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Abstract Let F; (z) = Az+O(z?) be a one parameter holomorphic family of holomorphic
maps defined in a neighborhood xf * D. Assume thatF;, has a Siegel disa\, then

the orbit of a point in the interior of the Siegel disc can be followed very closely by
periodic orbits of nearby maps. The same technique is applied to Herman rings and
Cremer points.

1. Introduction
Let f be an endomorphism of a smooth manifdifi Let d be a distance compatible
with the topology. A pointc € M is recurrent if

lim,, (/" (x). x) = 0.

A remarkable result, a closing lemma, of Puh, [see also Pugh and Robinsd?H],
states that for any diffeomorphisgf of a compact manifold, any recurrent pointand
any C* neighborhoodV of f, there is a diffeomorphisrg € V such thatx is periodic
for g.

The question is open for th&f topology fork > 2. A similar question can be asked
for symplectic diffeomorphisms, flows, etc.

Herman H], see also the survey by YoccoZ’]j has recently constructed a
counterexample in th&€* topology for k large enough. More precisely, he has a
symplectic formw, on the Z-dimensional torusr'?”, p > 2, and a HamiltonianHy
such that forH close enough td4, (in the C* topology, k large enough) and in an
open interval, the orbits of the Hamiltonian flow dfi—(c) are dense. In particular,
there are no periodic points.

In this paper we will discuss versions of Pugh’s theorem for holomorphic maps in
complex dimension 1. For the theory of iteration in one complex variable we refer to
Carleson and GamelirC[G] or Milnor [M].

Let us consider first the problem of approximation of recurrent orbits by periodic
orbits for the same map.
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Let f : P! <> be a rational map of degreg> 2. Let 7 be the Julia set off. It
is well known that repelling periodic points are dense’jin The following question is
quite natural.

Let X be a compact set ity such thatf(X) c X. Note thatX must contain a
recurrent point. Le{X,} be the collection of all nonempty compact subsetXaf/hich
are forward invariant. The#X,} is partially ordered by inclusion. By Zorn's lemma
there is a minimal element,. The cluster set of the orbit of any point X, must be
all of Xo so all points inXy are recurrent. Givem > 0, is there a periodic orbit in
X, :={z;d(z, X) < €}? For example, wheX is the boundary of a Siegel disc is there
a periodic orbit entirely contained ik.? This seems unlikely in general.

SupposeF is a topological space of holomorphic self-maps of a donsaia C. For
example,F could be the set of all entire functions with u.c.c. topology or all quadratic
polynomialsz? + ¢ on Q = C.

We will formulate four versions of the closing lemm@]] depending on the amount
of control one wants on the approximating periodic orbit. SuppbseF andp € Q is
recurrent, i.e.f" (p) — p for some(n;). (One might substitute this hypothesis by the
assumption thap is non-wandering.) LeK denote the closure of the orliif" (p)),>1.
Also, let V denote a neighborhood gf andU denote a neighborhood of.

(i) We say that theveak closing lemméolds if there is & € V and ag € U so that
q is periodic forg.

(i) We say that theclosing lemmaholds if given f, p such thatK is compact, then
one can find some compact sef K C L C , such that for allU, V there is a
g € V,q € U whose orbit is periodic and contained in

(i) We say that thestrong closing lemmanolds if wheneverW is a neighborhood of
K, there is ag € V and aqg € U such thatg is periodic and its whole orbit is
contained inWw.

(iv) We say that thevery strong closing lemmaolds for f at p if whenevere > 0,
there isag € V, aq € U and amn > 1 so thatg”(¢) = g and|gF(g) — fX(p)| < €
forall 0 <k <n.

The very strong closing lemma follows from an even stronger property. We say
that theorbit control lemmaholds if whenever, ¢ F and K C Q are compact sets
and e > 0, there exists a constad{e) > 0 so that wheneverf € £ andp € K,
fp),...., f"(p) € K and|z — f"(p)| < é(¢), there is ag € F, |g — f| < € so that
lg/(p) = fi(pl<eVj=1...,n¢"(p) =z

A priori, given two familiesF, 7’ containingf one closing lemma might hold foF
and another type might hold fof’.

The weak closing lemma holds whéhis the class of entire maps @ (the case of**
is considered infS]). The result was generalized to meromorphic map€ iby Kriete
[K]. Kriete also proved the very strong closing lemma for classes of rational functions
onPL. The classes considered were defined by restrictions on the global dynamics or by
conditions reminiscent of hyperbolicity.

ProPosITION1.1. Let f be a rational map of degre > 2 in P, with Julia set7. There
is a denseG; setG in J such that for everyp € G,Ve > 0,3¢ € 7, f"(q) = ¢, for
somen > 1 and|f*(p) — f*(q)| <€,0<k <n.
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Proof. Define
Ge={peJ;3ge T, mn>1 (@) =q,1f @) — f*(p)l <e,0<k <n}.

Clearly, G is open. It is dense because periodic points are denge 80G = N, Gy,
satisfies the requirement of the proposition. O

Let Req f) denote the set of recurrent points fgre 7. Clearly, G C Redf),
whereG is the set from the previous proposition. Defiie= {p; Ve > 0,3n > 1 and a
periodic orbitQ such that the Hausdorff distanégQ, {p, ..., f"(p)}] < €}. Note that
all points inG’ are necessarily contained in R¢g.

ProPOSITION1.2. Let f be a rational function of degreé > 2 in P!. ThenRed f) N
fYGH caG.

Proof. Suppose thap_ € Red f) N f~X(G’). Setp = f(p_). Fix e > 0. Sincep_ is
recurrent there exists positive integérsuch that f/(p) — p_| = | f" 1 (p-) — p_| < €.
Sincep € G’ there iss > 0 and a periodic orbiQ such thats[Q, {p, ..., f/™(p)}] is
arbitrarily small. Hence the orbit can be chosen to come closgr_téthane. Hence
p—€G'. O

The reason for introducing’ is that we do not know how to prove thgt(G) N
Red f) C G.

Remark 1.3Indeed, Proposition 1.1 and Proposition 1.2 are valid in the following context.
Let f be a continuous surjective map : X — X, where X is a compact metric
space. Assume periodic points are dens&inThenG is a denseGs set for f and
Redf)n f~Y(G") c G'.

Perez MarcoPM] has shown that there is an injective holomorphic nmfapA — C,
defined on the unit dis@, f(z) = ¢!’z + O(z?), such that 0 is an accumulation point
for every orbit(f"(z)).>0 Which stays inD. In particular, ifz # 0 is recurrent with
(f"(2)n=0 in D (and there are many such points) thercannot be approximated by
periodic points in the above sense. So, in general, one needs to perturb the original map
before finding periodic orbits.

2. The closing lemma i

In this section we prove the very strong closing lemma for the Siegel discs for
holomorphic families of maps. This follows from a slightly weakened version of an

orbit control lemma. The orbit control lemma itself fails, as we also show. The orbit

control lemma demands control on any orbit, while the weakened version which we
prove gives control on any long enough orbit.

THEOREM 2.1. Let { fi(z)}rewro) D€ @ holomorphic family of meromorphic (rational)
maps, where.g = ¢, w(Lo) is a neighborhood afy andO is a fixed point with multiplier
A for each f;. Suppose thaf;,, has a Siegel dis&/ C C. For everyzg € U and every
€ > 0 there exist. € w(Ag) and N € N such thatzg is periodic of orderN for f; and

| f5(z0) — f£ (z0)| < € for eachO <k < N.
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Proof. Let A = ue'®. DefineFy(z) = ® o f, o @71, where® is the map conjugating;,

to a rotation. After scaling we can assum&zg) = 1 and that the maps;, are defined
in a neighborhood of the closed unit digc Hence the theorem follows as a special
case from the following more general result. O

THEOREM 2.2. Letr > 1,7’ > 0 denote two constants and suppose that
F(z) =F(,2)

is a holomorphic function on (¢'?, ')« A(0, r) such thatF, (z) = Az + O(z?), Fi(z) =
e’?z. Then given any > 0 there exists anV and ax € A(e?, €) such that the orbit
{F(1)}"=Y is closed and follows the orbitr”, (1)}, closer thane.

e

In fact, we would have liked to prove the following stronger result, an orbit control
lemma.

STATEMENT 2.3. Letr > 1, ' > 0denote two constants and suppose that) = F (A, z)

is a holomorphic function on (¢?, r’) x A(0, r) such thatF, (z) = Az +O(z?), Fi(z) =
¢'z. Then given any > Othere is as(¢) > O such that whenevér — F”, (1)| < §(¢) for
somen > 1then there exists € A(e', €) such thatF} (1) = z and|Ff (1) — F5,(1)] <€
for all k = 1,...,n. The functione — §(¢) can be chosen to depend only on
sup|F(x, z)|, r andr’.

Unfortunately, as the following example shows, this statement is false.

Example 2.1Let F,(z) = Az + a(M)z>2. Lete? # —1 be on the unit circle. There is an
analytic functiona()) defined in a neighborhood ef?, a(e’) = 0 so thatF2(1) = ¢%°.
Consider the holomorphic function i@?:

GO, w) = A0 4+ w) + wh + w)? — 7.

Let a(x) be the function obtained by the implicit function theorem, such that
G(L,a(0)) = 0,a(e%) = 0. Clearly, F2(1) = A[A + a(M)] +a(W)[r +a(W)]? = 7.

Because of this example we will settle for a weaker version of an orbit control lemma,
which still suffices for the proof of the very strong closing lemma in Theorem 2.2. The
weaker version states that orbits can only be controlled if they are sufficiently long. How
long depends also on the diophantine propertieg. of

THEOREM2.4. Letr > 1,7 > 0 denote two constants and &, not a root of unity.
Suppose thaf, (z) = F(X, z) is a holomorphic function om(e?, ') x A(0Q, r) such
that Fy(z) = Az + O(z%), F.s(z) = ¢'%z. There exists an intege¥ > 1 so that given
anye > Othere is ad(e) > 0 such that whenever — F7,(1)| < §(¢) for somen > N
then there exists € A(e”?, ) such thatF}'(1) = z and |F} (1) — F%, ()| < e for all
k=1,...,n. The functiore — §(¢) and the numbeN can be chosen to depend only
onsup|F (A, z)|, r, " and (the diophantine properties of)

Let ¢/ denote any number on the unit circle. For integers> 1 ande > 0, let
Dt = {|» — ¢'’| < €/m}. For each positive integér > 2, let

Zk=Dm _ 1

Ki,, = sup|gem(r) = ————
k- reDE A1 -1

m
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Note thatgbkm(k) =14+ )Lk_l 4 ()Lk—l)m—l.

LEMMA 2.5.0ne hasthak, < m(1+¢/m)™~D&=D |f ¢ is not a root of unity, there

k.m —

exist constant€’; , < oo so thatky ,, < C;, Vm.

Proof of Lemma 2.5The first part of the lemma is obvious from the second formula for
¢r.m. TO prove the second part, we only have to consider large values ®ote that

for a givenk we know that(e’?)*~ # 1. Hence there is & , > 0 such that ifin is large
enough, thenr*~1 — 1 > §, 4 on DL. Hence it follows from the first formula fogy
that Kf ,, < (14 €/m)™)*~* + 1) /8 4, which is clearly bounded uniformly im. [

Proof of Theorem 2.4We first shrinkr, r’ a little. Then we can assume that we have
expansions

F.(z) =iz + Zan()»)z”.

n>2

One has, by applying the Cauchy integral and the Schwarz lemma, the estimates
lan (W) < Cylr —e|/r"

for a constantC; independent of:.. Iterating the functionsF;, one observes that the
domain of the iterates might shrink with increasimg Let V,, , denote the domain of
F}", i.e. those points i\ (0, r) for which the iterates of order strictly less thanremain
in this disc.

Fixl<r*<r<r.

LEMMA 2.6. Suppose that

A — €' < o, 1= min {r’

In(F/r*) }
TmA+ G/ =) )

Then for evenyiz| < r*, the iterateg Ff (z)| < 7 forall k = 1, ..., m.

Proof of Lemma 2.6Suppose thalz| < 7 and that|x — ¢!| < o,,. Then

IF,) = A+owlzl+ Y Cromlzl"/r"

n>2

(l + Un1)|Z| + C10111|Z|/(r - |Z|)
On+C10m/(r=F)

IA

A

lzle

Hence it suffices to show that

¥ Mom +mCion/(r=F) _ 7.

But this follows from the definition o&,,. O

To continue the proof of Theorem 2.4, we compute an inductive formula for the
iterates ofF;,. We write

F'@D) = 2" 4 atGN" () + Cp = €2,
k>2
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where this equation serves to define the functiop(r). Pick ¢ < 1/10 so that
1+2¢ =: p < r. Then by Lemma 2.5 the infinite sum converges fore D:.
We picke’ < ey so thate’/m < o,, Ym. Definec), :==€'/m.

Let D), := {|A» — ¢'’| < ¢,}. We denote byLy, := K, = SUP.epy,, [$rm ()],

We will next estimate inductively;, on discsD;,. The radii,c),, of the discsD,,
are determined in the following way. The radjj are of the formé/m, whereé > 0 is
chosen as follows. Define

2Cy p/r
C, =1 2C 2.
2 +r(l—p/r)Z[ T

Let € ;= min{¢’, 1/C>, 8o}, wheredy > 0 is a solution to the quadratic (i§) equation

1+ 2= (1+26)<1+28(1+C12 (f)))
n>2

Let ||C/ || := supp. |C.,(A)]. We want to prove that for evem, |C.,|| < Com?. We
haveC] = 0 and set] = ¢] to start the induction. Assume that > 1 and that we

have the estimatgC,, || < Com?. Definec;, ., = é/m + 1.
We get, if[x — | < ¢} 4, that
i) = ,\[x" + Y a4+ Cpylr — ei9|2:|
j=2
. k
+> @) [x'" + Y @O o + Cp 2 — e’ﬂ
k>2 n>2
= )\m+1 + Z ak)\m¢k,l71+1 + C;n+1|)‘ - ei@ |2'
k>2
Therefore,
Chpialh =€ = > aid"Gjm +ACu I =P+ a(r™
j=2 k>2
A= ei@ 29k
+Zak<x>xmk{[1+2an<x>"”;m + ! v | ] - 1}
k>2 n>2
= @ femia
k>2

Hence we get

A
ICy ]+ 3 EDL

|Cl/n+1| = i
= |)L —e 9|2
) k
*{ [1+ > lan O Inml /1M + 1,112 — e‘9|2/w"|] - 1}.
n>2
So,
/ ” / Cl
IChi1l <= QA+c, DIC, I+ m
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1+c¢ mk
* Z ( m+1)

k>2 rk
e M_ei@lz k
*{[qu—eﬂr—n*|¢,1,m|/|x|+|c,;lw -1
n>2

Hence,

/ ¢ (L+ e
Craal = 1ChI+ il Gl + £y

A — e =
1 A — el?)2 k
*{[HZIA ‘QI—*LM +1C, |ﬂ} —1}.
e |A] |A™]
Therefore,
2, 2 C1
|C +1| < Com +€C2m+m
A+cp )" 1 A — 125
*Z{“[HZM “‘)l—an +1C,, |||“
k>1 r n>2 IA] A"
G (Bl
A — el?| = r
We have, using Lemma 2.5 and the induction hypothesi€’pnthe estimate
(1+cm ) L h—e?)?
L md? [1+Z|x 19| +|c |%
o " Al |Am]
m
<1+ m+1>
< =~ @@ 7
- r
/ (m—1)(n—1) 1 C
ljm(l—}- 61> =+ 2A i
”>2 m+1r m+ 1- m+1 (1 - mj—l)
1+2
< + 6[1+2clez< ) +Cez(1+4e)}
r n>2
0
< £
,
< 1

sinceé < 8. Hence the geometric series are convergent.
We obtain

1Cypial

2, » C1
< Com“+€eCom +

A — el

1+ 16 2
At [1 + Yl — € S L+ 1G] } Atey)”

n [am|
7

* [—
(Atcp )™
(1+cm ) c 1 h—eif 2 — T ma)”

1- = [1 Zn>2|)"_el9| anmw |C, || el i| 1 r

n [am|
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So performing the subtraction,

R C 1_|_ c m
ICral = Com? + €Com + 1 1)

A — el r
; Ateh )"
<1+ Doasalh—e 9|§}L,1 m |A| +1CL| Mm ) (1— %u))
* 2
d—-p/r)
_ C1 1+ Cm+l)m
A — el?| r
1 " m . ’ F’H 2
[1_ s <1+ Sl = G Ly L 4 |C ] )]
* 2
d—p/r)
Hence,
Cy 1+ 2¢)

C < Com?+éC .
Cnal = Com™ € 2m_‘_lk—e’elr(l—p/r)z

o Cq 1 A — e'?)?
* r—e | —=Lyy— +|C | ———
[Z| ‘ |r” ' IMJr| ! [Am]

n>2

. C1(1+ 2¢) .
2
Com“+eCom +m r(L—p/r )2|:C1§2< > +2C2€:|

IA

R 2C, p/r R
< Com? C 2C 2C
=< 2m +<6 2+r(1—p/r)2|: ll—p/r+ 2€ | | m

< Com®+ Com (%)

sinceéCz < 1, andé < 8o. Butthen|C;, | < C»(m +1)2. Hence the inductive estimate
follows.
Hence we have shown that|if — ¢?| < &/m, then

F' D) = 2" 4 atA"  en) + Cp ()1 — €72,
k>2
where|C/, ()| < Com?.
Pick anye > 0, € < é. We estimater;"(1) for |» — ¢?| < ¢/m. First of all

2

. A : 3e
|Am _ etm@ _ mez(m—l)(?()\ _ 610)| < 7 (%)

as we see from calculating that the left-hand side vanishes to second order at’
and the second derivative is at mosi%3on the disc. Next,

> @

k>2

i9|

Cilr —e € \m—1 A
SZ rk <1+Z> ((1+ ) ) ’

k>2

The sum on the left-hand side is bounded by an expression of thedommyn |1 — ¢,
whereC(m) — 0,m — oo because of dominated convergence. Here we use the fact
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thate’® is not a root of unity and Lemma 2.5, hence fdixed lim,,_, .. (1/m) Supy, [ k.ml
=0.

This estimate is the key of the proof. It shows the usefulness of the splitting in the
formula for F;" (1) and why one needs large before one can control the orbit.

We summarize that

|F"(1) — A"| < C(m)ym|n — €% + Com?|n — )2 (% * %)

with C(m) — 0 asm — oo. This is valid if A — ¢?| < ¢/m.
Hence,

D a A" ()| < Cm)e.

k>2
The third part|C/, ||» — €'’ |> < C2€2. Then fori € D¢,
|F"(1) — A™| < C(m)e + Ca€.

If C(m) < & ande < C;*/10, then|F}" (1) — A™| < €/5.

Let 8(e) = €2. Assumel|e™ — z| < 8(e). Then for|x — €| = e/m, |\" — z| >
m|x — %] —3/2¢2 — §(e) > €/2. Hence forlr — /| = e/m, |F"(1) —z — (W™ — 7)| <
€/5 < ¢/2 < |M™ — z|. So using Rouddis theorem we get the existence of (a unique)
A € D;, such thatF]"(1) = z.

Let A be an upper bound faf,,. (C,, — 0.) Using the estimatex(x ) we also get
that for i € D", |F}(1) — AF| < €/5 for 0 < k < m. O

COROLLARY 2.7. Let f,(z) be a holomorphic family of meromorphic maps. Assume
f(z) = Az + 0(z?). Assume that fokg there is a Siegel dis&/ centered at the origin
for f,,. Lety be an invariant ‘circle’ inU for f;,. There isk,, — Ao such thatf;  has

a repelling or parabolic periodic orbi'{zf’", .., z0m} = X, andy is the limit of X,, in
the Hausdorff metric.

Proof. We can assume we are in the situation of Theorem 2.4. For gd¢ch=< 1, we

define
Hi(z) =2z 4 ) a()e
k>2
Observe thatH, (z) = (1/¢)F.(¢z). So if H"(1) = 1 as in Theorem 2.4 we have
F'(¢) =¢.

For every: € A* we find a uniquer(¢) € D, such thatF){’;;)(g) = ¢. The
holomorphic functiory — A(¢) extends to 0 and(0) = e%7P»/4» . Define

G(¢) = (F)f’(lg))/(zﬂz:{-

The derivative is with respect ta

Either G is constant, in which case all the approximating cycles are parabolic, or on
every circle|¢| = p there is¢,, |G(¢,)| > 1, the corresponding cycle is repelling and is
at distance< 1/m from |¢| = p. O
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3. Cremer points

Let g(z) = loz + Zk>1bkz" be a holomorphic function defined ab(0, p), p > 1.
Assumely = €% is not a root of unity, and thag is not linearizable at 0, i.e. is a
Cremer point. We want to study the existence of small cycles near 0.

Recall that O is approximated by small cycles if for every neighborhtodf the
origin there is a periodic orbi(tzk),f;cl, which is completely contained iv \ (0).

Yoccoz [Y] proved that if 0 is a Cremer point forz + z2, then it is approximated
by small cycles. The question is open for polynomials of higher degree. As mentioned
above, Perez Marcd®M] has shown the existence of a mgm@as above, say injective in
the unit discD but such that every orbit contained ih clusters at 0; in particular there
are no cycles inD except 0.

Suppose thag as above belongs to a one-parameter family

8.(2) =z + Y be(M)z*,
k>1

whereby (hg) = by. (Assumeg; converges uniformly inD(0, p) for A in A D A(0, 1).)
Following a version of Cremer’s theorervl| there exists a dens@; setG on the unit
circle such that forn. € G the fixed point 0 is approximable by small cycles of nearby
maps. We want to study approximation by small cycles near a Cremer point, using
the method of Theorem 2.4. Léb,,/q.,} denote thenth continued fraction foB /2x.
Recall L] that

% Pm 1

Z B q_m B QQOJrl'
THEOREM 3.1. For every integerm large enough, andd0 < ¢ <« 1, there exists
A € DS = {|x — x|l < €/qn} SO thatg,, has a cycle of ordeg, contained in
Ay =1z | lz| < 2¢/gu}\(0). Moreover, if{ws, ..., w,,} is the cycle, themw1— 5w
= 62/Qm-

Proof. Define

F,(z) = Az + Zbk(k)(k — )Lo)kflzk = lz+ Zak()»)zk.
k>1 k>1
If A # Ag then
(= 20)ga (A — o)2) = Fi(2).

Observe thata,(1)| < C1|A — Ag|/r", for somer > 1, A close enough tao, with C;
independent of:.

Since the coefficients, satisfy the above estimate, it — ¢?| < ¢/gq,,, c < 1, we
can apply Lemma 2.6 which shows th&f (1) is well defined fork = 1,...,g,. The
hypotheses of Theorem 2.4 are satisfiedHyz). Hence it follows from £ % %) in §2
that

[F"(1) — A™| < C(m)m|x — €| + Com?|) — €?)?

if |»— e < €/m for somee’ > 0 with C(m) — 0 asm — oco. In particular, let
Dy, = {A; L — Aol <€/gn},0< e < 1. Fori € Dy,

|F" (1) — 19| < C(gm)e + C26? <

allm
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for m large enough and small enough. On the other hanel™ % —1| < 21 /g1 < €2
for m large.
Since as we have already observed:im)(in the proof of Theorem 2.4 that

3 2
A" = A8 — mag (= ho)| < %
if |A— Xo| <e€/m, we get that forlA — Ag| = €/qn
; 3 €
Adm — 1| > )\.—19——62—62>—.
| | Z gnlh =7l =3 Z5
So on the boundary ab¢,,

€ €
|F)i1m (1) —1— ()\qm _ 1)| <-—<-=-x< |AQr;1 _ 1|
5 2
But ¢Z"iPn/an js @ zero forad» — 1, and
|eZiPnlan _ 10| < g — 27 py < 27 -
qm dmqm+1 dm

Roucle’s theorem implies thafy" (1) — 1 has a zero for somg; € DS,. Observe
that .1 # Ao Since g is not a root of unity. Setw; := A1 — Ag, w1 # 0. We have
gi" (w1) = wiF" (1) = wi. Sow; is contained in a cycle fog,,. Since for allk < g,

2
k k €
185, (A1 — A0) — A1(A1 — Ao)| < [A1 — Aole < —

m

we get that
2

€
gy, (w1) = Mwa| < —.
From Lemma 2.6 the orbit oFfl(l) is contained inD(0, 7) with 0 < 7 < p; if
€ is small enough we can assume< 2. So g’,{l(wl) = wlFfl(l) is contained in
A ={z; |z| < 2¢/qm} \ {0} U

4. Herman rings
We want to prove a closing lemma for recurrent points in a Herman ring of a rational
function. We prove first a general result.

ForO<ri <, letC(ry,rp) i={z € C;r1 < |z| < ra}.

THEOREM 4.1. Let r1, r be two constants;; < 1 < r. SupposeF, (z) = F(i,z) is a
holomorphic function om (e’?, p) x C(r1, ) such thatF; (z) = Aoz, whererg = ¥ is
not a root of unity. Assume

Fi) =gz + Y bW
k1

with 9g/dA(Ao) # 0. Then given any > 0 there is an intege?v andi € A(e’?, €) such
that the orbit{ F}'(1)}"'_, is closed and follows the orb{tF”, (1)}, closer thare.

e
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Proof. Without loss of generality we can take as a new paranietére functiong(i).
Hence

Fiz) =Xz + Y _ b7,
k#1

with by (Ag) = 0. One can makég(1) vanish by the following change of coordinates:
z=w+c).
Then F, (z) takes the form
Gr(w) = Aw + (A — D) + an(k)(w +c()" = iw + Zan(k)w".
n#l n#1

Then
ao(A) = (L — De() +bo(W) + Y bu(M)c" ().

n>2

Solve the equationy(r) = 0 to getc(r) = O(Ja — €9)).
Next check

b=y ba(ne"0) = A+ O(In =€)

n>2

SO we can use as new parameter. So we can assume that

Fix) =iz + Y b7,
k0,1

and F;,(z) = Aoz.
Fixrg <7 <rf <1<r*<F7 <r. Wecan assume tha = r~%,r} = r* %
Shrinkingr and p, there is a constan®; such thatlb,(1)] < C1|A — €|/r".

LEMMA 4.2, There is a constant > 0 such that ifjx — ¢/?| < o, := ¢/m, then for every
ri < |z| < r*, the iteratesFf (z) satisfyi, < |Ff(z)| <7 fork=1,...,m.
Proof of Lemma 4.2Suppose; < |z| < 7 and|x — €| < o,,. Then

ri

7
IFi(2)] = (1+om)IZI+C10m< -+ = )
r—r ria—ri
1zI(1+ om(1+ A))

A

IA

and
[F(2)| = |z](1 = 0, (1 + A)).

If A+0,Q+A)" <7/r* and (1 — 0,,(1 + A)™ > 71/r] for everym, then for
ri < |z| < r*, we will have

< |F"@)| <F.

Clearly, there is & > 0 such that ifo,, := ¢/m, the required inequalities are valid]
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Continuation of the proof of the Theorem 4Lkt

Q=14+ Yl keZ,meN.

Then
Fix) = i+ Y b
k0,1
F'l) = A"+ Z brMA" "y, + CL A — €
k0,1

which definesC;,. We get

F ) = A4 ) B O) Qi
k#0,1

. ba(2) k
+ Y b()A” {[1+ > ,,m<x>+—|x |} —1}

k#0,1 n#0,1
+CAn — €2,

As in the proof of Theorem 2.4 we want to prove by induction tf@}| < Cam?,

where c /
1 p/r

C3=1+3 aC 3].

3= r(l—p/r)z*[ 1l—p/r+ }

2 (m—1)(n—1)
|| < 3m (1+ 6)
m

Observe first that

for | —e'?| < €/m, wheree is a small number as in the statement of the theorem. As in

the proof of Theorem 2.4 let” = é/(m + 1), where€ is to be determined. We want to
prove the existence of ah> 0 such that for everyn, |C) | < Cam? if |A — €| < é/m.

Notice at first that ifix — ¢”| < ¢, then
ZC1|)\—€Z€| |cbnm| + |q)7n,m| + |C'/"||)\—ei6|2
= rr Al Al |A™|

A

C (m—21)(n—1) 1 C"Z
S i (1) T
nZlm+ r m + 1_m+1 ( m+1)

If € < 4§ is fixed, then the above sum i 1. So, in particular,

r—éll (D D C, :
1_ZC1| el (| n,m|+| n,ml _| m||k_e,9|2>0.
2 U T ) T e

Hence we have fojn — | < ¢/

m+1’
, [T
|C +1| = |)‘-||C/|+Z 19|2 k|
k>2
|x—el‘9|(|cbnm| |c1>_nm|) CL | 02
A1+ )Y 1 =+ )+ -2 -1
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b_i (A
+Z| kM| ]

19|2
k>l

A —ell (1D, ®_, ., C .
{[ Y e|<| l | ,|>_|m||k_e,e|2] _1}_
[A] [A] [A™

n>1

Here we use the inequality
A+ =L <@-mD -1 Inl<1l

As in the proof of Theorem 2.4 we get
Cy

|C/+1| = (1+C;/7,1+1)|C |+|_719|k2; (1+Cm+1)mk
[@unl 1P nnl) 1, 02l
1+ |x—"’| ( M)+ =2 -1
{[ Z; |A] IA] |Am|
C]_ k
R —— 14+ 2¢ m
+|k—e’9|kz: A+ 21
I — e (|d>nm| |<I>n.m|> ICL| » 2}"
*1|1— Cq — + : — ) — €' — 1.

We also have

A — e (|<1>nm| |<I>nm|> IC,,| 02\
1->" ¢ TR ATt
< 2 n Al Al |A™|

n>1

A= (1 Byl 1D ml)  ICL] 02\
< 142 C B s AN W
: ( 2 e ()

n>1

since the sum is small as we noticed first. We get

1Cppial
C1 .
< (1+cm+1)|c;n|+ml; (l+cm+1)k
(n—1)(m-121) k
C dm (1+ = fol .
HHZM . |x)| +||A:Z||M_ele|2} _1}
n>1
C1 .
. 1 m
+|A—e‘9|kz A+ )
PR 2¢ \ (D=1~ ok
*{[1+2ch|rf|4m <1+ n:) +2'W’j|| |A—e"’|2} —1}
n>1
< A+ )|C’|+C—Z A+ )
= m+1 m | _ ,9| e 1 m+1
(n—1)(m—1) k
Clm(1+ =) Gl 0,2
211+8Y a— 25ml iy —1t
* {[ +8Y el A T2 e
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Therefore

N Cl m
ICral < C3m2+6C3M+2m Zr A+cpi0) g

k>1
e\ (n—=1)(m—1) k
C m (14 2 C .
{[1+SZ|A Cum(1+5) 42! m||)»—e“9|2:| }
~ Al |Am]
Cl mk
|)" _e19| ; (1+Cm+1) .

Hence, makingo smaller if necessary,

1 m 1 2 (n—1)(m—1)
( +Cm+l) |:1+82|)\ Clm( + )

+2| || —ei9|2:|

2 ] 2]
< <1+m+l>
Y
Jrrey SR P 4
Tl R e
< 1+26|:1+9C162( )+2C3é2(1+4€)].
n>1

If we choose¢ small enough we get that the above sunxise/r < 1. Therefore the
geometric series are convergent.

We obtain
|Cm+1|
< C + éCym + 2 ©
m € m E——
3 3 |)\ 6’0|
RN [1+ 8,y 1 — ¢ G AT IG5 e"“)lz]
m+1 n>1 I [A] am)
k
. m(1 2¢ (n—1)(m—1) i
(1 + Cm+1)m [1 + Banl A — elgl% ( +m\2~| + Z‘Wn A — 10|2:|
(1 + Cm+1)m/r
-1+ cmH)’”/r
So performing the subtraction,
(oY
C 1+¢ m
< Cam?>+éCam+2 L ( nt)
|A — e r
i0,Cy m(1+ )(u—l)(m—l) i€ ) (l+c,’}’1+1)’”
148, =G Mt 4 20— e ) (1 2t
*
(1—p/r)?
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C1 (A+e, )"

B A — el r
. m 2¢ \(n—=1)(m—1)
— It )" [1 +8Y 0y A — G ol 19|2]
* 2
d—p/r)
Hence, by the definition of’s,
Cy 1+ 2¢)

c < Cam?+éC 2 .
(Cosal = Com™ € Com o A= o2

Clm(1+ 26)(}1 1)(m—1)

8 |)\4 m + 2 :|
[ Z 2] I/\’”

n>1

IA

n C1(1+ 2¢)
2 E
C3m +€C3m +2mm |: C]_ +3C2€i|

IA

. c r .
C3m2 + (ECg + 3/0-_7;/")2 * |:9C11f7/p/}" + 3C36]> m

C3m2 + Cam

IA

if éC3 < 1. But then|C/,| < C3(m + 1)? and the inductive estimate follows. We have
found only finitely many conditions o&. Hence we have shown that|if —e?| < &/m,
then
FPD) = 2"+ ) b () + € (M)A — P2,
k#0,1

where|C,, (L)| < Cam?.
Pick anye > 0,¢ < é. We estimateF;" (1) for |» — e'’| < ¢/m. First of all we get
from (xx) in the proof of Theorem 2.4 that
2

|km _ eimO _ mei(m—l)e()\’ _ ei9)| S _

Next
. Cilh — €] m—1 m—1\k"1
kglbkmx 1o, < ;%(H%) ((1+“°) )
C1|)u—€i9| 1 € m_l 1 260 -1\
) (2+2) )

Both sums are bounded by an expression of the f6im)m |1 — ¢?|, whereC (m) — 0
asm — oo. Here we have used the fact thét is not a root of unity and Lemma 2.5,
hence for fixedk,

1
lim — sup|®; .| = 0.

m—o0 m Dm
So
Fy'(1) = A" + C(mym|n — | + Cam?|5. — 2.
We can finish the proof as in Theorem 2.4 by applying R&&fheorem. O
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COROLLARY 4.3. Let Ry be a rational function of degreé > 2. Assume thatR, has
a Herman ringU with Ro(U) = U. For everyzg € U, there existsy > 0 and a
holomorphic familyR,, (z) of rational functions of degreg d, defined forju — 1| < 8o,
with R1(z) = z such that for every > 0 and$§ > O there existsu; with |u; — 1] < 8
and there is anN such thatzo is periodic of orderN for R = R,, o Ro with
|R*(z0) — R§(z0)| < € for every0 <k < N.

Proof. ChooseC(r) := C(1/r,r),r > 1 such that there isb : C(r) — U, a
parametrization satisfyingd—1Ro®)(z) = Aoz, Wherez — Aoz is an irrational rotation.
Moreover, we can se&b (1) = zo. FiX1 < r’ < randsetV := ®(C(r')). Fixd > 0 such
that S, := ®(u®~1) is well defined in a neighborhood of x {u; |n — 1] < o} =: Y.

If £ is defined onU and mapsdb(S') to U we define

27

1 . .
AP =5 /0 O f Ro(D))(e")e ™" db.

ThenA(f) is the coefficient of the linear term of the Laurent expansio®of( f Ro(®))
around the origin. In order to apply Theorem 4.1 to a family> ®~1(f, Ro(®)) we
have to check that the derivativeA (f;)/9A does not vanish.

Clearly, A(S,) = nho. Let I?,L be an approximation of,, on Y by rational functions.
We can assume thaﬁu depends holomorphically in the parameger We can also
assume thar,, is close enough tc, so thatdA/du(R,) # 0. Clearly, the degree of
R, is bounded. TherR; is close to the identity oV cC U.

Define R, := R, — Ry +1d. ThenR; = Id. Define F;(z) := ® (R, o Ro(P))(2).
The functionF; satisfies the hypothesis of Theorem 4.1. The result follows. O

Remark 4.4 Assume now that/ is periodic of period, Ré(U) = (U), Ré(U) #+ U,

j < 1. We have thatb R ®(z) = Aoz. As above we consided 1R'® := F(1, z).
Given anye, from Corollary 4.4, we get a valug; arbitrarily close to 1 such that
(Ry, o Ro)*(1) has a periodic point of orden, whose orbit ise close to(Rp)% (1),

k < m. It follows easily that the orbit§R;, o Rp)"(1) and (Rp)" (1) are also close for
n<ml.
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