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Estimating a treatment’s effect on an outcome conditional on covariates is a primary
goal of many empirical investigations. Accurate estimation of the treatment effect
given covariates can enable the optimal treatment to be applied to each unit or guide
the deployment of limited treatment resources for maximum program benefit. Ap-
plications of conditional treatment effect estimation are found in direct marketing,
economic policy, and personalized medicine. When estimating conditional treat-
ment effects, the typical practice is to select a statistical model or procedure based
on sample data. However, combining estimates from the candidate procedures often
provides a more accurate estimate than the selection of a single procedure. This arti-
cle proposes a method of model combination that targets accurate estimation of the
treatment effect conditional on covariates. We provide a risk bound for the resulting
estimator under squared error loss and illustrate the method using data from a labor
skills training program.

1. INTRODUCTION

Estimating the causal effect of a treatment on a response is a primary goal of
many empirical investigations, particularly in fields such as business, medicine,
and public policy. Imbens and Wooldridge (2009) provide a review of treatment
effect estimation in the context of program evaluation in econometrics. Accurate
estimation of treatment effects is often challenging because of confounding and
because each observed unit is assigned only one of the possible treatments; the
latter issue was famously deemed the “fundamental problem of causal inference”
in Holland (1986). Much causal inference research has focused on estimation
of the treatment’s average effect across a population. Imbens (2004) reviews a
variety of methods for estimating the average treatment effect (ATE) from an
observational study; Abadie and Imbens (2011) and Zhang (2016) provide two
recently developed methods to estimate the ATE.
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However, treatment effects are often heterogeneous within the population of
interest. In the presence of treatment effect heterogeneity, when a treatment can
be applied at the level of individual units (as in medicine or direct marketing),
accurate estimation of the treatment’s effect on different individuals can be used
to increase the effectiveness of the treatment program in maximizing the out-
come of interest. For example, a retailer with a limited marketing budget would
be able to optimize a seasonal catalog mailing if it knew the effect of the catalog
on the purchasing behavior of each household. In the public sector, an economic
development agency often needs to decide which applicants will create the best
utilization of limited grant dollars. Accurate estimation of individual treatment
effects is central to the success of personalized medicine.

With the increasing volume of data becoming available to many organizations,
estimating heterogeneous treatment effects has become more feasible. As a re-
sult, this topic has attracted much recent attention, particularly in the areas of
business and econometrics. Much of the work on heterogeneous treatment ef-
fects has targeted the conditional average treatment effect (CATE). The CATE,
formally defined in Section 2, describes the average treatment effect conditional
on the value of a (scalar or vector-valued) covariate that is observed before the
treatment is applied. Hsu (2016) illustrates a test of the hypothesis that the CATE
is non-negative for every possible value of a subset of covariates. Chang, Lee,
and Whang (2015) develop a class of nonparametric tests involving the CATE.
Abrevaya, Hsu, and Lieli (2015) propose estimators for the CATE conditional on
a subset of covariates. Taddy, Gardner, Chen, and Draper (2016) propose a non-
parametric Bayesian approach for estimating heterogeneous treatment effects. Re-
cently proposed methods for estimating the CATE in applications of biostatistics
and political science include Cai, Tian, Wong, and Wei (2011), Green and Kern
(2012), and Imai and Ratkovic (2013).

For data analysts, there are an ever-increasing number of different methods
available for estimating conditional treatment effects. Therefore, for an analyst
with a dataset in hand and treatment effect estimation as the goal, two questions
naturally follow. First, which of these procedures will produce the best treatment
effect estimates? Second, can the estimates from the procedures be combined to
produce more accurate estimates?

Rolling and Yang (2014) address the first question by discussing model selec-
tion in the context of estimating the treatment effect conditional on covariates.
They found that within a given candidate set of models, the best model for treat-
ment effect estimation may be different than the best model for response esti-
mation or prediction. This phenomenon also was discussed in Qian and Murphy
(2011) in the context of optimizing treatment decisions. While targeted model
selection tools are a step in the right direction for accurate estimation of treat-
ment effects, post-model selection estimators from finite samples often have large
variability because of model selection instability.

This article addresses the second question by introducing a model combina-
tion method for estimation of treatment effects. This method is (to the best of
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our knowledge) the first combination algorithm specifically targeted at estimating
the effect of a treatment conditional on covariates. It has been well-established
(e.g., Yang, 2003) that for estimating the full regression function or forecasting,
model combination algorithms often lead to more accurate estimates and predic-
tions than model selection procedures when selection instability is high. The same
is true for conditional treatment effect estimation, which motivates the work in this
article.

In this article, the terms “model” and “procedure” have particular meanings
that are helpful to understand. We consider a model to mean a parametric spec-
ification of possible distributions of the observations. Given such a model, the
familiar estimation methods, e.g., MLE, MME and Bayes estimators, can be used
to estimate the unknown parameters. A procedure, on the other hand, is any al-
gorithm that provides an estimate of the conditional treatment effect (for our in-
terest), given data. A formal definition of a treatment effect estimation procedure
is given in Section 2. A parametric model, together with a chosen parameter esti-
mation method, leads to an estimate of the treatment effect. This process of using
the parametric model is a procedure for estimating the treatment effect. However,
there are nonparametric procedures or machine learning algorithms that do not
have any parametric family of distributions behind them. Even in the parametric
framework, as soon as there are multiple candidate models and one uses a model
selection method to choose one for final estimation, the final estimate is not from
a model but based on a procedure (that selects one model from a list and then
performs estimation).

The distinction between models and procedures is important because the
method proposed in this article applies generally to procedure combination, de-
spite “model combination” being the more common phrase. Our method assigns
combination weights to members of a general collection of candidate procedures.
By contrast, some other popular combination methods, such as Bayesian Model
Averaging or model selection criterion based weighting, are not applicable to
many nonparametric or machine learning procedures.

Furthermore, our proposed method is targeted to estimate the conditional ef-
fect of a treatment rather than the full regression function. Since models that are
good for response estimation or prediction may not be good for treatment effect
estimation (and vice versa), an algorithm targeted to the specific goal of treatment
effect estimation is needed to ensure that models doing a good job of estimating
the treatment effect receive higher weights. We call our method Treatment Ef-
fect Estimation by Mixing, abbreviated TEEM. (Incidentally, TEEM is a homo-
phone for “team”; this is fitting because the candidate estimators work together
to produce an accurate estimate.) TEEM relies on data splitting to evaluate the
candidate procedures and therefore can combine multiple types of regression pro-
cedures and estimates; any procedure that, given data, produces an estimate of the
treatment effect conditional on covariates can be used as a candidate in TEEM.
Furthermore, the theoretical results we present for TEEM do not assume that any
of the candidate models are correct. These features give the method flexibility
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to be used in a wide variety of settings. However, it should be noted that in or-
der to interpret the estimates produced by TEEM as conditional causal effects,
the assumption of unconfounded assignment (sometimes called selection on ob-
servables) that is common in the program evaluation literature (e.g., Imbens and
Wooldridge, 2009) must hold for the treatment, outcome, and covariates under
study. This assumption is formalized in the next section.

The rest of the article is organized as follows. A mathematical formulation
of the conditional treatment effect estimation problem is presented in Section 2.
Section 3 introduces the TEEM algorithm and suggests how dimension reduction
techniques may be used with TEEM in situations where there are many covari-
ates. The method is applied to the benchmark National Supported Work Demon-
stration dataset (LalLonde, 1986) in Section 4, and in Section 5, we perform a sim-
ulation based on the same data to compare our method to other model selection
and combination techniques. Section 6 contains some concluding remarks. An
online supplement to this article, available at Cambridge Journals Online (jour-
nals.cambridge.org/ect), presents an alternative version of the TEEM algorithm
and provides its theoretical justification in the form of a risk bound for estima-
tion of the conditional treatment effect. The supplement also contains additional
simulation studies.

2. FRAMEWORK

We consider a general regression framework in which the distribution of the re-
sponse Y may depend on a binary treatment variable T € {¢, c} and one or more
baseline covariates U € R”. In order to isolate the treatment difference of primary
interest, we express the observations as follows:

Yi=[fi(U)4+0,Up)e; 1 I(T; =1) + [ fe(U)+0.(Up)e; 11 (T; =), 1<i<n.
@

In the above, f;(w) = E(Y;|T; =t,U; =u) and f.(u) = E(Y;|T; =c,U; =u)
denote the regression mean functions for the treatment and control groups, re-
spectively. The covariates U; are assumed to be i.i.d. from some unknown dis-
tribution Py with support I/, and realized values of U are denoted by u. The ¢;
are i.i.d. noise variables independent from (7;,U;)7_, with a known probability
density function ¢ (¢), ¢ € R, having zero mean and unit variance (often ¢ will be
taken to be the standard Gaussian pdf). The error variance functions are allowed
to differ under treatment and control, and these are denoted by 0,2 and acz, respec-
tively. As suggested by the notation in (1), these variance functions may be het-
eroscedastic with respect to U. The treatment variable 7; may be deterministic or
random.

The object of interest in our work is A (u) := f;(u) — f.(u), the difference be-
tween the regression functions under treatment and control. As we discuss next,
some conditions are needed to properly interpret A (u) as a causal effect. We de-
fine causal effects using the potential outcomes framework of the Rubin Causal
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Model (Holland, 1986). That s, let ¥; (;) denote the response that would have been
observed had 7; =, and let Y; () denote the corresponding potential outcome if
T; = c. Then the causal effect of the treatment 7 on unit i is the unobserved ran-
dom variable Y; () — Y; (¢). Following Imbens and Wooldridge (2009), we define
the Conditional Average Treatment Effect (CATE) as the expectation of this ran-
dom variable conditional on the observed value of the covariate vector U;:

CATE(u) := E[(Y; (1) — Yi.(0)|U; = ul. )

Note that A (w) = E(Y;|T; =1¢,U; =u) —E(Y;|T; = ¢, U; =u). We call A the Con-
ditional Average Treatment Difference (CATD) to distinguish it from the CATE
because A may be influenced by unobserved confounding variables and therefore
not accurately represent the conditional effect of the treatment.

If the pair of potential outcomes for each i is conditionally independent of the
treatment given covariates; that is,

(Yl}(t)’Yi,(c)) 1 7;10;, 3)

then A (u) = CATE(u) and therefore A (u) represents the (mean) causal effect of
the treatment variable given the covariate value u. The assumption (3) is known
to hold in randomized experiments, but it only holds in observational studies if all
variables confounding the treatment and response are observed in the covariate
vector U. In this work, we focus on estimation of A because it is identifiable in
most experiments and observational studies. However, it is important to keep in
mind that in order for A (u) to represent a causal effect of the treatment variable
T, additional assumptions such as (3) are needed.

We define the Ly norm with respect to the probability distribution of the co-
variates,

1/2
I £ll2 = [ /M |f(u)|2PU(du)} : )

where Py denotes the probability distribution of U; for 1 <i < n. This norm will
be used to measure the average discrepancy between A and various estimates A
over .

The TEEM method involves combining a finite collection of procedures pro-
posed for estimating the function A. A treatment effect estimation procedure,
denoted by v, refers to a method of estimating the functions A, o2, and 62 based
onZ! = (Y3, Ti,Ui)f=1 at each sample size /. (Estimators of 0,2 and/or acz can be
shared between the procedures if desired.) Let y;, 1 < j < J, denote the candi-
date treatment effect estimation procedures, and let /A\l, js 6'2 L and &cz’ 1 denote
the estimators of the functions A, 0,2, and 002, respectively, resulting from the
application of procedure y; to the data /3

For the TEEM method, y may be any sort of procedure or algorithm that, given
data, produces estimates of A, 0,2, and acz. A given candidate y; could represent
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a parametric, nonparametric, or semiparametric statistical model, a nonstatisti-
cal machine learning procedure, or subjective expert judgment. Some candidate
procedures may utilize only a subset of the covariates or none of them at all (as
in the application described in Section 4); nevertheless, they are considered by
our method to have the same estimands (A, atz, and acz) because they provide
estimates of these functions at any value of u. The TEEM method of procedure
combination is very general and has the ability to combine different types of es-
timators. This flexibility is an important advantage for solving the problem of
treatment effect estimation because, as discussed in Section 1, there are a variety
of approaches proposed in the literature for estimation of conditional treatment
effects.

The proposed TEEM algorithm provides combining weights for any finite
collection of candidate procedures that estimate the function A. While addi-
tional assumptions such as (3) may be necessary to properly interpret A(u) as
a causal effect conditional on u, the purpose of TEEM is to accurately estimate
A, not to ensure that (3) holds for the resulting estimator. Of course, (3) of-
ten can be ensured by randomization or other considerations at the study design
stage.

3. TREATMENT EFFECT ESTIMATION BY MIXING (TEEM)

The TEEM algorithm for combining estimates of conditional treatment effects is
based on data splitting, as in cross-validation. The candidate procedures are fit
using a subset of the data (called the training set) and evaluated on the remain-
ing subset (the evaluation set). Traditional cross-validation for procedure selec-
tion compares the individual responses in the evaluation set with their predicted
values from the candidate procedures. However, for treatment effect estimation,
since each observational unit is in either the treatment or control group, individual
treatment effects are not available to compare with the estimates. Our solution to
this problem is to approximate individual treatment effects in the evaluation data
by using pairs of nearby observations, one from each treatment group.

Suppose we have a pair of observations (i, j) such that 7; =t and T; =
c. If individuals i and j have the same baseline covariates (U; = Uj), then
within the framework of the previous section, ¥; —Y; is an observation from
N(A(U;), 0,2 U + oﬁ(U,-)) and this difference can be used to evaluate the ac-
curacy of estimates A(U;). If the covariates of i and j do not match, then
Yi =Y ~ N(A(U;) + (fe(Ui) = £o(U))),07(Ui) + 02(U;)), and the bias for
Y; —Y; as an estimate of A (U;) is represented by f.(U;) — fc(U;). If the distance
between U; and U; is small and the control regression function f. is smooth,
this bias will be small and the paired difference ¥; — Y; will be a nearly unbiased
estimate of A(U;). The TEEM algorithm uses differences between such nearby
treatment/control pairs to evaluate the candidate estimates of treatment effects
and assign to them appropriate weights. Section 3.1 below describes the TEEM
algorithm in detail.
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3.1. The TEEM Algorithm

Step 0. Select a fraction p € (0, 1) of the n observations that will be used to fit
the models. Denote | pn +0.5] by n1; n1 is the number of observations used to fit
the models. Similarly denote the size of the evaluation set, n — ny, by nj.

Step 1. Randomly permute the order of the n observations; call this per-
mutation 7. Split the resulting ordered data into two parts: the training part
ZV = (v;,T;,U;)}. | and the evaluation part Z® = (V;, T, U, 41

Step 2. For each unit i in Z? (regardless of its treatment status), let i * denote
its nearest neighbor, in terms of normalized Euclidean distance, from the other
treatment group in Z®). Specifically, let
Y
U= :

Uy

denote the standardized version of the covariate design matrix U, so that each
column of U has unit variance, and let d(-) denote Euclidean distance. Then for
each unit i in Z@, define i* as an index such that d (fJi,fJi*) is the smallest
among d(fj,-,ﬁk) with T; # Ty and n1 + 1 < k < n. (In the case of discrete co-
variates, there may be multiple observations in the other treatment group that are
equidistant from i. Any tiebreaking method may be used to choose one i * in this
case.)

In some situations, it may be useful to apply a caliper to bound the match-
ing discrepancy so that none of the matched pairs are too far apart. Althauser
and Rubin (1970) and others have argued that caliper matching can remove
a large percentage of the total bias induced by matching while only remov-
ing a small percentage of the matched pairs. For TEEM with nearest neigh-
bors, if a caliper is applied, observations without a “close enough” match in
the other treatment group are not used to evaluate the treatment effect estimation
procedures.

Step 3. For each of the n; treatment-control pairs produced by Step 2 (or the
ny pairs for some 71y < ny if a caliper is applied), create approximate treatment
effects

0 =[21(T; = 1) — 11 (Y; = Y;). ®

In other words, for each pair (i,i%), 5, is the response of the treated unit minus the
response of the control unit.

Step 4. For each procedure j =1,..., J, fit the procedure y; to the data zM
to obtain ’A\,,lj j and

A \/&fz,nl,j(Ui)_'_&Cz,nl,j(Ui*) i1 =t
OGimj = ~2 U ~2 U T —
\/Ut,nl,j( i)+or, (U) ifT;=c.

cny,J
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Step 5. Use the performance of the estimates An ,,;j on the evaluation data to
create the weights W _;, where the subscript 7 represents the permutation applied
in Step 1A.

_ H?:n1+1¢{[gf_gnlaf(Ui)] /&,nl,j}/&g;,m,j
St i, 1 ([0 = Bk UD] /65 0y i} /65m,

where ¢ is the error density.
Step 6. Repeat Steps 1A-5A a total of P times for some P > 1. For each j
average the weights Wy ; over the permutations to create averaged weights W ;.

P
> Wa, i )
p=1

where for each iteration 1 < p < P, 7, denotes the permutation applied in Step
1A of the iteration. Note that ijzl W;=1.

Step 7. Fit each candidate procedure j to the entire sample of n observations
to obtain estimates Zn, j(u) foranyu e .

Step 8. Create the final TEEM estimator

Wz, j ; (6)

— 1
W; =

~|

=< J _— e~
Ax(u) =D WA, ;). ®)
j=l1

3.2. The Two Versions of TEEM

We have developed two related versions of the TEEM algorithm for this article.
The version of TEEM outlined in Section 3.1 is intended for practical use and is
demonstrated in the numerical results presented in Sections 4 and 5. In the online
supplement to this article, we present an alternate version of the algorithm, called
TEEMa,, to facilitate theoretical development. In TEEMj,, the treatment-control
pairs used to evaluate the candidate procedures are produced by partitioning the
covariate space instead of by searching for nearest neighbors. The partitioning in
TEEM}y ensures that the paired differences are independent of each other and that
the two units within each pair are sufficiently close in U. In the supplement, it is
shown that under some regularity conditions, a partition can be constructed that
enables the resulting TEEM4 estimator to achieve the desired risk bound.
Practically, if the data results from a matched study design and the sample
size is large relative to the number of covariates, possession of many indepen-
dent nearby pairs may be realistic. In the absence of these conditions, however,
requiring the treatment-control pairs to be independent (as in TEEMj, ) seems too
restrictive. In particular, much economic analysis features unbalanced data and
large numbers of covariates. In a related context for estimating average treatment
effects, Abadie and Imbens (2006) showed that matching with replacement (as in
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the TEEM algorithm of Section 3.1) produces higher-quality matches than does
matching without replacement. For similar reasons, we recommend the version of
TEEM described in Section 3.1 for general practical use. The numerical analysis
in Sections 4 and 5 uses the version of TEEM described in Section 3.1.

3.3. Sufficient Dimension Reduction for TEEM

Both versions of the TEEM algorithm are subject to the so-called “curse of dimen-
sionality” in the pairing step. If p is moderate or large, for a given observation it
may be difficult to find an observation in the other treatment group that possesses
covariates similar to U;. The pairing task becomes much easier if the dimension of
the vector used for pairings can be reduced. The framework of sufficient dimen-
sion reduction (see Cook, 1998 for an overview) can be helpful for identifying
ways to reduce the dimension of the vector used in pairings without any loss of
information relevant to our target A.

In the framework of sufficient dimension reduction, a mean dimension re-
duction subspace S for the regression of ¥ on U is a subspace such that ¥ 1L
E(Y|U)|#"U, where L denotes independence and 7 is a matrix whose columns
form a basis in S. When the intersection of all mean dimension reduction sub-
spaces 1is itself a mean dimension reduction subspace, it is called the central
mean subspace and denoted by Sg(yjuy. Under mild conditions on the regres-
sion, the central mean subspace exists and is unique (Cook and Li, 2002). In
many cases, dim(Sg(yju)) is much lower than the dimension of U. For example,
dim(Sg(yjuy) = 1 in linear models and generalized linear models.

In Section 2, f; and f. are used to denote the regression (mean) functions of Y
on U for the treatment and control groups, respectively. If we let S; and S, denote
the central mean subspaces for these regressions, then A(u) = A(n,Tcu), where
i 1s @ matrix whose columns span both S; and S.. Therefore, the central mean
subspaces for the treatment and control regressions can be combined to produce
a projection of U that does not result in any loss of information about A. If we let
Sie = {8t +5¢|s; € S, 5. € S¢}, then S;. contains all of the information that U has
about A and has dimension at most dim(S;) 4+ dim(S,).

Let d;. denote the dimension of S;.. If d;. < p, then finding a treatment-control
pair (i,i*) such that d (5. U;, 1. U;+) is small is much easier than finding a pair for
which d(U;, U;+) is small. Because Sy is sufficient for A, Theorem 1 in the online
supplement will hold if the m cells are created from a partition of S;./ and p is
replaced by d;. throughout the algorithm, theorem, and proof. If d; < p, such a
dimension reduction will reduce the risk bound and increase the convergence rate
substantially.

The benefits of sufficient dimension reduction in our setting can be realized
in practice. Methods available to estimate vectors in the central mean subspace
(or the more general central subspace; see Cook and Li, 2002) without assum-
ing a model for the data include sliced inverse regression (SIR) (Li, 1991), it-
erative Hessian transformation (IHT) (Cook and Li, 2002), and large- p methods
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proposed in Li (2007) and Li and Yin (2008). For linear models, estimation of the
central mean subspace is equivalent to estimation of the regression coefficients.
The simulation study in Section S2.2 of the online supplement demonstrates the
use of sufficient dimension reduction with the TEEM algorithm and illustrates the
potential benefit of this approach.

4. APPLICATION: LABOR TRAINING PROGRAM
4.1. The LaLonde Data

In this section we apply the TEEM method to the well-known LalLonde (1986)
National Supported Work (NSW) Demonstration data set. The NSW Demonstra-
tion was a federally and privately funded program in the 1970s that provided
work experience to individuals who were struggling financially. Eligible partic-
ipants were randomly assigned to the treatment or control group, and follow-up
interviews were conducted with both groups to obtain information about post-
intervention earnings. LalL.onde (1986) analyzed the male and female participants
separately, and we will focus on the study’s male participants. The male par-
ticipants from this experiment were previously analyzed by Dehejia and Wahba
(1999) in a study of propensity scores and by Imai and Ratkovic (2013), who used
a penalized regression method to estimate heterogeneity of the treatment effect.

There were n = 722 male participants in the experiment; 297 were treated and
425 were in the control group. The outcome variable Y in our analysis is the
change in the square root of income from 1975 (pretreatment) to 1978 (post-
treatment); square root transformations on income are done to reduce skewness.
The treatment variable T equals 1 if the person was treated in the NSW demon-
stration and O otherwise. Four baseline covariates, measured before the treatment
was applied, are used to identify heterogeneity of the treatment effect in some
of the candidate procedures. These covariates are +/1975 income, age, years of
education, and marital status, with variable names Inc75, Age, Educ, and Mar-
ried, respectively. Racial indicators for black and Hispanic individuals also are
available in the LalLonde dataset, but these variables were not used because a pre-
liminary analysis provided no evidence that race moderated the treatment effect.
Descriptions, means, and standard deviations for each of the variables used in our
analysis are given in Table 1.

TABLE 1. Variables used in LalLonde NSW data analysis

Name Type Description Mean SD
Y Outcome  +/1978 income — /1975 income 204 564

T Treatment 7 =1 if enrolled in training; otherwise, 7 =0 0.411 0.492
Inc75 Covariate  +/1975 income 37.5 40.5
Educ Covariate  Years of education 10.3 1.7
Age Covariate ~ Age in years 24.5 6.6

Married  Covariate  Married = 1 if married; otherwise; married =0 0.162  0.369
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4.2. Candidate Procedures

A feature of this analysis that seems typical of many studies of treatment ef-
fect heterogeneity is the plausibility of nonlinear treatment effects with re-
spect to some of the covariates. For example, intuitively it seems quite possi-
ble that the job training program may be most beneficial for those in the mid-
dle of the income, education, or age distributions. Therefore, our set of can-
didate procedures includes linear models and additive models that are possibly
nonlinear.

Preliminary analysis shows that baseline income (Inc75) is clearly related to the
response, so this covariate is included in every candidate model. The linear candi-
date models are those containing different subsets of the variables {7, Educ, Age,
Married, T*Inc75, T*Educ, T*Age, T*Married}. Model hierarchy is enforced,
meaning that if a treatment-covariate interaction is included in the model, both
corresponding main effects must be included as well. This constraint applied to
the above set of variables allows for 62 possible linear models.

The additive candidate models are estimated with the gam function from the R
mgcv package (Wood, 2006). Each term in the additive model is a smooth, pos-
sibly nonlinear function of a single variable. Treatment-covariate interactions are
estimated by allowing these functions to differ for each covariate depending on
the value of the treatment variable. The default choice of smoothing parameter
(based on generalized cross-validation) is used to fit each model. Terms involv-
ing categorical variables (7, Married, and 7*Married) in the additive models are
linear. Model hierarchy is similarly enforced as in the linear model considera-
tion set, generating 62 possible additive models and 124 candidate procedures
in all.

Sixteen of the models have no treatment effects (i.e., A= 0). Since these mod-
els produce different estimates of the full regression function, they are considered
as separate procedures in the TEEM combination algorithm so that all selection
and combination methods utilize the same set of candidates. Note that each of
these models will have the same weight WJ- in the TEEM algorithm.

4.3. Model Selection and Combination Methods

Nine model selection or combination methods were applied to select from (or
combine) the candidate procedures described in the previous section.

Model Selection Methods. Five methods of model selection are used to choose
one of the 124 candidate procedures. Two of these are the familiar criteria of AIC
(Akaike, 1974) and BIC (Schwarz, 1978). These likelihood-based criteria can be
used to compare additive models to linear models because the additive model can
be represented as a penalized likelihood, where the penalty is a measure of the
roughness of the function. The third model selection method used is the tradi-
tional cross-validation (CV) that uses individual prediction errors of the response
to select a model. To implement CV, we use half of the data to estimate the candi-
date models, then compute the average squared prediction error of each candidate
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estimate on the other half. We repeat the process 100 times to average out the
variability in data splitting, and the model chosen by CV is the one with the low-
est average squared error over the 100 splits.

The weighted FIC (wWFIC; Claeskens and Hjort, 2008) with A as the focus pa-
rameter is the fourth model selection method used. See Rolling and Yang (2014)
for more details on the derivation of wFIC for targeting A. Note that the wFIC
is restricted to compare and choose among the linear candidate models because
(to the best of our knowledge) wFIC is not suitable for comparing linear and
nonlinear models of the focus parameter. Finally, we apply treatment effect cross-
validation (TECV; Rolling and Yang, 2014), a form of cross-validation targeted
to select a procedure that accurately estimates the treatment effect. As with tra-
ditional CV, we randomly split the data into equal-sized training and evaluation
samples 100 times. The model with the lowest average TECV statistic over the
100 splits is chosen by treatment effect cross-validation.

Model Combination Methods. Four model combination methods are analyzed
in this study. Each of them forms an estimate of the treatment effect A from a con-
vex combination of the candidate procedures. That is, each combination method
produces a A function by

J
AW =D "w;A, @), )

j=1

where J = 124 in this case and /A\n, j is the estimate of A produced by applying
procedure j to the entire sample of size n. The combination methods differ in
their choices of the weights w;.

One benchmark method of model combination is Bayesian Model Averaging
(BMA), in which each w; represents the posterior probability of model j. Raftery
(1995) derived the approximation

1
exp(—5BIC;
w; = — p( 3 1]) (10)
Zj:1eXP(_§BICj)

to the posterior probability of model j when the models have equal prior proba-
bilities. Buckland, Burnham, and Augustin (1997) suggested combining models
based on AIC by replacing BIC; with AIC; in (10). We refer to these two weight-
ing schemes as BMA and cAIC, respectively. Adaptive Regression by Mixing
(ARM; Yang, 2001) was discussed briefly in Section 1. Essentially, the ARM
weights are based on each model’s relative ability to predict the response on eval-
uation data. We construct the ARM weights w; by assuming normal errors, us-
ing each procedure separately to estimate the error variance, and averaging the
weights over 100 different 50/50 data splittings. Finally, the version of TEEM
described in Section 3.1 is used with no caliper, assuming normal errors, and av-
eraging over 100 different 50/50 data splittings. To compare the methods most

https://doi.org/10.1017/50266466618000397 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466618000397

COMBINING ESTIMATES OF CONDITIONAL TREATMENT EFFECTS 1101

accurately, the same 100 random data splittings are used for CV, TECV, ARM
and TEEM.

4.4. Results

Table 2 summarizes the results of the model selection and combination methods
when applied to the Lalonde data. For each model selection method, the table
lists the type of model (additive or linear) that was selected, along with the active
variables in the model. For each selection and combination method v, the mean
and standard deviation (SD) of the resulting estimator A, (U;) over the 722 data
values of U; are reported in Table 2. The standard deviation of Ay (U;) measures
the amount of treatment effect heterogeneity indicated by the estimator resulting
from the method v.

Interestingly, each of the five model selection methods considered in our study
chooses a different model, with each implying something different about the treat-
ment’s effect on the outcome. The additive model selected by AIC implies the
treatment effect varies nonlinearly with baseline income and age, as well as being
different for married vs. single people. The model selected by BIC implies the
NSW treatment has no effect at all on the outcome, while the model chosen by
traditional CV implies a homogeneous positive treatment effect. Among the set
of linear candidate models, wFIC chooses one containing treatment interactions
with marital status and baseline income. Finally, TECV selects a linear model im-
plying the treatment effect differs only by marital status. The coefficient of the
T*Married interaction is positive in the model selected by TECYV, indicating the
treatment provides a greater benefit to married men.

TABLE 2. A, (u) estimates from model selection and combination methods ap-
plied to the LaLLonde NSW data

ZU Uy) values?

Method  Model Type Active variables? Mean SD
AIC Additive T*s(Inc75), T*s(Educ), T*married, s(age) 5.7 12.5
BIC Linear Inc75 0 0
CV Linear T, Inc75 6.6 0
wFIC Linear T*Inc75, T*married 6.6 8.6
TECV Linear Inc75, T*married 6.7 6.4
cAIC 5.6 6.0
BMA 14 0.1
ARM 5.3 2.9
TEEM 5.6 39

4 The presence of interaction terms implies the presence of both main effects.
b The mean and standard deviation of Ay (U;) over the n = 722 sample values of U;, where v denotes a model
selection or combination method that produces an estimate A (u).
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The top half of Table 2 suggests substantial model selection uncertainty in
this analysis. In such situations, model combination often provides a good
compromise between similar-performing models that give quite different esti-
mates. In Figure 1, the KU (U;) values from the Lal.onde data resulting from AIC,
CV, TECYV, and TEEM are plotted against pretreatment income. There is substan-
tial treatment effect heterogeneity suggested by KAIC, with an overall negative
association between A Alc and pretreatment income. For the models selected by
CV and TECYV, there is no interaction between the treatment and baseline income.
The TEEM model combination lies somewhere in between these extremes, ex-
hibiting some negative association between KTEEM and pretreatment income but
with much less variability than A alc- Although we do not know how the treat-
ment effect truly varies with pretreatment income, it seems reasonable to believe
that those who entered the program with a higher income may have benefited less
from the program overall. At the same time, it seems unlikely that the treatment
effect is as heterogeneous as AAIC suggests.
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FIGURE 1. A, (U;) from methods AIC, CV, TECV and TEEM plotted against the Inc75
variable for the n = 722 observations in the Lal.onde NSW data.
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FIGURE 2. Contour plots for A alc for the LalLLonde NSW data. The circles indicate the
locations of one or more original data points.

The decreased variability in ZTEEM corgpared with A AIC can also be seen in
Figures 2 and 3. These are contour plots of A, from AIC and TEEM, respectively,
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F1GURE 3. Contour plots for KTEEM for the LalLonde NSW data. The circles indicate the
locations of one or more original data points.

over the range of Inc75 and Education in the Lal.onde data. Age is set to 25 (the
sample mean), and subfigures (a) and (b) show results for single and married
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males, respectively. The points on the contour plots represent values of Inc75 and
Education realized in the Lal.onde sample for single and married subgroups.

Figure 2 reveals substantial heterogeneity in Aarc with respect to both the
Inc75 and Education variables. In particular, the heterogeneity and nonlinearity of
the estimated treatment effect with respect to education in Figure 2 seem implau-
sible. The plots in Figure 3 show a much more reasonable degree of heterogeneity
(note the differing scales in Figures 2 and 3), with the program estimated to be
more beneficial for those with little or no income, those with more education, and
married participants.

5. SIMULATION STUDY
5.1. Setup

To gain further insight into the performance of model selection and combination
methods on the LalLonde data analyzed in the previous section, we perform a
guided simulation experiment that evaluates the methods under different simula-
tion scenarios consistent with the data. Each simulation scenario is based on a
model selected by one of the model selection methods. Li, Lue, and Chen (2000)
called this type of simulation a “cross-examination”.

Specifically, for each model selection method 7 considered in our study, we gen-
erate a response vector Y by adding i.i.d. noise to the estimated regression func-
tions from the model selected by 7 at the n = 722 sample values of (7', U). The
noise is generated by a mean-zero Gaussian distribution with variance equal to the
error variance estimate from the model selected by 7. For each 7, all nine model
selection and combination methods are then applied to (Y, T, U) to produce an
estimate of A. Since the true A is known for each choice of 7, we can compare
the performances of the estimators from the selection and combination methods
under each version of the truth put forth by the five model selection methods, re-
spectively. For each selection or combination method v, we estimate the risk of
each Z,,,, under squared error loss by averaging [AT U;) — KT,U(Ui)]z over the
n = 722 sample values of U;. To average out the variability in the random errors,
the results are aggregated over 100 different realizations of the error vector.

The active variables involved in generating Y under each of the five scenarios
can be found by looking at the model selected by each method in Table 2. While
A a1c varies nonlinearly with baseline income and education level, the BIC sce-
nario has Agjc = 0. The scenario under CV has Acy = 6.6. Under wFIC, Aywric
varies linearly with baseline income and marital status. Finally, Atgcy differs by
marital status but is otherwise constant; specifically, Atgcy is 20.5 for married
males and 3.8 for unmarried males.

5.2. Results

Table 3 shows the estimated risk (average mean squared error) of K,,U as an es-
timator of A, for each of the nine model selection and combination methods
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TABLE 3. Guided simulation results: Estimated risk? (SE) of K,,U under five
scenarios consistent with the LalLonde data

Model selection method determining E(Y|T, U)

Method AIC BIC cv wFIC TECV
AIC 157.3(6.0) 41.3(62) 54.9(5.5) 86.9(6.3) 74.4(6.0)
BIC 191.6(2.8) 1.4(1.4) 37.0(2.1) 109.8(1.6) 72.3(1.5)
cv 169.0 (4.4) 12.6(3.7) 31.1(33.4) 81.0(43) 59.6(3.7)

wFIC 1493 (4.0) 21.0(4.5) 39.7(3.9) 69.9(4.9) 53.2(4.2)
TECV 1602 (3.9) 21.4(42) 364(3.6) 758(42) 48.7(4.0)

CAIC  131.7(52) 28.0(4.9) 35848 655(5.1) 51.4(5.0)
BMA  166.5(2.1) 13(1.1) 241(1.7) 88.4(2.2) 57.4(1.8)
ARM  111.5(2.7) 11.6(1.7) 16.6(1.8) 47.1(2.5) 32.5(2.1)
TEEM  107.9(2.9) 15.1(1.9) 20.4(2.0) 46.4(2.7) 32.2(2.3)

4 Numbers in bold represent the methods with the lowest estimated risks for each scenario and those not
significantly different (using Tukey’s HSD method of multiple comparisons) from the lowest-risk method.

under each of the five scenarios. For the scenario with a nonlinear A (the model
selected by AIC), the model combination methods of ARM and TEEM sig-
nificantly outperform all other methods, including AIC. AIC does not perform
very well even on its own “home field” because even if the true additive model
is selected, there is substantial variability involved in estimating the nonlinear
Aarc with a nonlinear estimate. When A = 0 (the BIC scenario), BIC usually
chooses a model with no treatment effect and thus has the lowest risk. In the
more moderate scenarios based on the models chosen by wFIC, CV and TECYV,
the model combination methods of ARM and TEEM perform the best. Over-
all, the performances of ARM and TEEM are similar, with TEEM performing
perhaps slightly better when there is more actual heterogeneity in the treatment
effect.

A summary of each method’s estimated risk across all five scenarios can
be found in Figure 4. Each data point in the boxplot represents an average

of [A,(U,-) — Z,,,,(U,-)]2 over the n = 722 realized U; values. There are 100
realizations generated from each of the five t scenarios; therefore, 500 data
points are summarized in each boxplot. Both Table 3 and Figure 4 show that
model combination methods possessed lower risk than model selection meth-
ods on average, with the methods of ARM and TEEM performing the best
overall.

Additional simulation studies are presented in the online supplement to this ar-
ticle. These include settings, commonly encountered in practice, where the treat-
ment effect mean function (and in one setting, the error distribution) is misspeci-
fied by all of the candidate models. Since our method of TEEM does not assume
that any of the candidate models are correct, it provides good performance in sit-
uations where all models are wrong, but some may be useful. The supplement
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Comparison of Methods Over All Cross—-Examinations (Section 5.1)
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FIGURE 4. Results of the LalLonde NSW cross-examination (Section 5) over the five sce-
narios combined.

also presents a simulation where the TEEM algorithm is paired with dimension
reduction techniques, as described in Section 3.3.

6. CONCLUSION

There is much theoretical and empirical evidence in the literature to support the
practice of model combination rather than model selection when the goal is accu-
rate estimation or prediction of a response. Our work indicates that model combi-
nation also is useful for the purpose of estimating a possibly heterogeneous treat-
ment effect. The problem of treatment effect estimation differs from traditional
regression in some ways and may result in different candidate models needing to
receive higher weights; within a given candidate set, models that are the best for
prediction may not be the best for treatment effect estimation. Therefore, there is a
need for model combination methods targeted to the treatment effect. The TEEM
algorithm proposed in this work is one such method.
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TEEM has the flexibility to simultaneously combine traditional regression mod-
els, machine learning procedures, and any other current or future method proposed
in the growing area of treatment effect estimation. We provide an oracle inequal-
ity for the TEEM estimator under squared error loss that guarantees the TEEM
estimator will converge to the true A as long as at least one of the candidate esti-
mators converges to A; the convergence will be at nearly the best rate offered by
the candidates if the covariate vector is one-dimensional. An analysis of the bench-
mark LalLonde labor training data shows that TEEM provides a sensible data-driven
weighting of linear and nonlinear treatment effect estimates, and simulation studies
provide evidence that TEEM compares favorably with other selection and combi-
nation methods in providing accurate estimates of the treatment effect.

Combining treatment effect estimators is a rich topic with abundant practical
applications and a number of future research directions. The method we propose
in this article measures accuracy under the traditional squared error loss; however,
in practice other loss functions and characteristics of the estimator may be of in-
terest. An example with particular relevance to econometrics is optimal treatment
targeting; see Bhattacharya and Dupas (2012), Hirano and Porter (2009), Kita-
gawa and Tetenov (2015), and Stoye (2009) for recent studies on optimally as-
signing treatments to units. The goal of accurately estimating the treatment effect
function is related to, but distinct from, the goal of optimal treatment targeting.
For model combination, different objective functions will lead to different formu-
las for combining the candidate estimators. This is an interesting area for future
research.

We do not claim that our method of combining estimates of treatment effects
assigns the optimal weights to the procedures. Calculation of theoretically opti-
mal combining weights requires estimation of the covariances between the can-
didate estimates, a notoriously difficult task that can introduce substantial esti-
mation error. Smith and Wallis (2009), Qian, Rolling, Cheng, and Yang (2017),
and Claeskens, Magnus, Vasnev, and Wang (2016) discuss this issue for the prob-
lem of forecast combination. Yang (2004), also in a forecast combination context,
terms the search for the optimal linear combination of procedures “combining for
improvement” and distinguishes it from the more modest goal of “combining for
adaptation”, which targets the performance of the best candidate. Combining for
improvement is shown to pay an unavoidable price in performance as a result of
searching for the optimal weights.

The TEEM method falls into the category of combining for adaptation, because
its aim is to achieve the best performance (for estimating the treatment effect)
among the candidates. In this sense, the objective of TEEM is similar to the ob-
jective of a model selection method that targets the treatment effect; however,
the TEEM estimator may outperform post-model selection estimators because of
the latter’s high variability. Indeed, our results indicate that when there is a large
degree of model selection uncertainty, the TEEM method of model combination
often results in an estimator of the treatment effect that is more accurate than an
estimator from a single selected candidate. A properly targeted method of model
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combination can offer large advantages over model selection in the important
setting of treatment effect estimation.
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