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Abstract. Let Fλ(z) = λz+O(z2) be a one parameter holomorphic family of holomorphic
maps defined in a neighborhood ofλ0 ∗ D. Assume thatFλ0 has a Siegel disc10, then
the orbit of a point in the interior of the Siegel disc can be followed very closely by
periodic orbits of nearby maps. The same technique is applied to Herman rings and
Cremer points.

1. Introduction
Let f be an endomorphism of a smooth manifoldM. Let d be a distance compatible
with the topology. A pointx ∈ M is recurrent if

limn 7→∞d(f n(x), x) = 0.

A remarkable result, a closing lemma, of Pugh [P], see also Pugh and Robinson [PR],
states that for any diffeomorphismf of a compact manifold, any recurrent pointx and
any C1 neighborhoodV of f , there is a diffeomorphismg ∈ V such thatx is periodic
for g.

The question is open for theCk topology fork ≥ 2. A similar question can be asked
for symplectic diffeomorphisms, flows, etc.

Herman [H], see also the survey by Yoccoz [Y], has recently constructed a
counterexample in theCk topology for k large enough. More precisely, he has a
symplectic formωA on the 2p-dimensional torusT 2p, p ≥ 2, and a HamiltonianH0

such that forH close enough toH0 (in the Ck topology, k large enough) andc in an
open interval, the orbits of the Hamiltonian flow onH−1(c) are dense. In particular,
there are no periodic points.

In this paper we will discuss versions of Pugh’s theorem for holomorphic maps in
complex dimension 1. For the theory of iteration in one complex variable we refer to
Carleson and Gamelin [CG] or Milnor [M ].

Let us consider first the problem of approximation of recurrent orbits by periodic
orbits for the same map.
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Let f : P
1 ←↩ be a rational map of degreed ≥ 2. Let J be the Julia set off . It

is well known that repelling periodic points are dense inJ . The following question is
quite natural.

Let X be a compact set inJ such thatf (X) ⊂ X. Note thatX must contain a
recurrent point. Let{Xα} be the collection of all nonempty compact subsets ofX which
are forward invariant. Then{Xα} is partially ordered by inclusion. By Zorn’s lemma
there is a minimal elementX0. The cluster set of the orbit of any point inX0 must be
all of X0 so all points inX0 are recurrent. Givenε > 0, is there a periodic orbit in
Xε := {z;d(z, X) ≤ ε}? For example, whenX is the boundary of a Siegel disc is there
a periodic orbit entirely contained inXε? This seems unlikely in general.

SupposeF is a topological space of holomorphic self-maps of a domain� ⊂ C. For
example,F could be the set of all entire functions with u.c.c. topology or all quadratic
polynomialsz2+ c on � = C.

We will formulate four versions of the closing lemma [P], depending on the amount
of control one wants on the approximating periodic orbit. Supposef ∈ F andp ∈ � is
recurrent, i.e.f ni (p) 7→ p for some(ni). (One might substitute this hypothesis by the
assumption thatp is non-wandering.) LetK denote the closure of the orbit(f n(p))n≥1.
Also, let V denote a neighborhood off andU denote a neighborhood ofp.
(i) We say that theweak closing lemmaholds if there is ag ∈ V and aq ∈ U so that

q is periodic forg.
(ii) We say that theclosing lemmaholds if givenf, p such thatK is compact, then

one can find some compact setL, K ⊂ L ⊂ �, such that for allU, V there is a
g ∈ V, q ∈ U whose orbit is periodic and contained inL.

(iii) We say that thestrong closing lemmaholds if wheneverW is a neighborhood of
K, there is ag ∈ V and aq ∈ U such thatq is periodic and its whole orbit is
contained inW .

(iv) We say that thevery strong closing lemmaholds for f at p if wheneverε > 0,
there is ag ∈ V , a q ∈ U and ann ≥ 1 so thatgn(q) = q and|gk(q)− f k(p)| < ε

for all 0≤ k ≤ n.
The very strong closing lemma follows from an even stronger property. We say

that theorbit control lemmaholds if wheneverL ⊂ F and K ⊂ � are compact sets
and ε > 0, there exists a constantδ(ε) > 0 so that wheneverf ∈ L and p ∈ K,
f (p), . . . , f n(p) ∈ K and |z − f n(p)| < δ(ε), there is ag ∈ F, |g − f | < ε so that
|gj (p)− f j (p)| < ε ∀j = 1, . . . , n, gn(p) = z.

A priori, given two familiesF,F ′ containingf one closing lemma might hold forF
and another type might hold forF ′.

The weak closing lemma holds whenF is the class of entire maps inC (the case ofCk

is considered in [FS]). The result was generalized to meromorphic maps inC by Kriete
[K ]. Kriete also proved the very strong closing lemma for classes of rational functions
on P

1. The classes considered were defined by restrictions on the global dynamics or by
conditions reminiscent of hyperbolicity.

PROPOSITION1.1. Letf be a rational map of degreed ≥ 2 in P
1, with Julia setJ . There

is a denseGδ setG in J such that for everyp ∈ G,∀ε > 0, ∃q ∈ J , f n(q) = q, for
somen ≥ 1 and |f k(p)− f k(q)| < ε, 0≤ k ≤ n.
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Proof. Define

Gε = {p ∈ J ; ∃q ∈ J , ∃n ≥ 1, f n(q) = q, |f k(q)− f k(p)| < ε, 0≤ k ≤ n}.
Clearly,Gε is open. It is dense because periodic points are dense inJ . SoG = ∩nG1/n

satisfies the requirement of the proposition. �

Let Rec(f ) denote the set of recurrent points forf ∈ J . Clearly, G ⊂ Rec(f ),
whereG is the set from the previous proposition. DefineG′ = {p; ∀ε > 0, ∃n ≥ 1 and a
periodic orbitQ such that the Hausdorff distanceδ[Q, {p, . . . , f n(p)}] < ε}. Note that
all points inG′ are necessarily contained in Rec(f ).

PROPOSITION1.2. Let f be a rational function of degreed ≥ 2 in P
1. ThenRec(f ) ∩

f −1(G′) ⊂ G′.

Proof. Suppose thatp− ∈ Rec(f ) ∩ f −1(G′). Setp = f (p−). Fix ε > 0. Sincep− is
recurrent there exists positive integersl such that|f l(p)− p−| = |f l+1(p−)− p−| < ε.
Sincep ∈ G′ there iss ≥ 0 and a periodic orbitQ such thatδ[Q, {p, . . . , f l+s(p)}] is
arbitrarily small. Hence the orbit can be chosen to come closer top− than ε. Hence
p− ∈ G′. �

The reason for introducingG′ is that we do not know how to prove thatf −1(G) ∩
Rec(f ) ⊂ G.

Remark 1.3.Indeed, Proposition 1.1 and Proposition 1.2 are valid in the following context.
Let f be a continuous surjective mapf : X → X, where X is a compact metric
space. Assume periodic points are dense inX. Then G is a denseGδ set for f and
Rec(f ) ∩ f −1(G′) ⊂ G′.

Perez Marco [PM] has shown that there is an injective holomorphic mapf : 1→ C,
defined on the unit disc1, f (z) = eiθ z + O(z2), such that 0 is an accumulation point
for every orbit (f n(z))n≥0 which stays inD. In particular, if z 6= 0 is recurrent with
(f n(z))n≥0 in D (and there are many such points) thenz cannot be approximated by
periodic points in the above sense. So, in general, one needs to perturb the original map
before finding periodic orbits.

2. The closing lemma inC
In this section we prove the very strong closing lemma for the Siegel discs for
holomorphic families of maps. This follows from a slightly weakened version of an
orbit control lemma. The orbit control lemma itself fails, as we also show. The orbit
control lemma demands control on any orbit, while the weakened version which we
prove gives control on any long enough orbit.

THEOREM 2.1. Let {fλ(z)}λ∈ω(λ0) be a holomorphic family of meromorphic (rational)
maps, whereλ0 = eiθ , ω(λ0) is a neighborhood ofλ0 and0 is a fixed point with multiplier
λ for eachfλ. Suppose thatfλ0 has a Siegel discU ⊂ C. For everyz0 ∈ U and every
ε > 0 there existλ ∈ ω(λ0) and N ∈ N such thatz0 is periodic of orderN for fλ and
|f k

λ (z0)− f k
λ0

(z0)| < ε for each0≤ k ≤ N .
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Proof. Let λ = µeiθ . DefineFλ(z) = 8 ◦ fλ ◦8−1, where8 is the map conjugatingfλ0

to a rotation. After scaling we can assume8(z0) = 1 and that the mapsFλ are defined
in a neighborhood of the closed unit disc1. Hence the theorem follows as a special
case from the following more general result. �

THEOREM 2.2. Let r > 1, r ′ > 0 denote two constants and suppose that

Fλ(z) = F(λ, z)

is a holomorphic function on1(eiθ , r ′)∗1(0, r) such thatFλ(z) = λz+O(z2), Feiθ (z) =
eiθ z. Then given anyε > 0 there exists anN and aλ ∈ 1(eiθ , ε) such that the orbit
{Fn

λ (1)}n=N
n=0 is closed and follows the orbit{Fn

eiθ (1)}Nn=0 closer thanε.

In fact, we would have liked to prove the following stronger result, an orbit control
lemma.

STATEMENT 2.3. Letr > 1, r ′ > 0 denote two constants and suppose thatFλ(z) = F(λ, z)

is a holomorphic function on1(eiθ , r ′)×1(0, r) such thatFλ(z) = λz+O(z2), Feiθ (z) =
eiθ z. Then given anyε > 0 there is aδ(ε) > 0 such that whenever|z−Fn

eiθ (1)| < δ(ε) for
somen ≥ 1 then there existsλ ∈ 1(eiθ , ε) such thatFn

λ (1) = z and|Fk
λ (1)−Fk

eiθ (1)| < ε

for all k = 1, . . . , n. The functionε → δ(ε) can be chosen to depend only on
sup|F(λ, z)|, r and r ′.

Unfortunately, as the following example shows, this statement is false.

Example 2.1.Let Fλ(z) = λz + a(λ)z2. Let eiθ 6= −1 be on the unit circle. There is an
analytic functiona(λ) defined in a neighborhood ofeiθ , a(eiθ ) = 0 so thatF 2

λ (1) ≡ e2iθ .
Consider the holomorphic function inC2:

G(λ, w) := λ(λ+ w)+ w(λ+ w)2− e2iθ .

Let a(λ) be the function obtained by the implicit function theorem, such that
G(λ, a(λ)) = 0, a(eiθ ) = 0. Clearly,F 2

λ (1) = λ[λ+ a(λ)] + a(λ)[λ+ a(λ)]2 ≡ e2iθ .

Because of this example we will settle for a weaker version of an orbit control lemma,
which still suffices for the proof of the very strong closing lemma in Theorem 2.2. The
weaker version states that orbits can only be controlled if they are sufficiently long. How
long depends also on the diophantine properties ofθ .

THEOREM 2.4. Let r > 1, r ′ > 0 denote two constants and fixeiθ , not a root of unity.
Suppose thatFλ(z) = F(λ, z) is a holomorphic function on1(eiθ , r ′) × 1(0, r) such
that Fλ(z) = λz + O(z2), Feiθ (z) = eiθ z. There exists an integerN ≥ 1 so that given
any ε > 0 there is aδ(ε) > 0 such that whenever|z − Fn

eiθ (1)| < δ(ε) for somen ≥ N

then there existsλ ∈ 1(eiθ , ε) such thatFn
λ (1) = z and |Fk

λ (1) − Fk
eiθ (1)| < ε for all

k = 1, . . . , n. The functionε → δ(ε) and the numberN can be chosen to depend only
on sup|F(λ, z)|, r, r ′ and (the diophantine properties of)θ .

Let eiθ denote any number on the unit circle. For integersm ≥ 1 and ε > 0, let
Dε

m := {|λ− eiθ | < ε/m}. For each positive integerk ≥ 2, let

Kε
k,m := sup

λ∈Dε
m

∣∣∣∣φk,m(λ) := λ(k−1)m − 1

λk−1− 1

∣∣∣∣
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Note thatφk,m(λ) = 1+ λk−1+ · · · + (λk−1)m−1.

LEMMA 2.5. One has thatKε
k,m ≤ m(1+ε/m)(m−1)(k−1). If eiθ is not a root of unity, there

exist constantsCε
k,θ <∞ so thatKε

k,m ≤ Cε
k,θ ∀m.

Proof of Lemma 2.5.The first part of the lemma is obvious from the second formula for
φk,m. To prove the second part, we only have to consider large values ofm. Note that
for a givenk we know that(eiθ )k−1 6= 1. Hence there is aδk,θ > 0 such that ifm is large
enough, then|λk−1 − 1| > δk,θ on D1

m. Hence it follows from the first formula forφk,m

that Kε
k,m ≤ (((1+ ε/m)m)k−1+ 1)/δk,θ , which is clearly bounded uniformly inm. �

Proof of Theorem 2.4.We first shrinkr, r ′ a little. Then we can assume that we have
expansions

Fλ(z) = λz +
∑
n≥2

an(λ)zn.

One has, by applying the Cauchy integral and the Schwarz lemma, the estimates

|an(λ)| ≤ C1|λ− eiθ |/rn

for a constantC1 independent ofn. Iterating the functionsFλ one observes that the
domain of the iterates might shrink with increasingm. Let Vm,λ denote the domain of
Fm

λ , i.e. those points in1(0, r) for which the iterates of order strictly less thanm remain
in this disc.

Fix 1 < r∗ < r̃ < r.

LEMMA 2.6. Suppose that

|λ− eiθ | < σm := min

{
r ′,

ln(r̃/r∗)
m(1+ C1/(r − r̃))

}
.

Then for every|z| < r∗, the iterates|Fk
λ (z)| < r̃ for all k = 1, . . . , m.

Proof of Lemma 2.6.Suppose that|z| < r̃ and that|λ− eiθ | < σm. Then

|Fλ(z)| ≤ (1+ σm)|z| +
∑
n≥2

C1σm|z|n/rn

≤ (1+ σm)|z| + C1σm|z|/(r − |z|)
≤ |z|eσm+C1σm/(r−r̃).

Hence it suffices to show that

r∗emσm+mC1σm/(r−r̃) < r̃.

But this follows from the definition ofσm. �

To continue the proof of Theorem 2.4, we compute an inductive formula for the
iterates ofFλ. We write

Fm
λ (1) = λm +

∑
k≥2

ak(λ)λm−1φk,m(λ)+ C ′m|λ− eiθ |2,
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where this equation serves to define the functionC ′m(λ). Pick ε0 < 1/10 so that
1 + 2ε0 =: ρ < r. Then by Lemma 2.5 the infinite sum converges forλ ∈ Dε0

m .
We pick ε′ ≤ ε0 so thatε′/m ≤ σm ∀m. Definec′m := ε′/m.

Let D′m := {|λ− eiθ | ≤ c′m}. We denote byLk,m := Kε′
k,m = supλ∈D′m+1

|φk,m(λ)|.
We will next estimate inductivelyC ′m on discsD′′m. The radii,c′′m, of the discsD′′m

are determined in the following way. The radiic′′m are of the formε̂/m, whereε̂ > 0 is
chosen as follows. Define

C2 := 1+ 2C1

r(1− ρ/r)2

[
2C1

ρ/r

1− ρ/r
+ 2

]
.

Let ε̂ := min{ε′, 1/C2, δ0}, whereδ0 > 0 is a solution to the quadratic (inδ) equation

1+ 2ε0 = (1+ 2δ)

(
1+ 2δ

(
1+ C1

∑
n≥2

(ρ

r

)n ))
.

Let ‖C ′m‖ := supλ∈D′′m |C ′m(λ)|. We want to prove that for everym, ‖C ′m‖ ≤ C2m
2. We

haveC ′1 = 0 and setc′′1 = c′1 to start the induction. Assume thatm ≥ 1 and that we
have the estimate‖C ′m‖ ≤ C2m

2. Definec′′m+1 = ε̂/m+ 1.
We get, if |λ− eiθ | < c′′m+1, that

Fm+1
λ (1) = λ

[
λm +

∑
j≥2

ajλ
m−1φj,m + C ′m|λ− eiθ |2

]

+
∑
k≥2

ak(λ)

[
λm +

∑
n≥2

an(λ)λm−1φn,m + C ′m|λ− eiθ |2
]k

= λm+1+
∑
k≥2

akλ
mφk,m+1+ C ′m+1|λ− eiθ |2.

Therefore,

C ′m+1|λ− eiθ |2 =
∑
j≥2

ajλ
mφj,m + λC ′m|λ− eiθ |2+

∑
k≥2

ak(λ)λmk

+
∑
k≥2

ak(λ)λmk

{[
1+

∑
n≥2

an(λ)
φn,m

λ
+ C ′m

|λ− eiθ |2
λm

]k

− 1

}

−
∑
k≥2

akλ
mφk,m+1.

Hence we get

|C ′m+1| ≤ |λ||C ′m| +
∑
k≥2

|ak(λ)|
|λ− eiθ |2 |λ

mk|

∗
{[

1+
∑
n≥2

|an(λ)||φn,m|/|λ| + |C ′m||λ− eiθ |2/|λm|
]k

− 1

}
.

So,

|C ′m+1| ≤ (1+ c′′m+1)|C ′m| +
C1

|λ− eiθ |
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∗
∑
k≥2

(1+ c′′m+1)
mk

rk

∗
{[

1+
∑
n≥2

|λ− eiθ |C1

rn
∗ |φn,m|/|λ| + |C ′m|

|λ− eiθ |2
|λm|

]k

− 1

}
.

Hence,

|C ′m+1| ≤ |C ′m| + c′′m+1|C ′m| +
C1

|λ− eiθ | ∗
∑
k≥2

(1+ c′′m+1)
mk

rk

∗
{[

1+
∑
n≥2

|λ− eiθ |C1

rn
∗ Ln,m

1

|λ| + |C
′
m|
|λ− eiθ |2
|λm|

]k

− 1

}
.

Therefore,

|C ′m+1| ≤ C2m
2+ ε̂C2m+ C1

|λ− eiθ |

∗
∑
k≥1

{
(1+ c′′m+1)

m

r

[
1+

∑
n≥2

|λ− eiθ |C1

rn
Ln,m

1

|λ| + |C
′
m|
|λ− eiθ |2
|λm|

]}k

− C1

|λ− eiθ |
∑
k≥1

(
(1+ c′′m+1)

m

r

)k

.

We have, using Lemma 2.5 and the induction hypothesis onC ′m, the estimate

(1+ c′′m+1)
m

r

[
1+

∑
n≥2

|λ− eiθ |C1

rn
Ln,m

1

|λ| + |C
′
m|
|λ− eiθ |2
|λm|

]

≤
(

1+ ε̂
m+1

)m
r

∗


1+

∑
n≥2

ε̂

m+ 1

C1

rn
m

(
1+ ε′

m+ 1

)(m−1)(n−1) 1

1− ε̂
m+1

+ C2ε̂
2(

1− ε̂
m+1

)m



≤ 1+ 2ε̂

r

[
1+ 2C1ε̂

∑
n≥2

(ρ

r

)n
+ C2ε̂

2(1+ 4ε̂)

]

<
ρ

r
< 1

sinceε̂ ≤ δ0. Hence the geometric series are convergent.
We obtain

|C ′m+1|
≤ C2m

2+ ε̂C2m+ C1

|λ− eiθ |

∗




(1+c′′m+1)
m

r

[
1+∑n≥2 |λ− eiθ |C1

rn Ln,m
1
|λ| + |C ′m| |λ−eiθ |2

|λm|

]

1− (1+c′′m+1)
m

r

[
1+∑n≥2 |λ− eiθ |C1

rn Ln,m
1
|λ| + |C ′m| |λ−eiθ |2

|λm|

] − (1+c′′m+1)
m

r

1− (1+c′′m+1)
m

r


 .
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So performing the subtraction,

|C ′m+1| ≤ C2m
2+ ε̂C2m+ C1

|λ− eiθ |
(1+ c′′m+1)

m

r

∗




(
1+∑n≥2 |λ− eiθ |C1

rn Ln,m
1
|λ| + |C ′m| |λ−eiθ |2

|λm|

)(
1− (1+c′′m+1)

m

r

)
(1− ρ/r)2




− C1

|λ− eiθ |
(1+ c′′m+1)

m

r

∗




[
1− (1+c′′m+1)

m

r
∗
(

1+∑n≥2 |λ− eiθ |C1
rn Ln,m

1
|λ| + |C ′m| |λ−eiθ |2

|λm|

)]
(1− ρ/r)2


 .

Hence,

|C ′m+1| ≤ C2m
2+ ε̂C2m+ C1

|λ− eiθ |
(1+ 2ε̂)

r(1− ρ/r)2

∗
[∑

n≥2

|λ− eiθ |C1

rn
Ln,m

1

|λ| + |C
′
m|
|λ− eiθ |2
|λm|

]

≤ C2m
2+ ε̂C2m+m

C1(1+ 2ε̂)

r(1− ρ/r)2

[
2C1

∑
n≥2

(ρ

r

)n
+ 2C2ε̂

]

≤ C2m
2+

(
ε̂C2+ 2C1

r(1− ρ/r)2

[
2C1

ρ/r

1− ρ/r
+ 2C2ε̂

])
m

≤ C2m
2+ C2m (∗)

sinceε̂C2 ≤ 1, andε̂ ≤ δ0. But then|C ′m+1| ≤ C2(m+1)2. Hence the inductive estimate
follows.

Hence we have shown that if|λ− eiθ | ≤ ε̂/m, then

Fm
λ (1) = λm +

∑
k≥2

ak(λ)λm−1φk,m(λ)+ C ′m(λ)|λ− eiθ |2,

where|C ′m(λ)| ≤ C2m
2.

Pick anyε > 0, ε < ε̂. We estimateFm
λ (1) for |λ− eiθ | ≤ ε/m. First of all

|λm − eimθ −mei(m−1)θ (λ− eiθ )| ≤ 3ε2

2
(∗∗)

as we see from calculating that the left-hand side vanishes to second order atλ = eiθ

and the second derivative is at most 3m2 on the disc. Next,∣∣∣∣∑
k≥2

ak(λ)λm−1φk,m(λ)

∣∣∣∣ ≤∑
k≥2

C1|λ− eiθ |
rk

(
1+ ε

m

)m−1
m

((
1+ ε0

m

)m−1
)k−1

.

The sum on the left-hand side is bounded by an expression of the formC̃(m)m|λ− eiθ |,
where C̃(m) → 0, m → ∞ because of dominated convergence. Here we use the fact

https://doi.org/10.1017/S0143385798097533 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798097533


Closing lemma for holomorphic functions inC 161

thateiθ is not a root of unity and Lemma 2.5, hence fork fixed limm→∞(1/m) supDm
|φk,m|

= 0.
This estimate is the key of the proof. It shows the usefulness of the splitting in the

formula for Fm
λ (1) and why one needs largem before one can control the orbit.

We summarize that

|Fm
λ (1)− λm| ≤ C̃(m)m|λ− eiθ | + C2m

2|λ− eiθ |2 (∗ ∗ ∗)

with C̃(m)→ 0 asm→∞. This is valid if |λ− eiθ | ≤ ε/m.
Hence, ∣∣∣∣∑

k≥2

ak(λ)λm−1φk,m(λ)

∣∣∣∣ ≤ C̃(m)ε.

The third part|C ′m||λ− eiθ |2 ≤ C2ε
2. Then forλ ∈ Dε

m,

|Fm
λ (1)− λm| ≤ C̃(m)ε + C2ε

2.

If C̃(m) ≤ 1
10 andε < C−1

2 /10, then|Fm
λ (1)− λm| ≤ ε/5.

Let δ(ε) = ε2. Assume|eimθ − z| < δ(ε). Then for |λ − eiθ | = ε/m, |λm − z| ≥
m|λ− eiθ | − 3/2ε2− δ(ε) ≥ ε/2. Hence for|λ− eiθ | = ε/m, |Fm

λ (1)− z − (λm − z)| ≤
ε/5 < ε/2 ≤ |λm − z|. So using Rouch́e’s theorem we get the existence of (a unique)
λ ∈ Dε

m such thatFm
λ (1) = z.

Let A be an upper bound for̃Cm. (C̃m → 0.) Using the estimate (∗ ∗ ∗) we also get
that for λ ∈ D

ε/A
m , |Fk

λ (1)− λk| < ε/5 for 0≤ k ≤ m. �

COROLLARY 2.7. Let fλ(z) be a holomorphic family of meromorphic maps. Assume
fλ(z) = λz + O(z2). Assume that forλ0 there is a Siegel discU centered at the origin
for fλ0. Let γ be an invariant ‘circle’ inU for fλ0. There isλm 7→ λ0 such thatfλm

has
a repelling or parabolic periodic orbit{zλm

1 , . . . , zλm
m } = Xm and γ is the limit ofXm in

the Hausdorff metric.

Proof. We can assume we are in the situation of Theorem 2.4. For eachζ, |ζ | ≤ 1, we
define

Hλ(z) := λz +
∑
k≥2

ak(λ)ζ k−1zk.

Observe thatHλ(z) = (1/ζ )Fλ(ζz). So if Hm
λ (1) = 1 as in Theorem 2.4 we have

Fm
λ (ζ ) = ζ .

For every ζ ∈ 1∗ we find a uniqueλ(ζ ) ∈ Dε
m such thatFm

λ(ζ )(ζ ) = ζ . The
holomorphic functionζ 7→ λ(ζ ) extends to 0 andλ(0) = e2iπpm/qm . Define

G(ζ) := (Fm
λ(ζ ))

′(z)|z=ζ .

The derivative is with respect toz.
Either G is constant, in which case all the approximating cycles are parabolic, or on

every circle|ζ | = ρ there isζρ , |G(ζρ)| > 1, the corresponding cycle is repelling and is
at distance< 1/m from |ζ | = ρ. �
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3. Cremer points
Let g(z) = λ0z +

∑
k>1 bkz

k be a holomorphic function defined onD(0, ρ), ρ > 1.
Assumeλ0 = eiθ is not a root of unity, and thatg is not linearizable at 0, i.e. is a
Cremer point. We want to study the existence of small cycles near 0.

Recall that 0 is approximated by small cycles if for every neighborhoodN of the
origin there is a periodic orbit(zk)

n−1
k=0 which is completely contained inN \ (0).

Yoccoz [Y] proved that if 0 is a Cremer point forλz + z2, then it is approximated
by small cycles. The question is open for polynomials of higher degree. As mentioned
above, Perez Marco [PM] has shown the existence of a mapg as above, say injective in
the unit discD but such that every orbit contained inD clusters at 0; in particular there
are no cycles inD except 0.

Suppose thatg as above belongs to a one-parameter family

gλ(z) := λz +
∑
k>1

bk(λ)zk,

wherebk(λ0) = bk. (Assumegλ converges uniformly inD(0, ρ) for λ in 1 ⊃ 1(0, 1).)
Following a version of Cremer’s theorem [M ] there exists a denseGδ setG on the unit
circle such that forλ ∈ G the fixed point 0 is approximable by small cycles of nearby
maps. We want to study approximation by small cycles near a Cremer point, using
the method of Theorem 2.4. Let{pm/qm} denote themth continued fraction forθ/2π .
Recall [L ] that ∣∣∣∣ θ

2π
− pm

qm

∣∣∣∣ ≤ 1

qmqm+1
.

THEOREM 3.1. For every integerm large enough, and0 < ε � 1, there exists
λ1 ∈ Dε

m := {|λ − λ0| < ε/qm} so that gλ1 has a cycle of orderqm contained in
1m := {z | |z| < 2ε/qm}\(0). Moreover, if{w1, . . . , wqm

} is the cycle, then|wk+1−λk
1w1|

≤ ε2/qm.

Proof. Define

Fλ(z) = λz +
∑
k>1

bk(λ)(λ− λ0)
k−1zk =: λz +

∑
k>1

ak(λ)zk.

If λ 6= λ0 then
(λ− λ0)

−1gλ((λ− λ0)z) = Fλ(z).

Observe that|an(λ)| ≤ C1|λ − λ0|/rn, for somer > 1, λ close enough toλ0, with C1

independent ofn.
Since the coefficientsan satisfy the above estimate, if|λ − eiθ | ≤ c/qm, c � 1, we

can apply Lemma 2.6 which shows thatFk
λ (1) is well defined fork = 1, . . . , qm. The

hypotheses of Theorem 2.4 are satisfied byFλ(z). Hence it follows from (∗ ∗ ∗) in §2
that

|Fm
λ (1)− λm| ≤ C̃(m)m|λ− eiθ | + C2m

2|λ− eiθ |2
if |λ − eiθ | < ε′/m for someε′ > 0 with C̃(m) → 0 asm → ∞. In particular, let
Dε

m := {λ; |λ− λ0| ≤ ε/qm}, 0 < ε � 1. Forλ ∈ Dε
m,

|Fqm

λ (1)− λqm | ≤ C̃(qm)ε + C2ε
2 ≤ ε

5
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for m large enough andε small enough. On the other hand,|e2πiqmθ−1| ≤ 2π/qm+1 ≤ ε2

for m large.
Since as we have already observed in (∗∗) in the proof of Theorem 2.4 that

|λm − λm
0 −mλm−1

0 (λ− λ0)| ≤ 3ε2

2

if |λ− λ0| ≤ ε/m, we get that for|λ− λ0| = ε/qm

|λqm − 1| ≥ qm|λ− eiθ | − 3

2
ε2− ε2 ≥ ε

2
.

So on the boundary ofDε
m,

|Fqm

λ (1)− 1− (λqm − 1)| ≤ ε

5
<

ε

2
≤ |λqm − 1|.

But e2πipm/qm is a zero forλqm − 1, and

|e2πipm/qm − eiθ | ≤
∣∣∣∣θ − 2πpm

qm

∣∣∣∣ ≤ 2π

qmqm+1
<

ε

qm

.

Rouch́e’s theorem implies thatFqm

λ (1) − 1 has a zero for someλ1 ∈ Dε
m. Observe

that λ1 6= λ0 sinceλ0 is not a root of unity. Setw1 := λ1 − λ0, w1 6= 0. We have
g

qm

λ1
(w1) = w1F

qm

λ1
(1) = w1. Sow1 is contained in a cycle forgλ1. Since for allk ≤ qm,

|gk
λ1

(λ1− λ0)− λk
1(λ1− λ0)| < |λ1− λ0|ε ≤ ε2

qm

we get that

|gk
λ1

(w1)− λk
1w1| ≤ ε2

qm

.

From Lemma 2.6 the orbit ofFk
λ1

(1) is contained inD(0, r̃) with 0 < r̃ < ρ; if
ε is small enough we can assumer̃ < 2. So gk

λ1
(w1) = w1F

k
λ1

(1) is contained in
1 = {z; |z| < 2ε/qm} \ {0}. �

4. Herman rings
We want to prove a closing lemma for recurrent points in a Herman ring of a rational
function. We prove first a general result.

For 0< r1 < r2, let C(r1, r2) := {z ∈ C; r1 < |z| < r2}.

THEOREM 4.1. Let r1, r be two constants,r1 < 1 < r. SupposeFλ(z) = F(λ, z) is a
holomorphic function on1(eiθ , ρ) ∗ C(r1, r) such thatFλ0(z) = λ0z, whereλ0 = eiθ is
not a root of unity. Assume

Fλ(z) = g(λ)z +
∑
k 6=1

bk(λ)zk

with ∂g/∂λ(λ0) 6= 0. Then given anyε > 0 there is an integerN andλ ∈ 1(eiθ , ε) such
that the orbit{Fn

λ (1)}Nn=0 is closed and follows the orbit{Fn
eiθ (1)}Nn=0 closer thanε.
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Proof. Without loss of generality we can take as a new parameterλ the functiong(λ).
Hence

Fλ(z) = λz +
∑
k 6=1

bk(λ)zk,

with bk(λ0) = 0. One can makeb0(λ) vanish by the following change of coordinates:

z = w + c(λ).

ThenFλ(z) takes the form

Gλ(w) = λw + (λ− 1)c(λ)+
∑
n 6=1

bn(λ)(w + c(λ))n = λ̃w +
∑
n6=1

an(λ)wn.

Then

a0(λ) = (λ− 1)c(λ)+ b0(λ)+
∑
n≥2

bn(λ)cn(λ).

Solve the equationa0(λ) = 0 to getc(λ) = O(|λ− eiθ |).
Next check

λ̃ = λ+
∑
n≥2

bn(λ)ncn−1(λ) = λ+O(|λ− eiθ |2)

so we can usẽλ as new parameterλ. So we can assume that

Fλ(z) = λz +
∑
k 6=0,1

bk(λ)zk,

andFλ0(z) = λ0z.
Fix r1 < r̃1 < r∗1 < 1 < r∗ < r̃ < r. We can assume thatr1 = r−1, r∗1 = r∗−1.

Shrinkingr andρ, there is a constantC1 such that|bn(λ)| ≤ C1|λ− eiθ |/r |n|.

LEMMA 4.2. There is a constantc > 0 such that if|λ− eiθ | < σm := c/m, then for every
r∗1 < |z| < r∗, the iteratesFk

λ (z) satisfyr̃1 < |Fk
λ (z)| < r̃ for k = 1, . . . , m.

Proof of Lemma 4.2.Supposẽr1 < |z| < r̃ and |λ− eiθ | < σm. Then

|Fλ(z)| ≤ (1+ σm)|z| + C1σm

(
r̃

r − r̃
+ r1

r̃1− r1

)
≤ |z|(1+ σm(1+ A))

and

|Fλ(z)| ≥ |z|(1− σm(1+ A)).

If (1 + σm(1 + A))m ≤ r̃/r∗ and (1 − σm(1 + A))m > r̃1/r∗1 for every m, then for
r∗1 < |z| < r∗, we will have

r̃1 < |Fm
λ (z)| < r̃.

Clearly, there is ac > 0 such that ifσm := c/m, the required inequalities are valid.�
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Continuation of the proof of the Theorem 4.1.Let

8k,m := 1+ λk−1+ · · · + (λk−1)m−1, k ∈ Z, m ∈ N.

Then

Fλ(z) = λz +
∑
k 6=0,1

bk(λ)zk

Fm
λ (1) = λm +

∑
k 6=0,1

bk(λ)λm−18k,m + C ′m|λ− eiθ |2

which definesC ′m. We get

Fm+1
λ (1) = λm+1+

∑
k 6=0,1

bk(λ)λm8k,m+1

+
∑
k 6=0,1

bk(λ)λmk

{[
1+

∑
n6=0,1

bn(λ)

λ
8n,m(λ)+ C ′m

λm
|λ− eiθ |2

]k

− 1

}

+C ′mλ|λ− eiθ |2.
As in the proof of Theorem 2.4 we want to prove by induction that|C ′m| ≤ C3m

2,
where

C3 = 1+ 3
C1

r(1− ρ/r)2
∗
[

9C1
ρ/r

1− ρ/r
+ 3

]
.

Observe first that

|8−n,m| ≤ 3m

(
1+ 2ε

m

)(m−1)(n−1)

for |λ−eiθ | < ε/m, whereε is a small number as in the statement of the theorem. As in
the proof of Theorem 2.4 letc′′ = ε̂/(m+ 1), whereε̂ is to be determined. We want to
prove the existence of an̂ε > 0 such that for everym, |C ′m| ≤ C3m

2 if |λ− eiθ | < ε̂/m.
Notice at first that if|λ− eiθ | < c′′m+1 then

∑
n≥1

C1
|λ− eiθ |

rn

( |8n,m|
|λ| +

|8−n,m|
|λ|

)
+ |C

′
m|
|λm| |λ− eiθ |2

≤
∑
n≥1

ε̂

m+ 1

C1

rn
4m

(
1+ ε

m+ 1

)(m−1)(n−1) 1

1− ε̂
m+1

+ C3ε̂
2(

1− ε̂
m+1

)m .

If ε̂ ≤ δ0 is fixed, then the above sum is� 1. So, in particular,

1−
∑
n≥1

C1
|λ− eiθ |

rn

( |8n,m|
|λ| +

|8−n,m|
|λ|

)
− |C

′
m|
|λm| |λ− eiθ |2 > 0.

Hence we have for|λ− eiθ | < c′′m+1,

|C ′m+1| ≤ |λ||C ′m| +
∑
k≥2

|bk(λ)|
|λ− eiθ |2 |λ

mk|

×
{[

1+
∑
n≥1

C1
|λ− eiθ |

rn

( |8n,m|
|λ| +

|8−n,m|
|λ|

)
+ |C

′
m|
|λm| |λ− eiθ |2

]k

− 1

}
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+
∑
k≥1

|b−k(λ)|
|λ− eiθ |2 |λ

−mk|

∗
{[

1−
∑
n≥1

C1
|λ− eiθ |

rn

( |8n,m|
|λ| +

|8−n,m|
|λ|

)
− |C

′
m|
|λm| |λ− eiθ |2

]−k

− 1

}
.

Here we use the inequality

|(1+ η)−k − 1| ≤ (1− |η|)−k − 1, |η| < 1.

As in the proof of Theorem 2.4 we get

|C ′m+1| ≤ (1+ c′′m+1)|C ′m| +
C1

|λ− eiθ |
∑
k≥2

1

rk
(1+ c′′m+1)

mk

∗
{[

1+
∑
n≥1

|λ− eiθ |C1

rn

( |8n,m|
|λ| +

|8−n,m|
|λ|

)
+ |C

′
m|
|λm| |λ− eiθ |2

]k

− 1

}

+ C1

|λ− eiθ |
∑
k≥1

1

rk
(1+ 2c′′m+1)

mk

∗
{[

1−
∑
n≥1

C1
|λ− eiθ |

rn

( |8n,m|
|λ| +

|8−n,m|
|λ|

)
− |C

′
m|
|λm| |λ− eiθ |2

]−k

− 1

}
.

We also have(
1−

∑
n≥1

C1
|λ− eiθ |

rn

( |8n,m|
|λ| +

|8−n,m|
|λ|

)
− |C

′
m|
|λm| |λ− eiθ |2

)−k

≤
(

1+ 2
∑
n≥1

C1
|λ− eiθ |

rn

( |8n,m|
|λ| +

|8−n,m|
|λ|

)
− |C

′
m|
|λm| |λ− eiθ |2

)k

since the sum is small as we noticed first. We get

|C ′m+1|
≤ (1+ c′′m+1)|C ′m| +

C1

|λ− eiθ |
∑
k≥2

1

rk
(1+ c′′m+1)

mk

∗
{[

1+
∑
n≥1

|λ− eiθ |C1

rn

4m
(
1+ 2ε

m

)(n−1)(m−1)

|λ| + |C
′
m|
|λm| |λ− eiθ |2

]k

− 1

}

+ C1

|λ− eiθ |
∑
k≥1

1

rk
(1+ c′′m+1)

mk

∗
{[

1+ 2
∑
n≥1

C1
|λ− eiθ |

rn
4m

(
1+ 2ε

m

)(n−1)(m−1)

+ 2
|C ′m|
|λm| |λ− eiθ |2

]k

− 1

}

≤ (1+ c′′m+1)|C ′m| +
C1

|λ− eiθ |
∑
k≥1

1

rk
(1+ c′′m+1)

mk

∗2
{[

1+ 8
∑
n≥1

|λ− eiθ |C1

rn

m
(
1+ ε

m

)(n−1)(m−1)

|λ| + 2
|C ′m|
|λm| |λ− eiθ |2

]k

− 1

}
.
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Therefore

|C ′m+1| ≤ C3m
2+ ε̂C3m+ 2

C1

|λ− eiθ | ∗
∑
k≥1

1

rk
(1+ c′′m+1)

mk

∗
{[

1+ 8
∑
n≥1

|λ− eiθ |C1

rn

m
(
1+ 2ε

m

)(n−1)(m−1)

|λ| + 2
|C ′m|
|λm| |λ− eiθ |2

]k}

−2
C1

|λ− eiθ |
∑
k≥1

1

rk
(1+ c′′m+1)

mk.

Hence, makingδ0 smaller if necessary,

(1+ c′′m+1)
m

r

[
1+ 8

∑
n≥1

|λ− eiθ |C1

rn

m
(
1+ 2ε

m

)(n−1)(m−1)

|λ| + 2
|C ′m|
|λm| |λ− eiθ |2

]

≤
(

1+ ε̂
m+1

)m
r

∗
[

1+ 8
∑
n≥1

ε̂

m+ 1

C1

rn

m
(
1+ 2ε

m

)(n−1)(m−1)

1/
(

1− ε̂
m+1

) + 2
C3ε̂

2(
1− ε̂

m+1

)m
]

≤ 1+ 2ε̂

r

[
1+ 9C1ε̂

∑
n≥1

(ρ

r

)n
+ 2C3ε̂

2(1+ 4ε̂)

]
.

If we chooseε̂ small enough we get that the above sum is< ρ/r < 1. Therefore the
geometric series are convergent.

We obtain

|C ′m+1|
≤ C3m

2+ ε̂C3m+ 2
C1

|λ− eiθ |

∗




1
r
(1+ c′′m+1)

m

[
1+ 8

∑
n≥1 |λ− eiθ |C1

rn

m(1+ 2ε
m )

(n−1)(m−1)

|λ| + 2 |C
′
m|
|λm| |λ− eiθ |2

]

1− 1
r
(1+ c′′m+1)

m

[
1+ 8

∑
n≥1 |λ− eiθ |C1

rn

m(1+ 2ε
m )

(n−1)(m−1)

|λ| + 2 |C
′
m|
|λm| |λ− eiθ |2

]

− (1+ c′′m+1)
m/r

1− (1+ c′′m+1)
m/r


 .

So performing the subtraction,

|C ′m+1|

≤ C3m
2+ ε̂C3m+ 2

C1

|λ− eiθ |
(1+ c′′m+1)

m

r

∗

(
1+ 8

∑
n≥1 |λ− eiθ |C1

rn

m(1+ 2ε
m )

(n−1)(m−1)

|λ| + 2 |C
′
m|
|λm| |λ− eiθ |2

)(
1− (1+c′′m+1)

m

r

)
(1− ρ/r)2
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−2
C1

|λ− eiθ |
(1+ c′′m+1)

m

r

∗
1− 1

r
(1+ c′′m+1)

m

[
1+ 8

∑
n≥1 |λ− eiθ |C1

rn

m(1+ 2ε
m )

(n−1)(m−1)

|λ| + 2 |C
′
m|
|λm| |λ− eiθ |2

]
(1− ρ/r)2

.

Hence, by the definition ofC3,

|C ′m+1| ≤ C3m
2+ ε̂C3m+ 2

C1

|λ− eiθ |
(1+ 2ε̂)

r(1− ρ/r)2

∗
[

8
∑
n≥1

|λ− eiθ |C1

rn

m(1+ 2ε
m

)(n−1)(m−1)

|λ| + 2
|C ′m|
|λm| |λ− eiθ |2

]

≤ C3m
2+ ε̂C3m+ 2m

C1(1+ 2ε̂)

r(1− ρ/r)2
∗
[

9C1

∑
n≥1

(ρ

r

)n
+ 3C2ε̂

]

≤ C3m
2+

(
ε̂C3+ 3

C1

r(1− ρ/r)2
∗
[

9C1
ρ/r

1− ρ/r
+ 3C3ε̂

])
m

≤ C3m
2+ C3m

if ε̂C3 < 1. But then|C ′m| ≤ C3(m + 1)2 and the inductive estimate follows. We have
found only finitely many conditions on̂ε. Hence we have shown that if|λ− eiθ | ≤ ε̂/m,
then

Fm
λ (1) = λm +

∑
k 6=0,1

bk(λ)λm−18k,m(λ)+ C ′m(λ)|λ− eiθ |2,

where|C ′m(λ)| ≤ C3m
2.

Pick anyε > 0, ε < ε̂. We estimateFm
λ (1) for |λ − eiθ | ≤ ε/m. First of all we get

from (∗∗) in the proof of Theorem 2.4 that

|λm − eimθ −mei(m−1)θ (λ− eiθ )| ≤ 3ε2

2
.

Next∣∣∣∣ ∑
k 6=0,1

bk(λ)λm−18k,m

∣∣∣∣ ≤ ∑
k≥2

C1|λ− eiθ |
rk

(
1+ ε

m

)m−1
m

((
1+ ε0

m

)m−1
)k−1

+
∑
k≥1

C1|λ− eiθ |
rk

(
1+ ε

m

)m−1
m

((
1+ 2ε0

m

)m−1
)k−1

.

Both sums are bounded by an expression of the formC̃(m)m|λ− eiθ |, whereC̃(m)→ 0
asm→∞. Here we have used the fact thateiθ is not a root of unity and Lemma 2.5,
hence for fixedk,

lim
m→∞

1

m
sup
Dm

|8k,m| = 0.

So
Fm

λ (1) = λm + C̃(m)m|λ− eiθ | + C3m
2|λ− eiθ |2.

We can finish the proof as in Theorem 2.4 by applying Rouché’s Theorem. �
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COROLLARY 4.3. Let R0 be a rational function of degreed ≥ 2. Assume thatR0 has
a Herman ringU with R0(U) = U . For everyz0 ∈ U , there existsδ0 > 0 and a
holomorphic familyRµ(z) of rational functions of degree≤ d1, defined for|µ− 1| < δ0,
with R1(z) ≡ z such that for everyε > 0 and δ > 0 there existsµ1 with |µ1 − 1| < δ

and there is anN such that z0 is periodic of orderN for R := Rµ1 ◦ R0 with
|Rk(z0)− Rk

0(z0)| < ε for every0≤ k ≤ N .

Proof. ChooseC(r) := C(1/r, r), r > 1 such that there is8 : C(r) → U , a
parametrization satisfying(8−1R08)(z) = λ0z, wherez→ λ0z is an irrational rotation.
Moreover, we can set8(1) = z0. Fix 1 < r ′ < r and setV := 8(C(r ′)). Fix δ0 > 0 such
that Sµ := 8(µ8−1) is well defined in a neighborhood ofV × {µ; |µ− 1| ≤ δ0} =: Y .

If f is defined onU and maps8(S1) to U we define

3(f ) = 1

2π

∫ 2π

0
8−1(f R0(8))(eiθ )e−iθ dθ.

Then3(f ) is the coefficient of the linear term of the Laurent expansion of8−1(f R0(8))

around the origin. In order to apply Theorem 4.1 to a familyλ → 8−1(fλR0(8)) we
have to check that the derivative∂3(fλ)/∂λ does not vanish.

Clearly,3(Sµ) = µλ0. Let R̃µ be an approximation ofSµ on Y by rational functions.
We can assume that̃Rµ depends holomorphically in the parameterµ. We can also
assume that̃Rµ is close enough toSµ so that∂3/∂µ(R̃µ) 6= 0. Clearly, the degree of
Rµ is bounded. ThenR1 is close to the identity onV ⊂⊂ U .

DefineRµ := R̃µ − R̃1 + Id. ThenR1 = Id. DefineFλ(z) := 8−1(Rλ ◦ R0(8))(z).
The functionFλ satisfies the hypothesis of Theorem 4.1. The result follows. �

Remark 4.4.Assume now thatU is periodic of periodl, Rl
0(U) = (U), R

j

0(U) 6= U ,
j < l. We have that8−1Rl

08(z) = λ0z. As above we consider8−1Rl8 := F(λ, z).
Given anyε, from Corollary 4.4, we get a valueλ1 arbitrarily close to 1 such that
(Rλ1 ◦ R0)

`(1) has a periodic point of orderm, whose orbit isε close to (R0)
`k(1),

k ≤ m. It follows easily that the orbits(Rλ1 ◦ R0)
n(1) and (R0)

n(1) are also close for
n ≤ m`.
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