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Abstract. Michael Handel proved in [A fixed-point theorem for planar homeomorphisms.
Topology 38 (1999), 235-264] the existence of a fixed point for an orientation-preserving
homeomorphism of the open unit disk that can be extended to the closed disk, provided that
it has points whose orbits form an oriented cycle of links at infinity. Later, Patrice Le Calvez
gave a different proof of this theorem based only on Brouwer theory and plane topology
arguments in [Une nouvelle preuve du théoréme de point fixe de Handel. Geom. Topol.
10 (2006), 2299-2349]. These methods improved the result by proving the existence of a
simple closed curve of index 1. We give a new, simpler proof of this improved version of
the theorem and generalize it to non-oriented cycles of links at infinity.

1. Introduction

Handel’s fixed point theorem [7] has been of great importance for the study of surface
homeomorphisms. It guarantees the existence of a fixed point for an orientation-preserving
homeomorphism f of the open unit disk D = {z € C: |z|] < 1} provided that it can be
extended to the boundary S' = {z € C : |z| = 1} and that it has points whose orbits form an
oriented cycle of links at infinity. More precisely, there exist n points z; € ID such that

lim ffe)=aieS', lim fKz)=weSs',
k——o00 k——+00

i=1,...,n, where the 2n points {«;}, {w;} are different points in S I and satisfy the
following order property:

(*) a1 is the only one of these points that lies in the open interval in the oriented circle
S from w;_; to w;.

(Although this is not Handel’s original statement, it is an equivalent one, as already
pointed out in [9].)

Le Calvez gave an alternative proof of this theorem [9], relying only on Brouwer
theory and plane topology, which allowed him to obtain a sharper result. He weakened
the extension hypothesis by demanding that the homeomorphism be extended just
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to DU (U;ez /nziei, ®i}), and he strengthened the conclusion by proving the existence
of a simple closed curve of index 1.

We give a new, simpler proof of this improved version of the theorem, and we generalize
it to non-oriented cycles of links at infinity; that is, we relax the order property (x) as
follows.

Let P C D be a compact convex n-gon. Let {v; : i € Z/nZ} be its set of vertices and, for
eachi € Z/nZ, let ¢; be the edge joining v; and v;11. We suppose that each ¢; is endowed
with an orientation, so that we can tell whether P is to the right or to the left of ¢;. We say
that the orientations of e; and e; coincide if P is to the right (or to the left) of both e; and
ej,i, jeZ/nZ.

We define the index of P by

) 1
l(P):l—E'Z 8i.
i€Z/nZ

where §; = 0 if the orientations of ¢;_; and e; coincide, and §; = 1 otherwise.
We define «; and w; to be respectively the first and last points where the straight line A;
containing e; and inheriting its orientation intersects d1D.

(a) Handel's index 1 polygon

(©) wi = iy Vi

FIGURE 1. The hypothesis of Theorem 1.1.

We say that a homeomorphism f : D — ID realizes P if there exists a family (z;);ez/nz
of points in D such that for all i € Z/nZ,

lim f*Gz)=a;, lim f*z) =
k——00 k— 400
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We will prove the following theorem.

THEOREM 1.1. Let f:DD — D be an orientation-preserving homeomorphism which
realizes a compact convex polygon P CID where the points o;, w;, i € Z/nZ, are all
different. Suppose that f can be extended to a homeomorphism of D U (UiEZ/nZ{ai’ wi}).
Ifi(P) #0, then f has a fixed point. Furthermore, if i(P) = 1, then there exists a simple
closed curve C C D of index 1.

The two polygons appearing in Figures 1(a) and (b) satisfy the hypothesis of this
theorem. However, the polygon illustrated in (c) does not, as there are coincidences among
the points {¢;}, {w;}, i € Z/nZ.

The structure of this paper is as follows. In §2 we will recall the notion of brick
decompositions (the main tool of this paper), and relate them to the existence of simple
closed curves of index 1. We also state the results we use from [9] and give some
proofs for the sake of completeness. In §3 we use brick decompositions to define
and study configurations of ‘repellers and attractors at infinity’, with orbits connecting
repeller/attractor pairs. We prove that the existence of configurations of this kind
guarantees the existence of a fixed point, or even a simple closed curve of index 1. In
§4 we prove Theorem 1.1: we show that whenever the hypotheses of the theorem are
satisfied, either one can construct one of the configurations studied in §3, or there exists a
simple closed curve of index 1.

2. Preliminaries

2.1.  Brick decompositions. A brick decomposition D of an orientable surface M is a
one-dimensional singular submanifold (D) (the skeleton of the decomposition), with
the property that the set of singularities V is discrete and such that every o € V has
a neighborhood U for which U N (2(D)\V) has exactly three connected components.
We have illustrated two brick decompositions in Figure 2. The bricks are the closure of
the connected components of M\ X (D) and the edges are the closure of the connected
components of ¥ (D)\ V. We will write E for the set of edges, B for the set of bricks, and
D = (V, E, B) for a brick decomposition.

—
[T T ] ;

(@ M=R? (b) M =R\ {0}

FIGURE 2. Brick decompositions.

Let D = (V, E, B) be a brick decomposition of M. We say that X C B is connected
if given two bricks b, b’ € X, there exists a sequence (b;)o<;<n, Where bo =b, b, = b’
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and such that b; and b; 41 have non-empty intersection, i € {0, ..., n — 1}. Whenever two
bricks b and b’ have non-empty intersection, we say that they are adjacent. Moreover, we
say that a brick b is adjacent to a subset X C B if b ¢ X, but b is adjacent to one of the
bricks in X. We say that X C B is adjacent to X’ C B if X and X’ have no common bricks
but there exist b € X and b’ € X’ which are adjacent.

From now on we will identify a subset X of B with the closed subset of M formed
by the union of the bricks in X. In doing so, there may be ambiguities (for instance,
two adjacent subsets of B have empty intersection in B and non-empty intersection in
M), but we will draw attention to this when this happens. We remark that 9.X is a one-
dimensional topological manifold and that the connectedness of X C B is equivalent to the
connectedness of X C M and to the connectedness of Int(X) C M as well. We say that the
decomposition D’ is a subdecomposition of D if ©(D’) C (D).

If f: M — M is a homeomorphism, we define the map ¢ : P(B) — P(B) as follows:

o(X)={beB: f(X)Nb#7).

We remark that ¢(X) is connected whenever X is. We define analogously a map ¢_ :
P(B) — P(B):
o-(X)={beB: f~{X)Nb+0).

b

o({b})

—
I

\;\
We define the future [b]> and the past [b]< of a brick b as follows:
(bl> = J " @D, 1< =] o" (1b}.

k>0 k>0

We also define the strict future [b]~ and the strict past [b]~ of a brick b:

(bl =J " @D, 1< = et b).
k>0 k>0
We say that a set X C B is an attractor if it satisfies ¢(X) C X; this is equivalent in
M to the inclusion f(X) C Int(X). A repeller is any set which satisfies ¢_(X) C X. In
this way, the future of any brick is an attractor, and the past of any brick is a repeller. We
observe that X C B is arepeller if and only if B\ X is an attractor.

Remark 2.1. The following properties can be deduced from the fact that X C B is an

attractor if and only if f(X) C Int(X).

(1) If X C Bisanattractor and b € X, then [b]> C X;if X C Bisarepellerand b € X,
then [b]< C X.

(2) If X C B is an attractor and b ¢ X, then [b]< N X =@; if X C B is a repeller and
b ¢ X, then [b]> N X =0.

(3) If b € B is adjacent to the attractor X C B, then [b]. N X # @; if b € B is adjacent
to the repeller X C B, then [b]- N X # @.
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(4) Two attractors are disjoint as subsets of B if and only if they are disjoint as subsets of
M in other words, two disjoint (in B) attractors cannot be adjacent; and two disjoint
(in B) repellers cannot be adjacent.

The following conditions are equivalent:
belbl., [bls=I[bl>, belb],
[bl< =[bl<, [bl<N[bl>#0, [bl<N[b]ls #Y.

The existence of a brick b € B for which any of these conditions is satisfied is equivalent
to the existence of a closed chain of bricks, that is, a family (b;);ez/rz of bricks such that
foralli € Z/rZ, Uy f*(bi) Nbiy1 # 0.

In general, a chain for f € Homeo(M) is a family (X;)o<;<, of subsets of M such
that forall0<i<r—1, Uk>1 fk(Xi) N X;+1 # . We say that the chain is closed if
X, = Xo. B

We say that a subset X C M is free if f(X)NX =0.

We say that a brick decomposition D = (V, E, B) is free if every b € B is a free subset
of M. If f is fixed point free it is always possible, taking sufficiently small bricks, to
construct a free brick decomposition.

We recall the definition of maximal free decomposition, which was introduced by Sauzet
in his doctoral thesis [11]. Let f be a fixed point free homeomorphism of a surface M. We
say that D is a maximal free decomposition if D is free and any strict subdecomposition is
no longer free. The following result is a consequence of Zorn’s lemma.

LEMMA 2.2. If D is afree brick decomposition of M, then there exists a subdecomposition
D’ of D which is free and maximal.

2.2.  Brouwer theory background. We say that I : [0, 1] — D is an arc if it is continuous
and injective. We say that an arc I" joins x € D to y € D, if rO)=xand I'(l) =y. We
say that an arc I" joins X CDto Y C D, if " joinsx € X toy € Y.

Fix f € Homeot (D). An arc y joining z ¢ Fix(f) to f(z) such that

fw)ny={z f(@)}
if f2(z) =z and
fFy)ny={f(}

otherwise, is called a translation arc.

PROPOSITION 2.3. (Brouwer’s translation lemma [1, 2, 4, 6]) If any of the two following
hypotheses is satisfied, then there exists a simple closed curve of index 1:

(1)  there exists a translation arc y joining z € FiX(fz)\FiX(f) to f(2);

(2)  there exist a translation arc y joining z ¢ Fix(f?) to f(z) and an integer k > 2 such

that f*(y) Ny #@.

If z ¢ Fix(f), there exists a translation arc containing z; this is easy to prove once one
has established that the connected components of the complement of Fix(f) are invariant.
For a proof of this last fact, see [3] for a general proof in any dimension, or [8] for an easy
proof in dimension two.
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We deduce the following corollary.

COROLLARY 2.4. If Per(f)\Fix(f) # @, then there exists a simple closed curve of
index 1.

PROPOSITION 2.5. (Franks’ lemma [5]) If there exists a closed chain of free, open and
pairwise disjoint disks for f, then there exists a simple closed curve of index 1.

Following Le Calvez [9], we will say that f is recurrent if there exists a closed chain of
free, open and pairwise disjoint disks for f.

The following proposition is a refinement of Franks’ lemma due to Guillou and Le Roux
(see [10, p. 39]).

PROPOSITION 2.6. Suppose that there exists a closed chain (X;)icz/rz for f of free
subsets whose interiors are pairwise disjoint and which satisfy the following property:
given any two points z, 7/ € X;, there exists an arc y joining z and 7' such that y\{z, 7’} C
Int(X;). Then f is recurrent.

We deduce the following proposition.

PROPOSITION 2.7. Let D= (V, E, B) be a free brick decomposition of D\ Fix(f). If
there exists b € B such that b € [b]~, then f is recurrent.

2.3.  Previous results. Fix f € Homeo™ (D), different from the identity map and non-
recurrent. We will make use of the following two propositions from [9] (both of them
dependent on the non-recurrent character of f). The first [9, Proposition 2.2] is a
refinement of a result already appearing in [11]; the second is [9, Proposition 3.1].

PROPOSITION 2.8. [9,11] Let D = (V, E, B) be a free maximal brick decomposition of
D\Fix(f). Then the sets [b]>, [b]-, [bl<, and [b]< are connected. In particular, every
connected component of an attractor is an attractor, and every connected component of a
repeller is a repeller.

PROPOSITION 2.9. [9] If f satisfies the hypothesis of Theorem 1.1, then for all i € Z./nZ
we can find a sequence of arcs ()/l-k)kez such that:

° each yl.k is a translation arc from f*(z;) to f*t1(z;);

o fWHNYK=0ifk <k;

° the sequence (yik)kfo converges to {«;} in the Hausdorff topology;

° the sequence ()/,-k)kzo converges to {w;} in the Hausdorff topology.

This last result is a consequence of Brouwer’s translation lemma and the hypothesis on
the orbits of the points (z;);ecz/xz. In particular, the extension hypothesis of Theorem 1.1
is used. Given the centrality of this proposition to our paper, we include a proof due to Le
Calvez (already contained in [9]) in what follows.

Fix f € Homeo™ (D) satisfying the hypothesis of Theorem 1.1. Let O; be the orbit of
Z;i, and zf.‘ = f*(z;), k € Z. We will need the three following lemmas, where we will omit
the index i for simplicity.

LEMMA 2.10. There exists a sequence of pairwise disjoint arcs (y"®) ez such that:
k 7k .

(] zey’r;

e Y NFix(f)=0:
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o fHNYR£Y;
° the sequence (y/k)kfo converges to {a};
° the sequence (y/k)kzo converges to {w}.

Proof. We can construct a homeomorphism 4 : D — (—1, 1)? such that:
o limy pi(x) =—1<limh '(x)=0a;
° lim; p1(x)) =1 < lim; h~'(x)) =w, where pi, po are the projections to the
horizontal and vertical coordinates;

° p1 is injective on h(0), where O is the orbit of z;
° the sequence pz(h(zk))kez is increasing.

Indeed, it is easy to construct a homeomorphism %’ : D — (—1, 1)? satisfying the first
two items. As

lim X ={a}, lim ¥ = {0},
k——o00 k—o00

for any k there are only a finite number of points in #'(O) on the same vertical line as
h'(z¥), and so we can perturb A’ in a homeomorphism 4" satisfying the first three items.
Once we have injectivity of p; on A”(0), we can compose h” with a homeomorphism
fixing each vertical line to have p; increasing on 4”7 (0).

For simplicity, we will no longer write /; we will suppose that p; and p; are defined
in D. Let /x be the open interval of (—1, 1) delimited by p1(z¥) and pi(zFt1), and
UX = I x (p2(zX), p2(zFt1)). Then (U¥)i<p and (U¥)z=0 are sequences of closed disks
in D converging respectively to {«} and {w}.

We can pick a point z/0 € U such that f(z"°) does not belong to the same vertical line as
any of the points in O. We can also pick a point z’! € U such that f(z'!) does not belong
to the same vertical line as any of the points in O, and such that f(z’') does not belong
either to the same vertical line as z”°, or the image of this vertical line or its preimage. We
can define inductively a sequence (7" k) kez such that:

o FeUk

o PFE)#pE) forallk, K € Z;

o PEH AP ITkEK,

o PUEN#EPE)itkEK.

So we can modify / (by composition with a homeomorphism fixing each vertical line, as
we did before) so as to have p»(z¥) < p2(f(2%)) < pa(ZFth).

The arguments that follow depend on the extension hypothesis of Theorem 1.1. As f
extends to a homeomorphism of DU {«, w}, and the sequences (z’k)kso and (z/k)kz()
converge respectively to {«} and {w}, we obtain that the sequences (f (z'k k<o and
(f (Z/k ))i>0 also converge to {«} and {w}, respectively. It follows that one can construct a
sequence (/ "y ez of open intervals of (—1, 1) such that:

o Ihcrk

o  Uk=T1%x(pr(zH), pr(z¥t1)) contains z’* and f(z%);

° the sequences of closed disks (U ’k)kgo and (U ’k)kzo converge respectively to {«}
and {w}.

We will construct our arcs y’k to be contained in U’* U {zk}. Thus, these arcs will be
pairwise disjoint and the sequences ("’ k k<o and (y” k )ik>0 Will converge respectively to {or}
and {w}.
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If there are only a finite number of fixed points in U’*, we can suppose that z’* is not
fixed and take an arc y’k cU*u {zk} disjoint from Fix(f), with an endpoint in Z*
containing both z’* and f(z%).

, and

If there are infinitely many fixed points in U’*, we can construct three arcs contained
in U’F U {z¥}, each one of them with an endpoint in z¥ and the other one in a fixed point,
such that these arcs meet only in z. We can also suppose that the only fixed point of these
arcs is their other endpoint. If one of these arcs meets its image outside its fixed extremity,
we can find a subarc y’* disjoint from the fixed point set and meeting its image as we
want. Otherwise, as f is orientation-preserving, necessarily the union of two of these three
segments must meet its image outside the fixed point set. If we delete a neighborhood of
the fixed extremity for both of these arcs, we obtain our arc y'%. O

By thickening the arcs given by the preceding lemma, and then taking the ‘smallest’
disk which is no longer free, we obtain the following lemma.

LEMMA 2.11. There exists a sequence of pairwise disjoint closed disks (D"*)xez, such

that:

° Zk e 3D/k,'

e  D*NFix(f) =0,

° f(D/k) N D’k £ @

e  f(Int(DM) NInt(D*) =@,

° the sequence (D’k)kfo converges to {o};
° the sequence (D’k)kzo converges to {w}.

The following lemma allows us to construct the desired translation arcs.

LEMMA 2.12. Suppose that f is not recurrent. Then there exists a sequence of pairwise
disjoint closed disks (Dk)kez such that:

ZF € Int(DY);

D* NFix(f) =0;

f (D" N D* £ 0;

F(D"N DK = f2A(D*YN DK =0 ifk <k;

the sequence (Dk k<0 converges to {o};

the sequence (Dk)kzo converges to {w}.

Proof. Let (D'*)ic7 be the sequence of pairwise disjoint closed disks given by
Lemma 2.11. If y is an arc joining z¥ and a point 7/ € 8 D’* which is contained in Int(D’*)
except for its endpoints, then y is free. Indeed, as Int(D’*) is free, f(y) Ny # @ implies
either z5 € f(y) Ny or 2K € f(y) Ny. The first case is impossible because z¥~!, the
preimage of z¥, is contained in D’*~! which is disjoint from D’*. The second case implies
(as D'* NFix(f) # ) that ¥ = f£(z*), which is also impossible as z¥*! is contained in
D’*1 which is disjoint from D’*.

Take a point x; € dD* N f~1(9 D), and two arcs yX, )qk_ contained in Int(D’*) except
for their endpoints, the former joining x* and z¥, and the latter joining z* and f(x¥), and
such that yX N yji = {zx}. If k¥’ <k, then the positive orbit of yf/ and y_‘k_/ meets yX and
y_]fr. As these arcs are all free, and we are supposing that f is not recurrent, we obtain that
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the positive orbit of yX and yji never meets yf/ or yf. Besides, as
lim kk:a, lim kk:a,
Jum yoyy {a} Jm yoyy {a}

we can find a closed disk D° neighborhood of y° yfg such that:

e DYNFix(f) =0,

o D'nykyk =D nykyt = fADY) Nyryk =0, ifk <0

o DOnykyk= 1D nykyk = 2D Nykyk =@, ifk > 0.
We obtain:

o VeInt(DY);

e f(DYHNDY£p.

Now we can choose a closed disk D! neighborhood of !y _il_ such that:

e D'NFix(f)=0;

e D'nykyk=rdYnykyk=r2dHnykyk=0,ifk <15

e D'nD’=fDHYND=f2(DHN D" =g;

o  D'nykyk=r"1DHYnykyk = 2D Nykyk =0, ifk > 1.
So,

o zleln(Dhy

e f(DHND' #£p.

We proceed inductively to construct our sequence (Dk VkeZ.- O

We are now ready to prove Proposition 2.9.

Proof of Proposition 2.9. Suppose that f is non-recurrent, and take a sequence of closed
disks (D¥)icz as in the preceding lemma. By taking a smaller disk if necessary, we can
suppose that the interior of each D is free. Take a point x; € dD’* N f~1(3 D), and
two arcs yX, yfﬁ contained in Int(D’*) except for one endpoint, the former joining x* and
z¥, and the latter joining z¥ and f(x¥), and such that yX N yf = {zx}. Then yfyﬁ is a
translation arc. As f is not recurrent, y* = yX y_’fr is a translation arc as well. Furthermore,
y* joins z¥ and z5¥*!. The other required properties of y* are satisfied because:

° y*¥ c DFU £(D*) and f extends to a homeomorphism of D U {«, w};

e DN U f(D¥) is disjoint from f(D*) U f2(D*) if k' < k. ]

Proposition 2.9 allows us to construct a particular brick decomposition suitable for our
purposes.

LEMMA 2.13. Let f satisfy the hypothesis of Theorem 1.1. For every i € Z/nZ, take

U;", a neighborhood of a; in D, and Ul-+, a neighborhood of w; in D, such that the sets

U, Ul-+, i € Z/nZ, are pairwise disjoint. There exist two families (bl{l)ieZ/nZ,lzl and

(bl{l)ieZ/nZ,lg—l of closed disks in D, and K > 0 such that:

(1) each bl/.l is free and contained in U;” (I < —1) orin Uﬁ (I1=1);

@) It NIt ) =0, ifl #1;

(3) foralli e Z/nZ, f¥*(z;) e Int®!™") for all 1 >0, and f~X~"(z;) e Int(p, ')
foralll > 0;

@  fMzpeblifandonlyifj=iandk =K +1— 1;

(5) forevery k > 1 the sets (b;l)1515k and (b;l)_k515_1 are connected;
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(6) forallieZ/nZ, 9 UleZ\{O} bl’.l is a one-dimensional submanifold;

(7) if x €D, then x belongs to at most two different disks in the family (b;l)lez\{o},
i € Z/nZ;

(8) the sequence (bl/-[ )i>1 converges to {w;} in the Hausdorff topology and the sequence
(bl/-[)15,1 converges to {a;} in the Hausdorff topology.

These families are illustrated in Figure 3. We remark that this consequence of
Proposition 2.9 is also contained in [9].

FIGURE 3. The families b/

Proof. We first note that we may suppose that yik NOo; = {zf-‘, zf-‘“} and yl.k N Oy =9if
i’ #1i. Indeed, if y' C yik\{z{.‘, zf“} is an arc, there exists a neighborhood U of y’ such

that any arc joining zf and zf *+1 contained in yik U U is a translation arc: just note that

foHny =foHnvl=y nrob =0

We take K > 0 large enough such that for all i € Z/nZ and k > K, yik C Uf and yi*k C
U;. We define arcs ,Bil, 1 € Z\{0}, by deleting the loops of the curves [], <K yl.k and
I k>K yik, respectively. More precisely, let ,31.1 = yiK and define inductively

Bl =y Kl 1y, 1>1,

where tl-[ is the last point where yl.K * intersects Ulj:1 ﬂi] .

We can now thicken these arcs (,3,-1)131 to obtain closed disks (blfl )i>1 in such a way that
they satisfy all the conditions of the lemma. We proceed analogously to obtain the family
of closed disks (blfl Vi<—1- O

Remark 2.14. The fact that the sequence (bl’.l )i>1 converges in the Hausdorff topology to
w; implies that we can find an arc

rf:o, 11— Int(U b;l) U {o;}

>0
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such that I‘i"’(l) = wj, | € Z/nZ. Similarly, we can find an arc

T :[0,1]— Int(U b;’) U {o}

>0
suchthat I'; (1) = a;, i € Z/nZ.

COROLLARY 2.15. There exists a free brick decomposition (V, E, B) of D\ Fix(f) such
that for all i € Z/nZ and all | € Z\{0}, there exists bll- € B such that b;l - bf. Moreover,
we can suppose that this decomposition is maximal (see Lemma 2.2).

We will make use of Proposition 2.8 in the next section. Propositions 2.9 and
Lemma 2.13 will not be used until §4.

3. Repeller/attractor configurations at infinity
3.1.  Cyclic order at infinity. Let (a;);cz/n7 be a family of non-empty, pairwise disjoint,
closed, connected subsets of D, such that @; N 9D # ¥ and U =D\(U;cz/nz @) is a
connected open set. As U is connected, and its complementary set in C
zeC:lzlznu |J a
i€Z/nZ
is connected, U is simply connected.

With these hypotheses, there is a natural cyclic order on the sets {g;}. Indeed, U is
conformally isomorphic to the unit disk via the Riemann map ¢ : U — D, and one can
consider Carathéodory’s extension of g,

¢ U —D,
which is a homeomorphism between the prime ends completion U of U and the closed
unit disk D. The set J; of prime ends whose impression is contained in a; is open and
connected. It follows that the images J; = @(f,-) are pairwise disjoint open intervals in S!,
and are therefore cyclically ordered following the positive orientation in the circle.

3.2. Repeller/attractor configurations. We fix f € Homeo™ (D) together with a free
maximal decomposition in bricks D = (V, E, B) of D\ Fix(f).
Let (R)icz/nz and (A;)iez/nz be two families of connected, pairwise disjoint subsets
of B such that:
(1) foralli € Z/nZ,
(a) R;isarepeller and A; is an attractor;
(b) there exist non-empty, closed, connected subsets of D, r; C Int(R;), a; C
Int(A;) such that 7; N 0D £ @ and a; N dD # &;
2) D\(Uiez/nz(ai U r;)) is a connected open set.
We say that the pair ((R;)iez/nz, (Ai)iez/nz) is a repeller/attractor configuration of
order n.
We write
&= {Rl‘, Ajie Z/VLZ}.
Property (2) in the previous definition allows us to give a cyclic order to the sets
ri, a;i, i € Z/nZ (see the beginning of this section).
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We say that a repeller/attractor configuration of order n > 3 is an elliptic configuration
(Figure 4(a)) if:
(1) the cyclic order of the sets r;, a;, i € Z/nZ, satisfies the elliptic order property

aygy—>rp—>day —> - —>a > ri42 —> diy1 —> -+ —> dp—1 —> 1 —> 4o,

(2) foralli € Z/nZ there exists a brick b; € R; such that [b;]> N A; # 0.

We say that a repeller/attractor configuration is a hyperbolic configuration (Figure 4(b))
if:
(1) the cyclic order of the sets r;, a;, i € Z/nZ, satisfies the hyperbolic order property

ro—>ag—>r1—>ay—>:--—>r —>aq > iyl —> diy1 —> > Ipn—1 —> au—1 —> 10,

) for. all i € Z/nZ there exist two bricks b; bf_l € R; such that [bf]> N A; # ¥, and
(5,11 N A1 #£0.

(a) ' (b)

<

FIGURE 4. (a) An elliptic configuration. (b) A hyperbolic configuration.

We will prove the following propositions.

PROPOSITION 3.1. If there exists an elliptic configuration of order n >3, then f is
recurrent.

PROPOSITION 3.2. If there exists a hyperbolic configuration of order n >?2, then

Fix(f) # 0.

One might think that Proposition 3.2 should give a negative-index fixed point, as the
example that comes to mind is that of a saddle point (see Figure 5). However, this is not
the case, as the following example shows.

Example 1. Let fi be the time-one map of the flow whose orbits are drawn in Figure 6.

One can perturb f7 in a homeomorphism f such that:

(1) Fix(f) = Fix(fi) = {x}:

(2) f = f1in aneighborhood of x;

(3) f=f1 in a neighborhood of S' (and so f preserves the repellers and attractors
drawn as dotted lines);

(4) thereis an f-orbit from Rg to Ay;

(5) thereis an f-orbit from R; to Ag.
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Ay

A

FIGURE 5. A hyperbolic configuration arising from a saddle point.

Ag

AL NN,

FIGURE 6. A hyperbolic configuration without a fixed point of negative index.

So ((Ri)iez/2z, (Ai)iez/2z) is a hyperbolic configuration for f, but the only fixed
point f has is an index-one fixed point.

We define an order relationship in the set of repeller/attractor configurations of order n:
((R)iez/nzs (ADicz/nz) < (R)iez/nz, (A)iez/nz)
if and only if, for all i € Z/nZ,
A; CA; and R; CR.

As the union of attractors (respectively, repellers) is an attractor (respectively, repeller),
the existence of an elliptic (respectively, hyperbolic) repeller/attractor configuration
implies the existence of a maximal elliptic (respectively, hyperbolic) repeller/attractor
configuration by Zorn’s lemma.

Example 2. The hyperbolic configuration in Figure 5 is maximal.

https://doi.org/10.1017/50143385712000338 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385712000338

Handel’s fixed point theorem revisited 1597

We will assume for the rest of this section that f is non-recurrent. In particular, for any
brick b € B, the sets [b]>, [b]~, [b]<, and [b] < are connected (see Proposition 2.8).
The following lemma is an immediate consequence of the maximality of configurations.

LEMMA 3.3. Let ((Ri)icz/nz, (Ai)iez/nz) be a maximal configuration (either elliptic or
hyperbolic), and consider a brick b € B\ UieZ/nZ(Ri U A;). If b is adjacent to R;, then
there exists j #1 such that [b]l< N R;j # 0 in B. If b is adjacent to A;, then there exists
J #isuchthat [b]. NA; #0in B.

Proof. Let b € B\ UieZ/nZ(Ri U A;) be adjacent to R;. As both R; and [b]< are
connected and they intersect, it follows that the repeller R = [b]< U R; is connected. As
our configuration is maximal and R; C R, there exists X € E\{R;}, such that RN X #
(in B). As the sets in £ are pairwise disjoint, and b does not belong to X, this implies
that [b]-NX #@ (in B). So X =R; for some j #i, because [b]< cannot intersect
any attractor (see Remark 2.1, item (2)). The second statement in the lemma is proved
analogously. O

We say that a brick b € B is a connection brick from R; to A if:
(1) b€ B\ Ujez/nz(Ri U Ai);
(2) bisadjacentto R;; and
(3)  [b]- contains a brick b" € B\ J;cz,,7(Ri U A;) which is adjacent to A;.

FIGURE 7. A connection brick.

LEMMA 3.4. Let ((Ri)iez/nz, (Ai)icz/nz) be a maximal elliptic or hyperbolic
configuration. The following two conditions guarantee the existence of a connection brick
from R; to A;.

(1)  There exists a brick b ¢ Uiez/nZ(R,- U A;) which is adjacent to both R; and A;.

(2) R is not adjacent to A;.

Proof. (1). Let b’ ¢ UieZ/nZ(Ri U A;) be adjacent to both R; and A;. As a subset of B,
the repeller [b’]- meets a repeller R ;j different from R; (Lemma 3.3), meets R; because b
is adjacent to R; (Remark 2.1, item (3)), and does not meetany A;, j € Z/nZ (Remark 2.1,
item (2)). As itis connected, [b'] < contains a brick b which is adjacent to R;, which implies
that b ¢ UieZ/nZ(Ri U A;) (Remark 2.1, item (4)). As b’ € [b]~, and b’ is adjacent to A;,
b is a connection brick from R; to A;.
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(2). Assume that R; is not adjacent to A;. We know there exists b; € R; such that
[bi]> N A; £ 0. As [b;]> is connected, it contains a brick b" adjacent to A;. This brick b’
is not contained in R;; otherwise, R; would be adjacent to A;. Neither it is contained in
any attractor or in any repeller other than R; (Remark 2.1, items (2) and (4)). Therefore,
b' ¢ Uieznz(Ri U Ai) -

As b; € [b']< and [b']< is connected, [b']< contains a brick b adjacent to R;. If
b € [b']-, then b is a connection brick from R; to A; (again, b ¢ UieZ/nZ(Ri U A;) by
Remark 2.1, items (2) and (4)). If b = b/, then b is adjacent to both R; and A; and, by the
previous item, we are done. O

Remark 3.5. Connection bricks do not always exist; Figure 5 exhibits an example. Of
course, none of the conditions of Lemma 3.4 is satisfied. Indeed, in this example
UieZ/ZZ(Ri U A;) = B and R; is adjacent to A; for all i € Z/27.

3.3. The elliptic case. The following consequences of the elliptic order property will be
used in the proof of Proposition 3.1.

LEMMA 3.6. Let (R))iez/nz, (Aiicz/nz) be an elliptic configuration.

(1) IfC C B is a connected set containing both R; and A;, and C N (Rjy1 U A1) =0
in B, then Ri+1 and A;y1 belong to different connected components of D\ Int(C); in
particular, Riz1 N Aj+1 =0 in D.

(2) IfC C B is a connected set containing both R; and R;11, and C N (R;—1 U A;_1) =
@ in B, then R;_1 and A;_1 belong to different connected components of D\ Int(C);
in particular, Ri_1 N Aj_1 =@ in D.

(3) If C C B is a connected set containing every repeller R;, and disjoint (in B)
from every attractor A;, then the n attractors {A;} belong to n different connected
components of D\ Int(C).

Proof. (1) First we remark that C N (R;+1 U A;j+1) =@ in B implies
Int(Ri11) NInt(C) =@ and Int(A;41) NInt(C) = 34.

Furthermore, Int(C) is a connected set containing both r; and a;. Thus, the elliptic order
property implies that r; 1 and a; 1 belong to different connected components of D\ Int(C).
Now, Int(R;+1) and Int(A; 1) belong to different connected components of D\ Int(C). As
each connected component of D\ Int(C) is closed (in D), we obtain that R; 1 and A;
belong to different connected components of D\ Int(C); in particular, Rij4+1 N Aj11 =0
in D.

(2) As before, we know that Int(R;_;) NInt(C) =@ and Int(4;_;) NInt(C) =4@.
Furthermore, Int(C) is a connected set containing both r; and r; 1. So the elliptic order
property implies that r;_; and a; _1 belong to different connected components of D\ Int(C).
It follows that Int(R;_1) and Int(A;_1) belong to different connected components of
D\ Int(C), and we conclude as in the preceding item.

(3) As before, we know that Int(A;) N Int(C) = @ for all i € Z/nZ. Furthermore, Int(C)
is a connected set containing r; for all i € Z/nZ. So the elliptic order property implies that
each a;, i € Z/nZ, belongs to a different connected component of D\ Int(C). It follows
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that each Int(A;), i € Z/nZ, belongs to a different connected component of D\ Int(C), and
we conclude as in the preceding item. O

LEMMA 3.7. Let ((Ri)iez/nz, (Ai)iez/nz) be a maximal elliptic configuration. Then, for
some i € 7./nZ, there exists a connection brick from R; to A;.

Proof. Because of Lemma 3.4, it is enough to show that for some i € Z/nZ, R; is not
adjacent to A;.

If R; is adjacent to A;, then C = R; U A; is a connected set containing R; and A;.
Furthermore, C N (R;4+1 U A;j41) = @ in B, because the sets in £ are pairwise disjoint. So,
item (1) of the preceding lemma tells us that R; 1| N A;j+; =@ in D. In particular, R;
cannot be adjacent to A; 1. O

The following lemma tells us that it is enough to prove Proposition 3.1 for configurations
of order n = 3.

LEMMA 3.8. Let ((Ri)iez/nz, (Ad)iez/nz) be an elliptic configuration of order n > 3.
Then there exists an elliptic configuration ((Rl{)ieZ/(n—l)Za (A;),-ez/(,,_l)z) of ordern — 1.

Proof. We claim that there exists a brick b € Rg such that [b]> N Aj # §. Indeed, we recall
that for all i € Z/nZ there exists b; € R; such that [b;]> N A; # ¢, and that the future of
any brick is connected. By Remark 2.1, item (2),

(RoU[bol> UAg)N Ry =0 inB.
So Lemma 3.6, item (1), implies that either
(RoU[bol> UAg)N A1 #0 in B,
or Int(Ro U [bo]> U Ap) separates R; from Aj. In the first case, necessarily
[bol>s NA1 #0 inB,
and we take b = by. In the second case, we obtain
(RoUlbyl>UA)N(RIU[b]1<UA) #P inB,

where bfr € [b1]l>= N A;. By Remark 2.1, item (2), we know that [bg]> N R =% and
[b)1< N Ag = ¢. So in fact

(Ro U lbol>) N ([b{1<UA|)#@ inB.

If Ry N [b 1< # @ in B, we take any brick b € Ry N [b] 1<; if [bol> N ([b] 1< U Ay) # 0
in B, we take b = by. (Note that b € [b ]< implies b} € [b]> N A;.) This finishes the
proof of our claim.
Now, by defining
Ry=Ro, R/ =Ry forl<i<n-2,
A=Ay for0<i<n-2,

we are done. O
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We are now ready to prove Proposition 3.1.

Proof of Proposition 3.1. Because of the previous lemma, we can suppose that there exists
an elliptic configuration of order n = 3 and take a maximal one,

((Ri)iezs3z, (Aiezs3z)-

We will show that our assumption that f is not recurrent contradicts the maximality of
this configuration. Lemma 3.7 allows us to consider a connection brick b from R; to
A;, for some i € Z/37Z, and there is no loss of generality in supposing that i =0. Let
b’ € B\ UieZ/3Z(Ri U A;) be adjacent to Ay and such that b’ € [b].. We will first show
that [b] - meets every repeller and no attractor in the configuration. Then, by defining A’
to be the connected component of B\(Ui €232 R; U [b].) containing A;, we will be able
to show that ((R;);ez/3z, (A;),-Ez/m) is an elliptic configuration strictly bigger than the
initial configuration, due to the fact that b" € A\ Ao.

Indeed, we know by Lemma 3.3 that [b]< N R; # @ for some j € {1, 2}. We will
suppose [b]< N R # ¥; the proof is analogous in the other case. We claim that this implies
[bl< N Ry # ¥. To see this, note that item (2) of Lemma 3.6 implies

RN (RyU[b2]> U Az) # 0,

where
R=RoU[b]l<UR;y.

So actually
[bl< N (R U [b2]>) # 9,

which implies [b]< N Ry # @.

We have obtained that R = ;7,37 Ri U [b]< is a connected repeller disjoint (in B)
from every attractor A;, i € Z/37Z (Remark 2.1, item (2)). Let A’j be the connected
component of B\R’ containing A; for all j € Z/3Z. Then the sets A/j Jj €Z/3Z, are
pairwise disjoint (in D) by the elliptic order property. We know that b’ € B\ R’; otherwise,
we would have b’ € [b]< as b’ ¢ UieZ/3Z(Ri U A;), which is impossible because b’ € [b]~
and we are supposing that f is non-recurrent. So, Ay is strictly contained in A;, and
we deduce that ((R;)iez/nz, (A;)iez/m) is an elliptic configuration strictly greater than
((Ri)iez/3z, (Ai)iez/3z), contradicting the maximality of the configuration. O

3.4. The hyperbolic case. In what follows, we deal with the hyperbolic case. The proof
of the following lemma is analogous to that of Lemma 3.6, substituting of course the
elliptic order property by the hyperbolic order property.

LEMMA 3.9. Let ((Ri)iez/nz, (Ai)iez/nz) be a hyperbolic configuration. If C C B is
a connected set containing R; and Ri4+1, and CN A, =@ in B for all m € Z/nZ, then
Int(C) separates (inD) A; fromany A;, j #1.

LEMMA 3.10. Let ((R;)iez/nz, (Ai)iez/nz) be a hyperbolic configuration. If X € £, then
there is only one connected component of B\ X containing sets in .
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Proof. We will suppose that X = R;, j € Z/nZ; the proof is analogous for any X € &.
We will show that the connected component C of B\R; containing A; contains every
X €&, X #Rj. As B\R; is an attractor, and there is a brick in R whose (connected)
future intersects A, we have that R;,| C C (we recall that every connected component
of an attractor is an attractor; see Proposition 2.8). As there is also a brick in R whose
future intersects A 1, the same argument shows that A, € C. By induction, we get that
every X € £\{R;} belongs to C. O

LEMMA 3.11. Let ((R))iez/nz, (Ai)iez/nz) be a maximal hyperbolic configuration. One
of the following statements is true:
(1) Fix(f) #9;

(2) there exists a connection brick from R; to Aj for some j € Z/nZ.

Proof. We will show that if Fix(f) =, then there exists a connection brick from R; to
Aj for some j € Z/nZ. By Lemma 3.4, we can suppose that R; is adjacent to A; for
alli e Z/nZ. If R; is adjacent to A;, either there is one connected component y of dR;
which is also a connected component of d A; or there is a point x € R; N A; N I(R; U A;).
If Fix(f) = ¢, then every connected component of d X is an embedded line in D, for any
X € &. So, if there were one connected component y of dR; which is also a connected
component of dA;, y would separate D into two connected components C; and Cj,
containing Int(A;) and Int(R;), respectively. Then Lemma 3.10 would imply that every
set in £\R; belongs to Cy, and that every set in £\A; belongs to C», which is clearly
impossible.

We are left with the case where there is a point x € R; N A; N d(R; U A;). This point x
is necessarily a vertex of X (D). It belongs to three bricks: one that belongs to R;, another
that belongs to A;, and a third that is adjacent to both R; and A;. This third brick does
not belong to any repeller or attractor, as it is adjacent to both R; and A; (see Remark 2.1,
item (4)). So, by Lemma 3.4, item (1), there exists a connection brick from R; to A;. O

We will prove Proposition 3.2 by induction on the order of the configuration. We begin
with the case n = 2.

PROPOSITION 3.12. [fthere exists a hyperbolic configuration of order two, then

Fix(f) # 0.

Proof. Suppose that there exists such a configuration and take a maximal one,

((R)iez2z, (ADiez2z)-

Because of Lemma 3.11, we can suppose that there exists a connection brick b from R;
to A; for some j € Z/27Z, and there is no loss of generality in supposing that j =0.
We take a brick b’ such that b’ € [b]., b’ € B\ UieZ/nZ(Ri U A;) and b’ is adjacent
to Ap. Here again, we will first show that [b]., the strict past of b, meets every
repeller and no attractor in the configuration. Then, by defining A as the connected
component of B\(Uiez 27 R; U[b]<) containing A;, we will be able to show that
((Ri)iez/2z (A;) iez,/2z) is a hyperbolic configuration strictly greater than the original one,
due to the fact that b’ € Aj)\ A.
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Because of Lemma 3.3 we know that [b]- N R # @ in B. So
R=RyUb<UR,

is connected and disjoint from every attractor in the configuration (see Remark 2.1,
item (2)). It follows that Int(R) separates Ao from Ay, this being the content of Lemma 3.9.
Let A] be the connected component of B\R containing A;, i € Z/27. Then Ay N A} = 0.
We know that b’ ¢ R, because b’ € [b]-, and otherwise f would be recurrent. So, b’
belongs to A6\Ao, contradicting the maximality of ((R;);icz/2z, (Ai)icz/22)- O

We are now ready to prove Proposition 3.2.

Proof of Proposition 3.2. We will show that, given a maximal hyperbolic configuration of
order n > 2,
((Riiez/nz, (Adiez/nz)s
we can construct a new hyperbolic configuration whose order is strictly smaller than »n (and
yet greater than or equal to 2). We can suppose there exists a connection brick b from Ry
to Ag. We take a brick b’ € [b]- such that b’ € B\ Uiez/nZ(R,- U A;) and b’ is adjacent
to Ap. By Lemma 3.3,
[bl<NR; #¥ for some i # 0.

We can suppose that i # 1; otherwise, we could use the same argument as we used for
the case n =2. Indeed, Lemma 3.9 would imply that Ry U Ry U [b]< is a connected
repeller which separates Ao from any other A;, j # 0. So, by replacing Ag by A(, the
connected component of B\(Ro U R; U [b]<) containing Ag, we would have a hyperbolic
configuration strictly bigger than the original one.

So, we may suppose that

i=min{je{l,....,n—1}:[bl<NR; £} #1.

We define
R=RoU[bl<UR;,

which is a connected repeller.

If we set R = R, then R;. =Rjforall 1 <j<i—1,and A/j =Aj foralli e Z/nZ,
0<j<i—1. Then ((R;.)jez/iz, (A/j)jez/,-z) is a hyperbolic configuration of order i,
2<i<n. O

4.  Proof of Theorem 1.1

In this section we prove Theorem 1.1. We fix an orientation-preserving homeomorphism
f : D — D which realizes a compact convex polygon P C DD, and can be extended to a
homeomorphism of D U (UieZ/nZ{ai’ w;}). We suppose that i (P) # 0, and we will show
that either f is recurrent, or we can construct an elliptic or hyperbolic repeller/attractor
configuration. We recall that recurrence of f implies the existence of a simple closed
curve of index one by Proposition 2.5.

Some polygons can be simplified, due to the fact that they may have ‘extra’ edges.
More precisely, we will say that the polygon P is minimal if, for every i € Z/nZ, the lines
{A; : j #1i} donot bound a compact convex polygon. The following lemma tells us that it
is enough to deal with minimal polygons (see Figure 8).
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LEMMA 4.1. The map f realizes a minimal polygon P’ such that i(P') =i(P), or a
triangle T such that i(T) = 1.

FIGURE 8. A non-minimal hexagon of index —2 presenting an index-one subtriangle.

Proof. If P is not minimal, then there exists i € Z/nZ such that the straight lines
{A;: j # i} bound a compact polygon P’ C . The line A; intersects in D both A;_; and
Aj41; it follows that necessarily

A1 NA 1 ND#G.
So the lines A;_1, A; and A; 1 bound a triangle 7 C ID. Moreover,
i(P)=i(P)+i(T),

and the only possibilities for the index of a triangle are O or 1.

If i(T) =1, we are done. Otherwise, i(P’) =i(P). If P’ is minimal, we are done.
If not, we apply the same procedure as before. We continue like this until we obtain an
index-one triangle, or a minimal polygon with the same index as P. |

Let us state our first proposition.
PROPOSITION 4.2. Ifi(P) =1, then f is recurrent.

We observe that Lemma 4.1 allows us to suppose that P is minimal; we will also
suppose that the boundary of P is positively oriented. With these assumptions, the order
of the points «;, w;, i € Z/nZ, at the circle at infinity satisfies:

W) —> 0 —> W] —> > W > U2 > Wiy —> > W] —> ] —> W).

From now on, we suppose that f is not recurrent. We apply Lemma 2.13 and obtain a
family of closed disks (b;l)lgz\{o},iez/nz.

Remark 4.3. The sets I'; N D, Fi+ N D defined in Remark 2.14 satisfy the elliptic order
property.

By Corollary 2.15, we can construct a maximal free brick decomposition (V, E, B)
such that for all i € Z/nZ and for all [ € Z\{0}, there exists bf € B such that bl’.l C bf.
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Remark 4.4. As Ul>0[b§] < is a connected set whose closure contains both «; and w;, if
I :[0, 1] — D is an arc that separates «; from w;, then I' N Ul>0[bf]5 #0.

LEMMA 4.5. If for some k >0, m > 0 and j € Z/nZ, both b’]‘. and b’j‘.+1 are contained in
[b; ™., then there exists | > 0 such that bJJr2 elb i_m]>.

Proof. 1f b’j‘. and b’]‘. 4 are contained in [b; 1>, then bf and bf 41 are contained in [b;” ™.
for all p > k (note that [b;” "1~ is an attractor, and that Lemma 2.13, item (6), implies that
bf C [blj‘.]z for all p > k). So, as [bl._m]> is connected, we can find an arc

210, 11— 572 U o). @j41)

joining w; and w;;1 (see Remark 2.14). Then I' separates o> from w;4; in D. By

Remark 4.4, we obtain
rn (U +2]<> #0.
[>0

So

67" (U +2]<) ")

>0

from which one gets (as the future of any brick is an attractor) that there exists / > 0 such
that ', € [b; "] O

LEMMA 4.6. (Domino effect) There exists k > O such that for all i, j € Z/nZ, [bi_k]>
contains b];.

Proof. Fix i € Z/nZ. There exists an arc

[0, 11— Jib; 'l Ufei, o}
>0

joining «; and w; (see Remark 2.14). Then I' separates ¢4+ from w;4 in D. So

Remark 4.4 yields that
rn (U[b +1]<>

>0

(U[bf’h) n (U[b’+1]<> £0,

[>0 >0

from which one immediately gets that there exist /;, m; > 0 such that bf’+ | € [bl._ i

As bf." €lb; "1, as well, the previous lemma tells us that there exists / > 0 such that
bf € [b; "i1_. We finish the proof of the lemma by induction, and then taking k > 0
large enough. O

We are now ready to prove Proposition 4.2.

Proof of Proposition 4.2. We will show that (([bi_k]<)iez/nz, ([bf.‘]>),-ez/nz) is an elliptic
configuration, where k > 0 is given by the preceding lemma. This contradicts our
assumption that f is not recurrent, by Proposition 3.1.
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We define r; =T, N U4 bi_k anda; =T;" N U=k bl].‘, i € Z/nZ; we may suppose
that the sets r;, a;, i € Z/nZ, are arcs (the sets I';” N D, Fl.‘Ir ND were defined in
Remark 2.14). These arcs a;, ri, i € Z/nZ, satisfy the elliptic order property (see
Remark 4.3). Furthermore, for all i € Z/nZ:

o riclhf
° a; C [bf.‘]>; and
o bielbF.

So, we only have to show that the sets {[bi_k]<}, {[b];]>}, are pairwise disjoint. As we
are supposing that f is not recurrent, the preceding lemma gives us that for any pair of
indices i, j in Z/nZ:

[b; 1< N1 = 0.
Let us show that for any pair of different indices i, j in Z/nZ one has
b7 1< N 16;4]< = 0.

Otherwise, there would existi # j such that [b;” k]< U [bj_k ]< is a connected set containing

ri and rj. As [b; k1. is a connected set containing a, for all p € Z/nZ (again by the

preceding lemma), the elliptic order property tells us that
(16 1< U b7 19 N Ib7H. #0.
We deduce (as f is not recurrent) that
[b7"1< N Ib; ¥ # 9,

but then [bj_k]< is a connected set containing both r; and r;, and once again the preceding
lemma and the elliptic order property imply that

(b 1< N [b711- #9,
a contradiction. To prove that for any pair of different indices i, j in Z/nZ one also has
[bf1- N [65]. =0,
it is enough to interchange the roles of < and >, k and —k in the foregoing proof. O
Our next proposition finishes the proof of Theorem 1.1.
PROPOSITION 4.7. Ifi(P) < 0, then Fix(f) # 0.

By Lemma 4.1 and Proposition 4.2, we can suppose that P is minimal. We would
also like to suppose that §; = 1 for all i € Z/nZ, so as to fix the cyclic order of the points
{a;}, {wi}, at the circle at infinity. For this reason, we introduce the following lemma.

LEMMA 4.8. If8; = 0 for some i € Z./nZ, then there exists g € Homeo™ (D) such that:
(1) Fix(g) =Fix(f);

(2) g = f ontheorbits of the points zj, j ¢ {i — 1, i},

(3)  there exists z € D such that limy_, _ oo g¥(z) = atj_1 and lim_, ;o0 g*(z) = w;.

We will need the following lemma, which is nothing more than an adaptation of Franks’
lemma (see §2.2, Proposition 2.5).
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LEMMA 4.9. Let (D;)o<i<p be a chain of free, open and pairwise disjoint disks for f,
and take two points x € Dy and y € D). Then there exist g € Homeo™ (D) and an integer
q > p such that:

° Fix(g) = Fix(f);

. g = f outside \JI_, Dj;

o gI(x)=fO).

Proof. Take z; € D; and k; > 0 the smallest positive integer such that f ki (zi) € Di41,
i €{0,..., p—1}. We may suppose that the chain (D;)o<;<p is of minimal length; that is,
every f k(z,'), 0 < k < k;, is outside Uf:o D;. We construct a homeomorphism /¢ which
is the identity outside Do and such that /o (x) = zo, and a homeomorphism /4, which is
the identity outside D, and such that hp(fkpfl(zp_l)) =y. Forie{l,...,p—1}, we
construct homeomorphisms #; such that:

° h; is the identity outside Dj;

o hi(fhii(zim) =z

Finally, we construct a homeomorphism /4 which is the identity outside Uf:o D; and
identical to h; in D;, i € {0, ..., p}. So, as the disks {D;} are free, g = f o h satisfy all
the conditions of the lemma. O

Proof of Lemma 4.8. We will first construct a brick decomposition that suits our purposes.
As the points «;_1, o, wi—1, w; are all different and f is not recurrent, we can construct
families of closed disks (blfk VkeZ\ {0} (blfk_ Dkez\{oy as in Lemma 2.13 with the property that
the interiors of the bricks in these families are pairwise disjoint.

Let 0 =J; eZ/nZ kel f k(z;).  Here again we construct a maximal free brick
decomposition such that for all / € Z\{0}, there exist bf., bLl € B such that bl/.’ C bf and
bl’l_ 1 C bf_l. Furthermore, we may suppose that for all x € O there exists b, € B such that
x € Int(by).

If §; = 0 for some i € Z/nZ, then P is either to the right of both A; and A;_1 or to the
left of both A; and A;_1. We will suppose that P is to the left of both lines, as the other
case is analogous. By Remark 2.14, we can find an arc

r:[0, 11— [ Jwl-

>0

joining «; and w;. Thus, I" separates in D «;_; from w;_;. This implies that there exist
two positive integers j, k such that

(b7 1- N[bf1- #0

(note that | j>0[b;_jl]> is a connected set whose closure contains «;_1 and w;_1).

Thus, we can find a sequence of bricks (by,)o<m<p such that by = bl.__jl, by = bf.‘ and
fOw)Nbys1 #0 if mef0,..., p—1}. We will suppose that this sequence is of
minimal length, that is,

fw)Nby 20=>m' =m+ 1. ()

We define, forall 1 <m < p — 1,
Xm =bp\O.
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We also define '
Xo=bo\(0 — {f-171%1 ;1))
and
X, =b,\(0 — {51z

(we recall from Lemma 2.13 that f’lH’j+1 (zi—1) 1is the only point of the orbit of z;_;
which lies in b, and that fi+*~1(z;) is the only point of the orbit of z; which lies in b,).
As every x € O belongs to the interior of a brick, we know that

JXm) N Xipy1 #9

itmel0,...,p—1}.

For each m € {0, ..., p — 1}, we take x,,, € X,;, such that f(x,) € X,,4+1. We take
an arc yg C X¢o from f’ki*I’HI(zi_l) to xp, and an arc y, C X, from f(x,_1) to
fhitk=1(z;). For each m € {1,..., p— 1} we take an arc y,, C X, joining f(x;,—1)

and x,,. As the interiors of the sets {X,,} are pairwise disjoint, the arcs {y,,} can only
meet in their extremities. However, condition () implies that the points {x,,} (and thus
the points {f(x;,)}) are all different. Indeed, if x,, = x,,, then f(x;) € X,y+1, and so
S (b)) Nbyryy 0. Tt follows by (%) that m =m’. On the other hand, if f(x,) = X/,
we obtain that f(b,,) N b, # @, and so m’ =m + 1. This means that the arcs {y;,} are
pairwise disjoint (some of them may be reduced to a point).

It follows that we can thicken the arcs {y,,} into free, open and pairwise disjoint disks
{D,,}, such that y,,, C D,,, and such that D,, N O = {J. By Lemma 4.9, we are done. O

LEMMA 4.10. Let f realize a minimal n-gon P such that i(P) <0. If §; =0 for
some i € Z./nZ, then there exists g € Homeo™ (D) realizing an (n — 1)-gon P’ such that
i(P") =i(P) and Fix(g) = Fix(f).

Proof. By Lemma 4.8, there exists g € Homeo™ (D) such that:

(1) Fix(g) =Fix(f);

(2) g = f onthe orbits of the points z;, j € Z/nZ, j ¢ {i — 1, i};

(3) there exists z € D such that limg_, _o g¥(z) = ;1 and limy_, 100 g5(2) = ;.

The lines (Aj) jez/nz\{i,i—1) and the straight (oriented) line A, from o;_1 to w; bound an
(n — 1)-gon P’ such that i (P") = i(P), and g realizes P’. O

By applying the previous lemma inductively, there exists g € Homeo™ (D) such that
Fix(g) = Fix(f) and g realizes a minimal n-gon P such that i (P) < 0, and §; = 1 for all
i € Z/nZ.

The next lemma finishes the proof of Proposition 4.7.

LEMMA 4.11. If f realizes a minimal n-gon P such that i(P) <0, and §; =1 for all
i € Z/nZ, then Fix(f) # 0.

Remark 4.12. With these assumptions, the cyclic order of the points {«;}, {w;} at the circle
at infinity satisfies
O > 0j—| = Wi4] —> W] = &j42

for all even values of i € Z/2mZ.
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We apply Lemma 2.13 and obtain a family of closed disks (b;l)leZ\{O},ieZ 2mz- We
construct a maximal free brick decomposition (V, E, B) such that, for all i € Z/2mZ and
for all / € Z\{0}, there exists b! € B such that b C b! (see Corollary 2.15).

We will suppose that f is not recurrent, and we will show that we can construct a
hyperbolic configuration.

LEMMA 4.13. (Hyperbolic domino effect) There exists k > 0 such that, for all even
values of i € Z/2mZ, both attractors [bi_k]> and [bl:kl]> contain b;‘ foralll e{i —2,
i—1,6,i+1}.

Remark 4.14. Note that for all i = 0 mod 2,

Wi—1 —> Wi —> o —> 0j—] —> Wi+] —> W;.
So the ‘future indices’ {i —2,i — 1,1, i + 1} are those coming immediately before and
immediately after the ‘past indices’ {i, i — 1} in the cyclic order.

Proof. By Remark 2.14, we can find an arc
r:10, 11— [ Jib; 1> U ey, i)

[>1

joining «; and w;. So I separates o;_1 from w;_; and «;41 from w; 4 (in ﬁ). Thus, there
exists / > 0 such that [b;']. N [b!_,1- # @ and [b;']. N[b!, 1< # . It follows that

<kLZJl bf—l) <kL>J[ bz+1> c ;!

Using Remark 2.14 again, we can find an arc
210, 11— [5; 1= U {wit1, @i-1)

joining w; 4 and w;_;. The cyclic order at S! of the points {«;}, {w;} implies that I/
separates w;_p from «;_5 in D. So
0 Jibf )< #0.
k>1
which implies that there exists j > 0 such that bl.j_2 €[b; .. By taking m > 0 large
enough, we obtain that b;” € [bi_m]> forallle{i —2,i —1,i,i+ 1}. Analogously, we

obtain b/’ € [b; /1= foralll € {i —2,i — 1, i, i + 1}, for a suitable p > 0. We finish by
taking k > max{m, p}. |

We are now ready to prove Lemma 4.11.

Proof of Lemma 4.11. We will show that (([bi_k]<),~:0 mod 2 ([bf.‘]>),~:0 mod2) 1S a
hyperbolic configuration, where k > 0 is given by Lemma 4.13 (the choice of even indices
is arbitrary; we may as well have chosen the odd indices).

By Remark 4.12 and Lemma 4.13, we just have to show that the sets [bl._k]<, [bl/.‘]>, for
i even, are pairwise disjoint. Lemma 4.13 also yields

[b; 1< N[bf_,1- =0,
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for i even. If [b, k l< N [blj‘,]> # () for an even j other than i — 2, then we can find an
arcI": [0, 1] — [bi_k]< U {o;, aj} joining «; and «j. The cyclic order at S! of the points
{ai}, {w;} implies that I" separates w; from w;_3 in D. As [b; k]> is a connected set whose
closure contains both w; and w;_» (by the previous lemma), one gets

[b7*]- T #0
and so
b1 N1k 1< #0,
which implies that f is recurrent. So
(b 1< N [bh). =0
for any pair of even indices i, j. We will show that
(b 1N b =0
for any two different even indices i, j. Otherwise, we could find an arc
200, 11— [b7 1< U b7 1 Ufei, o)
joining «; and «j, from which we deduce again using the preceding lemma that
([b; 1< b 19 N b ¥1- # 0.
So, as f is not recurrent,
b7 1< N 167")- # 0

But now we can find an arc I": [0, 1] — [b;k]< U {a;, o} joining o; and o, which
implies that
(5,9 16711 # 0,

contradicting that f is not recurrent. The proof of the fact that [bf 1= N [b’;. 1> =0, for any
two different even indices i, j, is completely analogous. O
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