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Extropy-based divergence measures offer distinct advantages over entropy-based counterparts, owing to their
mathematical simplicity and enhanced interpretability. Relative extropy by Lad et al. [5] is a symmetric divergence
measure between two probability distributions, and Mohammadi et al. [8] introduced the asymmetric divergence
between two distributions based on extropy. We further study these measures, their properties, and interrelation-
ships in this article. To address the divergence between truncated lifetime distributions, we define dynamic relative
extropy for residual and past lifetime scenarios. Exploring the interrelationships of dynamic cases of relative
extropy, extropy divergence, and extropy inaccuracy, we derive some unique properties and characterizations for
the exponential distribution. A nonparametric estimator for relative extropy is developed, and its performance is
assessed through numerical simulation studies. The practical applicability of relative extropy is used to analyze the
divergence in lifetime patterns of mice under a lifetime feeding experiment and the shopping patterns of customers
based on age and income groups. Further, the application of relative extropy is also applied to find the dissimilarity
between two images.

1. Introduction

Measures of divergence between probability distributions are significant due to their applications in
reliability, survival analysis, testing of hypotheses, and classification problems. Divergence measures
based on entropy and extropy measures are introduced in the literature. Based on Shannon entropy [15],
Kullback and Leibler [4] introduced Kullback–Leibler (KL) divergence, which is the pioneering work
on divergence measures in information theory. Following the KL divergence, a considerable number of
divergence measures have been put forward by different authors, either due to their theoretical foun-
dations or practical applications. Some of them are Rényi’s divergence [12], Tsallis’s divergence [18],
etc.

More recently, extropy has emerged as a complementary dual to entropy, offering a novel perspective
on uncertainty quantification. According to Lad et al. [5], the extropy of a nonnegative and absolutely
continuous random variable X with a probability density function (p.d.f.) f , is defined by

J (X) = −1
2

∫ ∞

0
f 2(x)dx. (1.1)

J (X) is always nonpositive because of the negative sign in front of the quadratic term. Lad et al. [5]
also introduced the concept of relative extropy (RE), which measures the discrepancy between two
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probability distributions with p.d.f.’s f and g as

d( f , g) = 1
2

∫ ∞

0
( f (x) − g(x))2 dx. (1.2)

In contrast to entropy-based divergencemeasures, RE possesses the property of symmetry, implying that
d( f , g) = d(g, f ). A new measure of inaccuracy based on extropy for record statistics between distribu-
tions of the nth upper (lower) record value and parent random variable was introduced by Hashempour
and Mohammadi [1], which is given in the form,

bJ (X,Y) = −1
2

∫ ∞

0
f (x)g(x)dx. (1.3)

It is observed that d( f , g) = 2bJ (X,Y) − J (X) − J (Y). bJ (X,Y) measures the inaccuracy caused by
assuming g instead of f . The dynamic extropy inaccuracy for residual lifetimes, Xt = (X − t |X > t) and
Yt = (Y − t |Y > t), defined by Hashempour et al. [2] as

bJr (X,Y , t) = −1
2

∫ ∞

t

f (x)
F̄ (t)

g(x)
Ḡ(t)

dx, (1.4)

equals Jt (X) = − 1
2

∫ ∞
t

(
f (x)
F̄ (t)

)2
dx, the dynamic residual extropywhen f (x) = g(x). Let X(t) = (t−X |X ≤

t) and Y(t) = (t − Y |Y ≤ t) be two past lifetime random variables, then the dynamic past inaccuracy
measure defined by Mohammadi et al. [8] is given as

bJp(X,Y , t) = −1
2

∫ t

0

f (x)g(x)
F (t)G(t) dx, (1.5)

equals J (X(t) ) = − 1
2

∫ t
0

(
f (x)
F (t)

)2
dx, the dynamic past extropy when f (x) = g(x). The discrimination

measure based on extropy and inaccuracy between density functions f (x) and g(x) is defined by

J ( f |g) = 1
2

∫ ∞

0
[ f (x) − g(x)] f (x)dx =

1
2

Ef [ f (X) − g(X)], (1.6)

which is the expectation of ( f − g) with respect to f . J ( f |g) is a measure of directional divergence
between two distributions since it is asymmetric, and J ( f |g) and J (g| f ) cannot be equal for all f and g.

Divergence measures based on extropy and its variants are an emerging area of interest due to their
advantages in theory and applications. Saranya and Sunoj [13] proposed a measure of symmetric diver-
gence based on survival extropy and studied its properties and applications. Recently, Saranya and Sunoj
[14] introduced an inaccuracy and divergence measure based on survival extropy, and obtained their
various properties and applications in image classification and reliability analysis. Although the liter-
ature includes symmetric and asymmetric information measures based on entropy and extropy, each
with distinct advantages and applications, the interconnections between the symmetric and asymmetric
measures remain relatively unexplored. Investigating these relationships can provide deeper insight into
their properties and lead to significant results in information theory and reliability. Lad et al. [5] intro-
duced the concept of a symmetric divergence measure called RE, and Mohammadi et al. [8] defined
a directional divergence measure called extropy divergence based on extropy. The interrelationships
between these two are not explored. Accordingly, the present study focuses on exploring extropy-based
relative information measures through their interrelationships.

The paper is organized as follows. In Section 2, we discuss some properties of RE and extropy
divergence. We explore the dynamic extensions of RE, extropy divergence, and extropy inaccuracy for
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residual and past lifetimes, their properties, and characterizations in Section 3. Section 4 investigates
the estimation of RE and simulation studies to validate the performance of the estimator. Section 5
demonstrates the practical applications of the measure in the context of lifetime data analysis and image
analysis.

2. RE and extropy divergence

The concept of RE is a foundational contribution as a symmetric divergence measure between two
probability distributions based on extropy. In this section, we further study the measure, derive some
properties of RE and the relationship with extropy divergence. For two nonnegative continuous random
variables X and Y with p.d.f.’s f and g, respectively, we have the relationship between RE, extropy
inaccuracy, and extropy as:

d( f , g) = 2bJ (X,Y) − J (Y) − J (X).

The RE is always nonnegative and zero if and only if f (x) = g(x) for every x. It is a measure of
discrimination between two probability distributions based on their density functions. Note that the
measure d( f , g) is unnormalized and its value is inherently influenced by the support over which the
distributions are defined.

Note that Ef and Eg denote the expectation over density functions f and g, respectively. Let

Ef [h(X)] =
∫

h(x)f (x) dx. The expression in (1.2) can be rewritten by splitting it as follows:

d( f , g) = 1
2

∫ ∞

0
( f (x) − g(x))2 dx

=
1
2

(∫ ∞

0
( f (x) − g(x)) f (x)dx +

∫ ∞

0
(g(x) − f (x))g(x)dx

)
.

In the following theorem, we express the relationship between RE and extropy divergences.

Theorem 2.1. Let X and Y be two nonnegative random variables with density functions f and g,
respectively. Then the RE of X and Y can be expressed as the sum of extropy divergences as follows.

d( f , g) = J ( f |g) + J (g| f ) = 1
2
(Ef [ f (X) − g(X)] + Eg [g(X) − f (X)]), (2.1)

where J (g| f ) is the extropy divergence from g to f with respect to g given as follows:

J (g| f ) = 1
2

∫ ∞

0
[g(x) − f (x)]g(x)dx.

Thus, we can represent the symmetric divergencemeasure based on extropy as the sum of asymmetric
divergences based on extropy of both orders.

Corollary 2.1. The quantities J ( f | g) and J (g | f ) can each be negative, positive, or zero. However,
their sum yields RE, which is always nonnegative, which in turn implies

J ( f | g) ≥ − J (g | f ).

Kullback [3] studied the approximation of the KL information of f (x) and f (x; \+Δ\). In the follow-
ing theorem, we provide a theoretical approximation to the RE of two similar densities, that is, between
f (x, \) and f (x, \ + Δ\), as follows:
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Theorem 2.2. Let X be a nonnegative random variable with density function f with parameter \. Let

f (x, \) be twice differentiable in \ and
∫ (

d
d\ f (x, \)

)2
dx < ∞ and applying the dominated convergence

theorem, we obtain

d( f (x, \), f (x, \ + Δ\)) ≈ Δ\2

2

∫ ∞

0

(
d
d\

f (x, \)
)2

dx. (2.2)

Proof. Using the Taylor series expansion, for a fixed x and a small Δ\, we obtain

f (x, \ + Δ\) = f (x, \) + f ′ (x, \)Δ\ + f ′′ (x, \) (Δ\)
2

2!
+ ...

f (x, \ + Δ\) − f (x, \) = f ′ (x, \)Δ\ + o(Δ\)2.
(2.3)

Since higher order terms are significantly small for smaller Δ\, (2.3) reduces to

( f (x, \ + Δ\) − f (x, \))2 ≈ (Δ\f ′ (x, \))2.

Then,

1
2

∫ ∞

0
( f (x, \ + Δ\) − f (x, \))2dx ≈ (Δ\)2

2

∫ ∞

0
f ′ (x, \)2dx.

�

The approximation in (2.2) reveals an interesting connection between the RE and the Fisher
information. For small parameter perturbations Δ\, the quantity

d( f (x, \), f (x, \ + Δ\)) ≈ Δ\2

2

∫ ∞

0

(
mf (x, \)

m\

)2
dx. (2.4)

Since the Fisher information of the density function f (x, \) is expressed as

If (\) = Ef

[
m

m\
log f (x, \)

]2
=

∫ ∞

0

(
m

m\
f (x, \)

)2
× 1

f (x, \) dx, (2.5)

we define a weighted Fisher information with weight w(x, \) =
√

f (x, \) as

Iw
f (\) = Ef

[√
f (x, \) m

m\
log f (x, \)

]2
=

∫ ∞

0

(
m

m\
f (x, \)

)2
dx. (2.6)

It can be observed that Iw
f (\) = If (\) when w(x, \) = 1. Comparing (2.4) and (2.6), we derive the

following relationship.

d( f (x, \), f (x, \ + Δ\)) ≈ (Δ\)2
2

Iw
f (\). (2.7)

When Δ\ → 0, d( f (x, \), f (x, \ + Δ\)) ≈ Iw
f (\).
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Figure 1. RE, d( f (x,_, k), f (x,_, k + Δk)) of Weibull distributions with k = 1 and _ = 2 for varying
Δk.

Example 2.1. Consider two Weibull random variables with p.d.f. of the form:

f (x; k,_) = k
_

( x
_

)k−1
e−

( x
_

)k
, x > 0.

k = 1 implies an exponential distribution. Let k = 1 and _ = 2. Figure 1 shows the shape of
d( f (x,_, k), f (x,_, k +Δk)) over different values of Δk. As Δk → 0, d( f (x,_, k), f (x,_, k +Δk)) → 0.

The following result gives an approximation for the RE of two exponential distributions with a small
parameter shift.

Corollary 2.2. Let X follow an exponential with the mean 1/_. Then (2.2) becomes

d( f (x,_), f (x,_ + Δ_)) ≈ (Δ_)2
4_

.

Figure 2 shows the approximated and actual RE value between two exponential densities with param-
eters _ and _ + Δ_. We see that for smaller Δ_, the RE is significantly closer to the approximation and
increases with an increase in Δ_.

Note that X is said to be smaller (larger) than or equal to Y in the

(i) Extropy ordering, denoted by X ≤ex (≥ex)Y if J (X) ≤ (≥)J (Y).
(ii) Extropy divergence ordering, denoted by X ≤ed (≥ed)Y , if J ( f |g) ≤ (≥)J (g| f ).

Since J ( f |g) = b J (X,Y) − J (X) and J (g| f ) = b J (X,Y) − J (Y), it follows that

J ( f |g) − J (g| f ) = J (Y) − J (X).

This identity directly yields Theorem 2.3 and Corollary 2.3.

Theorem 2.3. The extropy ordering and the extropy divergence ordering between two continuous
random variables are equivalent and can be expressed as follows:

X <ex (>ex)Y ⇐⇒ X >ed (<ed)Y .
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Figure 2. Comparison of approximation with the actual value of RE of two exponential distributions
for _ = 2.

From Theorem 2.3, a characterization for the additive extropy divergence model can be derived as
follows.

Corollary 2.3. Two continuous nonnegative random variables X and Y satisfy the additive extropy
model

J (Y) = J (X) + c,

if and only if they satisfy the additive extropy divergence model

J ( f |g) + c = J (g| f ).

Under the conditions of Corollary 2.3, the RE has the form d( f , g) = 2J ( f |g) + c, which further
leads to J ( f |g) > −c/2. In the following theorem, we obtain the bounds of extropy divergence based
on the orderings.

Theorem 2.4. The following are the conditions for which J ( f |g) and J (g| f ) are nonnegative.

(i) X >ed Y ⇐⇒ Y >ex X =⇒ J ( f |g) > 0
(ii) Y >ed X ⇐⇒ Y <ex X =⇒ J (g| f ) > 0

Proof. Since RE is always nonnegative, it follows that J ( f |g) + J (g| f ) > 0. Given that J (Y) > J (X),
we obtain J ( f |g) > J (g| f ), which implies J ( f |g) − J (g| f ) > 0. Adding these inequalities results in
2J ( f |g) > 0. The proof of (ii) follows in a similar way. �

Theorem 2.5. Let f and g be p.d.f.’s of continuous random variables X and Y, respectively. Let Xb =

X/b and Yb = Y/b be the corresponding scaled random variables with density functions fb and gb,
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respectively. Then the RE satisfies

d( f , g) = b × d( fb, gb)

Proof. By definition,

d( fb, gb) =
1
2

∫ ∞

0

(
fb(x) − gb(x)

)2 dx =
1
2

∫ ∞

0

[
1
b

f
( x
b

)
− 1

b
g
( x
b

)]2
dx.

Perform the substitution y = x/b, so that dx = b dy. Then

d( fb, gb) =
1

2b2

∫ ∞

0
( f (y) − g(y))2 b dy =

1
2b

∫ ∞

0
( f (y) − g(y))2 dy.

Therefore,

d( fb, gb) =
1
b

d( f , g).
�

3. Dynamic relative, inaccuracy, and divergence measures of extropy

In many practical contexts, lifetime data are often truncated or incomplete due to experimental, obser-
vational, or design-related constraints [7]. Truncation occurs when the observation of a random variable
is restricted to a subset of its possible range; that is, only those lifetimes falling within a specific interval
are recorded or available for analysis. In reliability and survival studies, such truncation naturally leads
to the consideration of residual and past lifetime distributions, which describe the remaining lifetime
beyond a specified time and the elapsed lifetime up to that time, respectively. This section discusses the
dynamic scenario of the information measures for residual lifetimes. We focus on deriving some inter-
esting relationships between those information measures. The following is the definition of dynamic
RE for residual lifetimes.

Definition 3.1. Let X and Y be nonnegative and absolutely continuous random variables with density
functions f and g, and survival functions F̄ and Ḡ, respectively. Then the dynamic RE for residual
lifetimes, Xt = (X − t |X > t) and Yt = (Y − t |Y > t) is given as

dr ( f , g, t) = 1
2

∫ ∞

t

(
f (x)
F̄ (t)

− g(x)
Ḡ(t)

)2
dx. (3.1)

dr ( f , g, t) is a nonnegative symmetric measure that measures the divergence between two residual
life distributions. It is a function of t but always independent of t for exponential distributions, and
is discussed in the following example.

Example 3.1. Let X and Y be two exponential random variables with means 1/_1 and 1/_2,
respectively. Then the dynamic RE dr ( f , g, t) is given by

dr ( f , g, t) = 1
4

(
_1 + _2 −

4_1_2

_1 + _2

)
=

(_1 − _2)2
4(_1 + _2)

,

is a constant.

https://doi.org/10.1017/S0269964826100217 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964826100217


500 P. Saranya and S. M. Sunoj

Analogous to Theorem 2.1, dynamic RE can also be expressed as the sum of dynamic extropy
divergences as follows:

dr ( f , g, t) = Jr ( ft |gt) + Jr (gt | ft), (3.2)

where the dynamic extropy divergence between f and g for residual lifetimes (see [8]) is given by

Jr ( ft |gt) =
1
2

∫ ∞

t

(
f (x)
F̄ (t)

− g(x)
Ḡ(t)

)
f (x)
F̄ (t)

dx = bJ (X,Y , t) − Jt (X),

and the corresponding dynamic extropy divergence between g and f for residual lifetimes is expressed
as

Jr (gt | ft) =
1
2

∫ ∞

t

(
g(x)
Ḡ(t)

− f (x)
F̄ (t)

)
g(x)
Ḡ(t)

dx = bJ (X,Y , t) − Jt (Y).

A unique representation of the discussed information measures under the exponential distribution is
established in the following theorem.

Theorem 3.1. Let the random variable X follow an exponential distribution with parameter _. Then the
dynamic residual extropy inaccuracy, dynamic residual RE, and dynamic residual extropy divergence
are uniquely determined by the hazard rate of Y as follows.

(i) Dynamic residual extropy inaccuracy

bJr (X,Y , t) = −e_t+
∫ t
0 hY (t)dt

(∫ ∞

t

_hY (t)
2

e−_t−
∫ t
0 hY (t)dtdt

)
. (3.3)

(ii) Dynamic residual RE

dr ( f , g, t) = −2e_t+
∫ t
0 hY (x)dx

(∫ ∞

t

_hY (t)
2

e−_t−
∫ x
0 hY (u)dudx

)
+ e2

∫ t
0 hY (u)du

(∫ ∞

t

hY (x)2
2

e−2
∫ x
0 hY (u)du

)
dx + _

4
. (3.4)

(iii) Dynamic residual extropy divergence

Jr ( ft |gt) = −e_t+
∫ t
0 hY (t)dt

(∫ ∞

t

_hY (t)
2

e−_t−
∫ t
0 hY (t)dtdt

)
+ _

4
. (3.5)

Proof. The survival extropy inaccuracy for residual life is given by (1.4). Note that g(x) = Ḡ(x)hY (x).
Given that X follows an exponential distribution with rate _, hX (t) = _. Then

bJr (X,Y , t) = − 1
2e−_tḠ(t)

∫ ∞

t
_e−_xg(x)dx = − _

2e−_tḠ(t)

∫ ∞

t
e−_xḠ(x)hY (x)dx. (3.6)

Since Ḡ(x) = e−
∫ t
0 hY (x)dx, it follows that

bJr (X,Y , t) = −e_t+
∫ t
0 hY (x)dx

(∫ ∞

t

_hY (t)
2

e−_t−
∫ x
0 hY (u)dudx

)
. (3.7)
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We now derive the dynamic residual RE in terms of the hazard rate of Y if X is exponential. The dynamic
RE is given as:

dr ( f , g, t) = 2bJr (X,Y , t) − Jt (Y) − Jt (X). (3.8)

Using g(x) = hY (x)Ḡ(x), we get:

Jt (Y) = −1
2

e2
∫ t
0 hY (u)du

∫ ∞

t
hY (x)2e−2

∫ x
0 hY (u)dudx. (3.9)

Since X is exponential with rate _:

Jt (X) = −_
4
. (3.10)

Substituting (3.3), (3.9), and (3.10) in (3.8), we derive the required expression (3.4). Similarly, (iii) can
be proved. �

The following is the relationship with dynamic RE with hazard rates and dynamic extropies of
X and Y .

Theorem 3.2. Let the dynamic residual RE be differentiable in t. Assume that the dynamic residual
RE dr ( f , g, t) and the quantities Jt (X), Jt (Y), and bJ (X,Y , t) are finite, continuous, and differentiable
under the integral sign. Then, dr ( f , g, t) satisfies the differential equation,

d
dt

dr ( f , g, t) −dr ( f , g, t) (hX (t) +hY (t)) = (hY (t) −hX (t)) (Jt (X) − Jt (Y)) −
1
2
(hX (t) +hY (t))2. (3.11)

Proof. Differentiating (3.1) with respect to t, we get

d
dt

dr ( f , g, t) = hX (t)hY (t) −
h2

X (t) + h2
Y (t)

2
+ 2bJ (X,Y , t) (hX (t) + hY (t))

− 2hX (t)Jt (X) − 2hY (t)Jt (Y).
(3.12)

Substituting

2hX (t)hY (t) − h2
X (t) − h2

Y (t)
2

= − (hX (t) + hY (t))2
2

,

and

dr ( f , g, t) + Jt (Y) + Jt (X) = 2bJ (X,Y , t)

into (3.12), and then simplifying, yields the differential equation (3.11). �

Corollary 3.1. Using (3.11) and dr ( f , g, t) is nondecreasing then we obtain the lower bound for
dr ( f , g, t) in terms of the dynamic extropies and hazard rates of X and Y as

dr ( f , g, t) ≥ (hX (t) − hY (t))
hX (t) + hY (t)

(Jt (X) − Jt (Y)).

Qiu and Jia [11] proved that Jt (X) be the dynamic extropy of X and is a constant if and only if X is
exponential. Now, we establish characterizations of the exponential distribution using dynamic extropy
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inaccuracy and dynamic extropy divergence for the residual lifetime. The proof proceeds in a manner
analogous to the proof of Theorem 3.2.

Lemma 3.1. Assume that the dynamic residual extropy inaccuracy and the dynamic residual extropy
divergence are finite, continuous and differentiable under the integral sign. Then bJr (X,Y , t) and
Jr ( ft |gt) satisfy the differential equations

d
dt
bJr (X,Y , t) = hX (t)hY (t)

2
+ (hX (t) + hY (t))bJr (X,Y , t). (3.13)

d
dt

Jr ( ft |gt) = (hX (t) + hY (t))Jr ( ft |gt) + (hY (t) − hX (t))
(
hX (t)
2

+ Jt (X)
)
. (3.14)

Remark 3.1. Let X and Y be two exponential random variables with means 1/_1 and 1/_2, respectively.
Then

Jr ( ft |gt) =
_1(_1 − _2)
4(_1 + _2)

, Jr (gt | ft) =
_2(_2 − _1)
4(_1 + _2)

, bJr (X,Y , t) = − _1_2

2(_1 + _2)

Under the assumptions of Lemma 3.1, we have the following result.

Theorem 3.3. Let X be an exponential random variable. Then the dynamic extropy inaccuracy
bJr (X,Y , t) = c, c < 0 and the dynamic residual extropy divergence Jr ( ft |gt) = k, where c, k are
constants, for all t ≥ 0 if and only if Y is exponential.

Proof. Let bJr (X,Y , t) = c with c < 0, a constant and X is exponential with hX (t) = _. Then (3.13)
becomes

_hY (t)
2

= −(_ + hY (t))c,

which further leads to

hY (t)
(
c + _

2

)
= −c_ =⇒ hY (t) =

−c_(
c + _

2
) .

Since c < 0, the hazard rate hY (t) is a positive constant; therefore, Y follows an exponential distribution.
Let X follows exponential with hX (t) = _ and Jt (X) = −_/4. Also if dynamic extropy divergence

Jr ( ft |gt) = k, a constant, then d
dt Jr ( ft |gt) = 0. Then, (3.14) becomes

(_ + hY (t))k + (hY (t) − _)
(
_

2
− _

4

)
= 0.

Rearranging the equation, we obtain

4k(_ + hY (t)) = −_(hY (t) − _),

which gives

hY (t) =
_2 − 4k_
4k + _

,

implies that hY (t) is constant and Y is exponential. The converse part can be derived directly and is
given in Remark 3.1. �
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Theorem 3.4. Let Jr (gt | ft) be a constant for all t ≥ 0. Then if Y follows an exponential distribution,
then

(i) bJr (X,Y , t) is a constant for all t ≥ 0.
(ii) X follows exponential.
(iii) Jr ( ft |gt) is a constant for all t ≥ 0.
(iv) dr ( f , g, t) is a constant for all t ≥ 0.

Proof. Consider Jr (gt |ft) = a, a constant, in all the following cases. Also, if Y follows an exponential
distribution, then Jt (Y) = c, a constant. We now prove each part of the theorem.

(i) Given that Jr (gt |ft) = bJr (X,Y , t) − Jt (Y) = a. If Y follows an exponential distribution, then
bJr (X,Y , t) will be constant. Conversely, under the same condition, if bJr (X,Y , t) is constant,
then Y must be exponential by Theorem 3.3.

(ii) Under the given condition, if Y follows an exponential distribution, then bJr (X,Y , t) is a constant
implies X is exponential. The converse part is also true by Remark 3.1.

(iii) From

Jr (gt |ft) − Jr ( ft |gt) = Jt (X) − Jt (Y),

we obtain

a − Jr ( ft |gt) = Jt (X) − c,

which further implies

a + c = Jt (X) + Jr ( ft |gt).

From part (ii), X is exponential under the given assumptions. Let Jt (X) = b, a constant. Therefore,

a + c − b = Jr ( ft |gt),

implying that Jr ( ft |gt) is a constant.
(iv) Since we have dr ( f , g, t) = Jr ( ft |gt) + Jr (gt | ft), dr ( f , g, t) is a constant under the given

assumptions.
�

The random variable X is said to be smaller (larger) than or equal to Y in the

(i) Hazard rate ordering, denoted by X ≤hr (≥hr)Y , if hX (x) ≥ (≤)hY (x) for all x ≥ 0,
(ii) Dynamic residual extropy ordering, denoted by X ≤rex (≥rex)Y , if Jt (X) ≤ (≥)Jt (Y) for all x ≥ 0.
(iii) Dynamic residual extropy divergence ordering, denoted by X ≤red (≥red)Y , if Jr ( ft |gt) ≤

(≥)Jr (gt | ft) for all x.

The following theorem establishes the non-negativity condition for dynamic residual extropy divergence
measures in terms of extropy-based stochastic orderings and equivalence of (ii) and (iii).

Theorem 3.5. The following are the conditions for which Jr ( ft |gt) and Jr (gt | ft) are nonnegative.

(i) X ≥red Y ⇐⇒ Y ≥rex X =⇒ Jr ( ft |gt) ≥ 0.
(ii) Y ≥red X ⇐⇒ X ≥rex Y =⇒ Jr (gt | ft) ≥ 0.
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Proof. dr ( f , g, t) is always nonnegative and we get

Jr ( ft |gt) + Jr (gt | ft) ≥ 0. (3.15)

Since Jt (Y) > Jt (X) ⇐⇒ Jr ( ft |gt) > Jr (gt | ft),

Jr ( ft |gt) − Jr (gt | ft) = Jt (Y) − Jt (X) ≥ 0. (3.16)

Adding (3.15) and (3.16), we get 2Jr ( ft |gt) ≥ 0, which proves (i). Similarly, (ii) is also obtained. �

The strict monotonicity of dynamic RE is explained using hazard rate ordering in the following
theorem.

Theorem 3.6. Let f (x) and g(x) be the strictly decreasing p.d.f.’s in x corresponding to nonnegative
continuous random variables X and Y, respectively. Then if X ≥hr Y, then the dynamic RE is always a
strictly increasing function of t.

Proof. Using dr ( f , g, t) = Jr ( f |g) + Jr (g| f ), we get

d
dt

dr ( f , g, t) = (hX (t) + hY (t))dr ( f , g, t) + (hY (t) − hX (t))×(
hX (t)
2

+ Jt (X) +
hY (t)
2

+ Jt (Y)
)
.

(3.17)

If f and g are strictly decreasing functions, we have Jt (X) > − hX (t)
2 and Jt (Y) > − hY (t)

2 , which further
implies, (

hX (t)
2

+ Jt (X) +
hY (t)
2

+ Jt (Y)
)
> 0.

Also, if hY (t) > hX (t), (3.17) becomes

d
dt

dr ( f , g, t) > (hX (t) + hY (t))dr ( f , g, t) > 0,

implies dr ( f , g, t) is a strictly increasing function of t. �

The following example illustrates Theorem 3.6.

Example 3.2. Let X ∼ Weibull(1.5, 1) and Y ∼ Weibull(2.5, 1). The p.d.f.’s are given by:

fX (x) = 1.5x0.5e−x1.5 , x > 0; fY (x) = 2.5x1.5e−x2.5 , x > 0.

The hazard functions are

hX (x) =
1.5x0.5e−x1.5

e−x1.5
= 1.5x0.5, hY (x) =

2.5x1.5e−x2.5

e−x2.5
= 2.5x1.5.

hX (x) ≤ hY (x) for all x ≥ 0.6 implies X ≥hr Y . To verify the theorem, we compute and plot hX (x) and
hY (x), and dr ( f , g, t) (see Figure 3). For t > 0.6, it satisfies X ≥hr Y and the dynamic RE is a strictly
increasing function of t > 0.6.
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Figure 3. An illustration of Theorem 3.6 using two Weibull distributions.

The theorem provides an upper bound for the rate of change of the logarithm of the dynamic RE in
terms of the hazard rate functions. In other words, the following inequality establishes a relationship
between RE and the hazard rates of two random variables. Note that a random variable X is said to
have a decreasing (increasing) failure rate (decreasing failure rate (DFR)) if its hazard rate hX (t) is
nonincreasing (nondecreasing) in t.

Theorem 3.7. Let X and Y be two nonnegative continuous random variables with p.d.f.’s f and g. Then
the dynamic residual RE satisfies the following bound

d
dt

log dr ( f , g, t) ≤ hX (t) + hY (t), (3.18)

if any one of the following conditions is satisfied

(i) X ≤hr Y either X or Y is DFR.
(ii) f (x) and g(x) be strictly decreasing functions of x and X ≤hr Y.

Proof. Toomaj et al. [17] proved that if X ≤hr Y , either X or Y is DFR, then Jt (X) ≤ Jt (Y). We have

(hY (t) − hX (t)) (Jt (X) − Jt (Y)) ≤ 0.

Substituting in (3.11),

d
dt

dr ( f , g, t) − dr ( f , g, t) (hX (t) + hY (t)) ≤ 0,

which implies

d
dt

log dr ( f , g, t) ≤ hX (t) + hY (t).

Let f (x) and g(x) are strictly decreasing in x. For hX (t) > hY (t), (3.17) becomes

d′
r ( f , g, t) < (hX (t) + hY (t))dr ( f , g, t) =⇒ d

dt
log dr ( f , g, t) < hX (t) + hY (t).

�
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The following theorem provides a characterization property of the dynamic residual RE, dr ( f , g, t).

Theorem 3.8. The equality

d
dt

log dr ( f , g, t) = hX (t) + hY (t)

holds if and only if

dr ( f , g, t) =
[
F̄ (t)Ḡ(t)

]−1
.

This establishes a direct link between the dynamic RE and the hazard rate functions of the underlying
random variables. It characterizes the condition under which the evolution of RE over time is completely
determined by the combined survival probabilities of X and Y .

We now extend the concept of RE to past lifetime scenarios and study their properties. Let X and
Y be nonnegative and absolutely continuous random variables with p.d.f.’s f and g, and cumulative
distribution functions F and G, respectively. The following is the definition of the dynamic RE of the
past lifetime random variables.

Definition 3.2. Let X(t) and Y(t) be two past lifetime random variables. Let X(t) = (t − X |X ≤ t) and
Y(t) = (t − Y |Y ≤ t) be the corresponding past lifetime random variables. Then the RE of the past
lifetimes of X(t) and Y(t) is given by

dp( f , g, t) = 1
2

∫ t

0

(
f (x)
F (t) −

g(x)
G(t)

)2
dx. (3.19)

dp( f , g, t) is always nonnegative and symmetric with respect to f and g. It is equal to zero if and only
if f (x) = g(x) for every x. The relationship between bJp (X,Y , t), J (tX), and J (tY) is given by

dp( f , g, t) = 2bJp(X,Y , t) − J (tX) − J (tY).

Dynamic past RE is the sum of the corresponding dynamic past extropy divergences. i.e.,

dp( f , g, t) = Jp( ft |gt) + Jp(gt | ft),

where

Jp(gt | ft) = −1
2

∫ t

0

(
g(x)
G(t) −

f (x)
F (t)

)
g(x)
G(t) dx,

and Jp( ft |gt) can be represented using inaccuracy and extropy as follows

Jp( ft |gt) = bJp(X,Y , t) − J (tX). (3.20)

The random variable X is said to be smaller (larger) than or equal to Y in the

(i) Reversed hazard rate ordering, denoted by X ≤rh (≥rh)Y , if _X (x) ≥ (≤)_Y (x) for all x ≥ 0,
(ii) Dynamic past extropy ordering, denoted by X ≤pex (≥pex)Y , if J (tX) ≤ (≥)J (tY) for all x ≥ 0.
(iii) Dynamic past extropy divergence ordering, denoted byX ≤ped (≥ped)Y , if Jp( ft |gt) ≤ (≥)Jp(gt | ft)

for all x.
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From (3.20), Jp( ft |gt)−Jp(gt | ft) = J (tY)−J (tX). The following theorem gives the relationship between
(ii) and (iii). The Jp( ft |gt) and Jp(gt | ft) can have both nonnegative and nonpositive values. The theorem
also gives the conditions under which they are always positive.

Theorem 3.9. The following are the conditions under which Jp( ft |gt) and Jp(gt | ft) are always positive
for all t.

(i) X <ped Y ⇐⇒ X >pex Y =⇒ Jp(gt | ft) > 0.
(ii) Y <ped X ⇐⇒ X <pex Y =⇒ Jp( ft |gt) > 0.

The following is a characterization of the distribution having a constant reversed hazard rate
distribution defined by Nair et al. [9] with distribution function:

G(x) = ec(x−d) , 0 ≤ x ≤ d, c > 0. (3.21)

Theorem 3.10. Let bJp(X,Y , t) be a constant for all t ≥ 0. Then X follows the distribution function of
the form (3.21) with

F (x) = ea(x−b) , 0 ≤ x ≤ b, a > 0, (3.22)

if and only if Y follows (3.21).

Proof. The differential equation of bJp(X,Y , t) is given by

bJ′p(X,Y , t) + bJp(X,Y , t) (_X (t) + _Y (t)) =
−_X (t)_Y (t)

2
. (3.23)

Assume that bJp(X,Y , t) = k, a constant, which implies bJ′p(X,Y , t) = 0. Now, (3.23) becomes

k(_X (t) + _Y (t)) =
−_X (t)_Y (t)

2
,

implies

1
_Y (t)

+ 1
_X (t)

= − 1
2c

.

If X follows (3.22) with a constant reversed hazard rate:

_(x) =
1 x = 0

a 0 < x ≤ b

then, _Y (t) is also a constant. Similarly, for Y follows (3.21) with a constant reversed hazard rate, then
bJp(X,Y , t) is a constant if X follows (3.22). �

Now, we derive a relationship between extropy divergence and its dynamic forms.
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Theorem 3.11. J ( f |g), Jr ( ft |gt), and Jp(gt | ft) satisfy the following relationship:

J ( f |g) = F̄ (t)Ḡ(t)Jr ( ft |gt) + F (t)G(t)Jp(gt | ft) + (Ḡ(t) − F̄ (t)) (Jt (X) − J (tX)). (3.24)

Proof. The relationship between extropy inaccuracy and its dynamic forms is given by Mohammadi
et al. [8] as follows:

bJ (X,Y) = F (t)G(t)bJp(X,Y , t) + F̄ (t)Ḡ(t)bJr (X,Y , t). (3.25)

We have J (X) = F̄2(t)Jt (X) + F2(t)J (tX), applying in J ( f |g) = bJ (X,Y) − J (X), we get

bJ (X,Y) − J (X) = F (t)G(t)bJp(X,Y , t) + F̄ (t)Ḡ(t)bJr (X,Y , t) − F̄2(t)Jt (X) − F2(t)J (tX)
= F̄ (t)(Ḡ(t)bJr (X,Y , t) − F̄ (t)Jt (X)) + F (t) (G(t)bJp(X,Y , t) − F (t)J (tX)).

Substituting Jr ( ft |gt) + Jt (X) = bJr (X,Y , t) and Jp( ft |gt) + J (tX) = bJp(X,Y , t), we obtain

J ( f |g) = F̄ (t) (Ḡ(t)Jr ( ft |gt) + Jt (X) (Ḡ(t) − F̄ (t)) + F (t)(G(t)Jp( ft |gt) + J (tX) (G(t) − F (t)).

We have G(t) − F (t) = F̄ (t) − Ḡ(t). Then,

J ( f |g) = F̄ (t) (Ḡ(t)Jr ( ft |gt) + F (t) (G(t)Jp( ft |gt) + (Ḡ(t) − F̄ (t)) (Jt (X) − J (tX)).
�

The following theorem gives the relationship between RE with its dynamic forms.

Theorem 3.12. d( f , g),dp( f , g, t), and dr ( f , g, t) satisfies the relationship,

d( f , g) − dp( f , g, t)F (t)G(t) − dr ( f , g, t)F̄ (t)Ḡ(t) = (F̄ (t) − Ḡ(t))×(
Ḡ(t)Jt (Y) + F (t)J (tX) − F̄ (t)Jt (X) − G(t)J (tY)

)
.

(3.26)

4. Estimation of RE

Since RE quantifies the discrepancy between two probability distributions, it can serve as a useful tool
for pattern comparison. In this study, we utilize it to compare customer shopping patterns based on
various contributing factors. Prior to this, we estimate the measure. In this section, we estimate the
RE function and demonstrate some real-data applications of the measure. Let X1,X2,X3, . . . ,Xn be a
random sample drawn from a population that has a distribution function F and Y1,Y2,Y3, . . . ,Yn be a
random sample drawn from a population that has a distribution function G. We propose a nonparamet-
ric estimator for the RE using kernel density estimation. We assume that the kernel k(.) satisfies the
following conditions.

• k(x) ≥ 0 for all x.
•

∫
k(x)dx = 1.

• k(.) is symmetric about zero.
•

∫
k2(x)dx < ∞.

• Supx |k(x) | < ∞.
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Table 1. Bias and MSE of two exponential distributions with _1 = 2 and _2 = 5 with actual value
0.3214286.
n d̂( fn, gn) Bias MSE Standard error

50 0.30151 −0.01991 0.02434 0.15491
75 0.30791 −0.01351 0.01388 0.11719
100 0.31609 −0.005342 0.01169 0.10809

Table 2. Bias and MSE of two exponential distributions with _X = 10 and _Y = 5 with actual value
0.4166667.
n d̂( fn, gn) Bias MSE Standard error

50 0.44403 0.02736 0.07777 0.27781
75 0.43255 0.01588 0.04790 0.21851
100 0.40980 −0.00686 0.03333 0.18263

Table 3. Bias and MSE of two Weibull distributions (kX = 2, _X = 6, kY = 3, _Y = 0.6) with actual
value 0.73365.
n d̂( fn, gn) Bias MSE Standard error

50 0.67674 −0.05691 0.00925 0.07763
75 0.68190 −0.05175 0.00685 0.06469
100 0.68533 −0.04831 0.00508 0.05250

The kernel density estimator of f (x) is given by Parzen [10]

f̂n(x) =
1

nbn

n∑
j=1

k
(
x − Xj

bn

)
,

where k(·) is a kernel of order s and bn, the bandwidths, is a sequence of positive numbers such that
bn → 0 and nbn → ∞ as n → ∞. Let a = max(min(Xi),min(Yj)) and b = min(max(Xi),max(Yj)),
i, j = 1, 2, ..., n. Based on this, we define the nonparametric kernel estimator of d( f , g) as

d̂(fn, gn) =
1
2

∫ b

a
(f̂n(x) − ĝn (x))2dx. (4.1)

We use the Gaussian kernel function since it is the most frequently used and produces the smoothest
estimate among other kernel functions. The bandwidth bn was chosen using Silverman’s Rule of Thumb
(see Silverman [16]). Numerical integration in R is employed to compute the values of (4.1). The integral
defining the RE is approximated using a composite trapezoidal (Riemann sum) rule over a fine uniform
grid.

Tables 1, 2, and 3 show the bias, mean squared error (MSE), and standard error of the RE estimator
for exponential and Weibull distributions. It is observed that with an increase in the sample size n, the
bias, standard error, and MSE of the estimator decrease.

5. Data analysis

To demonstrate the applicability of RE, we consider a lifetime dataset reported by Lagakos andMosteller
[6], which records the observed times to death and causes of death for 400mice exposed to varying doses
of Red Dye No. 40 in a lifetime feeding experiment designed to assess its carcinogenic potential. The
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Table 4. RE and SKL divergence estimates of mice under different treatment groups.
X Y RE SKL

Low Low 0 0
Low Medium 0.00045 0.11210
Low High 0.00063 0.23213
Medium Medium 0 0
Medium High 0.00145 0.41125

Table 5. RE between spending scores of different income groups.
Income group 1 Income group 2 RE of spending scores

[15, 37.8] (37.8, 54] 0.01694059
[15, 37.8] (54, 67] 0.02204038
[15, 37.8] (67, 78.2] 0.0001550714
[15, 37.8] (78.2, 137] 0.0006134496
(37.8, 54] (54, 67] 0.001504017
(37.8, 54] (67, 78.2] 0.01689823
(37.8, 54] (78.2, 137] 0.01845978
(54, 67] (67, 78.2] 0.02203957
(54, 67] (78.2, 137] 0.02389467
(67, 78.2] (78.2, 137] 0.0003740169

mice are classified into low, medium, and high dose treatment groups based on exposure levels. Using
RE, we investigate differences in time-to-death distributions across these treatment groups. For a poten-
tial comparison with an entropy-based divergence measure, we consider the kernel density estimator of
symmetric KL (SKL) divergence, which is given as follows:

SKL(f̂n, ĝn) = KL(f̂n, ĝn) + KL(ĝn, f̂n),

where KL( f , g) =
∫ b
a log f (x)

g(x) f (x)dx, and KL(g, f ) =
∫ b
a log g(x)

f (x) g(x)dx respectively, and f̂n and ĝn as
defined in Section 4.

Table 4 gives the estimated RE and SKL values, which quantify the differences in lifetime distri-
butions between various treatment groups of mice. A similar trend is observed for both divergence
measures, with larger disparities corresponding to greater differences in dose levels.

Next, we use a mall customer dataset (see https://www.kaggle.com/datasets/customer-data), which
typically includes information about 200 individual mall shoppers. This usually contains details like
their unique customer ID, gender, age, annual income, and a spending score that reflects their pur-
chasing behavior and spending patterns within the mall. This allows for customer segmentation and
analysis to understand shopping trends and effectively target specific demographics. We assume that
the shopping pattern of each customer is independent of the shopping patterns of others. We now esti-
mate the difference in patterns of spending score based on annual income and the age of customers.
The discrepancy between shopping patterns of different customer groups is calculated using estimates
of RE.

The analysis of spending scores across income groups using RE is given in Table 5. The income is
given in 1000$ (1000 dollars). We have divided customers into five income groups based on four quan-
tile values (20 percentile, 40 percentile, 60 percentile, and 80 percentile) and calculated the estimate of
the RE of spending scores for all possible income group combinations. The income groups based on four
quantile values using the given data set are [15, 37.8], (37.8, 54], (54, 67], (67, 78.2], and (78.2, 137].
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Figure 4. Heatmap of RE between income groups in Table 5.

Table 6. RE between spending scores of different age groups.
Age group 1 Age group 2 RE of spending scores

[18, 26.8] (26.8, 32] 0.001615878
[18, 26.8] (32, 40] 0.001316756
[18, 26.8] (40, 50.2] 0.004239812
[18, 26.8] (50.2, 70] 0.003509331
(26.8, 32] (32, 40] 0.002229807
(26.8, 32] (40, 50.2] 0.009462067
(26.8, 32] (50.2, 70] 0.009404873
(32, 40] (40, 50.2] 0.004235115
(32, 40] (50.2, 70] 0.005640369
(40, 50.2] (50.2, 70] 0.00151164

Higher RE implies high dissimilarity in spending score patterns. Figure 4 shows the heat map
showing the RE between all pairs of income groups. The highest RE (0.02389467) occurs between the
(54, 67] and (78.2, 137] income groups, indicating significant differences in spending patterns.
Similarly, the (15, 37.8] and (54, 67] groups also show notable variation (0.02204038), suggesting that
spending scores shift considerably as income increases. In contrast, the lowest RE (0.0001550714) is
observed between (15, 37.8] and (67, 78.2], implying highly similar spending patterns. Another low
divergence (0.0003740169) between (67, 78.2] and (78.2, 137] suggests stability in spending behavior
among higher-income individuals. Overall, while spending habits evolve with income, the most sub-
stantial behavioral shifts occur in the middle-income range, whereas lower and higher-income groups
exhibit more similar and stable spending patterns.

Next, we estimate similarities and differences in spending behavior based on different age groups in
Table 6. The grouping is based on four quantiles, so we have five age groups of customers. They are [18,
26.8], (26.8, 32], (32, 40], (40, 50.2], and (50.2, 70]. Figure 5 shows the heatmap of RE between different
age groups. The highest divergence (0.009462067) is observed between the (26.8, 32] and (40, 50.2]
age groups, suggesting a significant shift in spending habits as individuals move from early adulthood
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Figure 5. Heatmap of RE between age groups in Table 6.

to middle age. A similarly high divergence (0.009404873) between (26.8, 32] and (50.2, 70] indicates
that younger adults and older individuals have distinct financial priorities. The findings indicate that
spending behavior evolves gradually with age, with the most significant shifts occurring as individuals
transition from their late 20s to middle age.

5.1. Image analysis

Resolution reduction in image analysis refers to converting a high-resolution image into a lower-
resolution version. Since high-resolution images contain a large number of pixels, they require more
computational power, storage, and transmission bandwidth. Reducing the resolution helps lower this
data burden while still preserving essential image information. To check the dissimilarity between
images using RE, we considered two grey-scale images and generated their resolution-reduced coun-
terparts. The resolution-reduced versions of images A and B, with their resolutions decreased to 75%,
50%, and 25% of the original, are given in Figure 6. The parent image A and its reduced forms A75,
A50, and A25 correspond to resolution reductions of 75%, 50%, and 25%, respectively. Similarly, the
parent image B and its reduced forms B75, B50, and B25 represent the same levels of resolution reduc-
tion. Here, we used the resampling method in Python, in which the number of pixels is reduced while
maintaining the aspect ratio. We estimated the RE between the pixel intensity distributions of images,
where pixel values range from 0 (black) to 1 (white). Table 7 presents the corresponding changes in
pixel count and file size (in KB) resulting from resolution reduction. Reducing image resolution leads
to a substantial decrease in pixel count for both Image A and Image B. The RE and SKL divergence
estimates for the original images and their resolution-reduced versions are reported in Table 8. It is
observed that the magnitude of RE and SKL remains very small (close to zero) even at 25% resolution,
showing that the pixel value distributions are largely preserved. Table 8 further reveals that the estimator
of RE is relatively stable and close to zero in comparison with the SKL divergence, suggesting a better
performance for the RE. Similarly, we estimated the same for finding dissimilarity between images A
and B for various resolutions in Table 9. It is observed that the estimated divergences are less sensitive
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Figure 6. Original images and their corresponding resolution-reduced versions.
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Table 7. File size and pixel count of original and resolution-reduced images.
Image A Image B

Resolution Size (KB) Pixels Size (KB) Pixels

Original (100%) 47.7 50552 54.2 50,325
75% 43.9 28222 50.0 28,329
50% 39.3 12467 43.5 12,638
25% 6.77 3060 7.26 3,124

Table 8. RE and SKL divergence between the same images with reduced resolutions.
Image 1 Image 2 RE SKL

A A 0 0
A A75 0.00138 0.00296
A A50 0.00231 0.00338
A A25 0.00291 0.00639
B B 0 0
B B75 0.00045 0.00104
B B50 0.00144 0.00313
B B25 0.00487 0.01171

Table 9. RE and SKL divergence between a pair of images with reduced resolutions.
Image 1 Image 2 RE SKL

A B 0.14377 0.42995
A75 B75 0.15834 0.40962
A50 B50 0.15519 0.41184
A25 B25 0.15022 0.38672

to the change in resolutions. Also, the dissimilarity estimated by RE is less disturbed by the resolution
changes compared to SKL.
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Appendix

Table A1. Summary of stochastic orderings based on extropy and hazard measures.
Ordering type Notation Definition

Extropy ordering X ≤ex Y J (X) ≤ J (Y)
Extropy divergence ordering X ≤ed Y J ( f | g) ≤ J (g | f )
Hazard rate ordering X ≤hr Y hX (x) ≥ hY (x), ∀x ≥ 0
Dynamic residual extropy ordering X ≤rex Y Jt (X) ≤ Jt (Y), ∀x ≥ 0
Dynamic residual extropy divergence ordering X ≤red Y Jr ( ft | gt) ≤ Jr (gt | ft), ∀x ≥ 0
Reversed hazard rate ordering X ≤rh Y _X (x) ≥ _Y (x), ∀x ≥ 0
Dynamic past extropy ordering X ≤pex Y J (tX) ≤ J (tY), ∀x ≥ 0
Dynamic past extropy divergence ordering X ≤ped Y Jp ( ft | gt) ≤ Jp (gt | ft), ∀x ≥ 0

Cite this article: Saranya P. and Sunoj SM. (2026). Relative and divergence measures based on extropy: dynamic forms and properties. Probability
in the Engineering and Informational Sciences 40(4): 493–515. https://doi.org/10.1017/S0269964826100217

https://doi.org/10.1017/S0269964826100217 Published online by Cambridge University Press

https://doi.org/10.1007/s42081-024-00290-x
https://doi.org/10.1007/s42081-024-00290-x
https://doi.org/10.1017/S0269964826100217
https://doi.org/10.1017/S0269964826100217

	Relative and divergence measures based on extropy: dynamic forms and properties
	1. Introduction
	2. RE and extropy divergence
	3. Dynamic relative, inaccuracy, and divergence measures of extropy
	4. Estimation of RE
	5. Data analysis
	5.1. Image analysis

	Acknowledgments
	References
	S0269964826100217:app0001Appendix 


