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0. Introduction
The purpose of this paper is to show that 3n annihilates the 3-primary component of

the homotopy groups of the 2n+ 1-dimensional sphere. In the terminology of (2) and (3),
S2n+1 has exponent 3n at 3.

In fact, a stronger result is proved. Localize at 3 and let Q?nS2n+\2n + 1) denote the
2»-fold loop space of the 2n+ 1 -connected cover of S2n+1. Then Cl2nS2n+1(2n + 1) has a
null homotopic 3n-th power map.

It is also shown that a simply connected mod 3r Moore space has 3-torsion of order
3r + 1 in its homotopy groups.

The main point of this paper is that, after suitable modifications, the methods and
results of (2) and (3) which were restricted to primes greater than 3 actually extend to
the prime 3. I t is necessary to work harder at the prime 3 because of the fact that
Samelson products in mod 3 homotopy do not satisfy the Jacobi identity. At primes
greater than 3, the Jacobi identity is used in the proofs of certain Bockstein formulas.
(See Lemma 6-4.) These formulas are important in the proofs of the main results.

The main technical idea in this paper is to analyse the deviation from the Jacobi
identity in mod 3r homotopy. It is shown that the Bockstein formulas hold up to an
error term which does not influence the final results.

This paper is organized as follows. In Section 1, properties of Samelson products are
reviewed. In Section 2, it is shown that higher order torsion exists in the homotopy
groups of Moore spaces. In Section 3, this higher order torsion is used to prove product
decompositions of certain loop spaces. In Section 4, the decomposition theorems are
applied to exponent results. Section 5 contains the proofs of useful algebraic identities.
And, in Section 6, modifications of Bockstein formulas (upon which all else depends)
are proved.

Most results are stated so that they are valid for any odd prime. The notation,
conventions, terminology, and style are fairly consistent with (2) and (3) so that the
reader is encouraged to refer to them if clarification is ever needed.

I have chosen to repeat some of the arguments in (2) and (3). The reason for this is
twofold. First, many ideas from (2) and (3) must be recalled. To do this without putting
these ideas in their appropriate context would be ugly and incomprehensible. Second,
improvements can be made in some of the arguments and results.

Throughout this paper, p denotes an odd prime and all spaces are localized at p. All
Lie algebras are graded and connected.
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64 J. A. NEISENDORFER

I am grateful to John Moore and to Michael Barratt who made helpful and en-
couraging comments on the nature of the problem at 3.

1. Samelson products

The proofs of the theorems of this paper depend on Samelson products in modpr

homotopy groups. Bocksteins and Hurewicz maps also play a role. First, we recall
their properties and the notations for any odd prime. Second, we discuss differences
between the prime 3 and greater primes. Complete details for this section can be
found in (9).

The Moore spaces S™'1 U pTem, which are denoted Pm{pr), define the modpr homotopy
groups of a space X by nm(X; Z/prZ) = [-P"1^'); X] for m ^ 2. When n^X) is abelian,
extend this definition by n^X; Z/prZ) = n^X) ® Z/prZ.

One should think of TTm{X; Z/prZ) as standing in the same relationship to nm(X) as
Hm(X; Z/prZ) stands to Hm(X). There are Bocksteins /?: 7tn{X; Z/prZ) -* n^X) and
reduction maps p: nm(X) ->• nm(X; Z/prZ). There is a homotopy Bockstein spectral
sequence Er

n(X) with Bockstein differentials fir and with E\{X) = nm(X; Z/pZ) and

fi1 = Pfi-

Furthermore, the Hurewicz maps

<j>:nm(X)-*Hm(X) and <j>: 7rm(X;Z/p'Z) -* Hm{X; Z/p'Z)

satisfy <f>/3 = /$<}) and <f>p = p<j>. These Hurewicz maps induce morphisms

of homotopy Bockstein spectral sequences to homology Bockstein spectral sequences.
Now, let p be an odd prime and let G be a group-like space. The Samelson product

is a bilinear pairing [, ]: nm(O; Z/prZ) x nn(G; Z/pTZ) -+• nm+n(G; Z/prZ). I t satisfies:

LEMMA 1-1. (i) The Samelson product is bilinear.
(ii) I t is anti-symmetric, i.e. [x, y] = — ( - 1 )de8 x dee v\y, x\.
(iii) The Hurewicz map preserves brackets, i.e.

0 a % - ( - l)d e g

(iv) p[x,y] = [px,
(v) The Samelson product induces a pairing of Er

n(F) in which the yff(r) are derivations
and the Hurewicz maps <fi: Er

n(G) -> ET
H(G) are morphisms in the sense of (iii).

The notation [x, y] for the Samelson product suggests that it should make
nm(G; Z/prZ) and Er

n(G) into Lie algebras. This is the case if p is greater than 3.

LEMMA 1-2. If p is greater than 3, then the Jacobi identity holds, i.e.

Note that the Jacobi identity implies that 3[a;, [x, x]] = 0 if deg z is odd. Hence, if p is
greater than 3, then [x, [x, x]] = 0 if deg x is odd.

By definition, a Lie algebra has a bilinear anti-symmetric pairing which satisfies
the Jacobi identity and the 'triple product identity' [x, [x, x]] = 0 if deg a; is odd. Even
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though the Jacobi identity is valid for classical integral Samelson products, n^(G) is
not a Lie algebra since the triple product identity fails. For example, if i generates
7r2n_1(£}£2») and n > 1, then [i, [i, i]] * 0 [6,12].

We do without the triple product identity at the prime 3, but we need to know to
what extent the Jacobi identity fails. We describe this now.

Let ax be a class in 7rm+2('S
m~1) which is detected by the Steenrod operation 3PX, i.e.

0>x is nonzero in the mod 3 cohomology of the complex 8m~x Uoie
m+3. Let a be the

image of OL1 under the inclusion S™-1 -> Pm( 3r). The deviation from the Jacobi identity is:

LEMMA 1-3. If p = 3, then the Jacobi identity holds modulo linear combinations of
[[pfix, pfiy], pfiz](pa) and [pfiy, [pfix,pfiz]] (pa) where p denotes the mod 3r reduction.

The class a has order 3 and hence, if r = 1, then pa. is in the image of the first Bock-
stein differential fim. Thus, the deviation from the Jacobi identity is in the image
of/?'1).

Lemma 1-3 yields:

COROLLARY 1-4. If p = 3, then the Jacobi identity is valid if any one of pfix, pfiy, pfiz
is 0. In particular, if r > 1, then the Jacobi identity is valid in ET

V(G).
The deviation in Lemma 1-3 introduced compositions into the work, making it useful

to have formulas which relate compositions to Samelson products. To this end, define
{x,y} = [pfix,y]-(-

LEMMA 1-5. If p is an odd prime, then there are linear operators
D: 7Tk{Pm(pr); Z/prZ) -> nk+2(P

m+1(pr); Z/prZ) such that,
for x in nm{G; Z/prZ), y in nn(G; Z/prZ), and h in 7rA(PIB(pr); Z/prZ), one has

[xh,y] = [x,y]P»h) + {x,y}(Z«-*D(h)).

The operator D satisfies D(Zh) = T*D{h). Recall that (a + b)k = ak + bk if k is a
suspension. If h is a suspension or if n > 2, then 1-5 yields

[xh, y] = [x, y] (S»A) + [pfix, y] (2-*Z)(A)) - ( - 1 )d<**[x,pfiy] (Z"

Finally, we remark that the results in this section extend to relative Samelson
products. Let F ->• E -> B be a fibration sequence. Then Q.F ->• D.E -> QB is also a
fibration sequence. If p is an odd prime, then there are relative Samelson products

[, ]: nJClE; ZIp'Z) X TTJQF; Z/p'Z) -> nm+n(QF; Z/p'Z)
and

[, ]: 7rn{ClF; ZIp'Z) X nJQE; Z/p'Z) -> nm+n(QF; Z/p^Z)

which satisfy the transcriptions of the formulas of this section.

2. Higher-order torsion

In this section, it is shown that the Moore space P2n+1(pr) contains torsion of order
pr+1 in its homotopy groups. Since Samelson products are the main tool, it is convenient
to work with the loop space ClP2n+1(pr).

3 PSP 90

https://doi.org/10.1017/S0305004100058539 Published online by Cambridge University Press

https://doi.org/10.1017/S0305004100058539


66 J. A. NEISENDOBFEB

Auxiliary spaces are needed. They are defined by the following homotopy commut-
ative diagram in which the rows and columns are fibration sequences up to homotopy.
In this diagram, * denotes a point, pr: S2n+1 -> S2n+1 denotes the degree pT map, and
q: P2n+\pT) -+ S2n+1 denotes the map which pinches the bottom cell of P2n+1(pr) to a
point.

V". I' i 1'
S2n+1

> * > S2n+\

The loop functor £2 is applied to the above diagram to give the diagram which is
called the main diagram. The main diagram is a homotopy commutative diagram of
loop spaces and loop maps in which the rows and columns are fibration sequences up
to homotopy.

The next two paragraphs recall notation and terminology for the graded objects
that are used to describe and modp homology of the spaces QF2n+1{pr}, Q.P2n+1(pr),
and Q<S2n+1 in the main diagram.

If {a;a} is a graded set, then L(xa) denotes the free Lie algebra generated by {xa} and
(xay denotes the abelian Lie algebra generated by {xa}. If K is a Lie algebra, then UK
denotes its universal enveloping algebra. Kecall that UL(xa) is the free associative
algebra T(xa) generated by {xa} and U(x^) is the free commutative algebra S(xa)
generated by {xa}.

Let u have degree In — 1 and let v and z both have degree 2n. Denote by L the free
Lie algebra L(u, v) over the field Z/pZ and denote by L(o) the kernel of the map L -> <t>
which sends v to i and u to 0. Any subalgebra of a free Lie algebra is also a free Lie
algebra ((2), Proposition 3-9). Hence, L(o) is a free Lie algebra. In fact, ((2), Proposition
9-2) asserts that:

LEMMA 2-1. Ll0) is the free Lie algebra generated by the elements xk = adk~1(v) (u)
with k > 1.

Lemma 2-2 below is Proposition 9-3 of (2). Lemmas 2-3, 2-4, and 2-5 are also in [2],
but they are easy exercises for the reader.

LEMMA 2-2. Applying the modp homology functor to the fibration sequence

QF2n+1(pr\ -> ClP2n+1(pr) -¥• GlS2n+1

yields the short exact sequence of Hopf algebras ULm -> UL -> C/<t>.

LEMMA 2-3. In the mod p homology Bockstein spectral sequence Es
H{QS2n+1), /?* = 0

for all s. Hence, U(i) = Ea
H(QS2n+1) for all s.

LEMMA 2-4. In ^(QP2 n+1(pr)) , yff" = 0 for all s < r. The elements u and v may be
chosen so that fPv = u and (fin = 0. Hence, UL = E*H{QP*n+1(pr)) for s < r and
Z/pZ = E8

H{ClP2n+1(pr)) for s > r.
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Since UX(0) injects into UL, 2-4 implies:

LEMMA 2-5. In E3
B(QF2*+1{pr}), ft8 = 0 for s < r and y?r is the restriction of the ftr in

2-4. Hence, £7Z«» = ^ ( a F * * 1 ^ } ) for s^r.
Setting ftrv = u, ftTu = 0, yffri = 0 determines differential Lie algebra structures on

L(0), L, and <t>. Then Z/o) ->• L -*• (i} is a short exact sequence of differential Lie algebras.
The resulting sequence of differential Hopf algebras ULm -> UL ->U(t) is the
sequence Er

H(Q.F2n+1{pT}) -+ ET
H{QP2n+1(pr)) -> ET

B(Q.S2n+1).
In order to describe the terms EH(QFZn+1{pr}) with s > r, the following definition is

necessary.

Definition 2-6. For k > 0, define rk{v) to be xpk = ad"*-1^) (M). Thus, TO(V) = u. For
1^1, define <7,(v) to be

Corollary 4-6 of (2) asserts that/?rTft(w) = /?rtr,(v) = 0 and Theorem 10-3 of (2) asserts
that:

LEMMA 2-7. Hi,{VL^,ftr) = Er
H

+x{O.F2n+l{pr}) = S{rk(v),<r,{v))k>0. If it ^ 1, then

ftr+1rk(v) = Akcrk(v) where Ak * Omod^j. Hence, S(TQ{V)) = EH(QF2n+1{pr})foTs >r+l.
The elements rk(v) and cr,(v) are used in the construction of a filtration of the

differential Lie algebra L(o). Recall Lemma 12-3 of (2):

LEMMA 2.8. There exists a decreasing sequence B® of subdifferential Lie algebras of
i<°) such that:

(i) If k > 0, then £<*+« is an ideal in LF>.
»«>

(ii) There is a short exact sequence Lm -»• i(0) ->• (u~) with 7T(1)(T0(«)) = u.

(hi) If jfc > 1, then there is a short exact sequence L(fc+1) -> i(fc' ->• (rk, crk) with
»<*+«(Tt(i;)) = Tk and ^+«(o-fc(i;)) = cr*.

(iv) If k > 1, then H*(ULM, ftr) = flf(T,(t;), o-y(»))i>fc.
(v) Let X<°°> = nfc=1i

(fc). Then there is a graded set {xa, ya} such that Z/°°> = i(a;a, ya)
and /ff'-a;,, = ya.

Remark. Introduce a trigrading on L by giving v tridegree (2n — 1,1,0) and u tridegree
{2n — 2,0,1). The differential ftr has tridegree ( —1, —1,1). This trigrading is com-
patible with the proof of [2, Lemma 12-3]. That is, all the maps in 2-8 could be chosen
to respect this trigrading. We shall suppose this done. In particular, L(oo) contains all
elements of third degree ^ 2.

The results of this paper are consequences of Lemma 2-8 and of Lemma 2-9 below.
The proof of 2-9 is given in Section 6.

LEMMA 2-9. For k ^ 1, there exist mod^>r+1 homotopy classes

with the following properties:
3-2
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(i) Let Sk = (Qt1) 5fc: p«P»n-i(pH-i) ^ QE**+i{jr} -> Q.FZn+1{pr) and let T'k = p ^ , the
mod 4? reduction of Sk. Then the Hurewicz image <pTk is in ttk) and 77<fe+1)(0Tfc) = rk\ that
is, <f>Tk-Tk(v) is in L^ 1 ' .

(ii) Let a-; = Pr+lTk. Then 00"* is in £<*> and T ^ ^ e r * ) = Xk<Tk where A* =$= Omodp;
that is, <jxrk-Xk<jk{v) is in Uk+V>.

The next result is the goal of this section.

THEOREM 2-10. Let p be an odd prime and n Ss 1. For all k ^ 1, <Ae homotopy group
n2pkn-ik^P2n+1(Pr)) contains a summand isomorphic to Z/pr+1Z.

Proof. Let Es
n = ^ ( Q P ^ + ^ ^ a n d l e t ^ = E"H((lP2n+1(pr)). To prove the theorem,

it is sufficient to exhibit nonzero classes in the image of y?r+1 in dimensions 2pkn — 2 of

Let o-"k be the composition (Q.r)(r'k: P
2Pl'n~2(p) ^ QF2n+1{j)r} ^ Q.P2n+1(pr). Since

yffscr̂  = 0 for s ^ r, the same is true for <rk. Hence, o-"k represents a class in Er
n
+1. Since a'k

is in the image of/?r+1, so is o-"k. I t is only necessary to show that cr'k does not represent
zero in Er

n
+X.

Let PEr
H be the module of primitives in Er

H. The Hurewicz map (j>: ET
n -> Er

H factors
through PET

H. Thus, there is an induced map Hep: Er
n
+1 -+ H*(PEr

H,fir). I t is sufficient
to show that {H<j>) cr"k 4= 0.

In E"H with s ^ r, 2-9 implies that <f>crk = Xkak{v) + a where a is in i ( t + 1 ) . I t follows
from 2-8 (iv) and from ((2), lemma 3-14) that L(k) ~ (rk(v), crk(v)) © i ( t + 1 ) as chain
complexes. Hence, (H<f>) ak is not zero in

The equalities hold since L(K) is L in dimensions greater than 2pk~1n — 1 and L is PEr
H

in dimensions not of the form 2^, I ^ 1. The latter follows from the fact that PEr
H is

generated by L and^'-th powers of even dimensional classes in L ((2), proposition 2-8). |

Remark. If p is an odd prime and re Ss 1, then fiP27l+2(^r) has the same homotopy
type as 52n+1{^r} x ClVk°^0P

in+2kn+3(pr) by ((2), theorem 11-1). Thus, 2-10 implies that
7r*CPm(l'r)) contains summands isomorphic to Z/pr+1Z if m ^ 3.

3. Decompositions of loop spaces

In this section, the loop spaces QF2n+1{pT} and Q2?2n+1{pr} are shown to decompose
up to homotopy into infinite products. The symbol II is used to denote the weak
infinite product, i.e. the direct limit of the finite products.

THEOREM 3-1. Letp be an odd prime and n ^ 1. There exists a homotopy equivalence

f: nVaP
n*(pr) x 5 £2*1'n-1{2>r+1} x S2n~l -

where na runs over an index sets of integers greater than in—I and there are only finitely
many na with a given value.

Proof. The proof is based on the following lemma ((2), remark 3-5, lemma 3-6, and
proposition 3-7).
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LEMMA 3-2. Let K' -> K -> K" be a short exact sequence of finite type Lie algebras.
Vi U,

Then UK' -> UK -> UK" is a short exact sequence of Hopf algebras. In particular, if
y: UK" -^ UK is any linear map such that the composition {Uj)y: UK" -y UK-+ UK"

UiSy mult

is an isomorphism, then the map UK' ® UK" * UK ® UK > UK is an isomor-
phism of left UK' modules. In fact, y can be chosen to be a map of coalgebras and, in
this case, the map mult- (Ui®y) is an isomorphism of left UK' module coalgebras.

Apply 3-2 to the filtration L(k) of L(°) which is described in 2-8. Thus, UIJ® is iso-
morphic to UL™ ® U{u) and £7Z,<*> is isomorphic to UL^+1) ® U(rk, <rk} as left
differential coalgebras. Iteration gives:

LEMMA 3-3. UL<® is isomorphic to UL<-x)®@f=1U(Tk,crk)®U(u) as left *7Z,<°°>
differential module coalgebras.

Recall that H*(QF2n+1{pr}; Z/pZ) is isomorphic to ULP\ The tensor product
decomposition of ULm in 3-3 is the decomposition of H^QF^+^p*}; Z/pZ) which
would follow from 3-1 and the Kunneth theorem. The proof consists of realizing this
algebraic decomposition by maps of spaces. I t is necessary to produce maps
/ : O WaP

nx(pr)^QF2n+1{pr},gk: S2Pkn-1{j}r+1}-+QF2n+1{p''},&ndJl: S2"-1 ->ClF*n+1 {p}
with the following homological properties:/* should map H*(Q. VaP"a(pr); Z/pZ) iso-
morphically onto UlP^.g^ should map H+(S2pkn-ia{pr+1}; Z/pZ) isomorphically onto
U(jk, crky, and JL^ should map H^S271'1; Z/pZ) isomorphically onto U(u). Given these
maps, use the loop multiplication of ClF2n+1{pr) to multiply them. This constructs the
map rjr of 3-1. Lemma 3-2 implies that i/r is a mod p homology isomorphism. Hence, xjr is
a homology isomorphism of spaces localized at p. Therefore, ^ is a homotopy equi-
valence. If n = 1, the spaces are not simply connected. However, they are fT-spaces and,
in this situation, a homology isomorphism still implies a homotopy equivalence.

The proof is completed by producing the maps / , gk, and Jl. Let
v: P2n(pr) -> Q.P2n^{pr) and /*: P2™-1^) ~> QF^+^p1-}

represent modpr homotopy classes such that the Hurewicz images of their mod^
reductions are given by <j>pv = v and <f>p/i = u. With these homotopy classes, one can
form relative Samelson products which lie in n^QF^+^p*}; Z/prZ). See Section 1.

Recall from 2-8 that IP* = L(xa,ya) with ftrza = ya. Let na- 1 = degree xa. Since
xa is a linear combination of Lie brackets in v and u, there is a linear combination of
relative Samelson products Xa i n v a n ( i f1 such that xa '• -P

n°~1(2>r) -> QF2n+1{pr} and
<j>PXa = %a- Therefore, ^a*maps fir

#(P
n°-1(pr); Z/pZ) isomorphically onto the vector

space generated by xa and ya.
Add the xa to get a map x- VaP

n*~l{pr) -+ &F2n+1{pT}. Extend x to the multiplica-
tiveextensionf:QI,(\/aP

n«-1(pr))->aF2n+1{pr}.Thenf* is an isomorphism onto ULia>).
v' J

In the cofibration sequence S2™-1 -> S2™'1 ->• P2m(pr), the composition jpT is null
homotopic. Therefore, there is a map of fibration sequences up to homotopy:

pr

CIS2™'1 > <S2 m-x{pr} > S2™-1

i i I" 1
QP2m(pr) ¥ QP2m(pr) > * > P2m(pr).
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The modp homology of S2"1'1^'} can be computed by using the Serre spectral
sequence of the principal fibration sequence Q/S2"1"1 -> S2™-1^)'} -> S2™-1. The spectral
sequence collapses at E2. The induced map h+ in modp homology can be computed by
using the fact that h is equivariant with respect to the action of CIS2™'1 and the map Qj.
Verification of this paragraph is left as an exercise.

Let 8k: p2pJ»-i(^r+i) _> £iFZn+1{pr} be the map in 2-9. Extend Sk to its unique multi-
plicative extension hk: QP2Pkn(pr+1) -> QF2n+1{j>r}. Form the composition gk = hkh
with the map h in the preceding diagram. Then gkit gives an isomorphism onto
U<jk,ak).

Finally, let Ji: S2""1 -+ QF2n+1{pr} represent a generator of TT2n_1(Q.F2n+l{pr}). \
In order to give a decomposition of tiE2n+1{pr), let C(n) denote the fibre of the double

suspension E2: iS2"-1 -> D.2S2n+1. Refer to the main diagram in Section 2 and see that
the map Ji in the proof of 3-1 fits into a map of fibration sequences:

C{n) —^-

I , I
I . I

2n+l ^ Q,2S

Relative Samelson products are zero in the fibration sequence

Hence, the main diagram implies that the relative Samelson products xa factor through
the space Q£r2n+1{pr}. I t follows that the multiplicative map

/ : Q VaP
n"(pr) -> QF2n+1{pT}

factors through a multiplicative map / : £1 Va P
na(pr) -> Q.E2n+1{j>r}.

In 2-9, the map Sk factors through 5fc. Hence, the maps gk factor through maps
gk: S

2**"-1^1} -> £lE2«+\p'}.
Consider the fibration sequence

n WaP
n"(pr) x n"=i <S2P*»-1{i)'-+1}C(n) -> £i Va P"»(p»)

x Il&=i S2"*"-1^1} x S2"-1 -+ Q2^2"+1

in which the map to Q2S2n+1 is the composition E 2 ^ where n3 is the projection of the
product on the factor S2n+1. Let ijr' be the result of multiplying the maps/, gk, and ji.
There is a map of fibration sequences up to homotopy:

D Va P»°(2>n) x n /Sf2P*«-1{pn+1} x C(n)

I
Va P

n-{pn) x n S2*""-^'*1} x S2"-1

rv— j

I
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THEOREM 3-4. The map ijr' is a homotopy equivalence.

Proof. Since l n v n + 1 a n ^ ^ are homotopy equivalences, the five lemmas imply that
rjr' is a homotopy equivalence. |

4. Application to exponents

In this section, the decomposition theorems in Section 3 are applied to determine
the odd primary exponents of the homotopy groups of the sphere S2n+1 and of the
homotopy groups of the fibre C(n) of the double suspension 22: 82n~l -»• Cl2S2n+1.

To begin, set r = 1 in Theorem 3-1 and let rjf-1 be a homotopy inverse for the map xjr.
Define n: D.2S2n+1 -+ S2*1'1 to be the composition

Q

where n3 is the projection on the last factor and Q.B is the map from the main diagram
in Section 2.

THEOREM 4-1. The composition nT,2 is homotopic to the degree p map p: S2n~1 -> /S271"1.
The composition Yhr is homotopic to Q.2p: Cl2S2n+1 -+ H282n+1.

Proof. The first statement follows from the second statement. The latter is a con-
sequence of the main diagram and of the diagram which precedes Theorem 3.4. I

If G is an //-space, then a k-th power map, denoted by k: G -> G, induces multipli-
cation by k on n+(G). Hence, if k: G -> G is null homotopic, then k annihilates n*{G).
The loop space Q.G has two natural multiplications, but they are homotopic. Therefore,
Clk ~ k. If G has a null homotopic k-th power, so does Q.G.

Localized at an odd prime, the sphere S211'1 is an //-space (l). Choose the multipli-
cation which makes the double suspension Z2: /S2n-1 -> Q.282n+1 into an //-map. With
this choice, the fibration sequence C{n) -> S271*1 -> Q2S2n+1 is a sequence of //-spaces
and //-maps. The degree p map on S2n~x is the p-th power map. Note also that Q?p ~ p
o n Cl2S2n~*~^

It follows that 4-1 implies:

COROLLARY 4-2. The kernel and cokernel of 2J: n^S271'1)-> n+(Q282n+1) are
annihilated by p.

Apply induction and 42 to get:

COROLLARY 4-3. If p is an odd prime, then the p-primary component of n^.(82n+1) is
annihilated by pn.

The case n = 1 of 4-3 was first proved by Selick (10).
Let £2n+1<2?i+ 1> denote the 2n+ 1-connected cover of £2n+1.

THEOREM 4-4. Localized at an odd prime p, the H-space Q2n82n+1(2n+1> has a nidi
homotopic pn-th power map. Localized at an odd prime p, C(n) has a null homotopic p-th
power map.

Proof. The result is proved in the following manner. First, show that Q.28\3y has
a null homotopic p-th power. Then show that C(n) has a null homotopic p-th power.
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This is all that must be proved. If n > 1, then the result for Q?n82n+\2n + 1> follows
immediately by induction using the fibration sequence

Note that Z2: tf1 ->• Q?83 splits up to homotopy. Therefore, Q?S3 ~ tf1 x Q2£3<3> and
Q2£3<3> is a retract of D2*S3.

Consider the following homotopy commutative diagram in which the columns are
fibration sequences up to homotopy and the rows are maps of fibration sequences.

The composition in the middle row is £l2p which is the p-th power in Q2$3. Since
Q2*S3<3> is a retract of Q?S3, p: Q?S3(3) -> Q.z8\sy is up to homotopy the only map
which makes the following diagram homotopy commutative.

i n'p i

Therefore, p: £12*S3<3> -> Q2^3<3> is null homotopic.
Now consider the homotopy commutative diagram below in which the columns

are fibration sequences.

C(n) > * > C(n)

1 . 1 . 1
1" . 1

» ^f2n-l > D2>S2 n+1.

In fact, the above diagram is fibre homotopy commutative. The only obstruction
lies in #2n-i(£2n-i. •nin_1{C(n))) = O.It follows that the top row is p: C(n) -> C(n)upto
homotopy. Hence, p: C(n) -> C(n) is null homotopic. |

5. Quasi-Lie algebras

In this section, we introduce two convenient definitions, namely, that of an anti-
symmetric algebra and that of a quasi-Lie algebra. Inside such objects various
identities hold. These identities are applied in Section 6.

Let R be a commutative ring in which 2 is a unit. The ring R is the ground ring for
the graded objects defined below.
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We adopt the convention that the degree of an element x is denoted by |a;|.

Definition 5-1. Let L be a graded i?-module together with a bilinear pairing

[,]:LnxLm-+Ln+m.

(i) L is an antisymmetric algebra if [x, y] = - ( - l ) w w[y, x] for all x and y in L.
(ii) L is a quasi-Lie algebra if L is an antisymmetric algebra and if the Jacobi

identity is valid, that is, if [x, \y, z]] = [[a;, y], z] + (— 1 )lx| lwl[y, [a;, 2]] for all x, y and z in L.
(iii) L is a Lie algebra if L is a quasi-Lie algebra and if the triple product identity is

valid, that is, if [x, [x, x]] = 0 for all x of odd degree in L.

Definition 5-2. If L is an algebra of one of the three types defined in 5-1, then L is a
differential antisymmetric algebra, a differential quasi-Lie algebra, or a differential Lie
algebra if L is endowed with a degree-1 linear map d: Ln-> Ln_x which satisfies:

(i) d is a differential, that is, d2 = 0.
(ii) (it is a derivation, that is, d[x, y] = [dx, y] + (— l)|a:|[ar, dy] for all x and y in L.
Examples of the notions defined in 5-1 and 5-2 have already been provided in

Section 1. To be precise, let I b e a space. Then Samelson products in n^ClX; Z/pZ)
provide bilinear pairings so that:

(i) if p > 2 and r ^ 1, then Er
n(QX) together with Bockstein differential fir is a

differential antisymmetric algebra;
(ii) if p > 2 and r > 2, then it is a differential quasi-Lie algebra, and
(iii) if p > 3 and r ^ 1, then it is a differential Lie algebra.

LEMMA 5- 3. Let v denote an element in an antisymmetric algebra, and let x, y, z and w
denote elements in a quasi-Lie algebra. Then

(i) If v has even degree, then [v, v] = 0. In particular, [v, [v, v]] = 0 for even degree
elements.

(ii) If a; has odd degree, then 3[a;, [x, x]] = 0.
(iii) [[x, y], z] = ( - 1)11/1 l*l[[z, z], y] + [x, [y, z]].
(iv) If x has odd degree, then [w, [x, x]] = 2[[w, x], x] = — 2[a:, [x, w]] = — [[x, x],w].
(v) If x and y have the same odd degree, then

,[x + y,x + y]] = [x, [x, x]] + \y, \y, y]].

(vi) If x has odd degree, then [w, [x, [x, x]]] — 0.

Proof. The first four identities are well known, and their proofs are left as exercises.
For this proof only, use the notation [x, y] = xy.

To prove (v), note that

(x + y)((x + y)(x + y))- x(xx) - y(yy) = x{xy) + x{yx) + x(yy) + y{xx) + y(xy) + yiyx)

= x(xy) + x{xy) - 2y(xy) - 2x(xy) + y(xy) + y(yx) = 0.

To prove (vi), note that

w{x(xx)) = (ivx)(xx) + (-iywlx(w(xx))
= 2((ivx)x)x-(w(xx))z = 2({wx)x)x-2((wx)x)x= 0. |
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The identity in 5-3 (vi) is interesting since it asserts that the triple product identity,
[x, [x, x]] = 0 if x has odd degree, is valid in a quasi-Lie algebra if it is used in the
interior of a bracketed word in a quasi-Lie algebra. This fact is used in the proof of the
next technical lemma, which makes more precise the difference between a Lie algebra
and a quasi-Lie algebra.

Let IS be a quasi-Lie algebra. Suppose that a{ is a set of generators for IS; that is,
suppose that each element in L' is a linear combination of bracketed words in the at'a.
Assume that there is a homomorphism f-.L'^-L where L is the free Lie algebra
generated by the images/o^. Choose a basis SJj for L. Thus, each Z5i is a linear combina-
tion of bracketed words in the fata. Replacing each occurrence of fat by a( gives a
bracketed word oii such that/d^ = wf.

LEMMA 5-4. If y is any element in L', then y is a linear combination of the <y/s and
of the [a)j, [a)p Wy]]'s where o)j has odd degree.

Proof. There are scalars a{ such that/y = 2 ^ 5 ^ . That is, antisymmetry, the Jacobi
identity, and the triple product identity allow /y to be transformed into 2iaiwi.
Performing the same operations on y and noting 5-6 (vi) gives that y = 2ai&>i modulo
linear combinations of elements of the form [ft, [ft, ft]] with ft of odd degree. Applying
the same reasoning to ft and noting 5-6 (v) gives that

for scalars c^. \
Finally, let x be an element of even degree in a differential quasi-Lie algebra, and let

xx = dx. For k > 1, let xk = [x,xk_1] = ad(x) (xk_1). Then:

LEMMA 5-5.

Proof. Since dx1 = 0, the formula is valid for Jfc = 1. Suppose that k > 1 and that the
formula has been proved for k — 1. Then

dxk = d[x,xk_1]

= [dx,xk_1] + [x,dxk_1]

*=i (i. * - j - 1) [*. [*i. xk-i-i\]

*-i (i.fc - i - *) {[*m» **-i-J+t*y• **-*]}

Remark 5-6. In the next section, the Lemmas 5-3, 5-4 and 5-5 are interpreted in a
combinatorial fashion, as in the proof of 5-4. That is, they are interpreted to assert that
antisymmetry and the Jacobi identity may be used to transform one bracketed word
into another bracketed word. With this interpretation, the lemmas make sense and are
valid for the relative Samelson products discussed in Section 1, at least when̂ > # 3.
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6. Bockstein formulas

This section is the technical heart of this paper. It contains the proof of the Bockstein
formulas which imply the existence of higher order torsion in the homotopy groups of
the Moore spaces i>m(^)r) with m ^ 3 and p an odd prime. The case p = 3 and r = 1 is
by far the most complicated. If it were not necessary to treat this case, this section
would be much shorter.

Refer to Section 3 and recall the map/: Q VaP
n«(pr) -> Q-F2n+1{?>r}- Since/is a loop

map, there is a fibration sequence up to homotopy

O VaP
n«(i>r) -> QF2n+1{pr}-> U2n+1{pr}->

We begin by studying the principal fibration sequence

Q VaP
n°(pr) -> QFZn+1{j>r} -+ U2n+1{pr}.

Let/denote the composition

/ Or

The following lemma is proved in (4):

LEMMA 6-1. There exists a map J: QP2n+1{pr) -> Q VaP"°(2)r) such that Jf is homo-
topic to the identity.

This yields

COROLLARY 6-2. The principal fibration sequence.

Q yaP
n"(pr) -> QF2n+1{pr}-> UZn+1{pr]

has a section
s: XJ2n^{pr} -> OF2n+1{pr}.

Proof. Set j =JClr: Q.F2n+1{pr) -> Q VaP
n°(pr). Then jf is homotopic to the identity.

Let U be the homotopy theoretic fibre of?". The exact homotopy sequence of a fibration
yields that the composition U -*• QF2n+l{j>r} ->• U2n+1{pr} is a homotopy equivalence.
Hence, U -> QF2n+1{pr} can be altered by a homotopy equivalence to give the section s. |

Multiplying the maps/and s in 6-2 gives a homotopy equivalence

x U2n+1{pr} -> ClF2n+1{pr}.

Hence, the homotopy groups of Q Va i
>na{yr) are a direct summand of those of

Recall from Section 2 that H^QF2^1^}; Z/pZ) is isomorphic to UB°\ and recall
from Section 3 that H+(Q.ya P

n°(pr); Z/pZ) is isomorphic to J7Z/°°>. It follows that there
is a map of coalgebras Z/pZ®uUta) UL®> -+ H*(U2n+1{pr}; Z/pZ). Lemma 3-3 implies
that Z/pZ ®Pi(oo) UB0) is isomorphic to ®2?=1 U(rk, crk) ® U(u).

LEMMA 6-3. The map

Z/pZ®ulXa))UW -* ^ (C/2"+V}; Z/pZ)

is an isomorphism.
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Proof. Let 0 ->• E -> J5 be any principal fibration sequence. There is a spectral
sequence in (8) which abuts to H+(B; Z/pZ). Its .E2-term is

TorHM.zlpZ)(Z/pZ,Ht(E; Z/pZ)).

If H+(E; Z/pZ) is a free H*(G; Z/pZ) module, then E2 is isomorphic to

Z/pZ®H.ia;zlPz)H*{E; Z/pZ),

and the spectral sequence collapses at E2. In this case, the natural map

Z/pZ®HM.,zlPz)H^E; Z/pZ) -> H+(B; Z/pZ)
is an isomorphism.

Apply the above to the principal fibration sequence

Q V<xi
>no(2>r) -> CIF*n+\pr} -> Z72»+1{j3r}

to get the required answer. Note that Z7i(oo> is a sub-Hopf algebra of UD®. Hence,
((7), Theorem 4-4) asserts that UL<® is a free t/L<°°> module. |

Remark. In the modp homology Bockstein spectral sequence,

k ( { z } ) ^ \ { p } ) for
The map

is an isomorphism. These statements follow from 2-5 and 3-3.
For the next proposition, introduce the following notation. Let vx and fa denote the

respective modp reductions of the two homotopy classes v: P2n(pr) -> QP2n+1(jjr) and
/i: P 2 " - 1 ^ ) -> O.F2n+1{pr) which are defined in Section 3. For k> 1, extend this
notation by letting /ik denote the relative Samelson product adk~1(yl) {jiy) in

}; Z/pZ).

PROPOSITION 6-4. In the modp homotopy Bockstein spectral sequence E%(Q.F*n+l{pr}),
the following formulas are valid,

(i) Ifs<r, then Psjik = 0.
(ii) Ifp >3orifp = 3andr> 1, then fir/ik = iS*=iO". * - j ) Oy./Wl-
(in) Ifp — 3 and r = 1, then the formula in (ii) is valid modulo

Grant Proposition 6-4 for the moment. Then we can prove the following weaker form
of Lemma 2-9. (Refer to Section 2 for the notation.)

LEMMA 6-5. (i) For k > 1, there exist modpr+1 homotopy classes

with the following properties. If r'k = pSk (the modp reduction of 8k), then the Hurewicz
image $r'k is in L(k) and u^c+Ji(^rk) = rk.

(ii) Let a'k = F+1Tk. Then <j>o-'k is in Z<*> and 7!<k+1\<f>(Tk) = Xka-k where Xk * modp.
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Proof of 6-5. Suppose th&tp > 3 or that p = 3 and r > 1. Set

Then 6-4 implies that firTk(v) = 0. Since <jnk{y) = rk, 2-7 implies that fir+1rk(v) = Afc<rfc(i>)
where Afc ̂  0 mod^ and where crfc(î ) is some nonzero element in Er

n
+1(Q.F2n+1{pr}) such

that <f>o~k(v) = crfe(v). Let efc: S
2pkn-2 -> Q-F2n+1{j3r} be a homotopy class whose modp

reduction pek represents Xkcrk{v). Then ek has order pT+1 and extends over the inclusion
£2p*n-2 _^ p2p*n-l(;pr+l) t o a m a p ^ . pZpin-l^r+l) _>. Q^n+l^} . W i t n t h i s c n o i c e of

Sk, the elements r'k and o^ are denned and o~'k represents Ako~k(v). Since L(fc) contains all
primitives in the dimensions of r'k and o-'k, the Hurewicz images 0T^. and <j>o-'k are in L(fc).
Clearly, 7fie+r>{<fHr'k) = A ^ , and p+h'k = < implies tha t ^^((jn1,,) = rk.

Now, suppose that p = 3 and r = 1. Corollary 6-2 gives a section s to the map which
will be denoted by n: £ii12n+1{pr} -> C72n+X{pr}. Set

Then 6-4 implies that flh'j^v) = 0. The previous argument can be repeated with this
choice of Tk(v). |

Remark 6-6. Lemma 6-5 can be used in place of Lemma 2-9 to prove Theorem 3-1. The
proof is identical to that given in Section 3.

Proof of 6-4. If s < r, then /J8/^ = fisv1 = 0. Since /?* is a derivation on relative
Samelson products, it follows that fisfik = 0, which proves 6-4 (i).

Suppose now that p > 3 or that p = 3 and r > 1. In the first case, the identities for
a Lie algebra hold for all relative Samelson products. In the second case, 1-4 states that
the identities for a quasi-Lie algebra hold in the mod 3 homotopy Bockstein spectral
sequence El provided that r ^ 2. In either case, 6-4 (ii) follows from the proof of 5-5.

Assume for the remainder of this proof that p = 3 and r = 1. The argument in this
case requires several technical definitions and lemmas.

Note that v = vt and /i = /iv Write /? for fix so that flv = fi.

Notation 6-7. Let h: Pm(3) ->• P9(3) denote a mod 3 homotopy class which is a
suspension. Let w: P«(3) ->• Q.F2n+1{3,} denote a relative Samelson product of length
^ 2 formed from v and ji with at least one occurrence of /i.

Definition 6-8. Define A to be the linear span of those homotopy classes in

n^QI^+^B}; Z/3Z)

which can be represented as a composition wh.
Since h is assumed to be a suspension, the identity (Wi + Wg) h = w1A + w2A is valid.

Hence, A is unchanged if w is allowed to be a linear combination of relative Samelson
products.

Definition 6-9. The relative Samelson product wx is said to have Bockstein filtration
^ q if there are at least q occurrences of fi in wx. This defines a decreasing nitration of
A by setting F^A equal to the linear span of those (oh where w has Bockstein filtration
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Note that FXA = A. The Bockstein filtration is finite in each degree. Hence,
FqA = 0 for q sufficiently large in a fixed degree.

LEMMA 6*10. Let tov w2, and o)z have Bockstein filtrations ^ qv q2, and q3, respectively,
(i) Then K , [w2> w3]] = [[<olt w2], w3] + ( - l)dee•* •»•««,[W|f [Wi> w j ] modulo

(ii) And [6^ A, o>2] is in _F

Proof. Part (i) follows from 1 • 3 and the fact that /?wi has Bockstein filtration ^ qi +1.
Part (ii) follows from 1-5. |

Recall from Section 3 the linear combinations xa °f relative Samelson products.

Definition 6* 11. Denote by .4(oo) the subspace of A which is the linear span of those
wh with (o generated by the xa

 an<i ^ne fiXa-
I t is immediate thatA^ is contained in ̂ ( J l V t P

n°(3); Z/3Z). Hence, 6-4 (ii) follows
from the following two lemmas.

LEMMA 6-12. Modulo FSA, fi/ik = $Z*~iO\ &-j)[>/»/**_*]•
LEMMA 6-13. A^ contains F*A.

Proof of 6-12. The proof is by induction on k. It is based upon the equation

fak = P\?> f*k-i] = IA. Afc-il +1>> A**-J.
which follows from the fact that ft is a derivation.

Note that Pfiv = 0 and that fi/iz = \jilt/ij. And /^ j = |/*i»/t2] + D'>IX>/*i]]- Since
A*i = »̂ 1'* implies that the Jacobi identity can be applied to the second term. Thus,
5-3 (iv) yields that fi/i3 = 3[/i1(/i2] = 0.

I t is possible to continue in this way to prove that the formula for f}/ik holds modulo
zero provided that k ^ 8. But an error term occurs in the formula for /?/t9.

Anyway, it is sufficient to note that the formula is proved for k < 3. Make the
inductive assumption that, modulo an error term y which is in F6A, the formula is
proved for k—1.

The argument in 5-5 shows that the formula for fl/ik holds modulo two error terms.
The first error term is [v, y\. Since y is in F5A, 6-10 (ii) implies that [V, y] is in F5A.
The second error term is created by 1-3 and by the use of the Jacobi identity in the

proof of 5-5. It is a linear combination of

[0*i. flfitl flMk-i-H (Pa) a n d lfih> l>i' M M - I H (Pa)
which are clearly in F5A. This completes the proof of 6-12. |

Proof of 6-13. Let u) have Bockstein filtration ^ q with q ^ 4.
Let o>j be linear combinations of relative Samelson products such that the u^ map to

a basis for Z(o) under the map which sends /itou and v to v. We may assume that there
is a subset C of the (Oj such that the elements of C are generated by the xa and the fix»
and such that C maps to a basis of £<00'.

The remark which follows 2-8 shows that we may assume that the Wj respect a
trigrading which ensures that each o)j is homogeneous in the number of occurrences of
H and v. In particular, C contains all a^ with at least two occurrences of /i in each term.
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The proof of 5-4, together with 610, shows that, modulo F*+ZA, w is a linear combi-
nation of the ojj and of those [w3-, \o>p o)j]] with w3- of odd degree. Since w has Bockstein
filtration > 4, all of these ojj lie in C. Hence, wh is contained in the sum of A(ta) and

Since the Bockstein filtration is finite in each degree, one can make the inductive
assumption that FQ+3A is contained in J.(ao). Hence, (oh is in .4(oo).

This completes the proof of 6-13 and of 6-4. |
The remainder of this paper is devoted to proving Lemma 2-9, which involves doing

for Q£2n+I{j)r} something like what we have just done for ilF2n+1{pr}. Extra difficulties
arise since neither of the mod pr homotopy classes /i nor v are in n* (Q.Ein+l{j)r}; Z/prZ).
For example, neither [v,/i] nor \ji,/i] may be regarded as a relative Samelson product
lying in 7T*(Q.E2n+1{pT}; Z/prZ).

In the fibration sequence £lE2n+1{pr} -> fiP2n+1(pr) -> Q£2n+1{pr}, the base space is
the loops on an .ff-space. Hence, the base space is homotopy commutative via a
canonical homotopy. This implies that all Samelson products vanish in

7T+(Q£2»+V}; Z/prZ).

It follows that all Samelson products in n+(QP2n+1(pr); Z/prZ) are the images of
homotopy classes in TT*(Q.E2n+1{pr}\ Z/prZ). However, it may not be possible to
choose these homotopy classes so that antisymmetry and the Jacobi identities hold
(at least up to the error term in 1-3 when^J = 3). John Moore and I conjecture that this
is in fact always possible.

Conjecture. Let X -» Y -> Z be a fibration sequence with Z an If-space. Then the
Samelson products of classes in the homotopy of Q, Y pull back to the homotopy of CIX
in such a way that antisymmetry and the Jacobi identity (up to the error term when
p — 3) are valid.

If the above is true, then 2-9 admits a proof which is almost exactly like that of 6-5.
But it is not known. It is necessary to do the case-by-case analysis which follows.

LEMMA 6-14. There exist modpr homotopy classes [firfi], [v7k], [/M"] a n d [JM>] in
n^{ClE2n+1{pr}; Z/prZ) such that their respective images in n^(QFZn+1{pr}; Z/pTZ) are
[/*•/*]» ["./*]> [/*>v] a n ( i [v>v]- i.[v>v] is interpreted to be 0.) If p > 3 or if n > 1, then
these classes are unique.

Proof. Since relative Samelson products are zero in the fibration sequence
Q2(Sf2n+l ^ % _

the exact homotopy sequence of Q.E2n+l{jp} -> Q_F2n+1{pr} -> Q?8in+1 shows that such
classes exist.

A diagram in Section 3 extends to give the following homotopy commutative
diagram in which the rows are fibration sequences up to homotopy.

Q3£2n+1 > C(n) > ̂ n - l > Q2£2n+1

I I I I

https://doi.org/10.1017/S0305004100058539 Published online by Cambridge University Press

https://doi.org/10.1017/S0305004100058539


80 J. A. NEISENDORFER

We now prove uniqueness when p > 3 or n > 1. Any two choices for such a class
differ by an element which comes from the homotopy of Q?82n+1 and hence from the
homotopy of C(n). Since C(n) is 2pn — 4 connected and the homotopy classes are in
dimensions in —2, 4n—l, 4n— 1, and 4n, respectively, uniqueness follows from the
fact that 2pn — 4 ^ 4n. |

Remark 6-15. If p > 3 or if n > 1, then the uniqueness statement in 6-14 implies that
[ivO = 0, [v^i] = — [ffi], and pfi[v^/i] = \ji^v], where />/£ is the mod pr reduction of the
Bockstein. If p = 3 and « = 1, first choose some [î T*] and then choose [/M ]̂ = — [>V*]
and [fiji] — pfi\yTjZ\. And, in this case, choose [Ĵ Vj = 0. Finally, if [x/y] denotes any
one of the elements (j^]i], [£%/*], \j^v], or [v^v] and if c and d are scalars, then set
[cx^Sy] = cd[x7y].

For the fibration sequence Q#2n+1{pr} ^- QP2n+1(pr) -> Q(S2n+1, interpret a relative
Samelson product of length 2 in/* and v in the manner specified by 6-14 and 6-15. For
example, [v,fi] is interpreted to be \y^i\ in n*(ClE2n+2{pr}; Z/prZ). Having done this,
there is a natural interpretation of the higher length relative Samelson products as
classes in nif(Q.E2n+1{pr}; Z/prZ). For example, [v, [v,/i]] is interpreted to be the
relative Samelson product [y, [v^fi]]. There is no ambiguity in this interpretation.
For example, [[V,/J], [/£/*]] = [[>V*1» [/*./*]]• This follows from:

i ]

LEMMA 6-16. Let F -*• E -*• B be a fibration sequence of connected spaces. If a; and y
are classes in n^Q.F; Z/prZ), then [x,y] = [i*x,y] = [x, i*y] in 7r*(£lF; Z/prZ).

Proof. This is implied by ((9), Proposition 11-7) and by the remark which follows it. |
Therefore, the relative modpr Samelson products

factor into compositions

where the xa: P"'-1^) -> Q.E2n+1{pr} are relative Samelson products in the above
interpretation. Add these x~a together to get a map

$: VaP
n°-1(pr) -

The unique multiplicative extension of ^ is a map/: Q Va P
na(pr) ->• £lE2n+1{pr} such

that the composition Q Va P"«(pr) -> QE2n+1{pT} -+ QF2n+1{jpr} is the map/of Section 3.
There is a homotopy commutative diagram

V
in which the rows are fibration sequences up to homotopy. Lemma 6-1 and the argument
in 6-2 imply that the principal fibration sequence

Q.
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has a section s': V2n+l{pT} -> QE2n+1{pr}. Hence, there is a homotopy equivalence

We need to show that Bockstein formulas are valid.
Consider the modp reductions vx and fa of v and fi, respectively. Choose [/̂ T/*i]>

[lyi j ] , [/^TI'i]. a n d [i^T^i] to be the modp reductions of [/£/t], ["̂ Xl> t/M'] anc* &*]>
respectively. If [x^yy^\ denotes any one of the elements [faijtii, [>W*i]» [/*iT î]> o r

[̂ TTi'i] and if c and d are scalars, then set [cxx, dy^\ = cd[xlt y j . The following lemma is
immediate.

LEMMA 6-17. The transcriptions of 6-14 and of 6-15 are valid with the above choices.
Furthermore, if 3 < r, then /?" is zero on these choices and y?r[î 7/«i] = Uh^ii-

Interpret relative Samelson products formed from fa and vx to lie in

^ ( O t f ^ + V } ; Z/pZ)

in the same manner as the previous interpretation of relative Samelson products
formed from /i and v. Then the Bockstein differentials act as derivations on these
products by 6-17.

Let/ifc = ad"-\Vl) fo) = arf*-«K) [ i ^ J in T r ^ Q ^ + V } ; Z/i»Z).
Suppose for the moment that we can replace ClF2n+1{pT} in 6-4 by QE2n+1{pr}. To

prove 2-9, we need to show the existence of the homotopy classes Sk. But this can be
done by replacing £XF2n+1{2>r} and U2n+1{pr} by QE2n+1{pr} and F2n+1{>r} in that part
of the proof of 6-4 which constructs the homotopy classes Sk. Detailed verification is
left to the reader. Hence, to prove 2-9 and to complete this paper, it is only necessary
to prove 6-4 with QF2^1^} replaced by QE2n+1{pr}.

We need to consider length 3 Jacobi identities in /it and vv All such are either
trivially true or follow from the next lemma. For example,

K- [>W«i] = 0 + K , [

is trivially true and

follows from 6-18 (i).

LEMMA 6-18. In n^QE^+^p"}; Z/pZ), the following identities are valid,
(i) Ax = [vlt[/t1,/tj\-2[[vl,/i1l/il] = 0.
(ii) A2

Proof. Suppose that p > 3. Since Ax and A2 map to zero in n+(QF2n+i{pr}; Z/pZ),
the uniqueness argument in 6-14 (and 2pn — 4 ^ 6n — 2) implies that Ax = A2 = 0.

Suppose that p = 3 for the remainder of this proof.
Then A2 = 0 since 3 annihilates n+(QE2n+1{3r}; Z/3Z).
Assume that Ax 4= 0. Since Ax maps to zero in n+(RF2n+1{3r}; Z/3Z), there is an

element Â  in 7T6n_2(Q
3<S2»+1; Z/ZZ) which maps to Ax. Let Aj be the image of AJ in

n6n_2(C(n); Z/3Z). The cases n > 1 and n = 1 are treated separately.
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Let n > 1. There is a map C(n) -> K(Z/ZZ, 6re - 3) which is a mod 3 homology
isomorphism in dimensions < 6n. Since A£ is nonzero, it follows that the induced map

A!,: #6n_3(f*>»-2(3); Z/ZZ) -> Hen_a(C(n); Z/ZZ)

lncl A'.
is nonzero. If y is the composition <S6n~3->P6n~2(3)->Q352n+1, then the composition

y
gen-a -+£i3g2.n+i^. (j^ <joes no^ induce zero in mod 3 homology. Since n > 1, this
contradicts the nonexistence of elements of modp Hopf invariant one [5,6,11,12].
Hence, Ax = 0.

Let n = 1. Theorem 3-1 (which is proved by 6.6) yields a decomposition of QF3{3r}
into Cl Va JP

n°(3r) x n"=i'S'2'3*~1{3r+1} x S 1 - S i n c e t h e first factor lifts to Q^3{3r}, it maps
null homotopically into Q?S3. The proof of 3-1 shows that 7Ti(S

5{3T+1}; Z/3Z) is
generated by a class e with e = \jiy, [^,/ti]] modulo n*(Q. VaP

n°(3r); Z/SZ). Therefore,
the map 7r*(Q.F3{3r}; Z/3Z -> n*(Q283; Z/3Z) is zero in dimensions 2, 3, and 4. By
exactness of the homotopy sequence, n+(ClaS3; Z/3Z) -> n*(ClEa{3r}; Z/3Z) is an
injection in dimensions 1, 2, and 3.

Localized at 3, n6(S
3) a Z/3Z and nb{S3) = ^(S3) = 0. Therefore,

; Z/3Z) -> 7T3(Q
3>S3; Z/3Z)

is an isomorphism. Hence, ft1^ =f= 0. Injectivity implies that y?1A1 + 0.
= 0. If r > 1, then 6-17 implies this immediately. If r = 1, then 6-17 yields
[/ii,[fiv/t1]] — 2[\ji1,/i^\,fi^ = 3(7*!, [/̂ T/*i]] = 0. The contradiction implies

that Ax = 0. |

LEMMA 6; 19. Let [e^, [co2, w3]] be an interpretation of a relative Samelson product in
El(QEZn+1{pr}) where each wf is formed from fix and î !. Then the Jacobi identity,
[&>!, [w2» ^3]] = t[wu w2]>w3] + (~l)d e e W l degW2[w2>[wi>w3]]> ig valid (modulo the error
term given in 1-3 when p = 3 and r = 1).

Proof. If the wi all have length 1, this follows from 618. If any one of the <ai has
length ^ 2, then this o)i is in ^(Q^/Zn+1{yr}). Then [(ov [w2, w3]] is a relative Samelson
product in the standard sense. |

In E^(QE2n+1{pr}), the interpretation of relative Samelson products formed from/^
and vt satisfies: (i) I t is antisymmetric, (ii) it has the Jacobi identity (up to the error
term when p = 3 and r = 1), (iii) it is bilinear, and (iv) the Bockstein differentials are
derivations. Therefore, the proof of 6-4 applies without change to prove 6-4 with
QF2n+1{pr} replaced by QE2n+1{pr}.
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