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TERNARY DIVISOR FUNCTIONS IN ARITHMETIC
PROGRESSIONS TO SMOOTH MODULI

PING XI

Abstract. We prove that the exponent of distribution of t3 in arithmetic
progressions can be as large as % + 3i4, provided that the moduli is squarefree
and has only sufficiently small prime factors. The tools involve arithmetic exponent
pairs for algebraic trace functions, as well as a double g-analogue of the van der
Corput method for smooth bilinear forms.

§1. Introduction. Denote by 74 (n) the number of positive integral solutions
to the equation x1x3 - - - xx = n (and write ) = 7). A basic problem in analytic
number theory is to study the asymptotic behavior of the average

H(X;q,0) = Y ) (1.1)

n<X
n=a (mod q)

forq > 1and (a,q) = 1.
Define

1
M (X q,a) = — E ,
k(X q,a) @) 2 % (n)

(n.q)=1

which is expected to be the main term in the asymptotic formula for Zx (X ¢, a).
Note that #Z(X; q, a) ~ ck,q X (log X)*=1 with some positive constant ¢ 4 >
(loglog ¢)~%. For each fixed k > 1, we are interested in the admissible value of
O being as large as possible such that for any ¢ > 0, the bound

X
D(X; q,a) — M(X; q,a) <K ;(Iogxr/* (1.2)

holds for all g < X%~¢ and A > 0. It is widely believed that one can take 6 = 1
for each k > 1; this is, however, only known for the trivial case k = 1. Relying
on Weil’s bound for Kloosterman sums, Selberg [19] and Hooley [12] obtained
independently that 6, = % is admissible. For k£ > 3, the determination of 6;
becomes difficult. Anyway, it was already known to Linnik [16] that 03 = 64 = %
is acceptable. It would be much more difficult to go beyond % in general.
However, Friedlander and Iwaniec [9] were able to prove that one can take
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03 = % + ﬁ, and this was later increased to % + é by Heath-Brown [11].
In the case of prime moduli, Fouvry, Kowalski and Michel [6] can prove that
03 = % + 41_6 is admissible appealing to their bilinear forms of Kloosterman sums
with smooth coefficients (see [5, Theorem 1.16]).

The problem becomes much easier if conditions are imposed on the prime
factorization of ¢g. For instance, Irving [13] can beat the record of Selberg—
Hooley if ¢ has no prime factors exceeding ¢'/!81. In particular, if n > 0 is
sufficiently small and ¢ has no prime factors exceeding ¢”, then the admissible
value of 6, can be enlarged to % + ﬁ + O(n). As a consequence of arithmetic

exponent pairs developed in [22], we may obtain a slightly larger value % + ﬁ
In this paper, we focus on the estimation of 63 under the assumptions that g
is squarefree and has only small prime factors.

THEOREM 1.1. Let
9 _ 1, 1
0 < 17 = 2 + 34"
There exists some constant n > 0 such that if ¢ < X0 is squarefree and has all

its prime factors not exceeding q'", then (1.2) with k = 3 holds uniformly for
(a, q) = 1 and the implied constant therein may depend on 6 and A.

As in [22], we benefit a lot from the g-van der Corput method and arithmetic
exponent pairs. In addition, we will develop in Lemma 2.4 a kind of double
g-van der Corput method to estimate smooth bilinear forms of exponential sums;
in particular, Lemma 2.4 is non-trivial if M > ¢, N > ¢°, and MN > ¢*/3%¢
(see Remark 2 for detailed arguments). On the other hand, Fouvry, Kowalski and
Michel [5, Theorem 1.16] have to assume MN > ¢3/4*¢ in the case of prime
moduli g.

In fact, only two exponent pairs (k, A) = (%, %), (é, %) will be essentially
used, the former of which comes from the completion method and does not
require conditions on the factorization of ¢. In fact, we can restrict g to be a
product of two distinct primes of certain sizes; the aim of this paper, however,
is to see how far one can go if assuming the factorization of ¢ being as good as
possible such that the arithmetic exponent pairs apply freely.

Notation. As usual, we write e(x) = e2™¥; ;i and ¢ denote the Mobius and

Euler functions, respectively. The multiplicative inverse X of x (mod ¢) is defined
by Xxx = 1 (mod g). For a coefficient « = (¢;,), denote by ||| the £2-norm
Qo lom |2)1/ 2. For g€ L'(R), define the Fourier transform

g =/Rg(x)e(—}»x)dx.

We use ¢ to denote a very small positive number, which might be different
at each occurrence; we also write X® log X < X?. The notation n ~ N means
N <n <2N.Wewrite A K Bor A = 0O(B) to mean |A| < ¢B with some
positive constant ¢, which is independent from the involved variables. Also,
A =< Bisdefinedtobe B < A < B.
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§2. Averages of trace functions. This section is devoted to several estimates
on certain averages of trace functions over finite fields. Since the main concern
of this paper is to study the distribution of 73, we will not spend too much time
on the background of trace functions, which we will leave in a black box. Some
necessary terminology on trace functions will be mentioned and complete details
can be found, for instance, in [4, 7, 14, 22], etc.

2.1. Kloosterman sums as trace functions. For an odd prime p, we may
consider the middle-extension sheaves on A{? . Recall that a sheaf & on A%
14 14

is said to be middle-extension, if F ~ j,(j*F) holds for each j : U — Al
as the open immersion of a non-empty open set on which JF is lisse. Denote
by ¢(J) the conductor of J. The trace function K associated to J is given by
K(x) = «((trF)(Fp, x)) for some isomorphism ¢ : 65 — Cwith £ # p. A
trace function K can be associated to different sheaves, and the minimum of
the conductors of these sheaves is defined to be the conductor of K, denoted by
«(K).

In terms of trace functions (mod p), we may construct the composite trace
functions following the manners in [18] and [22]. Let ¢ > 3 be a squarefree
number and K = K, (-) a composite trace function (formally) defined by the
product

Ky =[] Kp). 2.1)

plq

where K, is the trace function of certain £-adic middle-extension sheaf ), on
A{;p for each p | ¢. In addition, we may define the conductor of K by

o«(K) =[] e(kp).

rlq

Note that ¢(K) <« ¢° forany ¢ > 0if ¢(K ) is bounded for each p | g. Originally,
K, is a function living in Z/pZ; one can extend its domain to Z by periodicity,
and one can do the same to K = K.

Some of the subsequent arguments are applicable to general trace functions,
however we only focus on Kloosterman sums, which are the main tools in this
paper and usually serve as typical examples of trace functions.

There are many ways to define Kloosterman sums. For instance, for a positive
integer v > 1, we may define the exponential sum

_ niay +---+nya
Sum;q) =gV YN e( v ")

at,...,a, (mod q) q
ap--ay,=1(modg)

for each positive integer ¢ and vector n = (ny,...,n,) € Z". One may get
slightly more general sums if the congruence condition is replaced by ag - - - a, =
a (mod g) for some a (mod g), which can be expressed in terms of S, (n; g) by
virtue of Mobius inversion.
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For v = 2, S2(n; ¢q) is the classical Kloosterman sum

S(m, n; q) 1 * ma + na
Sim.n;q) = —""=— 3 e(—)
\/q ﬁu (mod g) q

The Weil bound for S;(n; g) reads
|S20m, n; ¢ < T(g)(m, n, )"/, (22)

For v > 3, one may view S, (n; ¢) as the hyper-Kloosterman sum introduced by
Mordell (slightly different from that of Deligne in notation). What will be used
in this paper is the case v = 3, for which Smith [20] deduced from Deligne’s
bound that

1S3(m, n, ;@) < 13(q)(m, n, 1, q). (2.3)

We should remark that S, (n; g) appears naturally in the study of 7, in
arithmetic progressions (as well as analytic theory of GL,, automorphic forms).
However, there are more algebraic interpretations with the slightly more general

sum
B X4t
Klyom,q) =172 3. % e<—>

X1,...,Xy (mod q) q

Xx1---xy=m (mod q)
Note that S,(n; ¢) = Kl,(n1n2---ny, q) if (n1ny---ny, q) = 1. According to
Deligne, there exists an £-adic middle-extension sheaf K¢, modulo p, called a
Kloosterman sheaf with the corresponding trace function

Kgcp, (x) =Kl (x, p), x € F;.

Such a sheaf was constructed by Deligne [2]. According to him, K¢, is
geometrically irreducible, of rank v, and with the conductor bounded by v + 3.
Therefore, one needs to transform S, (n; ¢) to the shape Kl, (n, ¢), where n can
be defined explicitly by certain products of each coordinate of n. In this way, the
average of S, (n; g) over n can be interpreted by multilinear sums of Kl,, (-, g),
taking shapes of Lemmas 2.3 and 2.4 for instance.

For v = 2, one may appeal to the classical Kuznetsov—Selberg identity, which
reads

Sym.niq) =Y dSy(mnd™> 1;qd7"). (2.4)
d|(m.n.q)

Such a formula was originally stated by Selberg and the first rigorous proof
was given by Kuznetsov [15] appealing to his trace formula. The study of 13
requires a similar transformation formula for v = 3. Smith [21] tried to make an
extension of (2.4); as pointed out by Heath-Brown [11], however, the extension
is not successful, and there is an alternative approach by virtue of smooth (or
friable) numbers. In Appendix A, we will give an elementary proof of (2.4), and
the arguments can be easily extended to yield the following formula for S3(n; g).
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LEMMA 2.1. Let g be a squarefree number. For allm,n,l € Z, we have

Ssom,n,Lig) = Y > >

d|(m,n,l,q) r|(n/d,l/d,q/d) s|(nl/(dr)?,m/d,q/dr)

du(rs)S rsmnl 11 q 2.5)
X r b 9 ; 9 .
RS9\ Bras2 drs

where 75 is defined to be the multiplicative inverse of rs (mod g /(drs)).

The above formula seems complicated at first sight, but it is much simpler
in applications since d, r, s contribute as divisor sums. By virtue of Lemma 2.1,
one may transform averages of S3(m,n,l;q) over m,n,l to bilinear or
trilinear forms of S3(ymnl, 1, 1;¢q’) with some y € Z and ¢’|q. Note that
S3(x, 1, 1; p) = Klz(x, p) for all x € Z, and thus, Lemmas 2.2-2.4 as given
below are applicable if the trace function is taken as x — Kl3(x, g).

2.2. Arithmetic exponent pairs for trace functions. Let g be a squarefree
number and K = K defined by (2.1). For a given interval I, we consider the
following average of K over /:

S(K, W)=Y Ky(m)Ws(n),

nel

where W;s is an arbitrary function defined over Z/5Z satisfying |Ws|c < 1.
Roughly speaking, the Pélya—Vinogradov bound is non-trivial for || > ¢!/?*¢
(at least for § = 1). The situation is much easier if conditions are imposed on
the prime factorization of ¢. In [22], we developed the method of arithmetic
exponent pairs for averages of composite trace functions that may go far beyond
the Polya—Vinogradov bound, as long as the factorization of ¢ is good enough.
Such an observation can be at least dated back to Heath-Brown and his proof
of Weyl-type subconvex bounds for Dirichlet L-functions to well-factorable
moduli.

To summarize the arithmetic exponent pairs developed in [22], we define the

normalized Fourier transform
5 ()
x (mod §)

Recall that a middle-extension sheaf F, on A{T is said to be d-amiable if it

Ws(y) =

is pointwise pure of weight 0 and no geometrlcally irreducible component of
JF ) is geometrically isomorphic to an Artin—Schreier sheaf of the form Ly (p),
where P € F,[X] is a polynomial of degree < d. In such a case, we also say the
associated trace function K, is d-amiable. The composite trace function Ky is
called d-amiable if K, is d-amiable for each p | ¢. In addition, a sheaf (or its
associated trace function) is said to be co-amiable if it is amiable for any fixed
d>1.
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We are ready to recall the main results in [22, §§3-6]. Let n > O be a
sufficiently small number. Suppose ¢ is a squarefree number with no prime
factors exceeding ¢”, and K = K, (-) is an oo-amiable trace function (modgq).
For |1| < g6, one expects the estimate

K
K, W) K ff(%) [11%8 1 Wsllho (2.6)

holds for some tuple («, A, v, i), where ¢ > 0 and the implied constant depends
only on & and the conductor ¢(K) of K. If this is the case, we call («, A, v, 1)
an exponent pair for K. In particular, one may take (x, A, v, u) = (0, 1,0, 0)
trivially.

As shown in [22], other exponent pairs can be produced starting from the
trivial one (x, A, v, u) = (0, 1, 0, 0) by virtue of A- and B-processes in the g-
analogue of the van der Corput method. Since we do not input extra conditions on
Ws, it is not a bad choice to utilize the trivial bound || Wg lloo < /8. The values
of v, p are usually not too large and they do not play essential roles in many
applications. For instance, we will require the constraints 0 < v+ u/2 —k < 1
in the proof of Lemma 2.3 below, which hold obviously upon many choices of
exponent pairs.

LEMMA 2.2. Keep the notation and convention as above. The estimate
(2.6) holds for every (k, X, v, u) produced by A- and B-processes applied to
(0, 1,0, 0) with

0<k<3<A<l 2.7
In particular, one may take
wr v =0G4.350D.  .330 ad (3,331,

2.3. General bilinear forms of trace functions. For any coefficients o« = (o),
B = (B,) supported in some intervals of length M, N, respectively, we introduce
the bilinear form

B, B; K) =) Y amBuKy(mn).

LEMMA 2.3. With the same notation and assumptions as in Lemma 2.2, we
have

B, B; K) < (qMN)E(MN)2|la]l|| Bl
< (Squ/zM(x—x—l)/z +q—1/4 + N—1/2)

for (K, A, v, W) withO < v+ /2 —k < 1, where ey = 1 if M < q and vanishes
otherwise.
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Remark 1. As one will see later, the proof of Theorem 1.1 only utilizes the
choice (k, L) = (%, %), in which case ¢ is not required to have only small prime
factors. Lemma 2.3 presents an estimate in which the exponent pair is displayed
explicitly, and this might be useful on some other occasions.

Proof. By Cauchy’s inequality, we have
2
(B, B: K)* < lleef> > :

m

> BuKy(mn)

n

Squaring out and switching summations, we get

B, B; K < Noe]* DD 1By 1Busl | 2 (1, ma; ) (2.8)

nyp  n2

where

X(ny,n;q) = ZKq(mnl)Kq(mnz).

For n1 = nj, we utilize the trivial bound X (n1, ns; q) < Mg®, giving a
contribution to the right-hand side of (2.8) at most O (¢* M ||« ||2||ﬂ I1%). We now
assume n| # np and put d = (n; — na, q), which is also a squarefree number
and (d, g/d) = 1. From the Chinese remainder theorem, it follows that

Ky(mn)Ky(mny) = IKd(mnl)Iqu/d(mnl)Kq/d(mnz)-

One may check thatm — K, ,q(mn1)K,;q(mn3) is an co-amiable trace function
(mod g /d) as long as g /d is large enough. From Lemma 2.2 it follows that

K

. q A gvu/2

Y (ny,ny; M| — | M*d" ™+
(n1,n2;9) K (g )(dM)

if ¢ > M; otherwise we have
M
Z(n1,n2; q) < (qM)sb}w/d)l/zd L (@M M(d/q)'/>.

Hence, we conclude that

|B(a, B; K)I* < ¢ Mla|?IBI* +&1B1 + (1 — &1) %,

where
By = (@M "M NalPIBI> D d P 3N 1Byl
dlq ny#ny
n1=n, (modd)
By = (@M q  PMIlPIBIP Y d'? D N 1BullBul.
dlg ny#ny

ni=ny (modd)
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Note that 0 < v + u/2 — k < 1. We then have

B < (@M G M Nel® Y Y 1B l1Bna| (1 — 2, g)" 12K

ni#ny
L (@M g Ml Y |Bn,* Y (n,q)
np n<«<N

< (GMN)*q*M**N || *| BI1*.
On the other hand, we have

By L (@MY q M Nel* DD 1B |IBus |1 — 2, q)' 7

ny#ny
< (@MN)*q~ 2 MN ||| 211811

This establishes Lemma 2.3 by collecting the above estimates of | and
PB>. O

2.4. Double q-van der Corput method. The classical van der Corput method
can also be applied to the two-dimensional exponential sums of the shape

DY e(f(m,ny),

(m,n)es2

where £2 is a rectangle, or some set bounded by simple algebraic curves. As an
analogue of g-van der Corput, one can also develop a double g-van der Corput
method to study the double sums of trace functions

ZZ%(m,n),

(m,n)e

where % is the trace function of an £-adic middle-extension sheaf on A%p X All*‘,,'

In applications to Theorem 1.1, we need the simpler case . (m, n) = K (mn)
with K being the amiable trace function given as above. This leads to the study
of the bilinear form A(«, B; K), and we will prove the following alternative
estimate for A(a, §; K) with smooth coefficients & and B, provided that K is
the trace function of certain Kloosterman sheaves.

LEMMA 2.4. Suppose U,V € €°R™") are two bounded smooth functions
with compact support and let

wni() wer(3)

Let a be a fixed integer and q > 1 a squarefree number which has a factor
q1 € (¢'37%,¢'3*®). For K = Kl3(a-, q), we have

B, B; K) < (@MN)*MN{g~'3 4+ M~12 4 N=V2 1 ¢ 3Ny ~1/2).
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Remark 2. If max{M, N} <« qz/ 3. the upper bound in Lemma 2.4 can be
reduced to

€ ] —1/2,1/3 _ aﬁKzKAA
(gMN)*MN - (MN)~'/%¢ (gMN) <M> (N> M*N

with (k, L) = (%, %). This coincides with the two-dimensional van der Corput
method in the classical case; see Conjecture Q in [10, p. 73] for details.

One can see that Lemma 2.4 is non-trivial for M > ¢*, N > ¢° and
MN > ¢?/3*¢_ This can be compared with the estimate of Fouvry, Kowalski
and Michel [5, Theorem 1.16] in the case of prime moduli p, where they have to
assume MN > p3/4+¢,

We believe Lemma 2.4 holds for general trace functions K. The situation is
much simplier if K is a non-trivial Dirichlet character mod ¢, in which case
the bilinear form becomes the product of two linear forms, so that arithmetic
exponent pairs developed in [22] apply.

Proof. The lemma becomes trivial if max{M, N} < 2¢'/3. We first assume
M < 2¢'3 < N < ¢, in which case one may apply the arithmetic exponent
pairs to the sum over n with (x, A) = (%, %), getting

1/6
B, B; K) < (qMN)€M<%) N? « (qMN)*q"/°*MN'/2,

This is at most (qMN)’““qlB(MN)l/2 since M < 2q1/3. It remains to consider
the case min{M, N} > 2q1/ 3 which we henceforth assume.
Suppose g = rs. For any I, [, € Z, we have

HB(a, B; K)
= ; Xn: U(m —]Lllr)v<n —;_Vlzr)Krs((m + llr)(l’l + 121"))

_ ; Xn: U(m Lllr>v<n —fl—vlzr>[{r(mn)Ks((m + L) (n + br)),

where K, K, are the corresponding trace functions (mods) and (modr),
respectively, both of which are also amiable as long as r, s are both large enough.
Summingover/y < Lyandlp < Lywith Ly < 14+ [M/r], Ly <1+ [N/r],

we have
ré‘
B, B; K
(o, B; K) K L
l [
<D 212 2 U<mL”)V("’;Vzr)m«mwxnwzr».
m&M nKN [ <Ly <L,
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By Fourier inversion, we have

m+hr\ [ = (m+1Lr)y
(Y [ G
n+hbr\ [ o (n+br)y
V( N )‘/Rv(y)e( N )dy’

from which we may derive that

8

LiLy
>0 elthyr + by)Ks((m + Lir)(n + lr))

h<Ly b<L;

B, B; K) K«

<2 )

mM nKN

for some yj, y» € R. By Cauchy’s inequality, we find
réMN
(L1L2)?

DI

m&M n&KN'[|<L; L<L,

B, B; K)* «

2
xe(liyr + Ly2)Ks((m + 1ir)(n + [or))

CEEEYYYYIY %

I liSLl b, ZZSLZ m&EM n&«N

x Ks((m +1Lir)(n + Lr)Ks((m +1r)(n + lér))‘

MNr
T Yoo G b)

o<1 |I<Ly 0<|Bh|LL,

with

Oi.by= Y Y Kdmn)K(m+0Lr)n+hr),
mG///(ll) nGJV(lz)

where .# (11), A (Iy) are some intervals with |.Z (I1)| < M and |4 (I»)| < N.
Here we have used the estimates

T, IVl A+lyD™, A>0

from integration by parts.
We claim, for all /1, [, € Z, that

[I1(11, )| < (MNs) {s'MN(ly, 15, s) + M + N + s}. 2.9)
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Hence,

B, B; K)? << > > (sT'MNW.L.s)+ M+ N+ )
0<|ll|<L1 0<|h|<L>

< {MN+L1L2(s_1MN+M+N+s)}

LiL>
Bytaking Ly =1+ [M/r], L, =14 [N/r], we get
B, B; K) < MN)>T{r + (s7'MN + M + N + )"/},

provided that min{M, N} > r. The lemma follows by choosing r, s such that
q1/3—e Lr K q1/3+s.
It remains to prove (2.9). By the completion method, we have

|1, lz)l
N
<<_ mln ln N9_ |2(h17h27ll712as)|’
|hZ Z { h1|} { Ihzl}
11<s/2 |ha|<s/2
where

) L hix + hyy
S b hobss)= )y Ks(xym((x+zl)<y+zz))e(—s )

x,y (mod s)

Then (2.9) follows from an upper bound for X (hi, hy; 1, l>;s). From the
Chinese remainder theorem, it suffices to consider the case of prime moduli,
which has been studied in Theorem B.1 in Appendix B. More precisely, put
s1 = (s, a) and s, = s /51, we then have (asq, s2) = 1 since s is squarefree. From
the Chinese remainder theorem, we may decompose

2 (h1, ho; 11, 12s s)
o hix1 + ho
= SGthy 5th: b ) K OF 30 e M)

x1,y1 (modsy)
Note that Ky, (0)> = 1/s7. Thus,
| X (R, hos D, Bs s)| < |2 (S1hy, stha; D s s2)].
By Theorem B.1 we then have
|2 (hy, hoi 1y, b )| < sy, ha, I By s2) < sTPE (R, b, 1, By s),
from which we derive that

(1, lz)l

: 1+e
J— h ah 7l »l )
< E E mm{ h1|} min { T |} (h1, ha, 1y, 1o, 5)

|h1|<s/2 lha|<s/2
& (MNs)*{s"'MN(l1, 12, ) + M + N + s}

as claimed in (2.9), and thus completing the proof of Lemma 2.4. O
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§3. Reduction of the problem. In what follows, we assume X > 3 is large.
Recall that

P(Xig.a)= Y. L 3.1)

ninan3<X
ninpn3=a (mod q)

A fundamental tool in the transformation of 23(X;q,a) is the Poisson
summation formula. Hence, we would like to remove the condition nnyn3 < X,
so that the three variables ny, ny, n3 are independent and smooth. To this end,
we follow the arguments in [6] and appeal to the following lemma as a smooth
partition of unity, which works well in our situation (see [3, Lemme 2] for
instance).

LEMMA 3.1. For every A > 1, there exists a sequence {b; p};>0 of smooth
functions with support included in [A'~', A"F1], such that

D biax)y=1 forallx>1,

=0

and
b0 <« 1 =A™N forallx > 1and j,1 > 0. (3.2)
In our applications, we take
A=1+(ogXx) B

for some parameter B > 1. From now on, we denote by N;, 1 < j < 3, some
parameters of the form

N;=A'= 1+ (logx)~ 8 (3.3)
for some / > 1. For such a variable N; = Al we define
Vi=bx (3.4)
as given in Lemma 3.1. Thus, the derivatives of V; satisfy
x! VJ.(Z) (x) < (log X)®! (3.5)

for all / > 0, where the implied constant may depend on /. Moreover, integration
by parts gives

Vi) < Nj(log X)™ (1 +€INp) ™! (3.6)
for any fixed / > 0, and the implied constant also depends on /.
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For N = (N1, N>, N3), we now consider the smoothed sum

PZN; g, a)= Y DY Vi) Va(na) V(). (3.7)

ni,na,nj3 eZ
ninan3=a (mod q)

Define
D3N;q) =YY > Viln) Va(na) V3 (n3).

ni,ny,n3€”l
(n1nan3,q)=1

We appeal to the following lemma for the separation of variables; the proof
can be found in [6, Lemma 4.2].

LEMMA 3.2. For any A > 0, one can choose B > 1 such that

1
Py(X; q,a) — M3(X; g, a) = Z{%(N; q,a) — ——Z5(N; q)}
N ¢(q)

X —A
4+ O —(log X) ,
q
where N = (N1, Na, N3) runs over triples of N as above such that
X(logX)"% < N\NoN3 < X. (3.8)
Due to the symmetry of the problem, we assume
N1 < N2 < Ns. (3.9)

Since the number of triples N satisfying (3.8) with N; of the form (3.3) is
O((log X )38+43) Lemma 3.2 shows that Theorem 1.1 will follow if we can show
that for any 6 < % and A > 0, we have

1

25(N; q,a) —
3(N; g, a) @)

X
PD5(N; q) < o s x)~4 (3.10)
uniformly for all triples N = (N, N2, N3) satisfying (3.8), (3.9), and (3.3) and
for all integers a coprime to ¢ satisfying ¢ < X?.

To evaluate Z3(N; g, a), we would like to invoke the following Poisson
summation formula.

LEMMA 3.3. Suppose that g and g are both in L' (R). For any fixed integers
d and a, we have

1 h ha
> g == §<—>e<—)-
neZ d heZ d d
n=a (modd)
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Note that

PWN:g. )= Y Y > [ D vitw.

ay,az,a3 (mod q) 1<i<3 n;=q; (mod q)
ajazaz=a (mod q)

The following lemma can be obtained by applying Lemma 3.3 in different
situations. The first identity follows from the applications of Poisson summation
to each variable, and this is essentially [6, Corollary 2.3]. The second one is
concluded by applying Poisson twice, and the third is produced by only one
Poisson to n3; both of them are complementary to (3.11).

LEMMA 3.4. With the notation as above, we have

Z3(N; q,a) = 2 ZZZW(ml)Vz(HZ]z)%( . >S3(am1 ma, m3; q)

mi,mjy, mgGZ
(3.11)

3/2ZZZV1(”1)V2( ) <%)Sz(an1m2,m3;q)

ny,my, m3€Z

(n1,9)=1
(3.12)
m aninam
=—ZZZV1(n1)V2(n2)V3( 3) <$> (3.13)
ni,ny, ngZ q
(n1n2,q)=1

We would like to evaluate Z53(NV; g, a) by virtue of (3.11), (3.12), and (3.13).
The main term is expected to come from the terms with zero frequency. To do
so, we define

A\ (N) = 2ZZZV1(m1>V2<m2>V3<q >S3(€tm1,m2,m3 ),

mymom3=0 q

MN) =~ Y ZZVl(nl)vz< ) (%)Sz(ammz,mz;q),

nie moymsz=0

(n1,9)=1
V3(0
20 =20 S5 Vv,
q nl,nzeZ
(n1n2,q)=1
and
&(N:q.a) = D3(N: q.a) — M;(N), j=12,3. (3.14)

For each j € {1, 2, 3}, we may evaluate .#; asymptotically and each of them
gives the expected main term Z23(N; ¢)/¢(q). The evaluations can be stated as
follows.
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PROPOSITION 3.1. Foreach j € {1, 2,3}, we have

. L X 38
Mj(N) = o )@3(1\’ 61)+0(qN t(g)(log X) )

Proof. From Poisson summation (Lemma 3.3), it follows that

V3(n3) = — V3 $2(0, m3; q)
f q

n3€Z ms3 eZ

(n3,9)=1
1
= #\@(OH — Y v3< p )52(0 m3; q),

Im3|=1

where $>(0, m; q) satisfies the bound [$2(0, m; g)| < (m, q)/./q. From (3.6),
the second summand is bounded by

log X)?B
< N3<og ) ( > (m, q)+— > ("”’f)) < t(q)(og X)*".

m3<q /N3 3 m3>q /N3 m3

Hence, we conclude that

V30 = 1= 3" vi(n3) + O(x(g)(log X)*P),
@ =
(n3,q9)=1

where we have used the elementary fact ¢(g) > ¢/log q. It now follows that

SN = —— DN ) + o(

") N2 (@) log X>3B>.

On the other hand, from the inclusion—exclusion principle, we may write

V2(0
Mr(N) = Zq(z)zzvmnl)vs( )S(o m3: q)
niy, m;EZ
(n1,9)=1

V3(0
+ i]()ZZvl(m)vz( )S(anlmz,o q)

ny, szZ
(n1,9)=1

1 ~ o~
—— Y Vie)Va(0)V3(0)S(0. 0: g).
q

n1€Z
(n1,q)=1
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By Poisson summation, we derive that

V3 (0 V(0
Mo (N) = Zq() DO Vi) Va(nz) + 361() YO Vi) Va(na)

ny,n3el ni,neZ
(n1n3,q)=1 (n1n2,q)=1
s e 9(q)
—VOVO0)—= Y Vi)
I’LIEZ

(n1,9)=1

1
- L g+ 0(N1N3r<q)(1ogX)3B).
v(q) q

In a similar way, we can also conclude

1 NoN3

N = —— DNz g) + 0(
@(q)

7(q)(log X>3B>' O

The next section will be devoted to the estimates for @“’j (N;q,a),j=1,2,3.

§4. Estimates for &j(N;q,a). The estimates for éaj (N; q,a) form the
essential part of this paper. Roughly speaking, we will apply Lemma 2.3 to
&1(N; g, a) by re-grouping variables and this argument works well if the three
variables are of comparable sizes. When there are reasonably long summations,
we would apply Lemma 2.4 to &1(N; g, a). On the other hand, the treatments
to &(N; g, a) and &3 (N, g, a) are both trivial, and these are equivalent to the
known levels of distributions for 7, and 7.

Put

N;=XM, j=1,23,

so that
M1 S p2 S U3 4.1)

The following estimates for &(N;g,a) will work complementarily to
conclude the final level in Theorem 1.1.

PROPOSITION 4.1. With the notation as above, we have

C,?l(N; C],a) < q(log—X)A

if one of the following two conditions holds:

1 4 Qh—Kk+2)0 4Kk —x—1
- <0<z, 2-30; 42
2 SV =7 K — A+ 1 =M= (4.22)
g3 2-3p 80 1 (4.2b)
- <0 < -, <2 —130, > -6 —1. .
5 s ) wa > 3

https://doi.org/10.1112/50025579318000220 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579318000220

TERNARY DIVISOR FUNCTIONS IN ARITHMETIC PROGRESSIONS 717
PROPOSITION 4.2. With the notation as above, we have

&(N; q,a) K q(log—X)A

if
12+ u3 > 30. (4.3)

PROPOSITION 4.3. With the notation as above, we have

SN g, @) < —
1 q,a — =
s g(log X)4

u3 > 0. 4.4)

We now start the proof of the above three propositions. Recall that

1 —~ —~ —~
E1(N; q,a) = q_2 Z ZZ Vi <%) V2<%>V3 (%)&(Gnﬂ, my, ms3; q).

mymoym37#0

According to (3.6), the Fourier transform f/\,-(é ) is essentially supported in the
interval |£| < quNi_l. By dyadic decomposition, it suffices to consider the
sum

NiN2N3
A== 5 YooY D aeimnaamoas(ms)Ssami, my, m3; q),

mi~My my~Mp m3~M3

where 0 < M; < XSqu_l for 1 < j < 3, and we write

wimy = —v, (M), j=123 4.5)
JJ_ijqu—aa, .

so that
aj(mj) < (logX), j=1,2,3.

We may regard A; as a trilinear form of Kloosterman sums, and by
re-grouping variables, we can apply the estimates for bilinear forms in
Lemma 2.3 to produce non-trivial bounds. To do so, one has to transform
S3(amy, my, m3; q) to the shape S3(amimoms, 1, 1; q), for which we appeal
to the Kuznetsov—Selberg-type identity as given in Lemma 2.1, getting
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a=TER ey XYY

drslq my~My,my~Mp,m3~M3
d|(my,mz,m3)
r|(my/d,my/d)
s|(mima/(dr)? m3/d)

rsmimoms q
x ay(my)az(mp)az(ms3)Ss W, » 1 %
NNy N3
=5 2 dutrs 220
q drs|q mi~Mi/dr,my~M/dr,m3~M53/ds
slmymy

rsmymamsz g
x ap(midr)ay(modr)az(msds)Kls B b 4.6)

drs
Define
y(.dr) =" ai(midr)ay(mydr).
mymo=I
Therefore,
NNy N3
g =M ey Y >
7 iy M Ma/(dr)2s<I<4M M>)(dr)2s m3~Ms/ds

x y (s, dr)as(m3ds)Kls (ﬁzm3, di)
rs

For fixed d, r, s with drs|q, we are now in a position to apply Lemma 2.3 to
the inner sums over /, m3 with

q MM, M;
q— —, = — N =< —,
drs (dr)2s ds

getting

NN, N _
Al K # E d,uz(rs) E E y (s, dryaz(msds)KI3 (rslm3, _dzs)‘
drslq I m3

NNy N3 ) M MyMs
£
X D) T

drs|q

(e <2 MMy (A—K—l)/2+ rl —1/4+ My —12
"\ ars (dr)2s drs ds ’

where g| = 1if MM, /(dr)*s < q/drs and vanishes otherwise. Therefore,

drs|q

n XEN|NyN3sM My Ms;

- -1/2
- (g 1/4+M3/)
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— 2-2
& XEN{NaN3 (M Mp) P FD/2 ppy g/

X*N{N2NsM Mo M3 _ ~12
+ q2 (g~ + M, /

).

Recall that 0 < M; < X"squ_1 for 1 < j < 3. Hence, we have

A < Xs{qx—x/zx(x—x+1)/2N3(A—f<—1)/2+q3/4+ (qN3)' /2.

This would yield
X —A
61(N;q,a) K ;(IOg X)

as long as

1—¢

— X
qx—K/QX(K—A+1)/2N3(A K 1)/2+q3/4+(qN3)1/2 <« - .

This is implied by (4.2a) while noting the definitions of x3 and 6.
Applying Lemma 2.4 to the m1, my-sums in (4.6), we get

AL < XG4+ (gN)? + ¢ BN Ny 2.

This is acceptable if (4.2b) holds. This completes the proof of Proposition 4.1.

We now start from (3.12), which is obtained by applying Poisson summation
twice. According to the decays of Fourier transforms in (3.6), it suffices to
consider the sum

NyN;
4= "5 YD ) Vitmaa(mas(ms)Sa(anima, m3; q),
n|€Z m2~M2 m3NM3
(n1,q)=1

where 0 < M; < X’%]Nj_1 for 2 < j < 3, and ap, a3 are defined by (4.5).
Proposition 4.2 follows from Weil’s bound for S,. In fact, from (2.2) it follows

that
X N N2N3t(q) _
A2 < T Z Z (m2, ms, q)l/z < X1+8q1/2(N2N3) 1.
my~My m3~Ms3
This yields
éo N; ) T N4
V0 @ < g 1)

under the condition of (4.3).
Proposition 4.3 follows from trivial treatments to each summand.
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§5. Proof of Theorem 1.1. As argued in §3, it suffices to prove (3.10)
uniformly for all triples N = (N1, N2, N3), satisfying (3.8), (3.9), and (3.3) and
for all integers a coprime to ¢ satisfying g =< X?.

First, we show all possible cases for (w1, uz,#3) (and thus for
N = (N1, N3, N3)) can be covered by Propositions 4.1 and 4.2. We now assume

pa+p3 <360, s <6; (5.1)

otherwise, one can employ Propositions 4.2 or 4.3.
Furthermore, we assume (4.2b) is not valid, and it suffices to show that the
resultant u;, @3 fall into the area given by (4.2a).

Case 1: up > 2 — 360. From (5.1) it follows that
13 <360 —(2-30) <2-360 <
if % <0 < %, in which case we have a contradiction to (4.1). We thus find that
112 > 2 — 30 does not hold if § < 6 < .

Case 2: 1o <2 — 30 and p3 < 50 — 1. Note that
n3<30-1<2-30

ifl <0<
It remains to consider the restriction
Cr—k+2)0+Kk—r—1
Kk—A+1

<M37

and we would like to show this is redundant by choosing suitable («, 1). Note
that w3 > % For (k, A) = (%, %), we have

@k +20+x-A-1_5
k—A+1 2 ’

which is clearly smaller than % if % <0 < %.

Therefore, we may conclude

E(N: q.a) < —

Ny q,a) K ————

SO log )

for j = 1,2,3 as long as % <60 < 19—7. To conclude Theorem 1.1, it remains to
show, in view of Proposition 3.1 and the above estimate, that

X
——1(¢q)(log X)*% <« j=1,2.3 (5.2)
gN

j q(log X)A’
holds while applying Propositions 4.1, 4.2, or 4.3. In fact, we will show that N
is at least a certain positive power of X. Thanks to Heath-Brown [11], we may

1 1 9
assume§+8—2<9<ﬁ.
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The case j = 3 is obvious since N3 > X'/37¢ due to (3.8) and (3.9).

While applying Proposition 4.2, one requires that N3 < X? and NaN3 >
X3/29 which in fact implies N > X/2? > X'/4 and thus gives (5.2) for
j=2.

It remains to consider the case j = 1. Under the condition (4.2a) and
assuming that pp + u3 < %9, one has

loglog X 3 loglog X 3 11 1
>1—(uat+pu) —B——">1-20-B—"">1->.—=_,

log X 2 log X 2 17 34
provided that X is large enough. On the other hand, under the condition (4.2b)
and assuming that 3 < 6, one has similarly

loglog X loglog X _ 1
008X sy _j_poEoEt S

>1-(2-30)—60—-B Z —.
! ( ) log X log X 42

Each condition implies the lower bound Nj > X'/42, which yields (5.2) for
Jj = 1, completing the proof of Theorem 1.1.

Acknowledgements. This work is supported in part by NSFC (No. 11601413).
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a more polished version of this paper.

A. Appendix. Kuznetsov—Selberg-type identity for Kloosterman sums. Let us
recall the classical Kuznetsov—Selberg identity

Sa(m.niq) =) NdSomnd ™2, 1:qd ™).

d|(m,n,q)

Since Kuznetsov’s proof is based on the trace formula, it is interesting to ask
whether automorphic forms are really necessary. In fact, there are at least two
existing proofs, both of which are supposed to be elementary. The first one
was given by Matthes [17] using the Chinese remainder theorem and Mobius
inversion; and the second is due to Andersson [1], however the theory of Hecke
operators was applied. Here we give a completely elementary and direct proof,
which only requires the orthogonality of additive characters.

A.1. An elementary proof of (2.4). Our method works for the following
slightly more general sum

Ex(m,n; q) = [ ZZ <mx+ny)

x.y (mod g) 9
xy=k (mod q)

In particular, we have E1(m, n; g) = Sa(m, n; g). We shall prove

Ex(m.niq) = Y VdSymnd™? kiqd™") (A.D)

d|(m,n,q)
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and

Er(m,n; q) = Z \/c_ng(mkd_z,n;qd_]). (A2)

d|(m.k.q)

Thus, (2.4) follows by taking k = 1 in (A.1).

Remark A.1. One may see from (A.1) and (A.2) that Ex(m, n; q) is stable
under permutations among m, n, k. This is at least observed by Andersson [1].

Using the orthogonality of additive characters to detect the congruence
condition, we have

Ek(mm:q)=q% DI e<x(m+ay)+ny—ka>

a (modgq) x,y (mod g) q

3/22 Y Yy <x(m+ady)+ny—kad>.

dlq a(modq/d)x,y (modq) 1
(@.q/d)=1

We evaluate the x-sum by orthogonality, getting

Exm, 75 q) = Z > > e(M)

Va4 amoagiay v modg) 1
(a,q/d)=1 ady=—m (modq)

For each fixed d|q, from the condition ady = —m (mod g) it follows that d|m.
In a similar way, we also conclude that d|n. We thus have

Ek(m,n;cn:% >y 3 C<M>

dl(mn.g) a(modg/d) v (modg) 1
(a,q/d)=1 y=—am/d (modgq/d)

:L Z 4 Z e(ﬁmn/d—l—kad)
ﬁdl(mﬂ,q)

a(modgqg/d) q
(a,q/d)=1

= Z VdSy(mnd ™%, k; gd ™).

d|(m,n,q)

This establishes (A.1).
On the other hand, we have

- 1 ny mx
Ex(m,n; q) = ? E E e(—) E e(—)
1 gt ymodgy ~ 17 camodgy 4
,q)=d xy=k (mod q)

1 n mx

v I3 e(q/yd) 2 e(q)‘
d|(k,q) y (modgq/d) x (mod q)
.q/d)=1 xyd=k (mod q)
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For each y with (y, g/d) = 1 and d|(k, g), the innermost sum can be rewritten

as
)3 e(@) -3 e(@)
x (mod q) q x (mod g) q
xy=k/d (modq/d) x=yk/d (modgq/d)
Write x = yk/d + 1 - q/d with [ (mod d), the above exponential sum is

5 e<m(yk/d+l-q/d)>:e(myk/d) 5 e(myl)‘
[ (mod d)

[ (mod d) 4 q

By orthogonality of additive characters, this must vanish unless d|m, in which
case it is equal to
ymkd 2
q/d
Hence, we have
1 ny + ymkd >
Ex(m,n; q) = — Z d Z e(—
Lt q/d

) y(modg/d)
(r,q/d)=1

= Z \/ESz(mkdfa n; qdil)

d|(m.k,q)
as claimed in (A.2).

A.2. Extension to rank three Kloosterman sums. We now prove (2.5)
following the above strategy. Using the orthogonality of additive characters
to detect the congruence condition, we have

S3(m, n,l; q)

=i2 Z ZZ e(x(m—l—ayz)—i—ny—l—lz—a)

q a (modgq) x,y (mod q) q

=i22 Z ZZ e(x(m+adyz)+ny+lz—ad>.

9" 4lq amodg/d) x,y (modq) 1
(@.q/d)=1

We evaluate the x-sum by orthogonality, getting

Sa(m,n,l;q)=cl12 > Y3 e(—ny+lz_ad).

dlq a(modg/d) v,z (modg) 9
(a,q/d)=1 adyz=—m (modq)
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For each fixed d|q, from adyz = —m (mod ¢) it follows that d|m. In a similar
way, we also conclude that d|(n, [). We thus have

ot L Yy 3 G(M)

d|(m,n,l,q) a(modgq/d) v,z (mod q) 4
(a,q/d)=1 yz=—am/d (modq/d)

1 a 3
=— ) &7 ) 6(7) Emyalan/d,l/d; q/d).
va d|(m,n,l,q) a (modg/d) 4
(a,q/d)=1

Applying (A.1) twice, we may derive that

S3(m,n,l; q) = L Z Z 232,12
ﬁdl(m,n,l,q) rl(n/d,l/d,q/d)

x ) e<i>sz<anl/<dr>2,m/d;q/@”))

a (modgq/d) Q/d
(a,q/d)=1
1
= ﬁ E E E d3/2(rs)1/2

d|(m,n,l,q) r|(n/d,l/d,q/d) s|(nl/(dr)?,m/d,q/dr)

a amnl q
<2 “'(—)SZ(WJ?—)-
« (moda/d) q/d d>r*s drs

(a,q/d)=1

Note that g is squarefree, and thus (rs,q/(drs)) = 1. From the Chinese
remainder theorem, the last sum over a can be expressed as

q 172 (rs)S rsmnl 11 q
I rs —’ b ; I b
drs H 3\ 43252 drs

from which we conclude that

Ssom,nliq) =Y > >

dlm,n,l,q) rl(n/d,l/d,q/d) s|(nl/(dr)2,m/d.q/dr)
rsmnl q
xdu@s)S3| ——=,1,1; — ).
wrs) 3<d3r2s2 drs)

This establishes (2.5).

B. Appendix. Estimate for two-dimensional exponential sums. Let p be an odd
prime and J a middle-extension sheaf on Alp, pointwise pure of weight 0 and

geometrically irreducible. Suppose T is the trace function of F in the sense of
Katz [14, §7.3.7]. For 1 = (I, [;) and h = (hy, h;), we consider the double sum

Mihip) =3, > T(xy)T((x+ll)(y+12))e<—1x: ”).

X,y (mod p)

The following estimate presents a square-root cancellation when F is a
Kloosterman sheaf of rank three.
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THEOREM B.1. For T (x) = Kl3(x, p), we have
[T, h; p)| < p- (hy,hy, 11,1, p).

Proof. The bound is trivial if p | (hy, ha, I1, [2). We now assume p 1 (hy, ha,
[1, ). For fixed u, v (mod p), define

Hu,v) = Z* Z* C(M)’

x,y (mod p) p
xy=u (mod p)
(x+{1) (y+l2)=v (mod p)

so that L
Ok p)= Y TwT)H(u,v).

u,v (mod p)

By the Parseval (discrete Plancherel) identity, we have

ook p)= Y3 T&TOH(=s,1),

s,t (mod p)
where
~ 1 —su
Te)=— Y. T(u)e(—)
\/ﬁu(modp) P
and

Hs. t):% Yy H(u,v)e<_su_tv>.

u,v (mod p) p

After a change of variable, one may write

h houa
H@u,v) = Z* e(M)’

a (mod p) p
ha+ljua=v—u—Il; (mod p)

from which and the orthogonality of additive characters, it follows that

ﬁ(s,t)

1 Z Z* (hla—l-hguﬁ) (—Su—t(lza—Flluﬁ—Fu—l-l]lg))
= — e e
p p

p u (mod p) a (mod p)

* ((h1 —llz)a—llﬂz)
- Y e .

a (mod p) P
(hy—tly)a=s+t (mod p)

This yields

(h1 —th)(hy —tl)(s + 1) — tlﬂz)

H(s, 1) = e(
p
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if s + ¢ # 0 (mod p); and otherwise, ﬁ(s, t) vanishes unless hy = tl; (mod p),
in which case the variable a runs freely over (Z/pZ)* . Therefore,

1, h; p) = I1 (I h; p) + I (1, b p),

where
=~ 7= ((hy —tl)(hy —th)( —s) —thl
M p)= Y > T(s)T(t)e(
s,t (mod p) p
st (mod p)
and

mLhp= Y ToP Z* e((hl —tlz)a—tlllg)

t (mod p) a (mod p) p
ha=tl, (mod p)

Note that
~ —tlilp
MU p)=(p-1) ) IT(t)Ize<—) +0() <Lp
t (mod p) p

hy=tl; (mod p)
hy=tl, (mod p)

since at least one of &y, hy, 1, I3 is coprime to p.
It remains to prove

i, h; p) < p.

From now on, we assume 7" = Kl3 so that

o = {Kw, P, pix

0’ p|x‘
Hence,
* —
MA,h; p)=/p Y Kb, p)Wis,Lh;p),
s (mod p)
where
W(s,1, h; p)
1 _ hi —th)(ho —tl)(t —s) — tll
_ b Z Klz(t,p)e<( 1 —th)(hy —th)(t —s) 12)'
\/ﬁ t (mod p) P

t£0,s (mod p)

Given a tuple (I, h) = (I1,p, hy, hp) € Z*, we would like to show s —>
W (s, 1, h; p) is a good trace function up to some controllable tails. To do so, we
would like to appeal to the following quantitative characterization due to Fouvry,
Kowalski and Michel [4, Corollary 5.3].
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PROPOSITION B.1.  Let F), be a finite field and £ # p a prime. Let f €
F, (X, Y) be a rational function given by f = f1/f> with f; € ¥,[X, Y] coprime
polynomials, and assume that ¢(f) := 1 4+ deg(f1) + deg(f2) < p. Let F be a
middle-extension sheaf on A{?p which is pointwise pure of weight O and f -disjoint
in the sense of [4, Definition 5.2].

Then there exists an absolute constant A > 1, independent of f and F, such
that for all x € ¥, we have

1
— D MY Y) = —to(x) + 11(x) + 0 (x),
\/ﬁ yveF,

J2(x,y)#0

where t is the trace function of a middle-extension sheaf Go of weight 0 on A{;
P
with

¢(S0) < Qc(f)e(IF)A

the function ty is zero except for a set of values of x € F, of size at most

Qe(f)e(FNA, and it satisfies
71100 < Qe(SIe@N?,

while the function t) satisfies
I2llo < Qe(f)e@)p~ 12,

Remark B.1. 1t is useful to make a comment on the f-disjointness here.
According to [4, Definition 5.2], a middle-extension sheaf F is called f-disjoint,
if ch(A1 X Fp, F® L) vanishes for all x € Fp, where £ = j¥Ly(r(x,y)) With
¥ an additive character and j, : {x} x Al — A? being the closed immersion.
Therefore, J is always f-disjoint if it is irreducible of rank at least two (e.g.
Kloosterman sheaves in one or more variables).

Taking 7 = [—1]"K¢p and f(x, y) = (hy — yl2)(hy — yl1)/(y — x) — ylil>
with

fi(x,y) = (hy — yl)(hy — yly) — (y — x)yli12, fx,y)=y—x

in Proposition B.1, we then find f; and f, are coprime mod p since p 1 (I1, [2,
h1, hy). From Proposition B.1 we conclude that

W(s,Lh; p) = —=Wo(s, L h; p) + Wi(s, 1, h; p) + Wa(s, L h; p),

where, for some absolute C > 0, s — Wy(s, 1, h; p) is the trace function of a
middle-extension sheaf of weight 0 on A{,p with the conductor at most C, the
function s > W (s, 1, h; p) is zero except for a set D of values of s € F), of size
DI <C,

Willo <C, [Walloo < Cp™'/2,
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Therefore,

%k
M@ h; p)=—Jp Y K, p)Wols, L h; p)
s (mod p)

+P ) _Kh(, p)Wils, Lh; p) + O(p)
seD

*
=—Vp > Kb p)Wols,Lh; p)+ O(p).
s (mod p)

Since Kl (X, p) has a singularity at x = 0, however

1 —(h1l + hal hihot
WO.1 b p) _e<<11—+22>> 3 K12(t,p)e( ! 2)
\/ﬁ p t (mod p) p

(N B G 15

hyhax++1=0 (mod p)

which yields Wy(x,1, h; p) has no singularity at x = 0. We then find the
associated sheaves with Klp(x, p) and Wy(x, 1, h; p) have no geometrically

irre

ducible components that are geometrically isomorphic. The Riemann

hypothesis of Deligne (see [2] or [8, Theorem 4.1]) then yields

ImIid,h;p)Lp

with an absolute implied constant. This completes the proof of Theorem B.1 by
combining the above arguments. O

10.

11.

12.

13.
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