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Abstract

In this paper, we consider an extended class of univariate and multivariate generalized
Pólya processes and study its properties. In the generalized Pólya process considered
in [8], each occurrence of an event increases the stochastic intensity of the counting
process. In the extended class studied in this paper, on the contrary, it decreases the
stochastic intensity of the process, which induces a kind of negative dependence in the
increments in the disjoint time intervals. First, we define the extended class of gener-
alized Pólya processes and derive some preliminary results which will be used in the
remaining part of the paper. It is seen that the extended class of generalized Pólya pro-
cesses can be viewed as generalized pure death processes, where the death rate depends
on both the state and the time. Based on the preliminary results, the main properties of
the multivariate extended generalized Pólya process and meaningful characterizations
are obtained. Finally, possible applications to reliability modeling are briefly discussed.
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1. Introduction

The most basic and important counting process models for modeling random recurrent
events are the renewal process and the nonhomogeneous Poisson process (NHPP); these mod-
els share the homogeneous Poisson process (HPP) as a special case. Up to the present, there
have been great and continuous efforts to generalize such basic counting processes to more
general ones to extend their applicability. Some examples of such generalizations include
the compound Poisson process (see Chapter 2 of [23]), filtered Poisson process [18], two-
dimensional Poisson process [22], and marked Poisson process (see Chapter 6 of [16]), which
generalize the HPP or the NHPP (see also [15]). More recently, semi-Markov processes, which
can also be regarded as a generalization of renewal processes, have been intensively studied
and used in various applications (see [19, 7]).

Recently, [8] studied the generalized Pólya process (GPP), which can also be regarded as
a generalization of the NHPP. In the current paper, we consider a further extended class of
GPPs. In the GPP, each event occurrence increases the stochastic intensity of the counting
process and, unlike the NHPP, it possesses a positively-dependent-increments property. By
contrast, in the extended class studied in this paper, we assume that the occurrence of each
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event decreases the stochastic intensity of the process, and thus the corresponding counting
process would exhibit a kind of negative dependence in the increments. In this way, by filling
the gap which has existed since [8], this work completes the generalization of the NHPP to the
class of GPPs, exploring undiscovered models and properties.

In the area of reliability, many different types of repairs have been suggested and applied
based on various counting process models (see Section 5 of [8]). It is important to understand
that one counting process model corresponds to one repair type and vice versa in reliability
applications. For example, by a renewal process, the process of consecutive perfect repairs
can be modeled. Thus, the new counting process model developed in this paper could be used
for modeling a new repair process and could be applied to various maintenance optimization
problems in the area of reliability. More detailed discussions of some reliability applications
will be given in the later part of this paper.

Although the counting process model studied in this paper is an extension of the GPP, it
possesses completely different stochastic properties and characteristics. One of the most signif-
icant differences is that the extended GPPs studied in this paper can be classified into complete
and incomplete processes, depending on whether the potential events are fully observed or not.
In an incomplete process, some potential events may not eventually occur. It is shown that an
incomplete process can be represented as a mixture of complete processes. It is further shown
that an incomplete process can be repeatedly separated into the baseline counting process and
the corresponding mixing distribution under some conditions.

This paper is organized as follows. In Section 2, the extended class of GPPs is defined and
some preliminary results which are needed in the remaining part of the paper are obtained. In
Section 3, the main properties of the multivariate extended GPP, such as the joint distribution
of the numbers of events and the characterization of the extended class of GPPs as the mix-
ture of another group of processes, are derived. Relying on the latter property, the hierarchical
structure of the extended GPP is investigated. In Section 4, further characterization and prop-
erties such as the superposition of the processes, the dependence property, the conditional joint
distribution of arrival times, and the marginal processes in the multivariate process are stud-
ied. Finally, in Section 5, possible applications of the extended GPP to reliability maintenance
modeling are discussed.

2. An extended class of GPPs and some preliminaries

The GPP was introduced as an extended model of the NHPP, and it is characterized in [8]. In
this section, we consider an extended class of GPPs. We start our discussion with the definition
of the GPP, which is based on the concept of the stochastic intensity. For a regular counting
process {N(t), t ≥ 0}, the stochastic intensity is defined by the following ([3, 4, 13]):

λt ≡ lim
�t→0

P (N(t, t +�t) = 1|Ht−)
�t

= lim
�t→0

E
[
N(t, t +�t)|Ht−

]
�t

, (1)

where Ht− ≡ {N(u), 0 ≤ u< t} is the history of the process in [0, t) and N(t1, t2), t1 < t2, stands
for the number of events in [t1, t2). See p. 1150 of [8] for the interpretation of the stochastic
intensity in (1) and several examples of λt. Note that, in a regular counting process, the joint
distribution for the event occurrences in a time interval can be stated using the stochastic inten-
sity in (1), which is essential in deriving various properties to be obtained in this paper (e.g.,
the distributions of number(s) of events, the characterization of the process as the mixture of
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other processes, the superposition of the processes, the characterization of the marginal pro-
cesses in a multivariate process). Thus, the stochastic intensity plays a key role in this paper
and is a measure of great importance.

Definition 1. (Generalized Pólya process, [8].) A counting process {N(t), t ≥ 0} is called the
generalized Pólya process (GPP) with the set of parameters (λ(t), α, β), where λ(t) ≥ 0, ∀t ≥ 0,
α ≥ 0, β > 0, if

(i) N(0) = 0;

(ii) λt = (αN(t −) + β)λ(t).

As mentioned on p. 1150 of [8], the GPP with α= 0 and β = 1 reduces to the NHPP having
intensity function λ(t). In defining the GPP, except for this specific case with α = 0, the param-
eter α is restricted to a positive real number, and because of this, the susceptibility to the event
occurrence in the next time interval increases as the number of events occurring in the previous
time interval increases. This is a kind of positive dependence property in the increments. In this
paper, we consider an extended class of GPPs when the parameter α is a negative real value
and, accordingly, the corresponding counting process model would exhibit a kind of negative
dependence in the increments. However, as a counting process is not properly defined if the
stochastic intensity can take negative value(s), we define the extended class of GPPs as follows,
by setting the parameter β = αl0 with l0 a fixed positive integer, not depending on t.

Definition 2. (Extended generalized Pólya process.) A counting process {N(t), t ≥ 0} is called
the extended generalized Pólya process (EGPP) with the set of parameters (λ(t), α, l0), where
λ(t) ≥ 0, ∀t ≥ 0, α > 0, and l0 is a positive integer, if

(i) N(0) = 0;

(ii) λt = (− αN(t −) + αl0)λ(t).

For convenience, the EGPP with the set of parameters (λ(t), α, l0) will be denoted by
EGPP(λ(t), α, l0), and the function λ(t) will be called the ‘base intensity function’. According
to Definition 2, when N(t −)< l0, the stochastic intensity of EGPP(λ(t), α, l0) satisfies λt > 0
(if the base intensity function λ(t) is positive at t), whereas, when N(t −) = l0, it is given
by λt = 0, which implies that additional events cannot occur anymore. Thus, the EGPP
in Definition 2 has λt ≥ 0, t ≥ 0, and the corresponding counting process is well defined.
Obviously, in EGPP(λ(t), α, l0), λt = 0, t> Tl0 , where Tl0 is the occurrence time of the l0th
event, and no event occurs after the occurrence of the l0th event.

Remark 1. In Definition 2, one could consider a further extended model by replacing
(ii) with

λt = max{(− αN(t −) + β)λ(t), 0},

where β is an arbitrary positive real value, not necessarily a multiple of α. For this model, to
derive stochastic properties, basically the same procedures as those which will be applied to
the model in Definition 2 can be used. However, the results cannot be stated in explicit forms;
for this reason, the discussion in this paper will just be focused on the model in Definition 2.

As the GPP has been extended to a multivariate version in [9], the EGPP in Definition 2 can
be generalized to a multivariate process. For consistency and convenience, we employ similar
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notation as that of [9]. Let {N(t), t ≥ 0}, where N(t) = (N1(t),N2(t), · · · ,Nm(t)), be a multi-
variate counting process, and let {M(t), t ≥ 0}, where M(t) = N1(t) + N2(t) + · · · + Nm(t), be
the corresponding pooled process. A multivariate process is said to be regular if the pooled
process is regular, whereas it is called a marginally regular process if its marginal processes,
considered as univariate point processes, are all regular (see also [9]). In this paper, the
multivariate process {N(t), t ≥ 0} of interest is assumed to be a regular process.

In the following discussion, for convenience, the marginal point processes are denoted by
{Ni(t), t ≥ 0}, and they will be called the type i point processes, i = 1, 2, · · · ,m. In addition,
the events occurring in the type i point process {Ni(t), t ≥ 0} will be called type i events.
Denote by H(P)

t− ≡ {M(u), 0 ≤ u< t} the history of the pooled process in [0,t). Define M(t −)

as the total number of events in [0,t) and T (P)
i as the time from 0 until the arrival of the

ith event in the pooled process {M(t), t ≥ 0}. Similarly, define the marginal histories of the
marginal processes H(i)

t− ≡ {Ni(u), 0 ≤ u< t}, i = 1, 2, · · · ,m, and the sequential arrival points
of the events 0 ≤ Ti1 ≤ Ti2 ≤ · · · ≤ TiNi(t−) < t in [0,t), i = 1, 2, · · · ,m, where Ni(t −) is the
total number of events of the type i point process in [0,t), i = 1, 2, · · · ,m.

A multivariate counting process can be efficiently defined through the stochastic intensity
approach (see [9, 10]). As mentioned in [9], a regular multivariate process can be specified by
the following set of intensity functions (see also [10]):

λ
(i)
t ≡ lim

�t→0

P

(
Ni(t, t +�t) = 1|H(1)

t− ; H(2)
t− ; · · · ;H(m)

t−
)

�t
, i = 1, 2, · · · ,m,

where Ni(t1, t2), t1 < t2, represents the number of events of the type i point process in [t1, t2),
i = 1, 2 · · · ,m.

Now the multivariate extended generalized Pólya process is defined based on the intensity
functions.

Definition 3. (Multivariate extended generalized Pólya process.) A multivariate counting pro-
cess {N(t), t ≥ 0} is called the multivariate extended generalized Pólya process (MEGPP) with
the set of parameters (λ1(t), λ2(t), · · · , λm(t), α, l0), where λi(t) ≥ 0, t ≥ 0, i = 1, 2, · · · ,m,
α > 0, and l0 is a positive integer, if

(i) Ni(0) = 0, for i = 1, 2, · · · ,m;

(ii) λ(i)
t = (− α

(∑m
i=1 Ni(t − )

)+ αl0
)
λi(t), i = 1, 2, · · · ,m.

Remark 2.

(i) In EGPP(λ(t), α, l0), if we start with N(0) = l0 and decrease the counting variable by one
unit on each occurrence of the event, the EGPP defined in Definition 2 can be regarded
as a generalized pure death process, where the death rate depends on both the state
and the time. (See, e.g., Section 6.2, pp. 345–349, of [25] for the ordinary pure death
process.) Similarly, the MEGPP in Definition 3 can also be interpreted as a generalized
multivariate pure death process, where each death is due to one of m types of causes.

(ii) The MEGPP in Definition 3 can be regarded as an extension of the MVGPP in [9] to the
case when the parameter α in the definition of MVGPP is a negative real value.

The main properties of the MEGPP will be derived in the next section. For this, as prelim-
inaries, we need some basic results on the univariate process EGPP, which will be discussed
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in the remaining part of this section. Before deriving the basic results on the EGPP, we will
state an important property of the EGPP. To this end, we recall the definition of the ‘restarting
property’ of a stochastic process.

Definition 4. (Restarting property, [8].) Let t> 0 be an ‘arbitrary’ time point. If the condi-
tional future stochastic process from t, given the history until time t, follows the same type of
stochastic process with a possibly different set of process parameters, then the process is said
to possess the restarting property. A stochastic process with the restarting property is called a
restarting process.

Several examples of counting process models which possess this restarting property are
given on p. 1151 of [8]. To state our results, let us now define some necessary notation.
Denote by 0 ≤ T1 ≤ T2 ≤ · · · the sequential arrival points in {N(t), t ≥ 0}. We also define
N(u)(t) ≡ N(u + t) − N(u), u, t> 0, and �(t) ≡ ∫ t

0 λ(s)ds. From the definition of the EGPP in
Definition 2, the following proposition clearly holds.

Proposition 1. Let {N(t), t ≥ 0} be EGPP(λ(t), α, l0). At an arbitrary time u> 0, given
{N(u −) = n, T1 = t1, T2 = t2, · · · , Tn = tn}, where n< l0, the conditional future process
{N(u)(t), t ≥ 0} is EGPP(λ(u + t), α, l0 − n), t ≥ 0.

Now we will state the results on the distribution of the number(s) of events in the EGPP.
The results in Theorem 1 and their proofs will form an important base for the derivations of
the stochastic properties of the MEGPP. Throughout this paper, for convenience, we will use
the following notation: (

n

n1, n2, · · · , nk

)
≡ n!

n1!n2! · · · nk! ,

where n =∑k
i=1 ni, and

ni ≡ n(n − 1)(n − 2) · · · (n − i + 1).

Theorem 1. Let {N(t), t ≥ 0} be EGPP(λ(t), α, l0). For t> 0 and 0 ≡ u0 < u1 < u2 < · · ·< ur,
the following properties hold:

(i) P(N(t) = n) =
(

l0

n

)
(1 − exp{−α�(t)})n (exp{−α�(t)})l0−n , n = 0, 1, · · · , l0.

(ii) P(N(u2) − N(u1) = n)

=
(

l0

n

)
(exp{−α�(u1)} − exp{−α�(u2)})n

× (1 − exp{−α�(u1)} + exp{−α�(u2)})l0−n , n = 0, 1, · · · , l0.

(iii) P(N(ui) − N(ui−1) = ni, i = 1, 2, · · · , r)

=
(

l0

n1, n2, · · · , nr, l0 −∑r
k=1 nk

)

×
[

r∏
i=1

(
exp{−α�(ui−1)} − exp{−α�(ui)}

)ni

](
exp{−α�(ur)}

)l0−∑r
k=1 nk

,

0 ≤ n1 + n2 + · · · + nr ≤ l0.
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(iv) P(N(u2) − N(u1) = n2|N(u1) = n1)

=
(

l0 − n1

n2

)
(1 − exp{−α(�(u2) −�(u1))})n2

× (exp{−α(�(u2) −�(u1))})l0−n1−n2 , n2 = 0, 1, · · · , l0 − n1.

Proof. The proof is deferred to the appendix. �
A counting process is said to possess independent increments if the numbers of events that

occur in disjoint time intervals are independent (see, e.g., Section 1.9, p. 42, of [23]). Clearly, it
can be easily seen from Definition 2 that the EGPP does not have the independent increments
property. Based on Theorem 1, the dependence property of the EGPP is now formally dis-
cussed. The following proposition states that the increments in any two disjoint time intervals
have negative covariance and correlation coefficient.

Proposition 2. For 0 ≤ u1 < u2 ≤ u3 < u4,

Cov(N(u2) − N(u1),N(u4) − N(u3))

= −l0
∏

i=2,4

(
exp{−α�(ui−1)} − exp{−α�(ui)}

)
< 0,

and

Corr(N(u2) − N(u1),N(u4) − N(u3))

= −

√√√√√
∏

i=2,4

(
exp{−α�(ui−1)} − exp{−α�(ui)}

)
∏

i=2,4

(
1 − exp{−α�(ui−1)} + exp{−α�(ui)}

) < 0.

Proof. First assume that u1 > 0. It can be shown from Theorem 1(iii) that

P(N(ui) − N(ui−1) = ni, i = 2, 4)

= l0!
n2!n4!(l0 − n2 − n4)!

[ ∏
i=2,4

(
exp{−α�(ui−1)} − exp{−α�(ui)}

)ni

]

×
(

1 −
∑

i=2,4

(
exp{−α�(ui−1)} − exp{−α�(ui)}

))l0−n2−n4
,

where 0 ≤ n2 + n4 ≤ l0. Then, by the properties of the multinomial distribution (see, e.g., [14],
p. 34), the results can be directly obtained. In the case when u1 = 0, the results can be shown
in the same way. �

As mentioned in Proposition 1, for the EGPP, the restarting property holds conditionally as
in the case of the GPP. On the other hand, for the GPP, the future process from an arbitrary
time point u is ‘unconditionally’ the GPP as well (see Theorem 2 in [8], pp. 1152–1153). The
importance of this unconditional restarting property is explained in [8], on pp. 1152–1153.
Now, for the EGPP, we will check whether the future process from an arbitrary time point u is
still unconditionally the EGPP or not. Employing similar notation as in [8] for consistency, for
a fixed u> 0, define T (u)

i as the time from 0 to the arrival of the event that occurred in (u,∞)

at the ith time, u ≤ T (u)
1 ≤ T (u)

2 ≤ · · · . Denote by N(u)(t1, t2), t1 < t2, the number of events in
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[u + t1, u + t2) and by H[u,u+t) the history of the process in [u, u + t). We now need to derive
the stochastic intensity λu

t of the future process {N(u)(t), t ≥ 0}, which is defined by

λu
t ≡ lim

�t→0

P
(
N(u)(t, t +�t) = 1|H[u,u+t)

)
�t

= lim
�t→0

E
[
N(u)(t, t +�t)|H[u,u+t)

]
�t

.

Note that H[u,u+t) can completely be defined by the number of events and the sequential arrival
times during the interval [u, u + t). The following theorem implies that, ‘unconditionally’, the
future process of the EGPP is also the EGPP.

Theorem 2. Let {N(t), t ≥ 0} be EGPP(λ(t), α, l0). The stochastic intensity λu
t is given by

λu
t =

(
− α[N((u + t) −) − N(u −)] + αl0

) λ(u + t) exp{−α�(u + t)}
1 − exp{−α�(u)} + exp{−α�(u + t)} ,

and {N(u)(t), t ≥ 0} is unconditionally EGPP with the set of parameters(
λ(u + t) exp{−α�(u + t)}

1 − exp{−α�(u)} + exp{−α�(u + t)} , α, l0

)
.

Proof. The proof is deferred to the appendix. �
Now the conditional distribution of the arrival times in the EGPP will be obtained. As a

more general result, we consider that of the arrival times in an ‘arbitrary time interval’ (u, v],
0 ≤ u< v: (

T (u)
1 , T (u)

2 , · · · , T (u)
(N(v)−N(u))|N(v) − N(u) = n

)
.

Theorem 3. Let {N(t), t ≥ 0} be EGPP(λ(t), α, l0). The conditional joint probability density
function of (

T (u)
1 , T (u)

2 , · · · , T (u)
(N(v)−N(u))|N(v) − N(u) = n

)
, 0 ≤ u< v,

is given by

n!
n∏

i=1

⎛
⎝ αλ

(
t(u)
i

)
exp

{
− α�

(
t(u)
i

)}
exp{−α�(u)} − exp{−α�(v)}

⎞
⎠ ,

where u< t(u)
1 ≤ t(u)

2 ≤ · · · ≤ t(u)
n ≤ v.

Proof. The proof is deferred to the appendix. �

3. Main properties of the MEGPP

The following proposition provides some basic properties of the MEGPP, to help with
structural understanding of the process. The results in Proposition 3 play crucial roles in
the analysis of the MEGPP. For convenience and consistency, we define the necessary nota-
tion as follows: N(u)

i (t) ≡ Ni(u + t) − Ni(u), �i(t) ≡ ∫ t
0 λi(s)ds, i = 1, 2, · · · ,m, λ(t) ≡ λ1(t) +

λ2(t) + · · · + λm(t), �(t) = ∫ t
0 λ(s)ds =�1(t) +�2(t) + · · · +�m(t), and pi(t) ≡ λi(t)/λ(t),

i = 1, 2, · · · ,m. We also use the concept of thinning of a univariate process, from
Definition 4 of [9].
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Proposition 3. Let {N(t), t ≥ 0} be MEGPP(λ1(t), λ2(t), · · · , λm(t), α, l0). Then the following
hold:

(i) {M(t), t ≥ 0} is EGPP(λ(t), α, l0).

(ii) The process {N(t), t ≥ 0} is constructed by thinning of {M(t), t ≥ 0} with thinning
probabilities pi(t), i = 1, 2, · · · ,m:{(

Mp1(·)(t),Mp2(·)(t), · · · ,Mpm(·)(t)
)
, t ≥ 0

}
.

(iii) Given
(
H(1)

u−,H(2)
u−, · · · ,H(m)

u−
)

, we have that the process {N(u)(t), t ≥ 0}, where

N(u)(t) =
(

N(u)
1 (t),N(u)

2 (t), · · · ,N(u)
m (t)

)
,

is MEGPP(λ1(u + t), λ2(u + t), · · · , λm(u + t), α, l0 − (n1 + n2 + · · · + nm)), where ni

is the realization of Ni(u −), i = 1, 2, · · · ,m.

(iv) For any fixed u ≥ 0, {N(u)(t), t ≥ 0} is ‘unconditionally’ MEGPP with the set of
parameters (φ1(t, u), φ2(t, u), · · · , φm(t, u), α, l0), where

φi(t, u) ≡ λi(u + t) exp{−α�(u + t)}
1 − exp{−α�(u)} + exp{−α�(u + t)} , i = 1, 2, · · · ,m.

Proof. The properties in Proposition 3 can be readily proved using Definition 2,
Definition 3, Proposition 1, and Theorem 2, following a procedure similar to that in the proof
of Proposition 1 in [9]. �

Now we will derive the main stochastic properties of the MEGPP. First of all, the joint
distribution of the numbers of events is of prime interest to us.

Theorem 4. Let {N(t), t ≥ 0} be MEGPP(λ1(t), λ2(t), · · · , λm(t), α, l0) and t> 0, 0 ≡ u0 <

u1 < u2 < · · ·< ur. Then the following hold:

(i)

P(Ni(t) = ni, i = 1, 2, · · · ,m) =
(

l0

n1, n2, · · · , nm, l0 −∑m
i=1 ni

)

×
m∏

i=1

(
α

∫ t

0
λi(x) exp{−α�(x)}dx

)ni
(

exp{−α�(t)}
)l0−∑m

i=1 ni
,

0 ≤ n1 + n2 + · · · + nm ≤ l0;

(ii)

P(Ni(u2) − Ni(u1) = ni, i = 1, 2, · · · ,m)

=
(

l0

n1, n2, · · · , nm, l0 −∑m
i=1 ni

)

×
m∏

i=1

(
α

∫ u2

u1

λi(x) exp{−α�(x)}dx

)ni

×
(

1 − exp{−α�(u1)} + exp{−α�(u2)}
)l0−∑m

i=1 ni
,

0 ≤ n1 + n2 + · · · + nm ≤ l0;
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(iii)

P(Ni(uj) − Ni(uj−1) = nij, i = 1, 2, · · · ,m, j = 1, 2, · · · , r)

=
(

l0
n11, n21, · · · , nm1, n12, n22, · · · , nm2, · · · , n1r, n2r, · · · , nmr, l0 −∑m

i=1
∑r

j=1 nij

)

×
m∏

i=1

r∏
j=1

⎡
⎣(α ∫ uj

uj−1

λi(x) exp{−α�(x)}dx

)nij

⎤
⎦

×
(

exp{−α�(ur)}
)l0−∑m

i=1
∑r

j=1 nij

, 0 ≤
m∑

i=1

r∑
j=1

nij ≤ l0.

Proof. First, let us prove Property (i). We have

P(Ni(t) = ni, i = 1, 2, · · · ,m)

= P

(
Ni(t) = ni, i = 1, 2, · · · ,m|M(t) =

m∑
i=1

ni

)
P

(
M(t) =

m∑
i=1

ni

)
,

where, by Proposition 3(i) and Theorem 1,

P

(
M(t) =

m∑
i=1

ni

)
=
(

l0∑m
i=1 ni

)
(1 − exp{−α�(t)})

∑m
i=1 ni (exp{−α�(t)})l0−

∑m
i=1 ni .

From Theorem 3, given M(t) =∑m
i=1 ni, the sequential arrival times

0 ≤ T (P)
1 ≤ T (P)

2 ≤ · · · ≤ T (P)∑m
i=1 ni

≤ t

have the following joint probability density function:

(
m∑

i=1

ni

)
!
∑m

i=1 ni∏
i=1

(
αλ(ti) exp{−α�(ti)}

1 − exp{−α�(t)}

)
.

Thus they have the same distribution as the order statistics corresponding to
∑m

i=1 ni

independent random variables identically distributed according to the probability density
function (

αλ(x) exp{−α�(x)}
1 − exp{−α�(t)}

)
, 0< x ≤ t.

Thus, if an event has occurred in (0,t], the probability that it will be a type i event is given by

ψi(t) ≡
(
α
∫ t

0 λi(x) exp{−α�(x)}dx

1 − exp{−α�(t)}

)
, i = 1, 2, · · · ,m.

Thus,

P

(
Ni(t) = ni, i = 1, 2, · · · ,m|M(t) =

m∑
i=1

ni

)
=
( ∑m

i=1 ni

n1, n2, · · · , nm

)
m∏

i=1

(
ψi(t)

)ni
.
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Therefore,

P(Ni(t) = ni, i = 1, 2, · · · ,m) =
(

l0

n1, n2, · · · , nm, l0 −∑m
i=1 ni

)

×
m∏

i=1

(
α

∫ t

0
λi(x) exp{−α�(x)}dx

)ni(
exp{−α�(t)}

)l0−∑m
i=1 ni

.

By using Proposition 3(iv) and the above Property (i), Property (ii) can be directly obtained.
Now we show Property (iii). By Proposition 3(iii), given Ni(u1) − Ni(u0) = ni1, i =

1, 2, · · · ,m, we have that {N(u1)(t), t ≥ 0} is MEGPP(λ1(u1 + t), λ2(u1 + t), · · · , λm(u1 +
t), α, l0 −∑m

i=1 ni1). Then, relying on the above Property (i),

P(Ni(u2) − Ni(u1) = ni2, i = 1, 2, · · · ,m|Ni(u1) − Ni(u0) = ni1, i = 1, 2, · · · ,m)

=
(

l0 −∑m
i=1 ni1

n12, n22, · · · , nm2, l0 −∑m
i=1
∑2

j=1 nij

)

×
m∏

i=1

(
α

∫ u2

u1

λi(x) exp{−α[�(x) −�(u1)]}dx

)ni2

×
(

exp{−α[�(u2) −�(u1)]}
)l0−∑m

i=1
∑2

j=1 nij
.

Thus,

P(Ni(uj) − Ni(uj−1) = nij, i = 1, 2, · · · ,m, j = 1, 2)

=
2∏

k=1

[⎛⎜⎝ l0 −∑k−1
j=1

(∑m
i=1 nij

)
n1k, n2k, · · · , nmk, l0 −∑k

j=1

(∑m
i=1 nij

)
⎞
⎟⎠

×
m∏

i=1

(
α

∫ uk

uk−1

λi(x) exp{−α[�(x) −�(uk−1)]}dx

)nik

×
(

exp{−α[�(uk) −�(uk−1)]}
)l0−∑m

i=1
∑k

j=1 nij

]
,

where
∑k−1

j=1 (·) ≡ 0 when k = 1. By applying a similar procedure recursively, we obtain the
desired result. �

Note that the results in Theorems 1–4 hold whether �(∞) ≡ ∫∞
0 λ(s)ds = ∞ or �(∞)<

∞. In the EGPP, if �(∞)<∞, then N(∞) ≡ limt→∞ N(t)< l0 with positive probability.
Thus, from the pure-death-process point of view stated in Remark 2, the process may end
incompletely with positive probability. In this sense, if �(∞)<∞, then the correspond-
ing EGPP (MEGPP) will be said to be incomplete, whereas an EGPP (MEGPP) with
�(∞) = ∞ will be called a complete EGPP (MEGPP). In the following theorem, it will
be shown that an incomplete EGPP (MEGPP) can be characterized as a mixture of com-
plete EGPPs (MEGPPs). Throughout this paper, X ∼ Bin(n, p) signifies that the random
variable X follows the binomial distribution with parameters (n,p). In the following discus-
sion, MEGPP(λ1(t), λ2(t), · · · , λm(t), α, l0) with l0 = 0 represents a counting process whose
counting random variables are given by 0 with probability 1 for all t ≥ 0.
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Theorem 5. Let {N(t), t ≥ 0} be MEGPP(λ1(t), λ2(t), · · · , λm(t), α, l0) with �(∞)<∞. Let
L be a binomial random variable: L ∼ Bin(l0, 1 − exp{−α�(∞)}). For t> 0, let

φi(t) ≡ λi(t) exp{−α�(t)}
exp{−α�(t)} − exp{−α�(∞)} , i = 1, 2, · · · ,m.

If {N∗(t), t ≥ 0} satisfies {N∗(t), t ≥ 0}|L ∼ MEGPP(φ1(t), φ2(t), · · · , φm(t), α, L), then it is
stochastically equivalent to {N(t), t ≥ 0}.

Proof. The proof is deferred to the appendix. �
From Proposition 3(i), the properties of the EGPP can be directly obtained from those of the

MEGPP, as the pooled process of MEGPP(λ1(t), λ2(t), · · · , λm(t), α, l0) is EGPP(λ(t), α, l0).
Thus, from Theorem 5, we have the following corollary.

Corollary 1. Let {N(t), t ≥ 0} be EGPP(λ(t), α, l0) with �(∞)<∞. Let L be a binomial
random variable: L ∼ Bin(l0, 1 − exp{−α�(∞)}). For t> 0, let

φ(t) ≡ λ(t) exp{−α�(t)}
exp{−α�(t)} − exp{−α�(∞)} , t ≥ 0.

If {N∗(t), t ≥ 0} satisfies {N∗(t), t ≥ 0}|L ∼ EGPP(φ(t), α, L), then it is stochastically equiva-
lent to {N(t), t ≥ 0}.

Note that, in Corollary 1, if �(∞)<∞, then

λ(t) exp{−α�(t)}
exp{−α�(t)} − exp{−α�(∞)} >λ(t), ∀t> 0.

Thus, roughly reinterpreting Corollary 1, an incomplete EGPP with the base intensity function
λ(t) can be characterized as a mixture of complete EGPPs with a larger base intensity function.
A natural question in a more general sense could be the following: Is the mixture representation
unique? Or can an incomplete EGPP be also characterized as the mixture of another group of
EGPPs with a larger base intensity function? The following theorem provides the answer to
this question.

Theorem 6. Assume that �(∞)<∞. Let {N(t), t ≥ 0} be a regular multivariate count-
ing process and let L be a binomial random variable: L ∼ Bin(l0, p), where l0 ≥ 1 and
1 − exp{−α�(∞)}< p< 1. For t> 0, let

φi(t) ≡ λi(t) exp{−α�(t)}
exp{−α�(t)} − (1 − p)

, i = 1, 2, · · · ,m.

If {N(t), t ≥ 0} satisfies {N(t), t ≥ 0}|L ∼ MEGPP(φ1(t), φ2(t), · · · , φm(t), α, L), then it is
MEGPP(λ1(t), λ2(t), · · · , λm(t), α, l0).

Proof. Similarly to the proof of Theorem 5, it is sufficient to show the property for the
univariate process. By the condition that 1 − exp{−α�(∞)}< p< 1, it holds that φ(t) ≡∑m

i=1 φi(t) ≥ 0 for all t ≥ 0. Then, following similar procedures to those described in the
proof of Theorem 5, it can be shown that the stochastic intensity λt of the univariate process
{N(t), t ≥ 0} is given by

λt = (− αN(t −) + αl0)λ(t),

which implies that {N(t), t ≥ 0} is EGPP(λ(t), α, l0). �
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From Theorem 6, we can obtain the following corollary. In the remaining part of this paper,
other properties of the EGPP can also be derived from those of the MEGPP in similar ways,
and we do not state them.

Corollary 2. Assume that �(∞)<∞. Let {N(t), t ≥ 0} be a regular counting process and let
L be a binomial random variable: L ∼ Bin(l0, p), where l0 ≥ 1 and 1 − exp{−α�(∞)}< p<
1. For t> 0, let

φ(t) ≡ λ(t) exp{−α�(t)}
exp{−α�(t)} − (1 − p)

.

If {N(t), t ≥ 0} satisfies {N(t), t ≥ 0}|L ∼ EGPP(φ(t), α, L), then it is EGPP(λ(t), α, l0).

Note that, in Corollary 2, 	(∞) ≡ ∫∞
0 φ(s)ds<∞. Thus, in Corollary 2, an incomplete

EGPP has been characterized as the mixture of another group of incomplete EGPPs with a
larger base intensity function. Corollary 2 (Theorem 6) improves understanding of the ‘hier-
archical structure’ of an incomplete EGPP (MEGPP). By Corollary 2, if �(∞)<∞, then
EGPP(λ(t), α, l0) can be represented as the mixture of the baseline counting process

EGPP

(
λ(t) exp{−α�(t)}

exp{−α�(t)} − (1 − p1)
, α, l1

)
, where p1 > 1 − exp{−α�(∞)}, (2)

with the mixing distribution L1 ∼ Bin(l0, p1). Again by Corollary 2, the baseline counting
process in (2) for each l1 = 1, · · · , l0 can also be represented as the mixture of the baseline
counting process

EGPP

(
λ(t) exp{−α�(t)}

exp{−α�(t)} − (1 − p1p2)
, α, l2

)
, where p1p2 > 1 − exp{−α�(∞)},

with the mixing distribution L2 ∼ Bin(l1, p2). This separation procedure can be performed
repeatedly. Note that, at each separation stage, the third parameter of the baseline EGPP
can be 1, 2, · · · , l0. Thus, if p1, p2, · · · are appropriately determined, it can be seen that
any incomplete EGPP is separable into the corresponding baseline counting process and
the mixing distribution for an infinite number of times. For example, choose p∗ and n0
so that 1 − exp{−α�(∞)}< p∗ < 1 and p∗ + 1/(1 + n0)< 1. Furthermore, determine pi,

i = 1, 2, · · · , as follows:

p1 = p∗ + 1

1 + n0
, pi = p∗ + 1/(i + n0)

p∗ + 1/((i − 1) + n0)
, i = 2, 3, · · · .

Then
∏m

i=1 pi = p∗ + 1/(m + n0)> 1 − exp{−α�(∞)}, for m = 1, 2, · · · , and the separation
procedure can be performed for an infinite number of times. In this case, the baseline counting
process at the mth stage is given by

EGPP

(
λ(t) exp{−α�(t)}

exp{−α�(t)} − (1 −∏m
i=1 pi

) , α, lm

)
,

and the base intensity function becomes larger and larger as the number of iterations increases;
the ‘upper bound function’ for the base intensity function is given by

φ∗(t) ≡ λ(t) exp{−α�(t)}
exp{−α�(t)} − exp{−α�(∞)} , t ≥ 0,
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which is the base intensity function in Corollary 1. In point process theory, a point process
is said to be infinitely divisible if, for every k, it can be represented as the superposition of
k independent, identically distributed point process components (see, e.g., [11], p. 255). In
a similar sense, the property stated in Theorem 6 (Corollary 2) can be called the infinitely
separable property of the incomplete MEGPP (EGPP).

4. Further characterization and properties of the MEGPP

In this section, we will discuss the superposition of MEGPPs, the dependence property,
the conditional distribution of arrival times, and the marginal processes in the MEGPP. The
following theorem characterizes the MEGPP as a superposition of another group of MEGPPs.

Theorem 7. Let {Ñi(t), t ≥ 0}, where Ñi(t) = (Ñi1(t), Ñi2(t), · · · , Ñim(t)), be MEGPP with the
set of parameters (λ1(t), λ2(t), · · · , λm(t), α, li), i = 1, 2, · · · , r. Suppose that {Ñi(t), t ≥ 0},
i = 1, 2, · · · , r, are independent. Then {Ñ(t), t ≥ 0}, where

Ñ(t) =
(

r∑
i=1

Ñi1(t),
r∑

i=1

Ñi2(t), · · · ,
r∑

i=1

Ñim(t)

)
,

is MEGPP(λ1(t), λ2(t), · · · , λm(t), α,
∑r

i=1 li).

Proof. Due to Proposition 3(ii), a MEGPP can be constructed by the thinning of an EGPP.
Thus, for the proof of Theorem 7, it is sufficient to show the result for the univariate process.
Thus, letting {Ñi(t), t ≥ 0} be independent EGPP(λ(t), α, li), i = 1, 2, · · · , r, we will show

that {Ñ(t), t ≥ 0}, where Ñ(t) ≡∑r
i=1 Ñi(t), is EGPP

(
λ(t), α,

∑r
i=1 li

)
. Denote by λ̃t and λ̃(i)

t

the stochastic intensities of {Ñ(t), t ≥ 0} and {Ñi(t), t ≥ 0}, i = 1, 2, · · · , r, respectively, and
by H̃t− and H̃(i)

t−, i = 1, 2, · · · , r, the corresponding histories. Then

r∑
i=1

λ̃
(i)
t = lim

�t→0

r∑
i=1

P

(
Ñi(t, t +�t) = 1|H̃(j)

t−, j = 1, 2, · · · , r
)

�t

= lim
�t→0

P

(⋃r
i=1{Ñi(t, t +�t) = 1}|H̃(j)

t−, j = 1, 2, · · · , r
)

�t

= lim
�t→0

P

(∑r
i=1 Ñi(t, t +�t) = 1|H̃(j)

t−, j = 1, 2, · · · , r
)

�t

= lim
�t→0

P

(
Ñ(t, t +�t) = 1|H̃t−

)
�t

= λ̃t,

and λ̃(i)
t = (− αÑi(t −) + αli)λ(t), i = 1, 2, · · · , r. Therefore,

λ̃t =
(

− α

r∑
i=1

Ñi(t −) + α

(
r∑

i=1

li

))
λ(t) =

(
− αÑ(t −) + α

(
r∑

i=1

li

))
λ(t).

�

https://doi.org/10.1017/apr.2022.31 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2022.31


An extended class of univariate and multivariate generalized Pólya processes 987

Now we will discuss the dependence property of the MEGPP. The following proposition
states that there is a negative dependency between the increments in two different types of
processes in any two (not necessarily disjoint) time intervals.

Proposition 4. Let {N(t), t ≥ 0} be MEGPP(λ1(t), λ2(t), · · · , λm(t), α, l0). For any t12 > t11
and t22 > t21, and for any 1 ≤ k1 
= k2 ≤ m,

Cov(Nk1 (t12) − Nk1 (t11),Nk2 (t22) − Nk2 (t21))

= −l0
∏

i=1,2

(
α

∫ ti2

ti1
λki(x) exp{−α�(x)}dx

)
< 0,

and

Corr(Nk1 (t12) − Nk1 (t11),Nk2 (t22) − Nk2 (t21))

= −

√√√√√
∏

i=1,2

(
α
∫ ti2

ti1
λki(x) exp{−α�(x)}dx

)
∏

i=1,2

(
1 − α

∫ ti2
ti1
λki(x) exp{−α�(x)}dx

) < 0.

Proof. For any sequence of the elements in (t11, t12, t21, t22) satisfying t12 > t11 and t22 >

t21, from Theorem 4(iii), it can be shown that

P(Nk1 (t12) − Nk1 (t11) = n1,Nk2 (t22) − Nk2 (t21) = n2)

=
(

l0

n1, n2, l0 − n1 − n2

)[ ∏
i=1,2

(
α

∫ ti2

ti1
λki(x) exp{−α�(x)}dx

)ni
]

×
(

1 −
∑

i=1,2

(
α

∫ ti2

ti1
λki(x) exp{−α�(x)}dx

))l0−n1−n2

,

where 0 ≤ n1 + n2 ≤ l0. Then, according to the properties of the multinomial distribution (see
also [14], p. 34), the results can be directly obtained. �

We will now derive the conditional joint distribution of arrival times of events given that
Ni(t) = ni, i = 1, 2, · · · ,m.

Theorem 8. Let {N(t), t ≥ 0} be MEGPP(λ1(t), λ2(t), · · · , λm(t), α, l0). The conditional joint
arrival times distribution of

(Ti1, Ti2, · · · , Tini , i = 1, 2, · · · ,m|Ni(t) = ni, i = 1, 2, · · · ,m)

is given by

m∏
i=1

[
ni!

ni∏
j=1

(
λi(tij) exp{−α�(tij)}∫ t

0 λi(x) exp{−α�(x)}dx

)]
,

0< ti1 < · · ·< tini ≤ t, i = 1, 2, · · · ,m.

Proof. Following a similar procedure to the proof of Theorem 1 and using Proposition 3(ii),
it can be shown that the joint distribution of

(Ti1, Ti2, · · · , Tini ,Ni(t) = ni, i = 1, 2, · · · ,m)
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is given by

(l0)
∑m

i=1 ni ·
m∏

i=1

⎛
⎝ ni∏

j=1

αpi(tij)λ(tij) exp{−α�(tij)}
⎞
⎠ · exp

{
−
(

l0 −
m∑

i=1

ni

)
α�(t)

}

= (l0)
∑m

i=1 ni ·
m∏

i=1

⎛
⎝ ni∏

j=1

αλi(tij) exp{−α�(tij)}
⎞
⎠ ·

(
exp{−α�(t)}

)l0−∑m
i=1 ni

, (3)

for any sequence of elements (ti1, · · · , tini, i = 1, 2, · · · ,m) satisfying 0< ti1 < · · ·< tini ≤ t,
i = 1, 2, · · · ,m. On the other hand, from Theorem 4,

P(Ni(t) = ni, i = 1, 2, · · · ,m) =
(

l0

n1, n2, · · · , nm, l0 −∑m
i=1 ni

)

×
m∏

i=1

(
α

∫ t

0
λi(x) exp{−α�(x)}dx

)ni(
exp{−α�(t)}

)l0−∑m
i=1 ni

. (4)

By combining (3) and (4), we have the desired result. �
Now the marginal process of the MEGPP will be characterized.

Theorem 9. Let {N(t), t ≥ 0} be MEGPP(λ1(t), λ2(t), · · · , λm(t), α, l0). The marginal pro-
cess {Ni(t), t ≥ 0} is EGPP(λ̃i(t), α, l0), where

λ̃i(t) = λi(t) exp{−α�(t)}
1 − α

∫ t
0 λi(x) exp{−α�(x)}dx

, i = 1, 2, · · · ,m.

Proof. For the proof, the stochastic intensity functions of the marginal processes {Ni(t), t ≥
0}, i = 1, 2, · · · ,m, of MEGPP(λ1(t), λ2(t), · · · , λm(t), α, l0) will be derived. Denote by ν(i)

t

the stochastic intensity of {Ni(t), t ≥ 0}, i = 1, 2, · · · ,m. Then ν(1)
t can be specified as

ν
(1)
t ≡ lim

�t→0

P

(
N1(t, t +�t) = 1|H(1)

t−
)

�t

=E(H(2)
t− ,H(3)

t− ,··· ,H(m)
t− |H(1)

t−
)[ lim

�t→0

P

(
N1(t, t +�t) = 1|H(1)

t− ,H(2)
t− , · · · ,H(m)

t−
)

�t

]
,

where, from Definition 3,

lim
�t→0

P

(
N1(t, t +�t) = 1|H(1)

t− ,H(2)
t− , · · · ,H(m)

t−
)

�t
=
(

− α

(
m∑

i=1

Ni(t −)

)
+ αl0

)
λ1(t).

Thus, ν(1)
t is obtained by

ν
(1)
t =

(
− α

(
N1(t −) +

m∑
i=2

E

[
Ni(t −)|H(1)

t−
])

+ αl0

)
λ1(t).
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We will now derive the conditional distribution of
(
N2(t −)|H(1)

t−
)
; the other conditional dis-

tributions of
(
Ni(t −)|H(1)

t−
)
, i = 3, 4, · · · ,m, can be obtained similarly. From (3), the joint

distribution of (T11, T12, · · · , T1N1(t−),N1(t −),N2(t −)) is obtained by

l0!
n2!(l0 − n1 − n2)! ·

⎛
⎝ n1∏

j=1

αλ1(t1j) exp{−α�(t1j)}
⎞
⎠ ·

( ∫ t

0
αλ2(x) exp{−α�(x)}dx

)n2

×
(

m∑
i=3

∫ t

0
αλi(x) exp{−α�(x)}dx + exp{−α�(t)}

)l0−n1−n2

.

Then, by similar arguments as those described in the proof of Theorem 2, it can be shown
that the conditional distribution of (N2(t −)|T11, T12, · · · , T1N1(t−),N1(t −)) does not depend
on (T11, T12, · · · , T1N1(t−)), and accordingly,

(N2(t −)|T11, T12, · · · , T1N1(t−),N1(t −))
D=(N2(t −)|N1(t −)),

where ‘
D=’ stands for equality in distribution. From Theorem 4,

P(N1(t) = n1) =
(

l0

n1

)(
α

∫ t

0
λ1(x) exp{−α�(x)}dx

)n1

×
(

m∑
i=2

α

∫ t

0
λi(x) exp{−α�(x)}dx + exp{−α�(t)}

)l0−n1

,

P(N1(t) = n1,N2(t) = n2) =
(

l0

n1, n2, l0 − n1 − n2

)(
α

∫ t

0
λ1(x) exp{−α�(x)}dx

)n1

×
(
α

∫ t

0
λ2(x) exp{−α�(x)}dx

)n2
(

m∑
i=3

α

∫ t

0
λi(x) exp{−α�(x)}dx + exp{−α�(t)}

)l0−n1−n2

,

and thus

P(N2(t) = n2|N1(t) = n1) =
(

l0 − n1

n2

)

×
(

α
∫ t

0 λ2(x) exp{−α�(x)}dx∑m
i=2 α

∫ t
0 λi(x) exp{−α�(x)}dx + exp{−α�(t)}

)n2

×
(∑m

i=3 α
∫ t

0 λi(x) exp{−α�(x)}dx + exp{−α�(t)}∑m
i=2 α

∫ t
0 λi(x) exp{−α�(x)}dx + exp{−α�(t)}

)l0−n1−n2

,

n2 = 0, 1, · · · , l0 − n1. Therefore,

E[N2(t −)|H(1)
t− ] =E[N2(t −)|N1(t −)]

= (l0 − N1(t −))
α
∫ t

0 λ2(x) exp{−α�(x)}dx∑m
i=2 α

∫ t
0 λi(x) exp{−α�(x)}dx + exp{−α�(t)} ,
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and, symmetrically,

E
[
Ni(t −)|H(1)

t−
]=E[Ni(t −)|N1(t −)]

= (l0 − N1(t −))
α
∫ t

0 λi(x) exp{−α�(x)}dx∑m
i=2 α

∫ t
0 λi(x) exp{−α�(x)}dx + exp{−α�(t)} ,

i = 3, 4, · · · ,m. Therefore,

ν
(1)
t =

(
− α

(
N1(t −) +

m∑
i=2

E

[
Ni(t −)|H(1)

t−
])

+ αl0

)
λ1(t)

=
(

− α

(
N1(t −) +

m∑
i=2

E

[
Ni(t −)|N1(t −)

])
+ αl0

)
λ1(t)

= (− αN1(t −) + αl0)
λ1(t) exp{−α�(t)}∑m

i=2 α
∫ t

0 λi(x) exp{−α�(x)}dx + exp{−α�(t)} .

By noting that

α

∫ t

0
λ1(x) exp{−α�(x)}dx +

m∑
i=2

α

∫ t

0
λi(x) exp{−α�(x)}dx

=
∫ t

0
αλ(x) exp{−α�(x)}dx = 1 − exp{−α�(t)}, (5)

we have the desired result. The stochastic intensity ν(i)
t , i = 2, 3, · · · ,m, can be obtained

symmetrically. �
From the relationship in (5),

λ̃1(t) = λ1(t) exp{−α�(t)}∑m
i=2 α

∫ t
0 λi(x) exp{−α�(x)}dx + exp{−α�(t)} ,

and ∫ t

0
λ̃1(x)dx = − 1

α
ln

(
m∑

i=2

α

∫ t

0
λi(x) exp{−α�(x)}dx + exp{−α�(t)}

)
.

As

α

∫ t

0
λ1(x) exp{−α�(x)}dx +

m∑
i=2

α

∫ t

0
λi(x) exp{−α�(x)}dx + exp{−α�(t)} = 1, ∀ t> 0,

we have

0<
m∑

i=2

α

∫ ∞

0
λi(x) exp{−α�(x)}dx + exp{−α�(∞)}< 1,

whether �(∞) = ∞ or �(∞)<∞. This implies that the marginal process {Ni(t), t ≥ 0} of
MEGPP(λ1(t), λ2(t), · · · , λm(t), α, l0) is an incomplete EGPP. Thus, applying Corollary 1, it
can be characterized as the mixture of the complete EGPPs.

Proposition 5. Let {Ni(t), t ≥ 0}, i = 1, 2, · · · ,m, be the marginal processes of
MEGPP(λ1(t), λ2(t), · · · , λm(t), α, l0). Let Li be a binomial random variable:
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Li ∼ Bin
(

l0, α
∫∞

0 λi(x) exp{−α�(x)}dx
)
, i = 1, 2, · · · ,m. For t> 0, let

φi(t) ≡ λi(t) exp{−α�(t)}
α
∫∞

t λi(x) exp{−α�(x)}dx
.

If {N∗
i (t), t ≥ 0} satisfies {N∗

i (t), t ≥ 0}|Li ∼ EGPP(φi(t), α, Li), then it is stochastically
equivalent to {Ni(t), t ≥ 0}, i = 1, 2, · · · ,m.

Proof. Observe that �̃i(t) ≡ ∫ t
0 λ̃i(s)ds is given by

�̃i(t) = − 1

α
ln

(
1 − α

∫ t

0
λi(x) exp{−α�(x)}dx

)
,

and

exp{−α�̃i(t)} = 1 − α

∫ t

0
λi(x) exp{−α�(x)}dx.

Furthermore, we have

exp{−α�̃i(∞)} = 1 − α

∫ ∞

0
λi(x) exp{−α�(x)}dx.

Then, by applying Corollary 1, we have the desired result. �

5. Some remarks for reliability applications

In reliability, various repair types have been developed based on different counting process
models, and they have been applied to maintenance modeling and optimization. See [24], [26],
and [27] for surveys on various practical maintenance models. More theoretical and sophis-
ticated models have also been suggested in the literature (see, e.g., [20, 2, 4, 5, 6, 12, 1,
21]).

The two important basic repair types which have been most frequently applied in reliability
are ‘perfect’ and ‘minimal’ repairs. By a perfect repair, the system is returned to a state that is
as good as new, whereas by a minimal repair, the system is returned to a state that is as bad
as old (see [13] and Section 5 of [8]). The failure process of a repairable system following the
perfect repair process is modeled by the renewal process, and that following the minimal repair
process is modeled by the NHPP.

As mentioned in Section 5 of [8], a counting process model specifies the corresponding
repair type. The GPP can define a new repair type which is worse than minimal repair (see
Section 5 of [8] and [17]), in the sense that the state of the system after the repair is worse than
that just before the failure. On the other hand, if we define the counting process {N(t), t ≥ 0}
as the failure process of a repairable system, where N(t) represents the total number of failures
of the system by time t, the stochastic intensity model of the EGPP in Definition 2 implies
that the state of the system after the repair is better than that just before the failure, and, in
this sense, the EGPP can be used to model a repair process which is better than the minimal
repair process. More specifically, if we assume that the failure process {N(t), t ≥ 0} follows
EGPP(λ(t), α, l0), then this implies that, on each system failure, a repair which is better than
the minimal repair is applied until (l0 − 1)th failure. Note that, as mentioned earlier, in the
EGPP, no event occurs after the occurrence of the l0th event, whereas, in practice, the failure
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of the system recurs without limit. Thus, from the l0th failure, the minimal repair process can be
employed. From the counting-process point of view, the whole failure process in this case can
be viewed as the combination of an EGPP and an NHPP, where the NHPP starts at a random
time Tl0 which is the occurrence time of the l0th event in EGPP(λ(t), α, l0). Thus, under this
type of repair process, before the l0th failure of the system, the system state after the repair
is better than after a minimal repair, and from l0th failure, the system is minimally repaired.
Interpreting this type of repair process from a practical point of view, in the initial stage of
system operation, the reliability state of the system after a repair can be improved compared
with the state just before the failure, but, after this initial stage, repairs cannot improve the
reliability of the system, only restore the system to the as-bad-as-old condition. Employing
this type of repair process, various maintenance models could be developed.

Appendix A. Proof of Theorem 1

Following similar procedures to those described in the proof of Theorem 1 in [8], the joint
distribution of (Ti, i = 1, 2, · · · ,N(t),N(t)) is given by

fTi,1≤i≤N(t),N(t)(t1, t2, · · · , tn, n) = l
n
0 ·
(

n∏
i=1

αλ(ti) exp{−α�(ti)}
)

· exp{−(l0 − n)α�(t)},

where 0 ≤ t1 ≤ t2 ≤ · · · ≤ tn ≤ t, n ≤ l0. Then, by integrating out the ti, i = 1, 2, · · · , n, the
marginal distribution of N(t) can be obtained as

P(N(t) = n) =
∫ t

0
· · ·
∫ t3

0

∫ t2

0
fTi,1≤i≤N(t),N(t)(t1, t2, · · · , tn, n)dt1dt2 · · · dtn

=
(

l0

n

)
(1 − exp{−α�(t)})n (exp{−α�(t)})l0−n , n ≤ l0. (6)

By Proposition 1, given N(u1) = n1, the process {N(u1)(t), t ≥ 0} is EGPP(λ(u1 + t), α,
l0 − n1). Then, by modifying the corresponding parameters in (6), we have

P(N(u2) − N(u1) = n2|N(u1) = n1)

=
(

l0 − n1

n2

)
(1 − exp{−α(�(u2) −�(u1))})n2

× (exp{−α(�(u2) −�(u1))})l0−n1−n2 , n2 = 0, 1, · · · , l0 − n1. (7)

The marginal distribution of N(u2) − N(u1) can now be obtained as

P(N(u2) − N(u1) = n2) =
l0−n2∑
n1=0

(
l0 − n1

n2

)
(1 − exp{−α(�(u2) −�(u1))})n2

× (exp{−α(�(u2) −�(u1))})l0−n1−n2

×
(

l0

n1

)
(1 − exp{−α�(u1)})n1 (exp{−α�(u1)})l0−n1

=
(

l0

n2

)
(exp{−α�(u1)} − exp{−α�(u2)})n2 (1 − exp{−α�(u1)} + exp{−α�(u2)})l0−n2 .
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Combining (6) and (7), P(N(u1) = n1,N(u2) − N(u1) = n2) is given by

P(N(u1) = n1,N(u2) − N(u1) = n2) =
(

l0

n1

)
(1 − exp{−α�(u1)})n1 (exp{−α�(u1)})l0−n1

×
(

l0 − n1

n2

)
(1 − exp{−α(�(u2) −�(u1))})n2 (exp{−α(�(u2) −�(u1))})l0−n1−n2 . (8)

From the Markov property of the EGPP and Proposition 1,

P(N(u3) − N(u2) = n3|N(u1) = n1,N(u2) − N(u1) = n2)

=
(

l0 − n1 − n2

n3

)
(1 − exp{−α(�(u3) −�(u2))})n3

× (exp{−α(�(u3) −�(u2))})l0−n1−n2−n3 . (9)

By applying the above procedure recursively, for j = 4, 5, · · · , r, we can obtain

P(N(uj) − N(uj−1) = nj|N(u1) = n1,N(u2) − N(u1)

= n2, · · · ,N(uj−1) − N(uj−2) = nj−1). (10)

Finally, by combining (8)–(10),

P(N(ui) − N(ui−1) = ni, i = 1, 2, · · · , r)

=
r∏

i=1

[(
l0 −∑i−1

k=1 nk

ni

)
(1 − exp{−α(�(ui) −�(ui−1))})ni

× (exp{−α(�(ui) −�(ui−1))})l0−
∑i

k=1 nk

]
, 0 ≤ n1 + n2 + · · · + nr ≤ l0,

where
∑i−1

k=1 nk ≡ 0 when i = 1. This can then be reduced to the desired result by simple
algebra. �

Appendix B. Proof of Theorem 2

As in [8], p. 1167, define

H[0,u) ≡Hu− = {N(u −), T1, T2, · · · , TN(u−)}
and

H[u,u+t) =
{

N((u + t) −) − N(u −), T (u)
1 , T (u)

2 , · · · , T (u)
(N((u+t)−)−N(u−))

}
.

Note that

λu
t ≡ lim

�t→0

P
(
N(u)(t, t +�t) = 1|H[u,u+t)

)
�t

=EH[0,u)|H[u,u+t)

[
lim
�t→0

P
(
N(u)(t, t +�t) = 1|H[0,u),H[u,u+t)

)
�t

]
, (11)
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where EH[0,u)|H[u,u+t) [·] represents the expectation with respect to the conditional distribution
of (H[0,u)|H[u,u+t)) and

lim
�t→0

P
(
N(u)(t, t +�t) = 1|H[0,u),H[u,u+t)

)
�t

= λu+t =
(
− α

(
N(u −) + [N((u + t) −) − N(u −)]

)
+ αl0

)
λ(u + t),

which contains only N(u −) among H[0,u). Thus, the expectation in (11) now becomes

λu
t =

(
− α

(
E[N(u −)|H[u,u+t)] + [N((u + t) −) − N(u −)]

)
+ αl0

)
λ(u + t). (12)

Denote by n1, n2, and t(u)
j the realizations of N(u −), N((u + t) −) − N(u −), and T (u)

j ,
respectively. Then, by Proposition 1, the conditional joint distribution of(

T (u)
1 , T (u)

2 , · · · , T (u)
(N((u+t)−)−N(u−)),N((u + t) −) − N(u −)|N(u −)

)
is given by

(l0 − n1)n2 ·
⎛
⎝ n2∏

j=1

αλ
(
t(u)
j

)
exp

{− α�
(
t(u)
j

)}⎞⎠
× exp{−(l0 − n1 − n2)α�(u + t)} exp{(l0 − n1)α�(u)},

u ≤ t(u)
1 ≤ t(u)

2 ≤ · · · ≤ t(u)
n2 < u + t, n2 = 0, 1, · · · , l0 − n1. Then, using Theorem 1(i), the joint

distribution of(
T (u)

1 , T (u)
2 , · · · , T (u)

(N((u+t)−)−N(u−)),N((u + t) −) − N(u −),N(u −)
)

and that of (
T (u)

1 , T (u)
2 , · · · , T (u)

(N((u+t)−)−N(u−)),N((u + t) −) − N(u −)
)

can be obtained. Now, combining these joint distributions, the conditional distribution of(
N(u −)|T (u)

1 , T (u)
2 , · · · , T (u)

(N((u+t)−)−N(u−)),N((u + t) −) − N(u −)
)

is obtained by(
l0 − n2

n1

)(
1 − exp{−α�(u)}

1 − exp{−α�(u)} + exp{−α�(u + t)}
)n1

×
(

exp{−α�(u + t)}
1 − exp{−α�(u)} + exp{−α�(u + t)}

)l0−n1−n2

,

n1 = 0, 1, · · · , l0 − n2, and, from this,

E[N(u −)|T (u)
1 , T (u)

2 , · · · , T (u)
(N((u+t)−)−N(u−)),N((u + t) −) − N(u −)]

= [l0 − (N((u + t) −) − N(u −))]

(
1 − exp{−α�(u)}

1 − exp{−α�(u)} + exp{−α�(u + t)}
)

.

Therefore, from (12),

λu
t =

(
− α[N((u + t) −) − N(u −)] + αl0

) λ(u + t) exp{−α�(u + t)}
1 − exp{−α�(u)} + exp{−α�(u + t)} .

�
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Appendix C. Proof of Theorem 3

From the proof of Theorem 1, the joint distribution of (T1, T2, · · · , TN(t),N(t)) is given by

(l0)n ·
(

n∏
i=1

αλ(ti) exp{−α�(ti)}
)

· exp{−(l0 − n)α�(t)},

0< t1 ≤ t2 ≤ · · · ≤ tn ≤ t, and

P(N(t) = n) =
(

l0

n

)
(1 − exp{−α�(t)})n (exp{−α�(t)})l0−n .

Thus, the conditional joint distribution of (T1, T2, · · · , TN(t)|N(t) = n) is obtained by

n!
n∏

i=1

(
αλ(ti) exp{−α�(ti)}

1 − exp{−α�(t)}

)
, 0< t1 ≤ t2 ≤ · · · ≤ tn ≤ t.

Then, defining

φ(t, u) ≡ λ(u + t) exp{−α�(u + t)}
1 − exp{−α�(u)} + exp{−α�(u + t)} ,

and using Theorem 2, the joint conditional arrival time distribution of(
T (u)

1 , T (u)
2 , · · · , T (u)

(N(u+t)−N(u))|N(u + t) − N(u) = n
)

is obtained by

n!
n∏

i=1

⎛
⎜⎝αφ

(
t(u)
i − u, u

)
exp

{
− α

∫ t(u)
i −u

0 φ(s, u)ds
}

1 − exp{−α ∫ t
0 φ(s, u)ds}

⎞
⎟⎠

= n!
n∏

i=1

(
αλ
(

t(u)
i

)
exp

{
− α�

(
t(u)
i

)}
exp{−α�(u)} − exp{−α�(u + t)}

)
, u< t(u)

1 ≤ t(u)
2 ≤ · · · ≤ t(u)

n ≤ u + t.

By replacing u + t by v, we obtain the desired result. �

Appendix D. Proof of Theorem 5

By Proposition 3(ii), it suffices to show the result in Theorem 5 for the univariate pro-
cess. Thus, letting {N(t), t ≥ 0} be EGPP(λ(t), α, l0) with �(∞)<∞ and assuming the
same condition on the random variable L, it will be shown that, if {N∗(t), t ≥ 0} satisfies
{N∗(t), t ≥ 0}|L ∼ EGPP(φ(t), α, L), then it is stochastically equivalent to {N(t), t ≥ 0}, where

φ(t) ≡ λ(t) exp{−α�(t)}
exp{−α�(t)} − exp{−α�(∞)} , t ≥ 0.

Define H∗
t− as the history of the process {N∗(t), t ≥ 0} in [0,t):

H∗
t− = {N∗(t −), T∗

1 , T∗
2 , · · · , T∗

N∗(t−)},
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where T∗
i is the time from 0 to the time of the arrival of the ith event in {N∗(t), t ≥ 0}, 0 ≤

T∗
1 ≤ T∗

2 ≤ · · · . We will now derive the stochastic intensity λ∗
t of {N∗(t), t ≥ 0} and compare

it with λt in Definition 2. Observe that

λ∗
t = lim

�t→0

P
(
N∗(t, t +�t) = 1|H∗

t−
)

�t
=E(L|H∗

t−)

[
lim
�t→0

P
(
N∗(t, t +�t) = 1|H∗

t−, L
)

�t

]
,

where E(L|H∗
t−)[·] stands for the expectation with respect to the conditional distribution of

(L|H∗
t−) and

lim
�t→0

P
(
N∗(t, t +�t) = 1|H∗

t−, L
)

�t
=
(
− αN∗(t −) + αL

)
φ(t).

Thus, λ∗
t = (− αN∗(t −) + αE[L|H∗

t−]
)
φ(t).

Denote by n, ti, and l the realizations of N∗(t −), T∗
i , and L, respectively. From the proof of

Theorem 1, the conditional joint distribution of
(
T∗

1 , T∗
2 , · · · , T∗

N∗(t−),N∗(t −)|L) is given by

(l)n ·
(

n∏
i=1

αφ(ti) exp{−α	(ti)}
)

· exp{−(l − n)α	(t)},

where 	(t) ≡ ∫ t
0 φ(s)ds, 0 ≤ t1 ≤ t2 ≤ · · · ≤ tn < t, 0 ≤ n ≤ l. Then it can be shown that the

conditional distribution of
(
L|T∗

1 , T∗
2 , · · · , T∗

N∗(t−),N∗(t −)
)

is obtained by

(
l0 − n

l − n

)(
exp{−α�(t)} − exp{−α�(∞)}

exp{−α�(t)}

)l−n(
exp{−α�(∞)}
exp{−α�(t)}

)l0−l

,

n ≤ l ≤ l0. Then,

E[L|H∗
t−] = N∗(t −) + (l0 − N∗(t −))

(
exp{−α�(t)} − exp{−α�(∞)}

exp{−α�(t)}
)
,

and finally,

λ∗
t = (− αN∗(t −) + αE[L|H∗

t−]
)
φ(t) = (− αN∗(t −) + αl0)λ(t),

which completes the proof. �
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