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Abstract. The notion of the maximal pattern complexity of words was introduced by
Kamae and Zamboni. In this paper, we obtain an almost exact formula for the maximal
pattern complexity pX (k) of Toeplitz words « on an alphabet A defined by a sequence of
coding words (n™)> e AUHNn =1,2,...) including just one “?” in their cycles n™.
Using this formula, we characterize pattern Sturmian words (i.e. p}(k) = 2k (for all k))
in this class. Moreover, we give a characterization of simple Toeplitz words in the sense of
Kamae and Zamboni in terms of pattern complexity. In the case where nV) = n® = ...,
we obtain the value limy_, o p;(k)/k. We construct a Toeplitz word o € AN with #A =2
such that p} (k) = 2k (k = 1,2,...), while Toeplitz words in our sense always have
discrete spectra.

1. Basic notions
Let A be a finite set of letters such that #A > 2, which is called an alphabet. Let @ €
AN(N := {0,1,2,...}) be an (infinite) word on A. Let k be a positive integer. By a
k-window ©, we mean a subset of N with cardinality k£ denoting t = {to, 71, ..., Tk—1}
with 79 < 71 < -+ < 1¢—1. We usually, but not always, assume for a window t that
19 = 0. The k-window t = {0, 1, ..., k — 1} is called the k-block window.

For a k-window t = {19, 71, ..., Tx—1} and a word ¢ = a(0)x(1)x(2) - - -, we denote

an+rtl:=an+)am+11) - -aln+ t%—1)
Fy(t) ={an+1];n=0,1,2,...}
Pa(T) = #Fy (7).
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An element in Fy (7) is called a t-factor of a. The maximal pattern complexity p}, for a
word « has been introduced by the second author together with Zamboni [KZ1] as

po(k) :=suppa(v) (k=123 ...),
T

where the supremum is taken over all k-windows 7, while the block complexity py is
defined as

pa(k) = pa ({0, 1, ... .k —1}).

It is known (Morse and Hedlund [MH]) that for a word «, the following statements are

equivalent:

(i) o« is eventually periodic;

(il)  pq(k) is bounded in k;

(iii)) pg(k) <k+1forsomek =1,2,...,

while the following parallel statements with respect to the maximal pattern complexity are
equivalent [KZ1]:

(i) o« is eventually periodic;

(ii") p¥(k) is bounded in k;

(iil") pi(k) <2k forsomek=1,2,....

A word o with block complexity po(k) = k+ 1 (k = 1,2,3,...) is known as a
Sturmian word and has been studied extensively (see, for example, Berthé [B] and the
references therein). A word o with maximal pattern complexity p}(k) = 2k (k = 1,
2,3,...)is called a pattern Sturmian word and is studied in [KZ1, KZ2]. It is known that
Sturmian words are always pattern Sturmian words, while simple Toeplitz words defined
below are pattern Sturmian words that are not Sturmian words.

The value limg_, o (1/k)log pj (k) is known to be an invariant of the topological
dynamical system arising from « taking values in {logn; n = 1,2, ..., #A} (see Huang
and Ye [HY]). If the measure-theoretic dynamical system arising from « has a partially
continuous spectrum, then this value is non-zero, but the converse is not true.

For a non-empty set A of letters and a letter ? which is not included in A, let P(A, ?) be
the set of periodic words £ = n® € (AU {2)N such that every letter in A occurs at least
once in 1 while ? occurs in 7 just once. Hence, the length of 5 is the minimum period of .
For &' € P(A,?) and €2 € P(B, ?), we define £! <1 £2 by substituting every occurrence
of ?in £! by £2(0), £2(1), £2(2), ... in the order. Then &' <12 € P(AU B, 7).

Let&" ¢ U‘#SCA PS, D (n=1,2,...). We define

a=tlag?<a8d g e AUl

as the limit of &' <1 €% <1 --- < £" as n tends to co. If the place of the first occurrence of
?1in £" is not O for infinitely many »n, then o € AN, In this case, we call o a Toeplitz word
with single hole provided that it is not eventually periodic, and &', £2, ... a sequence of
its coding words. Here, we only consider Toeplitz words with a single hole (that is, one
? in the minimum cycles of all of the coding words), so that we call them simply Toeplitz
words. Since any Toeplitz word « is not eventually periodic, pk(k) > 2k (k =1,2,...)
holds by the above equivalence.
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We remark that any of « = £! &2 &3 <. € AN with &" € Upzsca P(S, D)
(n = 1,2,...) is recurrent. Moreover, it is periodic if and only if there exist a € A and
h > 1 such that & € P({a}, ?) foranyi > h.

To prove the ‘if” part, letgi € P({a}, ?) foranyi > h. Then, §h <1§h"’1 ---=aaa---
holds, so that « is obtained from the periodic word &' <1 &2 < --. < £"~! by filling all of
the ? by the same letter a. Hence, « is periodic.

Conversely, assume that #S > 2, where S is the set of a € A that appears in éi for
infinitely many i. Then, for any sufficiently large &, £ < €1 < ... consists only of
letters in S, any of which appears infinitely often. On the other hand, the minimum period
L of the periodic word ¢ = £! <1 £2 < -.. < "~ containing just one ? in its minimum
cycle tends to oo as h tends to co. In «, all the ? in ¢ are filled by the letters in S, while
any letter in S is used infinitely often. This shows first that « is recurrent. Also, this shows
that we can find two blocks in o with an arbitrary length K < L located at the same place
modulo L having different numbers of a (and b) if a, b € S with a # b, which implies that
K is not a period of «. Since we can take K = 1, 2, ..., « is not periodic.

A Toeplitz word @ € AN is called a simple Toeplitz word if #A = 2, say A = {a, b},
and it has a sequence of coding words &1, &, ... € P({a}, ) UP({b}, 7). It is known that
if o is a simple Toeplitz word, then it is a pattern Sturmian word, that is p} (k) = 2k (k =
1,2,...). We remark that the proof for it in [KZ2] is wrong. Here, we give not only a
correct proof for it, but also a characterization of the pattern Sturmian words among all
Toeplitz words. We also give a characterization for a word to be a simple Toeplitz word in
term of pattern complexity.

2. Main results
Let B € AN be a recurrent word and € € P(A,?) with the minimum period r.

Lett ={0 =1 <11 < -+ < 74—1} be a k-window. We decompose T into a union
of subwindows
T = U T, (2.1)
ieL

where fori =0,1,...,r — 1,
t':={t;; j=0,1,....,k— lsuchthatt; =i (mod r)} and
L:={ie{01,....r—1} o' #0).

Here, we also denote

ti=G —i)/r={(j—i)/r;tjet} (elLl). (2.2)
Fora e AU{?,SCA n-n,e AU{?HD"and U C (AU {?})" withn € N,
we denote
@ {a} ifa #7,
a) =
s ifa =2,
s ) ={81- -Gy G €ws(n) (G =1,...,n)},
nsU = U ws(u).
uel
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We define

D(&, L) := #mp Fe (L) — CH#A, (2.3)
E(&, L) :=#(mpFe (L) U {a"; a € A)) — t#A,
where we denote £ = #L and F¢ (L) is the set of L-factors of £.
Leta = £ <1 € AN, Let ig be such that 0 < ip < r — 1 and &, =?. Then, & =? if
and only if i = iy (mod r). By a constant word, we mean a word in {a"; a € A} for some

n € N. For U C A" with n € N, we denote by C(U) the set of letters appearing in the
constant words in U. It is easy to prove the following lemma.

LEMMA 1. Leta = £ < B, where & € P(A, ?) with the minimum period r and g € AN
is a recurrent word. Let T be a k-window with the decomposition (2.1) and (2.2). Then for
anyi € L, we have
Fg() C Fa(d),
C(Fp(E") C C(Fu(z)) = A,
#(Fy(t') \ Fp(T')) = #A — #C(Fp(")).
We denote

F :={u € Fy(7); u|,: is a constant word for any i € L},

F':={u € Fy(1); u|,i is not a constant word} (i € L),
where for u € Fy(t) with u = «[n + 7], we denote u|,i = a[n + t']. fu € F' with
i € L,thenu = a[n + 7] holds with n such that n 4+ i = iy (mod r) as otherwise u|,i is a
constant word. Moreover, if u € F' and i’ € L with i # i’, then u| i is a fixed constant
word with letter £(j) such that j = ig + i’ — i (mod r), which is independent of u € Fi.
Hence, F and F' are disjoint to each other and any of u € F' is determined by u|,:.

Note thatif u € F! withu = a[n +t]andn +i — iy > 0, then
uly = Bln+i—iog)/r+17'1

Conversely, if v € Fg (7' is not a constant word with v = B[n + 7'], then v = u|,i holds
foru € F! withu = a[rn + iy — i + t']. Thus, we have

#F' = pp(F') — #C(Fp(7)) = pau(t)) — #A,

where the second equality holds by Lemma 1.
Consider the set F. To any word u € F, we associate a new word i € F, (L) with the
property i (i) € C(u|,:) forall i € L. Denote

F =1{ii € Fy(L);u € F},

then, by the definition of F, it is easy to see that there is a bijection between the sets F
and F. Also it holds that

F = (Fo(r) A U | e, (Elio — i + L),
iel
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with C; := C(Fpg (1)). Moreover, it holds that C(F, (1)) C C(mp(Fg(r))) and
{a'a € Cap(Fe (N} \ {d'sa € C(Fa(0)}) C ma(Fe(L) \ F.
Therefore, we have
F Cap(Fe(L) \ ({ds a € Caa(Fe (@) \ {a'sa € C(Fa(0))),
while F = mp (Fg(L)) holds if C; = A forany i € L. Hence, we have

Pa(T) :#F+Z#F" :#F+Z#F"

ieL ieL
< #TpFe(7) — #C(p Fe (1) + #C(Fo(T) + Y (pa(t') — #A)
ieL
= #mp Fe (L) — #C(mp Fs (L) + #C(Fo () + )_(pa(t’) — #A)
ieL
=D L)+ ) pa(t) — #C (s Fe (L)) + #C(Fy (7)),
ieL

while py(t) = D&, L) + Y ;1 Pa (/) holds if C; = A foranyi € L.
Thus, we get the following Theorem 1.

THEOREM 1. For any & € P(A,?) with the minimal period r and a recurrent word
B € AN, let o = & <1 B and T be a k-window with the decomposition in (2.1) and (2.2).
Then, we have

pa(t) —#C(Fo (7)) = D(§, L) — #C(mp(Fe (L)) + Z Pa(Th.
ieL

In particular, we have

Pa(t) DE L)+ ) pal(th)

ieL
with the equality if C(Fg(z')) = A foranyi € L.

COROLLARY 1. With the same setting as in Theorem 1, we have the following statements.

(1) It holds that C(Fy(t")) = A and py(t') = pp(T') + #A — #C(Fg(3")) for any
i € L. In particular, we have py(rt) = pg(t) +#A — #C(Fp(7)).

2) pik) = pz(k) holds foranyk = 1,2, ....

(3) IfB =n<y holds withn € P(A, ?) having the minimum period s and a recurrent
word y € AN satisfying the following Condition (x) for T, then we have the equality

Pa(t) =DE L)+ Y pa(t’) = DE L) + ) pp(T').
ieL ieL
Condition (). Foranyi € L and j, j' € t/, rs divides j — j’.
Proof. The first part of (1) follows from Lemma 1. The second part follows from the first
part as (r7)® = r7 and (rt)o =rT.
For an arbitrary k-window 5, put t = rn. Then, since ©
Pa(T) = pg(n) by (1), which proves (2).

0 — zand 7% = n, we have
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Let us prove (3). Since 7/ for any i € L is contained in single modulo class of s by
Condition (%), Fg (7') contains all constant words with letters appearing in 7, that is A as
n € P(A,?). Hence, C(Fg (7)) = A forany i € L, and by Theorem 1 and (1), we have
the equality

pa(®) = DE, L)+ ) palc)

ielL
=DE L)+ Y pp(E). O
ieL
LEMMA 2. Let o € AN be any simple Toeplitz word. Then,
Pa () —#C(Fo (7)) + #A < 2k (2.4)

holds for any k-window t. In particular, a simple Toeplitz word is a pattern Sturmian word.

Proof. To prove (2.4) for any simple Toeplitz word @ € AN with A = {a, b} and any
k-window, we use the induction on k.

If k = 1or2,(2.4) holds clearly.

For k > 3, assume that (2.4) holds for any £-window with £ < k and any simple
Toeplitz word. Take a simple Toeplitz word « € AN and a k-window 7. Since « is a
simple Toeplitz word, we may assume without loss of generality that « = & <1 8 holds for
a simple Toeplitz word 8 € ANand & € P(A, ?) such that £ = n < ¢ withn € P({a}, D
and ¢ € P({b}, 7). Let the minimum periods of n and ¢ be s and ¢, respectively. Thus, the
minimum period of £ is r = st.

Case 1. If T is not a multiple of r, then we have the decomposition of t as in (2.1) and
(2.2) with I = #L > 2. By Theorem 1, Lemma 1 and the assumption of the induction,
we have

Pa(t) = C+2<DE L) = C'+2+ ) pu(t)

iel

=D L) —C' +2+ ) (pp(T) +2 —#Cp)
iel

<DE L) —C +2+ ) 24t
iel

=D(, L) — C' +2+2k,

where we put C := #C(Fy (7)) and C’ := #C (wp Ft(L)). Therefore, to prove (2.4), it is
sufficient to prove

DEL)—-C' +2<0. (2.5)
Decompose L = {L1, L3, ..., L} into the modulo classes of s as follows.
L=’
ieK

where, fori =0,1,...,5s — 1,
L= {Lj;j=0,1,...,k—1suchthat L; =i (mods)} and
K:={i=01,...,s —1; L #@).
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Fori € K, define

G = {u € Fe(L); u =&[n+ L] with n such that n = ip — i (mod s)},
where ig is such that 0 < iy < s — 1 and n(ip) = ?. We also define

G ={u € F:(L); u =&[n+ L] with n such thatn ¢ ip — K (mod s)}.

Note that G = {a"} if G # . If u € G' withi € K, then u|;, ;i = a*~*Li holds, while
u|;i consists only of b except possibly for in one place. Therefore, for any i € K, we have
#1710 G; = #L' + 1. Moreover, 4 G; contains the constant word a® if and only if #L = 1.
Hence, we have
#(aG \ {a") = #L' + Lyies.

Define 1, = 1 or = 0 according to whether 74 F¢ (L) contains the constant word a® or not.
In the same way, we define 1, = 1 or = 0 according to whether 7 F¢ (L) contains the
constant word b¢ or not. Then, we have C’ = 1, + 1p. On the other hand, we have

#74Fs (L) = #(G ulJ nAG")
iekK
la + Z(#Li + 1#L’22)
ieK
Lo+ €+ lyriss
ieK
Lo+ €+ [£/2].

IA

IA

Thus, we have
DE L) —C +2=<2—1p— L+ Y lyisy <2—1,—[¢/2]. (2.6)
iekK
If £ > 3, then (2.5) follows from (2.6). If £ = 2 with #K = 2, then since
Y ick lari=o = 0, we have (2.5) by (2.6). Finally, if £ = 2 with #K = 1, then we
have 2 cases, either wp F¢ (L) = {aa, ab, ba} or {aa, ab, ba, bb}. In the first case, we have
C’ = 1, while in the second case, we have C' = 2. Any case, we have #p Fz (L) —C' = 2.
Thus, D(§, L) — C’ + 2 = 0, which completes the proof of Case 1.

Case 2. If t is a multiple of r, then by (1) of Corollary 1, we have
Pa(T) = #C(Fo (1)) + 2 = pp(t/r) — #C(Fp(z/r)) + 2.
If 7 is a multiple of 7¢ but not a multiple of 7¢*!, then we repeat this argument e times until
we get a simple Toeplitz word y such that
Pa(T) = #C(Fo (7)) +2 = py (v/r) — #C(Fy (/1)) + 2.
Since t/r¢ is not a multiple of r, we get
Pa(T) — #C(Fo (1)) +2 = py(t/r) — #C(Fy (v/r%) + 2 < 2k

by Case 1, which completes the first part of Theorem 2.

Since —#C (Fy (7)) +#A > 0, (2.4) for any simple Toeplitz word « and any k-window t
implies that p’ (k) <2k (k = 1,2, ...) for any simple Toeplitz word «. Here, the equality
follows since any Toeplitz word is not eventually periodic. Thus, any simple Toeplitz word
is a pattern Sturmian word. O
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THEOREM 2. Let o € AN be a Toeplitz word. Then, it is a pattern Sturmian word
if and only if either it is a simple Toeplitz word or there exists a simple Toeplitz word
y € AN and & € P(A,?) with the minimum period r such that D¢, L) < 0 for any
Lc{0,1,....,r—1},anda =& < y.

Proof. We prove the ‘if” part first. By Lemma 2, it is sufficient to prove that for a simple
Toeplitz word y € AN ,and & € P(A, ?) with the minimum period r such that D(§, L) <0
forany L C {0, 1,...,r — 1}, ¢ := & < y is a pattern Sturmian word.
Take any k-window 7 and use the notation in (2.1) and (2.2). We have already proved
in Lemma 2 that
Py () —#C(F, (1)) +2 < 2#%'.

Then, by Theorem 1 and Corollary 1 (1), we have
Pa(t) < DE L)+ Y pa(t)

ieL
=D, L)+ Y (pp(E') —#C(F, (i) +2)
ieL
<Y 2k =2k
ieL

where we put k; = #t'. Thus, « is a pattern Sturmian word.
Let us prove the ‘only if” part. Assume that a Toeplitz word « is a pattern Sturmian
word. Then, just two letters appear in «, so that we may assume that A = {a, b}. By the

aperiodicity, we may assume that there exists a sequence &', £2, ... of coding words of &
consisting only of elements in P(A, ?). Let r; be the minimum periodof £ (i = 1,2,...).
Denote

o =g qEt g (i=1,2,...).

Then o' = o and o' = & < a'T!, and by Corollary 1 (2), all o' are pattern Sturmian
words.

Suppose that D(Ei, L) > 0O holds forsomei = 1,2,... and L C {0,1,...,r; — 1}.
Then, by Corollary 1 (3) with ¢ = L as Condition (x) is clearly satisfied, we have

Pai (L) = DE L)+ Y pi({j}) = D, L) +2¢ > 2¢,
JjeL

where £ := #L. This implies that
Pa(ri---ri-1L) = p,i(L) > 2¢

by Corollary 1 (1), which contradicts the assumption that « is a pattern Sturmian word.
Thus, we have the following Lemma 3.

LEMMA 3. Let £ € P(A,?) be any word appearing in some sequence of coding words
consisting only of elements in P(A, ?) of a Toeplitz word in AN that is a pattern Sturmian
word as well. Then, we have

DE,L) <0 foranyL C{0,1,...,r — 1}, 2.7

where r is the minimum period of &.
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Let us return to the proof of the ‘only if’ part of Theorem 2. We call £ € P(A,?) a
simple coding word, if there exist n' € P({a},?) UP({b},?) (i = 1,2,...,h) such that
&£ =nl<an?<---<an. Anyelementin P({a}, 2) UP({b}, ?) is also called a simple coding
word. We call £ € P(A, ?) irreducible if there does not exist a simple coding word ¢ such
that either £ = ¢ or & = 5 < ¢ holds with some n € P(A, 2) UP{a}, ) UP{b}, D).

Suppose that one of £2, &3, ..., say £”, is not simple. Then, either £” is irreducible or
there exists a simple coding word ¢ and an irreducible 7 such that £# = y <1 ¢. In any case,
we have the decomposition that

a=&<An<p
with & € P(A, ?), an irreducible n € P(A, ?) and a Toeplitz word 8. Hence, by Lemma 3,
we have D(§ <in,rL) < Oforany L C {0,1,...,s — 1}, where r, s are the minimum

periods of £ and 7, respectively.

On the other hand, we will prove the following Lemma 4, which contradicts this fact.
This implies that any of £2, £3, ... € P(A, ?) ina = £' <€2<&3 ... is simple. Therefore,
y =€ isa simple Toeplitz word. Moreover, we have o« = gl <y with &!
satisfying (2.7) by Lemma 3, which completes the proof of Theorem 2. O

LEMMA 4. For any &,n € P(A,?) such that #A\ = 2 and n is irreducible, we have
DE <n,rL)y = 1for L ={0,1,2,...,s — 1}, where r, s are the minimum periods of &
and n, respectively.
Proof. Let A = {a, b}. It is easy to see that
apFeqn(rL) = AU waly(L).

The set wp Fyy (L) contains

(mmnn+1)---nn+s—1)), and

mmnn+1)---nn+s—-1) m=0,1,....5—1),
where the word (- - -), or (- - - ), denotes the word obtained from the original word - - - by
replacing all occurrences of 7 in - - - by a or b, respectively.

We prove that all 2s words in this list are different from each other. Since (n(n)n(n+1)
-o-nn+s — 1)), and (n(m)n(m 4+ 1) ---n(m + s — 1)), contain different numbers of
letters a for any n, m, they are different from each other. Suppose that

mmnn+1)---nn+s—1)a=0m)nm+1)---nim+s — 1))
holds for some n < m. Then with the minimum s; = m — n as this, we have the
factorization s = s1s2 and
MO)n)---nls = D)a = MO)n(1) ---nls1 — 1)),
There exists just one ig with 0 < ig < s — 1 such that n(ip) = 7. Letip = i1 + ips1 with

0 <i; < sy and 0 < iy < so. Then we can write n = ' <1 ” with

i) = {n(i), i # i1 (mod s1),

2, i =i1 (mod sy),

a, i#ip(modsy),

Mo
TO=19" i 15 (mod 5o,

which contradicts the assumption that 7 is irreducible.
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Thus, all elements in the list (n(n)n(n+1)---n(n+s—1))s (n =0,1,...,5 — 1) are
different to each other. In the same way, all elements in the list (n(n)n(n + 1)---n(n +

s—1)p (m=0,1,...,s — 1) are different to each other. Therefore, we have 2s elements
in m Fy (L), which contains at most one constant word.
Thus, we have #mp Fr,(rL) > 25 + 1, which implies that D(§ <5, rL) > 1. O

THEOREM 3. Let o € AN be a Toeplitz word. It is a simple Toeplitz word if and only if
(2.4) holds for any k-window .

Proof. The ‘only if” part has already been proved in Lemma 2. Here, we prove the ‘if’
part. Assume that (2.4) holds for a Toeplitz word o € AN Then, ¢ is a pattern Sturmian
word. Hence, we may assume that #A = 2.

Suppose that « is not a simple Toeplitz word. Then by Theorem 2, there exists a simple
Toeplitz word y € AN and & € P(A, ?) with the minimum period r such that D(§, L) <0
forany L C {0,1,...,r — 1}, and @ = & < y. If £ is a simple coding word, then « is a
simple Toeplitz word contradicting our supposition. Hence, & is not a simple coding word.
Then, there exists an irreducible word ¢ such that either £ = ¢ or there exists a simple
coding word ¢’ such that § = ¢ <1¢’. Any case, we have @ = ¢ <1 B with an irreducible
coding word ¢ and a simple Toeplitz word 8. Let s be the minimum period of ¢. Then,
by the same argument as in the proof of Lemma 4, #ma F; (t) = 2s holds for the s-window
7 :=1{0,1,...,s — 1} and F;(7) has at most one constant word. Since D(§,7) = 0
and the window t satisfies Condition (x) with some 7 and y, we have p,(t) = 2s and
#C (Fy(7)) < 1. This implies that

Pa(T) —#C(Fo (7)) +2 > 25,

and (2.4) does not holds, which contradicts our assumption. Thus, « is a simple Toeplitz
word. ]

Example 1. Let
B:=@N*aBH® @GN --
= abaaabababaaabaa- - - ,

which is a simple Toeplitz word. Let & = (ab?)*°. Then, & satisfy (2.7). Therefore, by
Theorem 3,

o ;=& < B = abaabbabaabaabaabbabaabbabaabbabaaba - - -

is a pattern Sturmian word. It is not a simple Toeplitz word since F, ({0, 1,2}) =
{aab, aba, baa, abb, bab, bba} and, hence,

ra({0, 1,2}) —#C(Fr({0,1,2})) + 2 =8 > 2 3,
and (2.4) is not satisfied.
THEOREM 4. Leta =& <€ < --- € AN with & € P(A, 7). Then, we have
*k EE, L
lim 2e®) G. L)

a ,
k—oo k Lc{0,1,...r—1} #L — 1
#L>2

where r is the minimum period of &, and E(§, L) is defined in (2.3).
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Proof. Note that E(§, L) = D(§ <&, rL) forany L C {0, 1,...,r — 1}.
Let
EE, L)

max .
Lcfo,1,..r—1} #L — 1
#L>2

E* =

Take Lo with #Lo = £¢ > 2 attaining the maximum of E (¢, L)/(#L — 1). Without loss of
generality, we may assume that 0 € Lo. Let L, = Lo \ {0}. Define a sequence of windows
by (1) :=rLo and

tk+ 1D :=r@rt(k)ULy) (k=1,2,...).

Let us apply Corollary 1 (3) with &€ <& for &, « for B, & for n, o for n and r L for L. Then,
(k) (k = 1,2, ...) satisty Condition (*). Moreover, 7 (k + 1)0 =tk)(k=1,2,...).
Since D(§ <1 &,rLo) = (€p — 1)E*, by Corollary 1 (3) we have that

pa(x(1)) = D(E <€, rLo) + ) pa(li})
ierLy
= (Lo — D)E* + ¢#A
pa(T(k+ 1) = D <&, rLo) + pa(t (k) + Y pa({i})
ierLy

= (Lo — DE™ + pa(t(k)) + (€0 — D#A,

and, hence,

where K := k(€g — 1) + 1 is the size of the window t (k). Thus, we have

liminf p’(k)/k > lim pe(t(k))/(K — 1) = #A + E*.
k— o0 k—o00

Now, let us prove that limsup,_, o, pa(k)/k < #A + E*. For any k > 2, let
pi(k) = pu(t’) for some k-window /. By Lemma 1, we may assume that v’ is divisible
by r but not by r2. Hence, we put t/ = rt with T which is not divisible by r. We use the
decomposition of rt given in (2.1) and (2.2) for £ <1 £ instead of £&. Then by Theorem 1,
we have

Pa(k) = pa(rt)
<DE<ErL) + Y palrth)

ieL

<EE L+ Y phtk) (2.8)

ieL

where k; = #t! > 1 for any i € L. Since k = ZieL k; with #L > 2, any of k; fori € L is
less than k. Hence, we can apply the induction on k to prove that

pok) + E* < (#A + EV)E. (2.9)

https://doi.org/10.1017/50143385706000150 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385706000150

1084 N. Gjini et al

For k = 1, (2.9) holds since p}(k) = #A. Let k > 2. Assume that (2.9) holds for
1,2, ...,k — 1. Then by (2.8) and the assumption of the induction, we have

pik) + E* < E(, L)+ Y pitki) + E*
ieL
S W=DE*+ ) poki) + E*
ieL
=Y (Piki) + E¥)
ieL
< Z(#A + E*k; = (#A + E)k.
ieL
Thus, we have (2.9) for k = 1, 2, ... and, hence, limsup;_, o, p}(k)/k < #A + E*, which
completes the proof. a

Example 2. Leté = (a"bba" ') and o = £ 1€ <9€<--- forn > 1. Then, E(§, L) =0
if#L =2, E(&, L) <2if #L > 3 with the equality for L = {0, 1, n 4+ 2}. Hence, we have
maxy, #1>2 E(§, L)/(#L — 1) = 1. Thus, lim,—« pj; (k) /k = 3.

3. Further examples and open problems
By Corollary 1 (3), we can calculate almost exact values of the maximal pattern complexity
D (k) of the Toeplitz words « just by calculating D(€, L).

It is well known that the measure-theoretic dynamical systems arising from our Toeplitz
words have discrete spectrum [JK]. On the other hand, it is known [KZ1] that if the
maximal pattern complexity of a word increases in less than exponential order, then
the measure-theoretic dynamical system arising from it has a discrete spectrum but the
converse is not true. Here, we give such examples of Toeplitz words @ € AN with #A = 2
and p} (k) = 2 (k = 1,2,...). We also give « € AN with Dy (k) increasing in the
polynomial order of given degree > 1.

It is known [K] that for any word o € AN with #A = 2, either

n—1
k
* —
pak) < Z(l) k=1,2,...),
i=0
forsomen =1,2,...,0r
pitk)y=2F (k=1,2,...)

holds.

Example 3. Let A = {a,b}. Forn = 1,2, ..., we can take n,, € A" with length n2" such
that 7, contains every block in A". For example,

n1 = ab, ny = aaabbabb, n3 = aaaaabababaaabbbabbbabbb, . . . .
Let £" = (1,7)® € P(A, 7). Then, we have

D(E", {0,1,....,n—1}) =2" — 2.
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Let

ak=$k<ék+l<]~'
t) = {it:i=01.. . k-1 (k=1.2...).

where
k—1 )
¢, :=1 and ¢ := l_[(i2’+1).

i=1

Then, by Corollary 1, we have
Pa(t) = P (T(k) /€*) = DE (0,1, ... k — 1}) + 2k = 2",
Thus, pi(k) =25 (k=1,2,...).

Example 4. (Xue [X]) Let
6. @ — aabb
b — aaab
be a substitution on A = {a, b}. The fixed point aabbaabbaaabaaab . .. is a Toeplitz word
such that

a = (aa?b)*® < (bb?a)*( aa?b)*® < (bba)>* <« - --

Let
& = (aa?b)™ < (bb?a)*° = aabbaabba?abaaab.

Then, E(§,L) = Oif #L = 2 or 3, E(§,L) < 2 if #L > 4 with the equality for
£ = {0,1,2,3}. Thus, maxy, #.>2 E(€, L)/(#L — 1) = % and lim,—. p(k)/k = §.
This gives an alternative proof of the well-known fact (see, for example, Goodman [G])
that the measure-theoretic dynamical system arising from this « has a discrete spectrum
since pj; (k) increases less than exponentially than the function of k.

Open problems. (1) What is the maximal pattern complexity of the Toeplitz words
a=£(<E<E - withé € P(A, ?) having more than one hole in the minimum cycle.
Is there a Toeplitz word in this extended class having the maximal pattern complexity
increasing exponentially? Cassaigne and Karhuméki [CK] obtained the increasing order
k* of the block complexity in this class. For example, o := (ab?a?)®™ has the block
complexity increasing in the order k'°23/(0g5=10g2) = The maximal pattern complexity
should increase at least as this. We do not even know whether the order is sub-exponential.

(2) All of the pattern Sturmian words known so far except for the simple Toeplitz words
fail to satisfy (2.4). Does the property (2.4) characterize the simple Toeplitz words among
all the words?

(3) Is there a Toeplitz word with one hole such that the maximal pattern complexity
increases in a polynomial order with degree > 1?
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