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The CASTOR3D code is a linear, extended, magnetohydrodynamic stability code that
can be applied to tokamak and stellarator equilibria with and without ideal and resistive
complex wall and coil structures in the surrounding vacuum region. The code enables the
investigation of the effects of resistivity, parallel viscosity, gyroviscosity, ion drift veloc-
ity, ExB-velocity, electron diamagnetic drift, parallel heat conductivity and externally
driven flows on growth rate, oscillation frequency and mode structure. This review arti-
cle describes the three-dimensional (3-D) linear stability CASTOR3D code, its versatile
application possibilities (e.g. ideal and resistive modes, vertical stability investigations,
edge stability limit studies in presence of magnetic perturbation fields, resistive wall
modes, etc.) and interesting effects concerning 3-D plasma configurations (e.g. toroidal
mode coupling leading to overstable modes, mode locking, critical rotation threshold for
locked modes and non-uniform rotation).
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1. Introduction

Linear magnetohydrodynamic (MHD) stability codes are important tools to inves-
tigate the stability properties of fusion plasmas which are magnetically confined in
tokamak or stellarator devices.

Axisymmetric tokamaks were the favoured fusion devices for many years.
However, the axisymmetry is perturbed by the toroidal field ripple and by error
fields. The latter result, for example, from imperfections of the magnetic field coils,
ferromagnetic inserts, etc. Although these error fields are small, they constrain
the operational space of a tokamak. Error fields can deteriorate the confinement,
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intensify the growth of instabilities, reduce the toroidal rotation, lock modes and
cause disruptions. So, they became a main topic in fusion research. So-called saddle
coils were installed in many devices to investigate the effects and to reduce the error
fields (e.g. Hender et al. 1992; La Haye ef al. 1992; Buttery et al. 1999). Besides,
special error field correction coils were integrated in various tokamaks in order to
achieve an optimal correction of the error fields (e.g. Barlow et al. 2001; Piron et al.
2020). Yet, the use of such coils is not limited to the compensation of error fields.
Depending on their number and location, they can be used to probe the plasma
stability (Piron et al. 2023), to control resistive wall modes (Okabayashi et al. 2005)
and to mitigate or even suppress edge localised modes (ELMs) (e.g. Evans ef al.
2004; Liang et al. 2007; Suttrop et al. 2011; Nazikian et al. 2015).

Nowadays, stellarators are again a subject of focus in nuclear fusion research.
Their inherent properties, namely steady-state operation and the absence of dis-
ruptions, are especially important requirements for a fusion power plant (Warmer
et al. 2024). Ongoing optimisation of the magnetic field geometries leads to major
improvements of their confinement properties. There are quasisymmetric and
quasiisodynamic devices. Using magnetic coordinates (Boozer coordinates (Boozer
1982)), the magnetic field strength of quasisymmetric stellarators is symmetric in
toroidal direction (quasiaxisymmetric (QA) (Niihrenberg et al. 1994; Henneberg
et al. 2019)), in helical direction (quasihelically symmetric (Niihrenberg & Zille
1988)) or in poloidal direction (quasipoloidally symmetric (Spong et al. 2005)).
Quasiisodynamic stellarators have no explicit quasisymmetry, but their contours
of the magnetic field strength are closed poloidally and the magnetic field is opti-
mised to confine the trapped particles (Goodman et al. 2023; Lion et al. 2025).
Figure 1 shows examples of a three-dimensional (3-D) tokamak equilibrium, a QA
and a quasiisodynamic stellarator equilibrium. Here, the tokamak equilibrium is 3-D
because of an additional two-periodic perturbation field produced by the magnetic
perturbation (MP) coils shown in figure 1(a). In the considered case, the phase offset
of the upper coil ring relative to the lower ring amounts to §¢ = —90°. This weak
perturbation field (normal component: by ~ £8 mT) leads to a small corrugation' of
the flux surfaces. Here, the maximum corrugation of the plasma boundary amounts
to Sy ~ +0.8 cm.

Due to their 3-D geometry, the numerical description of 3-D tokamaks and stel-
larators is much more complicated than for axisymmetric tokamaks. There exist
numerous numerical tools to investigate the linear stability properties of axisym-
metric tokamak plasmas, but only few for 3-D tokamak and stellarator plasmas.
Linear stability codes can be subdivided into two major groups. The first group
makes use of the ideal MHD energy principle. Axisymmetric codes of this group
are, for example, PEST (Grimm et al. 1976), PEST 2 (Grimm, Dewar & Manickam
1983), ERATO (Gruber et al. 1981), GATO (Bernard, Helton & Moore 1981),
KINX (Degtyarev et al. 1997), MINERVA-DI (Aiba 2016) and ELITE (Wilson
et al. 2002), while DCON3D (Glasser 2025), CAS3D (Schwab 1993; Niihrenberg
2016) and TERPSICORE (Anderson et al. 1990; Fu et al. 1992) are 3-D codes.
A mathematical formulation of the weak form of the stability equation with flow
was implemented in the CAS3D code in order to describe the perpendicular ExB
flow in stellarators (Nithrenberg 2021), whereas TERPSICHORE provides a treat-
ment of the pressure anisotropy (Moen & Suzuki 2023). The second group of codes

!For the definition of the corrugation see Strumberger et al. (2014b).
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FIGURE 1. (a,b) The AUG-type equilibrium with MP coils. The colours of the plasma boundary
mark (a) the normal component of the MP perturbation field and (b) the corrugation caused by
the MP field. The colours of the MP coils indicate the antipodal coil currents. (¢) Two-periodic
QA equilibrium (reproduced with permission from Nucl. Fusion vol. 59, 2019, p. 106008 and
EUROfusion; copyright EURATOM 2019) and (d) five-periodic W7-X equilibrium with the
colours indicating the magnetic field strength B (reproduced with permission from Nucl. Fusion
vol. 60, 2020, p. 106013 and EUROfusion; copyright EURATOM 2020). The colour range in
(d) corresponds to 2.1 (dark blue) < B < 2.9 T (yellow).

solves the linearised MHD equations. Examples of those codes are MISHKA-D
(Huysmans et al. 2001), MISHKA-F (Chapman et al. 2006), MARS-F (Liu et al.
2000), MARS-K (Liu et al. 2008) and CASTOR (Kerner et al. 1991; Huysmans,
Goedbloed & Kerner 1993; Kerner et al. 1998). While these codes take several
physical effects into account simultaneously, their application is restricted to axisym-
metric plasma equilibria. The CarMa code (Portone et al. 2008) and its extended
version CarMa-D (Bonotto et al. 2020) result from the coupling of the 3-D eddy cur-
rent integral formulation of the CARIDDI code (Albanese & Rubinacci 1988, 1997)
with the two-dimensional (2-D) MARS-F (Liu et al. 2000) and MARS-K (Liu et al.
2008) stability code, respectively. They investigate resistive wall modes of axisym-
metric equilibria including a detailed description of 3-D conducting structures of
finite width? surrounding the plasma.

The CASTOR3D code (Strumberger & Glinter 2017) makes use of the thin wall
approximation (Merkel & Strumberger 2015). Figure 2 shows the plasma facing

2The finite width becomes important if the penetration depth is comparable to the width of the wall structure
or smaller (Bonotto et al. 2020).
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FIGURE 2. The PSL (grey) of AUG with support (yellow) and current (magenta) bridges and
MP coils (green) presented in the thin wall approximation.

surfaces of the passive stabilisation loop (PSL) of ASDEX upgrade (AUG) with
support and current bridges and the 16 MP coils as used by the CASTOR3D
code. Neglecting their finite width, these multiply connected surface structures are
represented by triangles which have different conductivities indicated by various
colours, while Fourier representations are used for the plasma boundary and simple,
smooth, closed wall structures. To our knowledge, CASTOR3D is the only code that
includes two fluid and resistive wall effects and can be applied to 2-D (Strumberger
et al. 2023; Vanovac et al. 2026) and 3-D equilibria (Strumberger & Giinter 2019;
Strumberger et al. 2020; Puchmayr et al. 2023; Puchmayr et al. 2023, 2024).

The acronym CASTOR3D stands for ‘complex Alfvén spectrum of toroidal plas-
mas’ with ‘3D’ indicating its ability to handle 3-D equilibria. The 2-D CASTOR code
(Kerner et al. 1998) and CASTOR3D have only the name and the weak formula-
tion of the eigenvalue problem in common. The CASTOR3D also uses a Fourier
finite-element discretisation in a flux coordinate system, and its ansatz for the test
and eigenfunctions is similar to the 2-D CASTOR code. Besides those similarities of
the used method, the CASTOR3D code is a completely new code. Its main charac-
teristics are: (i) inclusion of kinetic effects (e.g. diamagnetic effects, viscosity, etc.)
in the MHD equations by expressing them in terms of low-order fluid moments
(Chang & Callen 1992b); (ii) weak formulation of the MHD equations in 3-D gen-
eral flux coordinates; (iii) integration of modified routines of the STARWALL code
(Merkel & Strumberger 2015) to compute the vacuum response and to take multi-
ply connected resistive wall and coil structures into account in the vacuum region;
(iv) combination of the MHD equations with the vacuum equations to an extended
eigenvalue problem which enables the inclusion of plasma inertia and wall resis-
tivity simultaneously; (v) many-valued current potentials (Liist & Martensen 1960)
used in the STARWALL part allow a correct treatment of vertical instabilities; (vi)
efficient solution of the 3-D non-Hermitian eigenvalue problem by using the paral-
lelised SLEPc Krylov-Schur solver (Roman et al. 2025); (vii) besides growth rates,
oscillation frequencies and Fourier spectra of the modes, the CASTOR3D code also
yields the mode structures in real space; (viii) the resistive energy functional, which
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is implemented in the diagnostic part of CASTOR3D, is used to analyse the ener-
getic composition of the eigenfunctions. It provides information on the different
energetic drives and stabilising phenomena of the instability (Puchmayr, Dunne &
Strumberger 2022).

The CASTOR3D code was already successfully applied to external kink modes
with low toroidal mode numbers in a QA stellarator configuration including par-
allel viscosity and toroidal flow (Strumberger & Giinter 2019), and to resistive
internal kink and double tearing modes (DTMs) in Wendelstein 7-X (W7-X)
(Strumberger et al. 2020). Diamagnetic drift effects were studied for ideal and
resistive internal kink modes using simple axisymmetric and 3-D test equilibria
(Strumberger et al. 2023), and CASTOR3D was also used for benchmarks with non-
linear extended MHD codes (e.g. JOREK (Pamela et al. 2020; Nikulsin et al. 2022;
Ramasamy et al. 2024) and NIMSTELL (Patil & Sovinec 2024)). While former 3-D
CASTOR3D stability calculations were restricted to low toroidal mode numbers,
now stability studies are also possible for peeling-ballooning modes in 3-D tokamak
(Puchmayr et al. 2023, 2024) and stellarator configurations (Strumberger, Puchmayr
& Hindenlang 2025) because of increasing memory and computing power, substan-
tial improvement of the performance of the CASTOR3D code (Puchmayr 2023)
and, last but not least, using high fidelity equilibrium solutions computed with the
GVEC code (Hindenlang et al. 2025a).

The article is organised as follows. The underlying theoretical basis of the
CASTOR3D code is described in §2. The first part (§2.1) concerns the plasma,
that is, the extended MHD equations, their linearisation and weak formulation and
the boundary conditions. The second part (§ 2.2) deals with the vacuum energy func-
tional, the vacuum equations and the conducting structures surrounding the plasma,
whereas the various types of eigenvalue problems solved by CASTOR3D are subject
of §2.3. The structure and details of the CASTOR3D code are described in § 3.
Section 4 gives an overview of stability studies performed with the CASTOR3D and
interesting results concerning internal kink and interchange modes (§4.1), double
tearing and internal resistive kink modes (§ 4.2), locked modes (§ 4.3), edge localised
and external modes (§ 4.4), overstable modes (§ 4.5), resistive wall modes (§ 4.6) and
vertical instabilities (§4.7). A short summary and an outlook to further extensions
and applications of the code are given in § 5. Finally, the appendices contain details
of the weak formulation (Appendix A) and a short description of the COTRANS
code (Appendix B). The latter provides the Fourier representation of equilibrium
quantities as needed by the CASTOR3D code.

2. Theory

Resistive wall structures surrounding the plasma complicate the solution of the
eigenvalue problem because the vacuum response depends on the eigenvalue. Often,
resistive wall mode codes (e.g. CarMa (Portone et al. 2008) and STARWALL
(Merkel & Strumberger 2015)) avoid this problem by using the so-called mass-
less approximation, that is, neglecting the plasma inertia. Using the control surface
concept, the CarMa code is a combination of the linear MHD solver MARS-F
(Liu et al. 2000) and the 3-D CARIDDI code (Albanese & Rubinacci 1988, 1997).
Neglecting plasma mass and rotation, it couples self-consistently the computation
of the eddy currents in the 3-D wall structures to the solution of simplified, single-
fluid, ideal and linearised MHD equations for axisymmetric plasma configurations.
To treat resistive wall mode problems in the case of 3-D plasma configurations and
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in the presence of 3-D resistive conducting structures, the STARWALL code uses
the thin wall approximation. It takes the potential energy matrix of the plasma pro-
vided by the ideal CAS3D code® (Niihrenberg 1996) and makes use of a Lagrangian
which describes the magnetic energy of the currents in the plasma boundary and
in the external wall and coil structures. Applying a variational procedure (Haney &
Freidberg 1989), an eigenvalue problem was derived which yields the growth rates
of slow resistive wall modes. However, the growth rates of realistic plasma con-
figurations are not necessarily slow enough to justify the negligence of the plasma
inertia. The plasma may have a finite velocity, and resistivity and/or drift effects may
be important. Therefore, Bonotto et al. (2020) improved the CarMa code, called
CarMa-D, taking into account plasma dynamics, toroidal rotation and drift-kinetic
damping. Concerning the CASTOR3D code, we coupled the linearissd MHD equa-
tions including resistivity, flow and drift effects with the vacuum equations used in
the STARWALL code to an extended eigenvalue problem which correctly accounts
for the plasma inertia. It comprises the MHD equations and the equations derived
from the vacuum energy functional. In the first part of this section, we will discuss
the plasma part of the eigenvalue problem.

2.1. Plasma part

2.1.1. Extended MHD equations

The 2-D CASTOR code is based upon the resistive single-fluid MHD equations
(Kerner et al. 1998). We extended these equations step by step including the viscous
force density —V - II, the heat flux term (I" — 1)(m;/p)V - q, the electron pressure
term (a/p)V p, and the Hall term (a/p)j x B. The extended MHD equations read
(Schnack et al. 2006)

ap

E:—V-Vp—pV-V, 2.1)
v .
pos =PV V)V =Vp-V-I+jxB, (2.2)
T ni;
E:—V-VT—(F—I)TV-V—(F—1)—V'q, (2.3)
p
o o, .
E=-VXB—-—-Vp,+—jxB+nj (2.4)
P P

with @ = «a,(m;/e), ion mass m;, elementary charge e and scaling parameter o.*
These equations are derived from the two-fluid MHD equations (Braginskii 1965)
making several assumptions and approximations, e.g. assuming quasineutrality
n=n; =n, (n; = ion density, n, = electron density), neglecting the electron mass
m, (m; > m,, mass density p =m;n + m.n =~ m;n), using the pressure p = p; + p. =
n(T; + T,) =nT (T; = ion temperature, T, = electron temperature, 7 = T; 4+ 7,) and
making the velocity approximation V = ((m,;V; +m,V,)/(m; + m,) = V;) with V;
being the ion velocity. The set of equations is closed with the Maxwell equations
oB

V.E=0, VxE=-— VxB=uj. V-B=0 (2.5)

3Code for the analysis of the MHD stability of 3-D equilibria.
4The scaling parameter a5 was implemented in CASTOR3D in order to scale the strength of the ion and
electron diamagnetic drift effects.
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(E = electric field, B = magnetic field, j = current density). Here, the displacement
current o€y (d E/0t) is neglected.
In CASTOR3D, the ion velocity

ExB oBXxVp,
V. = t

= Ve 2.6
—— —
=VExB _y*

1

is implemented with ExB-velocity Vg5, ion diamagnetic drift velocity V; and an
externally driven velocity V. Drives of the latter are, for example, neutral beam
injection, ion cyclotron range of frequencies waves, etc. (Rice 2016).

The viscous stress tensor IT splits into IT = IT + IT,, + IT | with parallel IT, cross
(gyroviscous) IT, and perpendicular IT, parts. The parallel viscous force density is
approximated by

=V I~y AV 2.7)

with p being the dynamic viscosity coefficient. We neglect the perpendicular viscous
force density —V - IT, and use

—V.-O,~p(V:-V)V (2.8)

for the gyroviscous force density (Chang & Callen 1992a). This expression is gen-
erally known as gyroviscous cancellation. Using (2.7) and (2.8), the momentum
equation (2.2) reads

Vv .

Presently, only the parallel part (Braginskii 1965)
9, =9+ ==k V T = ki V) Ti (2.10)

of the heat flux ¢ =¢;+¢q, +¢q, is included in the energy equation (2.3) with
ke and «; being the electron and ion thermal conductivity coefficients and V| =
(1/B*>)B(B - V). Besides, I' = 5/3 is used as adiabatic index, n denotes the plasma
resistivity and ¢ is the vacuum permeability.

The extended Ohm’s law (2.4) is simplified by using the drift approximation of the
Hall term (Schnack et al. 2006)

V.p~jxB (2.11)
which leads to

o o
EI—VXB—;VMpe‘f‘;VLp,‘-FUj. (2.12)

Single-fluid codes which include two-fluid effects often use the assumption p; =
p.=0.5p, that is, T; = T,. Since measured ion and electron temperatures may be
different, we use

pi=arp=no;T and p,=0—-ar)p=n(l—ar)T (2.13)

with 0 < ar < 1. The parameter ar provides an additional degree of freedom that
allows to choose a more realistic ratio of ion and electron pressures with respect to
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the measured temperatures, so that a more realistic treatment of the ion and electron
diamagnetic drift effects and the heat flux is possible. Application of the relations
(2.13) to the ion drift velocity (2.6), the heat flux (2.10) and the pressure terms of
Ohm’s law (2.12) yields

B xV
yr= 22X VP (2.14)
1 ,0 B2
qH = _(KHe(l —Ol’[') +K||iO{T)V||T (215)
and
o oo
E:—VxB—;V||P+7TVp+nj. (2.16)

2.1.2. Linearised extended MHD equations

We use B=V x A (A = magnetic vector potential) to fulfil V - B =0, and the Weyl
gauge (electric scalar potential @y = 0) yields E = —(d0A/dt). The time dependence
of the perturbed quantities is assumed to be ~ e*’ with eigenvalue

A=y +io. (2.17)

Here, y is the growth rate and w the oscillation frequency of the mode. Using
the ansatz f(r,t) = fo(r) +¢€* fi(r) for p, V, T and A, the linearised forms of the
extended fluid equations (2.1, 2.9, 2.3, 2.16) read

Mr==Vo-Vpo =V Voo =0 V-Vi—pV-Vy, (2.18)

PoAVi=—=pi(Vo-VIVy—po(Vi - V)V —po(Vy- V)V,
+ o1 (Vi - VIVo+po(Vi - VIV 4 po(Viy - VIV,

1 1
— —V(poTy) — —V(Typ1) + A,V
m; m;

l l

+ LV (Y x AD) X (Y x Ay)
Mo

1
+ —(Vx (VxAy) x(VxA), (2.19)
Mo
)"Tl - _Vl . VT() - V() . VT1 - (F - I)TIV . VO
m;
— (I =-1DT,V-V, —(F—l)p—V-qu, (2.20)
0
o 1 1
M=V xBy+Vix(VXxA)+——Bo| (VxA)-—V(pTp)
0o By m;
a 1 1 11
+——Bo| Bo- —V(piTo+ poTh) | —aar——V(p1 Ty + poTh)
po By m; Po M;
pr 1 Ui
+O[(XT—2—V(,OQT0) — —(V X (V X Al)) (221)
Py M, Ho
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FIGURE 3. Cylindrical (R, ¢, Z) and magnetic flux coordinates (s, v, #). The flux surfaces
described by s = const. lines are shown for a toroidal cross-section of a tokamak plasma.

Here, po, Vo, Ty, Ay are the equilibrium quantities of density, ion velocity, temper-
ature (To = Ty, + Ty;) and magnetic vector potential, while p;, V, T;, A; are their
perturbations. The perturbation of the ion diamagnetic drift velocity (2.14) and the
parallel heat flux term V - ¢ read

o1 By x Vp, + 1 By x(TIhtVoi +TiVpo+ poVTi + 01 VTy)

Vi=— =
il (040 %4 pg Bg (07024 P Bg
+aaT_( 1)2 Po 2aaT—¥(30 x V po) (2.22)
Lo BO 0o BO
and
Vg =l —ar) +«jor)-
|:(Bo V) (( 12) )To +V. M] ) (2.23)
By B;

2.1.3. Weak formulation of the MHD equations

The accuracy and the numerical effort of the solution of the linearised MHD equa-
tions (2.18-2.21) depends strongly on the chosen coordinates. Since the behaviour
of the plasma is extremely anisotropic with respect to the parallel and the perpendic-
ular direction to the magnetic field B, magnetic flux coordinates are the preferential
choice. Figure 3 shows flux surfaces of a tokamak plasma at a toroidal cross-section
¢ =const. and the directions of right-handed cylindrical (R, ¢, Z) and magnetic
flux coordinates (s, v, u). The toroidal v- and poloidal u-coordinates are angle-like
variables with 0 <v <1 and 0 <u < 1. Coordinate surfaces with constant radial
coordinate s correspond to flux surfaces with s =0 being the magnetic axis and
s = 1 representing the plasma boundary. Using the right-handed magnetic flux coor-
dinates and the so-called weak formulation, an eigenvalue problem is derived from
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the linearised MHD equations. For this purpose, we use a procedure analogous to
the one described in Huysmans et al. (1993) and Kerner et al. (1998).
In a first step, a complex ansatz is made for the perturbed quantities

p=h (2.24)
2 R RZ R 2 R
v, = ﬁvsr,s +%v”r,u —I—ﬁv”Bo, (2.25)
T, = %f (2.26)
and
A =—iA,Vs+ A, Vu+ A, Vv (2.27)

with Jacobian /g, f = (0d,/ds) and @, being the toroidal flux. The ansatz
is inserted into the linearised equations (2.18-2.21) which are summarised in an
eigenvalue problem

Alw = Rw. (2.28)

The symbolic vector

A A A

w=(p,0°, 9 0", T, A, A,, A) (2.29)

comprises the eight variables.

For the numerical calculations, each component of w is approximated by a
Fourier series’ in the u- and v-directions and a finite element interpolation in the
s-direction:

W (s, v, u) = Z (asf’;“;h}q (8)sin(2m (mu + nv)) + aj{’;f;h?q(s)cos(Zn(mu + nv)))

m,n, j.q
_ mmn 1 J 2ri(mu—+nv) Z vm,n y J —2mi(mu+nv) __ A N
= Z Crighyq(s)e + Crighyq(s)e =W+ Wee
m,n,j,q m,n,j,q

(2.30)

with f labelling p, 0%, 0%, 0, T, As, Au, Av. The Hermite polynomials hj;’q(s)
are either quadratic (f =p, 0", v°, T, As)6 or cubic (f =1*, Au, AU). The com-

plex Fourier coefficients {c7,, ¢}/, } are related with the complex coefficients

s,m,n c,m,n
{a

fiar 4tig } via

1 1 1 1

mmn c,m,n S, m,n xm,n c,m,n s,m,n
Crija= Eaf,jqq + Eaﬁj,q and Cria= Eaf,j,q - Zaﬁjqq‘ (2.31)
5The STARWALL routines used in the vacuum part of CASTOR3D use Fourier series based on sin- and
cos-functions, while e-functions are used in the plasma part. Therefore, both types of Fourier representations are
used in the CASTOR3D code.
®Cubic Hermite polynomials have to be used for all variables if gyroviscosity in combination with plasma
velocity and/or the pressure term ((axcer)/p)V p in Ohm’s law (2.16) are taken into account because then additional
first derivatives of the Hermite polynomials are needed.
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The indices m and n denote the poloidal and toroidal Fourier harmonics of the
perturbation spectrum’ and g =1, 2 labels the two quadratic and the two cubic
Hermite polynomials at a radial grid point j (Kerner et al. 1998).

The integral

(z, w) = / drz* - w (2.32)

denotes an inner product in the appropriate Hilbert space. Taking the inner prod-
uct of (2.28) by using a weighting function z and by integrating over the plasma

volume 7,
A(z, Lw) = (z, Rw), (2.33)
we get the matrix eigenvalue problem
ABx = Ax (2.34)
with the eigenvector
x = ({cfy €771 (2.35)
and the complex eigenvalue A. The components of the weighting vector z* read
AXS, 1,1 . f . ~ ~
i (s,v,u)= tfhm(s)sm(Zn(mu + nv))
= 1 L L
. ([ o27iGnutiv) L —2wi(mu4nv)
= tfhf',q (s) % (e e ) (2.36)
and
A%C, 1,1 _ ]~ ~ ~
Sy (s,v,u)= t‘fhf’q(s)cos@n(mu + nv))
~ L it —2i(futiv
= fh]fq(;(s)z (e (Au+iiv) +e€ (u+ )) (237)
with
~ 1
= o (2.38)
- R? - iR? - iR? iJ
tﬁy =—r,, tﬁu = 1_",” s tﬁv = l_r’u - o =P,y (239)
N V& N 42 f
~ 1
th=—, (2.40)
s
i; =iVs, 1; =Vu, i; =Vv (2.41)

and J, being the equilibrium poloidal current.

More details of the weak formulation concerning the Hermite polynomials and the
computation of the matrix elements are described in the Appendices A.1 and A.2.
Eventually, the structures of the matrices A and B, their dimensions and possibilities
to reduce them are discussed in § 3.5.

71t should be mentioned that the spectrum of the poloidal harmonics m is generally different for each toroidal
harmonic # and may be different for each radial grid point j (see also §3.5).
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2.1.4. Boundary conditions
At the magnetic axis, the boundary conditions

Vis=0)=0, A,(=0=0, A,(s=0)=0 (2.42)

result from the regularity conditions (Huysmans 1991).
If the plasma is enclosed by a perfectly conducting wall, the boundary conditions
read

n, v =0, n,-B;, =0, n,xE =0 (2.43)
with n,, being the exterior unit normal vector at the plasma boundary. That is,
vis=1=0, A,(=1=0, A,(s=1)=0. (2.44)

Both boundary conditions (2.42) and (2.44) are essential boundary conditions. They
must be applied to the variables and the test functions (Kerner et al. 1998). As
in the CASTOR code, these conditions are implemented in the CASTOR3D code
by removing the rows and columns of the corresponding matrix elements on the
magnetic axis and the plasma boundary.

If the plasma is surrounded by a vacuum region, the corresponding boundary
conditions implemented in CASTOR and CASTOR3D are restricted to plasma equi-
libria without surface currents. That is, the equilibrium pressure has to fall to zero at
the plasma boundary, py(s = 1) =0, so that the equilibrium magnetic field is contin-
uous across the plasma boundary, By, = B;*. Then, in the case of an ideal plasma,
the normal component of the magnetic field perturbation and the total pressure
perturbation

B, .np:BllJac.np and p;+ By- B, =Bg“c-BY“C (2.45)

are continuous at plasma boundary. It is p; = po T} + Ty 0.
In the case of resistive stability studies, surface currents are no longer allowed in
the plasma perturbation. This leads to the additional condition

n, x By=n, x B*. (2.46)

Then, the tangential components of the magnetic field perturbations are also
continuous,

B,- B, = B! - B, (2.47)

and it has to be p; =0 at the plasma boundary. In order to fulfil this condition,
only equilibria with py(s = 1) =0 and (dp,/0s) |X=1 =0 are allowed for free-boundary
resistive stability studies because then this condition is trivially satisfied (Huysmans
et al. 1993).

The weak formulation of the linearised MHD equations (2.18)-(2.21) yields the
following boundary terms which result from partial integration® of the corresponding
terms in the momentum equation (2.19):

o 1 /! ! _ - .
W;;f';’" =—— dv / du Hj sin(2m (mu + nv))R230 « B1%) 521, (2.48)
Mo Jo 0
o 1 1 1
Wﬁcs',";” = _E dv / du H; cos(2m (mu + ﬁv))R230 . B'f““)|s:1 (2.49)
0 0

8The partial integration is used to reduce the order of the derivatives.
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and Ohm’s law (2.21),

sa_ L
WE’”’;}" = dv / du H; sin(2r (mu + nv))(—n) By, |s=1, (2.50)
v Ko
1
Wit =— dvf du Hj cos(2m (1iu + iv)) (—n) B} |1, (2.51)
v Mo
s,m,n 1 vac
Wie= P dv/ du Hj sin(2m (mu + nv))n By|s=1, (2.52)
v 0
C’;Il’l 1 vac
Wia =% dv/ du Hg cos(2r (mu +nv))n By, |- (2.53)
v 0

The cubic Hermite polynomlals are Hi(s=1)=1 and H,(s =1) =0. That is, only
terms with index ¢ = 1 do not vanish. Furthermore, the boundary terms of Ohm’s
law completely disappear in the case of ideal stability studies.

2.2. Vacuum part

The vacuum part of CASTOR3D is able to handle a smooth closed wall, several
multiply connected wall structures and a number of coils simultaneously. They all can
be resistive or perfectly ideal conductors. The vacuum routines consist of modified’
subroutines of the STARWALL code (Merkel & Strumberger 2015), which uses
a variational method and exploits the thin wall approximation. In the following
sections, we review the basics of this method.

2.2.1. Energy functional and boundary conditions
In order to describe the basic elements, we concentrate on a configuration with one
smooth closed wall, a complex multiply connected structure and N. coils. Using the
indices i =1 or p for the plasma boundary, i =2 or w; for the closed wall, i =3 or
w, for the multiply connected wall and j = 1,..., N, for the coils, we introduce the
Lagrangian

Ne.Ne

SN K i o R R
Z /df,/df, /dpr A,
%;/S dﬁ%dKi.Ki+%§Rj1f /s, dfik, (2.54)

[Aad?

which describes the magnetic energy of the currents in the plasma boundary and in
the external wall and coil structures. The latter are considered as passive conductors.
The vector quantities K; are the surface current densities on the plasma and wall
surfaces, and k; are the corresponding normalised quantities on the coil surfaces.
Here I; denotes the magnitude of the current in coil j and R; its resistances, and o;

9Some of the routines had to be adapted to the definitions and conventions used in CASTOR3D because the
modified STARWALL routines are directly integrated in the source code.
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and d; are the specific conductivity and thickness of wall structure i.!° The surface
integrals | ¢ dfi and /. ¢. df; are performed over the plasma surface and the wall and
i J

coil surfaces. The first term of the Lagrangian (2.54) describes the magnetic energy
related to the interaction of the virtual current on the plasma boundary'' with itself
and with the wall currents and the interactions of the wall currents with themselves.
The second and the third terms are related to the interaction of the coil currents with
themselves and with the surface current densities on the plasma boundary and the
wall structures. The last three terms are boundary terms. The first boundary term
depends on the vector potential perturbation A; of the plasma while the last two
terms depend on the eigenvalue A of the plasma perturbation. The boundary terms
result from the following boundary conditions.

Applying the condition that the tangential component of the electric field
perturbation is continuous at the plasma boundary,

n,x El“=n, x E, (2.55)
together with the relation E; = —AA; and performing the transformations
n, (K, x @, xA"))=n, (K, x (n, x Ay)), (2.56)
we get
K,-Al“=K,-A,, (2.57)
that is,
/ df, K, - A :/ df, K, - A;. (2.58)
Sp Sp

Similarly, the magnetic vector potentials of the wall and coil surfaces are expressed
by the corresponding relations derived from Ohm’s law E = o j with j being the
current density. That is,

1
——K,;  onresistive wall surfaces S;,
va _ ) Aoid;
Al = (2.59)
LIk, on resistive coil surfaces S;.
A

2.2.2. Vacuum equations
The divergence-free surface currents K; are derived from current potentials @,

K,‘ =n; X V¢l (260)
with
LA Rol AT (2.61)
|r,0 xr,!,

being the exterior unit normal vector on surface i.

19Multiply connected walls may be composed of elements with different specific conductivity and/or thickness.
Here, for the sake of convenience, we neglect this detail.
'This virtual surface current replaces the currents flowing inside the plasma (Shafranov & Zakharov 1972).
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FIGURE 4. Schematic representations of (a) a wall triangle, (b) a coil segment (reproduced with
permission from Nucl. Fusion vol. 57, 2017, p. 016032 and EUROfusion; copyright EURATOM
2016) and (c) a wall segment.

and net-toroidal, I’

tor?

A single-valued Fourier ansatz plus net-poloidal, J;ol,
currents is made for the current potential

¢i(u’ U) = J;;olv + Itioru
+ Y (DL, sinQm(miu 4 nw)) + DL, cos(2 (miu + n,v)))

mj,n; mi,n;
m; 20,n; #0
m;>0,n;=0

(2.62)

on the plasma boundary and on the closed wall with smooth geometry. Here @' is
a many-valued potential. Such potentials are necessary to treat the m = 0, n = 0
harmonic of a vertical instability correctly. An m = 0, n = 0 normal displacement
which corresponds to the dilation/contraction of the plasma induces a net-poloidal
and a net-toroidal flux in the vacuum region. These fluxes are related with net cur-
rents in the plasma boundary and an external conductor (Liist & Martensen 1960).
Inserting (2.61) and (2.62) in to (2.60) yields
Ki =T <. (J[i?()lr’it _Itiorr’i)
+n; xV Z (<13"’S sin(27 (m;u + n;v)) + D¢ cos(2m (m;u + niv))).

mj.n; mj,n;
m; 20,n; #0
mi>0,n,~:0

(2.63)

Walls with complex, multiply connected structures are discretised into triangles.
The position vector of a triangle ¢ (see figure 4a) of surface i is given by

r=ri tars +Bri, O<a+B<l1, rii=r'-r', Lk=1,2,3 (2.64)
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with the vertices numbered anticlockwise. Assuming that the surface current density
is constant on a triangle, it can be written as

Bl 1+ gl

Ki,z:
"'21

(2.65)

or
3

l ) it
=Y oitel,, €, = et (2.66)

hkl| it it
= 2 |r21 X I3

Then, the total surface current density of wall structure i reads

K = ZK,,_ZZcpl'e;h (2.67)

t=1 h=l1

with N; being its total number of triangles.

Figure 4(c) shows a wall segment composed of triangles. Each vertex is charac-
terised by a global node number V' with V =1,..., Ny, and Ny, being the total
number of vertices of the triangulated domain i. The current potential of a multiply
connected wall with boundaries and/or holes has to be constant along the edges.
That is, the current-potential values have to be the same along an edge. So, the num-
ber of independent global nodes N, is smaller than the number of vertices Ny,. The

connectivity tensor H dedicates the independent current potential values <13; at the
global nodes to potential values @, at the vertices of the individual triangles:

Ng,
@' =Y H(h.t,g)®, with h=1,2,3 and t=1,...,3N. (2.68)

g=1

Inserting (2.68) into (2.67) yields the total surface current density of wall structure i
as function of the independent current potential values:

3
K; = ZZH(}: t, g)el, .. (2.69)

t=1 h=1 g=I

A coil is represented by an infinitely thin band which is discretised into triangles
as shown in figure 4(b). The vertices of the triangles are located on the boundaries of
the coil band. All vertices of one side are characterised by the same current potential.
Usually, one potential is set to zero while the other corresponds to the amount of
the total current /; flowing through coil j. Here, we define @, =0 and &5 = I;.

Using again the definition of the position vector (2.64) and assuming that the
surface current density is constant on a triangle, K ;, is given by

J

K= ¢]r— Likj,_, (2.70)
‘rlz X r32|

Kj,tzzzq)ljaj—mj =lik; -, (2.71)
|r43 X "31|

https://doi.org/10.1017/50022377826102153 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377826102153

CASTOR3D and its applications 17

etc. with k;, being the normalised surface current density of triangle ¢. Then, the
total surface current density of coil j reads

K;=1,> "k, (2.72)

with N; being its total number of triangles.
Inserting (2.63), (2.69) and (2.72) into the Lagrangian (2.54) and making the

fats : p p £p.s £p.c wr wr S W, S wr,C
variations with respect to J,,, I, {@gp,np}, {<D};’1p’np}, Joors Trors (@002}, (D) 1,

ol » Mg Mg Mye,Rwg

{é;"} and the coil currents {/;}, we obtain the following set of equations:

M,.x, + M,.x.+ M,x, = Ryxg,

1
Mcpxp + Mccxc + chxw = _chcxc’

1
M,.x,+ M,.x.+ M,.x, = —XRWWxW. (2.73)
The symbolic vectors are
Xp=(D0", ... BN, by, DY, DY D) (2.74)
with N, (m, n)-Fourier harmonics of the plasma boundary,
X, = (cplwf*s, BN I BN, LN T By qsxg%) (2.75)

with N, (m, n)-Fourier harmonics of the closed wall and Ng,, global nodes of the
discretised wall structure,

xC:(Il,....,INC) (276)

with N, coil currents /; and x4 containing the corresponding boundary elements
of the eigenvector (2.35). The boundary term R,x, represents the connection
between vacuum and plasma while R..x. and R,,x, are the coil and wall boundary

terms. The matrices M,,,M,,, ... denote the plasma-plasma M,,, the plasma-wall
M., M,,, the plasma-coil M,., M, the wall-coil M,., M,,, and the coil-coil M,

terms. For details concerning the computation of the matrix elements see (Merkel
& Strumberger 2015).

2.3. Types of eigenvalue problems

2.3.1. Fixed-boundary eigenvalue problem
Assuming that the plasma boundary is a perfectly ideal conducting wall, the
eigenvalue problem (2.34) reads

B, By X\ A Ay X1
* (Bdl de) (xd> N <Adl Add) (xd) @.77)
with the eigenvector (2.35)

x =(x], xq). (2.78)

The index 1 characterises matrix and eigenvector elements of the plasma inte-
rior while d marks the boundary components. In accordance with the boundary
conditions (2.44), the corresponding matrix elements of submatrix Ay are set to
Zero.
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2.3.2. Free-boundary eigenvalue problem

If the plasma is surrounded by a vacuum region with perfectly conducting wall
and coil structures, the boundary terms of the Lagrangian (2.54) that are related
to the dissipation of the wall and coil resistivities disappear and with them the
A-dependence of the vacuum equations (2.73). They are reduced to

M, M, M.|(x.)=] o |. (2.79)

Mpp Mpw Mpc (x p ) dex d
Mcp Mcw Mdc Xe 0

Using the boundary condition (2.58) and inserting the definitions of the current
surface density K, (2.60) and the normal vector n, (2.61) into the first boundary
term of the Lagrangian (2.54), making a partial integration and using B; =V x A,
leads to

A%
/ df, K, - All)ac:/ df, (& X V<pp> -A,
Sp Sp

|r’U erul

PP PP
:/ dudv (__Alu + —A1v>
Sp ou ov

dAL, DAy,
=—f dudvd® (—1— 1 )
Sp ov ou

= —/ dudv¢p\/§Vs (VxA)=-— / dudv@P@Bf. (2.80)
Sp Sp

Inserting @P (2.62) and the ansatz

JeB: = Z d, ,sin(2m (mu + nv)) +d<, ,cos(2m (mu + nv)) (2.81)

m,n

m,n

into (2.80) and making the variation with respect to @, we obtain
—/ dudvd®®,/gB] = R,ud (2.82)
Sp

with
d=({a,,}. {d;.}). (2.83)

and, eventually, we substitute R,xq by Ryqd in (2.79). Because of the linearity
of equation system (2.79), no detailed information of the plasma magnetic field
perturbation is necessary for its solution. It is sufficient to replace the vector d by
a set of 2N,,,!? vectors describing unit perturbations and solving (2.79) individually
for each vector. All components of such a unit vector are zero except one, e.g.
u=(0,...,0,u

m,n

=1,0,...,0). (2.84)

12For the definition of Ny, see §3.5.
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The solutions of the equation system yield the vacuum magnetic field
perturbation

3 Ne
vac __ vac vac
By = Bi“+Y B
i=1 j=1
Nug

zfdﬁ =D S K
|r—r| |r —r,|
N¢ J
n 1
_ _;leij,t X V/ df;,—— (2.85)
J t Sjt

|"—"j,x|

and, with it, the boundary elements (2.48)—(2.53) of matrix A (2.34) as functions of
the unit perturbations. The set of unit perturbations matches the set of poloidal and
toroidal Fourier harmonics taken into account for the plasma perturbations (2.30).
So, the vacuum response to the unit perturbations contains all information of the
vacuum needed for the free-boundary solution of the eigenvalue problem (2.34).

2.3.3. Extended free-boundary eigenvalue problem
In the case of resistive conducting structures in the vacuum region, the equation
system (2.73)

X
- de Mpp MPW MPC X ¢ Opp OPW OPC x p
)\' 0wd wa Mww ch * x P - — pr wa Owc |l Xy (2 . 86)
Ocd Mcp Mcw Mcc xw 0cp ch Rcc X

has to be closed with the weak form of the linearised MHD equations (2.34)

X
B, By x\_ (Al Ag 0, 0y O Xd

A (Bdl de) (xd) - (Adl Add de Rdw Rdc ip . (287)
X

Again, the indices | and d name plasma interior and boundary related elements,
respectively. The matrices Ry,, Ry, and Ry are obtained by inserting the definition
of the magnetic field perturbation (2.85) into the boundary terms (2.48)-(2.53).
Combining (2.86) and (2.87) yields the extended eigenvalue problem,
B, By 01p 0y 0y X
By By Odp 04y 04c Xd
A0 —Ry M, M, M, Xp

Owl 0wd wa Mww ch Xw

001 Ocd Mcp Mcw Mcc X
A Ay Olp 0y 0 X

Ay Ay de R, Ry, Xq

= Opl Opd Opp Opw Opc Xp (288)
0wl 0wd pr - RWW 0wc Xy
0cl Ocd Ocp ch - Rcc X
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- D
\ J

FIGURE 5. The CASTOR3D code and its connections to other codes.

visualisation

or in abbreviated form
AB x = A xe (2.89)

The capability to solve this extended eigenvalue problem makes the CASTOR3D
code a very flexible and powerful numerical tool for linear stability studies of toka-
mak and stellarator equilibria. A concise description of CASTOR3D will be given
in the following section.

3. The CASTOR3D code

The CASTOR3D code is not a stand-alone code. Besides input provided by the
user (e.g. numerical parameters, physical quantities and profiles, wall and coil data,
etc.), it needs a highly accurate equilibrium input in a special form provided by the
COTRANS code. Figure 5 shows the CASTOR3D code and its connections to other
codes.

The equilibrium codes NEMEC (NESTOR 4+ VMEC) (Hirshman & Whitson
1983; Hirshman, van Rij & Merkel 1986) and GVEC (Galerkin variational equi-
librium code) (Hindenlang et al. 2025a,b) are usually used to compute the ideal
plasma equilibrium which serves as input to the COTRANS code. The GVEC code
(Hindenlang et al. 2025a) is a 3-D MHD equilibrium solver that follows the same
idea as VMEC (Hirshman & Whitson 1983), that is, finding a set of nested flux sur-
faces via energy minimisation. A distinct feature of GVEC is its radial discretisation
with B-splines, thus providing a smooth high-order representation of the equilibrium
solution including the region around the magnetic axis. GVEC yields equilibria with
a high numerical accuracy required for a precise stability analysis and is able to
accurately transform the equilibrium solutions directly into Boozer coordinates.

The COTRANS code, which is described in more detail in Appendix B, trans-
forms, if necessary, the equilibrium into the desired flux coordinates (NEMEC
(Hirshman & Whitson 1983; Hirshman et al. 1986), Boozer (Boozer 1982) or 2-D
straight field line coordinates (Kerner, Jakoby & Lerbinger 1986; Huysmans et al.
1993)) and computes all necessary equilibrium quantities in a Fourier representation
suitable for CASTOR3D. That is, the choice of the flux coordinate type is made in
the COTRANS code, whereas CASTOR3D uses a general formulation of the flux
coordinates.

The best choice of the coordinate type depends on the considered equilibrium and
the mode type which shall be investigated. While 2-D straight field line coordinates
are restricted to axisymmetric plasma configurations, NEMEC and Boozer coordi-
nates can also be used for 3-D equilibria. In the case of NEMEC or 2-D straight field
line coordinates, the s- and u-coordinates are orthogonal to the v-coordinate which is
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FIGURE 6. Cylindrical (R, ¢, Z) and magnetic flux coordinates (s, v, ). (a) The u- and
v-coordinate lines in Boozer coordinates on the last flux surface (s = 1) of a QA equilibrium
(from Strumberger (2025); licensed under a Creative Commons Attribution licence (CC BY)).
(b,c) Toroidal cross-sections for a constant v-coordinate. The flux surfaces and poloidal coordi-
nate lines are illustrated for (b) an AUG equilibrium (blue, NEMEC coordinates; green and red,
2-D straight field line coordinates) and (c) a W7-X equilibrium (black, NEMEC coordinates;

red, Boozer coordinates). In (b) and (c) the flux surfaces are equidistant in ,/ ®@q/ cD(’)”‘ with @

being the toroidal flux and ®{”’ being its total value.

proportional to ¢ with ¢ = ((27)/N,.,)v and N,,, being the number of periods of the
equilibrium. The Boozer coordinates, however, are completely non-orthogonal with
non-planar v = const. planes as illustrated by the u, v-grid shown in figure 6(a). Thus,
in the case of 3-D equilibria, the NEMEC and Boozer flux surface contour lines dif-
fer from each other for a given v-coordinate (see figure 6¢). Axisymmetric tokamak
equilibria are usually bounded by a separatrix with an upper or lower X-point while,
in presence of MP fields, magnetic island chains appear on resonant surfaces. The
overlap of neighbouring island chains results in a stochastic region with chaotic field
line behaviour (Frerichs et al. 2026). Neither a separatrix nor a stochastic region
can be represented by Fourier series. Therefore, the equilibrium calculations have to
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FIGURE 7. The CASTOR3D code structure.

be limited to a closed flux surface located very close, but inside the separatrix or the
stochastic boundary region. Usually, in the case of an axisymmetric tokamak equi-
librium, a flux surface with normalised poloidal flux ¥,,,,, = 0.999 is chosen. In the
case of 3-D tokamak or stellarator equilibria, free-boundary equilibrium calculations
are performed using a total toroidal flux that corresponds to the plasma boundary
inside the stochastic region (for details see Strumberger (1997)). Nevertheless, toka-
mak equilibria have a large safety factor ¢ at this newly defined plasma boundary,
which in the case of 2-D straight field line or Boozer coordinates causes a very
strong bending of the poloidal coordinate lines in direction of the X-Point location.
Figure 6(b)"? illustrates this bending for a typical AUG equilibrium. Because of the
usually very flat and low-valued g-profiles, this problem does not arise in stellarators
as shown in figure 6(c). Here, the u-coordinate lines are almost straight in Boozer
coordinates. Especially, Boozer and 2-D straight field line coordinates are advanta-
geous for the description of high-n*!* peeling-ballooning modes because NEMEC
coordinates would afford too many Fourier harmonics for the description of those
localised modes. In the case of low-n* modes, however, NEMEC coordinates may
be the better choice.

The CASTOR3D code is able to produce a variety of output quantities (e.g.
growth rate, oscillation frequency, eigenfunctions, perturbed quantities, etc.) which
can be visualised by Xmgrace, Python and MATLAB plot software.

Figure 7 shows the six parts of the CASTOR3D code. They are described in more
detail in the following subsections.

3.1. Main part

The main part of the CASTOR3D code fulfils control tasks, reads the input, writes
parts of the output and organises the data exchange between the code parts.

3.2. Physics part

The profiles of pressure po(s), poloidal current Jy(s), toroidal current Iy(s),
poloidal flux W¥(s), toroidal flux @,(s), rotational transform ¢y(s) and their deriva-
tives are part of the equilibrium input provided by the COTRANS code. Physical
quantities and profiles, such as density, resistivity, etc., either have to be provided
by the CASTOR3D user input or are computed with the CASTOR3D code.

3.2.1. Density and temperature profiles

Providing a density profile ny(s), the temperature profile is obtained from T, =
Po/no. As described in §2.1.1, we introduced the parameter oy which allows a more
realistic ratio of ion 7T; = a7 T and electron temperature 7, = (1 — ay)T.

13The AUG equilibrium is cropped at a normalised poloidal flux of W;em = 0.9995. The g-value of this flux
surface amounts to ¢ = 7.
14Here n* is the dominant toroidal harmonic (see § 3.6).
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3.2.2. Plasma resistivity

Besides user defined resistivity profiles ny(s), it is also possible to choose between
Spitzer (Wesson 1997), Sauter (Sauter et al. 1999, 2002) and Redl (Redl ez al. 2021)
resistivity in CASTOR3D. The neoclassical resistivity derived by Sauter et al. takes
effects due to trapped particles as well as impurities into account. An improved
expression for this neoclassical resistivity is given by the resistivity of Redl, which is
much more accurate in the high collisionality regime.

3.2.3. Heat conductivity coefficients

We follow Chen, Xu & Lei (2019) in order to determine expressions for the heat
conductivity coefficients of the parallel heat flux (2.15). The well-known classical
Spitzer—-Héarm (superscript SH) expressions (Spitzer & Harm 1953; Braginskii 1965)
for the parallel thermal conductivity coefficients are rigorous in the short-mean-
free-path (collisional) regime and assume that the lowest-order particle distribution
function is a Maxwellian,

KHS(_,H =3.2n,v;, T, K“Sl-H =39nv;, .7 (3.1)
with thermal velocities v, ; = (T;/m;)"/* and collision times t; (j =e,i). This
approximation breaks down and can greatly overestimate the parallel heat flux when
the mean-free-path is long compared with the temperature gradient scale length. In
a collisionless tokamak plasma, typically, the upper limit to the parallel heat flux is
of the order of the free streaming (superscript FS) flux

g7~ =V T; with k[ ~n;v,;qR,. (3.2)

Here, g is the local safety factor and R, the major radius.

In CASTOR3D, the user can choose between Spitzer-Harm expressions, free
streaming expressions and combinations of both for the ion and electron thermal
conductivities' (Chen et al. 2019):

-1
. 1 1
iy = min(k’, k") or k= (F + ﬁ> : (3.3)

3.2.4. Parallel dynamic viscosity coefficient
The parallel dynamic viscosity coefficient p (2.7) has to be provided by the user.
Rough estimates of w are

2

v .
0.96-21 . for v; > Ky vin.i
v.
“i=y (3.4)
K ;{h’l Pi for V;, < k” Uth,i
I

for a collisional (Braginskii 1965) and a collisionless plasma (Waltz 1988), respec-
tively. The latter expression is used to model the ion Landau damping effect. In (3.4),
v; 1s the 1on collision frequency, k; denotes the parallel wave vector with k; ~ 1/R,,
p; 1s the ion mass density and k| is a strength parameter (Chu et al. 1995).

5Here, the parallel heat conductivity, which has been implemented in CASTOR3D quite recently, is only
mentioned for completeness. Stability studies taking heat conductivity into account are planned for the future.
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3.2.5. lon diamagnetic drift velocity

Boozer magnetic flux coordinates (s, v, u) (Boozer 1982) have the advantage that in

these coordinates the poloidal and toroidal contravariant components of the diamag-

netic drift velocity are constant on flux surfaces (Strumberger et al. 2023). It is
R

e Do BO

;1 dp; I J . 1 .
:ﬁ_ Pio 0 r,— . r, :_Q;:rrv'i'_glf)[ru
e pp as \ D)o+ ¥l - DiJo+ Yo ly 2w T 2 Pt
(3.5)

with the toroidal and poloidal frequencies

A ;1 dp; I , i 1 dp; J
Qi (y=ommt PO and @i ()= 2w — P00
e Po as ¢0J0+l1/010 P e Po as <p0]0+‘1/010

(3.6)

Here, @ and ¥, are the derivatives of the toroidal @,(s) and poloidal ¥,(s) fluxes.

3.2.6. The ExB-velocity

Excluding radial flows which would be generated by non-radial components of the
electric field E,, we assume that the electric potential @ is constant on flux surfaces,
that is,

0D,
as

with E, being the radial covariant component. Then, analogous to the ion diamag-
netic drift velocity (3.5), the ExB-velocity can be expressed in Boozer coordinates by
(Strumberger et al. 2025)

ByxV®p(s) 1 . 1 s
Viw == = 520 Or+ 20 G, (3.8)

Ey=— Vs =EVs (3.7)

Assuming T;y ~ T,y and V;//m; ~V,/,/m, with D; and D, being the ion and electron
collision frequencies normalised to the corresponding particle masses with m; > m,,
the well-known ambipolarity condition (Stroth, Manz & Ramisch 2011; Viezzer
2012) simplifies to

E ~—— 20 (3.9)
In this case, the ion diamagnetic drift velocity is balanced by the ExB-velocity.

3.2.7. External velocity V¢!
The general formulation of the velocity

1 1
VeXt = Egtor(s)fvv(sa v, M)I‘,v +Egpol(s)fuu(s7 v, u)r,v

1 1
+ _Qtor(s)fuv(sv v, u)rau +_onl(s)fuu(s’ v, u)r,u (310)
2w 2w
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was added to the ion velocity (2.6) because it allows us to express a given velocity in
different kinds of flux coordinates.

Using Boozer coordinates, the ion drift velocity (3.5) and/or the ExB-velocity
(3.8) can also be expressed in the V¢“-formulation (3.10) with f,, = f,, =1 and
Sfou = fuv = 0. This possibility allows to test CASTOR3D with respect to code errors
concerning the implementation of these velocities.

Driven, for example, by neutral beam injection, tokamak plasmas can quickly
rotate in toroidal direction. Using NEMEC or 2-D straight field line coordinates,
V' simply reads

Ve = L.Q,D,(s)r,v. (3.11)
2w
However, if Boozer coordinates are used for a 3-D tokamak equilibrium, this veloc-
ity has to be described by toroidal and poloidal components (f,, #0 and f,, #0)
because r,, in Boozer coordinates is not parallel to r,, in NEMEC or 2-D straight
field line coordinates. The transformation of the velocity into Boozer coordinates is
performed with the COTRANS code.

Analogous to tokamaks, the plasma of a QA stellarator enjoys ‘intrinsic ambipo-
larity’ and is free to rotate in the direction of symmetry (Helander & Simakov 2008),
which corresponds to the toroidal direction (v-direction) in Boozer coordinates. So,
using Boozer coordinates, the externally driven flow can be expressed by (3.10).

3.2.8. Normalisation

The CASTOR3D code needs its input and yields its output in SI units. However,
the solution of the eigenvalue problem is performed in normalised quantities. Thus,
in the physics part, all input quantities are normalised to radius R,, magnetic field
strength B, and density p, at the magnetic axis.

3.3. The MHD part

The elements of the matrices A and B describing the plasma part of the eigenvalue
problem (see §2.3) are computed in the MHD part of CASTOR3D. For details see
Appendix A.

3.4. Vacuum part

The elements of the matrices M,,, My, ..., M, and R4, Ry, Raw, Rac, Ry, Rec
are computed in the vacuum part. Besides, the vacuum magnetic field perturbation
is computed as function of unit perturbations if a free-boundary eigenvalue problem
is solved without taking resistive wall structures into account (see §2.3.2).

3.5. Solution part

The various types of general, complex, non-Hermitian, large spars eigenvalue prob-
lems described in §(2.3) are solved with the MPI-parallelised Krylov-Schur solver
of the SLEPc (scalable library for eigenvalue problem computations) public library
(Roman et al. 2025). The latter is built on top of the PETSc (portable, extensible
toolkit for scientific computation) library (Balay et al. 2026).

The matrix structure of the extended eigenvalue problem (2.89) is illustrated in
figure 8(a). The block-tridiagonal structure of the plasma part results from the local
basis of the Hermite polynomials (see Appendix A.1) which couples only neighbour-
ing radial grid points j. In the case of a fixed-boundary eigenvalue problem (2.77) or
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FIGURE 8. (a) Structure of the matrices A°*’ and B“*’, respectively. The colours indicate the
block-tridiagonal plasma part (red), the vacuum part (blue), the plasma—vacuum interaction (pur-
ple, only in matrix A“*") and the vacuum—plasma interaction (green, only in matrix B*") (figure
reproduced from Puchmayr (2023)). (b) Substructure of a block of the plasma part. The grey
8 x 8 submatrix represents the perturbed quantities with f, f o, 0%, 0%, 0¥ T, Ay, Ay, Ay.
The orange 2 x 2 submatrix results from the two orthogonal parts of the ansatz for the perturbed
quantities and the two test functions. The poloidal and toroidal Fourier harmonics yield the yel-
low Ny, X Ny, submatrix and, finally, the white 2 x 2 submatrix results from the two Hermite
polynomials at each grid point (¢, g =1, 2).

a free-boundary eigenvalue problem where the boundary elements of matrix A are
expressed as functions of unit perturbations of the vacuum (see §2.3.2), the matri-
ces A" and B reduce to the block-tridiagonal plasma part. Then, the remaining
matrix B is self-adjoint and positive definite, but A is always non-symmetric (Kerner
et al. 1998). The matrix B of the extended eigenvalue problem (2.89), however,
is non-symmetric because of the submatrix R,q which describes the vacuum-plasma
interaction (green block in figure 8a). Especially, in the case of 3-D equilibria and/or
the presence of multiply connected wall structures represented by a vast amount of
triangles, the dimensions of the A’ and B*"' matrices can become huge.
Considering N, radial grid point, N, = 8 perturbed quantities, N, toroidal har-
monics, N poloidal harmonics for a given n and N, = 2 orthogonal Hermite
polynomials, the dimensions of the plasma part matrices A and B amount to
N =2N;NyN,,,N, with N,,, =>" N!. Here, the factor 2 represents the two sub-
blocks arising due to the two orthogonal parts of w, (2.30) and the two types of test
functions ((2.36) and (2.37)), respectively. They are necessary to describe the two
orthogonal solutions with possibly different eigenvalues of a 3-D eigenvalue prob-
lem. The memory required for the factorisation of a generally non-Hermitian matrix
roughly scales with the number of non-zero matrix elements (Puchmayr 2023):

Memory ~ N;(N,.)". (3.12)

Fortunately, depending on the mode type which shall be investigated, the substruc-
ture of the plasma part illustrated in figure 8(b) offers various possibilities to reduce
the matrix size.

Puchmayr et al. (2023) and Strumberger et al. (2025) showed that the solution
of the full large eigenvalue problem is only needed for modes where the ¢/, and

¢l , parts (2.30) are strongly coupled and the eigenvalues of the two corresponding
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solutions are different. Since the coupling between the two parts decreases with
increasing n, the ansatz W, (2.30) and the components of z* ((2.36) and (2.37)) can
be reduced to

~ , i i A
Dp(s,v.u)= Y cpr by ()T =y (s, v, u) (3.13)
m,n,j,q
and
2*~5,1~,ﬁ(s v M) — l:\”h]i (S)l (CZﬂi(lﬁu+ﬁv) _ e—271i(ﬁw+ﬁv)) (3 14)
fig 767 04 :

for instabilities to which only higher n-harmonics contribute. Then, in figure 8(a)
the orange submatrix reduces to block 1, that is, the matrix dimension N of the
plasma part reduces by a factor of two. We call the large eigenvalue problem a
‘full’ and the smaller one a ‘reduced’ eigenvalue problem. In the case of stellarator-
symmetric equilibria'® the Fourier representations of the R, ¢, Z-coordinates and
the perturbed quantities subdivide into two groups with either even or odd parity
(Schwab 1993). The ideal CAS3D code (Niihrenberg 1996; Niihrenberg 2016) is able
to exploit the stellarator symmetry and to separate the eigenvalue problem into sine-
and cosine-type solutions. Yet, in the case of non-stellarator symmetric equilibria,
it always has to take both types into account while the reduced eigenvalue problem
of the CASTOR3D code works for axisymmetric equilibria and high-»* instabilities
of 3-D equilibria with and without stellarator symmetry. Usually, idealised tokamak
plasmas are axisymmetric, but not up—down symmetric and hence not stellarator
symmetric.

In 2-D straight field line coordinates or Boozer coordinates, the Fourier harmon-
ics of high-n ballooning modes are strongly radially localised and peaked at their
resonant surfaces. Figure 9(a) shows the harmonics of the radial displacement for
an n =40 ballooning mode of an axisymmetric tokamak equilibrium. It illustrates
the high radial resolution and the large number of poloidal harmonics needed for
the stability calculation. Using a non-equidistant radial grid with high resolution at
the location of the mode and a rough grid in regions without or little mode activity
reduces the number of radial grid points N; and hence the matrix dimension of the
plasma part. Furthermore, if the mode is located in the plasma centre or close to
the plasma boundary, it is possible to crop the boundary or the core region of the
radial grid, respectively, in order to reduce the matrix size (Puchmayr 2023).

Using 2-D straight field line or Boozer coordinates, instabilities consist mainly of
harmonics which are close to the resonant harmonic

Myes (5) =nq(s). (3.15)

Thus, for a given toroidal harmonic #, a natural choice for the poloidal harmonic
spectrum at a certain radial location s is given by

Myes () — Am < m(s) < Myes(s) + Am (3.16)

16Considering cylindrical coordinates, stellarator-symmetric equilibria posses some up-down symmetric
toroidal planes (e.g. at @4 =0, (7T/Nper), (2 /Nper), etc. with N, being the number of periods). Then, for
example, the magnetic field components at coordinate point P = (R, ¢, Z) are related to the stellarator-symmetric
point P’ = (R, —¢, —Z) by Br(P)=—Bgr(P'), B,(P)=B,(P') and Bz(P)= Bz(P’). It has to be noted that
non-up—down symmetric axisymmetric equilibria are not stellarator-symmetric.
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FIGURE 9. (a) Fourier harmonics of the radial displacement for an n = 40 ballooning mode
in straight field line coordinates. Various colours are used in order to improve the visibility of
the individual harmonics. (b,c) Logarithmic amplitude of the Fourier harmonics for an n = 20
ballooning mode calculated with (b) the constant and (c¢) the s-dependent spectrum of poloidal
harmonics. In the latter only harmonics in the filled (non-white) area are used for the ansatz
(2.30). The dashed white lines indicate the resonant poloidal harmonics. (Figures reproduced
from Puchmayr (2023).)

where the range of poloidal mode numbers Am takes the coupling of the poloidal
harmonics into account. Instead of using a constant m-range for a given toroidal
harmonic, the s-dependent m-range can strongly reduce the number of Fourier har-
monics as shown for a n =20 ballooning mode in figures 9(b) and 9(c). There,
the results obtained with a constant and a s-dependent m-range are compared.
While Fourier decompositions and growth rates are the same, only half the poloidal
harmonics and a quarter of the memory are required with the optimised Fourier
spectrum. In addition, the optimised version omits numerical noise by excluding
harmonics that should have vanishing contribution to the Fourier decomposition
(see figure 9b).

Finally, a possible periodicity of 3-D tokamak and stellarator equilibria reduces
the number of toroidal harmonics that have to be taken into account. As explained
in detail in Niihrenberg (1996), the symmetry connected with the N, periods of
an equilibrium implies the existence of 1 + [N, /2] independent mode families. For
example, the fivefold symmetry of W7-X implies the existence of three mode families:

mode family 0, » = 0, 5, 10, 15, 20, 25, .. .;

mode family 1,n =1,4,6,9, 11, 14, .. ;

mode family 2, n =2, 3,7, 8, 12, 13, .. ..
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Since only the toroidal harmonics of a mode family yield non-vanishing coupling
terms, the stability properties of each mode family can be separately investigated
(e.g. see Strumberger et al. 2020).

The discussed methods which reduce the size of the eigenvalue problem decrease
not only the required amount of memory but also the computational time. The time
varies between seconds and several hours depending on the problem size.

3.6. Diagnostic part

The solution of an eigenvalue problem yields one or several eigenvalues A (2.17)
and the corresponding eigenfunctions which consist of the plasma part (2.35) and
various vacuum parts (2.74)-(2.76). In order to determine the mode type, we
concentrate on the plasma part.

3.6.1. Determination of the mode type
Multiplying the components of the eigenvector (2.35) with the associated Hermite
polynomials, we obtain the Fourier spectra

W) =D cpr i), (s) and w'""(s)_ZH;fqh;q(s) (3.17)

of the perturbations. These spectra reveal important 1nforrnation about location
and structure of a mode. Usually, we consider the real and/or imaginary parts
of the radial velocity perturbation vicariously for all perturbed quantities, that is,
Re(D;, ,,(S)) =Re(@2"(5)), Im(@;, ,(s)) =Im@2"(s)), Re(;,,(s))=Re(@"(s))

and Im(vm L(8) _Im(ﬁ)m"(s)) Wh11e in the case of axisymmetric configurations
the modes can be easﬂy characterised by their toroidal mode number n, several
n-harmonics couple together in 3-D plasmas. Therefore, we introduced the domi-
nant toroidal harmonic n* to name the modes (Strumberger & Giinter 2019). In
order to determine n*, we compute the following four functions:

fRe(n>—Z / (Re(D;, ,())) frem)=>" f (Re(35,,()))" ds.  (3.18)
fimm) =" f (Im(D;,,()) s, fm@) =) / (Im(3;,,,()))" ds  (3.19)

and look for their maxima.

Figure 10(a) shows the Fourier spectrum of the radial velocity perturbation of an
external kink mode of a QA equilibrium with a parallel viscosity of u; =3 kg ms™".
Since, both, the n» = 1 (green) and n = 5 (blue) harmonics contribute strongly
to the mode, n* cannot be determined from this figure. In figure 10(b), however,
the functions (3.17) indicate that n = 1 is the dominant harmonic in the case of
py =3 kgms™'. Since, it is 0}, ,(s) = v (s) in figure 10(a), this n* = 1 mode is a

(s) (see

I1l n

cosine-type mode, while sine-type modes are characterised by v;, ,(s) = —
figure 26).

Besides the Fourier spectra, the diagnostic part of the CASTOR3D code also
yields the mode structure in real space (e.g. see figures 12¢ and 12d, 15b-d and 17a
and 17b).
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FIGURE 10. Cosine-type external kink modes of a QA equilibrium. (a) Real parts of the
eigenfunction Fourier spectrum for the radial velocity perturbation of the n* =1 mode. (b)
Contributions of the toroidal Fourier harmonics ( fre (solid lines), fRe (symbols)) to the cosine-
type mode for various values of the parallel viscosity coefficient | (from Strumberger et al.
(2025); licensed under a Creative Commons Attribution licence (CC BY)).

3.6.2. Analysis of the energetic drives of the modes

The energy functional of ideal MHD was extended to the regime of finite resis-
tivity and transformed into an intuitive form (Puchmayr ef a/. 2022) that separates
pressure-gradient drive, current-density drive and stabilising phenomena analogously
to the ideal version of the functional derived by Greene and Johnson (Greene &
Johnson 1968). The resulting resistive energy functional is not in the form of a
solvable eigenvalue problem, but is intended to analyse the energetic composition
of eigenfunctions which were calculated in advance by solving the MHD eigen-
value problem (2.34) or the extended eigenvalue problem (2.89). The functional was
decomposed into energy contributions related to the physical mechanisms which
drive or stabilise the instabilities. The decomposition is based on the linearised resis-
tive MHD equations, excluding equilibrium flows and any extended MHD effects,

1 1
poA’E =V (E-Vpo)+V(p(V-§)+ M—(V x By) x By + M—(V x By) x By,
0 0
(3.20)

B =V x (£ x By)) — A"V x (1V x Bl>, (3.21)

Ko

where & =A"'v; is the displacement. The initial form of the resulting energetic
decomposition is similar to the energy functional of Bernstein et al. (1958),

—ﬁ/p0|§|2dV:25W:25WV+25WB (3.22)

with the volume energy contributions § Wy, and boundary contributions § Wg. The
left-hand side of (3.22) is related to the kinetic energy of the instability, while the
right-hand side 26 W =28Wy 4+ 26 Wy describes the change of the potential energy
caused by the perturbation of the equilibrium.

The derivation of the intuitive form of the resistive energy functional is described
in detail in Puchmayr et al. (2022). Here, we only present the intuitive form of the
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volume energy contribution. It reads for resistive MHD,

|By .| B; 1 2
28WV= dv + _V'§L+2(§L'K)+_QBO'BR dv
Ko Ko Bo
SWsHA SWcpa
| .
+F/p0|V CEPAV + —— / nIV x BiPdV — | 2L (&* x By)- B, .dV
7778 | Bo|
SWsND SWRcD SWcur

1
_ / 2E, VP& 0)dV / (€ X Vo) - (By x BV
0

SWpp SWRD,|

1
- / € VB Bav (3.23)

SWrpD, L

with the self-induced ohmic field Bz =A~'V x (nj,) and the equilibrium curvature
vector k = (b - V)b with b = B, /| B,|. There are four stabilising contributions to the
volume energy which are related to perpendicular magnetic perturbations (shear
Alfvén waves) § Wsya, parallel magnetocompressional perturbations (compressional
Alfvén waves) § Wcpa, adiabatic compression (sound waves) § Wenp and resistive
current diffusion §Wrep. The destabilising terms are the parallel current-density
drive §Wcyr, the field-line-curvature-dependent pressure-gradient § Wpp drive and
two resistive corrections to the pressure-gradient drive. The latter two account for
the effect of resistive diffusion on the work done by the induced magnetic perturba-
tion that is generated by parallel §Wgp ; and perpendicular § Wy, | compression of
the plasma, respectively. It should be noted that the resistive correction to the rela-
tion between perpendicular compression and its induced magnetic perturbation also
appears in the stabilising energy of magnetocompressional perturbations § Wepa. In
order to obtain energetic contributions which are independent of the arbitrary linear
amplitude of the perturbation, it is natural to normalise the energy terms by

§Woopm = / pol€%aV. (3.24)

Concerning the boundary contributions § Wy, it should be mentioned that no addi-
tional surface or vacuum energy contributions have to be considered in the case of
finite resistivity.

The terms of the resistive energy functional were implemented in the CASTOR3D
code. The energetic decomposition contributes to the physical understanding
of the perturbations (see §4.3) and allows to distinguish current-density and
pressure-gradient driven instabilities (see §4.1.2).

4. Stability studies

In the following, we give an overview of CASTOR3D stability studies performed
for various 2-D and 3-D test equilibria as well as AUG and W7-X discharges.
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FIGURE 11. Growth rate y and absolute value of the oscillation frequency |w| as function of (a)
the toroidal mode number n and (b) the scaling parameter «; (see § 2.1.1). The black dashed line
represents the ideal growth rate y;4.4; Obtained without taking the diamagnetic drift effects into
account. (a) The blue stars mark the absolute value of half of the ion diamagnetic drift frequency
|w?[/2 (4.2). (From Strumberger et al. (2023); licensed under a Creative Commons Attribution
licence (CC BY).)

4.1. Internal kink and interchange modes

Using the CASTOR3D code, stability studies taking diamagnetic drift effects into
account were performed for 2-D and 3-D test equilibria with circular cross-section,
aspect ratio A = 1.6, pressure profile p(s) = p,(1 — 25> + s*), slightly monotonously
increasing safety factor profile ¢(s) (magnetic axis, g, = 0.99; plasma boundary,
q» = 1.59) (Strumberger et al. 2023) and equilibrium flow velocity V, =0, that is, it
was assumed that the contributions to the ion velocity (2.6) were either zero or can-
celled. The square root of the normalised toroidal flux served as radial coordinate s.
These equilibria were unstable with respect to low- and medium-n internal kink and
interchange modes.

4.1.1. Ideal modes

The considered axisymmetric, high-8 equilibrium (volume averaged plasma beta:
(B) =2.97 %) was ideal unstable. Figure 11 illustrates the strong stabilising impact
and the oscillation frequency mainly caused by the gyroviscosity. Because of the high
plasma-8, the contribution of the electron diamagnetic drift effect was negligibly
small as shown in Strumberger ef al. (2023). We used oy = 0.4, that is, p;, =0.4p
and p, =0.6p. In good agreement with the results of the MINERVA-DI code and
the dispersion relation

et o\’
)/+1a)=1 2 :l: yi%z’eal_ 7 (41)

presented by Aiba (2016), the modes became stabilised when the absolute value of
the oscillation frequency |w| of the mode exceeded the ideal growth rate, |w| £ Vigear-
The modes were stable for n > 8 as shown in figure 11. In the case of simple equilib-
ria where mainly one poloidal harmonic m and one toroidal harmonic n contribute
to the Fourier spectrum of the mode, the ion diamagnetic drift frequency o' =V} - k
(k = wave number vector) can be approximated by k = —i((V f)/f) with function
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f = fo(s) expRri(mu — nv)). The latter describes the perturbation caused by the
leading (m, n)-Fourier harmonic. Expressing V;* in Boozer coordinates (3.5), we
obtained

o' (s) =2 (mV™ — V™) (4.2)

for the ion diamagnetic drift frequency. In figure 11(a) the blue stars mark (Jw;|/2)
calculated with the analytic expression (4.2) at the rational g = 1 flux surface. These
values agree very well with the oscillation frequencies resulting from the solutions of
the eigenvalue problem.

Besides the axisymmetric equilibrium, we also investigated, for the first time, dia-
magnetic drift effects in an equivalent one-periodic, 3-D equilibrium with helical core
(Strumberger et al. 2023). This equilibrium was the result of a 3-D fixed-boundary
NEMEC equilibrium calculation using an axisymmetric, circular plasma boundary
(Strumberger & Giinter 2017). Neglecting the pressure terms in Ohm’s law (2.16),
the results obtained for ideal kink and interchange modes confirmed the growing
stabilising diamagnetic drift effect with increasing toroidal mode number (which is
the dominant toroidal harmonic n*). Furthermore, the oscillation frequencies of the
modes corresponded in good approximation to (w;/2). However, additionally to
these similarities with the axisymmetric equilibrium, 3-D specific effects were found:
sufficiently strong diamagnetic drift effects are needed (i) to cause a degeneration
of otherwise non-degenerate growth rates and (ii) to let the mode oscillate (see also
§4.3). (iii) Diamagnetic drift effects change the mode structure as shown in figure 12.
The figure illustrates the changes of the composition of the Fourier spectrum and
the mode location for the n* =6 mode. Here, we only show the radial velocity
perturbation of the cosine-type function because the sine-type function yielded no
new information. The components related with the complex and complex conjugate
e-functions (3.17) of the Fourier series are equal (figure 12a) without diamagnetic
drift effects. However, including diamagnetic drift effects, either the complex or com-
plex conjugate components strongly dominate the Fourier spectrum (figure 12b).
Here, it should be mentioned that not only drift effects lead to such a decou-
pling, but any kind of plasma flow (Puchmayr et al. 2023; Strumberger et al. 2025).
Furthermore, besides the reduction of the growth rate and the decoupling of the
the complex and complex conjugate parts, the number of contributing toroidal har-
monics is reduced. This leads to a more uniformly distributed mode structure in the
real space as shown in figures 12(¢) and 12(d). Here, the coupling of the poloidal
harmonics played only a minor role for the mode structure because of the very flat
g-profile and the circular plasma boundary.

4.1.2. Resistive modes

In order to study the diamagnetic effects on resistive modes, the same axisymmet-
ric plasma configuration was used as for the ideal modes, but with a much lower
plasma-g of (8) =0.97 % (Strumberger et al. 2023). This equilibrium was unstable
with respect to internal resistive modes located at the ¢ = 1 flux surface. Their slow
growth rates approximately scaled with n'/? which is typical for resistive kink and
interchange modes. The analysis of the resistive energy functional (§ 3.6.2) prevailed
the pressure-gradient driven character of these modes. Figure 13(a) shows the rela-
tive current-density drive s Weyr/(§Weuyr + 8Wpp) as function of the toroidal mode
number. It adds up to 3.5% for n=1and n =1 x 1077 Qm and strongly decreases
with increasing n. Although the relative current-density drive is nearly independent
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FIGURE 12. (a,b) Fourier spectra of the real part of the radial velocity perturbation, and (c,d)
mode structures of the n* = 6 mode (a,c¢) without and (b,d) with ion diamagnetic drift effect. In
(a) and (b), the solid and dashed lines denote the Fourier spectra of the radial velocity pertur-
bation related with the complex and complex conjugate e-functions. The largest contributions
are marked by their poloidal and toroidal harmonics m/n. In (¢) and (d), the vectors charac-
terise the velocity perturbation in the R—Z-plane at toroidal angle ¢ = 0° and time ¢ = 0. (From
Strumberger et al. (2023); licensed under a Creative Commons Attribution licence (CC BY).)

of the resistivity, the perturbation and the corresponding energy densities are broad-
ened with increasing resistivity (see figures 13b and 13d). For increasing mode
numbers, however, the modes become more and more localised at the t =1 flux
surface (see figure 13d). While the integrated current-density drive § Weyr (3.23)
remains small because of the cancellation of stabilising and destabilising contri-
butions in different radial regions of the plasma (see figures 13¢ and 13d), the
pressure-gradient drive § Wpp (3.23) strongly grows with increasing #.

Figures 14(a) and 14(b) show the growth rates and oscillation frequencies as func-
tions of the parameter oy for various n-modes. They include the limiting cases of
cold ions (a7 =0) and cold electrons (ay =1). In the case of cold ions, only the
electron diamagnetic drift remains that is described by the parallel electron pressure-
gradient term in the extended Ohm’s law (2.16), while, in the case of cold electrons,
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FIGURE 13. Energetic decomposition of the resistive internal perturbations of the considered
low-B equilibrium: (a) relative current-density drive as function of the toroidal mode number
for resistivities of 7 = 10~7 m (blue) and 7 = 10~° Qm (orange). Normalised energy densities
corresponding to (b,d) the current-density and (c¢) the pressure-gradient drives as functions of
the square root of the normalised toroidal flux for resistivities of (b) n = 107 Qm and (¢,d)
n=10"% Qm. (From Strumberger et al. (2023); licensed under a Creative Commons Attribution
licence (CC BY).)

(a) (b
200 ————T——T—— T 0
| 1=10" Qm |
150 20000
_ =
& 3
= 100 £ 40000
= 3
50 60000
1=10" Om
0 80000 b——~ L 1 1
0.0 0.0 0.2 04 0.6 0.8 1.0
o

FIGURE 14. (a) Growth rates and (b) oscillation frequencies as functions of parameter a7 for
various n-harmonics. The dotted vertical lines mark the ap-values for which the considered
resistivity value corresponds to the approximated Spitzer resistivity. The stars denote w?. (From
Strumberger et al. (2023); licensed under a Creative Commons Attribution licence (CC BY).)
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only the ion diamagnetic drift influences the stability via the gyroviscosity term in
the momentum equation (2.9) and the ion pressure-gradient term in (2.16). All com-
binations of ion and electron diamagnetic drift effects have a large stabilising effect
(Strumberger et al. 2023).

The oscillation frequencies of the resistive modes scale linearly with oy as shown
in figure 14(b). Computing the ion diamagnetic drift frequency (4.2) for the toroidal
mode numbers and a chosen ar-parameter (indicated by the dotted lines in the
figures 14a and 14b), it turned out that these frequencies agree very well with the
oscillation frequencies resulting from the solution of the eigenvalue problem, that is,
o ~ w}. In the case of ideal modes, however, it is @ ~ /2 as shown in §4.1.1.

4.2. Double tearing and internal resistive kink modes

Strumberger et al. (2020), we presented linear stability studies of DTMs and resis-
tive internal kink modes for a set of W7-X type stellarator equilibria with electron
cyclotron current drive. The external cocurrent drive led to an increase of the rota-
tional transform ¢ = 1/q and the formation of one or two ¢ = 1 rational flux surfaces
(Wolf et al. 2017). Using the CASTOR3D code, we studied the dependence of the
growth rates on the plasma resistivity, the parallel viscosity and the shape of the
rotational transform profile.

Using a modified Spitzer profile for the plasma resistivity with n, =1 x 10~7 Qm"’
and taking no parallel viscosity into account, we computed the growth rates of
n*=1,2,...,8 DTMs as function of the radial distance As of the two ¢ = 1 rational
flux surfaces. As shown in figure 15(a), the n*-type of the most unstable mode
decreases with growing distance between the ¢ =1 flux surfaces. While the n* =6
DTM is the most unstable mode for As =0.078, the n* =1 mode is most unstable
for As > 0.17. The latter is also the most unstable mode in the case of equilibria
with only one ¢ =1 flux surface. Figure 15(h-d) illustrate the gradual change from
an asymmetric coupled n* =1 DTM' with a small internal kink contribution to
a resistive internal kink mode. In the case of figure 15(d), a rotational transform
profile with only one ¢ = 1 surface was used.

There is experimental evidence that n* =1 perturbations are involved in the
observed sawtooth-like oscillations followed by a thermal quench in W7-X (Zanini
et al. 2020). The CASTOR3D code is a linear code and, therefore, cannot describe
sawtooth oscillations. But, it describes the 3-D geometry of Wendelstein 7-X cor-
rectly, and it showed that the n* =1 resistive kink mode is the most unstable mode
in the case of either a large distance between the ¢ = 1 flux surfaces, or a single t = 1
surface. Further insight into the relationship between resistive kink mode stability
and electron temperature crashes was obtained from performing nonlinear resistive
stability studies with the TM1 code, which assumes axisymmetric, high aspect ratio
equilibria with cylindrical cross-section (Yu et al. 2020). There, fast crashes of the
electron temperature were found. Depending on the distance between the two ¢ =1
surfaces and the maximum ¢-value, full and partial crashes were observed. In agree-
ment with the experimental observation, the internal kink mode led to a fast radial
displacement of the hot core and a full crash of the temperature in approximately

17 At the magnetic axis, the resistivity would amount to 7, ~ 1 — 5 x 10~? Qm for electron temperatures of
3-7keV (Wolf et al. 2017). Since such small resistivity values result in mode structures below the gyroradius scale
(Strumberger et al. 2020), we used 7, > 1078 Qm.

18Strumberger et al. (2020); we called the symmetric-coupled DTM type A DTM and the asymmetric-coupled
one type B DTM.
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FIGURE 15. (a) Growth rates of the n* =1, 2, ..., 8 DTMs as function of As. (b—d) Structures

of n* =1 mode types for various ¢-profiles represented by the radial velocity perturbation (blue
= inward to red = outward shift) at the triangular cross-section of W7-X. (All figures repro-
duced with permission from Nucl. Fusion vol. 60, 2020, p. 106013 and EUROfusion. Copyright
EURATOM 2020.)

20-30 ws if the distance between the ¢ =1 surfaces was large enough. For smaller
distances, partial crashes of the central temperature were found. That is, the hot
core only temporally moved outwards. In summary, the experimental observations
together with the numerical results obtained for 3-D linear stability studies and two-
fluid, resistive, nonlinear computations assuming a simplified geometry support the
picture of low-n* resistive modes causing sawtooth oscillations followed by a thermal
crash.

Wang et al. (2025) also applied their stellarator version of the nonlinear CLT code,
called CLT-fx, to a W7-X equilibrium with electron cyclotron current drive and two
t =1 surfaces. They determined the growth rate of the linear phase as function of
the plasma resistivity and compared their results with ‘the n'/3-scaling of the internal
kink mode’ obtained with the CASTOR3D code in Strumberger et al. (2020). First
of all, no such scaling for an internal kink mode was given in Strumberger et al.
(2020) because the growth rates obtained for the n* =1 single resistive internal kink
mode did not fit in good approximation the 1/3-scaling in the considered resistivity
range (see figure 105 in Strumberger et al. (2020)). However, we found a 1/3-scaling
for the asymmetric-coupled n* =1 DTM. In contrast to the latter, Wang et al. did
not obtain the n'/* DTM scaling, but observed a very weak dependence of the
linear growth rate on the resistivity that became negative for the highest considered
resistivity values. In order to explain their result, they argued: “We think this is mainly
due to the strong mutual interaction between the inner and outer kink modes, which
leads to that the linear growth rate weakly depend on the resistivity’. The point
of the matter is that the CLT-fx and CASTOR3D computations were performed
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FIGURE 16. (a) Growth rate of the asymmetric-coupled n* =1 DTM (type B mode) as func-
tion of the resistivity 7, (this figure contains data published in Strumberger et al. (2020) with
permission of Nucl. Fusion vol. 60, 2020, p. 106013 and EUROfusion; copyright EURATOM
2020). Structures of asymmetric-coupled n* =1 DTMs for (b) n, =6 x 107% Qm and (¢)
Na =6 x 107> Qm represented by the radial velocity perturbation (blue = inward to red =
outward shift) at a triangular cross-section of W7-X.

for different rotational transform profiles and completely different ranges of the
plasma resistivity. They used a resistivity range of 1 x 107° < < 1 x 10~* Qm, while
the CASTOR3D calculations were performed for 1 x 1078 <5 <1 x 107® Qm. The
latter exhibited the DTM scaling only in the range of 2 x 107 <5 <2 x 1077 Qm.
In figure 16(a), we increased the resistivity further to the CLT-fx-range and obtained
for these unrealistically high resistivity values (Zhou, Aleynikova & Ferraro 2023)
the same behaviour as Wang et al. namely, the growth rate flattens and, eventually,
decreases. Moreover, the corresponding mode structures presented for n =1 x 107’
Qm (figure 15b), 6 x 107¢ Qm (figure 16b) and 6 x 10> Qm (figure 16¢) support
the explanation of Wang et al., that we cited earlier. In the case of low resistivity
(1. =1 x 1077 Qm), the mode structure corresponds to an n* =1 DTM with small
internal kink contribution. With increasing resistivity the contribution of the internal
kink increases and the growth rate flattens. Finally, the growth rate decreases while
the n* =1 structure of the mode decays.

4.3. Locked modes

The eigenfunctions of an axisymmetric plasma are proportional to a single toroidal
harmonic, so that the multiplication of an eigenfunction by an arbitrary complex
prefactor results in an equivalent eigenfunction corresponding to the same eigen-
value as the original eigenfunction. That is, the growth rate is independent of the
solution phase that corresponds to a shift of the perturbation in toroidal direction.
This implies that there exists no preferred mode position and the mode (e.g. a tear-
ing mode) can rotate freely and uniformly with the plasma in toroidal direction.
However, it has been observed that in the presence of static external error fields the
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FIGURE 17. (a) Sine- and (b) cosine-type n* =1 mode locations represented by the radial
velocity perturbation (blue = inward to red = outward shift) on the plasma boundary of a QA
equilibrium. (¢) Growth rates and (d) oscillation frequencies of the modes as functions of the
externally driven toroidal flow frequency at the magnetic axis. (Reproduced with permission
from Nucl. Fusion vol. 59, 2019, p. 106008 and EUROfusion. Copyright EURATOM 2019. In
(¢) and (d) only the data of the n* = 1 mode are reprinted.)

mode rotation becomes non-uniform and its rotation frequency is reduced. The rota-
tion even stops completely and the mode becomes locked if the MP field is strong
enough (Nave & Wesson 1990; Hender et al. 1992; La Haye et al. 1992).

In 3-D tokamak or stellarator equilibria, plasma modes can be locked to specific
locations because of the 3-D plasma geometry that leads to the coupling of several
toroidal harmonics. As already explained in §2.1.3, the solution of a 3-D linear sta-
bility eigenvalue problem yields two orthogonal eigenvalues that may be different.
Investigating an ideal external kink unstable, QA equilibrium, two slightly different
eigenvalues were found for the low-n* external kink modes (Strumberger & Glinter
2019). Figures 17(a) and 17(b) show the two possible locations of the n* = 1 external
kink mode. The two mode locations correspond to slightly different growth rates.
Driving a toroidal flow in symmetry direction'® of the QA configuration showed
that in the case of a mode with non-degenerate eigenvalues a minimum plasma rota-
tion frequency, the so-called threshold frequency $2y,.s, is required to unlock these
modes. Figures 17(c) and 17(d) illustrate the two n* =1 growth rates and oscilla-
tions frequencies as functions of the toroidal rotation frequency? of the plasma.
Below 22y < Qs ~ 13 600 rad s~! the two growth rates are different and the modes
are locked. Then, the two growth rates meet and the mode starts to oscillate for
20 > 2ures. I such a strictly locked mode?! is forced to rotate with the plasma, its

19The symmetry direction of a QA equilibrium corresponds to the toroidal direction in Boozer coordinates.
20Strumberger & Giinter (2019); we used the toroidal rotation profile £2(s) = £2o(1 — 0.7s2).
21For the definition of strictly looked modes see in the following, and Puchmayr et al. (2023).
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FIGURE 18. Oscillation of the n* = 1 mode with w < 0 represented by the location of the radial
velocity perturbation (blue = inward to red = outward shift). Shown are five equidistant time
steps within 1/4 oscillation cycle. (Modified reproduction with permission from Nucl. Fusion
vol. 59, 2019, p. 106008 and EUROfusion. Copyright EURATOM 2019.)
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FIGURE 19. (a) Corrugation (normal displacement) of the 3-D equilibrium for the numerical
test case. (b) Maximum values of the corrugation on every flux surface as a function of the
normalised toroidal flux s. The dashed lines mark the resonant flux surfaces with respect to
the Nper =2 MP field. (From Puchmayr et al. (2023); licensed under a Creative Commons
Attribution 4.0 licence (CC BY).)

rotation is non-uniform. Figure 18 illustrates such a non-uniform rotation for the
n* =1 mode with negative oscillation frequency. Here, the mode structure changes
most between r =3/16T and t =4/16T with T being the oscillation period. It should
be mentioned that the solution with positive oscillation frequency describes the iden-
tical non-uniform rotation, but with a phase shift in the oscillation cycle (see figure
16 in Strumberger & Giinter (2019)). Besides, in Strumberger & Gilinter (2019),
we showed that each mode type has its individual threshold frequency that is cor-
related to the difference of the non-degenerated growth rates Ay obtained in the
case of a non-rotating plasma. The larger Ay, the higher £2,..;. With increasing n*,
the two growth rates degenerate (Ay = 0) and $2y,..; becomes zero. That is, high-n*
modes oscillate for any toroidal rotation frequency. The computations presented in
Strumberger & Giinter (2019) were, to our knowledge, the first 3-D linear stability
studies taking an externally driven toroidal flow into account. In the meantime, sim-
ilar studies were made for gyroviscosity, ion drift velocity and ExB-velocity. They all
can unlock strictly locked modes (Strumberger ef al. 2023, 2025).

In (Puchmayr et al. 2023), the CASTOR3D code was used to investigate in more
detail helical localisation and mode locking of edge-localised ideal MHD instabil-
ities in rotating and flow-free magnetically perturbed tokamak plasmas. Applying
an external two-periodic perturbation field to an axisymmetric tokamak test equi-
librium, a 3-D tokamak equilibrium with N, =2 periodicity was produced that
allowed to investigate instabilities of any mode number. Figure 19(a) shows the
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FIGURE 20. (a) Fast and (b) slow growing n* =1 modes at the most unstable flux surface.
Background: normalised non-axisymmetric component of the parallel equilibrium current den-
sity o3p, y. Orange/brown lines: normalised perpendicular magnetic perturbation Re(B12 ) of

the n* = 1 mode, darker colour indicates a larger value of Re(Bl2 ). (From Puchmayr et al.
(2023); licensed under a Creative Commons Attribution 4.0 licence (CC BY).)

corrugation of the plasma boundary, and figure 19(b) illustrates the maximum cor-
rugation as function of the normalised toroidal flux caused by the N, =2 MP field.
This displacement from the corresponding axisymmetric flux surface is very small
(<1 cm) in comparison with the 3-D geometry of a stellarator. Nevertheless, it leads
to toroidal mode-coupling, non-degenerate growth rates and mode locking.

In order to systematically analyse the helical/toroidal localisation of the modes,
the helical localisation of the eigenfunctions were evaluated close to the most unsta-
ble flux surface (Puchmayr et al. 2023). The latter is determined by the minimum
of the potential energy density corresponding to the dominating drive, which is
8Weuyr (3.23) in the case of current-density driven instabilities and § Wpp (3.23) in
the case of pressure-gradient driven instabilities. If there was no clearly dominating
drive, the helical localisation was evaluated with respect to both energetic drives. For
this evaluation, for example, the normalised square of the perpendicular magnetic
field perturbation Re(B, e¥)? was defined. Being normalised with respect to the
square of the arbitrary amplitude of the eigenfunction, it represents the spatial struc-
ture/location of the mode while being independent of the arbitrary amplitude and
sign of the eigenfunction. We denote a mode as strictly locked mode if Re(B, | €'*)?
is completely independent of the solution phase ¢.?* Figure 20 shows the localisa-
tion/structure of Re(B, )? relative to the normalised non-axisymmetric part o3p y
of the parallel equilibrium current density o (v, u) = j, - Bo/BZ at the most unstable
flux surface. It is

o3p.n (U, u) = (0 (v, u) — 04y (u))/ Aog, (1) (4.3)

with o (1),, = (o (v, u)), being the average of o (v, u) over the toroidal coordinate v
for every poloidal coordinate u and Ao,, = +[max{o,,} — min{o,,}] being the vari-
ation of the axisymmetric parallel equilibrium current-density o,, along the poloidal
direction.”® The two strictly locked n* =1 modes are located at different helical

22Note that the periodicity of the squared quantities is twice the periodicity of the corresponding mode, e.g.

the energy densities and squared eigenvectors of an n* = 1 mode have a periodicity of 2.
2The sign of Aoy, is chosen such that o3p y > 0 stands for an augmented current density.
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positions, but at locations with maximum o35 y. Since the modes are current driven,
these locations also maximise their current drive (see Puchmayr et al. 2023). The
faster growing n* =1 mode perfectly aligns with the regions of maximum o3p x
(figure 20a) in contrast to the slower growing n* =1 mode which is shifted by
sv=m/2 (figure 20b).

If the precise location of the eigenfunction is not fixed, but depends on the solution
phase ¢, the mode is quasilocked. That is, the location is bound to an envelope
E =max,{Re(B; )} of periodicity N,,, as illustrated in figures 21(a) and 21(b).
There, the location of the perpendicular magnetic perturbation Re(B;  e*)? at ¢ =0
of the n* =15 mode as well as the corresponding envelope are shown. In order to
determine the envelope, it was necessary to evaluate the eigenfunction at a range
of solution phase angles ¢. As expected, close to the most unstable flux surface,
the envelope of the n* = 15 eigenfunction is aligned with the maximum equilibrium
current-density perturbation (see figure 21¢). Quasilocked modes have degenerate
eigenvalues in a flow-free 3-D plasma and immediately start rotation for any flow,
that 18, $2res = 0.

Summing up the results, helically localised instabilities can be separated into two
classes: quasilocked and strictly locked. In a flow-free 3-D plasma, the localisation of
quasilocked modes is determined by an envelope, while their precise location under
the envelope is arbitrary. Strictly locked modes, however, can only occur at a single
helical position. They are forced to rotate for £2y > 24,.s. Since these instabilities
naturally want to stay at a fixed location, they rotate irregularly/non-uniform, like
being pushed through a bottleneck as illustrated in figure 21(d). The irregularity
of the rotation decreases with both increasing plasma flow and decreasing non-
degeneracy of the instabilities in a flow-free plasma.

4.4. Edge localised and external modes

While former 3-D CASTOR3D stability calculations were restricted to low
toroidal mode numbers (Strumberger & Giinter 2019; Strumberger et al. 2020),
now also stability studies for high-n* edge localised and external modes in 3-D toka-
mak (Puchmayr et al. 2023, 2024) and stellarator configurations (Strumberger et al.
2025) are possible because of increasing memory and computing power, substantial
improvement of the performance of the CASTOR3D code (Puchmayr 2023) (see
also § 3.5), and, last but not least, using high fidelity equilibrium solutions computed
with the GVEC code (Hindenlang et al. 2025a). We will start with investigating the
ELM stability limit in 2-D and 3-D tokamak plasmas taking the ion diamagnetic
drift effect into account.

4.4.1. The ELMs in 2-D and 3-D AUG tokamak plasmas

Type I ELMs limit the pressure gradient and lead to significant energy and particle
losses in tokamak plasmas. In order to avoid severe damage in future fusion devices
(e.g. ITER (Loarte et al. 2003)), they have to be suppressed or, at least, mitigated.
The application of non-axisymmetric MP fields in various experiments (Evans ef al.
2004; Nazikian et al. 2015; Suttrop et al. 2018) led to a mitigation or even suppres-
sion of ELMs because of an enhanced transport which reduces the pedestal density
and pressure gradient (Kirk et al. 2011; Suttrop et al. 2018). Since the onset of
Type I ELMs is very well described by the growth of edge-localised peeling—
ballooning modes (Snyder et a/. 2002; Wilson et al. 2006), a predictive linear stability
analysis of ELMs is possible.
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FIGURE 21. (a) Normalised perpendicular magnetic perturbation Re(B, 1€9)? of the n* =15
mode at ¢ =0 and () its envelope E =max,{Re(B, 1€9)2). (¢) Background: normalised
non-axisymmetric component of the parallel equilibrium current density o3p_x. Orange/brown
lines: envelope E of the n* = 15 mode, darker colour indicates a larger value of the envelope.
(d) Relative toroidal position of the minimum of the normalised perpendicular magnetic pertur-
bation for different mode numbers n* over a full rotation cycle of the mode around the torus
wt € [0, 2 n*]. The plasma rotation was taken at values above the critical rotation threshold
for each n*. (From Puchmayr et al. (2023); licensed under a creative commons attribution 4.0
licence (CC BY).)

Puchmayr (2023) and Puchmayr et al. (2024), the impact of symmetry-breaking
induced by MP fields on the MHD stability limit was analysed for low-n kink-peeling
mode up to high-n peeling-ballooning mode limited regimes considering, for the
first time, ion diamagnetic drift effects in realistic non-axisymmetric (3-D) tokamak
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FIGURE 22. Toroidal cross-sections (a) for the axisymmetric and (b) magnetically perturbed
equilibria of the AUG discharges #40180 (solid, black) and #40181 (dashed, orange) as well
as (c) pressure and safety factor profiles. For visibility, the corrugation in (b) is amplified by a
factor of 2.5. (d) Growth rates for a range of equilibria between AUG #40180 and AUG #40181
with and without ion diamagnetic drift effects. The numbers annotating the data points refer
to the toroidal harmonic n* of the most unstable instability. The dotted blue line indicates the
empirical stability limit from Suttrop et al. (2018) assuming equal ion and electron pressures.
(From Puchmayr et al. (2024); licensed under a Creative Commons Attribution 4.0 licence (CC
BY).)

geometry. The application of MP fields leads to a corrugation of the equilibrium flux
surfaces (Chapman et al. 2012; Willensdorfer et al. 2019). Figures 22(a) and 22(b)
show the axisymmetric and the corrugated 3-D plasma boundaries of the AUG dis-
charges #40180 (ELM suppression) and #40181 (ELM mitigation).>* The maximum
corrugation amounts to 7mm for the ELM suppression and 13 mm for the ELM
mitigation case at the low-field side. Their pressure and safety factor profiles are
illustrated in figure 22(c). In order to analyse the transition from the ELM mitiga-
tion to the ELM suppression case, a range of equilibria with increasing pedestal top
pressure was created inbetween these two cases. Figure 22(d) shows the normalised

24 As NEMEC input served highly accurate equilibrium reconstructions of these AUG discharges performed
with the CLISTE interpretive equilibrium code (McCarthy, Martin & Schneider 1999; Mc¢ Carthy & the ASDEX
Upgrade Team 2012).
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FIGURE 23. (a) Growth rates as functions of n* without (black circles) and with (red circles)
taking parallel viscosity into account. (b) Growth rates and oscillation frequencies as functions
of n* taking parallel and gyroviscosity into account. The results with and without additional ion
diamagnetic drift and ExB-velocities are marked by red/green and black/blue circles, respec-
tively. (From Strumberger et al. (2025); licensed under a Creative Commons Attribution licence
(CCBY).)

growth rate as function of the pedestal top pressure for axisymmetric and 3-D equi-
libria with and without diamagnetic drift effects. The figure illustrates the decrease
of the critical pedestal top pressure caused by the symmetry-breaking effect of the
applied MP fields. In contrast to the experimental observations, the 2-D and 3-D
numerical results predict highly unstable ballooning modes with n* =15—19 if no
ion diamagnetic drift effect is taken into account. Inclusion of this effect leads to
a considerable stabilisation and a reduction of the toroidal mode number to n* =5
or 6. Here, the peeling-ballooning modes are suppressed below the empirical MP
stability limit and the finite growth rates correspond to mitigated peeling-ballooning
modes. These results demonstrate the importance of 3-D stability studies and the
inclusion of diamagnetic drift effects.

4.4.2. External kink and peeling-ballooning modes in a QA stellarator
In §4.3, we described low-n* locked modes in a two-periodic QA equilibrium
and the effect of an external flow on these modes. Strumberger et al. (2025), the
investigations of the same equilibrium were extended from low-n* external kink
modes to high-n* peeling-ballooning modes. In addition to parallel viscosity and
an external toroidal flow in symmetry direction, gyroviscosity, ion diamagnetic drift
velocity and ExB-velocity were also considered in this work. The growth rates as
function of the dominant toroidal mode number n* are illustrated in figure 23(a,b).
Figure 23(a) compares the growth rates obtained without and with a parallel viscos-
ity of u; =4 kg ms™".*> The parallel viscosity has a stabilising effect which increases
with n*. The high-n* peeling-ballooning modes are clearly less unstable if parallel
viscosity is included. Nevertheless, the high-n* peeling-ballooning modes are still the
most unstable modes.

Assuming that there is no external flow drive and that the ambipolarity condition
(3.9) holds (V g5 = — V), all terms containing V, disappear in the linearised MHD

BThe value of 1 was estimated using (3.4) for a collisionless plasma.
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equations (2.18-2.21), and the momentum equation (2.19) reads

1 1
PoAV = _%V(,OOTI) - fV(Topl) + ooV - VIV i+ AV,

1

+ L(V X (VxA)) x(VxA)+ L(V x (V x Ap)) x (V x Ay).
Mo Ho
4.4)

While the parallel viscosity only reduces the growth rate, but does not cause mode
oscillations, the gyroviscosity leads to oscillations. Figure 23(b) compares growth
rates and oscillation frequencies obtained without and with including ion diamag-
netic drift and ExB-velocities additionally to parallel and gyroviscosity. Here, the ion
diamagnetic drift velocity and the ExB-velocity increase the oscillation frequency
by more than a factor of 2, but they have a negligible effect on the growth rate.
However, all effects together stabilise the high-n* peeling-ballooning modes so much
that the n* =2 external kink mode becomes the most unstable mode. Analogous to
the external flow, gyroviscosity, drift and ExB-velocity are able to unlock modes
(Strumberger et al. 2025) and can lead to overstable modes as will be described in
§4.5.2.

Interesting is also the combination of external flow, gyroviscosity, ion diamag-
netic drift velocity and ExB-velocity. In Strumberger et al. (2025), we considered
a toroidal velocity, V' = (1/(2m))2¢(s)r,,, externally driven in the symmetry

tor tor

direction v (Boozer toroidal coordinate). We assumed 2 (s) = £2¢(1 — 0.8s%)
with —25000 < £2¢ < 25000 rad s™'. Figure 24(a-d) show growth rates and oscil-
lation frequencies of n*=2, 3 and 7 external kink modes and n* =22 and 47
peeling-ballooning modes as functions of the externally driven flow frequency £2§*'.
Depending on the sign of §£2§*', the additional external drive increases or decreases
the damping effects caused by gyroviscosity, ion diamagnetic drift velocity and ExB-
velocity and also changes the oscillation frequencies of the modes. The growth rate
decreases if the chosen flow direction leads to an increase of the oscillation fre-
quency of the mode and vice versa. This behaviour is in good agreement with the
results obtained by Aiba (2016). Using the MINERVA-DI code, he investigated
axisymmetric equilibria with circular cross-section. Yet, an additional effect appears
in the case of the considered 3-D equilibria. Appropriate external flow compensates
the oscillation frequencies caused by gyroviscosity, diamagnetic drift velocity and
ExB-velocity and, therefore, locks the low-n* modes. While the oscillation frequencies
become zero, the growth rates split into two values.

Finally, the presented results show that direction and magnitude of the external
flow may decide whether a low-n* external kink or a high-n* peeling-ballooning
mode will be the most unstable mode. In figure 24(c), the black stars mark the
growth rates of the n* =2 mode for ¢ =—25000 rad s~ and 25000 rad s™',
respectively. Here, the growth rate of the n* =22 mode has almost reached the
value of the n* =2 mode for £2§* =—25000 rad s~!. That is, a sufficiently fast
external flow in negative v-direction is able to compensate the stabilising effects
of gyroviscosity, ion diamagnetic velocity and ExB-velocity on the high-n* peeling—
ballooning modes and to make them to the most unstable modes of the considered
equilibrium, while the growth rates of low-n* modes are only weakly affected by the
flows (see figures 23b and 24a).
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FIGURE 24. (a,c) Growth rates and (b,d) oscillation frequencies of (a,b) n* = 2, 3 and 7 external
kink modes, and (c,d) n* =22 and 47 peeling—ballooning modes as functions of the externally
driven toroidal flow frequency .Qg’” taking parallel viscosity (u) =4 kg ms~!), gyroviscos-
ity, ion diamagnetic drift velocity and ExB-velocity into account. The solutions were obtained
solving (a,b) the full eigenvalue problem and (c,d) the reduced eigenvalue problem. (c¢) The
two black stars located in the left- and right-hand corners mark the growth rates of the n* =2
mode. (From Strumberger et al. (2025); licensed under a Creative Commons Attribution licence
(CCBY).)

4.5. Overstable modes

Since the CASTOR3D code solves a complex eigenvalue problem with eigenvalue
A=y +iw (2.17), it is able to find overstable modes. Such modes simultaneously
oscillate and grow exponentially. However, in contrast to modes where the oscillation
frequency describes their rotation caused by a finite plasma flow (e.g. externally
driven flows, ExB-velocity or drift effects), the frequency of overstable modes results
from the oscillation between two mode structures.

4.5.1. Axisymmetric equilibria

In axisymmetric equilibria, an overstable mode can occur if, at least, two unstable
modes of the same n-type exist and their growth rates overlap within certain ranges
of plasma parameters. When the growth rates as functions of a single parameter
(e.g. pressure gradient (Kerner et al. 1986), resistivity (Huysmans et al. 1993), etc.)
become the same, an overstable oscillating mode evolves. We will illustrate this
process for an example of DTMs. These modes appear in the case of reversed shear
g-profiles (e.g. Glinter ef al. 2000). Mostly, the two tearing modes forming around
the positions of equal g-values couple asymmetrically, but a symmetric coupling is
also possible (Otto & Birk 1992).
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lation frequencies as functions of the resistivity. (c,d) Real parts of the eigenfunction Fourier
spectra of the radial velocity perturbation for (c) an asymmetric- and (d) a symmetric-coupled
DTM for n =6 x 1077 Qm.

Figures 25(a) and 25(b) show the growth rates and oscillation frequencies in
dependence of the plasma resistivity for 2/1 DTMs of an AUG-type equilibrium.
The two g =2 surfaces being located at s; =0.36 and s, =0.52 have a distance of
As =0.16. While the growth rate of the asymmetric DTM becomes smaller with
decreasing resistivity, the growth rate of the symmetric DTM increases. When the
growth rates of both modes come close, an oscillating overstable mode forms. Then,
the eigenvalue problem yields two overstable solutions with y; =y, and w; = —w,.
Both solutions describe the same mode with the opposite signs of the frequencies
indicating a phase shift in the oscillation cycle. Figures 25(¢) and 25(d) illustrate the
eigenfunction Fourier spectra of the radial velocity perturbations of the asymmetric-
and the symmetric-coupled DTM for n =6 x 1077 Qm.

4.5.2. The 3-D equilibria

In contrast to axisymmetric equilibria, overstable modes can also evolve if the growth
rates of different n*-type modes of the same mode family overlap within a cer-
tain parameter range because the toroidal harmonics are coupled in 3-D equilibria.
Investigating the growth rates of internal resistive modes (Strumberger et al. 2020)
and ideal external modes (Strumberger et al. 2025) as functions of resistivity, vis-
cosity and plasma flows, several overstable modes between various n*-types were
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the sine-type overstable mode (parallel viscosity: w = 1.1 kg ms~!). (From Strumberger et al.
(2025); licensed under a Creative Commons Attribution licence (CC BY).)

found. Considering the QA equilibrium discussed in Strumberger & Giinter (2019)
and Strumberger et al. (2025), figure 26 illustrates the oscillation of an overstable
n* =1+« n* =9 external kink mode that appeared within a certain range of the par-
allel viscosity. Here, the real part of the Fourier spectrum shows an n* = 9 structure,
while the imaginary part of the Fourier spectrum corresponds to an n* = 1 mode.
That is, the overstable mode oscillates between these two structures.

4.6. Resistive wall modes

External modes often limit the achievable plasma-8 of magnetically confined
fusion plasmas because these modes are too fast to be controlled by an active feed-
back system. For quite some time, it is well known that conducting walls have
a stabilising effect on those modes depending on mode type and wall distance
(Freidberg et al. 1975; Wesson 1978). While an ideal wall could perhaps stabilise
such a mode completely, a realistic resistive wall only reduces the growth rate down
to the resistive time scale of the wall

Tw = Moowdwrw (45)

with o, being the specific conductivity, d,, and r, being width and distance of the
wall and p being the vacuum permeability. The growth rate of such a resistive wall
mode may be slow enough to be stabilised by an active feedback system and/or
plasma rotation (see Chu & Okabayashi (2010) and references quoted therein).
Codes studying the active feedback-stabilisation of resistive wall modes are, for
example, CarMa (Portone et al. 2008) and CarMa-D (Bonotto et al. 2020), NMA
(Chu et al. 2003), VALEN (Bialek et al. 2001) and STARWALL/OPTIM (Sempf
et al. 2009). The STARWALL/OPTIM code is able to handle 3-D equilibria, while
CarMa-D is not restricted to resistive time scales.

Feedback-stabilisation is not included in the CASTOR3D code. But, it is able
to handle 3-D equilibria and, because of solving the extended eigenvalue problem
(2.89), it is not restricted to resistive time scales. This enables the calculation of
growth rates in the range of very rapid modes down to slow resistive wall modes
and to take into account resistivity, flow, viscosity, drift effects and heat conductivity.
In order to test the code, we performed benchmark studies between CASTOR3D,
STARWALL and an analytical model (Strumberger et al. 2014a).
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FIGURE 27. Comparison of the normalised CASTOR3D growth rate (red dots/dashed line) with
(a) the analytical growth rate (black line) and (b) the STARWALL growth rate (green dots) as
functions of the distance of the resistive wall. The dashed blue vertical line in (a) marks the
critical radius r, while in (b) the growth rate as function of the ideal wall distance is indicated
by the blue solid line. (From Strumberger et al. (2014a); licensed under a Creative Commons
Attribution 3.0 licence (CC BY).)

Fitzpatrick & Yu (1998) derived an analytical expression for the normalised
growth rate

2m
(rc/rw)zm - 1

of a resistive wall mode. For this purpose, they approximated the plasma as a
cylinder with radius a. In (4.6), m denotes the poloidal mode number of the unsta-
ble mode, r, is the wall distance and r. names the critical radius with r, =r.
corresponding to the ideal stability boundary.

As described in Strumberger et al. (2014a), we used a circular-shaped, axisymmet-
ric plasma equilibrium with high aspect ratio, A = 10, and negligibly low plasma-§ to
simulate the plasma cylinder. Moreover, we used the same g-profile as in Fitzpatrick
& Yu (1998) with g, = 1.3 and ¢, = 2.9 being the values of the safety factor at the
magnetic axis and the plasma boundary. The considered equilibrium is unstable
with respect to an m =3, n =1 ideal external kink mode. Surrounding the plasma
with an ideal conducting wall with circular cross-section and variable radius, the
CASTOR3D calculations delivered a critical radius of r. = 1.28073 m at which the
ideal wall stabilises the mode. Inserting this value into the analytical formula (4.6)
yielded the growth rate as function of the wall distance illustrated by the black
curve in figure 27(a). Very close, but still within this radius, the analytical growth
rate rapidly increases because the analytical function (4.6) diverges for r, =r.. In
figure 27(a), the red filled circles mark the CASTOR3D growth rates which excel-
lently agree with the analytical results for r,, < r.. Unlike the analytical solution, the
CASTOR3D growth rates stay finite for r, > r. because here the increase of the
growth rate is limited by the plasma inertia. With further growing wall distance,
the growth rate converges against the no-wall limit as shown in figure 27(b). Here,
the dashed red line marks the CASTOR3D growth rate while the STARWALL
results are indicated by the green filled circles. In the case of low growth rates,

)7 =Yty = (46)
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FIGURE 28. For the QA equilibrium, () growth rates and (b) oscillation frequencies of the n* =
2 mode as functions of the wall distance d,, are shown. The growth rates are obtained for an ideal
closed wall (black), a resistive closed wall (green), and a resistive closed wall in combination
with plasma flow (red, £29 =200 000 rad s~L: blue, £29 = 50000 rad s~1). The solid red and
blue curves mark the plasma modes while the dashed curves denote the resistive wall modes.
(Reproduced with permission from Nucl. Fusion vol. 59, 2019, p. 106008 and EUROfusion.
Copyright EURATOM 2019.)

CASTOR3D and STARWALL results agree very well. Yet, higher growth rates of
the latter diverge because STARWALL neglects the plasma inertia.

Bondeson & Ward (1994) showed that a resistive wall in combination with
plasma rotation may stabilise external kink modes in tokamaks. Considering a two-
periodic, high-8, rotating, QA equilibrium surrounded by a closed resistive wall,
we verified that the same holds for stellarators (Strumberger & Giinter 2019). We
computed growth rate and oscillation frequency of an n* =2 ideal external kink
mode as functions of the plasma-wall distance of a thin (§,, = 0.5 cm), closed cop-
per (0, =56 x 10° S m~") wall. The wall distance d,,; was measured at the outer
midplane of the ¢ = 0° cross-sections of the QA equilibrium. The computations were
performed for various cases: (i) ideal wall, no plasma rotation; (ii) resistive wall, no
rotation; (iii) resistive wall, plasma rotation £2, =20 000 rad s~'; (iv) resistive wall,
plasma rotation §2, = 50 000 rad s™'. A parallel ion viscosity of 1, = 50 kg ms™" was
taken into account and we used £2(s) = £2,(1 — 0.7s%) as toroidal rotation profile.

As illustrated in figure 28, growth rates and oscillation frequencies showed the
expected behaviour. The ideal wall stabilises the n* =2 mode at a certain distance,
while the mode remains unstable for all distances in the case of a resistive wall.
Taking plasma rotation into account, two mode branches exist (as described for toka-
maks in Bondeson & Ward (1994)): (i) the growth rate of the so-called plasma mode
decreases with shrinking wall distance while it strongly oscillates; (ii) the growth
rate of the resistive wall mode finally decreases with growing wall distance while the
oscillation frequency of this mode is small. Furthermore, a narrow stability window
arises for a toroidal plasma rotation frequency of £2, =50 000 rad s~'.

4.7. Vertical instability

Elongated axisymmetric equilibria are vertically unstable. Implementing appro-
priate resistive wall structures, the growth rate of such a vertical instability can be
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reduced. At best, the growth rate becomes small enough, so that a fast feedback sys-
tem is able to control the plasma position. In AUG, the PSL (see figure 2) and two
fast control coils (1 ms response time) located nearby the plasma control the vertical
position of the plasma (Mertens, Raupp & Treutterer 2003). Currents induced in
the PSL may slow down the time constant of the vertical motion to ~80 ms, so that
an active feedback control acting on the two fast position control coils can stabilise
the plasma position.

Using the CASTOR3D code, the vertical instability of an AUG equilibrium
(#39655) is investigated at ¢ = 3.05, 3.06 and 3.07s.® For a correct treatment of
the m =0, n =0 harmonic (Liist & Martensen 1960; Merkel & Strumberger 2015),
16 toroidal field coils are taken into account as passive conductor structures.’’
These coils allow for a net-poloidal current in the vacuum region that originates
from this kind of perturbation. However, they have no stabilising effect because
of their large distance to the plasma. The m =0, n = 0 harmonic has no notewor-
thy contribution to the growth rate of the vertical instability, but its contribution
to the poloidal velocity perturbation is essential to obtain the correct mode struc-
ture (Strumberger & Glinter 2019). Figure 29(a-c) show the mode structures of
an elliptically shaped test equilibrium (Strumberger & Giinter 2017) and the AUG
equilibrium at t = 3.05s and # = 3.07 s. The three vector plots illustrate the velocity
perturbations. The mode structure of the elliptically shaped plasma represents very
well the shift of a rigid body. Yet, the situation is slightly different for the AUG
equilibria. Here, the plasma is also shifted as a whole, but length and direction of
the vectors show small deviations. It should be noted that the direction of the vectors
gives no information whether the plasma is moving upward or downward because in
linear MHD the multiplication of an eigenfunction by an arbitrary complex number
results in an equivalent eigenfunction corresponding to the same eigenvalue as the
original eigenfunction. However, the location of the reconstructed equilibrium in
figure 29(c) indicates a downward movement of the plasma which corresponds to
the main direction given by mode structure shown in figure 29(b). The upper and
lower parts of the PSL marked by the bars in figures 29(b) and 29(c) have a width of
dps; = 9cm and are made of copper with a specific conductivity of o =56.2 x
10° S m~'. Varying the width and with it the conductivity G = od, the growth rates
shown in figure 29(d) are obtained. Here, the vertical dashed line marks the full
width of the PSL. At r = 3.05 s the growth rate of the vertical instability is reduced
to y =20s7! for d =4cm.”?® At t=3.06s, however, even a PSL with an effective
full width would reduce the growth rate only to y =76s~! and at t = 3.07 s the ver-
tical instability can no longer be appreciably stabilised by the PSL. The increase of
the growth rate at these time steps agrees very well with the experimental observa-
tion and corresponding nonlinear stability studies performed with the JOREK code
where the discharge ended with a hot vertical displacement event (Schwarz et al.
2023).

The thin wall approximation used in the vacuum part of the CASTOR3D code
corresponds to a situation in which the skin depth

2
HoOwY

derin = (4.7)

26The equilibrium reconstruction of the discharge was performed with the CLISTE code.
2THere, the shapes of the AUG toroidal field coils are used.
28 At this point the numerical limit of CASTOR3D was reached.
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FIGURE 29. Mode structures of vertical instabilities of (a) an elliptically shaped plasma with
high aspect ratio (reproduced with permission from Nucl. Fusion vol. 57, 2017, p. 016032 and
EUROfusion; copyright 2016 EURATOM) and (b,c¢) AUG discharge #39655. The vectors illus-
trate the velocity perturbation. The bars indicate the positions of the upper and lower parts of
the PSL. (d) Growth rates as functions of the width of the PSL.

is much greater than the wall thickness d,, (Wesson 1997; Sehmer et a/. 2016). In
figure 29(d) the red dashed line indicates the skin depth related with the growth
rate of the vertical instability. Its intersection points with the growth rate curves give
a rough estimate how far the growth rates can be reduced by the PSL. For more
accurate studies the finite width of the PSL would have to be taken into account
by coupling CASTOR3D with the CARIDDI code (Albanese & Rubinacci 1988,
1997). Yet, CASTOR3D is a fast tool that can help to identify equilibria which
cannot be stabilised by the PSL to growth rates well below the feedback stabilisation
limit. That is, when new tokamak equilibria are designed, CASTOR3D can be used
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to sort out equilibria that would definitely be terminated by a vertical displacement
event (Vanovac et al. 2026).

5. Summary and outlook

This review article summarises the theoretical fundamentals and the structure of
the CASTOR3D code. Several numerical improvements of the code, increased com-
puter power and highly accurate equilibria provided by the GVEC code enable
highly resolved extended linear MHD stability studies for 2-D and 3-D magnetically
confined plasma equilibria. The code takes into account plasma resistivity, paral-
lel viscosity, ion and electron diamagnetic drift effects, parallel heat conductivity,
ExB-velocity and externally driven flows. The combination of MHD and vacuum
equations to an extended eigenvalue problem allows free-boundary stability studies
in the presence of resistive wall and coil structures without neglecting the plasma
inertia.

Various examples are presented for the versatile application possibilities of
CASTOR3D ranging from simple axisymmetric equilibria to 3-D tokamak and
stellarator equilibria and from low-n* internal kink and DTMs up to high-»n*
peeling-ballooning modes. Overstable modes arising in 2-D and 3-D configurations
are compared and locked modes are investigated. The stabilising effect of resistive
walls is studied for an axisymmetric test equilibrium and a QA equilibrium. Finally,
investigating the vertical instability of an AUG discharge illustrates the possibility to
identify highly vertically unstable equilibria.

In the past, mostly the ideal instability of stellarators was studied, while the
investigation of plasma flow, resistivity, viscosity, etc., was usually limited to axisym-
metric plasma configurations. CASTOR3D, however, provides a numerical tool that
enables the extension of these numerical studies to 3-D tokamak and stellarator-type
configurations.

Recently, the parallel heat conductivity (see §3.2.3) has been implemented in
CASTOR3D. Corresponding studies are in work and will be published in the near
future.

Future research will focus on a broader validation of the newly implemented equi-
librium flow and electron diamagnetic drift models through systematic comparisons
of simulations with experimental observations of MHD modes in tokamaks and stel-
larators. Further extensions of the underlying MHD model, such as the inclusion
of further two-fluid effects or runaway-electron physics, will enhance the physical
fidelity of future stability studies. In addition, exploiting advanced preconditioned
iterative eigensolvers, together with the increasing availability of GPU-based HPC
architectures, is expected to substantially improve the computational performance
and efficiency of CASTOR3D.
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Appendix A. Details of the weak formulation
A.1 Hermite polynomials

The radial dependence of the perturbed quantities (2.30) and the test functions
(2.36, 2.37) is expressed by quadratic and cubic Hermite polynomials, respectively
(Kerner et al. 1998)). The Hermite polynomials, illustrated in figure 30, read on an
interval s; <s <410

quadratic Hermite polynomials,

2(S - Sm)(s - sj+1)

h i1 — 0, h B = 9’
7! /2 (Sj+1 —$7)?
4(s —5;)(sj1 —5) 2(s —sw)(s —55)
By = A , hivyr= / Al
j+11 61 —5,)? j+1.2 i1 —5,) (AD)
with s,, = 0.5(s ;41 +5;);
cubic Hermite polynomials,
Hy\ =3 (sj1=9)° (851 —9) ’ Hys= (s — sj)w,
(5j41—=5)%  (sj41— ;) ($j41 —5;)°
(s —s;)* (s —s;)° (s —s;)?
Hi,,=3 - : Hija=(s—5j41)———; (A2)
A (Sj+1 - Sj)2 (Sj+1 - Sj)3 el o (Sj+1 - Sj)2
first derivatives of the cubic Hermite polynomials,
H . = —6 ( (Sj41—5) (41 — 5)? )
Aql — - El
! (Sj+1_sj) (Sj+1—Sj) (Sj+1_sj)2
oo 6 ( (s—s) (s —s;)° )
j+1,1 — 2 ’
(Sj+1 —Sj) (sj+1_sj) (Sj+1 —Sj)
;o (s — Sj+1)2 2(s —s;)(s — 5j41)
2 — )
! (841 —Sj)2 (841 —Sj)z
e 2s —s, s
H/j+1,2 — (S SJ) - (S SjJrl)(s - SJ) (A3)
(Sjt1—58;) (Sj41 = 55)

As already mentioned, the matrices A and B in (2.34) have a block-tridiagonal
structure because of the local basis of the Hermite polynomials. Due to this basis,
only neighbouring radial grid points couple together. That is, a single block connects
two neighbouring radial coordinate points. The overlapping elements (diagonal ele-
ments) are superpositions of the neighbouring blocks and the total dimension of a
block is Ng =2 X 2N¢N,,N,,.
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FIGURE 30. (a) Quadratic Hermite polynomials, (b) cubic Hermite polynomials and (c) first
derivatives of the cubic Hermite polynomials on an interval s; <s <sj41.

A.2 Computation of the matrix elements

In the following, we describe vicariously the computation of elements of matrix B.

A%S, 1,1

Using the test function Z Fig (2.36) and a component w, (2.30) of the symbolic
vector w (2.29), the inner product (2.33) yields

/ dVﬁ?’};"iﬁ(s, v, u)L g (s, v, u) (s, v, u)
N oy

_ Ti(mu+nv) —2mi(mu+nv) ~ 5

_/ds/du/dv h’m(s)i (e ) _e ) J8EL ¢y

EQf:f(x,v,u)

mmn pj 2mi(mu+nv) xm,n j —2mi(mu+nv)
> (e + &R (s)e ) | (A4)

m,n,j.q

In the case of 3-D equilibria, the equilibrium quantities are functions of s, u and
v and their Fourier representation reads

EQ (s, v.u) =) eq ()M 4 oq t (s)e>mkr!V (AS)
k.l
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with the complex eq 5 and complex conjugate eq I coefficients. Inserting the
Fourier representatlon (AS) into (A4), we obtain

/dsh;q(s)Zh (S)Z/du/dv |:
J-q

m,n

2leqf f(s)e27r1(mu+nu) 27r1(ku+lv) 2n1(mu+nv) (k = —m— m, | =—7 — i’l)
1 2ri(u-+iv) 2n1(ku+lv) 27'[1(mu+nv) ~ ~
—2—eq”(s)e (k=m—m, l=n—n)
+ 2leqx;kfl (s)e2rri(n'm+ﬁv)672ni(ku+lu)e27ri(mu+nu) (k — I’;"l + m, l — Fl + I’l)

2 eq;kfl (s)efzni(nﬁwrﬁv)672ni(ku+lv)eZni(mqunv)

m.,n
i|cf1q

+/‘dsh";-yq(s)Zh (S)Z/du/dv |:
J-q

m,n

(k=—m+m, | =—n-+n)

2_eqff(s)e2m(mu+nu) 27r1(ku+1v) 72711(mu+nv) (k — _n~1 + m, l — —fl + n)
1 —2xi(mu-+nv) 2n1(ku+lv) —2xi(mu+nv) ~ ~
—Z—eq”(s)e e (k=m+m, l=n+n)
+ 2leqjkfl (s)e2ni(rhu+ﬁv)672ni(ku+lu)ef2ni(mu+nv) (k — = m, =7 — I’l)
. 2leq:kfl (s)672ni(n~1u+ﬁv)6727ri(ku+lv)672ni(mu+nv) (k = — m, | = —i1 — I’l)
~vm,n
i|cf Jq
— Bljl,n?,mlﬁ,n mn B{,Z,ﬁz,m,ﬁ,n . n A
Z ftigia S5ia ¥ Bfpiag i (A6)
J.m,n,q

and, analogously, for the test function i*f 1” (2.37)

dVEemis v u)L (s, v, W)W (s, v, 1) = B Lmmin mn - p22m i gmn
/ 25, ( )L 74 YW ( )= Z f.fidda fia T fofiigaq  fia
j.m,n.q

(A7)

The integration over the poloidal and toroidal coordinates in combination with
the summation Zk,, only yields non-vanishing contributions if m, m, k and 7, n, [
fulfil the conditions given on the right side of (A6). Using the weighting coefficients
g1 = 0.173927422568727, g, = 0.326072577431273, g3 = 0.326072577431273 and
g4 = 0.173927422568727, the radial integral within an interval of two neighbouring
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radial grid points s, <s < 5,4 1s numerically integrated at four special radial grid
points

s =s,, — facsl xds, s,=s, —facs2 x ds,
s3=s,, +facs2 x ds, s4=s, + facsl x ds (A8)

with 5, =0.5(s; +5;41), ds=(sy;1 —sy) and the factors facsl =
0.430568155797026 and facs2 = 0.169990521792428, that is,

T g wreq o 6)= S K (gt (s A9
o dshy(9eq o) m(s)-le L GsDed (sphy (s) x g (A9)

°J
with je[j, j/+1]and j e[}, j + 1].

Appendix B. The COTRANS code

The COTRANS (coordinate transformation) code connects the equilibrium codes
NEMEC and GVEC with the CASTOR3D code (see figure 5). The code executes
the following tasks:

(1) it reads the equilibrium input;

(i) it transforms the equilibrium coordinates into the flux coordinate type desired
for the CASTOR3D stability studies (Strumberger ef al. 2005), that is,
equilibrium flux coordinates (NEMEC coordinates), 2-D straight field line
coordinates (only in the case of axisymmetric equilibria) or Boozer coordi-
nates. Besides, it is possible to choose between the following radial coordinate

types

D, D, v, — v Yy — ¥
§= tot’ § = tot’ §= b a’ or s= b a (Bl)
¢0 ¢0 l110 - "IIO lI/O - 11/0

with toroidal flux @, its total value &,,. poloidal flux ¥ and its axis ¥, and
boundary values ¥, respectively;

(iii) it creates the radial grid (equidistant or non-equidistant) which shall be used
in the CASTOR3D code and, within each grid interval, it determines the four
radial grid points (A8) used for the radial integration (A9). The user can choose
between a user-defined non-equidistant grid and several automatically created
non-equidistant grids depending on the instabilities of interest;

(iv) at every radial integration point, it computes all combinations of equilibrium
quantities needed by the CASTOR3D code and converts them into their
Fourier representation (A5);

(v) it writes the equilibrium input file for CASTOR3D.

The code is MPI and OMP parallelised and uses a fast Fourier transformation
technique which enables the quick processing of highly resolved 3-D equilibria.

The separation into COTRANS and CASTOR3D was necessary because the com-
putations performed with the COTRANS code, even though it is highly optimised,
can still be very time- and memory-consuming, and, usually, one COTRANS run
provides the input for many CASTOR3D runs.
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