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We consider here a general class of bivariate distributions from reliability point of view,
and refer to it as generalized Marshall-Olkin bivariate distributions. This class includes
as special cases the Marshall-Olkin bivariate exponential distribution and the class of
bivariate distributions studied recently by Sarhan and Balakrishnan [25]. For this class,
the reliability, survival, hazard, and mean residual life functions are all derived, and their
monotonicity is discussed for the marginal as well as the conditional distributions. These
functions are also studied for the series and parallel systems based on this bivariate dis-
tribution. Finally, the Clayton association measure for this bivariate model is derived in
terms of the hazard gradient.

1. INTRODUCTION

In their pioneering paper, Marshall and Olkin [22] developed a bivariate exponential distri-
bution in the following way. Suppose a system consists of two components. The system is
subjected to three exponential independent shocks Uy, Us, and Us with failure rates A1, A,
and Ajo. Component 1 fails when either of shock 1 or shock 3 occurs, while Component 2
fails when either of shock 2 or shock 3 occurs. Thus, the random life length X; of Compo-
nent 1 is such that X; = min(Uy, Us), while the random life length of Component 2 is such
that X5 = min(Us, Us). Evidently, the joint survival function of (X7, X2) is given by

FXI,XQ(:L.:l?xz) :P(Xl >(E1,X2 >IL‘2) (1.1)
= exp[—A121 + Aoxo + Ao max (1, 22)] (1.2)
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for x1,29 > 0,A1, A2, A2 > 0. The survival function in (1.1) is the so-called Marshall-
Olkin bivariate exponential distribution; see Kotz, Balakrishnan, and Johnson [17] and
Balakrishnan and Lai [2].

Recently, Sarhan and Balakrishnan [25] used the above construction by taking the distri-
butions of U; and Us as generalized exponential distributions having cumulative distribution
functions

Fu(u))=(1—e ™) wu; >0,0,>0
and

Fu,(ug) = (1 —e "2)% uy > 0,0y > 0.

For various properties of generalized exponential distributions, one may refer to Gupta
and Kundu [11,12]. Some bivariate generalized exponential distributions and associated
inferential issues have been discussed by Kundu and Gupta [18,19]. Multivariate extensions
of Sarhan and Balakrishnan’s [25] model have been studied by Franco and Vivo [7] and
Franco, Kundu, and Vivo [6]. While these authors have assumed U; andUs to have identical
baseline exponential distribution, we consider here U; and U, to have general distributions.

In the present work, we assume that Uy, Us, and Us have any continuous reliability
functions G1(t), Ga(t), and G3(t), respectively. Then, the survival function of (X7, X5) is
given by

F}(l’x2 (Il,JCQ) = él([ﬁl)ég(xg)ag(max(l‘l,Ig)), X1 2 071‘2 Z O (13)

We refer to this distribution of (X7, X3) as the Generalized Marshall-Olkin (GMO)
bivariate distribution. Clearly, GMO is the most general continuous bivariate distribution
retaining the feature of three independent shocks, one representing the common cause of
failure acting on a two-component system and another two shocks acting separately on the
two components in an independent manner.

In this paper, we study some properties of reliability, hazard, and mean residual life
functions of the marginal and conditional distributions of the marginal and conditional
distributions of the GMO distribution in (1.3). We also study these functions for the series
and parallel systems based on this general bivariate distribution.

2. JOINT RELIABILITY FUNCTION OF GMO DISTRIBUTION

In this section, we show that the reliability function of the GMO distribution can be decom-
posed as a mixture of bivariate absolutely continuous and singular reliability functions. For
convenience, we shall write F'(z1,x2) instead of F'x, x,(%1,x2).

THEOREM 2.1: For all x1,25 > 0, we have

F(x1,72) = 0F (21, 22) + (1 — 0)Fpe(1, 12), (2.1)

where

(u)dGs(u),

| |
\

Fy(xy,29) = G (max(x1,x2))Ga(max(z1, v2))Gs(max(xy, x2))
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and
Fs(l'17$2), Tl = X2,

1(21)G3 (1) {%} , X1 > T2,

Fac(xlwr?) =

Q)

Q)

2(332)é3($2) {%@Gl(m)} , T < T2.

Proo¥r: For all z1,22 > 0, we can express

F(.’El,l‘g) = P(Xl >z, X9 > 332)

(U1 >, Us > X, Us > max(a:l,xg))

(U3 < min(Ul,Ug))
Uy > x1,Up > 29, U3 > max(x17x2)|U3 > min(Uh Ug))

P
= P(Uy > 21,Us > x2,Us > max(x1 22)|Us < min(Uy, Us))
X
+ P(

x P(Us > min(Uy, Us))

e Is vy

= 0Fs(z1,79) + (1 — 0)Fue(z1, 72),
where 0 is
0 = P(Us < min(Uy, Us))
_ /O " Plmin(Uh, Us > u)dGs(u)
_ /0 GG ()G ()
Also,

Fs(.’lﬁl,xg) = P(Ul > xq,Uy > x9,Uz > HlaX(l‘l,:L‘QHUg < min(UhUg))
P(U1 > xq,Uy > x9,Us > max(:cl,xg)|U1 > Us, Uy > Ug)

P(U; > max(x1,x2),Us > max(z1,22),Us > max(x1,x2))

G1(max(z1, 22))Go(max(z1, 22))Gs(max(z1, z2)),

and
Faclis az) = L0202 01 )
= fle{él(fl)az(ffz)és(max(xhxg))
— 0 G (max(xy, 72))Ga(max (w1, 22))Gs(max(z1, 22)) }-
This completes the proof of the theorem. n

3. JOINT DENSITY FUNCTION OF GMO DISTRIBUTION

Due to the presence of the singular component F in (2.1), the GMO distribution does
not have a density with respect to the two-dimensional Lebesgue measure even when the
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reliability functions G1,G» and G3 are absolutely continuous. However, it does have a
density with respect to the measure described below.
Let p, ps and piqc be the measures such that

p([z1,00) X [2,00)) = F(x1,22),
prs([z1,00) X [29,00)) = Fo(x1, x2)
and

pac([T1,00) X [22,00)) = Foc(z1, 22).

Then, 4. is absolutely continuous with respect to the two-dimensional Lebesgue measure
V9 so that

Fac(xlaxQ) - ,U/ac xlv ) X [1‘2; ))

/ / {aua ac(, U)} dudv.

To handle ps, let B* = {(x1,22) € R?*|z; = 25} and (AN B*), be the projection of
AN B* onto the z1-plane. In the case when A = [z1,00) X [x2,00)], we have

(AN B), = [max(z1,x2), c0].

Now, let v be a measure such that v is absolutely continuous with respect to one-dimensional
Lebesgue measure v; and

Fs(xl,afz) = ps([x1,00) X [T2,00))
v((ANB* ) ), A= [z1,00) X [22,00)
(

v([max(zy, x2),00))

{ —F(u, u)} du
max(z1,r2)

h { Gl(u)Gg(u)Gg(u)} .

max(x1,x2)

Note that v2(B*) =0 and, hence fiq.(B*) = 0. On the other hand, by using (B*)® to
denote the complement of B*, we find

s ((B¥)* =v(((B*)*NB"),) = v(¢) =0,
where ¢ denotes the empty set. Thus, the measures p,. and pg are mutually singular. Since
p=0us + (1 = 0)pac,
it then follows that the GMO distribution has density function (with respect to p) given by

flz1,22) = G{ddl (xl,l'Q)IB*(xl,xQ)}

2
+(1-0) {69:?8 o ac(xl,xz)} {1 —Ip-(x1,72)},
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where Ip-(x1,x2) is the indicator function of B*,

d d — _ _
delFe(thl) = E{Gl(xl)Gz(xl)Gs(ﬂfl)}
and
0%
mFac(xl,xQ) =0 if 1 — T2.

It is easy to observe that

/ / f(u,v)duzfxl,x2(x1,x2)
[11,00) ["E27OO)

for all z1, xs.

265

Our results here are quite general and are valid for any distributions for Uy, U and Us.
However, we shall focus on the generalized exponential distributions for U; and Us and an

exponential distribution for Us, as done earlier by Sarhan and Balakrishnan [25].

4. RELIABILITY CHARACTERISTICS OF MARGINALS

In this section, we study various reliability characteristics of the marginal distributions.

4.1. Preliminaries

Let T be a non-negative random variable denoting the life length of a component having
cumulative distribution function (c.d.f.) F'(¢) with F(0) = 0 and probability density function
(p.d.f.) f(t). Then, the failure rate of T is given by r(t) = f(t)/R(t), where R(t) =1 —

F(t) = F(t) is the reliability function of T'. Let us assume that f(¢) is continuous and twice

differentiable on (0,00).

Let h: Ry — R, be a real-valued differentiable function. Then, h(t) is said to be

(1) dncreasing if b'(t) > 0 for all ¢, and is denoted by I;
(2) decreasing if W' (t) < 0 for all ¢, and is denoted by D;

(3) bathtub shaped if h'(t) <0 for t € (0,tg) , h'(to) =0, R'(t) > 0 for ¢ > tp, and is

denoted by B;

(4) upside down bathtub shaped if h'(t) > 0 fort € (0,t0), h'(to) =0, A'(t) < 0 for t > 1o,

and is denoted by U.

For various properties of classes of distributions with hazard rates of these forms, inter-
ested readers may refer to Barlow, Marshall, and Proschan [4], Barlow and Proschan [3],

Gupta [8], Gupta and Warren [13], and Marshall and Olkin [23].

4.2. Failure Rate Characteristics
The marginal reliability function of X; is easily seen to be
in (.’L‘l) = él(ml)é3($1)7 7 = 1,2,

and the corresponding p.d.f. is given by

fx; (@) = gi(2:)Gs(w:) + Giwi)gs(zi), i=1,2,

where g;(x;) is the pdf of U;(i = 1,2) and g3(x;) is the pdf of Us.
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The failure rate of X; can be expressed as
hx, (t) = hy, (t) + hur, (t), i=1,2,

where hy, (t) is the failure rate of U;(i = 1,2) and hy,(t) is the failure rate of Us.
We shall now suppose that Us has an exponential distribution with failure rate 6y, as
done earlier by Sarhan and Balakrishnan [25]. Then, we have

hx, () = hu, (8) + 0o, i=1,2. (4.1)

Thus, in this case, the monotonicity of the failure rate of X; solely depends on the
monotonicity of the failure rate of U;.

Gupta, Gupta, and Gupta [8] discussed the monotonicity of the failure rate for
the Lehmann class of distributions, which includes exponentiated Weibull, exponentiated
exponential, and exponentiated gamma distributions as special cases.

Suppose a random variable U has a Weibull distribution with reliability function

Fut)=e*, t>0, a>0.

Then, the exponentiated Weibull distribution with reliability function {F (t)}?, which
includes the exponentiated exponential distribution as a special case, has the following
failure rate characteristics:

4.3. Mean Residual Life Function
The mean residual life function (MRLF) of a random variable X is defined as

[ Pl

u(t) = B(X —t|X > 1) = a0

9

where F(t) is the reliability function of X. Then, corresponding to the model in (4.1), we
have the MRLF of X; as

[ Gi(w)e=Pdu

HX; (t) = —
Fx, (1)
—Gou du
:i_ 90ft fU ) 7 121’2 (4-2)
90 GU,;( )6 bot
In particular, we have
1 1 > —6Oou .
BE(X;)=—— e Y fy (w)du, i=1,2.
O 6o !

We now consider two examples. The second example deals with the generalized expo-
nential distributions for U; and Us while the first example deals with the class of linear
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hazard rate functions which has been studied by various authors including Bain [1], Sen
and Bhattacharya [27], Lin, Wu, and Balakrishnan [20], and Sarhan and Kundu [26].

Ezample 4.1: Suppose U; has linear failure rate given by h;(t) = a; + b;t(i = 1,2) and Us
has a constant failure rate 6y. Then,

co  _ —asu—b:u?
ft e 0011.6 aju—b;u”/2

1X (t) - e~ (Oo+ait)—b;t?/2

1— ®(v/bit + (0o + ai)/Vb;)

T VBt + Gor a0 (4.3)
This gives
By = L2t a)/Vh) o

V(0 + ai) /Vbi)

where ¢(-) and ®(-) are the pdf and cdf of a standard normal variable.

Example 4.2: If Uy and U, have generalized exponential distributions and Us has constant
failure rate 6y, then the MRLF is given by

f:o e~ U1 — (1 — e )%]du
FXi (t)
(1/90)6_"0’5 — ﬂe—t (90,91‘ + 1)

nx; (t) =

B e (45)
where
Bula,b) = / v (1 —v) ldv
0
is the incomplete beta function.
This gives
1
B(X;) = % B(bo,0; +1), i=1,2, (4.6)

where ((a,b) is the complete beta function.

The monotonicity of the MRLF can be studied by using the following result of Gupta
and Akman [10].

THEOREM 4.1: Suppose X is a random variable with failure rate r(t) and MRLF u(t).
Then:
(a) If r(t) is IFR, u(t) is DMRL (decreasing mean residual life);
(b) If r(t) is DFR, pu(t) is IMRL (increasing mean residual life);
(¢) Suppose r(t) € B and = 11(0). Then,
(i) if pr(0) <1, then u(t) € D;
(i) if pr(0) > 1, then u(t) € U;
(d) Suppose r(t) € U and p = p(0). Then,
(i) if ur(0) > 1, then u(t) € I;
(i) if pr(0) < 1, then u(t) € B.
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5. RELIABILITY CHARACTERISTICS OF CONDITIONALS
5.1. Conditional Reliability Functions and Failure Rates

The survival function of X7, given Xo > x4, is given by

61(931)53(1‘1 V IEQ)
62(.%2)

FX1|(X2>$2)(171\X2 > 19) =

where x1 V 25 = max(x1,x2). The corresponding conditional failure rate is given by

0 _
—87 lnGl(acl) = ]”LU1 (1‘1), r1 < T2,
hX1|(X2>3?2)(x17x2) = al

—Tm[lnél(xl) +InG3(x1)] = hy, (z1) + hy, (21), 21 > 29,

Similarly, the conditional survival function of X5, given X; > 1, is given by

Ga(r2)Gs(x1 V x2)
Gs(z1) ’

Fx, (x50 (22| X1 > 1) =
and the corresponding conditional failure rate is

hU2 ((E2) + hU3 (fEQ), r1 < X9,

5.1
hUz(JJQ), 1 > To. ( )

hX2|(X1>$1)(‘T1?x2) = {

Thus, we have the hazard components to be

(hUl (x1)7hU2<w2) + hUz(xQ))v r1 < T2,
(hu, (x1) + huy (21), hu, (22)), 21 > 22

The monotonicity of the conditional failure rate of X, given Xy > x4, depends on the
monotonicity of the failure rates of U; and Us. Similarly, the monotonicity of the conditional
failure rate of X5, given X; > x1, depends on the monotonicity of the failure rates of Us
and U3.

5.2. Monotonicity of the Failure Rate of X; Given X, > x5, as a Function of x,

To study the monotonicity of the failure rate of X, given Xo > x5 , as a function of zo, we
use the notions of TPy and RRy defined as follows.

DEFINITION 5.1: A function f(x,y) is said to be TPo(RRs) if
flzy) fu,v) = fla,v)f(u,y) > ()0 for allz <u and y < v.
The TP2(RRs) property is a notion of positive (negative) dependence and is the
strongest of all dependence notions in the literature; see, for example, Joe [15] for a

comprehensive discussion on various dependence notions and their inter-relationships.

THEOREM 5.1: The joint reliability function Fx, x,(x1,x2) has the TPy property.
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ProOF: We readily have
Fx, x,(w1,22) = / P(min(Uy, us) > 21, min(Us, uz) > x2)dG3(us),
0

where G3(.) is the distribution function of Us. Now,

P(min(Uy,uz) > x1) = G1(x1)I(x1,u3),

where

0 >
I(xl,US):{ ’ T1 = U3,
1, z1 <us.
Since the kernel I(z1,u3) is TPy, P(min(Uy,us) > x1) is TPs in x1 and ug. Similarly,
we have

P(min(Usz,uz) > x2) = Gao(x2)I(z2,us),
where

0 >
I(x2,u3) = { e

1, x9 < ug;
Since I(x2,ug) is TPy, P(min(Us, ug) > atglis TPs in 22 and us. Hence, by the composition
formula (see, e.g., Karlin [16]), we obtain F'x, x,(z1,z2) to have the TPy property. |

The above established TPy property helps us to determine the monotonicity of the
failure rate of X1, given Xo > x4, as a function of x5. For this purpose, we need the following
lemma due to Shaked [28].

LEMMA 5.1: If Fx, x,(71,22) is TP2(RRy), the conditional failure rate of X1, given Xo >
X, is decreasing (increasing) in .

Using this lemma, we immediately observe that the failure rate of X5, given Xy > xo,
is decreasing in xo. A similar statement can, of course, be made regarding the other hazard
component.

Remark 5.1: The TPy property of Fx, x,(z1,72) also implies that Cov(X7, X2) > 0. For
some other implications, one may refer to Shaked [28].

Remark 5.2: The results for the conditional distribution of Xs, given X7 > x1, can be
similarly obtained.

Remark 5.3: The results for the conditional survival functions reveal that the results for the
conditional distribution of X;, given X;(i,j = 1, 2), are the same as those for the conditional
distribution of X;, given X, > x;(i,j = 1, 2).
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5.3. Mean Residual Life Function
The MRLF of X, given X5 > x4, is given by

fdﬂ Gl( + frz G1 G ( )

m EEeey V<
By | (Xasan) () = ' (5.2)
[ G1(u)Gs(u)du P
R = T2
G1(t)Gs(t)
In particular, we have the mean of X1, given Xy > x5, as
63(562) f0£2 Gl du + f Gl Gg( )
X1 |(Xa>w) = (5.3)

G3(z2)
We shall now present two examples.

Ezample 5.1: Suppose Us has an exponential distribution with failure rate 6y and Uy has a
linear failure rate given by hq(t) = a1 + bit. In this case,

(t) = (I)(\/E$2 + al/\/a) - (I)(\/Et + al/\/@
NX1‘(X2>1‘2) - \/E¢(\/Et+a1/\/a)

— ®(y/bra + (a1 + 00)/v/b1)
Vb1¢(vV/bit + (a1 + 600)/v/b1)

0§t§$2,

and

) = — ®(Vbit + (a1 +60)/vVb1) P
e T (ot + (a + 00)/VB)

The mean of X;|(X2 > x2) can be easily obtained from above.

(5.4)

Ezample 5.2: If Us has an exponential distribution with failure rate 6y and U; has the
generalized standard exponential distribution, we have the MRLF as

T2 1— (1 —e ¥ 61 du
HX | (Xa>w2) (B) = J {{1 . ((1 - e—t)ll }}

f;;{l — (1 —e7w)f1}etougy

{1 - (1- e*t)91 }67«90902 , 05t < g,
and
fOO{l — (1 — e_u)el }e—eoudu
MXl\(X2>z2)(t) — Jt {1 — (1 — e_t)gl }6—9016 ,  t> xo.

In this case, we have the mean of X7, given X5 > o, as

xro 1 o0
MXIKXMQ):/O {1—(1—6_“)91}du+6790w2/ (1= (1= e }e—tougy
T2

T2 1 1
= / {1—(1—e™)}du+ — {() e %02 3 ., (00,00 + l)} )
0 e—foxz 00

where
Bula,b) = / v (1 —v) ldv
0

is the incomplete beta function, as before.
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6. ASSOCIATION MEASURE
6.1. Definition

In the context of bivariate survival models induced by frailties, Oakes [24] studied the
association measure
F Fiy
PR’
where F' = F(z1,25) is the joint reliability function, Fiy = (8?/0210x2)F (21, x2), F1 =
(0/0x1)F(x1,x2), and Fy = (0/0x2)F(x1, x2); see also Clayton [5] who presented the above
association measure, derived from the Cox model, in a study of the association between the
life spans of fathers and their sons.

It can be easily seen that

0(%1,%2) =

h(ﬂ?l |X2 = 112)

9(.%'17.'1:2) = hl(l‘17x2)

If X1, X5 denote the ages at death of a man and his father, then the numerator is the hazard
rate for son at z; given that the father died at age x5, while the denominator is the hazard
rate for son at age xy given that the father lived past xo. Also,

h(l‘llXQ = 1‘2) = —F12/F2 and hl(l‘l,xg) = —E/F

6.2. Derivation of 0(x,y)

From the formulas given earlier, it can be verified that

9?2 — Fi Fy
In F = 0—1
0x10x n (1, 22) 7 ( )

= h1($1,$2)h2(1}1,$2)(9 — 1)

This gives
0
_Th1($1’x2) = hl(xl,xg)hQ(xh@)(g _ 1)’
Z2
and consequently
6(‘1:173;2) =1- %hl(xl’lé) =1— aia:lhz(x17x2)
hi(x1,x2)ha(z1, 22) hy (21, 22)ha (21, 22)

by symmetry.
This readily shows that the two hazard components jointly determine 0(x1,x2).

Remark 6.1: From the hazard components of the model we have considered, we observe
that the value of §(x1,x2) is 1 for 21 # x2. However, when a1 = x5, 6(21, 22) does not exist
due to the fact that hy(z1,22) does not exist when x1 = x5.

6.3. Effects of the Measure and Some Applications

The deviation of the ratio of these hazards from 1 characterizes the strength of mutual
dependence of respective life spans. The stronger the dependence between X; and Xs is,
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the larger the value of 0(x1, x2) is. If 8(x1, x2) decreases to 1 when 7 and z9 tend to +o0,
then the dependence of the pair (X1, X2) is at least DTP(0,1) or DTP(1,0). This means
that the conditional hazard of X5, given X; = x1, and the conditional hazard of X7, given
Xo = x9, decrease in 21 and 9, respectively; see Shaked [28] for the definitions of DTP(0, 1)
and DTP(1,0).

Clayton [5] proposed this measure by assuming that the association arises because the
two members of a pair share some common influence and not because one event influences
the other. Thus, 0(z1, z2) explains an association between two non-negative survival times
with continuous joint distribution by their common dependence on an unobserved random
variable. This unobserved random variable is the so-called frailty or environmental effect;
see Oakes [24] , Manatunga and Oakes [21], and Gupta and Kirmani [14] for more details
on frailty models.

7. RELIABILITY CHARACTERISTICS OF SERIES AND PARALLEL SYSTEMS

Let 77 = min(X1, X2) and 75 = max (X7, X2) be the lifetimes of series and parallel systems
based on components (X7, X3). In this section, we study some reliability characteristics of
these two systems.

7.1. Series System

The survival function of T} is given by

Fr,(t) = Fx, x,(t,t) = G1(t)Ga(t)G3(t). (7.1)

Note that Eq. (3.9) of Franco and Vivo [7] can be deduced from (7.1).
From (7.1), we have the failure rate of 17 as

s (6) = — S P (£) = hus, (8) + sy (8) + sy (1)

dt
= hy(t) + hu,(t),

where hy(t) = hy, (t) + hy, (t) is the failure rate of a series system with independent
components U; and Us.

Now, suppose U; has a generalized exponential distribution with parameter 6; (for
i = 1,2) and Us has an exponential distribution with failure rate 6. Then, we simply have

hr, (t) = hu, (t) + hu, (t) + 6o,
and from this we immediately have the following implications:

(1) If 61 > 1 and 62 > 1, hy,(t) and hy,(t) are both increasing, and so hrp (t) is
increasing;

(2) If 01 <1 and 603 <1, hy,(t) and hy,(t) are both decreasing, and so hp (t) is
decreasing;

(3) If 61 > 1 and 65 < 1 (or vice versa), we have
7, (t) = hyy, (£) + hiy, (8),
and so the change point of the failure rate of T} is the solution of the equation
v, () + hy, (t) = 0.
Since hy;, (t) > 0 and hyy, (t) < 0, the turning point is unique.
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Next, we have the MRLF of T} as

ATy (t) =
We now present two examples.

Ezample 7.1: Suppose U; has a linear failure rate function given by h;(t) = a; + b;t(i = 1,2)
and Us has an exponential distribution with failure rate g Then,

_ l—é(t\/bl+b2+(90+a1+a2)/\/b1+b2)
Vb1 4 b2 (tv/by + by + (6o + ar + az) /b1 + b2)

My (t) (7-2)

Ezample 7.2: Suppose U; has a generalized exponential distribution with parameter 6;(i =
1,2) and Us has an exponential distribution with failure rate y. Then,

T (e - (1 e erdu
K1y (t) o {1 — (1 — e—t)01}{1 _ (1 — e_t)92}e—9ot
(1/00)6760]& — Be-1(00,01 + 1) — B+ (00,02 + 1) + B+ (00,01 + 02 + 1)

- {1 -1 —et)r 1 — (1 —et)f2}ebot - (7.3)

7.2. Parallel System
It can be verified that the density and the reliability functions of 15 are given by

Jro (t) = fx, () + fx,(t) — fr, (1)
and
Fr,(t) = Fx,(t) + Fx,(t) — Fr,(t),
respectively. Thus, for the model considered, we have the reliability function of 75 as

Fr,(t) = G1()G3(t) + G2 (t)G3(t) — G1(t)Ga(t)G3(t)
= G3(){G1(t) + Ga(t) — G1(t)G2 (1)} (7.4)

Note that Eq. (3.10) of Franco and Vivo [7] can be deduced from (7.4). Also, the failure
rate of T is given by

s (8) = — W Py (6) = b (1) + s, (),

where V is the length of life of a parallel system consisting of two independent components
Uy and Us and hy () is its failure rate.

Suppose U; and Uy have exponential distributions with failure rates Ay and A,, respec-
tively, and Uz has an exponential distribution with failure rate 6y. Then, in this case, we
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have
hr,(t) = hy (t) + bo.
Moreover,
PV >t)= e Mt oAt (3*(/\1Jr>\2)t7
which gives the failure rate of V as

)\167)\11E + /\267)‘2)5 - ()\1 + )\2)67(/\1+)\2)t
e—)qt + e—)\zt _ e—()\1+A2)t

hy (t) =
Thus, h7, (t) = 0 gives the equation

Mem ML \Zem M2t (N — Ap)2 =0. (7.5)

Since MN2e~*1t 4+ A\2e~*2t is a decreasing function of ¢, (7.5) has a unique solution, and

it can also be verified that the change point is indeed a point of maxima. So, the failure
rate of Ty is of type U.

Remark 7.1: When A\; = Ay, V has an increasing failure rate and consequently 75 has an
increasing failure rate as well.

Suppose U; and Us have generalized exponential distributions with parameters ¢, and
02, respectively, and U has the exponential distribution with failure rate 6. Further, suppose
0, = 65 = 6. In this special case, we have

hr, (t) = 2h(t) + bo,

where h(t) is the failure rate of the generalized exponential distribution with parame-
ter 6. Then, if 0 > 1, h(t) is increasing and so hp () is also increasing. Using a result
of Takahasi [29], we have hr,(t) also to be increasing and so Th to have an increasing
failure rate.

Remark 7.2: When 01 # 05, and 61 > 1,605 > 1, we have hr, (t) to be increasing, but we can
not make any statement about the monotonicity of hr,(¢). Similarly, if ; < 1,05 < 1, we

have hr, (t) to be decreasing, but we cannot make any statement about the monotonicity
of hT2 (t)

8. CONCLUDING REMARKS

In this paper, we have considered a general class of bivariate distributions by following
the construction of the Marshall-Olkin bivariate exponential distribution. In this GMO
class, the dependence between X; and X» is created by taking X; = min(Uy,Us) and X =
min(Us, Us), where Uy, Us, and Us are independent random variables have some suitable
non-negative continuous distributions.

For the proposed GMO class, we have studied the failure rate and the MRLF for the
marginals and the conditionals as well as for the series and parallel systems formed with X3
and X5 as components. The monotonicity of the failure rates and the MRLFs have been
discussed and the association measure due to Clayton [5] has been studied. In addition to
developing general results for the GMO model, we have provided results for two special
cases: (1) the distribution of Sarhan and Balakrishnan [25] and (ii) the distribution in which
U1 and Us have linear failure rates and Us has constant failure rate.
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