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NONPARAMETRIC STOCHASTIC
VOLATILITY
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Università di Verona

We provide nonparametric methods for stochastic volatility modeling. Our methods
allow for the joint evaluation of return and volatility dynamics with nonlinear drift
and diffusion functions, nonlinear leverage effects, and jumps in returns and volatil-
ity with possibly state-dependent jump intensities, among other features. In the first
stage, we identify spot volatility by virtue of jump-robust nonparametric estimates.
Using observed prices and estimated spot volatilities, the second stage extracts the
functions and parameters driving price and volatility dynamics from nonparamet-
ric estimates of the bivariate process’ infinitesimal moments. For these infinitesi-
mal moment estimates, we report an asymptotic theory relying on joint in-fill and
long-span arguments which yields consistency and weak convergence under mild
assumptions.

1. INTRODUCTION

Understanding volatility dynamics is important for effective portfolio choice,
derivative pricing, and risk management, among other issues. A successful strand
of the literature on volatility estimation has focused on stochastic volatility
modelling either in continuous time or in discrete time (see, e.g., Bauwens,
Hafner, and Laurent, 2012). This literature provides alternative methods to filter
volatility—an inherently unobservable state variable—by using return data sam-
pled at relatively low, generally daily, frequencies. An equally successful, but al-
ternative, recent strand of the literature on volatility estimation has recognized the
identification potential of return data sampled at intra-daily frequencies to treat
daily volatility (estimated by “aggregating” squared intra-daily returns in various
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ways) as an “observable” (up to measurement error) quantity, without the need for
filtering on the basis of low-frequency return data (Aı̈t-Sahalia and Jacod, 2014,
provide a thorough coverage). This second body of work has seldom investigated
the implications of high-frequency volatility estimation for stochastic volatil-
ity modelling. The parametric approaches of, e.g., Bollerslev and Zhou (2002),
Corradi and Distaso (2006), and Todorov (2009) are exceptions and promising
contributions in this area.

We further bridge the gap between arguably the two main strands of the cur-
rent volatility literature by providing functional inferential methods. Specifically,
we study nonparametric stochastic volatility modeling in continuous time using
high-frequency asset price data. High-frequency price data is employed for the
purpose of spot volatility estimation prior to nonparametric modeling of the
dynamics.

We consider the price/variance system:

d log pt =μ(σ 2
t )dt +σt dWr

t + dJr
t , (1)

d f (σ 2
t )= m f (σ 2)(σ

2
t )dt +� f (σ 2)(σ

2
t )dWσ

t + dJ σt , (2)

where
{
dWr

t ,dWσ
t

} = {
ρ(σ 2

t )dW 1
t +

√
1 −ρ2(σ 2

t )dW 2
t ,dW 1

t

}
with

−1 ≤ ρ(.)≤ 1,
{

W 1
t ,W

2
t

}
are independent, standard Brownian motions,{

Jr
t , J σt

}
are Poisson jump processes independent of each other and indepen-

dent of
{
W 1

t ,W
2
t

}
with intensities λr (.) and λ f (σ 2)(.) respectively, f (.) is a

monotonically non-decreasing transformation of variance, and μ(.), m f (σ 2)(.),
� f (σ 2)(.), and ρ(.) are generic functions satisfying suitable smoothness condi-
tions described in what follows. Equations (1)–(2) nest and generalize, as we
discuss below, a large number of popular stochastic volatility models in the
extant literature. For instance, given assumptions on the distributions of the jump
sizes and suitable choices of the function f (.), the price/variance system can
be viewed as a nonlinear generalization of the stochastic volatility model with
exponential jumps in variance in, e.g., Duffie, Pan, and Singleton (2000) and
Eraker, Johannes, and Polson (2003), as well as of the logarithmic volatility
model with normal jumps in variance in, e.g., Jacquier, Polson, and Rossi (1994)
and Andersen, Benzoni, and Lund (2002).

A similar system, but without price/variance jumps, has been considered by
Renò (2006, 2008) and in recent, concurrent, work by Kanaya and Kristensen
(2016), Comte, Genon-Catalot, and Rozenholc (2010) and, in discrete time, by
Comte, Lacour, and Rozenholc (2010). The presence of price/variance disconti-
nuities in this paper results in a different approach to spot volatility filtering and
nonparametric identification of the dynamics.

The unobservable nature of variance leads to the two substantive aspects of
the procedure proposed in this work. In the first stage, we filter spot variance by
localizing (in time) an appropriately-chosen high-frequency estimate of integrated
variance (i.e.,

∫ t+φ
t σ 2

s ds, with φ > 0) robust to the presence of price jumps. In
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the second stage, we use the resulting spot variance estimates to identify the
parameters and functions driving return and variance dynamics (for instance,
focusing solely on the variance equation, m f (σ 2)(.), � f (σ 2)(.), λ

f (σ 2)(.) and,
given assumptions on the jump size distribution, the moments of the volatility
jumps). The second stage requires controlling the estimation error introduced
by the first-step spot variance estimates. We provide conditions to do so
asymptotically.

Unlike existing work on parametric stochastic volatility modeling, we avoid
imposing (possibly affine) parametric structures. Specifically, after filtering spot
variance, we identify the relevant functions/parameters, through estimates of
the system’s infinitesimal moments, using nonparametric kernel methods for
jump-diffusion processes as originally studied by Bandi and Nguyen (2003) and
Johannes (2004) in a more traditional framework, that of scalar specifications with
observables.

We extend the observable, scalar approach in Bandi and Nguyen (2003) and
Johannes (2004) along two main dimensions: we allow for a bivariate system
with one unobservable state variable (i.e., variance) and employ a method of proof
which relaxes the bandwidth conditions in Bandi and Nguyen (2003). Differently
from Bandi and Nguyen (2003), we do not rely on the notion of local time to
derive limiting results but use, instead, occupation densities (Bandi and Moloche,
2017). The latter are defined more generally. Contrary to local time, they can be
defined for systems with multiple state variables. In this sense, they are suitable
for multi-state extensions of the (single state) theory presented in this work.

Identification is (infinitesimal) moment-based. In order to present ideas in
the context of a classical estimation problem, we use Nadaraya-Watson kernel
estimates. However, as we illustrate below, extensions to alternative functional
estimation methods may be readily derived. To this end, we discuss the local lin-
ear and the local polynomial case explicitly. Because of the persistent behavior
of daily variance, methods which do not rely on the information contained in a
potentially inaccurately estimated (in finite samples) stationary density, and hinge
on local moments instead, are particularly suitable for our problem.

We first discuss the properties of the infinitesimal moment estimates under sta-
tionarity (Section 2 through 4). In the Appendix, we turn to the general recurrent
case. Recurrence is known to be a milder assumption than stationarity and mixing
(Meyn and Tweedie, 1993). We refer the reader to Bandi and Phillips (2010) for
a review of identification methods for recurrent continuous-time processes.

In what follows, the symbols ⇒,
a.s.→,

p→ and
d= stand for weak convergence,

convergence with probability one, convergence in probability, and distributional

equivalence. The notation A ∼ B and A
p∼ B signifies that A is O(B) and A is

Op(B), respectively.
Supplementary material to this article is provided in “Online Supplement to

Nonparametric Stochastic Volatility,” which is available at Cambridge Journals
Online (journals.cambridge.org/ect).
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2. INFINITESIMAL MOMENT ESTIMATORS: ASSUMPTIONS AND
ASYMPTOTICS

We begin with the assumptions on the bivariate process.

Assumption 1. (a) Define the system in equations (1)–(2) on a filtered
probability space (�,(Ft )0≤t<∞ ,P) satisfying the usual conditions. Let μ(.),

m f (σ 2)(.),� f (σ 2)(.), ρ(.), λ
r (.) and λ f (σ 2)(.) be uniformly bounded and, at least,

twice continuously-differentiable with bounded derivatives of any order. The
moments of the jump sizes are allowed to depend on the variance state. In
this case, they are also assumed to be uniformly bounded and, at least, twice
continuously-differentiable with bounded derivatives of any order. The variance
transformation f(.) is monotonically non-decreasing and continuously-
differentiable with a bounded first derivative.

(b) We assume that the spot variance process is stationary and with a bounded
state space. Let limT →∞

∫ T
0

(
1 − u

T

) ||gu(a,b)||r du <∞ for some r ∈ [1,∞] and
∀a,b, with gu(a,b) = g|t−s|(a,b) = p|t−s|(a,b)− p(a)p(b), where p|t−s|(., .)
is the joint unconditional density of σ 2

t and σ 2
s and p(.) is the time-invariant

marginal density of σ 2
t .1 Let T h2/r

n,T → ∞, where hn,T is the smoothing parameter
used in kernel estimation in this paper and T is the sampling horizon.

The requirement in Assumption 1(a) of uniformly bounded driving functions
is a classical, often implicitly-made, requirement in the continuous-time non-
parametric literature when letting the sampling horizon T grow without bound
along with a vanishing distance between discretely-sampled observations. The
requirement in Assumption 1(b) of volatility recurrence in a bounded set is less
traditional. The latter implies stationarity of the variance process. In addition, be-
cause variance is the system’s only state variable, it implies boundedness of all
of the system’s functions, if the functions are uniformly continuous. We remark
that both conditions are not empirically restrictive since the data, and its transfor-
mations, are clearly bounded. In what follows, we show that these assumptions
are not theoretically restrictive either. Both assumptions are relaxed in the paper’s
proofs which are, in the interest of theoretical generality, written for a recurrent
(rather than stationary) variance process and unbounded driving functions.

Assumption 1(b) also controls dependence in the variance sample path. It cor-
responds to assumption A

′
(r) in Bosq (1998, page 105). If r = ∞, the condition

on the bandwidth (i.e., T h2/r
n,T → ∞) is always satisfied since T → ∞. This is the

case if, for example, Castellana and Leadbetter’s condition (Castellana and Lead-
better, 1986) is met: |gu(a,b)| ≤�(u) ∈ L1((0,∞)) for all a and b. If r = ∞, in
fact,

lim
T →∞

∫ T

0

(
1 − u

T

)
||gu(a,b)||∞du =

∫ ∞

0
||gu(a,b)||∞du <∞.

The assumption relates a bandwidth requirement (i.e., T h2/r
n,T → ∞) to the

“regularity” of the process sample path (which is captured by the unknown
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parameter r ) and is known to be valid for a large class of ergodic processes
(Leblanc, 1995; Kutoyants, 1997; Veretennikov, 1999, among others). The more
locally informative the path (r → ∞), the less stringent the assumption (since,
when r → ∞, T h2/r

n,T → T ). By capturing an array of local behaviors of the vari-
ance process, Assumption 1(b) will prove helpful for the estimation of the vari-
ance occupation density.

We now turn to the sampling scheme. The graph in Figure 1 provides a visual
representation.

Assumption 2 (The sampling scheme). We assume availability of (k + 1)n
discretely-sampled price observations over the time span [0,T ]. In particular, we
observe prices in the form of n buckets of k + 1 high-frequency equispaced ob-
servations in each interval [i	n,T −φ, i	n,T ] with φ < 	n,T , 	n,T = T/n and
i = 1, . . . ,n. In the limit, T → ∞, n → ∞, k → ∞, 	n,T → 0 and φ → 0,
jointly.

The identification strategy works as follows. For any sub-interval [i	n,T −
φ, i	n,T ] of length φ, the k+1 intra-period price observations are employed to
estimate spot variance (̂σ 2

i	n,T
with i = 1, . . . ,n). The n resulting spot variance

estimates
{
σ̂ 2
	n,T

, σ̂ 2
2	n,T

, . . . , σ̂ 2
n	n,T

}
along with the observable logarithmic price

observations
{
log p	n,T , log p2	n,T , . . . , log pn	n,T

}
are then used to identify the

dynamics of the bi-variate system in equations (1)–(2). One may, for instance,
set 	n,T = 1 day and φ = 1 hour. Asymptotic conditions on T,n,k,	n,T and φ
for consistency and asymptotic normality of the relevant estimates will be listed
below.

The functions driving the dynamics of the system have infinitesimal conditional
moment representations which can be exploited for the purpose of nonparametric
identification. We first define the infinitesimal moment estimates of the system,
for which we discuss an asymptotic theory in this section. We then identify
the relevant functions/parameters from the estimated infinitesimal moments
(in Section 3). In what follows, x is used to denote a generic interior point of
the domain of σ 2

t .
We begin with the variance process in equation (2). We will turn to the

price process and its connection with the variance process in Section 4.2 below.

0 	n,T 2	n,T 3	n,T

φ φ φ

FIGURE 1. (Color online) We assume k + 1 intra-period price observations (on dashed
lines of total length φ < 	n,T ) for each price observation sampled at i	n,T with
i = 1, . . . ,n. In the graph, we consider 3 periods (n = 3). Spot variance is estimated for
every time i	n,T using k +1 intra-period observations over φ.
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We identify the R-th infinitesimal moment of the variance process, i.e.,

θ f (σ 2),R(x)= lim
	→0

1

	
E

[(
f (σ 2

t+	)− f (σ 2
t )
)R |σ 2

t = x

]
R = 1, . . . , (3)

by virtue of

θ̂ f (σ 2),R(x)=
1

	n,T

n−1∑
i=1

K

⎛⎝ σ̂ 2
i	n,T

− x

hn,T

⎞⎠( f (σ̂ 2
(i+1)	n,T

)− f (σ̂ 2
i	n,T

)
)R

n∑
i=1

K

⎛⎝ σ̂ 2
i	n,T

− x

hn,T

⎞⎠ R = 1, . . . ,

where K(·) is a kernel function, whose properties are listed below, and the un-
observable spot variances σ 2

i	n,T
are replaced by suitable estimates σ̂ 2

i	n,T
for all

i = 1, . . . ,n.
In order to estimate σ 2

i	n,T
, we use a localized (in time) threshold realized vari-

ance estimator (Mancini, 2009), namely

σ̂ 2
i	n,T

= 1

φ

k∑
j=1

r2
i, j 1{r2

i, j ≤ϑ}, (4)

where ri, j = log pi	n,T −φ+ jφ/k − log pi	n,T −φ+( j−1)φ/k is the return between two
consecutive observations in the interval φ associated with the generic time i	n,T

and ϑ is a vanishing threshold. By eliminating, under conditions, discontinuities
larger than the threshold ϑ , this estimator is robust to jumps in returns and, there-
fore, identifies spot variance (as φ → 0 with k → ∞) in the presence of price
jumps. Adapting results in Mancini (2009), which are for integrated variance, to
the spot variance case, it can be shown that

k1/2
{
σ̂ 2

t −σ 2
t

}
⇒

k→∞,φ→0,ϑ→0
MN

(
0,2σ 4

t

)
∀t > 0, (5)

where MN stands for mixed normal, provided 1
ϑ

(
φ
k log

(
k
φ

))
→ 0 and

k1/2φ1/2 → 0, as φ,ϑ → 0 with k → ∞. The former condition guarantees that
the threshold goes to zero more slowly than the squared modulus of continuity
of Brownian motion, thereby only annihilating the genuine jumps, while the lat-
ter condition eliminates the estimator’s asymptotic bias. A similar approach to
spot variance estimation, but in the absence of jumps, has been followed by Fan
and Wang (2008), Mykland and Zhang (2008), and Kristensen (2010). Bandi and
Renò (2012) discuss an analogous result for a spot variance estimator based on
threshold bipower variation (Corsi et al., 2010).

Importantly, equation (5) leads to a probability bound Op

(
1

k1/2

)
on the estima-

tion error
{
σ̂ 2

t −σ 2
t

}
which is pointwise and, therefore, insufficient for nonpara-

metric inference on the infinitesimal moments of the system. Lemma A.17 in the
Appendix provides a uniform result which is, also, of separate interest.
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The kernel function K(.) satisfies the following property:

Assumption 3. The function K(.) is a bounded, continuous, and symmetric
density defined on a compact set S. The kernel’s derivatives are bounded.2 In
what follows, K1 = ∫S s2K(s)ds and K2 = ∫S K2(s)ds.

Finally, we turn to conditions on T,n,k,	n,T , the length φ, the bandwidth
hn,T and the threshold ϑ for consistency and weak convergence of the infinitesi-
mal moment estimates when spot variance is estimated. In the statement of each
theorem, we will specify which of the following conditions is requested.

Assumption 4. Define L̂σ 2(T,x) = 	n,T
hn,T

n∑
i=1

K
(
σ 2

i	n,T
−x

hn,T

)
, an infeasible non-

parametric estimator of the spot variance’s occupation density.
Assume k, n, T → ∞, 	n,T → 0, φ → 0, hn,T → 0, and ϑ → 0, jointly. The

symbol C defines a suitable constant. Let

1

ϑ

(
φ

k
log

(
k

φ

))
→ 0, (4.0)

hn,T L̂σ 2(T,x)
p→ ∞, (4.1)

	n,T

h2
n,T

→ 0, (4.2)

h5
n,T L̂σ 2(T,x)

p→ C, (4.3)

	n,T

√
L̂σ 2(T,x)

h3/2
n,T

p→ 0, (4.4)

g(n,T,k,φ) = (logn lognk)1/2

hn,T k1/2 + φ1/2 (logn)1/2

hn,T
+ nφ

hn,T
→ 0, (4.5)

g(n,T,k,φ)
hn,T

	n,T
→ 0, (4.6)

g(n,T,k,φ)
1

	
1/2
n,T

→ 0, (4.7)

√
hn,T L̂σ 2(T,x)g(n,T,k,φ)

hn,T

	n,T

p→ 0, (4.8)

√
hn,T L̂σ 2(T,x)g(n,T,k,φ)

1

	
1/2
n,T

p→ 0. (4.9)
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Assumption 4.0 is needed to guarantee that the threshold spot variance esti-
mates in equation (4) eliminate discontinuities whose order is larger than that of
the modulus of continuity of Brownian motion. Assumptions 4.1 and 4.2 are nec-
essary for consistency (in probability) of the kernel estimates of the infinitesimal
variance moments under observability of the spot variance process. Assumptions
4.6 and 4.7, along with Assumptions 4.1 and 4.2, yield consistency of the in-
finitesimal variance moments when spot variance is not observable but is, instead,
estimated (Assumption 4.6 applies to the case R = 1, Assumption 4.7 applies to
the case R > 1). Assumptions 4.1, 4.3 and 4.4, guarantee weak convergence—at
the optimal MSE rate L̂σ 2(T,x)−4/5—of the kernel estimates, again under ob-
servability of the spot variance process. Assumptions 4.8 (R = 1) and 4.9 (R> 1),
along with Assumptions 4.1, 4.3, and 4.4, yield weak convergence when spot vari-
ance is estimated. It will be shown that Assumption 4.9 yields weak convergence
of all infinitesimal price moment estimates (R ≥ 1) in equation (32) below. It is
weaker than Assumption 4.8 (due to Assumption 4.2) since prices are observable
and estimated spot variance enters the infinitesimal price moment estimates only
through the kernel.

Remark 1. Invoking Lemma A.5 in the Appendix, call v(T ) the probability
divergence rate of the spot variance occupation density (v(T ) = T in the
stationary case discussed in the main text). Consider the case R > 1 (i.e.,
estimation of all infinitesimal moments excluding the first). To make the rele-
vant orders more explicit, neglecting for convenience the logarithmic terms, it
is worth rewriting Assumptions 4.1, 4.2, 4.3, and 4.7 as follows: hn,T ∼ v(T )−β

with 1
5 ≤ β < 1, n ∼ T 1+2β+ε with ε > 0, φ= o(v(T )−2β	n,T +v(T )−β	1/2

n,T /n)

and o(k) = 	−1
n,T v(T )

2β . For R > 1, the derived orders yield consistency of the
infinitesimal moment estimates, for a reasonable (possibly MSE-optimal) band-
width choice, with discretization error (due to sampling) and measurement error
(due to spot variance estimation). They are compatible with (n) low-frequency
(daily) data for the purpose of estimating the dynamics and (k) high-frequency
(intra-daily) data on a liquid stock for the purpose of spot variance estimation in
the first stage. Since the more stringent Assumption 4.6 (given Assumption 4.2
or hn,T /	

1/2
n,T → ∞) replaces Assumption 4.7, the case R = 1 (first moment

estimation) may require lower (than daily) frequencies. Focusing now on weak
convergence, the conditions on the measurement error in spot variance estima-
tion (Assumption 4.8 for R = 1 and Assumption 4.9 for R > 1) necessarily im-
ply tighter restrictions on φ and k. The condition on vanishing discretization for
weak convergence (Assumption 4.4) is, in general, easily satisfied with daily or,
even, with monthly sampling. We refer the reader to the Appendix for further
details.

We now turn to the asymptotics. Below, Assumptions 1, 2, and 3 are assumed
to hold. We will be specific about which conditions in Assumption 4 are required
for each subsequent result to hold.
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THEOREM 1 (The feasible estimator of the variance occupation density).

Define L̃σ 2(T,x)= 	n,T
hn,T

n∑
i=1

K
(
σ̂ 2

i	n,T
−x

hn,T

)
, a feasible version of L̂σ 2(T,x). Given

Assumption 4.0, we have

L̃σ 2(T,x)
1

hn,T

∫ T
0 K

(
σ 2

s −x
hn,T

)
ds

= 1 + Op

(
	n,T

h2
n,T

)
+ Op(g(n,T,k,φ)).

Thus, if Assumptions 4.0, 4.2, and 4.5 hold, then

L̃σ 2(T,x)
1

hn,T

∫ T
0 K

(
σ 2

s −x
hn,T

)
ds

p→ 1.

Proof. See Appendix. �

Remark 2. Under the listed conditions, the discretized feasible estimator
L̃σ 2(T,x) is asymptotically equivalent to the variance continuous occupation den-
sity, even when spot variance is estimated.

Remark 3. The conditions in Assumption 4 are written with respect to the
infeasible estimator L̂σ 2(T,x). This is not problematic. In light of Theorem 1 and
its method of proof, we can write

L̃σ 2(T,x)

L̂σ 2(T,x)
=

L̃
σ2 (T ,x)

1
hn,T

∫ T
0 K

(
σ2

s −x
hn,T

)
ds

L̂
σ2 (T ,x)

1
hn,T

∫ T
0 K

(
σ2

s −x
hn,T

)
ds

=
1 + Op

(
	n,T

h2
n,T

)
+ Op(g(n,T,k,φ))

1 + Op

(
	n,T

h2
n,T

) p→ 1,

which yields asymptotic equivalence between L̃σ 2(T,x) and L̂σ 2(T,x) if 	n,T

h2
n,T

→
0 and g(n,T,k,φ)→ 0.

Next, we present limiting results for the infinitesimal moment estimates.

THEOREM 2 (The feasible infinitesimal moment estimates). If Assumptions
4.0, 4.1, 4.2, and 4.6 (for R = 1) or 4.7 (for R > 1) hold, then

θ̂ f (σ 2),R(x)
p→ θ f (σ 2),R(x) ∀R ≥ 1.

If Assumptions 4.0, 4.1, 4.3, 4.4, and 4.8 (for R = 1) or 4.9 (for R > 1) hold, then√
hn,T L̂σ2 (T, x)

{
θ̂ f (σ2),R(x)− θ f (σ2),R(x)−�θ f (σ2),R

(x)

}
⇒ N

(
0,K2θ f (σ2),2R(x)

)
∀R ≥ 1,

where, given the invariant density s(dx) of the variance process,

�θ f (σ2),R
(x)= h2

n,T K1

[
∂θ f (σ 2),R(x)

∂x

∂s(x)/∂x

s(x)
+ 1

2

∂2θ f (σ 2),R(x)

∂x∂x

]
.
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Proof. See Appendix. �

Remark 4. The result has a similar look to classical findings in nonparametric
kernel estimation. Under stationarity of the variance process, which we assume

in the main text, we would also have 1
T L̂σ 2(T,x)

p∼ p(x), where p(.) denotes

the time-invariant density of the variance process, and ∂s(x)/∂x
s(x) = ∂p(x)/∂x

p(x) .
Because the result, in its general form above, will also apply to the recurrent
case discussed in the Appendix, we leave its expression unrestricted in the state-
ment of the theorem. Similarly, we express all results below in their more general
form. Importantly, the theorem provides an intuitive representation of statistical
uncertainty by inversely relating the width of the asymptotic confidence bands
to the number of visits to the interior level x at which pointwise estimation is
performed.

Remark 5 (Local linear and local polynomial estimates). As indicated in the
Introduction, while we present the results for traditional Nadaraya-Watson kernel
estimates, extensions to kernel estimators with superior asymptotic mean-squared
error properties can be conducted similarly. Among other methods, θ̂ f (σ 2),R(x)
could be a local linear estimator of the form

θ̂R,ll (x)= 1

	n,T

n−1∑
i=1

K̃i	n,T

(
x,hn,T

)(
f (̂σ 2

(i+1)	n,T
)− f (̂σ 2

i	n,T
)
)R

n∑
i=1

K̃i	n,T

(
x,hn,T

) R = 1, . . . ,

where

K̃i	n,T

(
x,hn,T

)= 1

hn,T
K

(
σ̂ 2

i	n,T
− x

hn,T

)
�n,T ,2 −(σ̂ 2

i	n,T
−x)

1

hn,T
K

(
σ̂ 2

i	n,T
− x

hn,T

)
�n,T ,1

with

�n,T ,s =
n∑

i=1

(̂σ 2
i	n,T

− x)s
1

hn,T
K

(
σ̂ 2

i	n,T
− x

hn,T

)
for s = 1,2. More generally, it could be a local polynomial estimator defined by
minimizing over

{
χ0,χ1, . . . ,χq

}
the criterion

n−1∑
i=1

⎛⎜⎝
(

f (̂σ 2
(i+1)	n,T

)− f (̂σ 2
i	n,T

)
)R

	n,T
−

q∑
u=0

χu (̂σ
2
i	n,T

− x)u

⎞⎟⎠
2

K

(
σ̂ 2

i	n,T
− x

hn,T

)
,

with χ̂0 = θ̂R,ll(x) for q = 1 (see, e.g., Fan and Gijbels, 1996). Local polynomial
methods for diffusions without jumps are studied in, e.g., Fan and Zhang (2003),
Moloche (2004) and Aı̈t-Sahalia and Park (2016).

https://doi.org/10.1017/S0266466617000457 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466617000457


NONPARAMETRIC STOCHASTIC VOLATILITY 1217

Consider the local linear estimates. The statement in Theorem 2 would
remain unchanged with the exception of an intuitive, given existing work in
discrete time, modification to the asymptotic bias: �θ f (σ2),R

(x) would become

h2
n,T K1

[
1
2

∂2θ f (σ2),R (x)

∂x∂x

]
.

3. ON THE GENERALITY OF BOUNDED PROCESSES

Two models are observationally-equivalent if they generate the same likelihood
of observing the data. We now show that, given an unbounded stochastic variance
process, one may specify a bounded process, in terms of its domain, which is
arbitrarily close to the original unbounded process and, hence, is approximately
observationally-equivalent to it. In light of this observation, Assumption 1(a) may
be viewed as being without loss of generality and may handle virtually all stochas-
tic volatility models studied in the literature. In this sense, the treatment in this
section is of general interest.

Consider a model in which the variance process follows

dσ 2
t = mσ 2(σ 2

t )dt +�σ 2(σ 2
t )dWσ

t + dJ σt , (6)

where mσ 2(.) and �σ 2(.) are bounded functions satisfying Assumption 1(a). Let

d J σt = ξσ d Nσ
t with ξσ

d= exp{μξ }.
Importantly, the domain of the variance process σ 2

t might be unbounded.
However, if we consider the modified process

σ̃ 2
t = σ 2

(
1 − exp{−σ 2

t /σ
2}
)
, (7)

where σ 2 is a positive constant, the resulting process is so that 0 ≤ σ̃ 2
t < σ 2.

Also, for any fixed σ 2
t , we have that σ̃ 2

t is arbitrarily close to σ 2
t for a sufficiently

large σ 2:3

σ̃ 2
t = σ 2

(
1 −
(

1 −σ 2
t /σ

2 +σ 4
t O

(
1

σ 4

)))
= σ 2

t + O

(
1

σ 2

)
.

Using Itô’s lemma for discontinuous processes (see, e.g., Protter, 2004,
Theorem 31, page 78), we can characterize the dynamics of the modified process,
since

dσ̃ 2
t =

(
1− σ̃ 2

t

σ 2

)[
mσ 2

(
−σ 2 log

(
1− σ̃ 2

t

σ 2

))
− 1

2σ 2
�2
σ 2

(
−σ 2 log

(
1− σ̃ 2

t

σ 2

))]
︸ ︷︷ ︸

m′
σ2

(
σ̃ 2

t
)

dt

(8)

+
(

1− σ̃ 2
t

σ 2

)
�σ 2

(
−σ 2 log

(
1− σ̃ 2

t

σ 2

))
︸ ︷︷ ︸

�′
σ2

(
σ̃ 2

t
)

dW σ
t + ξ ′,σdNσ

t .
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where, now, the jump sizes are given by

ξ ′,σ = σ 2

[
1 −
(

1 − σ̃ 2
t

σ 2

)
exp{−ξσ /σ 2}

]
− σ̃ 2

t .

The modified process has a bounded domain and can be made arbitrarily close
to the original one in equation (6) by letting σ 2 be sufficiently large. Asking for
bounded driving functions to begin with, which was done earlier, is clearly not
even needed: a bounded domain would imply bounded functions, if the functions
are uniformly continuous.

Figure 2 illustrates these ideas using the popular Heston model, for which
�σ 2(x) = η

√
x . We plot �σ 2(x) = η

√
x along with the diffusion coefficient

�′
σ 2(x) for two modified specifications: one with a low σ 2 value, showing that

the function �′
σ 2(x) of the bounded process σ̃ 2

t is also bounded, and one with a

large σ 2 value, showing that �′
σ 2(x) and �σ 2(x) can be made virtually indistin-

guishable.
More explicitly, Taylor expansions (for a fixed x value) yield

m′
σ 2(x)= mσ 2 (x)+ O

(
1

σ 2

)
,

�′
σ 2(x)=�σ 2 (x)+ O

(
1

σ 2

)
,

and

ξ ′,σ = ξσ + Op

(
1

σ 2

)
.

σ 2σ 2

�σ 2(σ 2) Heston

Modified Heston (high σ 2)

Modified Heston (low σ 2)
real data

FIGURE 2. (Color online) Solid line: Original Heston model (unbounded diffusion co-
efficient, unbounded domain for σ 2

t ). Dashed line: Modified Heston model with low σ 2.
Dotted line: Modified Heston model with high σ 2. The modified versions of the Heston
model have bounded coefficients and a bounded domain for σ 2

t .
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Again, given boundedness of σ̃ 2
t , all of the system’s driving functions, including

those of the price equation, are automatically bounded since σ̃ 2
t is the sole state

variable.
In sum, within the bounded domain of the data (i.e., for a fixed σ 2

t value),
observations on σ 2

t and σ̃ 2
t can be made arbitrarily close by choosing σ 2 suit-

ably large. Thus, the bounded jump-diffusion process σ̃ 2
t with large enough σ 2

can not be identified as being different from the original unbounded process σ 2
t .

Hence, assuming a bounded process for spot variance, as well as bounded func-
tions for the full system as in Assumption 1(a), is without loss of generality.
Naturally, the transformation we use in equation (7) is only a possible one
delivering boundedness.

4. PRICE/VARIANCE DYNAMICS: ASYMPTOTICS

Recent empirical work has emphasized the importance of models allowing for
rapid increases in the conditional volatility of stock returns (see, e.g., Bates, 2000;
Duffie et al., 2000; Pan, 2002; Eraker et al., 2003). Such increases cannot be
yielded by the small Gaussian changes implied by classical diffusive stochastic
volatility models. Jumps in volatility provide an important channel through which
sudden volatility jumps translate, due to persistence in the volatility dynamics,
into lasting, higher volatility levels (see Eraker et al., 2003, for discussions). In
the presence of jumps in volatility, the high-order infinitesimal moments of the
volatility process can be employed to learn about the intensity of the jumps and
the moments of the jump size distribution as suggested, in more conventional
scalar contexts with observables, by Johannes (2004) and studied formally by
Bandi and Nguyen (2003).

To this end, we now turn to the identification of nonlinear generalizations of two
stochastic volatility models which have drawn attention in recent years, namely
the square-root stochastic volatility model with exponential jumps of Duffie et al.
(2000) and a logarithmic variance model with Gaussian jumps in the spirit of
Jacquier et al. (1994) and Jacquier, Polson, and Rossi (2004).

The original parametric models do not satisfy Assumption 1(a) (for instance,
the drift and the diffusion function are, as is often the case, not bounded). Their
functional counterparts considered here may also give rise to an unbounded
variance process, in general. For the purpose of stating asymptotic results with
implementable bandwidth conditions, we therefore work with specifications sat-
isfying Assumption 1(a). In light of the observations in the previous section, this
is without loss of generality from a theoretical and an empirical standpoint. To
this extent, assume the bounded process σ̃ 2

t (defined in equation (7)) replaces the
process σ 2

t in equations (1)–(2):

d log pt =μ(̃σ 2
t )dt + σ̃t dWr

t + dJr
t , (9)

d f (̃σ 2
t )= m′

f (̃σ 2)
(̃σ 2

t )dt +�′
f (̃σ 2)

(̃σ 2
t )dWσ

t + dJ ′,σ
t , (10)

where dJ ′,σ
t = ξ ′,σdNσ

t .
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The Generalized Duffie et al. (2000) Model. Write equation (2) with

f (σ 2
t ) = σ 2

t and d J σt = ξσ d Nσ
t , where ξσ

d= exp(μξ ). In Duffie et al. (2000)
and Eraker et al. (2003), mσ 2(σ 2

t ) is affine, �σ 2(σ 2
t ) is a square-root process

(�2
σ 2(σ

2
t ) is also affine) as in Heston (1993) and λσ

2
(σ 2

t ) (i.e., the intensity of
the Poisson jump Nσ

t ) is constant and, hence, independent of the state (see, also,

Andersen et al., 2002 for an affine stochastic volatility model with λσ
2
(σ 2

t )= 0).
Other papers allowing for jumps in returns and stochastic volatility, but without
jumps in volatility are, for example, Bakshi, Cao, and Chen (1997), Bates (2000),
and Pan (2002). These papers find evidence of misspecifications in the volatility
dynamics pointing to the likely presence of discontinuities in the volatility sam-
ple path. We leave the functional form of the variance drift, diffusion, and jump
intensity unspecified.

Consider the moments θσ̃ 2,R(x) of the bounded process σ̃ 2
t . We have

θσ̃ 2,1(x)
 mσ 2(x)+μξ(x)λσ 2
(x), (11)

θσ̃ 2,2(x)
�2
σ 2(x)+ 2μ2

ξ (x)λ
σ 2
(x), (12)

θσ̃ 2,3(x)
 6μ3
ξ (x)λ

σ 2
(x), (13)

θσ̃ 2,4(x)
 24μ4
ξ (x)λ

σ 2
(x), (14)

where, here and below, the symbol 
 signifies “arbitrarily close to” for a constant
σ 2 > 0 large enough.4 Identification of the relevant functions may be conducted
by computing

μ̂ξ (x)=
θ̂σ 2,4(x)

4θ̂σ 2,3(x)
, (15)

λ̂σ
2
(x)= θ̂σ 2,4(x)

24μ̂4
ξ (x)

, (16)

�̂2
σ 2(x)= θ̂σ 2,2(x)− 2μ̂2

ξ (x )̂λ
σ 2
(x), (17)

m̂σ 2(x)= θ̂σ 2,1(x)− μ̂ξ (x )̂λσ
2
(x). (18)

Alternative identification schemes using different infinitesimal moments may, of
course, be employed. Here, we chose to present the main ideas by considering the
most intuitive scheme.

The Generalized Logarithmic Variance Model. Write equation (2) with

f (σ 2
t ) = logσ 2

t and d J σt = ξσd Nσ
t , where ξσ

d= N(0,σ 2
ξ ). We extend the tradi-

tional log-linear model by allowing for a nonlinear drift, diffusion, and intensity
of the jumps.5
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Selected moments θlog σ̃ 2,R(x) of the bounded process can now be expressed as

θlog σ̃ 2,1(x)
 mlogσ 2(x), (19)

θlog σ̃ 2,2(x)
�2
logσ 2(x)+σ 2

ξ (x)λ
logσ 2

(x), (20)

θlog σ̃ 2,4(x)
 3σ 4
ξ (x)λ

logσ 2
(x), (21)

θlog σ̃ 2,6(x)
 15σ 6
ξ (x)λ

logσ 2
(x). (22)

A potential identification method, along the lines of Johannes (2004) and Bandi
and Nguyen (2003) in other contexts, is:

σ̂ 2
ξ (x)=

θ̂logσ 2,6(x)

5θ̂logσ 2,4(x)
, (23)

λ̂logσ 2
(x)= θ̂logσ 2,4(x)

3σ̂ 4
ξ (x)

, (24)

�̂2
logσ 2(x)= θ̂logσ 2,2(x)− σ̂ 2

ξ (x )̂λ
logσ 2

(x), (25)

m̂logσ 2(x)= θ̂logσ 2,1(x). (26)

4.1. Variance Process: Drift, Diffusion, Intensity of the Jumps and
Jump Size Moments

For both models, we now discuss asymptotic inference on the functions of in-
terest. We note that, for the sake of generality, we let the moments of the
jump sizes be functions of the latent variance process (c.f., Assumption 1(a))
and estimate them point-wise. If we were to assume that these moments are
parameters, we could identify them by, for instance, averaging higher-order

infinitesimal moments over any fixed time period T : μ̂ξ = 1
n

n∑
i=1

θ̂
σ2,4

(
σ̂ 2

i	n,T

)
4θ̂
σ2,3

(
σ̂ 2

i	n,T

)

and σ̂ 2
ξ = 1

n

n∑
i=1

θ̂logσ2,6

(
σ̂ 2

i	n,T

)
5θ̂logσ2,4

(
σ̂ 2

i	n,T

) , with 	n,T = T /n → 0 as n → ∞ over T < T .

THEOREM 3 (Variance moments: weak convergence in the generalized Duffie
et al.’s model). Let Assumptions 4.0, 4.1, 4.3 (with C = 0), 4.4, and 4.9 hold.

1. Expected jump size:√
hn,T L̂σ 2(T,x)

{
μ̂ξ (x)−μ�

ξ (x)
}

⇒ N
(
0,V(μ̂ξ (x))

)
,

where μ�
ξ (x)
 μξ (x) and V(μ̂ξ (x))
 20K2

μ2
ξ (x)

λσ
2
(x)

.
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2. Jump intensity:√
hn,T L̂σ 2(T,x)

{̂
λσ

2
(x)−λ�,σ 2

(x)
}

⇒ N
(

0,V
(̂
λσ

2
(x)
))
,

where λ�,σ 2
(x)
 λσ

2
(x) and V

(̂
λσ

2
(x)
)


 110K2λ
σ 2
(x).

3. Diffusive function:√
hn,T L̂σ 2(T,x)

{
�̂2
σ 2(x)−

(
��
σ 2(x)

)2}⇒ N
(

0,V
(
�̂2
σ 2(x)

))
,

where
(
��
σ 2(x)

)2 
�2
σ 2(x) and V

(
�̂2
σ 2(x)

)

 24K2λ

σ 2
(x)μ4

ξ (x).

4. Drift function:√
hn,T L̂σ 2(T,x)

{
m̂σ 2(x)− m�

σ 2(x)
}⇒ N

(
0,V

(
m̂σ 2(x)

))
,

where m�
σ 2(x)
 mσ 2(x) and V

(
m̂σ 2(x)

)
 K2

(
�2
σ 2(x)+ 38λσ

2
(x)μ2

ξ (x)
)

.

Proof. See Appendix. �

THEOREM 4 (Variance moments: weak convergence in a generalized loga-
rithmic variance model). Let Assumptions 4.0, 4.1, 4.3 (with C = 0), 4.4, and 4.9
hold.

1. Jump standard deviation:√
hn,T L̂σ 2(T,x)

{
σ̂ 2
ξ (x)−

(
σ �
ξ (x)

)2
}

⇒ N
(

0,V(̂σ 2
ξ (x))

)
,

where
(
σ �
ξ (x)

)2 
 σ 2
ξ (x) and V(̂σ 2

ξ (x))
 238
15 K2

σ 4
ξ (x)

λlogσ2
(x)
.

2. Jump intensity:√
hn,T L̂σ 2(T,x)

{̂
λlogσ 2

(x)−λ�,logσ 2
(x)
}

⇒ N
(

0,V
(̂
λlogσ 2

(x)
))
,

where λ�,logσ 2
(x)
 λlogσ 2

(x) and V
(̂
λlogσ 2

(x)
)


 189
5 K2λ

logσ 2
(x).

3. Diffusive function:√
hn,T L̂σ 2(T,x)

{
�̂2

logσ 2(x)−
(
��

logσ 2(x)
)2
}

⇒ N
(

0,V
(
�̂2

logσ 2(x)
))
,

where
(
��

logσ 2(x)
)2 
 �2

logσ 2(x) and V
(
�̂2

logσ 2(x)
)



88
15 K2λ

logσ 2
(x)σ 4

ξ (x).
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4. Drift function (with (4.8) replacing (4.9)):√
hn,T L̂σ 2(T,x)

{
m̂logσ 2(x)− m�

logσ 2(x)
}

⇒ N
(

0,V
(

m̂logσ 2(x)
))
,

where m�
logσ 2(x) 
 mlogσ 2(x) and V

(
m̂logσ 2(x)

)



K2

(
�2

logσ 2(x)+λlogσ 2
(x)σ 2

ξ (x)
)

.

Proof. See Appendix.

Remark 6. We are assuming that unbounded variance processes with expo-
nential or Gaussian jumps are approximations to bounded (with large σ 2) data
generating processes for variance, as in equation (10). The advantage of work-
ing with a bounded process for variance is that the procedure results in infor-
mative bandwidth conditions (c.f., Assumption 4 and Remark 1). Dealing directly
with unbounded processes (a case discussed in the Appendix) would instead yield
bandwidth conditions which cannot, in general, be characterized in closed form
(due to their dependence on the unknown rates of divergence of certain maxi-
mal processes), thereby rendering empirical implementations infeasible (see, e.g.,
Remark A.4). In addition, writing, as we do, the bounded process as a transfor-
mation of an unbounded process for which the infinitesimal moment conditions
can be easily expressed (c.f., equations (11)–(14) and equations (19)–(22)) lends
itself to simple identification schemes. These schemes do not immediately de-
liver consistency for the true functions of the unbounded and bounded processes.
They, however, deliver consistency for functions which are arbitrarily close (for
a large σ 2) to the true functions. Consider, for example, equations (15) and (16).
We have:

μ̂ξ (x)=
θ̂σ 2,4(x)

4θ̂σ 2,3(x)

p→ E((ξ ′,σ )4)λσ 2
(x)

4E((ξ ′,σ )3)λσ 2
(x)

:=μ�
ξ (x)


24μ4
ξ (x)λ

σ 2
(x)

4×6μ3
ξ (x)λ

σ 2
(x)

=μξ (x), (27)

λ̂σ
2
(x)= θ̂σ 2,4(x)

24μ̂4
ξ (x)

p→ E((ξ ′,σ )4)λσ 2
(x)

24

(
E((ξ ′,σ )4)λσ2

(x)

4E((ξ ′,σ )3)λσ2
(x)

)4
:= λ̂�,σ 2

(x)
 24μ4
ξ (x)λ

σ 2
(x)

24μ4
ξ (x)

= λσ
2
(x). (28)

Remark 7. In light of Theorems 3 and 4, asymptotic statistical inference on
all functions and parameters of interest is now straightforward given consistent
estimates of the asymptotic variances. These estimates are easy to obtain given
the closed-form expressions of the asymptotic variances in terms of estimable
functions.

4.2. Risk-Return Trade-Off, Price Jumps and Leverage Effects

We now focus on the full system inclusive of the return dynamics. Given spot
variance estimates and infinitesimal moment estimates for the return process
(which we denote by θ̂r,R(σ

2) with R ≥ 1), the relevant functions, inclusive of
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the features of the return jump distribution, can be estimated by using an identifi-
cation scheme in the spirit of those reported above.

Let dJ r
t = ψr dNr

t , where ψr d= N(0,σ 2
ψ). We may employ

μ̂(x)= θ̂r,1(x), (29)

σ̂ 2
ψ(x)=

θ̂r,6(x)

5θ̂r,4(x)
, (30)

λ̂r (x)= θ̂r,4(x)

3σ̂ 4
ψ(x)

, (31)

with

θ̂r,R (x)= 1

	n,T

n−1∑
i=1

K

(
σ̂ 2

i	n,T
− x

hn,T

)(
log p(i+1)	n,T − log pi	n,T

)R

n∑
i=1

K

(
σ̂ 2

i	n,T
− x

hn,T

) R = 1, . . . .

(32)

Should μ̂(x) be found to be a statistically increasing function of x , there would
be evidence of compensation for variance risk in expected returns. Theorem 5
discusses the weak convergence of μ̂(x).

THEOREM 5 (Risk-return trade-off: weak convergence). Let Assumptions 4.0,
4.1, 4.3, 4.4, and 4.9 hold. Then,√

hn,T L̂σ 2(T,x)
{
μ̂(x)−μ(x)−�μ(x)

}⇒ N(0,V(μ̂(x))) ,

with

�μ(x)= h2
n,T K1

[
∂μ(x)

∂x

∂s(x)/∂x

s(x)
+ 1

2

∂2μ(x)

∂x∂x

]
,

where V(μ̂(x))= K2

(
x +λr (x)σ 2

ψ(x)
)

.

Proof. See Appendix. �
In order to complete the system, we turn to the identification of the leverage

function. Recent work on leverage estimation in parametric stochastic volatil-
ity models includes Harvey and Shephard (1996), Jacquier et al. (2004), and Yu
(2005), among others. Yu (2005) provides a thorough discussion of influential
parametric approaches and their connections. Write

ρ̂(x)=

n−1∑
i=1

K

(
σ̂ 2

i	n,T
−x

hn,T

)(
log p(i+1)	n,T − log pi	n,T

)(
f (σ̂ 2

(i+1)	n,T
)− f (σ̂ 2

i	n,T
)
)

	n,T
n∑

i=1
K

(
σ̂ 2

i	n,T
−x

hn,T

)√
x�̂2

f (σ 2)
(x)

,
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where �̂2
f (σ 2)

(x) may be estimated by virtue of equation (17) or equation (25)
depending on the assumed variance model.

Theorem 6 shows that ρ̂(x) identifies ρ(x) consistently. The theorem assumes
that the same bandwidth is used to estimate the numerator and the denomina-
tor of ρ̂(x) and explicitly distinguishes between the linear variance case and the
logarithmic variance case.

THEOREM 6 (Leverage function: weak convergence). If Assumption 4.0, 4.1,
4.3 (with C = 0), 4.4, and 4.9 hold, then√

hn,T L̂σ 2(T,x)
{
ρ̂(x)−ρ�(x)

}⇒ N(0,V(ρ̂(x)))

with ρ�(x)
 ρ(x) and

V(ρ̂(x))


⎧⎪⎨⎪⎩
ρ2(x)

4�4
σ2 (x)

(
40K2λ

σ 2
(x)μ2

ξ (x)
)

with f (x)= x,

ρ2(x)
4�4

logσ2 (x)

(
88
15 K2λ

logσ 2
(x)σ 4

ξ (x)
)

with f (x)= log x .

Proof. See Appendix. �

5. FINITE SAMPLE ADJUSTMENTS

Identification of the quantities which characterize the high order moments,
namely the jump intensity and the moments of the distribution of the jump sizes,
may be improved upon by allowing for higher order terms in the infinitesimal
(conditional) moment representations. We consider only the price process, for
conciseness, but similar expansions may be derived for the variance moments.
Write

θr,4(x)= 3σ 4
ψ(x)λ

r (x)+ 3
[
θr,2(x)

]2
	n,T︸ ︷︷ ︸

correct ion

+ O(	2
n,T )

and

θr,6(x)= 15σ 6
ψ(x)λ

r (x)+15θr,2(x)(3σ
4
ψ(x)λ

r (x))	n,T︸ ︷︷ ︸
correction

+ O(	2
n,T )

= 15σ 6
ψ(x)λ

r (x)+15θr,2(x)(θr,4(x)−3
[
θr,2(x)

]2
	n,T )	n,T︸ ︷︷ ︸

correction

+ O(	2
n,T ).

Hence, if we assume that σ 2
ψ is a parameter, rather than a function, as in the

simulations in Section 6 below, we have
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σ̂ 2∗
ψ = 1

5n

n∑
i=1

θ̂r,6

(
σ̂ 2

i	n,T

)
−15θ̂r,2

(
σ̂ 2

i	n,T

)(
θ̂r,4

(
σ̂ 2

i	n,T

)
−3
[
θ̂r,2

(
σ̂ 2

i	n,T

)]2
	n,T

)
	n,T

θ̂r,4

(
σ̂ 2

i	n,T

)
−3
[
θ̂r,2

(
σ̂ 2

i	n,T

)]2
	n,T

,

λ̂r∗(x)= θ̂r,4(x)−3
[
θ̂r,2(x)

]2
	n,T

3σ̂ 4∗
ψ

.

The corrections are asymptotically negligible, but may play an important role in a
finite sample. Because of the noisy nature of returns, they do so particularly when
estimating return moments, as we show next.

6. SIMULATIONS

We simulate S&P 500 returns from the following bi-variate system:

log pt+	t − log pt = b	t +
√
σ 2

t 	tε
r
t +ψr J r

t , (33)

σ 2
t+	t

−σ 2
t = κ(θ −σ 2

t )	t +συ
√
σ 2

t 	tε
σ
t + ξσ J σt , (34)

where
{

Jr
t , J σt

}
are Bernoulli random variables with constant intensities λr	t

and λσ
2
	t ,

{
εr

t ,ε
σ
t

}
are standard Gaussian random variables with correlation ρ,

ψr is a zero mean Gaussian random variable with standard deviation σψ , ξσ is an
exponential random variable with mean μξ , and 	t is a time discretization. All
random shocks are independent, unless otherwise specified. The parameters are
those in Table III, Column 5, of Eraker et al. (2003). We generate 1,000 replica-
tions of a data set with 5,000 days. The spot variance estimates in equation (4)
are obtained with k = 360 and φ = 1/7, mimicking 10-second observations sam-
pled over a one-hour time interval. This choice of k and φ is consistent with the
typical number of intra-daily observations available for liquid financial assets.
The threshold ϑ is chosen with the data-driven method suggested by Corsi et al.
(2010). We use an Epanechnikov kernel for all infinitesimal moments. The band-
width hn,T is selected, once more for all infinitesimal moments, using the rule of
thumb ĥn,T = 1.06std

(
σ̂ 2
)

n−1/5.
Figure 3 reports the means and the empirical 95% confidence bands of the

estimates along with the true functions. The variance dynamics are accurately
estimated. The most significant deviations from the true functions occur in corre-
spondence with the intensity of the price jumps and the standard deviation of the
price jump size. Panel (a), which is in logarithmic scale to display with clarity the
true price intensity and its unadjusted estimate on the same plot, illustrates this
result. The use of a first-order correction (as described in Section 5) restores ap-
proximate unbiasedness of the price intensity estimates. Corresponding findings
(with and without a first-order correction) for the standard deviation of the price
jump size are reported in the legend. The corrections are implemented solely for
the intensity of the price jumps and for the standard deviation of the price jump
size.
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FIGURE 3. We display the true functions of the system in equations (33) and (34) along
with mean estimates across 1,000 replications. On the x axis we report the square root
of the spot variance in daily units and in percentage terms. The true value of σ 2

ψ is 8.94.

When using the true spot variance, the mean of the unadjusted estimator σ̂ 2
ψ is 3.6, while

the mean of the adjusted estimator σ̂ 2∗
ψ is 16.21 (with a 95% confidence interval given

by [4.57,42.04]). With an estimated spot variance, i.e., with measurement error, these
numbers are virtually unchanged. The true value of μξ is 1.798. When using the true
spot variance, the mean estimate of μξ is 1.60 (with a 95% confidence interval given by
[0.770,3.15]). With an estimated spot variance, the mean estimate of μξ is 1.62 with an
almost identical confidence interval.

The impact on the functional estimates of the introduction of measurement (i.e.,
estimation) error in spot variance is small, the most relevant effect being on the
leverage estimator (reported in Panel (d)). This is a small-sample issue which is
rather well-known for alternative approaches to nonparametric leverage estima-
tion with high-frequency data, see, e.g., Mykland and Zhang (2009). Bandi and
Renò (2012) further discuss this issue.

Finally, even though our bandwidth choice is sensible, the use of smooth-
ing sequences tailored to the divergence properties of the variance’s occupation
density may deliver superior performance. The design of optimal data-driven
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bandwidth selection procedures for infinitesimal moment estimation (with and
without jumps) is an important open problem which is beyond the scope of the
present paper and is, therefore, better left for future work.

7. CONCLUSIONS

A very successful literature has focused on the efficient use of intra-period price
observations for the purpose of estimating variance over the period (Aı̈t-Sahalia
and Jacod, 2014). This literature aimsat being as much as possible “model-free.”
In the same model-free spirit, we view this paper as an initial effort to render this
literature’s contributions operative in the context of continuous-time finance mod-
eling under weak (largely nonparametric) assumptions in terms of model specifi-
cation and under mild (recurrence) conditions needed for identification.

The paper’s approach may be employed to focus on specific features of the
price/variance dynamics, our work on time-varying leverage estimation being
solely an example (Bandi and Renò, 2012). It may also be put to work to iden-
tify richer systems in which, e.g., the price/variance discontinuities are correlated
(Bandi and Renò, 2016) and the variance process displays multiple components
with different levels of persistence.

Finally, in spite of the bivariate nature of the process studied in this paper, con-
sistent with traditional stochastic volatility modeling, the conditioning variable
used in this study (variance) is univariate. The methods are, however, naturally
suited for extensions to multivariate discontinuous systems with observable or, as
in the present paper, unobservable states.

NOTES

1. Given the measure η, we recall that ||g||r = (∫ | f |r dη
)1/r and ||g||∞ = inf{x : η{g > x} = 0}.

2. The polynomial family K(s)= (2q+1)!!
2q+1q!

(1−s2)q 1(|s|≤1), for instance, satisfies these properties.

The family includes, e.g., the uniform kernel (q = 0), the Epanechnikov kernel (q = 1), the biweight
kernel (q = 2) and the triweight kernel (q = 3). The Gaussian kernel is the standardized limit of K(s)
for q → ∞.

3. The statement should, of course, not be viewed as being “uniform” or “path-wise.” In particular,
nothing is said about the goodness of the approximation for large values of σ2

t close to σ 2. The
data, however, lays in a bounded domain by definition. All we are saying to justify nonparametric
identification using the modified process is that, for any fixed value of σ2

t within the bounded domain
of the data, σ̃ 2

t is arbitrarily close to σ 2
t for a large enough σ 2 (c.f., Figure 2)

4. We note that equations (11) and (12), for instance, can be written as follows:

θσ̃2,1(x) = m′
σ̃2 (x)+μξ (x)λσ

2
(x)

σ 2 − x

σ 2 +μξ (x)
,

θσ̃2,2(x) = (�′
σ̃2 (x))

2 +2μ2
ξ (x)λ

σ2
(x)

(σ 2 − x)2

(σ 2 +2μξ (x))(σ2 +μξ (x))
.

5. The logarithmic transformation does not have a bounded first derivative for σ̃2
t approaching zero

(c.f., Assumption 1(a)). This is easily corrected by writing, e.g., log(̃σ2
t )∨ log(ε), for an ε arbitrarily

small.
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APPENDIX A: Mathematical Appendix
The proofs are for the general case of driving functions which are, possibly, not uni-

formly bounded and a volatility process which is recurrent in an unbounded set. This is
a case of theoretical interest when letting T grow without bound. The bandwidth condi-
tions in the statements of the theorems in this Appendix will be easily recast in the more
familiar uniformly bounded case discussed in the main text. Specifically, the conditions in
Assumption 4 will be obtained as sub-cases of the general unbounded case discussed here.

Hereafter, we assume that Assumptions 2 and 3 hold. Assumption 5 replaces
Assumption 1 and relaxes it by permitting unboundedness of the system’s driving func-
tions, with the exception of the intensities of the jumps λr (.) and λ f (.)(.). The jump random
measures of the price and variance process are denoted by vr (ds,dψr ) and vσ (ds,dξσ ),
respectively. Their compensated counterparts are vr (ds,dψr ) and vσ (ds,dξσ ). In what

follows, the symbol 	∗
n,T stands for E

(
sup
s≤T

∣∣∣F(σ 2
s )
∣∣∣)	n,T , where F(·) is a function de-

fined next.

Assumption A.1. (a.0) Define the system in equations (1)–(2) on a filtered prob-
ability space (�,(Ft )0≤t<∞ ,P) satisfying the usual conditions. Let μ(.), m f (σ 2)(.),

� f (σ 2)(.), ρ(.), λ
r (.) and λ f (σ 2)(.) be, at least, twice continuously-differentiable and

Lipschitz. (a.1) There exists a function F(·) satisfying the property
E[sups≤T

∣∣ f ∗(σ 2
s )
∣∣]

E[sups≤T

∣∣F(σ 2
s )
∣∣] =

E[M( f ∗(σ 2
s ))]

E[M(F(σ 2
s ))]

≤ 1, where M(g(σ 2
s )) is the maximal process of the generic variance trans-

formation g(σ 2
s ) and f ∗(σ 2) is a function of the variance state σ 2 like σ 2 itself, μ(σ 2),

ρ(σ 2), m f (σ 2)(σ
2), �2

f (σ 2)
(σ 2), σ 4, �4

f (σ 2)
(σ 2) and so on. (a.2) We further assume that

(E[M(F)])2	n,T → 0. (a.3) The intensities of the jumps λr (.) and λ f (σ 2)(.) and the
moments of the jump sizes (which are allowed to be twice continuously-differentiable
functions of the variance state) are uniformly bounded. (The domains of the jump distribu-
tions can, however, be unbounded.) The intensity of the variance jumps is integrable with
respect to the invariant density of the variance process. (a.4) The variance transformation
f (.) is monotonically non-decreasing and continuously-differentiable with a bounded first
derivative. (b) The spot variance process is Harris recurrent strong Markov and such that
Nummelin splitting can be applied (see, e.g., Höpfner and Löcherbach, 2003). The rate
of divergence of additive functionals of the process is v(T ) = U(T )Tα , with U(T ) de-
noting a slowly-varying function at infinity and the parameter α capturing the recurrence
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properties of the variance process. Also, let limT →∞ 1
v(T )

∫ T
0
∫ T

0 ||gs,t (a,b)||r dsdt <∞,
with gs,t (a,b) = ps,t (a,b)− ps (a)pt (b), where ps,t (., .) is the joint density of the vari-
ance process at times s and t and ps(.) is the marginal density of the variance process at

time s, for some r ∈ [1,∞] and ∀a,b. We, finally, assume v(T )h2/r
n,T → ∞.

Remark A.2. If the functions μ(.),m f (σ 2)(.), . . . and the process σ 2
t are not uniformly

bounded, then the generic function f ∗(σ 2
t ) will, of course, not be uniformly bounded.

Thus, the condition

max
1≤i≤n

∫ (i+1)	n,T

i	n,T

∣∣∣ f ∗(σ 2
s )
∣∣∣ds

p∼	n,T (→ 0), (A.1)

which is a routine approximation in this literature, may not be valid as T → ∞, in gen-

eral. However, max
1≤i≤n

∫ (i+1)	n,T
i	n,T

∣∣∣ f ∗(σ 2)
∣∣∣ds

p∼ E
(
M( f ∗(σ 2

s ))
)
	n,T will be valid with

M( f ∗(σ 2
s )) = sup

s≤T

∣∣∣ f ∗(σ 2
s )
∣∣∣ defining the maximal process of f ∗(σ 2

s ). Here, we simply

assume the existence of a “maximal” maximal process M(F(σ 2
s )) and write, by virtue

of Assumption A.1(a.1), max1≤i≤n
∫ (i+1)	n,T

i	n,T

∣∣∣ f ∗(σ 2
s )
∣∣∣ds

p∼ E
(
M( f ∗(σ 2

s ))
)
	n,T ≤

E
(
M(F(σ 2

s ))
)
	n,T := 	∗

n,T . By Assumption A.1(a.2), therefore, the condition

	∗
n,T → 0 is invoked to replace the traditional condition 	n,T → 0 in equation (A.1).

In fact, the assumption implies 	∗
n,T = o

(
1

E
(M(F(σ 2

s ))
)), a slightly stronger requirement

used in some derivations. Assumption A.1(b) is a generalization to the possibly nonstation-
ary (but recurrent) case of the condition on the “regularity” of the variance sample path in
Assumption 1(b).

Remark A.3. The class of continuous-time processes for which a maximal process,
i.e., sup

s≤T
|Xs |, is well-defined in terms of its probability divergence rate is rather well es-

tablished. In the case of diffusion processes, interesting discussions are provided by, e.g.,
Borkovec and Klüppelberg (1998) and Jeong and Park (2010). Jeong and Park (2010) em-
ploy the notion of maximal process in the context of parametric estimation methods. For
some examples of maximal processes in the case of jump processes, we refer the reader to
Fasen, Klüppelberg, and Lindner (2006), and Fasen and Klüppelberg (2007). (We thank
Claudia Klüpperberg and Vicky Fasen for useful communications on this issue.) Here
we focus on moments and appeal to maximal inequalities providing explicit bounds on

E

(
sup
s≤T

|Xs |
)

for a specific process Xt .

Next, we report some examples. It is known that, for a standard Brownian motion Wt ,
the Doob-type inequality

E

(
sup
s≤τ

|Ws |
)

≤ √
2
√

E(τ),

holds for all stopping times τ , see, e.g., Dubins, Shepp, and Shiryaev (1993).

A Bessel process of dimension δ starting at zero is such that E
1
p

((
sup
s≤τ

Xs

)p)
≤
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√
δ
(

4−p
2−p

)1/p
E
(
τ p/2

)
for all 0 < p < 2 (see, e.g., Yan and Zhu, 2005). The bound can

be viewed as a refinement of the classical result E

(
sup
s≤τ

Xs

)
≤ γ (δ)

√
E(τ) with γ (δ)√

δ
→ 1

as δ→ ∞ in, e.g., Dubins et al. (1993). We note that if δ = 2, the process is null recurrent.
It is transient if δ > 2 (see the discussion in Bandi and Phillips, 2010). Consider, now, a
geometric Brownian motion with percentage drift μ and percentage volatility σ . We have

E

(
sup
s≤τ

Xs

)
≤1− σ 2

2μ
+ σ 2

2μ
exp

(
− (σ2−2μ)2

2σ2 E(τ )−1

)
.

It is known that the process is not recurrent if σ
2

2μ �= 1. For the square-root process dXt =
(a +bXt )dt +c

√
Xt dWt with a,c > 0 and b < 0 (and, by a straightforward extension, for

Heston’s variance model in Section 4 above) we can write

E
1
p

((
sup
s≤τ

Xs

)p)
≤ γp

c22
2a
c2

|b| E

(
logp

(
1+ a|b|

c2
τ

))
,

see Yan and Li (2004). Much less is known for processes with jumps. For Xt = Jt − t/λ2,
where Jt is a compound Poisson with intensity λ and exponential sizes with parameter 1,
we have

E

(
sup
s≤τ

Xs

)
≤

√
1+2E[τ ]/λ−1

λ
,

see, e.g., Gapeev (2006).
Importantly, we do not need to characterize the rate of divergence of the expected max-

imal processes E
(
M( f ∗(σ 2

s ))
)

, something which would in general be infeasible given

the nonparametric nature of this study. We are simply requesting the expected maximal
process to be well-defined for a sensible variance process σ 2

t and suitable transformations
f ∗(σ 2

t ) defined in Assumption A.1(a.1), which is rather innocuous. In order to uniformize
the resulting bandwidth conditions, and therefore only for convenience, we are also re-

questing existence of a “maximal” maximal function F(σ 2
t ) so that

E[sups≤T

∣∣ f ∗(σ 2
s )
∣∣]

E[sups≤T

∣∣F(σ 2
s )
∣∣] ≤ 1,

for all f ∗(σ 2
t ). This is, again, an innocuous requirement since F(σ 2

t ) can be chosen as
being equal to the function f ∗(σ 2

t ) in Assumption A.1(a.1) for which the divergence order

of E
(
M( f ∗(σ 2

s ))
)

is, indeed, “maximal.”

Remark A.4. In the discretization conditions, when needed, we will use 	∗
n,T along

with 	n,T . The symbol 	∗
n,T should always be interpreted as having the same order

as E
(
M(F(σ 2

s ))
)
	n,T . Hence, in general, 	n,T

	∗
n,T

= o(1) (or O(1), as in the uniformly

bounded case in the main text). In practice, since 	∗
n,T is process-specific and cannot

be known, one always has to empirically treat 	∗
n,T as being 	n,T , i.e., the uniformly

bounded case. Treating 	∗
n,T as 	n,T , or assuming uniform boundedness of the relevant

functions is—as we have shown in the main text—not restrictive in practice. Since asymp-
totics are approximations of data behavior, and the data is bounded no matter how large
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the time span, using 	∗
n,T instead of 	n,T , when needed, is simply an issue of theoretical

interest, one which we tackle explicitly in this Appendix.

LEMMA A.5. Assume S(.) is a non-negative, continuous and bounded function defined

on a compact set S. Write Mhn,T ,T (x)= 1
hn,T

∫ T
0 S

(
σ 2

s −x
hn,T

)
ds. Let Assumption A.1(b) be

satisfied. Then, as T → ∞ and hn,T → 0 jointly, we have

Mhn,T ,T (x)

v(T )
⇒ Cσ 2 s (x)

(∫
S
S(u)du

)
gα,

where Cσ 2 is a process-specific constant, gα is the Mittag-Leffler density with parameter
α and s (dx) = s(x)dx is the invariant measure of the variance process.

Proof of Lemma A.5. The process σ 2
t is a Harris recurrent strong Markov pro-

cess with Poisson jumps and, therefore, is càdlàg. If the process has a recurrent
atom, Nummelin splitting (Nummelin, 1984) would imply that the increments ζm :=

1
hn,T

∫ Rm
Rm−1

S
(
σ 2

s −x
hn,T

)
ds, where {Rm : m ≥ 1} are the variance process’ regeneration

times, are independent. If the process does not have a recurrent atom, e.g., in the case of
general multivariate processes, then the construction in Löcherbach and Loukianova (2008)
may be used to define regeneration-like times so that the increments constitute a stationary
and strong mixing sequence for which σ {ζm ,m ≤ g} is independent of σ

{
ζg+l , l ≥ 2

}
.

In this case, the increments would not be independent but ζm would be independent of
ζm+2. Irrespective of the splitting, the same method of proof as in Lemma 1 of Bandi and
Moloche (2017) leads to the result. �

Remark A.6. Write Lhn,T ,T (x) = 1
hn,T

∫ T
0 K

(
σ 2

s −x
hn,T

)
ds and assume Assumption

A.1(b) is satisfied. Then, as T → ∞ and hn,T → 0 jointly, we have

Lhn,T ,T (x)

v(T )
⇒ Cσ 2 s (x)gα,

as a straightforward consequence of Lemma A.5. One simply has to recognize that, because
K(.) is a density defined on the compact set S,

∫
S K(u)du = 1 (c.f., Assumption 3).

Remark A.7. The previous remark provides a weak convergence result for the empir-
ical occupation density (in its continuous version) of a càdlàg spot variance process. The
remark makes explicit that, under Assumption A.1(d), Lhn,T ,T (x)= Op(v(T )) and, there-
fore, provides a probability rate for occupation densities which depends on its degree of
recurrence through the parameter α. The link between the empirical occupation density in
its continuous version and the empirical occupation density in its discrete version is given
by Lemma A.9. Lemma A.5, in its general form with a function S(.), will be employed in
what follows.

LEMMA A.8. Given Assumption A.1,

	n,T
hn,T

∑n−1
i=1 K

(
σ 2

i	n,T
−x

hn,T

)
m f (σ 2)

(
σ 2

i	n,T

)
1

hn,T

∫ T
0 K

(
σ 2

s −x
hn,T

)
ds

−
1

hn,T

∫ T
0 K

(
σ 2

s −x
hn,T

)
m f (σ 2)(σ

2
s )ds

1
hn,T

∫ T
0 K

(
σ 2

s −x
hn,T

)
ds

= Op

(
	∗

n,T

h2
n,T

)
.

Proof of Lemma A.8. See the Online Supplement. �
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LEMMA A.9. Given Assumption A.1,

	n,T
hn,T

∑n−1
i=1 K

(
σ 2

i	n,T
−x

hn,T

)
1

hn,T

∫ T
0 K

(
σ 2

s −x
hn,T

)
ds

= 1+ Op

(
	n,T

h2
n,T

)
.

Proof of Lemma A.9. Straightforward from Lemma A.8 by setting m f (σ 2)(.) = 1.

It is also easy to show that the discretization’s order here is Op

(
	n,T

h2
n,T

)
rather than

Op

(
	∗

n,T

h2
n,T

)
. The difference in the rates is induced by the absence of the poten-

tially unbounded function m f (σ 2)(.). Finally, the result applies immediately to the ratio

	n,T
hn,T

∑n
i=1 K

(
σ2

i	n,T
−x

hn,T

)
1

hn,T

∫ T
0 K

(
σ2

s −x
hn,T

)
ds

inclusive of the n-th term

	n,T
hn,T

K

(
σ2

n	n,T
−x

hn,T

)
1

hn,T

∫ T
0 K

(
σ2

s −x
hn,T

) since this term is

of order Op

(
	n,T

v(T )hn,T

)
by the boundedness of the kernel function. Hence, it is of higher

order than Op

(
	n,T

h2
n,T

)
. �

LEMMA A.10. Given Assumption A.1, if
	∗

n,T

h2
n,T

→ 0 jointly with T,n → ∞ and

	n,T ,hn,T → 0, then

1.

1√
hn,T

∑n−1
i=1 K

(
σ 2

i	n,T
−x

hn,T

)∫ (i+1)	n,T
i	n,T

∫
ξ ξ

σ vσ (ds,dξσ )√
	n,T
hn,T

∑n
i=1 K

(
σ 2

i	n,T
−x

hn,T

) ⇒ N
(

0,K2Eξ ((ξ
σ )2)λ f (σ 2)(x)

)
,

2.

1√
hn,T

∑n−1
i=1 K

(
σ2

i	n,T
−x

hn,T

)∫ (i+1)	n,T
i	n,T

� f (σ2)(σ
2
s )dWσ

s√
	n,T
hn,T

∑n
i=1 K

(
σ2

i	n,T
−x

hn,T

) ⇒ N
(

0,K2�
2
f (σ2)

(x)
)
.

Proof of Lemma A.10. See the Online Supplement. �

LEMMA A.11. Given Assumption A.1, if
	∗

n,T

h2
n,T

→ 0 jointly with T,n → ∞ and

	n,T ,hn,T → 0, then

1√
hn,T

n−1∑
i=1

K

(
σ 2

i	n,T
− x

hn,T

)[∫ (i+1)	n,T

i	n,T

∫
ξ
ξσ vσ (ds,dξσ )+

∫ (i+1)	n,T

i	n,T

� f (σ 2)(σ
2
s )dW σ

s

]
√
	n,T
hn,T

∑n
i=1 K

(
σ 2

i	n,T
−x

hn,T

)
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⇒ N
(

0,K2

[
Eξ ((ξ

σ )2)λ f (σ 2)(x)+�2
f (σ 2)

(x)
])
.

Proof of Lemma A.11. See the Online Supplement. �

LEMMA A.12 (Consistency of the infeasible estimator of the first-order
moment). Given Assumption A.1,

1
hn,T

∑n−1
i=1 K

(
σ 2

i	n,T
−x

hn,T

)(
f
(
σ 2
(i+1)	n,T

)
− f

(
σ 2

i	n,T

))
	n,T
hn,T

∑n
i=1 K

(
σ 2

i	n,T
−x

hn,T

) −θ f (σ 2),1(x)

= Op(h
2
n,T )+ Op

⎛⎝ 1√
hn,T L̂σ 2(T, x)

⎞⎠+ Op

(
	∗

n,T

h2
n,T

)
.

Thus, if
	∗

n,T

h2
n,T

→ 0 and hn,T L̂σ 2(T, x)
p→ ∞ jointly with T,n → ∞ and 	n,T ,hn,T → 0,

then

1
hn,T

∑n−1
i=1 K

(
σ 2

i	n,T
−x

hn,T

)(
f
(
σ 2
(i+1)	n,T

)
− f

(
σ 2

i	n,T

))
	n,T
hn,T

∑n
i=1 K

(
σ 2

i	n,T
−x

hn,T

) p→ θ f (σ 2),1(x).

Proof of Lemma A.12. See the Online Supplement. �

LEMMA A.13 (Asymptotic normality of the infeasible estimator of the first-order

moment). Given Assumption A.1, if hn,T L̂σ 2(T, x)
p→ ∞, h5

n,T L̂σ 2(T, x)
p→ C, and

	∗
n,T

√
L̂
σ2 (T ,x)

h3/2
n,T

p→ 0 jointly with T,n → ∞ and 	n,T ,hn,T → 0, we have

√
hn,T L̂σ 2 (T,x)

×

⎧⎪⎪⎨⎪⎪⎩
1

hn,T

∑n−1
i=1 K

(
σ 2

i	n,T
−x

hn,T

)(
f
(
σ 2
(i+1)	n,T

)
− f

(
σ 2

i	n,T

))
	n,T
hn,T

∑n
i=1 K

(
σ 2

i	n,T
−x

hn,T

) − θ f (σ 2),1(x)−�θ f (σ2),1
(x)

⎫⎪⎪⎬⎪⎪⎭
⇒ N(0,K2θ f (σ 2),2(x)),

where �θ f (σ2),1
(x)= h2

n,T K1

(
∂θ f (σ2),1(x)

∂x
∂s(x)/∂x

s(x) + 1
2

∂2θ f (σ2),1(x)

∂x∂x

)
.

Proof of Lemma A.13. See the Online Supplement. �
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LEMMA A.14 (Consistency of the infeasible estimator of the higher-order
moments). Let R ≥ 2. Given Assumption A.1,

1
hn,T

∑n−1
i=1 K

(
σ 2

i	n,T
−x

hn,T

)(
f
(
σ 2
(i+1)	n,T

)
− f

(
σ 2

i	n,T

))R

	n,T
hn,T

∑n
i=1 K

(
σ 2

i	n,T
−x

hn,T

) −θ f (σ 2),R(x)

= Op(h
2
n,T )+ Op

⎛⎝ 1√
hn,T L̂σ 2(T, x)

⎞⎠+ Op

(
	∗

n,T

h2
n,T

)
.

Thus, if
	∗

n,T

h2
n,T

→ 0 and hn,T L̂σ 2(T, x)
p→ ∞ jointly with T,n → ∞ and 	n,T ,hn,T → 0,

then

1
hn,T

∑n−1
i=1 K

(
σ 2

i	n,T
−x

hn,T

)(
f
(
σ 2
(i+1)	n,T

)
− f

(
σ 2

i	n,T

))R

	n,T
hn,T

∑n
i=1 K

(
σ 2

i	n,T
−x

hn,T

) p→ θ f (σ 2),R(x).

Proof of Lemma A.14. See the Online Supplement. �

LEMMA A.15 (Asymptotic normality of the infeasible estimator of the higher-order

moments). Let R ≥ 2. Given Assumption A.1, if hn,T L̂σ 2(T, x)
p→ ∞, h5

n,T L̂σ 2(T, x)
p→

C and
	∗

n,T

√
L̂
σ2 (T ,x)

h3/2
n,T

p→ 0 jointly with T,n → ∞ and 	n,T ,hn,T → 0, we have

√
hn,T L̂σ 2 (T , x)

×

⎧⎪⎪⎨⎪⎪⎩
1

hn,T

∑n−1
i=1 K

(
σ 2

i	n,T
−x

hn,T

)(
f
(
σ 2
(i+1)	n,T

)
− f

(
σ 2

i	n,T

))R

	n,T
hn,T

∑n
i=1 K

(
σ 2

i	n,T
−x

hn,T

) − θ f (σ 2),R(x)−�θf (σ2),R
(x)

⎫⎪⎪⎬⎪⎪⎭
⇒ N(0,K2θ f (σ 2),2R(x)),

where �θ f (σ2),R
(x)= h2

n,T K1

(
∂θ f (σ2),R(x)

∂x
∂s(x)/∂x

s(x) + 1
2

∂2θ f (σ2),R(x)

∂x∂x

)
.

Proof of Lemma A.15. See the Online Supplement. �

Remark A.16. For the classical uniformly bounded case with observable states
(	∗

n,T =	n,T ), Lemmas A.13 and A.15 relax the bandwidth conditions provided in Bandi
and Nguyen (2003).
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LEMMA A.17 (Uniform consistency of the jump-robust spot variance
estimator). Assume σ̂ 2

i	n,T
is given by equation (4). If, as ϑ → 0, we have

1√
ϑ

(√
φ
k log

(
k
φ

)
M(σ 2)+ φ

k M(|μ|)
)

a.s.→ 0, then

max
1≤i≤n

∣∣∣̂σ 2
i	n,T

−σ 2
i	n,T

∣∣∣
= Op

(
n

(
φ

k

)2

M(μ2)

)
+ Op

(
n

(
φ

k

)
M(σ 2)

)
+ Op

(
n

(
φ

k

)3/2

M∗1/2(σ 4,μ4)
√

lognk

)

+ Op

(
n
φ

k
M∗(σ 2) lognk

)
+ Op

(
n

(
φ

k

)3/2

M∗(|μ|)M∗1/2(σ 2)
√

lognk

)

+ Op

(
φ

k
M(μ2)

)
+ Op

(
M∗(σ 2)

√
logn lognk

k

)
+ Op

((
φ

k

)1/2 M∗1/2(σ 4,μ4)
√

logn√
k

)

+ Op

(
M∗(|μ|)M∗1/2(σ 2)

√
lognk

k
φ1/2

)
+ Op

(
M∗1/2(�2)φ1/2

√
logn +nφ+M(m)φ

)
= Op (�(n,T,k,φ)) ,

where M∗k( f )= (E[M( f )])k and M∗k( f,g)= max (E[M( f )],E[M(g)])k .

Proof of Lemma A.17. Write the price process as log p = log p̃ + J , where p̃ is
the continuous component and J is the jump component. Recall that φ < 	n,T . Also,

write p̃j = p̃tj , where tj =
(
� j−1

k+1 �+1
)
	n,T −φ+

(
j−1

k −� j−1
k+1 �

(
1+ 1

k

))
φ, with j =

1, . . . ,n(k +1), where �.� is the “floor” function. The symbol 1i, j signifies 1{
i−1< j

k+1 ≤i
}.

Here, we are explicit about the case f (σ 2) = σ 2 and, to simplify notation, drop the sub-
scripts from mσ 2 (.) and �σ 2(.). The case of a general function f (.) satisfying the proper-
ties of Assumption A.1(a.4) can be treated similarly.

Let, for i = 1, . . . ,n,

σ̃ 2
i	n,T

:= 1

φ

n(k+1)−1∑
j=1

1i, j
(
log p̃j+1 − log p̃j

)2
,

which is a spot variance estimator applied to the continuous component of the price process
(c.f., equation (4) without threshold). Using Itô’s Lemma,

max
1≤i≤n

∣∣∣̂σ 2
i	n,T

−σ 2
i	n,T

∣∣∣≤ max
1≤i≤n

∣∣∣̃σ 2
i	n,T

−σ 2
i	n,T

∣∣∣+ max
1≤i≤n

∣∣∣̂σ 2
i	n,T

− σ̃ 2
i	n,T

∣∣∣
≤ max

1≤i≤n

∣∣∣∣∣∣ 2

φ

n(k+1)−1∑
j=1

1i, j

∫ tj+1

tj

(∫ s

tj

μ(σ 2
v )dv

)
μ(σ 2

s )ds

∣∣∣∣∣∣︸ ︷︷ ︸
V1,T ,k,φ

+ max
1≤i≤n

∣∣∣∣∣∣ 2

φ

n(k+1)−1∑
j=1

1i, j

∫ tj+1

tj

(∫ s

tj

σvdWr
v

)
μ(σ 2

s )ds

∣∣∣∣∣∣︸ ︷︷ ︸
V2,n,T ,k,φ
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+ max
1≤i≤n

∣∣∣∣∣∣ 2

φ

n(k+1)−1∑
j=1

1i, j

∫ tj+1

tj

(∫ s

tj

σvdWr
v

)
σsdWr

s

∣∣∣∣∣∣︸ ︷︷ ︸
V3,n,T ,k

+ max
1≤i≤n

∣∣∣∣∣∣ 2

φ

n(k+1)−1∑
j=1

1i, j

∫ tj+1

tj

(∫ s

tj

μ(σ 2
v )dv

)
σsdWr

s

∣∣∣∣∣∣︸ ︷︷ ︸
V4,n,T ,k,φ

+ max
1≤i≤n

∣∣∣∣∣ 1

φ

∫ i	n,T

i	n,T −φ
σ 2

s ds −σ 2
i	n,T

∣∣∣∣∣︸ ︷︷ ︸
Bn,T ,φ

+ max
1≤i≤n

∣∣∣̂σ 2
i	n,T

− σ̃ 2
i	n,T

∣∣∣︸ ︷︷ ︸
Jn,T ,k,φ

.

We start with the bias term Bn,T ,φ . Write

max
1≤i≤n

∣∣∣∣∣ 1

φ

∫ i	n,T

i	n,T −φ
σ 2

s ds −σ 2
i	n,T

∣∣∣∣∣= max
1≤i≤n

∣∣∣∣∣ 1

φ

∫ i	n,T

i	n,T −φ

(
σ 2

s −σ 2
i	n,T

)
ds

∣∣∣∣∣
≤ max

1≤i≤n
sup

i	n,T −φ≤s≤i	n,T

∣∣∣σ 2
s −σ 2

i	n,T

∣∣∣
≤ max

1≤i≤n

(
sup

i	n,T −φ≤s≤i	n,T

∣∣∣∣∫ i	n,T

s
m(σ 2

u )du

∣∣∣∣+ sup
i	n,T −φ≤s≤i	n,T

∣∣∣∣∫ i	n,T

s
�(σ 2

u )dW σ
u

∣∣∣∣
+ sup

i	n,T −φ≤s≤i	n,T

∣∣∣∣∫ i	n,T

s

∫
ξ
ξσ vσ (du,dξσ )

∣∣∣∣
)

≤ max
1≤i≤n

(∣∣∣∣∣
∫ i	n,T

i	n,T −φ
m(σ 2

u )du

∣∣∣∣∣+
∣∣∣∣∣
∫ i	n,T

i	n,T −φ
�(σ 2

u )dW σ
u

∣∣∣∣∣+
∣∣∣∣∣
∫ i	n,T

i	n,T −φ

∫
ξ
ξσ vσ (du,dξσ )

∣∣∣∣∣
)

+ max
1≤i≤n

(
sup

i	n,T −φ≤s≤i	n,T

∣∣∣∣∣
∫ s

i	n,T −φ
m(σ 2

u )du

∣∣∣∣∣+ sup
i	n,T −φ≤s≤i	n,T

∣∣∣∣∣
∫ s

i	n,T −φ
�(σ 2

u )dW σ
u

∣∣∣∣∣
+ sup

i	n,T −φ≤s≤i	n,T

∣∣∣∣∣
∫ s

i	n,T −φ

∫
ξ
ξσ vσ (du,dξσ )

∣∣∣∣∣
)
.

We only consider the last three terms since the first three are dominated asymptotically.
For the first one, we have

max
1≤i≤n

sup
i	n,T −φ≤s≤i	n,T

∣∣∣∣∣
∫ s

i	n,T −φ
m(σ 2

u )du

∣∣∣∣∣≤ sup
s≤T

∣∣∣m(σ 2
s )
∣∣∣φ.

For the second term, we use the fact that, given any two events A and B, the following
holds:

Pr(A)= Pr(A ∩ B)+Pr(A ∩ B)≤ Pr(A ∩ B)+ P(B),

so that

Pr

(
max

1≤i≤n
sup

i	n,T −φ≤s≤i	n,T

∣∣∣∣∣
∫ s

i	n,T −φ
�(σ 2

u )dW σ
u

∣∣∣∣∣ ≥ Cn,T,φ

)
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≤ Pr

(
max

1≤i≤n
sup

i	n,T −φ≤s≤i	n,T

∣∣∣∣∣
∫ s

i	n,T −φ
�(σ 2

u )dW σ
u

∣∣∣∣∣ ≥ Cn,T,φ , max
1≤i≤n

∫ i	n,T

i	n,T −φ
�2(σ 2

u )du ≤ βT,φ

)

+ Pr

(
max

1≤i≤n

∫ i	n,T

i	n,T −φ
�2(σ 2

u )du > βT,φ

)
.

Using Boole’s inequality, and the exponential inequality in Corollary 3.4, page 115, of
Dzhaparidze and Van Zanten (2001), for Cn,T ,φ > 0 and βT ,φ > 0, we obtain

Pr

(
max

1≤i≤n
sup

i	n,T −φ≤s≤i	n,T

∣∣∣∣∣
∫ s

i	n,T −φ
�(σ 2

u )dW σ
u

∣∣∣∣∣≥ Cn,T ,φ, max
1≤i≤n

∫ i	n,T

i	n,T −φ
�2(σ 2

u )du ≤ βT ,φ

)

≤
n∑

i=1

Pr

(
sup

i	n,T −φ≤s≤i	n,T

∣∣∣∣∣
∫ s

i	n,T −φ
�(σ 2

u )dW σ
u

∣∣∣∣∣≥ Cn,T ,φ, max
1≤i′≤n

∫ i′	n,T

i′	n,T −φ
�2(σ 2

u )du ≤ βT ,φ

)

≤
n∑

i=1

Pr

(
sup

i	n,T −φ≤s≤i	n,T

∣∣∣∣∣
∫ s

i	n,T −φ
�(σ 2

u )dW σ
u

∣∣∣∣∣≥ Cn,T ,φ,

∫ i	n,T

i	n,T −φ
�2(σ 2

u )du ≤ βT ,φ

)

≤ 2n exp

{
−C2

n,T ,φ

2βT ,φ

}
.

By Markov’s inequality, we also have

Pr

(
max

1≤i≤n

∫ i	n,T

i	n,T −φ
�2(σ 2

u )du > βT,φ

)
≤

E

[
max

1≤i≤n

∫ i	n,T

i	n,T −φ
�2(σ 2

u )du

]
βT,φ

≤ E
[
M(�2)

] φ

βT,φ
.

Now, setting βT ,φ = cE
[
M(�2)

]
φ and Cn,T ,φ = c

(
E
[
M(�2)

])1/2√
φ logn =

cC∗
n,T ,φ , we obtain

Pr

(
1

C∗
n,T ,φ

max
1≤i≤n

sup
i	n,T −φ≤s≤i	n,T

∣∣∣∣∣
∫ s

i	n,T −φ
�(σ 2

u )dWσ
u

∣∣∣∣∣≥ c

)
≤ 2n1−c/2 + 1

c
,

which gives max
1≤i≤n

sup
i	n,T −φ≤s≤i	n,T

∣∣∣∣∣
∫ s

i	n,T −φ
�(σ 2

u )dWσ
u

∣∣∣∣∣ = Op

(
C∗

n,T ,φ

)
=

Op

(
M∗1/2(�2)

√
φ logn

)
.

Regarding the third term, using again Boole’s inequality, followed by Markov’s inequal-
ity, we have

Pr

⎛⎜⎜⎝
max1≤i≤n sup

i	n,T −φ≤s≤i	n,T

∣∣∣∫ s
i	n,T −φ

∫
ξ ξ
σ vσ (du,dξσ )

∣∣∣
nφ

≥ c

⎞⎟⎟⎠

≤
n∑

i=1

Pr

⎛⎜⎜⎝
sup

i	n,T −φ≤s≤i	n,T

∣∣∣∫ s
i	n,T −φ

∫
ξ ξ
σ vσ (du,dξσ )

∣∣∣
nφ

≥ c

⎞⎟⎟⎠
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≤
n∑

i=1

Pr

⎛⎝∫ i	n,T
i	n,T −φ

∫
ξ

∣∣ξσ ∣∣vσ (du,dξσ )

nφ
≥ c

⎞⎠
≤

n∑
i=1

E
[∫ i	n,T

i	n,T −φ
∫
ξ

∣∣ξσ ∣∣vσ (du,dξσ )
]

cnφ
≤ E

[∣∣ξσ ∣∣]λσ 2

c
,

where λ
σ 2

is the upper bound on the intensity of the variance jumps, i.e., λσ
2
(.) (c.f.,

Assumption A.1(a.3)). This proves that

max
1≤i≤n

sup
i	n,T −φ≤s≤i	n,T

∣∣∣∣∣
∫ s

i	n,T −φ

∫
ξ
ξσ vσ (du,dξσ )

∣∣∣∣∣= Op(nφ).

Thus,

Bn,T ,φ = Op

(
M∗1/2(�2)φ1/2

√
logn +nφ+M(m)φ

)
.

Next, consider V1,T ,k,φ . Write

2

φ

n(k+1)−1∑
j=1

1i, j

∫ tj+1

tj

(∫ s

tj

μ(σ 2
v )dv

)
μ(σ 2

s )ds ≤ 2

φ

n(k+1)−1∑
j=1

1i, j

∫ tj+1

tj

(∫ s

tj

|μ(σ 2
v )|dv

)
|μ(σ 2

s )|ds

≤ 2

φ

n(k+1)−1∑
j=1

1i, j

∫ tj+1

tj

(∫ tj+1

tj

|μ(σ 2
v )|dv

)
|μ(σ 2

s )|ds

≤ 2

φ

n(k+1)−1∑
j=1

1i, j

(∫ tj+1

tj

|μ(σ 2
s )|ds

)2

(by Jensen’s inequality) ≤ 2

k

n(k+1)−1∑
j=1

1i, j

(∫ tj+1

tj

μ2(σ 2
s )ds

)

= 2

k

∫ i	n,T

i	n,T −φ
μ2(σ 2

s )ds

≤ 2φM(μ2)

k
,

since
∫ i	n,T

i	n,T −φ μ2(σ 2
s )ds ≤ sups≤T μ

2(σ 2
s )φ = M(μ2)φ.

We now turn to V3,n,T ,k . We have

V3,n,T ,k ≤ max
1≤i≤n

sup
i	n,T −φ≤τ≤i	n,T

∣∣∣∣∣∣∣∣∣∣∣∣
2

φ

n(k+1)−1∑
j=1

1i, j 1{tj<τ}
∫ tj+1∧τ

tj

(∫ s

tj

σvdWr
v

)
σsdWr

s︸ ︷︷ ︸
V i

3,n,T,k (τ )

∣∣∣∣∣∣∣∣∣∣∣∣
.

As before, write
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Pr
(
V3,n,T ,k ≥ Cn,T ,k

)
≤ Pr

(
max

1≤i≤n
sup

i	n,T −φ≤τ≤i	n,T

∣∣∣V i
3,n,T ,k(τ)

∣∣∣≥ Cn,T ,k

)

≤ Pr

(
max

1≤i≤n
sup

i	n,T −φ≤τ≤i	n,T

∣∣∣V i
3,n,T ,k(τ)

∣∣∣≥ Cn,T ,k, max
1≤i≤n

[V i
3,n,T ,k(i	n,T )] ≤ βn,T ,k,φ

)

+ Pr

(
max

1≤i≤n
[V i

3,n,T ,k(i	n,T )]> βn,T ,k,φ

)
≤

n∑
i=1

Pr

(
sup

i	n,T −φ≤τ≤i	n,T

∣∣∣V i
3,n,T ,k(τ)

∣∣∣≥ Cn,T ,k, max
1≤i′≤n

[V i′
3,n,T ,k(i

′	n,T )] ≤ βn,T ,k,φ

)

+ Pr

(
max

1≤i≤n
[V i

3,n,T ,k(i	n,T )]> βn,T ,k,φ

)
≤

n∑
i=1

Pr

(
sup

i	n,T −φ≤τ≤i	n,T

∣∣∣V i
3,n,T ,k(τ)

∣∣∣≥ Cn,T ,k, [V
i
3,n,T ,k(i	n,T )] ≤ βn,T ,k,φ

)

+Pr

(
max

1≤i≤n
[V i

3,n,T ,k(i	n,T )]> βn,T ,k,φ

)
,

for Cn,T ,k > 0 and βn,T ,k,φ > 0, where again, in the third inequality, we employ Boole’s
inequality to handle the maximum term.

To the first term, we apply, once more, the exponential inequality in Dzhaparidze and
Van Zanten (2001) obtaining

Pr

(
sup

i	n,T −φ≤τ≤i	n,T

∣∣∣V i
3,n,T ,k(τ)

∣∣∣≥ Cn,T ,k , [V
i
3,n,T ,k(i	n,T )] ≤ βn,T ,k,φ

)

≤ 2exp

{
− C2

n,T ,k

2βn,T ,k,φ

}
.

For the second term, we note that each quantity V i
3,n,T ,k(i	n,T ) is a martingale whose

quadratic variation satisfies

max
1≤i≤n

[V i
3,n,T ,k(i	n,T )]

= 4

φ2
max

1≤i≤n

n(k+1)−1∑
j=1

1i, j

⎧⎨⎩
∫ tj+1

tj

(∫ s

tj

σvdWr
v

)2

σ 2
s ds

⎫⎬⎭
≤ 4

φ2
M(σ 2) max

1≤i≤n

n(k+1)−1∑
j=1

1i, j

⎧⎨⎩
∫ tj+1

tj

(
sup

tj ≤s≤tj+φ/k

∣∣∣∣∣
∫ s

tj

σvdWr
v

∣∣∣∣∣
)2

ds

⎫⎬⎭
≤ 4

φ2
M(σ 2)

φ

k
max

1≤i≤n

n(k+1)−1∑
j=1

1i, j

(
sup

tj ≤s≤tj+φ/k

∣∣∣∣∣
∫ s

tj

σvdWr
v

∣∣∣∣∣
)2

≤ 4

φ2
M(σ 2)

φ

k
k max

1≤i≤n

(
max

i−1≤ j/(k+1)≤i
sup

tj ≤s≤tj+φ/k

∣∣∣∣∣
∫ s

tj

σvdWr
v

∣∣∣∣∣
)2
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= 4

φ
M(σ 2)

(
max

1≤ j≤(k+1)n
sup

tj ≤s≤tj+φ/k

∣∣∣∣∣
∫ s

tj

σvdWr
v

∣∣∣∣∣
)2

,

so that

Pr

(
max

1≤i≤n
[V i

3,n,T ,k(i	n,T )]> βn,T ,k,φ

)

≤ Pr

⎛⎝ 4

φ
M(σ 2)

(
max

1≤ j≤(k+1)n
sup

tj ≤s≤tj +φ/k

∣∣∣∣∣
∫ s

tj

σvdWr
v

∣∣∣∣∣
)2

> βn,T ,k,φ

⎞⎠
= Pr

(
max

1≤ j≤(k+1)n
sup

tj ≤s≤tj +φ/k

∣∣∣∣∣
∫ s

tj

σvdWr
v

∣∣∣∣∣> β1/2
n,T ,k,φ

(
4

φ
M(σ 2)

)−1/2
)

≤ Pr

(
max

1≤ j≤(k+1)n
sup

tj ≤s≤tj +φ/k

∣∣∣∣∣
∫ s

tj

σvdWr
v

∣∣∣∣∣> β1/2
n,T ,k,φ

(
4

φ
M(σ 2)

)−1/2

, M(σ 2)≤ MT

)
+ Pr

(
M(σ 2) > MT

)
≤ Pr

(
max

1≤ j≤(k+1)n
sup

tj ≤s≤tj +φ/k

∣∣∣∣∣
∫ s

tj

σvdWr
v

∣∣∣∣∣> β1/2
n,T ,k,φ

(
4

φ
MT

)−1/2
)

+ E
[M(σ 2)

]
MT

,

for MT > 0. The first term in the last inequality can be bounded using, again, the exponen-
tial inequality in Dzhaparidze and Van Zanten (2001), thereby obtaining

Pr
(

max
1≤i≤n

[V i
3,n,T ,k(i	n,T )]> βn,T ,k,φ

)
≤ 2n(k +1)exp

{
− βn,T ,k,φφ

4MT γT ,k,φ

}
+Pr

(
max

1≤ j≤(k+1)n

∫ tj+1

tj

σ 2
s ds > γT ,k,φ

)
+ E

[M(σ 2)
]

MT

≤ 2n(k +1)exp

{
− βn,T ,k,φφ

4MT γT ,k,φ

}
+ E[M(σ 2)] φk

γT ,k,φ
+ E

[M(σ 2)
]

MT
,

for γT ,k,φ > 0. Now, set MT = √
cM∗(σ 2), γT ,k,φ = √

cM∗(σ 2) φk , βn,T ,k,φ =
γT ,k,φMT

logn(k+1)
φ and Cn,T ,k = cM∗(σ 2)

√
logn logn(k+1)

k to achieve

Pr
(
V3,n,T ,k > Cn,T ,k

)≤ 2n1−c/2 +2(n(k +1))1−c/4 + 2√
c
,

which implies V3,n,T ,k = Op

(
M∗(σ 2)

√
logn logn(k+1)

k

)
= Op

(
M∗(σ 2)

√
logn lognk

k

)
.

As for the term V4,n,T ,k,φ , we similarly have

V4,n,T,k,φ ≤ max
1≤i≤n

sup
i	n,T −φ≤τ≤i	n,T

∣∣∣∣∣∣∣∣∣∣∣∣∣
2

φ

n(k+1)−1∑
j=1

1i, j 1{tj<τ}
∫ tj+1∧τ

tj

(∫ s

tj
μ(σ 2

v )dv

)
σsdW r

s︸ ︷︷ ︸
V i

4,n,T ,k,φ(τ )

∣∣∣∣∣∣∣∣∣∣∣∣∣
,
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where

φ2

4
[V i

4,n,T ,k,φ(τ )] =
n(k+1)−1∑

j=1

1i, j 1{tj<τ}

⎧⎨⎩
∫ tj+1∧τ

tj

(∫ s

tj

μ(σ 2
v )dv

)2

σ 2
s ds

⎫⎬⎭
≤ φ

k

n(k+1)−1∑
j=1

1i, j 1{tj<τ}
(∫ tj+1

tj

(∫ s

tj

μ2(σ 2
v )dv

)
σ 2

s ds

)

≤ 1

2

φ

k

n(k+1)−1∑
j=1

1i, j 1{tj<τ}

⎧⎨⎩
(∫ tj+1

tj

μ2(σ 2
s )ds

)2

+
(∫ tj+1

tj

σ 2
s ds

)2
⎫⎬⎭

≤ 1

2

(
φ

k

)2 n(k+1)−1∑
j=1

1i, j 1{tj<τ}
{(∫ tj+1

tj

μ4(σ 2
s )ds

)
+
(∫ tj+1

tj

σ 4
s ds

)}

≤ 1

2

(
φ

k

)2
(∫ i	n,T

i	n,T −φ
μ4(σ 2

s )ds +
∫ i	n,T

i	n,T −φ
σ 4

s ds

)
.

Reasoning as for terms Bn,T ,φ and V3,n,T ,k , this result implies that V4,n,T ,k,φ =
Op

((
φ1/2

k1/2

)M∗1/2(σ 4,μ4)
√

logn√
k

)
.

Next, we turn to V2,n,T ,k,φ . Write

max
1≤i≤n

∣∣∣∣∣∣ 2

φ

n(k+1)−1∑
j=1

1i, j

∫ tj+1

tj

(∫ s

tj

σvdWr
v

)
μ(σ 2

s )ds

∣∣∣∣∣∣
≤ max

1≤i≤n

2

φ

n(k+1)−1∑
j=1

1i, j

∫ tj+1

tj

(
sup

tj ≤s≤tj +φ/k

∣∣∣∣∣
∫ s

tj

σvdWr
v

∣∣∣∣∣
)

|μ(σ 2
s )|ds

≤ 2M(|μ|) max
1≤ j≤(k+1)n

sup
tj ≤s≤tj +φ/k

∣∣∣∣∣
∫ s

tj

σvdWr
v

∣∣∣∣∣ = Op

(
M∗(|μ|)M∗1/2(σ 2)

√
log(nk)

k
φ1/2

)
,

where, to obtain the order term, we apply the same logic used for term V3,n,T ,k .

Finally, we analyze Jn,T ,k,φ . Provided 1√
ϑ

(√
φ
k log

(
k
φ

)
M(σ 2)+ φ

k M(|μ|)
)

a.s.→ 0,

by an application of Theorem 1, point 3, in Mancini (2009), we have that the maximum
difference between σ̂ 2

i	n,T
and σ̃ 2

i	n,T
satisfies, almost surely,

max
1≤i≤n

∣∣∣̂σ 2
i	n,T

− σ̃ 2
i	n,T

∣∣∣= max
1≤i≤n

∣∣∣∣ 1

φ

∑
{(

log
pj+1

pj

)2

>ϑ

}1i, j
(
log p̃j+1 − log p̃j

)2 ∣∣∣∣

≤ 1

φ
max

1≤i≤n
Nr

i max
1≤ j≤(k+1)n−1

(
log p̃j+1 − log p̃j

)2
,

with Nr
i defining the number of price Poisson jumps in the interval

[
i	n,T −φ, i	n,T

]
.

Denote, now, by Ñr
i a Poisson process with intensity λ

r
, i.e., the upper bound on λr (.). We
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have, using Markov inequality,

Pr

(
max

1≤i≤n
Nr

i ≥ c

)
≤ Pr

(
max

1≤i≤n
Ñr

i ≥ c

)
≤

E

[
max

1≤i≤n
Ñr

i

]
c

≤
n∑

i=1

E
[
Ñr

i

]
c

≤ n
λ

r
φ

c

for 0< c <∞. Hence, max
1≤i≤n

∣∣Nr
i

∣∣= Op (nφ). Next, notice that, by Itô’s lemma,

(
log p̃j+1 − log p̃j

)2
= 2

∫ tj+1

tj

(∫ s

tj

μ(σ 2
v )dv

)
μ(σ 2

s )ds +2
∫ tj+1

tj

(∫ s

tj

σvdWr
v

)
μ(σ 2

s )ds

+2
∫ tj+1

tj

(∫ s

tj

σvdWr
v

)
σsdWr

s +2
∫ tj+1

tj

(∫ s

tj

μ(σ 2
v )dv

)
σsdWr

s +
∫ tj+1

tj

σ 2
s ds.

Hence,

max
1≤ j≤(k+1)n−1

2
∫ tj+1

tj

(∫ s

tj

μ(σ 2
v )dv

)
μ(σ 2

s )ds

≤ max
1≤ j≤(k+1)n−1

2
∫ tj+1

tj

(∫ tj+1

tj

∣∣∣μ(σ 2
v )
∣∣∣dv)∣∣∣μ(σ 2

s )
∣∣∣ds

≤ max
1≤ j≤(k+1)n−1

φ

k

∫ tj+1

tj

μ2(σ 2
s )ds = Op

((
φ

k

)2
M(μ2)

)
,

and

max
1≤ j≤(k+1)n−1

∫ tj+1

tj

σ 2
s ds = Op

((
φ

k

)
M(σ 2)

)
.

The term 2
∫ tj+1

tj

(∫ s
tj
μ(σ 2

v )dv
)
σsdWr

s can be treated like V4,n,T ,k,φ , thus

max
1≤ j≤(k+1)n−1

∣∣∣∣∣
∫ tj+1

tj

(∫ s

tj

μ(σ 2
v )dv

)
σsdWr

s

∣∣∣∣∣= Op

((
φ

k

)3/2

M∗1/2(σ 4,μ4)
√

lognk

)
.

The term 2
∫ tj+1

tj

(∫ s
tj
σvdWr

v

)
σsdWr

s can be treated like V3,n,T ,k , obtaining

max
1≤ j≤(k+1)n−1

∣∣∣∣∣
∫ tj+1

tj

(∫ s

tj

σvdWr
v

)
σsdWr

s

∣∣∣∣∣= Op

(
φ

k
M∗(σ 2) lognk

)
.

The term 2
∫ tj+1

tj

(∫ s
tj
σvdWr

v

)
μ(σ 2

s )ds can be treated like V2,n,T ,k,φ , giving

max
1≤ j≤(k+1)n−1

2
∫ tj+1

tj

(∫ s

tj

σvdWr
v

)
μ(σ 2

s )ds =Op

((
φ

k

)3/2

M∗(|μ|)M∗1/2(σ 2)
√

lognk

)
.
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Summarizing,

Jn,T ,k,φ = Op

(
n

(
φ

k

)2
M(μ2)

)
+ Op

(
n

(
φ

k

)
M(σ 2)

)

+ Op

(
n

(
φ

k

)3/2
M∗1/2(σ 4,μ4)

√
lognk

)

+ Op

(
n
φ

k
M∗(σ 2) lognk

)
+ Op

(
n

(
φ

k

)3/2
M∗(|μ|)M∗1/2(σ 2)

√
lognk

)
,

which completes the proof. �

Remark A.18. When the driving functions and σ 2
t are uniformly bounded, the state-

ment of Lemma A.17 simplifies to the following. If 1
ϑ
φ
k log

(
k
φ

)
→ 0, then

max
1≤i≤n

∣∣∣̂σ 2
i	n,T

−σ 2
i	n,T

∣∣∣
= Op

(
n

(
φ

k

)2
)

+ Op

(
n

(
φ

k

))
+ Op

(
n

(
φ

k

)3/2√
lognk

)
+ Op

(
n
φ

k
lognk

)

+ Op

(
n

(
φ

k

)3/2√
log nk

)
+ Op

(
φ

k

)
+ Op

(√
logn log nk

k

)
+ Op

((
φ

k

)1/2 √log n√
k

)

+ Op

(√
lognk

k
φ1/2

)
+ Op

(
φ1/2

√
log n +nφ+φ

)
= Op

(√
logn log nk

k
+φ1/2

√
logn +nφ

)
.

The last expression justifies Assumption 4.5 in the main text.

Remark A.19. For a continuously-differentiable transformation f (.) of variance with a
bounded first derivative, as implied by Assumption A.1(a.4), by the mean-value theorem,
we have

max
1≤i≤n

∣∣∣ f (σ̂ 2
i	n,T

)− f (σ 2
i	n,T

)
∣∣∣= max

1≤i≤n

∣∣∣ f ′(s2
i	n,T

)(σ̂ 2
i	n,T

−σ 2
i	n,T

)
∣∣∣

≤ max
1≤i≤n

∣∣∣ f ′(s2
i	n,T

)∣∣∣ max
1≤i≤n

∣∣∣(σ̂ 2
i	n,T

−σ 2
i	n,T

)
∣∣∣= Op (�(n,T,k,φ)) ,

where s2
i	n,T

is a value on the line segment connecting σ̂ 2
i	n,T

and σ 2
i	n,T

. The proba-

bility order is a consequence of Lemma A.17.

Proof of Theorem 1. Using the mean-value theorem and letting, once more, s2
i	n,T

be

a value on the line segment connecting σ̂ 2
i	n,T

and σ 2
i	n,T

, write

L̃σ2 (T, x) = 	n,T

hn,T

n∑
i=1

K

(
σ̂ 2

i	n,T
− x

hn,T

)

= 	n,T

hn,T

n∑
i=1

K

(
σ 2

i	n,T
− x

hn,T

)
+ 	n,T

hn,T

n∑
i=1

(
σ̂ 2

i	n,T
−σ 2

i	n,T

hn,T

)
K′
(

s2
i	n,T

− x

hn,T

)
.
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Thus, we have∣∣∣∣∣∣ L̃σ 2(T, x)

v(T )
− 	n,T

v(T )hn,T

n∑
i=1

K

⎛⎝σ 2
i	n,T

− x

hn,T

⎞⎠∣∣∣∣∣∣
≤ max

1≤i≤n

∣∣∣∣∣∣
σ̂ 2

i	n,T
−σ 2

i	n,T

hn,T

∣∣∣∣∣∣ 	n,T

v(T )hn,T

n∑
i=1

∣∣∣∣∣∣K′
⎛⎝σ 2

i	n,T
+ s2

i	n,T
−σ 2

i	n,T
− x

hn,T

⎞⎠∣∣∣∣∣∣ .
Recalling that s2

i	n,T
−σ 2

i	n,T
= Op(�(n,T,k,φ)) uniformly over i = 1, . . . ,n by Lemma

A.17, using the same method of proof as for Lemma A.9, we have

	n,T

v(T )hn,T

n∑
i=1

∣∣∣∣∣∣K′
⎛⎝σ 2

i	n,T
+ Op(�(n,T,k,φ))− x

hn,T

⎞⎠∣∣∣∣∣∣= Op(1)+ Op

(
	n,T

h2
n,T

)
.

Also, by Lemma A.17 again,

max
1≤i≤n

∣∣∣∣∣∣
σ̂ 2

i	n,T
−σ 2

i	n,T

hn,T

∣∣∣∣∣∣= Op (g(n,T,k,φ)) ,

where g(n,T,k,φ)= 1
hn,T

�(n,T,k,φ). Finally,∣∣∣∣∣∣ L̃σ 2(T, x)

v(T )
− 	n,T

v(T )hn,T

n∑
i=1

K

⎛⎝σ 2
i	n,T

− x

hn,T

⎞⎠∣∣∣∣∣∣
=Op(1)Op (g(n,T,k,φ))+ Op

(
	n,T

h2
n,T

)
Op (g(n,T,k,φ)) . �

Proof of Theorem 2. We deal explicitly with the measurement error induced by the
estimation of spot variance (as in Lemma A.17). The statement of the theorem then follows
from an application of Lemmas A.12, A.13, A.14 and A.15.

For notational brevity, we write 	̂ f i	n,T
= f (σ̂ 2

(i+1)	n,T
)− f (σ̂ 2

i	n,T
), 	 f i	n,T

=

f (σ 2
(i+1)	n,T

) − f (σ 2
i	n,T

), K̂i	n,T = K

(
σ̂ 2

i	n,T
−x

hn,T

)
, Ki	n,T = K

(
σ 2

i	n,T
−x

hn,T

)
and

Ks = K
(
σ 2

s −x
hn,T

)
. Also, Mn,k,T ,φ = max

1≤i≤n

∣∣∣̂σ 2
i	n,T

−σ 2
i	n,T

∣∣∣= Op(g(n,T,k,φ)hn,T ).

We have

θ̂ f (σ 2),R(x)−

n−1∑
i=1

Ki	n,T

(
	 fi	n,T

)R

	n,T

n∑
i=1

Ki	n,T

=

n−1∑
i=1

Ki	n,T

(
	 fi	n,T

)R

	n,T

n∑
i=1

K̂i	n,T

−

n−1∑
i=1

Ki	n,T

(
	 fi	n,T

)R

	n,T

n∑
i=1

Ki	n,T︸ ︷︷ ︸
�1,n,T,k,φ
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+

n−1∑
i=1

K̂i	n,T

(
	 fi	n,T

)R

	n,T

n∑
i=1

K̂i	n,T

−

n−1∑
i=1

Ki	n,T

(
	 fi	n,T

)R

	n,T

n∑
i=1

K̂i	n,T︸ ︷︷ ︸
�2,n,T,k,φ

+

n−1∑
i=1

K̂i	n,T

(
	̂ f i	n,T

)R

	n,T

n∑
i=1

K̂i	n,T

−

n−1∑
i=1

K̂i	n,T

(
	 fi	n,T

)R

	n,T

n∑
i=1

K̂i	n,T︸ ︷︷ ︸
�3,n,T,k,φ

.

First, we recall that, by Remark A.19,

max
1≤i≤n

∣∣∣	̂ f i	n,T
−	 fi	n,T

∣∣∣= Op
(
Mn,k,T ,φ

)= Op(g(n,T,k,φ)hn,T ).

We begin with �1,n,T ,k,φ . Using the mean-value theorem as in the proof of Theorem 1,

�1,n,T ,k,φ = −

n−1∑
i=1

Ki	n,T

(
	 fi	n,T

)R

	n,T

n∑
i=1

Ki	n,T

×
	n,T

(
n−1∑
i=1

K̂i	n,T −
n−1∑
i=1

Ki	n,T

)

	n,T

n∑
i=1

K̂i	n,T

≤

∣∣∣∣∣∣∣∣∣
n−1∑
i=1

Ki	n,T

(
	 fi	n,T

)R

	n,T

n∑
i=1

Ki	n,T

∣∣∣∣∣∣∣∣∣
max

1≤i≤n

∣∣∣∣ σ̂ 2
i	n,T

−σ 2
i	n,T

hn,T

∣∣∣∣ 	n,T
v(T )hn,T

∑n−1
i=1

∣∣∣∣K′
(
σ 2

i	n,T
+Op(Mn,k,T,φ )−x

hn,T

)∣∣∣∣
	n,T

v(T )hn,T

n∑
i=1

K̂i	n,T

= Op(1)Op

(
Mn,k,T ,φ

hn,T

)
.

We now turn to �3,n,T ,k,φ . In the case R = 1, we immediately have

�3,n,T ,k,φ =

n−1∑
i=1

K̂i	n,T

(
	̂ f i	n,T

−	 f i	n,T

)
	n,T

n∑
i=1

K̂i	n,T

≤ max
1≤i≤n−1

∣∣∣	̂ f i	n,T
−	 f i	n,T

∣∣∣ 1

	n,T

= Op(Mn,k,T ,φ/	n,T ).

For comparison with other order terms, it will however be convenient to write
�3,n,T ,k,φ = Op(	

∗
n,T Mn,k,T ,φ/	

2
n,T ) when R = 1, which is more conservative (since

	n,T
	∗

n,T
= o(1), see Remark A.4). If R = 2, however,

�3,n,T,k,φ =

n−1∑
i=1

K̂i	n,T

((
	̂ f i	n,T

)2 −
(
	 f i	n,T

)2
)

	n,T

n∑
i=1

K̂i	n,T
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=

n−1∑
i=1

K̂i	n,T

(
	̂ f i	n,T

−	 f i	n,T

)(
	̂ f i	n,T

+	 f i	n,T

)
	n,T

n∑
i=1

K̂i	n,T

=

n−1∑
i=1

K̂i	n,T

(
	̂ f i	n,T

−	 f i	n,T

)(
	̂ f i	n,T

−	 f i	n,T
+ 2	 f i	n,T

)
	n,T

n∑
i=1

K̂i	n,T

≤ max
1≤i≤n−1

∣∣∣	̂ f i	n,T
−	 f i	n,T

∣∣∣2
	n,T

+
2max1≤i≤n−1

∣∣∣	̂ f i	n,T
−	 f i	n,T

∣∣∣n−1∑
i=1

K̂i	n,T

(∣∣∣	 f i	n,T

∣∣∣)
	n,T

n∑
i=1

K̂i	n,T

= Op

(
M2

n,k,T,φ /	n,T + Mn,k,T,φ	
∗
n,T /	

3/2
n,T

)
= Op

(
Mn,k,T,φ	

∗
n,T /	

3/2
n,T

)
.

The driving order term (i.e., Op

(
Mn,k,T ,φ	

∗
n,T /	

3/2
n,T

)
) is obtained by writing

n−1∑
i=1

K̂i	n,T

∣∣∣	 f i	n,T

∣∣∣
	n,T

n∑
i=1

K̂i	n,T

≤

n−1∑
i=1

K̂i	n,T

∣∣∣∫ (i+1)	n,T
i	n,T

m f (σ 2)(σ
2
s )ds

∣∣∣
	n,T

n∑
i=1

K̂i	n,T

+

n−1∑
i=1

K̂i	n,T

∣∣∣∫ (i+1)	n,T
i	n,T

� f (σ 2)(σ
2
s )dWσ

s

∣∣∣
	n,T

n∑
i=1

K̂i	n,T

+

n−1∑
i=1

K̂i	n,T

∣∣∣∫ (i+1)	n,T
i	n,T

∫
ξ ξ
σ vσ (ds,dξσ )

∣∣∣
	n,T

n∑
i=1

K̂i	n,T

,

where m f (σ 2)(.)= m f (σ 2)(.)+Eξ (ξσ )λσ (.). The first quantity is such that

n−1∑
i=1

K̂i	n,T

∣∣∣∫ (i+1)	n,T
i	n,T

m f (σ2)(σ
2
s )ds

∣∣∣
	n,T

n∑
i=1

K̂i	n,T

≤

n−1∑
i=1

K̂i	n,T

∫ (i+1)	n,T
i	n,T

∣∣∣m f (σ2)(σ
2
s )
∣∣∣ds

	n,T
n∑

i=1
K̂i	n,T

=Op

(
	∗

n,T

	n,T

)
.

As for the second quantity, the denominator is Op(1) when standardized by hn,T and
v(T ). Using the law of iterated expectations and Burkholder-Davis-Gundy (BDG) inequal-
ity (see, e.g., Karatzas and Shreve, 1991, Theorem 3.28, page 166), the order of the numer-
ator (also standardized by hn,T and v(T )) is given by the following:

1

v(T )hn,T
E

⎛⎝n−1∑
i=1

K̂i	n,T Ei	n,T

(∣∣∣∣∣
∫ (i+1)	n,T

i	n,T

� f (σ 2)(σ
2
s )dWσ

s

∣∣∣∣∣
)⎞⎠
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≤ 1

v(T )hn,T
E

⎛⎝n−1∑
i=1

K̂i	n,T Ei	n,T

⎛⎝∣∣∣∣∣
∫ (i+1)	n,T

i	n,T

�2
f (σ 2)

(σ 2
s )ds

∣∣∣∣∣
1/2
⎞⎠⎞⎠

≤ 1

v(T )hn,T
E

⎛⎝√ sup
s≤T

�2
f (σ 2)

(σ 2
s )

n−1∑
i=1

K̂i	n,T

⎛⎝∣∣∣∣∣
∫ (i+1)	n,T

i	n,T

ds

∣∣∣∣∣
1/2
⎞⎠⎞⎠

= 1

	
1/2
n,T

E

⎛⎝√ sup
s≤T

�2
f (σ 2)

(σ 2
s )

	n,T

v(T )hn,T

n−1∑
i=1

K̂i	n,T

⎞⎠ ,
where Ei	n,T [.] = E[.|Fi	n,T ]. Now, write

1

	
1/2
n,T

E

⎛⎝√ sup
s≤T

�2
f (σ 2)

(σ 2
s )

	n,T

v(T )hn,T

n−1∑
i=1

K̂i	n,T

⎞⎠
= 1

	
1/2
n,T

E

⎛⎝√ sup
s≤T

�2
f (σ 2)

(σ 2
s )

⎛⎝ 	n,T

v(T )hn,T

n−1∑
i=1

K̂i	n,T − 	n,T

v(T )hn,T

n−1∑
i=1

Ki	n,T

⎞⎠⎞⎠
+ 1

	
1/2
n,T

E

⎛⎝√ sup
s≤T

�2
f (σ 2)

(σ 2
s )

⎛⎝ 	n,T

v(T )hn,T

n−1∑
i=1

Ki	n,T

⎞⎠⎞⎠ .
The asymptotic order is driven by the second term. We have

1

	
1/2
n,T

E

⎛⎝√ sup
s≤T

�2
f (σ 2)

(σ 2
s )

⎛⎝ 	n,T

v(T )hn,T

n−1∑
i=1

Ki	n,T

⎞⎠⎞⎠
= 1

	
1/2
n,T

E

⎛⎝√ sup
s≤T

�2
f (σ 2)

(σ 2
s )

⎛⎝ 	n,T

v(T )hn,T

n−1∑
i=1

Ki	n,T −E

⎛⎝ 	n,T

v(T )hn,T

n−1∑
i=1

Ki	n,T

⎞⎠⎞⎠⎞⎠
+ 1

	
1/2
n,T

E

(√
sup
s≤T

�2
f (σ 2)

(σ 2
s )

)
E

⎛⎝ 	n,T

v(T )hn,T

n−1∑
i=1

Ki	n,T

⎞⎠
≤ 1

	
1/2
n,T

(
E

(
sup
s≤T

�2
f (σ 2)

(σ 2
s )

))1/2

×
⎛⎜⎝E

⎛⎝ 	n,T

v(T )hn,T

n−1∑
i=1

Ki	n,T −E

⎛⎝ 	n,T

v(T )hn,T

n−1∑
i=1

Ki	n,T

⎞⎠⎞⎠2
⎞⎟⎠

1/2

(A.2)

+ 1

	
1/2
n,T

√√√√E

(
sup
s≤T

�2
f (σ 2)

(σ 2
s )

)
E

⎛⎝ 	n,T

v(T )hn,T

n−1∑
i=1

Ki	n,T

⎞⎠ (A.3)

≤ 1

	
1/2
n,T

(
E

(
sup
s≤T

�2
f (σ 2)

(σ 2
s )

))1/2

O

⎛⎝ 1

v1/2(T )h1/r
n,T

⎞⎠ (A.4)
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+ 	∗
n,T

	
3/2
n,T

E

(
1

v(T )hn,T

∫ T

0
Ksds

)
+ O

⎛⎝	∗
n,T

	
3/2
n,T

	n,T

h2
n,T

⎞⎠ (A.5)

∼ 1

	
1/2
n,T

(
E

(
sup
s≤T

�2
f (σ 2)

(σ 2
s )

))1/2

O

⎛⎝ 1

v1/2(T )h1/r
n,T

⎞⎠
+ 	∗

n,T

	
3/2
n,T

E[NT ]

v(T )
E

(
1

hn,T

∫ Rm+1

Rm

Ksds

)
+ O

⎛⎝	∗
n,T

	
3/2
n,T

	n,T

h2
n,T

⎞⎠ . (A.6)

The inequality in equation (A.2) is Cauchy-Schwartz. Equation (A.3) follows from

Jensen’s inequality. The order term in equation (A.4) (i.e., O

(
1

v1/2(T )h1/r
n,T

)
= o(1), since

v1/2(T )h1/r
n,T → ∞ by Assumption A.1(b)) derives from the same method of proof as for

Lemma 1 of Bandi and Moloche (2017). The order term in equation (A.5) derives from
Lemma A.8 in this paper. Recalling (from Lemma A.5 in this paper) that the notation
{Rm : m ≥ 1} denotes the regeneration times of the variance process and using the symbol
NT to represent the random number of regenerations up to time T , the expression in equa-
tion (A.6) derives from Lemma 1 in Bandi and Moloche (2017). Since, E[NT ] ∼ v(T ), we
readily have E[NT ]

v(T ) = O(1). Thus,

n−1∑
i=1

K̂i	n,T

∣∣∣∫ (i+1)	n,T
i	n,T

� f (σ 2)(σ
2
s )dWσ

s

∣∣∣
	n,T

n∑
i=1

K̂i	n,T

= Op

⎛⎝	∗
n,T

	
3/2
n,T

⎞⎠ .
Using now Meyer’s version of BDG inequality, the third quantity can be treated in the same
way. Because, however, the jumps have a bounded intensity by Assumption A.1(a.3), the

order is Op

(
1

	
1/2
n,T

)
.

When R > 2, write

�3,n,T ,k,φ =

n−1∑
i=1

K̂i	n,T

((
	̂ f i	n,T

)R −
(
	 f i	n,T

)R
)

	n,T

n∑
i=1

K̂i	n,T

=

n−1∑
i=1

K̂i	n,T

((
	 f i	n,T

+ 	̂ f i	n,T
−	 f i	n,T

)R −
(
	 f i	n,T

)R
)

	n,T

n∑
i=1

K̂i	n,T

=
R∑

j=1

(
R
j

) n−1∑
i=1

K̂i	n,T

(
	̂ f i	n,T

−	 f i	n,T

) j (
	 f i	n,T

)R− j

	n,T
n∑

i=1
K̂i	n,T

.
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For each term in the sum above, we obtain

n−1∑
i=1

K̂i	n,T

(
	̂ f i	n,T

−	 f i	n,T

) j (
	 f i	n,T

)R− j

	n,T

n∑
i=1

K̂i	n,T

≤ max
1≤i≤n−1

∣∣∣	̂ f i	n,T
−	 f i	n,T

∣∣∣ j
n−1∑
i=1

K̂i	n,T

∣∣∣∣(	 f i	n,T

)R− j
∣∣∣∣

	n,T
n∑

i=1
K̂i	n,T

.

It is immediate to see that, if j = R, the order of the latter term is Op

(
MR

n,k,T ,φ/	n,T

)
.

If j < R, it is instead Op

(
M j

n,k,T ,φ	
∗
n,T /	

3/2
n,T

)
. Intuitively, this is because, using Itô’s

lemma, for all k ≥ 1, it is the case that∣∣∣∣(	 f i	n,T

)k
∣∣∣∣

=
∣∣∣∣∣k
∫ (i+1)	n,T

i	n,T

(
f (σ 2

s )− f (σ 2
i	n,T

)
)k−1

m f (σ 2)(σ
2
s )ds

+ k
∫ (i+1)	n,T

i	n,T

(
f (σ 2

s )− f (σ 2
i	n,T

)
)k−1

� f (σ 2)(σ
2
s )dW σ

s

+ 1

2
k(k −1)

∫ (i+1)	n,T

i	n,T

(
f (σ 2

s )− f (σ 2
i	n,T

)
)k−2

�2
f (σ 2)

(σ 2
s )ds

+
∑

	σ 2
s �=0,i	n,T ≤s≤(i+1)	n,T

[(
f (σ 2

s− +	σ 2
s )− f (σ 2

i	n,T
)
)k −

(
f (σ 2

s−)− f (σ 2
i	n,T

)
)k
]∣∣∣∣∣∣

= Op

(
	∗

n,T

	
1/2
n,T

)
.

The final order follows from the fact that, as in the proof of Lemma A.14, the dominating
term in the expansion of the k-th power of the absolute value of 	 fi	n,T is the com-
pensated jump component. This component can be handled as in the case R = 2 and is,

when weighted by the kernel, of order Op

(
	∗

n,T

	
3/2
n,T

)
. Thus, when R ≥ 2, �3,n,T ,k,φ =

Op

(
Mn,k,T ,φ	

∗
n,T /	

3/2
n,T

)
.

Finally, by the mean-value theorem and the same reasoning as above,

�2,n,T,k,φ =

n−1∑
i=1

(
K̂i	n,T −Ki	n,T

)(
	 fi	n,T

)R

	n,T

n∑
i=1

K̂i	n,T
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≤ max
1≤i≤n

∣∣∣∣∣ σ̂
2
i	n,T

−σ 2
i	n,T

hn,T

∣∣∣∣∣
1

v(T )hn,T

n−1∑
i=1

∣∣∣∣K′
(
σ 2

i	n,T
+Op (Mn,k,T ,φ)−x

hn,T

)∣∣∣∣ ∣∣∣(	 fi	n,T

)R
∣∣∣

	n,T
v(T )hn,T

n∑
i=1

K̂i	n,T

= Op

(
Mn,k,T,φ	

∗
n,T

hn,T	
3/2
n,T

)
.

This is the dominating order when R > 1 whereas, for the case R = 1, the dom-

inating order is Op

(
Mn,k,T ,φ	

∗
n,T

	2
n,T

)
, due to Assumption 4.2. The latter derives from

�3,n,T ,k,φ . �

Proof of Theorems 3 and 4. See the Online Supplement. �

Proof of Theorem 5. The same method of proof as for Theorem 2 leads to the result.
The conditions on the vanishing discretization error for consistency and weak converge
depend on the fact that prices, contrary to spot variance, are observed. Hence, only terms
analogous to �1,n,T ,k,φ and �2,n,T ,k,φ in the proof of Theorem 2 would appear. Thus,

the order of the estimation error is, in this case, Op

(
Mn,k,T ,φ	

∗
n,T

hn,T	
3/2
n,T

)
. �

Proof of Theorem 6. See the Online Supplement. �

Proof and Further Discussion of Remark 1. First, we focus on conditions which
are needed for weak convergence of the moments in the presence of discretely-sampled
observations but in the absence of measurement error due to spot variance estimation:

1) hn,T L̂σ 2(T, x)
p→ ∞ (consistency), 2) h5

n,T L̂σ 2(T, x)
p→ C (centering of the limiting

distribution), and 3)
	n,T

√
L̂
σ2 (T ,x)

h3/2
n,T

p→ 0 (vanishing discretization error). Given Lemma

A.9, if 	n,T

h2
n,T

→ 0, then L̂σ 2(T, x) = Op(Lhn,T ,T (x)), where Lhn,T ,T (x) is defined in

Remark A.6. This implies that 1’) hn,T Lhn,T ,T (x)
p→ ∞, 2’) h5

n,T Lhn,T ,T (x)
p→ C , and

3’)
	n,T

√
Lhn,T ,T (x)

h3/2
n,T

p→ 0 yield 1), 2), and 3) since 1’) and 3’) guarantee 	n,T

h2
n,T

→ 0.

Furthermore, in light of Remark A.6, Lhn,T ,T (x)= Op(v(T )) if v(T )h2/r
n,T → ∞. Now, if

v(T )h2/r
n,T → ∞, the above conditions become 1”) hn,T v(T )→ ∞, 2”) h5

n,T v(T )→ C ,

and 3”) 	n,T
√
v(T )

h3/2
n,T

→ 0.

Notice that, for 1”) and 2”) to be satisfied (with C possibly equal to zero), hn,T ∼
v(T )−β with 1

5 ≤ β < 1. However, 3”) also has to be satisfied. Write

	n,T
√
v(T )

v(T )− 3
2β

= T

n
v(T )

1
2 + 3

2β = o(1). (A.7)
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Since T � v(T ), where � signifies larger in order, a sufficient condition for equation (A.7)
to be met is

n � T
3
2 + 3

2β. (A.8)

Next, we add measurement error in the spot variance estimates. The first part of Assump-

tion 4.8 (for R = 1) reads
h1/2

n,T v
1/2(T )(logn lognk)1/2

	n,T k1/2 → 0, which implies

v(1−β)(T )(logn lognk)

	2
n,T

≺ k. (A.9)

The second part is
h1/2

n,T v
1/2(T )

	n,T
φ1/2 (logn)1/2 → 0, which requires

φ ≺ 	2
n,T

logn
vβ−1(T ). (A.10)

The third part (due to jumps) reads
h1/2

n,T v
1/2(T )

	n,T
nφ → 0, which requires

φ ≺ 	n,T

n
v
β−1

2 (T ).

Similarly, the first part of Assumption 4.9 (for R > 1) reads v1/2(T )(logn lognk)1/2

h1/2
n,T	

1/2
n,T k1/2

→ 0,

which implies

v(1+β)(T )(logn lognk)

	n,T
≺ k. (A.11)

The second part is v1/2(T )

h1/2
n,T	

1/2
n,T

φ1/2 (logn)1/2 → 0, which requires

φ ≺ 	n,T

logn
v−β−1(T ). (A.12)

The third part (due, again, to jumps) reads v1/2(T )

h1/2
n,T	

1/2
n,T

nφ → 0, which requires

φ ≺ 	
1/2
n,T

n
v−

β+1
2 (T ).

Given Assumption 4.6 the corresponding conditions for consistency in the case R = 1
are:

k � logn lognk

	2
n,T

, φ ≺ 	2
n,T

logn
, φ ≺ 	n,T

n
. (A.13)

In light of Assumption 4.7, if R > 1, they are:

k � logn lognk

	n,T
v2β(T ), φ ≺ 	n,T v

−2β(T )

logn
, φ ≺ 	

1/2
n,T v

−β(T )
n

. (A.14)
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To understand the different orders, let us now set T = 20 (years) and n = 250× T (daily
observations). In all computations, we will assume absence of jump contributions from
Assumption 4.6, 4.7, 4.8, and 4.9, something which is reasonable should the jumps be
infrequent. Based on the discussion below, adding the corresponding conditions induced
by jumps is straightforward and simply leads to more stringent requirements on φ and k.
For conciseness, we will also neglect the logarithmic terms.

Assume that v(T ) = T (the ergodic or strictly stationary case) and consider the orders
for consistency first (in addition to Assumption 4.3). For R > 1, setting β = 1

5 (the MSE

optimal value) and recalling equation (A.14), we obtain φ ≺ 1.2 × 10−3 and k � 829.
Since, for a liquid stock, roughly 23,000 transactions over a 6.5 hour trading day are not
uncommon, the orders may be compatible with the use of an interval φ equal to a fraction
of a day (	n,T = 1/250 = 0.004, so that the calculated φ corresponds to roughly one third
of a day) and a very typical number of high-frequency observations for many stocks.

For R = 1, which is needed for drift estimation only, setting again β = 1
5 and using

equation (A.13), we obtain φ ≺ 1.6× 10−5 and k � 62,500. This pair of conditions is not
empirically feasible since over a very small fraction of a day one cannot hope to make
use of so many observations. Imposing, however, n = 26 × 20 (amounting to bi-weekly
observations over 20 years of data), one obtains φ ≺ 1.4 × 10−3 and k � 676, thereby
implying that high-frequency observations over a fraction of a day can again be used for
spot variance estimation at lower (than daily) frequencies.

Next, we turn to the orders for weak convergence, which are necessarily more stringent.
Again, we begin with T = 20 (years) and n = 250 × T (daily observations). For R > 1,
using equations (A.11) and (A.12), we have φ ≺ 1.1 × 10−4 (roughly 1/40 of a day) and
k � 9,102. These conditions are hard to meet in typical situations, but one must remember
that they provide orders, rather than actual numbers. In the case of bi-weekly observations
(n = 26× T ), we have φ ≺ 1.06×10−3 and k � 946, which is again compatible with high-
frequency observations over a fraction of a day for the computation of spot variance. For
R = 1, using equations (A.9) and (A.10), similar computations show that the orders are
consistent with the use of monthly frequencies to estimate the dynamics, and a fraction of
a day of high-frequency data, as earlier, for the evaluation of the spot variance estimates.
We also notice that the use of daily, bi-weekly or monthly data to estimate the dynamics is
compatible with the discretization condition in equation (A.8).

These are back-of-the-envelope calculations based on asymptotic orders and typical data
sets. While they should be taken with caution, they are suggestive of the identification
potential of a combination of high- and low-frequency data to estimate spot variance in
the first stage and return/variance dynamics in the second stage. As stressed above, the
inclusion of jumps would naturally lead to more stringent conditions. �
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