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Abstract. Over the last few years Pohl (partly jointly with coauthors) has developed
dual ‘slow/fast’ transfer operator approaches to automorphic functions, resonances, and
Selberg zeta functions for a certain class of hyperbolic surfaces I'\H with cusps and all
finite-dimensional unitary representations x of I'. The eigenfunctions with eigenvalue
1 of the fast transfer operators determine the zeros of the Selberg zeta function for
(T, x). Further, if T is cofinite and x is the trivial one-dimensional representation then
highly regular eigenfunctions with eigenvalue 1 of the slow transfer operators characterize
Maass cusp forms for I'. Conjecturally, this characterization extends to more general
automorphic functions as well as to residues at resonances. In this article we study, without
relying on Selberg theory, the relation between the eigenspaces of these two types of
transfer operators for any Hecke triangle surface I'\H of finite or infinite area and any
finite-dimensional unitary representation x of the Hecke triangle group I'. In particular,
we provide explicit isomorphisms between relevant subspaces. This solves a conjecture
by Moller and Pohl, characterizes some of the zeros of the Selberg zeta functions
independently of the Selberg trace formula, and supports the previously mentioned
conjectures.

1. Introduction

Let H = PSL,(R)/ PSO(2) denote the hyperbolic plane, let I' be a Fuchsian group (i.e.,
a discrete subgroup of PSL(R)), and let x: I’ — U(V) be a unitary representation of
I" on a finite-dimensional complex vector space V. The relation between the geometric
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and the spectral properties of X := I'\H (e.g., volume, periodic geodesics, etc., among the
geometric objects; Lz—eigenvalues, resonances, (I', x)-automorphic functions, etc., among
the spectral entities) is an important subject with a long, rich history and ongoing high-level
activity. Among the various tools and methods used in the study of this relation, one is the
Selberg zeta function, another one the development of transfer operator techniques.

The Selberg zeta function establishes such a relation at the level of spectra, namely
between the primitive geodesic length spectrum among the geometric properties and the
Laplace resonances (i.e., the L>-spectral parameters and the scattering resonances) among
the spectral properties of X. More precisely, it follows (for X of infinite area at least for
the case of x being the trivial character) from the properties of the Selberg zeta function
that the primitive geodesic length spectrum of X and the resonances of the Laplacian on
X determine each other.

By its very nature, the Selberg zeta function cannot provide any such relation beyond
the spectral level (unless additional information is used). This means, in particular, that it
is not possible to construct an L2-eigenfunction of the Laplacian or a resonant state using
only (geometric) information provided by the properties of the Selberg zeta function.

The modular surface PSL;(Z)\H was the first hyperbolic orbifold for which transfer
operator techniques made it possible to show a relation between the geodesic flow and
Laplace eigenfunctions beyond the spectral level.

More precisely, the combination of the articles [2, 8, 14, 19, 35, 36, 56] shows that the
even and odd Maass cusp forms for PSL;(Z) are isomorphic to the eigenfunctions with
eigenvalue +1 and —1, respectively, of Mayer’s transfer operator

Mayer _ 1 1
L= (Hn)sz(Hn). 1)

neN

The transfer operator arises purely from a discretization and symbolic dynamics for
the geodesic flow on PSL,(Z)\H. Thus, this isomorphism provides a purely geometric
characterization of the Maass cusp forms for PSL,(Z), not only of their eigenvalues
or spectral parameters. Hence, these transfer operator results indeed establish a relation
between geometric and spectral entities of X beyond the spectral level.

The results in [2, 8, 14, 19, 35, 36, 56] include dynamical interpretations also for other
parts of the spectrum [13, 14, 34] as well as a representation of the Selberg zeta function as
a Fredholm determinant of :I:Clswayer. A generalization to certain finite index subgroups of
PSL;(Z) was achieved in [14, 18, 22]. An alternative characterization of the Maass cusp
forms for PSL,(Z) by means of a transfer operator deriving from a discretization of the
geodesic flow on PSL,(Z)\H is provided by the combination [11, 37, 38].

Until 2009, analogous characterizations of Maass cusp forms (or any other L>-
eigenfunctions or resonant states) could not be achieved for any other hyperbolic orbifold
["\H. Only the following result, of a weaker and less precise nature, could be established:
for a large class of Fuchsian groups I', a transfer operator family L (s € C\{poles}) was
found whose Fredholm determinant represents the Selberg zeta function of I', sometimes
only up to certain correction functions [23-25, 37, 40, 44, 53]. Taking advantage of the
spectral interpretation of the zeros of the Selberg zeta function (proved, for example,
by means of the Selberg trace formula) immediately implies that the eigenspaces with
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eigenvalue 1 of these transfer operators are in some relation to the Maass cusp forms. This
result, however, is only a dimension statement if at all (Jordan blocks may occur); it does
not provide an insightful isomorphism (see the more detailed discussion below).

For some of the transfer operators developed for Hecke triangle groups it could even
be shown that the eigenfunctions with eigenvalue 1 are solutions of certain functional
equations with finitely many terms [37], an important step towards developing an analogue
of the results for PSL, (Z). However, to this day, these solutions could not been shown to be
indeed period functions (unless PSL,(Z) is considered). In other words, an isomorphism
between Maass cusp forms and solutions of these functional equations is still missing.

Nevertheless, such transfer operator approaches to Selberg zeta functions proved to be
helpful in the study of resonances and more. As a few examples we name the results
on resonance counting [25] and location [41], the numerical studies of the structure of
the set of resonances for Fuchsian Schottky groups [4, 5], the numerical and rigorous
studies of the behavior of zeros of the Selberg zeta function under perturbations [9, 20, 21],
the progress towards Zaremba’s conjecture [7] and the generalization of Selberg’s 3/16
Theorem [6]. We refer to [49] for more examples.

It is reasonable to expect that a deeper understanding of the relation between the
geometry of a hyperbolic orbifold I'\H, its automorphic functions and resonant states,
and its Selberg zeta functions allows us to prove even deeper results. We refer to [1, 3]
where the aforementioned deeper results for PSL,(Z) are used.

The results in this article are a further step towards such a deeper understanding. We
remark that the results presented in this article do not make any use of the Selberg trace
formula or scattering theory. Therefore they provide a proper alternative to, complement
to or extension of the relations obtained with these other methods.

The articles [27, 39, 45-51] document part of a recent program to systematically
develop dual ‘slow/fast’ transfer operator approaches to automorphic functions, resonances
and Selberg zeta functions for a certain class of (cofinite and non-cofinite) Fuchsian groups
I" with cusps.

A rough schematic overview of the structure of these transfer operator approaches is
given in Figure 1. We refer to §2 below for more details. In Figure 1, all entities may
depend on X = I"'\HL. The function Z = Zr ,, denotes the Selberg zeta function of (I", x),
and MCF; denotes the space of Maass cusp forms for I' with spectral parameter s.

Further, ‘slow’ refers to the property that each point of the discrete dynamical system
used in the definition of the ‘slow’ transfer operators has finitely many preimages
only, or equivalently, that the symbolic dynamics arising from the discretization of the
geodesic flow on X uses a finite alphabet only (see [45, 48]). Hence, ‘slow’ transfer
operators involve finite sums only. In contrast, ‘fast’ means that points with infinitely but
countably many preimages occur, and hence the associated ‘fast’ transfer operators involve
infinite sums. The fast discretizations arise from the slow ones by a certain induction or
acceleration process (which also explains the names). We refer to [39, 49, 51] for details.

The discretizations and the transfer operators developed within this program are
typically different from those in the articles mentioned above. An exception are the fast
discretization and fast transfer operator for the modular group PSL,(Z) which coincide
essentially with the ones in [2, 56] and [35, 36], respectively.
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FIGURE 1. Dual transfer operator approaches.

We refer to §3 below for examples of the transfer operators developed within this
program. Further, we refer to the articles [27, 39, 45-51] and the references therein for
a more comprehensive exposition of such transfer operator approaches, their history and
their relation to mathematical quantum chaos and other areas.

If x is the trivial one-dimensional representation and I' is cofinite (and admissible
for these techniques) then the slow transfer operators L3V provide a dynamical
characterization of the Maass cusp forms for I' [46]. More precisely, for s € C,
Re s € (0, 1), the Maass cusp forms with spectral parameter s are isomorphic to the
eigenfunctions of the transfer operator £§]°w with eigenvalue 1 of sufficient regularity
(‘period functions’). The proof of the isomorphism between Maass cusp forms and these
period functions takes advantage of the characterization of Maass cusp forms in parabolic
cohomology as provided by [10]. Neither [46] nor [10] relies on the Selberg trace formula,
any scattering theory, or the Selberg zeta function.

For general finite-dimensional unitary representations x and general admissible
Fuchsian groups I' it is expected that the sufficiently regular eigenfunctions with
eigenvalue 1 of L‘;low characterize (I, x)-automorphic functions or are closely related to
the residue operator at the resonance s [49, 51].

The fast operators Eﬁa“ are nuclear operators of order O that represent the Selberg zeta
function Zr , of I' as a Fredholm determinant:

Zr , (s) = det(1 — LI,

Hence the zeros of Zr , are determined by the eigenfunctions of LgaSt with eigenvalue
1 [39, 49-51]. This proof is also independent of the Selberg trace formula and of geometric
scattering theory.

For several combinations of (I', x) (e.g., if I" is any cofinite geometrically finite, non-
elementary Fuchsian group or if x is the trivial character and I' is geometrically finite,
non-elementary) Selberg theory, geometric scattering theory or microlocal analysis allows
us to show a relation between (some of) the zeros of Zr and the spectral parameters of the
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Maass cusp forms for I" or (I', x)-automorphic forms and, more generally, the resonances
of A on I'\H. Hence it provides a link (on the spectral level) between the two bottom
objects in Figure 1.

It is natural to ask if this relation derives as a shadow of a link between the geodesic
flow and certain spectral entities beyond the spectral level. In other words, the question
arises if and how these spectral entities can be explicitly characterized as eigenfunctions
with eigenvalue 1 of the fast transfer operator £,

In order to simplify the discussion of the nature of this question we restrict—for a
moment—to the case that I is a lattice (i.e., I' is cofinite [54, Definition 1.8]), x the trivial
character and to Maass cusp forms as the spectral entities of interest.

Selberg theory in combination with functional analysis for nuclear operators of low
orders on Banach spaces allows us to deduce only a rather weak version of such a link.
We may only conclude that some, rather unspecified subspaces of eigenfunctions of Eﬁa“
are isomorphic to some, rather unspecified subspaces of Maass cusp forms (or period
functions and hence certain eigenfunctions of £3°%). At the current state of the art, neither
Selberg theory nor any other non-transfer-operator-based approach provides us with a tool
to answer any of the following questions:

(i) How can we characterize these subspaces of eigenfunctions of £, how the
subspaces of Maass cusp forms?

(ii) Is there an insightful isomorphism between these subspaces?

(iii) The zeros of Selberg zeta functions consist not only of the spectral parameters
of Maass cusp forms but also of scattering resonances and topological zeros. All
of these zeros are detected by eigenfunctions with eigenvalue 1 of £§a“. Which
additional properties of these eigenfunctions are needed in order to distinguish the
spectral parameters of Maass cusp forms from scattering resonances?

(iv) The transfer operator L?“ may have Jordan blocks with eigenvalue 1. The order of
s as a zero of the Selberg zeta functions corresponds to the algebraic multiplicity
(hence the size of the Jordan blocks), not necessarily the geometric multiplicity of 1
as an eigenvalue of ﬁﬁast. Further, s as a spectral parameter for Maass cusp forms may
have a higher multiplicity. In such a case, are the dimensions of the 1-eigenspace of
Lga“ (considered as acting on which space?) and the space of the Maass cusp forms
equal? If not, does the transfer operator detect only some of the Maass cusp forms?

In this article we show that—purely within the framework of transfer operators—we
are able to provide such a link between the geodesic flow and certain spectral entities
beyond the spectral level and to answer questions (i)—(iv) at least for the case of Maass cusp
forms. Moreover, we lay the groundwork for the generalization to other spectral entities as
well. Their complete characterization in terms of eigenfunctions of ££a“ has to await their
characterization in terms of eigenfunctions of £5°V.

The full details for the construction of fast transfer operators £t have hitherto been
provided for (cofinite and non-cofinite) Hecke triangle groups only. In any case, the
structure of these constructions clearly applies to a wider class of Fuchsian groups.

However, in this article we also focus on the family of Hecke triangle groups and show
that the 1-eigenspaces of the slow and fast transfer operators are indeed isomorphic (the
dotted ‘?’-arrow in Figure 1) as conjectured in [39, 49, 51].
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THEOREM A. Let I" be a (cofinite or non-cofinite) Hecke triangle group and x a finite-
dimensional unitary representation of T, and let Re s > 0. Suppose that ,C;low and £§“t
are the associated families of slow and fast transfer operators, respectively. Then the
eigenfunctions with eigenvalue 1 of ,CE"I“ are isomorphic to the real-analytic eigenfunctions
with eigenvalue 1 of ,C;low that satisfy a certain growth restriction.

The isomorphism in Theorem A is explicit and constructive. Moreover, if T is a lattice
and yx is the trivial one-dimensional representation then the period functions (i.e., those
eigenfunctions of E;’low that are isomorphic to the Maass cusp forms for I' with spectral
parameter s) can be characterized as a certain subspace of the eigenfunctions of Eﬁa“. More
generally, additional conditions of a certain type on the eigenfunctions of Lilow translate to
essentially the same conditions on the eigenfunctions of Lﬁasr. We refer to Theorems 3.5,
3.14 and 3.15 below for more details.

Neither the proof of Theorem A nor the characterization of the subspace of
eigenfunctions of ﬁﬁa“ that corresponds to period functions—and hence Maass cusp
forms—uses Selberg theory. Therefore these results allow us to classify some of the
zeros of the Selberg zeta function purely within this transfer operator framework and
independently of the use of a Selberg trace formula.

Theorem A—more precisely Theorems 3.5, 3.14 and 3.15 below in combination with
the characterization of Maass cusp forms as eigenfunctions of the slow transfer operators
Eilow—yields answers to questions (i)—(iv) and provides, for Hecke triangle groups other
than PSL,(Z), the first result of this kind. As already mentioned, for the case where I' =
PSL,(Z) and y is the trivial one-dimensional representation even more is known due to
the combination of [8, 13, 14, 18, 34]. We comment on this in more detail in §4 below.

The restriction to Hecke triangle groups allows us to actually prove a stronger statement
than Theorem A. Each Hecke triangle group commutes with a certain element Q €
PGL,(R) of order 2, which acts as an orientation-reversing Riemannian isometry on H.
This exterior symmetry is compatible with the transfer operators, and hence induces their
splitting into odd parts L% and Egm’_ as well as even parts £3°%% and cﬁ“"*.

If T is cofinite, x is the trivial character and Res € (0, 1) then the sufficiently
regular eigenfunctions with eigenvalue 1 of £3°%'" (equivalently, the eigenfunctions with
eigenvalue 1 of L‘;low that are invariant under the action of Q) are isomorphic to the
even Maass cusp forms for I'. Likewise, the eigenfunctions with eigenvalue 1 of £5°%~
(equivalently, the eigenfunctions with eigenvalue 1 of Ef,low that are anti-invariant under
the action of Q) are isomorphic to the odd Maass cusp forms for I' [39, 50]. The Fredholm
determinant of the transfer operator family £§a5"+ equals the Selberg-type zeta function
whose zeros encode the even part of the spectrum of I', and the Fredholm determinant of
/:?‘S"* equals the Selberg-type zeta function of the odd part of the spectrum of I" [50].

Instead of Theorem A we show its strengthened version that considers separately the
odd and even transfer operators.

THEOREM B. Let I" be a (cofinite or non-cofinite) Hecke triangle group, x a finite-
dimensional unitary representation of ', and Re s > 0, and suppose that E:low’i and
ﬁf"“"i are the associated families of slow/fast even/odd transfer operators. Then the real-

analytic eigenfunctions with eigenvalue 1 of LY (respectively, £3° ™) that satisfy a
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certain growth condition are isomorphic to the eigenfunctions with eigenvalue 1 of EﬁaSt’Jr
(respectively, EfaSt’ ).

The same comments as for Theorem A apply to Theorem B. In particular, the
isomorphism in Theorem B is explicit and constructive, and certain additional conditions
on eigenfunctions can be included. Therefore, even and odd Maass cusp forms can
be characterized as certain eigenfunctions of L'ﬁa‘gt’i, respectively. Again we refer to
Theorems 3.5, 3.14 and 3.15 below for precise statements.

Moreover, Theorems A and B support the conjectures on the significance of the
eigenfunctions of Eilow in Figure 1. In addition, Patterson [43] proposed a cohomological
framework for the divisors of Selberg zeta functions. If I" is a lattice and y is the trivial one-
dimensional representation then—as mentioned above—certain eigenspaces of Eilow for
the eigenvalue 1 are isomorphic to parabolic 1-cohomology spaces, and hence Theorems A
and B support Patterson’s conjecture. We discuss this further in §4 below.

In §2 below we provide the necessary background on Hecke triangle groups and transfer
operators. In §3 below we prove Theorems A and B, and in the final §4 below we briefly
comment on the underlying structure of the isomorphism maps for Theorems A and B, and
the possibility of their generalization.

The Appendix is not needed for the understanding of the proofs of Theorems A and B.
It should be seen as background information on part of the motivation. It provides a sketch
of a proof of the splitting of the Selberg zeta function according to the splitting of the
transfer operators which is not worked out yet in the literature for all combinations (I", y)
that we consider throughout this article.

2. Preliminaries
2.1. The hyperbolic plane. =~ As a model for the hyperbolic plane we use the upper half
plane

H:={zeC|Imz> 0}

endowed with the well-known hyperbolic Riemannian metric given by the line element
452 dz dz

S T Imo?

We identify its geodesic boundary with P'(R) = R U {oo}. The action of the group of
Riemannian isometries on H extends continuously to P!(R).
This group of isometries is isomorphic to

G :=PGL,(R) = GL,(R)/(R* - id),
and its subgroup of orientation-preserving Riemannian isometries is
PSL,(R) = SLp(R) /{#£ id}.

The action of PSLy(R) on H U P!(R) is given by fractional linear transformations, that is,
for [g Z] € PSL,(R) and z € HU R we have

b a
a b Tt forcz +d #0, a b —  forc#0,
dl = cz+d and g = c
¢ 00 forcz+d =0, ¢ oo forc=0.
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FIGURE 2. Fundamental domain for I"y.

2.2. Hecke triangle groups. The Hecke triangle group I'y with parameter £ > 0 is the
subgroup of PSL,(R) generated by the two elements

10 1 _{r e
S.—|:_1 O:| and Tg.—|:0 1i|. 2)

It is Fuchsian if and only if £ > 2 or £ =2 cos (r/q) with g € N>3. In the following, the
expression ‘Hecke triangle group’ always refers to a Fuchsian Hecke triangle group, and
we refer to the spaces Xy = 'y \H as Hecke triangle surfaces.

The (Fuchsian) Hecke triangle groups form a one-parameter subgroup of Fuchsian
groups which contains both arithmetic and non-arithmetic groups as well as groups of
finite co-area as well as group of infinite co-area. Moreover, it contains the well-studied
modular subgroup PSL;(Z) (for £ = 1, thatis, g = 3). We provide a few more details about
these groups.

A fundamental domain for the Hecke triangle group Iy is given by (see Figure 2)

Fe={zeH]||z| > 1, |[Rez| <£/2}.

The side-pairings for F;, are provided by the generators (2): the vertical sides {Re z =
—£/2} and {Re z = £/2} are identified via Ty, and the two bottom sides {|z] = 1, Re z <0}
and {|z| = 1, Re z > 0} are identified via S.

Among the Hecke triangle groups those and only those with parameters ¢ <2 are
lattices, that is, are cofinite. For

b4
£ =14£(q) =2cos —,
q

with ¢ € N> 3, the Hecke triangle surface X, has a single cusp (represented by co) and two
elliptic points. In the special case g = 3, thus £(g) = 1, the Hecke triangle group I'; is the
modular group PSL,(Z).

The Hecke triangle group I'> is commonly known as the Theta group. It is conjugate
to the Hecke congruence subgroup I'g(2), more precisely to its image in PGLy(R). The
associated Hecke triangle surface X, has two cusps (represented by oo and £/2) and one
elliptic point.

The Hecke triangle groups I'y with £ € {£(3), £(4), £(6), 2} are the only arithmetic ones.

For ¢ > 2, the groups 'y are non-cofinite, and the orbifold X, has one funnel
(represented by the subset [—€/2, —1]U (1, £/2) of R), one cusp (represented by co) and
one elliptic point.
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2.3. Associated triangle groups and representations. Let I' be a Hecke triangle group,
and let

T:= (T, 0),

[t}

The group Tisa triangle group (thus, generated by the reflections across the sides of a
hyperbolic triangle), and T is its subgroup of orientation-preserving isometries. Hence I"
has index 2 in T

Let X :=T'\H denote the associated Hecke triangle surface. Let x be a finite-

dimensional unitary representation of I ona complex vector space V. We consider x

to be fixed throughout.

There are many examples of finite-dimensional unitary representations y of T. In the
following we provide a few rather explicit ones.

(i) If A is a subgroup of T of finite index and n: A — U(V) is a finite-dimensional
unitary representation of A then its induction y = IndR n to T is a finite-dimensional
unitary representation of T'. This construction applies in particular if 7 is the trivial
one-dimensional representation n :=1: A — C* of A.

In addition, the choice n = 1 allows us to understand all arising transfer operators as
transfer operators for A instead of twisted or x-weighted transfer operators for I'.
Thus, Theorems A and B have further interpretations.

(i) We can use presentations of T to construct examples of finite-dimensional unitary

representations y : r-u (V). To provide such examples let

-1 0 1 ¢ £ =1
bl wearafs £] vt ],

(a) If £ > 2 then a presentation of Ty is given by
Te=(LO.W|J=0"=W>=1,JQ=0J).

where

Clearly, x is well defined and completely determined if we prescribe x on the
elements J, Q and W obeying the restrictions

XD =x(Q)?=xW)?=id and x())x(Q)=x(Q)x ().

For example, we can set x (J) =id and pick any elements in U (V) of order
2 for x(Q) and x(W). These elements can be chosen to be non-trivial. For
example, if V = R? then we can choose

2 -1 I 0
X(Q)=(3 _2> and X(W)=<O _1>.

Obviously, many other possibilities for x exist.
(b) If £ =2 then a presentation of I'y = I'; is given by

To=(S, J,T|8*=J>=(S])>=(TJ)>=1).

We can construct finite-dimensional non-trivial unitary representations x of I
as in (a).
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(c) Finally, if £ =2 cos(ir/q), with g € N3, then a presentation of Tyis given by
Te=(5,0,U|S=0"=UQ’=(09°=U"=1).

We can easily construct finite-dimensional non-trivial unitary representations
X: Fg — U (V) by setting x (U) = id and then proceeding as in (a). Of course,
other possibilities also exist. For the case V =C? and ¢ =4 we can, for
example, set

i —1 1
=7 o) wo=( 1) xe=(; 1)

(iii)) For Theorem A only finite-dimensional unitary representations x of I' (not
necessarily extendable to I') are requested. If £ =2 cos(z/q), with g € N>3, then
a presentation of I'y is given by

Fe=(S,U|S*=U7=1).

An example of a non-trivial finite-dimensional unitary representation x: [y —
U(V) is given as follows. Let n:=dim V. For j =1, ..., n, pick a; € {1} and
let b; be a gth root of unity. Then

x(S) :=diag(ai, ...,an) and x(U):=diag(by, ..., by)
determine a unitary representation which is non-trivial as soon as at least one of the

ajorb;isnotl.

2.4. Automorphic functions and Selberg zeta functions. A function f: H — T is called
(T, x)-automorphic if
fy-2=xWf

forallz e H, y € I'. Let C*®°(X; V; x) be the space of smooth (C*) (', x)-automorphic
functions f whose restriction f|r to some fundamental domain F for ' is bounded,
and let C2°(X; V; x) be its subspace of functions f which satisfy that f|z is compactly
supported. We endow C2°(X; V; x) with the inner product

(fi. fo) = /f (1), @) dvolx) (1. fo € C2(X: Vi x)) 3)

where (-, -) is the inner product on V, and dvol is the hyperbolic volume form. The
representation x being unitary yields that the definitions of C*°(X; V; x), C°(X; V; x)
and the inner product (-, -) defined in (3) do not depend on the choice of F. Let

H = L2(X; Vix)

denote the completion of C2°(X; V; x) with respect to (-, -). Then the Laplace—Beltrami
operator

A=—y*@2 +02)
on X extends uniquely from

{feC®(X;V; x)| fand Af are bounded on F}
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to a self-adjoint non-negative definite operator on H, which we also denote by A =
A(T; x). If f € H is an eigenfunction of A, say Af = uf, we branch its eigenvalue as
w=s(1 —s) and call s its spectral parameter.

The eigenfunctions of A in H that decay rapidly towards any cusp of X are called cusp
(vector) forms. More precisely, for every parabolic element p € T, let

Vp:={veV|x(pv=uv}

be the subspace of V consisting of the vectors fixed by the representation x restricted to
the subgroup
={p" IneZ},

and let
={p'|teR}

denote the horocycle subgroup associated to p, thus, the one-parameter subgroup of
PSL,(R) containing I',. Then f € H is called a (I", x)-cusp form if f is an eigenfunction

of A and satisfies
/ (f(2),v)dz=0
Lp\Np

for all v € V), and all parabolic p € I". The measure dz here refers to the uniform measure
on horocycles.

A cusp form f is called odd if f(—z) = —f(2). It is called even if f(—2) = f(z). If
the representation x is the trivial character then cusp forms are called Maass cusp forms.

In order to define the Selberg zeta function for (I', x) we recall that an element g € I
is called (I"-)primitive if g = h" for (h, n) e I' x Nimpliesn =1or g =id. For g € I, let
[g]r denote its conjugacy class in I'. Further, let [I'], denote the set of all conjugacy
classes of primitive hyperbolic elements in I'. Finally, for hyperbolic & € I" let N (h)
denote its norm, that is, the square of its eigenvalue with the largest absolute value.
The I'-conjugacy classes of the primitive elements in I" correspond to the primitive (i.e.,
considered to be traced out once; in other words, with minimal period as length) periodic
geodesics on the Hecke triangle surface I"\H. The length of the primitive periodic geodesic
y associated to [g]r € [I'], is £(y) =log N(g).

For Re s > 1, the Selberg zeta function for (I", x) is then defined by

Z(s):=Z6. 0= [] []detd = xmN@)~E0). 4)

[hlrell'], k=0

More precisely, the abscissa of convergence of this infinite product equals the Hausdorff
dimension § :=dimyg A(I") of the limit set A(I') of I'. If I is cofinite then § = 1, while
for non-cofinite I' we have § < 1 (see, for example, [42, 55, 57]). It is well known that (4)
has a meromorphic continuation to all of C.

An element i € T is called hyperbolic if h?> € T is hyperbolic. Suppose that & € Tis
hyperbolic. The norm of 4 is defined as N(h) = N (hz)l/ 2 The element # is called (F )
primitive if it is not a non-trivial integral power of any hyperbolic element in T. Let [h]
denote the T'- -conjugacy class of &, and let [F] denote the set of I'- -conjugacy classes of
the T'- -primitive elements in T.
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For I' =Ty with £ > 2 or £ =2 cos (;r/q) with ¢ € N>3 odd, the F—conjugacy classes
of F-primitive elements in I' correspond to the primitive periodic billiards on the triangle
surface F@\H. In this case, for Re s > 1, the even (+) and odd (—) Selberg(-type) zeta
functions are defined by

o0
Zi(5)=Z+s. 0= [ []detd —detg" - x(e)N(g)“*)
[glFell], k=0

and

o0
Z(s):=Z(s.x):= [] []detd—detg"*" - x(e)N ()=,
lglelT, k=0

respectively. The reason for the names will become clear in due course.

For I' =Ty with £ =2 cos (r/q) with g € N>3 even, the I- -conjugacy classes of T-
primitive elements in T are not bijective to the primitive periodic billiards on Fg\]HI In
fact, let

1 T
1 COSs —

4)
q
Then g, and Qg, = g, Q are both F-primitive but they are not F-conjugate. Their T'-
conjugacy classes [g, ] and [Qg, ] are both associated to the primitive periodic billiard
on I"'\H that is represented by the geodesic from —1 to 1 on H. This, however, is the only
obstacle towards a bijection. Between all other I"-conjugacy classes of primitive elements
and all other primitive periodic billiards the standard correspondence is valid. In order to
state the definition of even and odd Selberg zeta functions for (I", x), let

[Tlp = {lglF € [T, | [8)F # (8.5, [glF # [0gulf)- (6)
For Re s > 1 we define

Z4(s):=Z4(s, x)

o0
= Zid($)Zy.0(5) 1_[ 1_[ det(1 — det g - x ()N (g)~ )
[elpell ], k=0

and

Z_(s):=Z_(s, x)

o
=Zuia()Zuo®)™" ] []detd —detg"™" - x ()N,
[glxell],,,. k=0

where

Zyia(s) = | [(det(l = x(gu)N (g,)™CF29) det(1 — x(g,)N (g,,) O+ +20))1/2
k=0
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and

Zy0(s) = [ [(det((1 — x ()N (g,) ) (@y)1/2
k=0

x (det((1 — x(gu) N (gy)~CF1T20)x(@)) =172,
The matrix—matrix exponential in the latter formula is defined by
AB =exp((log A)B)

with the obvious choices for the matrices A and B.

For each Hecke triangle group I', the relation between the I"-conjugacy classes of I'-
primitive hyperbolic elements in " and the F-conjugaey classes of F-primitive hyperbolic
elements in T' yields that

Z=7Z,-7Z_. @)

If x is the trivial one-dimensional representation then (7) is shown in [49, Theorem 6.2]
for I' =Ty with £ > 2. For I' =Ty with £ < 2 it follows from the combination of [39,
Theorem 4.12] and [S0, Theorems 5.1 and 6.1]. The proof for I'; is analogous to those
for € # 2. The generalization to arbitrary finite-dimensional unitary representations x can
be achieved as in [51]. For the convenience of the reader we provide more details in
Appendix A below.

All these Selberg zeta functions admit meromorphic continuations to all of C. For
various combinations (I, ) it is known that the spectral parameters for (I, x)-cusp forms
(and more generally, the resonances) are among the zeros of the Selberg zeta function
for (', x). Even more, for some combinations it is also known that the Selberg zeta
functions Zy encode the splitting of the spectrum into odd (—) and even (+) parts [50]
(see also [58]).

2.5. Actions. Lets e CandgeTl. Forany subset I of R, any function f: / — V and
x € Rsuchthat g - x € I, we define

as(g D) =18 @ x e ) fg-x) (8)

whenever it makes sense. We remark that o, as it is defined here, is not an action of I"
on some space of functions. However, for the combinations of functions f and elements
g1, &2 € I" for which we use (8), the functoriality relation o (g182) f = o5 (g1)as(g2) f s
typically satisfied. Therefore, allowing ourselves a slight abuse of concepts, we refer to o
as ‘action’.

In order to define a highly regular (continuous or holomorphic) continuation of the
action by o to all of T" and to functions defined on subsets of C, we define the action of
g =[5] €T on the Riemann sphere P'C by fractional linear transformation:

_az+b
Ccz+d’

g2 &)

In the case of division by 0 we identify the fraction with co € P'C. Note that for g € r
with g ¢ ', the map g in (9) does not define a Riemannian isometry on H.
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We consider the complex plane C as embedded into P'C. Using the identification that
—d/c = oo for ¢ = 0, (9) defines a holomorphic map C\{—d/c} — C (thus, a holomorphic
map C — Cif ¢ =0).

Further, for x € R\{—d/c} (i.e., for all x € R in the case where ¢ = 0), we have

18’ )° = (Jad — be| - (cx +d)™2)* = |ad — be||ex +d| 7. (10)

We use the principal branch for the complex logarithm (i.e., with the cut plane
C\(—o0, 0]). For the holomorphic continuation of (10) we then have two possibilities
depending on whether we extend the first or the second expression. To that end we choose
a representative (¢ 5) of g in GL,(R) such that ¢ > 0. If ¢ = 0 we choose d > 0.

From the point of view of transfer operators, the first expression is the more natural one.
It extends by

i"(g.2) = (lad — be| - (cz +d) )

holomorphically to
Cuy:={zeC|Rez> —d/c}.

For other approaches to and applications of period functions the second expression is
sometimes used. It extends by

i )= lad = bel (cz + d)™>
holomorphically to
C(z) = (C\(—OO, —d/c].
Obviously, on C(jy both extensions are identical. For k € {1, 2}, any subset W C C(y, any
function f: W — V and z € C with g - z € W and such that js(k)(g, z) is defined, we set

a® e f(2) =P DxeHfg-2). (11)

We simply write oy for generic results or if the choice is understood. The statements and
proofs of Theorems A and B do not depend on this choice. It only affects an intermediate
result on the maximal domain of holomorphy for certain functions (see Propositions 3.7
and 3.8 below).

2.6. Meromorphic continuations. Let h € I" be a parabolic element. For Re s > %, the
infinite sum

o
Nyi=) s (0" (12)
k=1
defines an operator between various spaces of functions; for examples, see §§2.7.2 and 3
below or [39]. Taking advantage of the Lerch zeta function, either in the form

o eZm’nu
€)= 2, G
if we use afl) for g, or in the form
o e27rinu
(s, a, w)= }; m
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if we use ozs(z) for a, and of its meromorphic continuation, one deduces that the map
s = N

extends meromorphically to all of C. All its poles are simple and contained in % - %No.
The existence of poles intimately depends on the degree of singularity of the representation
x (cf. [51]).

Throughout, for any operator of the form (12), we denote its meromorphic continuation
by N as well (more precisely, with the same symbol as the initial operator for Re s > %).
Further, to simplify notation, we use N to denote any operator which acts by (12). The
specific spaces on which we consider its action are always understood. Finally, whenever
we use an expression that involves Ny and ‘all’ s € C, it is understood that we exclude the
poles.

2.7. Transfer operators. Let F: D — D be a discrete dynamical system. The
associated transfer operator £, ,, with potential ¢: D — C and weight function w is
defined by
Lf@) = > w»mMeY ).
yeF~!(x)
acting on an appropriate space of functions f (to be adapted to the discrete dynamical
system and the applications under consideration).

The transfer operators we consider in this article have been developed in [39, 49-51].
We survey their common properties that are important for the proofs of Theorems A and
B. We refer to the original articles as well as to the following sections for more details.

Let I' denote a Hecke triangle group and let ' € PGL,(R) be its underlying triangle
group. The discrete dynamical systems (D, F') that we use in the transfer operator for
" arise from a discretization and symbolic dynamics for the geodesic flow on X = I'\H
(or rather F\H). The set D is a family of real intervals D, k € K, for some (finite or
countable) index set K, and the map F is determined by a family

Fy:=F|p,: Dix — Fi(Dy) (13)

of diffeomorphisms that are identical to the action of certain elements in I'. The potentials
we are interested in are ¢, (y) = —s log | F'(y)| for s € C. The weight function depends on
the finite-dimensional unitary representation (V, x) and whether we intend to investigate
the odd (‘—") or the even (‘+’) spectrum of A = A(T, x).

For the parameter s € C, we denote the even transfer operator by £ and the
odd transfer operator by £ . Since we consider the representation (V, x) to be fixed
throughout, we omit it from the notation.

For a subset I C R, let

Fet(Z; V):={f: 1 — V}

denote the space of functions I — V. Formally, any arising transfer operator £ is
represented by a matrix

LY =(Ly, DabeA

for a finite index set A and acts on function vectors

f={fa)aecA
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where, for eacha € A,
fa € Fet(ly; V)

for some interval 7, C R. The intervals are closely related to the sets Fi(Dg) in (13).
Further, for any a, b € A, there is a (finite or countable) index set C, ; and, for each

c € Cq.p, an element ¢\ ¢ T such that
Li,= > w@as(g). (14)
ceCyp

The weight function is given by w: G — {£1},

@) for even (‘4’) transfer operators,
w(g) =1 .
sign(det(g)) for odd (‘—’) transfer operators.

Recall that the action g depends on the representation x. Moreover, for any a, b € A and
c € Cqp, we have
&N e S 1.

While the latter property ensures well-definedness for each single summand in (14), there
might be a convergence problem for the potentially infinite sums.

As indicated in Figure 1, the discretizations and symbolic dynamics we use here come
in pairs: a slow version and a fast version. The fast version is deduced from the slow one
by a certain induction process on certain parabolic elements; we refer to [39, 48-50] for
details. Therefore, the odd and even transfer operators also come in pairs: the slow odd
and even transfer operators £5°™'* for which all index sets C,_5 in (14) are finite, and the
fast odd and even transfer operators which also have infinite terms.

2.7.1. Slow transfer operators. For the odd and even slow transfer operators £5°%*
for Hecke triangle groups T, the index set A consists of a single element only. For this
reason we omit it from the notation. The index set C is finite, its precise number of
elements depending on I'. Thus, the slow transfer operators indeed act on Fct(/; V). For
our applications we consider them to act on the space C“(/; V) of real-analytic functions,
and we are interested in the space (‘real-analytic odd/even Slow EigenFunctions for the
parameter s’)

SEFY* :={f € C“U; V) | LYV f = [},

or more precisely in a certain subspace SEF{ ol £ of functions admitting a holomorphic

extension to a large domain, a certain subspace SEF‘S"’“‘S'jE of functions satisfying certain
growth restrictions (certain asymptotic behavior) as well as a certain subspace SEF“;”G'“’jE
of functions obeying certain decay properties. These properties depend on the specific
Hecke triangle group, for which reason we refer to §§3.1-3.4 below for the definitions.

THEOREM 2.1. [39, 50, 51] Let T be a cofinite Hecke triangle group, x be the trivial
character, and Re s € (0, 1). Then SEFA‘Y‘)’dmjt is isomorphic to the space of odd (if ‘—’)
and even (if ‘+’) Maass cusp forms with spectral parameter s for I', respectively.

If I' is a non-cofinite Hecke triangle groups= or x not the trivial character or s € C lies
outside the domain {0 < Re s < 1} then the spectral interpretation of the sets SEF?)’deC’jE is
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not yet understood. However, well-supported conjectures exist. We refer to §4 for a more
detailed discussion.

2.7.2. Fast transfer operators.  For any fast transfer operator, at least one of the index
sets Cy 5 in (14) is infinite and hence causes a convergence problem. However, the structure
of the infinite sums is controlled and allows for a uniform treatment.

The purpose of the fast transfer operators is to represent Selberg zeta functions as
Fredholm determinants. To that end we use a certain Banach space (defined further below)
on which the fast transfer operator acts as a nuclear operator of order 0. This Banach
space essentially is the space of function vectors (f;).c.4 such that each function f, is
real-analytic on I,, extends continuously to 7,, extends holomorphically to a complex
neighborhood &£, common to all functions f,, and the family of complex neighborhoods
(€4)aen 1s compatible with the mapping properties of the transfer operator.

To be more precise, let (£,),c.4 be a family of open connected subsets of the Riemann
sphere C=Cu {oo} such that,

(A) foreacha € A, the set &, is a complex neighborhood (in the Riemann sphere) of the
closure 1, of the real interval I, and
(B) foralla, be Aandall c € C,p, we have

(gLl g, c &

Define
B(E,) :={y: € — V continuous | /| &, holomorphic}.

Endowed with the supremum norm, B(&,) is a Banach space. Let

B(&) =P B(&)
acA

be the direct sum of these Banach spaces. As stated in Theorem 2.2 below, for Re s > %,

each of the fast transfer operators ££a5t’i acts on B(E).

The role of the family (£;),e4 is to provide a thickening into the complex plane of
the family (7,)4e4 of real intervals and to fix a common domain of holomorphy of
the function vectors considered. This thickening is needed in the proof of Theorem 2.2
below, in particular for Grothendieck’s theory of nuclear operators on Banach spaces;
see [49-51]. However, none of the results in this article depends on the specific choice
of the family (£;),ec4. Thus it would be natural to consider the inductive limit of the
operators L’gaSt’i : B(§) — B(E), where the system is directed by shrinking domains (thus,
if £ =(E)gen and & = (£)) e 4 then

(LY BE) — BE) < (L*: BE) - BE)

if and only if £, C &, for all a € A). We omit here a further discussion of this limit and
its topological properties, and work with a fixed family £ = (£;),c.4. To emphasize the
independence of all results from this choice we use also the suggestive notation

B:=B():=B()

in order to stress that the family I = (1), 4 is the essential structure and the family of
complex neighborhoods a rather auxiliary object.
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Egast, +

THEOREM 2.2. [49-51] (i) ForRes > % each transfer operator actson B as a

nuclear operator of order Q.

(i) Themap s +— Eﬁasni extends to a meromorphic function on C with values in nuclear
operators of order 0 on B. The possible poles are all simple and contained in %(1 -
No).

(iii) The Selberg zeta function Z for (I', x) equals the Fredholm determinant

Z(s) =det(1 — £§a$t’+) det(1 — ,C?St’_)‘

(iv) IfT is a lattice with a single cusp and x is the trivial one-dimensional representation
then det(1 — Eﬁagt’i) equals the Selberg-type zeta function Zy for the odd (if ‘—’)
and the even (if ‘+’) spectrum, respectively:

Z+(s) = det(l — LItE),
For s € C we define (‘odd/even Fast EigenFunctions for the parameter s°)
FEF, :=(f € B| f = L®"F f).

The elements of FEF§E determine the zeros of Zi, respectively, and hence by (7) those
of Z.

2.8. Notation. For any xg € RU {*oo} and any functions f, g: R— C, we use
f)=0,,,+(gx)) for
lim sup
X \(Xo
Note that, in contrast to other conventions, we allow (for simplicity) that g does not need
to be positive. We use analogous conventions for the other symbols from the O-notation.

Further, for functions f, g: D — C with D C C, we use f < g if there exists C > 0
such that for all x € D we have

g(x)

[f ()] = Clg)l.

Moreover, we say that f satisfies a property P for all |x| > 1 if there exists C > 0 such
that for all |x| > C, f(x) satisfies P.

3. Proof of Theorems A and B
We show Theorem B separately for the cofinite Hecke triangle groups with a single cusp,
the Theta group, and the non-cofinite Hecke triangle groups. Within these classes, the
structure of the groups and transfer operators allows for an easy uniform statement of the
maps that provide the claimed isomorphism between the eigenspaces of the slow and fast
transfer operators.

Recall that
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3.1. Isomorphism for the Hecke triangle groups 'y with £ =2 cos(m/q), q > 3 odd.
Let g € N>3 and set

£:=4{(g):=2cos z.
q
For the cofinite Hecke triangle group
=T, :=Ty
with a single cusp, we consider the transfer operators developed in [39, 50, 51]. We recall

their definitions and major properties.
To that end recall that S =[ ) ] and T := T, :=T; = [} {]. For k € Z, let

8ok = (T, )71, (15)
and, for m € Z, set
S(m. q) = sin((m/q)m)
= Tin (/q)

Then we have

-1 _ | sk, q) stk+1, )
8ak T |stk—1.9)  stkq) |

Thus, gq_}{ is g-periodic in the variable k. The elements

L e 10
-1 -1 -1 -1
g‘]sl zgq,anl = |:O 1:| s gq’71 :gq,nq+1 = I:ﬁ 1:| (ne 7)) (16)

are parabolic, the elements
80=28ng=1d (n€Z)
are the identity element (and will not play any role in the following). All the remaining
elements are hyperbolic.
q—1
m:=|——]|.
2

Let
In this section we consider the case of ¢ odd. The case for even ¢ is essentially identical
(treated in §3.2 below), the only difference being the explicit formula for the transfer
operators. Thus, let g be odd. Then

To simplify notation, we omit throughout the subscripts g and £.

3.1.1.  Slow transfer operators for odd q. The odd (‘—’) and even (‘+’) slow transfer

E;low,:l:

operator of I' is given by

E:low,ﬂ: — Z Ols(g—k) + Ols(ngk)
k=1

= (1 +a(0) Y as(g),

k=1
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acting on C“((0, 1); V). Let

SEF®% := {9 € C?((0, 1); V) | ¢ = LI E )

denote the space of real-analytic bounded eigenfunctions of £5°%*

eigenvalue 1.
Forz e C,r >0, let

, respectively, with

B, (2):={weC||lw—1z|<r}

denote the open ball in C around z with radius r. Let I = (a, b) C R be a finite interval, and
U be a complex neighborhood of 7 and ¢ > 0. We say that I/ is an e-rounded neighborhood
if there exists € > 0 such that

B(a+e)UB,(b—e)U((a+e,b—¢e)+i(—e, &) CU.

We call U g-rounded at a if
Be(a+¢)CU,

and, analogously, we call U is e-rounded at b if
B.(b—¢)CU.

We say that U is a rounded neighborhood if there exists ¢ > 0 such that I{ is e-rounded.
Analogously we define the notions rounded at a or b.

Let SEF“"M'% denote the space of functions ¢ € SEF®"* for which there exists a
complex neighborhood U = U () of (0, 1) that is rounded at 0 and to which ¢ has a
holomorphic extension @ that satisfies the functional equation

F=> (s(g-1) £ s (Qg-1)). (17)
k=1

Let

SEF®:#:% .= {(p € SEF®-hol.+

JeeV: (p(x):§+0x_)0+(l)} (18)

denote its subspace of functions with a certain controlled growth towards 0, and let
SEF®-d¢¢£ denote its subspace of functions ¢ € SEF?** for which the map

) !
on N
¢ ;

| 19)
Fas(J)g on <_Z’ 0>,

extends smoothly (C*°) to (—1/¢, 1/£). As already indicated in §2.7.1, the superscript ‘as’
stands for ‘asymptotic behavior’, referring to the growth towards 0. The superscript ‘dec’
stands for ‘decay’, referring to the necessary decay behavior of ¢ in order to satisfy (19).

LEMMA 3.1. Let ¢ € SEF?”hOl’i. Then ¢ extends holomorphically to a rounded
neighborhood W of (0, 1) and its extension satisfies (17) on all of WW.
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Proof. By hypothesis, we find a complex neighborhood U/ of (0, 1) that is rounded at
0, to which ¢ extends holomorphically and on which this extension, also denoted by ¢,
satisfies (17). Since g:{ is parabolic with fixed point O, g:;, ce g:,l,, are hyperbolic
with attracting fixed points contained in the interval (0, 1), all repelling fixed points are
bounded away from (0, 1), and Q fixes 1, we find a complex neighborhood V of 1 such
that 0 -V CV and
g, VU fork=1,...,m.
Then
m
Y=Y (e(g4) £ s (Qg4))g
k=1
defines a holomorphic function on W :=U U V. Further, ¢ coincides with ¢ on U/ since

@ satisfies (17) on all of U. By the identity theorem of holomorphic functions, ¥ satisfies
(17) on all of W. Obviously, W is a rounded neighborhood of (0, 1). 0O

Remark 3.2. Tn Corollary 3.13 below we will see that the elements of SEF?-** satisfy
stronger asymptotics than requested in (18) towards the cusp of X, in all directions that
are ‘closed’ by the representation x. To be more precise, let

Ei:={veV|x(g-v=v}
let E, be the orthogonal complement of £ in V, and let
pr,: V—E,

be the orthogonal projection on E,. Then every ¢ € SEF§”’2‘S*ﬂE satisfies
C
p(x) = )_C + O+ (D)

for some ¢ € V with pr,.(c) =0, atleast if s € C,Re s > 0, s # 1/2.
The property pr, (c) = 0 means that in all directions of the cusp that are not stabilized
by x, the function ¢ behaves as if the space is closed.

Remark 3.3. For each ¢ € SEF;"’dec‘Jr, condition (19) implies that we have
lim ¢(x)=0.
x—071
Even more, since the limit lim,_, g+ ¢’ (x) exists,

@ = Oy 0+ (x).
Remark 3.4. In [39, 50] (isomorphism between Maass cusp forms and eigenfunctions of
transfer operators) we consider £3°%% to act on C®(R~; V) instead of on C®((0, 1); V)
and require that
onR.o,

@ >0 (20)

— 0 (S)(p on IR<07
extends smoothly to R instead of asking for (19). However, if ¢ € C”(R.¢; V) is an
eigenfunction with eigenvalue 1 of £3°™'F then ¢ = o, (Q)g. Substituting this into (20)
and noting that SQ = J shows that (20) is equivalent to (19) up to real-analyticity at 1.
However, Proposition 3.7 below shows that each element of SEFg’)’i extends uniquely to
an element in C*(R~q; V). Thus, (19) and (20) are indeed equivalent.
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3.1.2. Fast transfer operators for odd q. In order to state the fast odd (‘—’) and even

(‘+’) transfer operator £%% of T, we set

1 1
D_:= <O, Z) and Dg:= (Z’ 1) 21

m
L= ay(g).
k=2

as well as

ForRes > 1, we set

2

o0
L= " a(g" ), (22)
n=1

and have
piass _ (£ (@)L (1 as(Q)LE,
’ (1o (QNLES  tay(Q)L™!

—1,s

which acts on the Banach space
B :=B(Dg) ® B(D-1).

ForRe s < %, Cf_a? , and EﬁaSt’i are given by meromorphic continuation (see Theorem 2.2
or [39, 51)).
The choice of notation in (21) refers to the fact that g:ll maps to D_1, and all the other
elements g:é, e, g:rl,, map to Dy.
For s € C, let
FEFY .= (f e B| f = L™t% f)

denote the space of eigenfunctions in 5 of L’gaSt’i with eigenvalue 1. Let FEFgleci denote
the subspace of maps f = (fo, f_1)' € FEF;t for which the map

(1+£ffﬁfs)f—1 for x > 0,

(23)
Fog (N + L% ) fr forx <0,

extends smoothly to 0 when considered as a function on some punctured neighborhood of
OinR.

3.1.3. Special case ¢ =3. For g =3, that is, for the modular group PSL,(Z), the set
Dy is empty and hence there is no fy-component. The transfer operators simplify to

E;],(;W,:I: =1 £ a(0)) oay (g3,—1)

and
fast,+ __ fast
‘C3,s = :tas(Q)ﬁ_“,’_l)S»

which, for Re s > 1/2, is

LY = £a,(0) Y as(8h ). (24)

n=1
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For the case where x is the trivial character, (24) coincides with :I:L',lsway  see (D). It
is does not coincide with any other transfer operator existing for PSL(Z). For a more
detailed discussion we refer to [46, Remark 4.3].

For x being the trivial character, [34] and [14] showed that the map

fa=as(g)e,  ¢=ag; ) 1, (295)

provides an isomorphism between the eigenfunctions of ﬁ;{iw’i and Eg‘l;ti To be more
precise, at the time of their results, the slow transfer operator had not yet been discovered.
They showed an isomorphism between the eigenfunctions with eigenvalue 1 of Egﬁt’i
the solutions (of appropriate regularity) of the functional equation

and

o) =l + 1D+ (x + 1>—2S¢<L>, e Rog,
x +1

that are invariant (‘+’) or anti-invariant (‘—’) under the action of Q. In our terms these
functions are eigenfunctions with eigenvalue 1 of ﬁz{(;w’i

The combination of [15, 16, 18, 22, 26] shows that (25) also provides an isomorphism
for certain representations x. These studies take advantage of the special structure of
Lgﬁt’i which is not present anymore for g > 3. Therefore, in the general case, the
isomorphism, as stated in Theorem 3.5 below, is more involved. For the case of g = 3,

one easily sees that the isomorphism in Theorem 3.5 reduces to (25).

3.1.4. Statement of main theorem for odd q. We start with an informal abstract
deduction of the isomorphism. Every object or step in the following which requires
technical justification (e. g., raises convergence questions) is dealt with in the actual proof
of Theorem 3.5 below; see §8§3.1.5-3.1.7 below.

The principal objects for the isomorphism are the slow discretizations for the geodesic
flow and the slow transfer operators. The fast discretizations and the fast transfer operators
arise as follows. Whenever the acting element in the slow discretization is parabolic,
one induces on this element in order to construct the fast discretization. More precisely,
suppose that p € PSL,(RR) is parabolic with fixed point a € R U {oo} and suppose further
that the slow discrete dynamical system contains a component (submap) of the form

(p71 -b,a) —> (b,a), x+—p-x (26)
(or (a, p_1 -b) — (a, b), x — p-x). Then, for the fast discretization, this submap is

substituted by the maps (n € N)
(™" b, p~ "tV by > b, p7b), x> p'ox. 27)

Let 1y denote the characteristic function of any set W. The map in (26) contributes to the
slow transfer operator the term

1(b,a) a5 (p), (28)
while the map in (27) contributes to the fast transfer operator the term
L pipy - D s (p"). (29)
neN
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We refer to [39, 49-51] for a detailed description of the induction process and explicit
examples.

In the previous sections we have only provided the (equivalent) matrix representations
for transfer operators. We refer to [39] for a detailed explanation how to switch between
those and (28)—(29).

At those places where the acting element is hyperbolic, the slow and the fast
discretizations are identical. The guiding idea for the isomorphism map is that we want
to assign to an eigenfunction ¢ of the slow transfer operator the (unique) eigenfunction
f of the fast transfer operator that is ‘dynamically as identical as possible to ¢’, and vice
versa. We elaborate this idea to make it more precise.

First let ¢ be a (given) eigenfunction with eigenvalue 1 of £3°%. In the following we
construct a (unique) candidate for an eigenfunction f with eigenvalue 1 of £, At those
intervals where the slow and fast discretizations are identical the maps f and ¢ should
coincide. Thus, if Iy is an interval arising in a submap (as an image of a map as in (13)!)
and the acting element is hyperbolic then we define

Fliy = eliy- (30)

If I, is an interval in a submap (again, as an image interval!) where a parabolic element
is acting, say p is the parabolic element and I, = (b, p~' - b) the interval, then on I,, the
function f heuristically needs to be the difference between ¢ and one p-iterate of ¢. Thus
we define

fl1, =0 —as(p)el,. €29

Now let f be a (given) eigenfunction with eigenvalue 1 of EﬁaSt. We want to define
a (unique) candidate for an eigenfunction ¢ with eigenvalue 1 of /.Z;’IOW such that the
definitions (30) and (31) are inverted. Thus, on an interval Iy as for (30) we set

(p|l() = f|]0-

Suppose that the parabolic element p and the interval I, are as for (31). The formal inverse

of (1 — e (p)) is
D=1+ as(p".
n=0

neN
Therefore we set
olr, = (1 +Zas<p”>)f|zp. (32)
neN

A major point in the proof of Theorem 3.5 below is to discuss the convergence issues
raised by (32) and to establish that it is indeed inverse to (31). We note already here that
as soon as ¢ = o(x_25 ) is established or assumed, one easily sees that (32) is indeed the
inverse to (31).

THEOREM 3.5. Let s € C\(3} such that Re s > 0. Then the spaces SEF?*** and FEFE
are isomorphic (as vector spaces). The isomorphism is given by

FEFE — SEF> %% f=(fo, f-1)| — o,
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where
¢lpy = folp, and ¢lp_, =1+ L™ ) filp,. (33)
The inverse isomorphism is
SEF®®* _ FEFE, ¢ f=(fo, f1) |,

where f is determined by

folpy =¢lp, and f_1:=(1 —oay(gg.-1))¢lD_;- (34)
These isomorphisms induce isomorphisms between SEF®-%¢% gnd FEFdec.+,

If one ignores all questions of convergence and, in particular, uses (22) for £ ,»thena
straightforward formal calculation (converting the heuristics from above) shows that (33)
and (34) indeed map eigenfunctions with eigenvalue 1 of £2“F to eigenfunctions with
eigenvalue 1 of £9%E “and vice versa.

For a rigorous proof of Theorem 3.5 we first show two intermediate results. The first,
proven in §3.1.5 below, discusses the maximal domains of holomorphy for the elements
of SEF®-P°L% and FEFE. A priori, these elements are defined on different domains: the
functions in SEF;""“’]*jt are defined on some interval in R, whereas function vectors in
FEF¥ are defined on certain open sets in C. The result on the maximal domains simplifies
to compare the functions in these two spaces.

As a second intermediate result we show, in §3.1.6 below, that

L for = as(g-1)e

whenever f = (fo, f-1)| € FEFT is given and ¢ is defined by (33), or ¢ € SEF?:®*
is given and f is defined by (34). This is a crucial identity needed for establishing
Theorem 3.5.

3.1.5. Maximal domains of holomorphy. 1In order to study the maximal domains of

holomorphy for the elements of SEFg."*h"]’jE and FEFEY we start by investigating the

contraction properties of the group elements acting in the iterates of the transfer operators.
Let

-1 -1
A= {gil’ LIRS gim}
be the elements acting in the transfer operators (the ‘alphabet’). For each n € Ny, let
-1 -1, -1 .
AY =g, g, |gkj eAforj=1,...,n}
denote the words of length n over A, and let

A* = U A"

nENQ

denote the set of all words over A. Further let
AL =gy g €A Tk =—1),
ALy =g g €AY Tk =11,

ALy =gy g €AY Tk =—11,
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and
Af =g g €A [kie{=2,....—m}},
Ay =1lgg -8 € Aplky =1},
Al =18 - 8 € AG L kn =—1},
as well as
A=At ALy = U ALy Aoy = U ALy
neNy neNy neNp
and
= 45 ALy =U Ay A= U 4G
neNy neNy neNy
Let

={ze€eC|Rez>0}.

We recall the sets D_1 = (0, 1/£) and Dy = (1/¢, 1) from (21). Throughout, and in
particular in the following lemma, the notion of finite sets includes the empty set.

LEMMA 3.6. Let U_1 be a rounded neighborhood of D_y, and Uy a rounded

neighborhood of Dy. Let U C C be an open bounded set that is bounded away from

(—00, 0], and let V C C be an open bounded set that is bounded away from (—oo, —1/¢].

Then the following properties are satisfied:

(i)  For all but finitely many g € A*, we have g-U CU_| and gQ -U CU_| and
g-U1NCr) CU_1 NCk.

(ii)  For all but finitely many g € Aj we have g -U C Uy and gQ -U S Uy and g - (Up N
Cr) CUyNCkp.

(iii) For all but finitely many g € AS\A?O,—U we have g -V C Up.

(iv) For all but finitely many g € Aé\A’("O’l) we have gQ -V C Up.

(v)  For all but finitely many g € Ail\A’(k_L_l) we have g -V CU_;.

(vi) For all but finitely many g € Ail\A?—l,l) we have gQ -V CU_;.

We recall from (16) (and the text below it) that the elements g;} are parabolic with
fixed point 0 and oo, respectively, and that all the elements g;, ce g;,ln are hyperbolic
with attracting fixed points in (0, oo) (bounded away from 0 and co). Lemma 3.6 follows
from the contraction properties of the action of combinations of these group elements. Its
proof can essentially be read off from Figures 3 and 4. Before we provide a rather detailed
proof below, we sketch how these two figures indicate the proof of Lemma 3.6(i).

Figure 3 indicates the location of g - Cg for g € A*. It shows that if W is a subset of
Cg then h - W C U_ for all sufficiently long words & € A’il. Since Cg is invariant under
the action of Q, it also follows that 2 Q - WW C U/_ for all sufficiently long words h € A* 1

Figure 4 indicates the location of g~! - Cp for g € A*. Since U and Q - U are bounded
away from (—oo, 0] there exists n € N such that, for all words g in A* of length at least n,
we have

U Q- Ucg ' Ck.
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9" .Cr

].CR

FIGURE 3. Images of Cg under A* for ¢ = 5.

92~(CR g,l.(CR
91.Cr Cr

9-192-Cr

FIGURE 4. Images of Cg under A~ for g = 5.

Thus, g- U, g0 -U C Cpg. Using g - U and gQ - U in place of VW in the argument above
shows that, for all sufficiently long words /4 in Ail, wehave h - U, hQ -U CU_;.

Proof of Lemma 3.6. We only provide a proof for (i) as the other statements are shown
analogously. We start by showing (i) for i/ € Cg. Indeed, we establish it for C instead of
U, which is a slightly stronger statement. We remark that O - Cg = Chp.
The set
F*:={zeH|Reze(0,0), |z]>1, |z—£|>1)

is a fundamental domain for the action of I' on HL. Its vertical sides
{ze F¥*|Rez=0} and {zeF*|Rez=1¢}
are identified via 7', and the two bottom sides
{zeF*|lzl=1, Rez<¢/2} and {zeF*|lz—{|=1Rez>¢/2}
are identified via S. The set F* relates to the fundamental domain F in Figure 2 by shifting

its part in {Re z > £/2} by —£. Let

q
B:=| s F*.
k=1
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g1.B B _
9 "B

G1-QB Q.B

FIGURE 5. The sets B and Q - B and some neighboring translates.

We state several properties of the set B and refer for proofs to [52, §4] and [48]. From the
side-pairing properties of F* it follows that B is the hyperbolic polyhedron (see Figure 5)
with vertices

-1 —1 -1 -1 — —1
o0, gl O=g2 - 00, gz 0=g3 00, ..., gml’0=g—m'00,
.85 0=g| 00, g7 -0=0.

Further,
Stabpr(B) = {(TS* |k=1,...,q}

stabilizes B (as a set), and
{g-BlgeTl}={g-B|geTl/Stabr(B)}
is a tesselation of H. The neighboring translates of B in H N Cg are given by 3;1 - B with
j €{£l, ..., £m}, and the overlapping side of gj_1 - B with B is
BNg;' - B=g;" (iRs).
Note that Q - B is the reflection of B at the real axis. Let
H :={zeC|Imz <0}
denote the lower half plane, and recall the action of I" on C as defined in (9). Then
{80-B|geT}
is a tesselation of H™, and the neighboring translates of Q - B in H™ N Cg are given by
g;‘Q.Bwithj e{%l,..., +m).
Let E := B U Q - B. The tesselation properties of B and Q - B (and the continuity of
the I'-action on C) show that
{g-Elgel}
tesselates C, and
{g-E|ge A’}

tesselates Cg. Further, the geometric forms of B and Q - B, and hence of E, yield the
following properties:
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(@) If h, ke A* then hk - Cp g h - Cg. Since the I'-action on C is continuous, this
statement holds indeed for Cg, not only for Cg \ R.

(b) For M C C, let diam(M) denote the diameter of M in the Euclidean metric of C. For
any sequence (h,),eN in A we have

diam(h, - - - hy - Cg) =0

unless (%) is eventually constant gl_l. Further, unless (4,,) is constant gl_l, for all
neN,h,---hy-Cgis aEuclidean ball centered at the real axis.

(¢) Let len(h) denote the length of h € A*. Then uniformly for k € {—m, ..., —1} U
{2, ..., m} we have

diam(g; 'h - Cr) —> 0 as h € A*, len(h) — oo.

In particular, for h € A* |» the set 7 - Cg is contained in an e-rounded neighborhood of
D_ with ¢ only depending on the length of /, and shrinking to O as the length of /& goes to
00. Since U_ is e-rounded for some small & > 0, for all but finitely many g € A* | we have
g - Cr CU_y. This shows the statement for &/ C Cg, and it shows that g - (U_; N Cg) C
U1 N Cg for all but finitely many g € A* .

We now show (i) for the case wherew U is not necessarily contained in Cg. To that end

we set
Cr:={ze€eC|Rez =<0}

The neighboring I"-translates of E = BU Q - B in C, are given by
E‘=g - E=¢g yw1-E=... =g 1-E=g1-E=...=g,.E.
The sides of E* are given by
g-m-(R), ..., g_1-(R), g1-(GR), ..., gn- (R), iR.

For n € Ny, let
AT :={h|h7 " e A"},

and set
A= A
nENO
Arguing analogously to above, we find that, uniformly for ke {-m,..., -1} U
{23 AR ) m}a
diam(ggh - Cr) — 0 ash e A", len(h) — co.
For each fixed mg € N, uniformly for 0 <m <mgand k € {—m, ..., —1}U{2, ..., m},
we have

diam(g{"gkh - Cr) — 0 ash e A%, len(h) — oo.
Further, for m € N and all h € A™*, we have
gi'h-Cp C{zeC|Rez <mt}.

Thus, since U/ is bounded away from (—oo, 0], there exists ng € N such that, for all & €
A7*, len(h) > ng,
UCC~h-Cy.
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In turn, for g € A*, len(g) > no,
g-UCCpg.

This completes the proof.

For n € Ny, let
A7 = A" | UAj.
Then A} U A" Q are the elements that act in (LSoW:Eyn get
% ={z€C|Rez>0} and C':=C\(—o0,0].
Lemma 3.6 allows us to deduce the maximal domain of holomorphy for the functions in
SEFa),hOl,:l:
" .

Recall the definitions of a§“ and oz§2) from (11), and recall from §2.5 that the maximal
domain of holomorphy for oeﬁk) (g~ f(z) depends not only on the considered function f
and the group element g € I but also on the choice of k € {1, 2}. In Proposition 3.7 below,

the restrictions on the domain of holomorphy are indeed forced by the maximal domains
of holomorphy for ozs(k) (g),g€ A}, neN.

PROPOSITION 3.7. Let s € C and ¢ € SEF?"hOl’i. If we use aﬁl) for ay then ¢ extends
holomorphically to C}, and satisfies (17) on all of C. If we use a§2) for oy then ¢ extends
holomorphically to C' and its extension satisfies (17) on C'.

Proof. By Lemma 3.1 we find a rounded neighborhood ¢/ of (0, 1) to which ¢ has a
holomorphic extension. Without loss of generality, we may assume that, fork =1, ..., m,

g, -UCU and g [Q-UCU. (35)

Thus, the identity theorem of complex analysis implies that the functional equation

0 =L Fo = (as(g-k) £ a5 (Qg-0))¢
k=1

remains valid on all of /. Even more, for any n € N, we have

@ = (L3 g = ( Y a@H+ %(Qa—l))w (36)

acA}
on (0, 1), and hence on U.
Note that, for ots(l), the set C}, is the largest domain that contains (0, 1) and on which

all the cocycles in (36) (for all n € N) are well defined and holomorphic. For as(z), the slit
plane C’ is the largest domain with these properties. If we use a§l) let D := C7%, otherwise
let D:=C.

For zg € D fix an open bounded neighborhood W of zg in D that is bounded away from
(—o00, 0]. By Lemma 3.6 there exists ng € N such that, for n > ng and g € A", we have
g-WCUand gQ - W CU. We fix n > ng and define

oW = (Z as(a™") ias(Qal))w on WUU. 37

n
acAl
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Note that the right-hand side of (37) is indeed defined on W U U since ¢ is defined on U,
and U satisfies (35).

In order to see that the definition of ¢)y is independent of the choice of n, let m > ny.
Without loss of generality, we may suppose that m > n. Using (36) and (37), we find on

all of W U U the identity
(Z as(a") ias(Qa1)><p
acA}
= (Z as(al):l:as(Qal))< > as(bl):l:as(le))ﬁo
aEA'li bGAILn_”

=( > as(a_lb_l)ias(Qa_lb_l)ias(a_lQb_l)+as(Qa_1Qb_1))<0

n m-—n
acA ,beA]

= ( Yo aeh+ as(Qc_l)><p~

n m
ceAT

Thus, ¢y does not depend on the choice of n > ng.

The identity (36) implies immediately that ¢y, = ¢ on U. Moreover, if, for j € {1, 2},
zj €D, sz is an open bounded neighborhood of z; in D bounded away from (—oo0, 0],
and oW, is the function defined by (37) then the combination of (37) with (36) yields that

W, = PW; -

From these observations it follows that if we fix, for any z € D, an open bounded
neighborhood W, in D bounded away from (—oo, 0], and let ¢, denote the function
defined by (37), then v : D — C,

¥ (z) = ¢:(2)
is a holomorphic extension of ¢ to D which coincides with ¢ on /. The identity theorem
yields that v satisfies (17) on all of D. O
Let
(o~ P o] —1
B:={g.,8% --->8tm|PENL

We call a word over the alphabet B reduced if it does not contain a subword of the form

g, g " or g Vg " * with py, p> € N. For each n € Ny, let

B":={hy, -+ hi, | h, € Bfor j=1,... n)

denote the set of reduced words of length n over B. Further, let

By :={hk, - -~ hi, € B" [ k1 € {=2, ..., —m}},
Bo.1y = {hk, -+ - hi, € By | kn = 1},
le = {hkl .. 'hkn c B" |k1 =_1},

Bl _y):={hky - hi, € BYy | ky = =1},

n
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and

Bl 1y = thiy - hi, € B [ ky = 1).

Then these sets determine the elements that act in (C?St’i)"; for the exact relation we refer
to the proof of Proposition 3.8 below. Lemma 3.6 allows us to determine the maximal

domain of holomorphy for the function vectors in FEFSi

PROPOSITION 3.8. Let s € C and f = (fy, f-1)T € FEFE. If we use ol for a; then f;
extends holomorphically to Cy, and f_y extends holomorphically to

C;:={zeC|Rez>—1/¢}.
The holomorphically extended function vector f = (fo, f-1)| satisfies
((1 o (QNLE (£ %(Q))cfﬁﬁts)

38
(1 +as (LG Fa (LM oo

If we use ocs(z) for oy then fy extends holomorphically to C' and f—| extends
holomorphically to C\(—oo, —1/£], and the function vector (fy, f_1) ' satisfies (38).

Proof. 1t suffices to show the statement for Re s > 1/2. We only provide the proof for aﬁl)

as that for aﬁz) is analogous. We note that C}, x Cj is the maximal domain of holomorphy
that contains Dy x D_; and on which all cocycles arising are simultaneously well defined
and holomorphic.

For n € Ng, we have (see [50, Lemma 5.2]; note that the notation here is different and
that the Q-contributions are handled in a different, though equivalent, way; alternatively
it follows from [39, Proof of Proposition 4.11] where one still needs to perform the
passage from the transfer operator for I' to the pair of transfer operators for T as in [39,

Proposition 4.15])

(+as(Q) Y o™ A£as(Q) Y a0
(Efast,:t)n — be By beB",
! Db+ Y es(0b™h D oahE Y a0b™h
b€ By\Bj _y b€ Bi\B(, ) beBI\B[, _ be B \B[,

Let (zo, wo) € C x Cj and pick open bounded neighborhoods U of zp in C% and V' of
wo in (CZ. Further, for j € {—1, 0}, let D; be open complex neighborhoods of D_j such that
f € B(Dy) @ B(D_y). Note that D; is a rounded neighborhood of D; for j € {—1, 0}.

By Lemma 3.6 there exists ng € N such that, for n > n¢, we have

g-UCDy and gQ-UCTDy
forall g € B]l, and
g-VCD_; and gQ-VCD_

forall g € B" ;. We fix n > ng and define

Jo ) fast, £\ [ SO
= (L) (39)

<f 1 : =1
onU x V. As in the proof of Proposition 3.7 we see that the left-hand side of (37) is well
defined and defines a holomorphic function vector that satisfies (38) on U x V. O
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3.1.6. A crucial identity. In this section we show that

L foi=ag(g-1De onR.g

whenever f = (fo, f-1)" € FEFE is given and ¢ is defined by (33), or ¢ € SEF;"’Z‘S*ﬂE is
given and f is defined by (34). More precisely, we show that

as(g—1) o (1 4+ L2 ) foy = L8 £ (40)
and ‘
L% o (1 —as(g-1))g =as(g-1)¢ (41)

on R. . Furthermore, we provide regularity properties which allow us to determine the
spaces between which (33) and (34) establish isomorphisms.

A crucial tool for these investigations are asymptotics of the Lerch zeta function
¢(s, a, x) (see §2.6) for large values of x. Since we consider it here for x > 0 only, we
have oy = ozs(l) = a§2) and thus do not need to distinguish between the two variants of the

(meromorphically continued) Lerch zeta function. Its asymptotic expansion for x — oo is

o0
¢(s.a,x)~ Y Dyx Ot (42)
n=—1
for certain coefficients D, € C, n € Z>_1, depending on s and a with D_; =0ifa ¢ Z
[29]. The precise (numerical) expressions for all D, are known [29] but they are not of
importance to us.

PROPOSITION 3.9. Lets € C and f = (fy, f-1)" € FEFZ. Then
() ag(g-1) oI+ LY ) f1 =L f1onR..

i) A+ Efi‘its)f_l(x) = ¢+ 0,_0+(1) for some c=c(s, f) € V. Moreover, pr,(c)
=0.

Proof. To simplify notation, we set L := Ef_aﬁ‘ ;- We start with a diagonalization. Since
x(g—1) is a unitary operator on V, there exists an orthonormal basis of V with respect to
which x (g_1) is represented by a unitary diagonal matrix, say

27Tl'a1’ . e27riad)7

diag(e

L}

withay, ..., as € Rand d = dim V. We use the same basis of V to represent any function
Y: D—V (here, D is any domain that arises in our considerations) as a vector of
component functions

Y
: :D— C.
Ya
For s € C, g € G, any subset [ of R and any function f: I — C, we set
(g7 f(x) =g’ @I f(g - x) (43)

whenever it makes sense. Then, in these coordinates for V and for Re s > %, the operator

L acts as
diag(z T (g )Y ez”i”“"rs(gﬁ1)>.

neN neN
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We now consider a single component. Let a € R and, by a slight abuse of notation, set

2ria

as(g-1) =al(g_1) = 7,(g_1).

ForRe s > %, let
L= os(g" )= "y (g")), (44)
neN neN

and let / be a real-analytic complex-valued function that is defined in some neighborhood
of 0. For k € Ny, let

h®) (0) vk BP0 4
C = ik and Jp(x) :=cpl"x" = Tx . 45)
Let M € Np. In order to state the meromorphic continuation of Ly to Res > (1 — M)/2,

we define

M—1
Py () (x) :=h(x) = > hi(x)
k=0

and Qa7 :=1 — Py;. Then
LSILSOQM+LSOPM7

where Lg o Py converges for Res > (1 — M)/2 and the meromorphic continuation of
Lg o Qyy is given by
2mia M—1

1
—_— 2s+k,a, 1 +—).
(£x)%s ]; Ckf( s+k,a, 1+ €x>

(Lyo Qmh: x —
For the proof of (i) note that

p2mi2a M1 1
(Ots(g—l) o Ls o QM)h(x) = W Z Ck§<2S +k, a, 2+ E)

k=0

and

(a5(g—1) o Ly o Py)h = Lgs o Pyh+ Ls o Quh — as(g—1)Puh — Ls o Qumh.
Thus,

o5 (g—1)Lsh(x) = as(g—1) Ly Puh(x) + as(g—1)Ls Qmh(x)

M-l . 2wia 1\ ~@st+h
= Loh(x) — as(g-Dh(0) + Y = 1+ —
4 ‘ () ox

1 . 1
—((2s—|—k,a, 1 —I——) +62”‘”{(2s+k,a,2+—>j|
Ix Ix
= Lsh(x) — as(g-1)h(x).

This proves (i).
For (ii) we claim that there exists an asymptotic expansion of the form

o0
A+ Lh(x)~ Y chx?  asx—0F (46)
p=—1
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with complex coefficients ¢}, (depending on s, a, h) for p € Z>_; such that ¢*| =0 if
a ¢ Z. Then (ii) immediately follows from (46).
Let
Ky:=1+1L;

and recall that (46) means by definition that, for each P € Z>_1, we have

P
Ksh(x) — Z cpx? =o(x?) asx— 0.
p=-1
In order to establish (46) let P € Z>_,, pick M € Ngo, M > P 4 2, such that Re s > (1 —
M) /2, and consider the splitting

Ksh(x) = (Kg o Qm)h(x) + (Kg o Py)h(x).
In the following we first prove that
(Ks o Py)h(x) =o(xM™?) asx — 07, 47)

Then we show that (K o Qp)h(x) has an asymptotic expansion of the form (46), and
that its first P + 1 coefficients (i.e., those for the terms x~ b xP ) do not depend on
the choice of M. These two results immediately imply (46). Their proofs even provide an
exact formula for the coefficients in the asymptotic expansion; see (52) below.

We first note that (42) implies, for each k € N, the asymptotic expansion (recall ci
from (45))

—2s 1 - k+n +
(x) ck§<2s +k, a, —> ~ 3" Dyk)x asx — 0 (48)
£x =

for certain coefficients D (k) € C, n € Z>_1, depending on s and a, and with D_; (k) =0
if a ¢ Z. In particular,

1
x)" S <2s +k,a, z_) =o(x*"%) asx— 07, (49)
X

In order to show (47), we recall that the Taylor formula with Lagrange remainder term
yields that, for each n € Ny and x > 0, there exist vectors

dim V
SR(X,”):ER(X,H, M)v %‘[(.x,n)ZSI(.x,n, M)E<07 L)
néx +1

such that
(PMh)< x ) _ Ren™(gp(x, m) +iIm A (& (x. m)) - < x )M_
nlx +1 M! néx +1
Thus,
0 2rina X
(Ks o Py)h(x) = 2:;) mwm(ﬂ T 1)
2 rina 1\~
= (Lx) nX:(:)e (n + H) -e(x, n),

https://doi.org/10.1017/etds.2018.51 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2018.51

A transfer-operator-based relation 647

where
Re ™ (&g (x, n) +i Im h™ (& (x, n))

M!
Since &g (x, n) and &7 (x, n) are bounded uniformly in x and n, so is c(x, n). It follows that

c(x,n):=

00 1 —(2Res+M)
(K o Pyp)h(x)| < (£x)2Res Z(n + —)
x

n=0

1
= (Ex)_2R“§<2 Res+ M, 0, —)
£x

for all x > 0, with implied constant independent of x. Thus, (49) implies (47).
We now investigate (K5 o Qp)h(x). For all x > 0, we have

M—1

(Ks 0 Qa)h(x) = ()™ ) ck§<2S tha %)

k=0

Thus, it follows from (48) that (K5 o Qps)h(x) has the asymptotic expansion

M—1 oo 00
(Ks 0 Qm)h(x) ~ Y >~ Du(k)(x) " = Y~ &, (M)x? (50)
k=0 n=—1 p=—1
as x — 01, where
M—-1 oo
Ep(M) =7 D Sk p Du(k) (51)
k=0 n=-—1
for all p € Z>_;. Here,
1 ifp=gq,
8g.p = .
0 ifp#gq,

denotes the Dirac §-function. Note that, for each p € Z>_1, the series in (52) has only
finitely many non-vanishing summands, and hence it is indeed a finite sum.
If a ¢ Z then
c_1(M)=D_(0) =

Thus, the asymptotic expansion (50) is indeed of the form (46). Further, (51) shows that,
for p < P, we have

p
Tp(M) =17 3" Dy(p —q).
g=—1
which is indeed independent of the choice of M > P + 2.

This completes the proof of the existence of the asymptotic expansion (46), and
furthermore it shows that, for p € Z>_, the coefficient c:‘, is given by

=y

k=0n

5k+n,pDn (k). 0 (52)

||I Mg
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PROPOSITION 3.10. Let s € C and ¢ € SEF®"%. Set

Y= (1 — a5 (g-1)p = L3 %9 — a5 (g-1)¢ (53)

= ((1 +as(0) Y as(g4) ias(Qg—l))(ﬂ-
k=2
Then
P = q)s,ga =o5(g-1)p — LfaSt ¥ R.o—V

—1,s

is a real-analytic ag(g—1)-invariant function. Further, ¢ has an asymptotic expansion of
the form

o
o(x) ~ P (x) + Z Cix" asx— 0" (54)
n=—1
for certain (unique) coefficients C; € V, n € Z>_1. Moreover, pr,.(C* ) =0.
Proof. Obviously, ¥ extends real-analytically to some neighborhood of 0, and hence &

is real-analytic. We start by showing that & is o;(g—_1)-invariant. To that end let f be an
arbitrary function which is smooth in a neighborhood of 0. To simplify notation, we set

.__ pfast
Ls:=LT .

For Re s > %, we have

as(-DLy f =Ly [ —as(g-1) f- (55)
Since f is arbitrary (hence, in particular, independent of s), meromorphic continuation in s
shows that (55) holds for all s € C\{poles}. Thus, applying (55) with f = ¢ and recalling
(53) yields

o (8-1)P = 0 (82 )¢ — s (g-1)Ls¥r

=5 (e2 e — Lo + a5 (g-1)Y

= (82 )¢ — LoV + as(g-1¢ — (82 Do

=Ly +as(g-1¢

=o.

Hence, ® is o5 (g_1)-invariant.
For the asymptotic expansion we note that

=0+ Y+ L. (56)
From
m
V¥ =~0=xa(0)) Z o5 (8—1)9 £ as(Qg-1)¢
k=2
and the fact that for ke {2,...,m} the elements gzllQ, gj,l, gj,iQ map (small)

neighborhoods of 0 away from O it follows that i extends to a real-analytic function
in a neighborhood of 0. As in the proof of Proposition 3.9, we find that the asymptotic
expansion of ¥ + L for x — 0T is of the form claimed. O
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LEMMA 3.11. Let s e C and ¢ € SEF?)’i, and let ® = &g, be as in Proposition 3.10.
Then we have the following statements.
(1) IfRes > % and ¢ = 0y_, o+ (x2°) then b5, =0.
(i) @y (x) = Oxmsor (7).
(iii) If Py p(x) = 0x0+ (x~2%) then &y, =0.
@iv) Let% >Res >0, s5# % If for some c €V,
P(x)==+0() asx—0" (57)
X
then ¢ = 0.

Proof. For (i) recall that, for Re s > %, the operator L'fj‘ﬁfs is given by (22). From the decay
property of ¢ it follows for all x € R that

2s
li (o — 2 NN X X -0
pm s (gopeto) =x lim XD v 1) Y
Thus, Lf_a‘slt"v(p = o,(g_1)e, and hence ® = 0.
The o (g—1)-invariance of ® easily implies (iii).
For (ii) and (iv) note that the map

~

Dy i=as(Q)Psp: (1,00 — C

is a real-analytic o (g1)-invariant function (recall that Qg_1Q = g1). In particular, d is
bounded. Thus,

Dy (x) = a5 (Q) By p(x) =x Dy (%) Lt
This proves (ii). For (iv) note that (57) is equivalent to
By p(0)=cx""F 4+ 0(x7F) asx - . (58)
Thus, for % > Re s > 0, it follows that CT)W) is unbounded unless ¢ = 0. Hence the
boundedness of EIJDS,(/) implies ¢ = 0. It remains to consider the case Re s = % Let
t:=—2Ims

and note that ¢ # 0. The o (g1)-invariance of 5S,¢ shows that, for each x € (1, co) and
k € N, we have

lellx™ = (x + kO] < [Py, (x) — cx'| + | Py g (x + k0) — c(x + k0.
Thus, the growth condition (58) yields that

lel|x' — (x + k0)''| > 0 asx — 0o, k — oo. (59)

k
exp(—it log(l + —E)) — 1‘.
X

We have
|xil _ (x +k£)”| —

Forallkg e N, xg > 1,

k
{— k>ko, x Zxo} = (0, 00).
X
Hence,
k
lim sup exp(—it log<l + —E)) —1|=2.
x—>00,k—>00 X
In turn, the convergence (59) is only possible for ¢ = 0. This completes the proof. O
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COROLLARY 3.12. Let s € C, Re s > 0, s # 1/2. Suppose that ¢ € SEI:‘;”"”’i and define
Y oasin (53). Then
as(g-1)g = L v

on R..

Proof. The combination of Lemma 3.11 with the asymptotic expansion for ¢ from
Proposition 3.10 and the growth of ¢ towards O immediately yields a proof. O

The proof of Corollary 3.12 also shows that the elements in SEF‘SMsi satisfy a stronger
condition for the asymptotics as x — 07 than requested in their definition; see (18) and
Remark 3.2.

COROLLARY 3.13. Lets € C,Res >0, s # 1/2. Then

,as, £ __ ,hol, +
SEF2® _{<pesEF§) 0

3ce V., pro(c) =0: p(x) = — + 0H0+(1)}.
X

3.1.7. Proof of Theorem 3.5. Suppose first that ¢ € SEF?)’E‘S’i and define f =
(fo. f-1) T as in (34). By Proposition 3.7, ¢ extends holomorphically to C% and satisfies
(17) on Cy. Thus, the definition of fj extends holomorphically to C}. Further, taking
advantage of (17), we find that

far=0 —as(g-1))e = Z(as (&) £ s (Qg—1))¢ £ s (Qg-1)¢

k=2

is in fact defined and holomorphic on Cj. By the identity theorem of complex analysis,
it suffices to show that f satisfies f = Ega“’i f on Dy x D_yq. Corollary 3.12 shows
Ef_aﬁt,sf—l =as(g-1)p on R.o.

In particular,

(1 £, (DL o1 = (a5(g-1) £ s (Qg-1))e.
Analogously, on all of R. ¢ we have
(1 £ as(Q)LES fo = (1 £ (Q)LETp
= L7 — (@s(g-1) s (Qg-1)g-
Then a straightforward calculation shows that
LEf =1,

If ¢ satisfies (19) then f obviously satisfies (23).

Suppose now that f = (fo, f_1)' € FEF?E and define ¢ as in (33). Since fo and f_
are holomorphic in a complex neighborhood of Dy and D_; respectively, ¢ is real-
analytic on (0, 1) and even holomorphic in a complex neighborhood of (0, 1) that is
rounded at 0. Therefore it suffices to show that ¢ satisfies ¢ = E;low’i(p on D_;1 U Dy.
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By Proposition 3.9(i) we have o (g_1)p = ,Cf_"‘ﬁt’s f-1 on Rog. Then f = £E £ yields
that, on Dy,

¢lp, = fo= (1 £as(QNLEY fo+ (1 £ as(QNL™ fo1

= (1 £ a,(Q) Y as(g-0)p + (I £ o (Q))es (8- 1)
k=2

slow,+
=L; ®.

On D_1, we have

olp_,=f1+ ﬁf_asf,sf—l

= (12 as (LGS fo +as (DL for + LB f-1
— L:slow,:l:(p.

This shows that E‘;low’igo = ¢. Then Proposition 3.9(ii) yields ¢ € SEF?)’aS’i. Finally, if
S satisfies (23) then ¢ clearly satisfies (19). This completes the proof of the isomorphism
between SEF?:# % and FEFZ.

In order to prove that this isomorphism descends to an isomorphism between
SEF®-de¢-£ and FEF%“# it suffices to show that SEF»9°¢-% C SEF:M°l-£ T that end
let ¢ € SEF®4“%  and recall the asymptotic expansion (54) of ¢ as x — 0. We
use the notation from Proposition 3.10. Remark 3.3 implies that C*, =0 and that
lim,_, o+ &y 4 (x) exists and equals C(”)‘. Then the o, (g_1)-invariance of ®; , yields that,
for all x e R,

. N . —2; N X
q>s,<p(x) = Nh—I>noo as(g_l)q)s,q)(x) = Nh—r>noo(N£x +1 Y)((g_l)cl%,(p(W_i_l) =0.

Thus, ¢ =¥ + L. Hence ¢ extends holomorphically to a complex neighborhood of
(0, 1) that is rounded at 0, and therefore ¢ € SEF;”'hOLi. This completes the proof of
Theorem 3.5.

3.2. Isomorphism for the Hecke triangle groups 'y with £ =2 cos(t/q), q > 4 even.
We use the notation from §3.1. For even ¢ the statements and proofs are almost identical
to those for odd ¢. The necessary changes are caused by the fact that

8q/2 = 8-q/2>

and that the aitracting fixed point of g;/lz is 1. These two properties are related to the fact
that the two I'-conjugacy classes [g,,2]F and [Qgy /2] are both related to the primitive
periodic billiard on F\H that is represented by the geodesic on H from —1 to 1 (cf. §2.4).

For the transfer operators, 1 being an attracting fixed point of a hyperbolic element has
the effect that 1 needs to be in the domain of definition of the functions on which the
transfer operators act. Therefore, compared to the case of ¢ odd, the domains are larger.
We refer to the formulas in the following, and to [50] for a more detailed explanation.

In order to provide explicit formulas for the transfer operators, we note that, for even ¢,
we have

m=6—1—1.

2
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slow, =+
Ly

The odd and even slow transfer operator of Iy is given by

1 1 -
LI = S5 (89/2) & 505(Q8g/2) + ) ots(84) £ 0:(Qg4)
k=1

1 m
=1+ e5(0)) (5% (8g/2) + Y _ o (g—k))-

k=1
We consider it to act on C?((0, 14 ¢); V) for some & >0 (or equivalently, on
C®(R~0; V)). Likewise, the spaces SEF®-*, SEF*:hol£ SEF®:3£ apd SEF?-dec.E gre
defined for functions in C*((0, 1 + ¢); V).
For the odd and even fast transfer operators we need to use
1

m
L5 = 5ts(8g/2) + ) s (8-),
k=2

Do:=(4.1].

With these changes the statement and proof of Theorem 3.5 applies for even g as well.

and set

3.3. Isomorphism for the Theta group. For the Theta group
.= F2

we consider the slow and fast transfer operators that are developed in [51]. Let

1 2 2 1
k1.—[0 1:| and k2_|:_1 0].

In [51], only the full slow transfer operator for I is stated, not the odd and even ones.
The odd and even transfer operators are deduced by conjugating the transfer operator in
[51, §4.2, The reduced system] with

1 id e
V2 \—as() id )

This conjugation provides a diagonalization of the transfer operator. The two diagonal
entries are then the odd and even transfer operator.
Thus, the even (‘+°) and odd (‘—’) slow transfer operator for I" is (after an obvious

normalizing conjugation)

LI = ay (k) + a5 (ko) £ a5 (ko T).
Both transfer operators are acting on C“((—1, c0); V). We let

E . _ pslow,+

SEFy"= :={p € C”((=1, 00); V) | ¢ = LTV ¢}

be the space of real-analytic eigenfunctions with eigenvalue 1 of £5°%'%.
Let a € R. We call a complex neighborhood U/ of the interval (a, co) rounded at oo if
there exists xg € R such that

{zeC|Rez > xo} CU.
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Let SEF*-1°L% denote the subspace of functions ¢ € SEF?** that extend holomorphically
to a complex neighborhood of (—1, co) that is rounded at —1 and at oo, and whose
extensions satisfy

f= sk ) + ayk) £ ag(kad)) f

on all of U. Further, we let SEF?:®* be the subspace of functions ¢ € SEF*"M°'% such
that there exist ¢, ¢ € V (depending on ¢) such that

c
() =127 + Oyoo(x™¥) and @(x) = e _i 1 + O, _1+(D).
Finally, we define SEF?”d‘?"’i to be the space of the functions ¢ € SEF§”'jt for which the
map
o (Do on (0, 00),
—as(S)e Fas(J)p on (—o0, 0),

extends smoothly to R, and the map

© on (—1, 00),
{:FaS(T_lJ)(p on (—oo, —1),
extends smoothly to PLYR).
In order to state the even and odd fast transfer operators for I" let
E,:=(-1,0), Ep:=(,1), E.:=(,o00).
Further, for Re s > l, we set

L= gk, L8 =) agk).
neN neN
As for the slow transfer operator, in [51] only the full fast transfer operator for I' is given
explicitly. The transfer operator in [51, §5.2] can be diagonalized by the conjugation with

1 as(J)
1 s (J)
1 1 as(J)
V2 —as(J) 1
—as(J) 1
—as(J) 1

The even and odd transfer operators are then given by the diagonal terms. After rearranging
the order of the Banach spaces and an additional normalizing conjugation, for Re s > %,
the even (‘+’) and odd (°—’) fast transfer operator is given by

0 daykpt) LB
LEF = | LB o)) L
L tag(kad) 0
Both transfer operators act on the Banach space

B:=B(E,) ® B(Ey) ® B(E,).
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For Re s < %, these transfer operators and their components are given by meromorphic
continuation.
Let
FEFY .= (f e B| f = L™4% f)

and let FEFS“’i be its subspace of functions f = (f4, fp, fo)| € FEF;t such that
fo £as(O)(1 + L £ on (0, 1),
—as(S)(1+ LPN fo Fa(N) f on (=1, 0),
extends smoothly to (—1, 1),
4+ L8 fa on(~1,0),
Fa (T~ D) fy on (=2, -1,
extends smoothly to (—2, 0), and
as(S)(1 + LY £ on (—1, 0),
Fas(STIN (1 + L) fo on (0, 1),

extends smoothly to (—1, 1).
The proof of the following theorem is analogous to that of Theorem 3.5.

THEOREM 3.14. Let s € (C\{%} with Re s > 0. Then the spaces SEF*“** and FEFE are
isomorphic as vector spaces. The isomorphism is given by

FEF} — SEFY %, f = (fa, fo. [T = 0.
where
ole, =0+ L) fale,.  ¢le, = folg,  @le =1+ LE) felg,.
The inverse isomorphism is
SEFy“* — FEFy, ¢+ [ = (fas fo f) .
where f is determined by
fale, =0 = as®)@lE,  fole, =¢lg,,  foi= 1 —asky NelE,.

These isomorphisms induce isomorphisms between SEF?”deC’i and FEFgeci.

3.4. Isomorphism for non-cofinite Hecke triangle groups. Let
I':= Fg

be a Hecke triangle group with parameter £ > 2, thus a non-cofinite Fuchsian group. We
consider the slow and fast transfer operators from [49, 51]. To improve readibility we omit
the dependence on ¢ in the notation.

Let
e and e 1
aj = 0 1 ayi=| _, ol
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The even and odd slow transfer operators for I" are given by

LYF = g (@) + as(a; ) £ agard),
acting on C“((—1, o0); V). We define

SEFy™* := (p € CY((=1, 00); V) | 9 = L™ ¢}
to be the space of real-analytic eigenfunctions with eigenvalue 1 of Lilow’i. Let SEF‘S‘)'h"l*i
be its subspace of functions ¢ € SEFfV‘)’jE that extend holomorphically to a complex
neighborhood of (—1, co) rounded at co and whose extension satisfy the functional
equation
f=(as(@) + as(a; ) £ as (@) f.
Further, let
SEFY** 1= {9 e SEFY™* |3ce Vi p(x) = cx' ™ + Oxoo(x ™).

In order to state the fast even and odd transfer operators we set

Ei:=(—1,1) and Ep:=(( -1, c0).

For Re s > %, we define

fast . —
L7 = Z as(a™).

neN
Then the fast even and odd transfer operators are (for Re s > %)
o _ (@@ as(@l) LY
' as(ar) tas(ald) 0 )’
which acts on the Banach space
B:=B(E1) ® B(E»).

For Re s < %, these transfer operators and their components are defined by meromorphic
continuation. Let

FEF; :={f € B| f =L""* f}.
The proof of the following theorem is analogous to that of Theorem 3.5.

THEOREM 3.15. Let s € C\{3} with Re s > 0. Then the spaces SEF***** and FEF{ are
isomorphic as vector spaces. The isomorphism is given by

FEFY — SEF* % f=(f1, f)" o,

where
fast

el = fil=1,ny  and  @l—1+e,00) = (1 + L1 f2l(—1+€,00)-
The inverse isomorphism is
SEF"* — FEFY, ¢ f=(fi. f2)".
where f is determined by

Sl =0l and  fHlci4e,00) =1 — as(al_l))(/)|(—1+é,oo)~
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4. A few remarks

(a) The explicit formulas for the isomorphism maps in Theorems 3.5, 3.14 and 3.15
clearly show that these maps are compatible with those additional conditions on
the eigenfunctions that can be expressed in similar ways for the spaces FEF;IE and
SEF‘;)'aS*i. For example, every additional condition that can the expressed in terms
of acting elements will result in an equivariance for the isomorphism maps.
Indeed, Theorems 3.5, 3.14 and 3.15 are themselves examples of the latter
observation if we use Theorem A as a starting point. To be more precise, let

FEF, = {f | f =L™'f} and SEF:={f|f=L}F)

be the eigenspaces with eigenvalue 1 of £ and £3°%, respectively. Since we only
intend to provide a sketch for the mentioned compatibility of the isomorphism map
with certain symmetries, we do not discuss the necessary regularity properties of the
eigenfunctions. Let

&: FEF; — SEF;

be the isomorphism map in Theorem A that is constructed analogously to the
isomorphism maps in Theorem B (see Theorems 3.5, 3.14 and 3.15). We did not
provide a separate formula for the isomorphism map ®. However, ® is essentially
the pair of two isomorphism maps in Theorem B (consisting of the isomorphism
maps FEF} — SEF?** and FEF; — SEF?:%7).

The even and odd eigenfunctions of the fast transfer operator £§ast are then detected
by invariance and anti-invariance under o (Q) respectively, and likewise for the slow
transfer operator £3°. The isomorphism map @ is «(Q)-equivariant. Theorem B,
or more precisely Theorems 3.5, 3.14 and 3.15 (for the latter, using o (J) instead of
a(Q)), state the already refined isomorphisms between the spaces of even or odd
eigenfunctions.

We leave the investigation of further additional conditions for future work. Examples
that should be considered include other exterior symmetries such as Hecke operators.
Also other types of conditions, such as fixed values at common fixed points, are of
interest.

(b) Patterson conjectured a relation between the divisors of Selberg zeta functions and
certain cohomology spaces [43] (see also [12, 17, 28]). For Fuchsian lattices T,
Bruggeman, Lewis and Zagier provided a characterization of the space of Maass
cusp forms for I with spectral parameter s as the space of parabolic 1-cohomology
with values in the semi-analytic, smooth vectors of the principal series representation
for the parameter s [10]. In connection with the Selberg trace formula, these results
support Patterson’s conjecture.

In [39, 50, 51] the second author (for I'; with £ < 2 jointly with Moller) established
an (explicit) isomorphism between SEF?”deC’i and the corresponding cohomology
space from [10]. In turn, Theorems A and B support Patterson’s conjecture within a
transfer operator framework (and without using the Selberg trace formula).

We stress that the relation which arises from the transfer operator techniques between
those spectral zeros of the Selberg zeta function which are spectral parameters of
Maass cusp forms and the (dimension of the) cohomology spaces is canonical.
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In particular, this relation does not depend on the choice of an admissible
discretization for the geodesic flow.

It would be interesting to see if there is also such a cohomological interpretation of
SEF‘;)’*‘S'jE if 5 is not a spectral parameter of a Maass cusp form. Moreover, it would
be desirable to find an extension of such a cohomological framework which allows
us to include non-trivial representations as well as non-cofinite Fuchsian groups.

(c) At the state of the art, Theorem 2.1 and its generalizations [39, 46, 47] are restricted
to cofinite Fuchsian groups.

However, Patterson showed that also for non-cofinite Hecke triangle groups I" there
is at least one (normalized) L?-eigenfunction of the Laplace—Beltrami operator with
spectral parameter 6 = dimy A (') being the Hausdorff dimension of the limit set
A(T") of T [42]. Moreover, Lax and Phillips investigated the spectral theory of
the Laplacian on hyperbolic manifolds of any dimension [30-33]. For non-cofinite
Hecke triangle groups, these results show that all L2-eigenvalues of the Laplace—
Beltrami operator are contained in the interval (0, 1/4), and that there is at least one.
In particular, there are no L>-eigenvalues embedded into the absolutely continuous
spectrum.

By these spectral results, it is reasonable to expect that an analogue of Theorem 2.1
is valid for non-cofinite Hecke triangle groups as well.

(d) It is expected that analogues of Theorem 2.1 can be shown for Re s ¢ (0, 1), x any
finite-dimensional unitary representation, and I" cofinite or non-cofinite; see [49, §7],
[51, Conjectures 4.2, 4.6]. In this case, the role of Maass cusp forms is expected to
be played (in some way) by x-twisted resonant states.

(e) It would further be desirable to characterize the elements in SEF®** that are
not contained in SEF;"'d‘“’C’jt purely in a transfer operator framework (in particular,
without relying on the Selberg trace formula). A complete characterization would
allow us to provide—as a by-product, and independent of the Selberg trace
formula—a complete classification of the zeros of the Selberg zeta function. For
the case where I' is the modular group PSL;(Z) and  is the trivial one-dimensional
representation, the combination of [8, 13, 14, 18, 34] provides such characterizations.

A. Appendix. Odd and even Selberg zeta functions
Recall the Selberg zeta functions Z and Z4 from §2.4. In this section we provide a sketch
of the proofthat Z =72, - Z_.

LEMMA A.l. For all Hecke triangle groups T and all finite-dimensional unitary
representations x, we have Z =74 - Z_.

Proof. [Sketch] It suffices to show the equality
Z(s) =Z4(s)Z_(s)

for those s € C for which Z and Z4 are given by the infinite products from §2.4. Equality
on C\{poles} then follows from meromorphic continuation.
Let I' be a Hecke triangle group, and let £, £55%% denote its fast transfer operators.
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From [39, 49, 51] it is known (or easily deduced) that
Z(s) = det(1 — L)

and . .
det(l — £ = det(1 — £2F) det(1 — £5247).

Thus, it suffices to show that
Z4(s) =det(l — LItE), (A1)

We provide a sketch of the proof of (A.1) only for the Hecke triangle groups I'y with
¢ =2cos %, q € N>4 even, and the odd transfer operator. All remaining instances of (A.1)
are shown analogously.

LetI" :=T'; and set T= (Q, T'). Recall g, from (5) and [F]p,u from (6). We assign to
w the numerical value

pe=1
=
Note that definitions (5) and (15) remain consistent, and g, = g ..
Let
Gen:={g_2, ..., 8-u, Qg2 ..., 0g-,}U{g" |, 0g" 1k eN}.
Forh=hy...h, withneNandh; € Gen, 1 < j <n,let
(=D
by (h) = 2—"% (h),
where
e=c(h):=#jef(l,....n} | hj€{Qg2. ..., Qg—n. 08" 1LeN}}
and

k:=kh)=#je{l,....n}|hje{gu, 0gu}}.

We consider / as a word of length n over Gen and call & reduced if it does not contain a
mi

subword of the form g"1g"? or Qg™ g™ with my, m, € N. We let W!d(Gen) denote the
set all of reduced words over Gen of length n, and define

Wrd(Gen) := U wred(Gen).
neN
For n € N, we let C{ be the subset of words in W,fed (Gen) that end with g* yorQ g{l for
some £ € N and do not begin with g* | for any k € N. Further, we let C5 be the subset of

words in W,ﬁed(Gen) that end with an element of {gx, Qgi | k € {—u, ..., =2}}.
By [50, Lemma 6.2],

Z by (a) *

aeCy

* Z by (a)

n
aeCy

(L:gast, —)n —
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The off-diagonal entries are known as well but are not of importance for our applications.
For all a € C{ U C5, we have (combine [50, 6.4] and [51, Lemma 5.2])

deta N(a)™*

o (@ = 5@ T deta- N1 @
Let
o0
Zieg(s):= [ J]det(t —det g x(e)N(g)"“+0).
[glpelTp,u k=0
Then
log Z_(s) =log Zeg(s) +1og Z, 14 —log Z,, o. (A.2)
Let

[Clhp = {lg" 15 | [g)f € [Tppu, n €N

Using [50, Proof of Theorem 6.1] with the extension to unitary representations as in [51],

we see that .
10g Zreg () =— ) - > Trb;(a). (A.3)
neN aeC’fgC;1
[a]FG[r]h.u

In order to relate the other summands in (A.2) to the traces of the transfer operator, we let
W, = Wred({gu, qu}) denote the set of words over the alphabet {g,,. 0g,}. Note that
each element in [F] ~ [F]h ,u has a representative in W,.

Analogously to [50, Proof of Theorem 6.1], we find

N(gl)~ 5( tr x(Qgh) tr x (g} )
— Trb; (a) = — (A.4)
2—: aeC’ZUCZ Z—: 2p \I+NGE™ 1=Nep™!
aEWH

s _ py—(s+1)
; 2p—1 NG 2[N(g )7 tr x(Qgh) — N(gh) ™"V tr x (Qgh)

— N/~ trx(gh) — N(gh)~ (””trx(gp)}

Further, we have

1L N@ED™uwx(Qgh) 1w (s+2k)
_ = ( tr x (g5 Q)
[,Z::]ZP 1—N(gfH)2 2,;;17 8" *8u
1 & 21
=5 > tr(Z ;N(gﬁ)(”z")x(g,’j)x(Q)>
k=0 p=1

1
=—3 log det exp(log(1 — x(g,)N(g,) ") . x(Q))

1 o0
=— log ﬂ) det((1 — x (gu)N(g,) 201Dy (A 5)
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Analogously, we find that

o0 Pr—s p o
1 N(g) " trx(gn) 1 .
e TTdet(l — v (e N (e 672 (A6

=1 2p 1-N(g)™2 2 Ogl_[ et(1 — x (8N (gu) ) (A.6)

k=0
Using (A.5) and (A.6) in (A.4) and comparing to (A.2) shows that

1
log Z,ia —log Z,0 = — Z — Z Tr b (a).

peN = qecucy
aeW,

In combination with (A.3), this completes the sketch of the proof. O
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