choose [fy, 2,],
[y ], [Py, and [, 7,] to be the mod p reductions of [z, %], [V, &), [#,v] and [»,7),
respectively. If [£;,7,] denotes any one of the elements [4,,%,], [Vy, ], [, 4], or
[v1,7,] and if ¢ and d are scalars, then set [cz,, dy,] = c¢d[2,,y,]. The following lemma is
immediate.

Lemma 6-17. The transcriptions of 6-14 and of 6-15 are valid with the above choices.
Furthermore, if s < 7, then #%is zero on these choices and f7[i}, 7] = [jiy, fh1]-
Interpret relative Samelson products formed from g, and v, to lie in

e (QE* Y p'}; Z[pZ)

in the same manner as the previous interpretation of relative Samelson products
formed from gz and v. Then the Bockstein differentials act as derivations on these
products by 6-17.

Let s, = ad*1(v,) (ty) = ad*~2(vy) (7 7] in 7 (QE41{pr}; Z/pZ).

Suppose for the moment that we can replace QF?*+1{pr} in 6-4 by QE2+{pr}. To
prove 2-9, we need to show the existence of the homotopy classes ;. But this can be
done by replacing QF2*+1{p7} and U2*+{p"} by QE*+}{p'} and V2"+{p'} in that part
of the proof of 6-4 which constructs the homotopy classes §}. Detailed verification is
left to the reader. Hence, to prove 2-9 and to complete this paper, it is only necessary
to prove 6-4 with QF2»+1{p"} replaced by QE2*+{pr}.

We need to consider length 3 Jacobi identities in g, and v,. All such are either
trivially true or follow from the next lemma. For example,

1, p il = 0+ [y, (75 7,01 = (0P, 91), ]+ [vs, [ 2]

is trivially true and

(1, 0 g]] = [y, ] pta] + V1, [, 4]
follows from 6-18(i).

LemMA 6-18. In 7, (QE?+'{p}; Z /pZ), the following identities are valid.
(1) Ay = [vy, [ ia]] = 2[[vy, 1], 1] = 0.
(il) Ay = 3[py, (1, 111 = 0.

Proof. Suppose that p > 3. Since A, and A, map to zero in m, (QF2*+Y{p"}; Z /pZ),
the uniqueness argument in 6-14 (and 2pn —4 > 6n — 2) implies that A, = A, = 0.

Suppose that p = 3 for the remainder of this proof.

Then A, = 0 since 3 annihilates 7, (QE?*"+{3"}; Z/3Z).

Assume that A, # 0. Since A; maps to zero in 7, (QF2*+{37}; Z/3Z), there is an
element A] in 7g, _,(Q3827+1; Z/3Z) which maps to A,. Let A] be the image of Aj in
Mgn_oC(n); Z/3Z). The cages n > 1 and n = 1 are treated separately.
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Let n > 1. There is a map C(n) > K(Z/3Z,6n—3) which is a mod 3 homology
isomorphism in dimensions < 6n. Since A] is nonzero, it follows that the induced map

Aly: Hg,_3(P*"~%(3); Z/3Z) - Hg, 5(C(n); Z/32Z)

{ncl 4,
is nonzero. If y is the composition S¢#—3 > Pén-2(3) - Q382n+1 then the composition

S“"—a-; Q38241 5. C(n) does not induce zero in mod 3 homology. Since n > 1, this
contradicts the nonexistence of elements of mod » Hopf invariant one [5, 6, 11, 12].
Hence, A, = 0.

Let n = 1. Theorem 3-1 (which is proved by 6.6) yields a decomposition of QF3{3"}
into Q V, Pna(3) x []£.,8%%-1{37+1} x S1. Since the first factor lifts to QE3{3}, it maps
null homotopically into Q2S3. The proof of 3-1 shows that ,(8%{37+1}; Z/3Z) is
generated by a class ¢ with ¢ = [4,, [}, #,]] modulo 7,(Q V, P?s(37); Z/3Z). Therefore,
the map 7, (QF3(3}; Z/3Z - m,(Q38%; Z/3Z) is zero in dimensions 2, 3, and 4. By
exactness of the homotopy sequence, m,(Q3S%; Z/3Z) - n (QE¥3"}; Z/3Z) is an
injection in dimensions 1, 2, and 3.

Localized at 3, 74(S3) ~ Z/3Z and my(8%) = m,(83) = 0. Therefore,

BY: m(Q383; Z/3Z) - my(Q3SP; Z/32)

is an isomorphism. Hence, #'A; + 0. Injectivity implies that SA, % 0.
But 1A, = 0.If r > 1, then 6-17 implies this immediately. If r = 1, then 6-17 yields

that S1A; = (g, (g, 211 — 2[[ 1, 1), #21] = 3[ 1, [foy; 7411 = O. The contradiction implies
that A, = 0. |

Lemma 6:19. Let [w,, [w,, w,]] be an interpretation of a relative Samelson product in
E7(QE?"+{p"}) where each w, is formed from g, and v,. Then the Jacobi identity,
[wy, [we, W5]] = [[wy, Wy, ]+ (— 1)dee @1 degwe[), [w,, w,]], is valid (modulo the error
term given in 1-3 when p = 3 and r = 1).

Proof. If the w; all have length 1, this follows from 6-18. If any one of the w, has
length > 2, then this w, is in E(QE?*+1{pr}). Then [v,, [w,, ,]] i8 a relative Samelson
product in the standard sense. |

In E7(QE?+1{pr}), the interpretation of relative Samelson products formed from g,
and v, satisfies: (i) It is antisymmetric, (ii) it has the Jacobi identity (up to the error
term when p = 3 and » = 1), (iii) it is bilinear, and (iv) the Bockstein differentials are
derivations. Therefore, the proof of 6-4 applies without change to prove 6-4 with
QF2n+p} replaced by QE?+1{p}.
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