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ROBUST ESTIMATION AND
INFERENCE FOR THRESHOLD
MODELS WITH
INTEGRATED REGRESSORS
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This paper studies the robust estimation and inference of threshold models with inte-
grated regressors. We derive the asymptotic distribution of the profiled least squares
(LS) estimator under the diminishing threshold effect assumption that the size of the
threshold effect converges to zero. Depending on how rapidly this sequence con-
verges, the model may be identified or only weakly identified and asymptotic theo-
rems are developed for both cases. As the convergence rate is unknown in practice, a
model-selection procedure is applied to determine the model identification strength
and to construct robust confidence intervals, which have the correct asymptotic size
irrespective of the magnitude of the threshold effect. The model is then generalized
to incorporate endogeneity and serial correlation in error terms, under which, we de-
sign a Cochrane—Orcutt feasible generalized least squares (FGLS) estimator which
enjoys efficiency gains and robustness against different error specifications, includ-
ing both 7(0) and I(1) errors. Based on this FGLS estimator, we further develop
a sup-Wald statistic to test for the existence of the threshold effect. Monte Carlo
simulations show that our estimators and test statistics perform well.

1. INTRODUCTION

Threshold models, in which the model parameters switch when the value of a
certain variable crosses a threshold, have received much attention over the past
two decades. Given their ability to capture a very rich set of stylized facts of
modern economics, such as multiple states, asymmetries, and cyclical effects, the
use of threshold models has been advocated in many empirical applications. Ex-
amples include the analysis of asymmetries in persistence in US output growth
(Potter, 1995), nonlinearities in unemployment rates (Hansen, 1997), and multiple
states in cross-country growth regressions (Durlauf and Johnson, 1995; Hansen,
2000), among numerous others. The estimation and asymptotics for variants of
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threshold models have been well established by Chan (1993), Hansen (1996,
2000), Gonzalo and Pitarakis (2002), and Seo and Linton (2007). More recently,
Yu (2012) studies likelihood-based estimation and inference for a parametric dis-
continuous threshold regression model while Li and Ling (2012) study the least
squares (LS) estimator of the multiple-regime threshold autoregressive (TAR)
model.

However, most of the aforementioned studies maintain a restrictive assumption
that the data should be either i.i.d. (independent and identically distributed) or
stationary processes. Two exceptions are Caner and Hansen (2001) who study a
threshold autoregressive model with a unit root and Gonzalo and Pitarakis (2006)
who design a Wald statistic to test the threshold effect in a cointegrating regres-
sion. To the best of our knowledge, the asymptotic properties of threshold estima-
tors, when all or some of the regressors are integrated processes, have not been
established. In this paper, we investigate the robust estimation of threshold mod-
els with integrated regressors and establish its asymptotic properties allowing for
different model identification strengths, endogenous regressors, and serially cor-
related error terms, including both I(0) and I(1) errors.

Specifically, we consider a threshold model of the following form:

a'xi+uy, if g < yo
_ ey xe +ug, t
yt_[agxtﬂtz, if g > 70’ D

where x; is a dj-dimensional vector of integrated process of order 1 (/(1)) and
y; is the dependent variable.! The error term, which will be specified more pre-
cisely later, is denoted by u;, and ¢; is the threshold variable. The threshold value
y0 € [y, 7] is an unknown parameter pending estimation. If u; is a stationary
process, equation (1) can be regarded as a special case of nonlinear cointegra-
tion models (see Wang and Phillips, 2009; Gao, King, Lu, and Tjgstheim, 2009a,
2009b; Bierens and Martins, 2010; Choi and Saikkonen, 2010).2
Equation (1) can be rewritten as

yi =a'x +0x:1(qr < y0) +us, 2)

where o = a3 and d = a1 — ap. Here 1(g; < yo) is an indicator function taking the
value one if ¢; < yo and zero otherwise. The vector (1, —a) can be regarded as
a benchmark long-run relationship between y; and x; and the term dox; I (g; < yo)
captures the deviation from the linear equilibrium. In the literature, J is often
assumed to be a deterministic sequence converging to zero at some rate as the
sample size n increases. This assumption is not only convenient for deriving
the asymptotic distribution of threshold estimators as in Hansen (2000), but is
also relevant in many empirical applications. For example, an important issue in
the empirical finance literature is to investigate whether fundamental variables,
such as the dividend-price ratio and the earning-price ratio, can predict asset re-
turns. Linear prediction models have been extensively studied, but have failed
to generate any unanimous conclusion (for more details, refer to Campbell and
Yogo, 2006).3 Recently, Gonzalo and Pitarakis (2012) document a regime-specific
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predictability of S&P 500 index returns from the dividend ratio based on a thresh-
old model. However, as is well known, stock returns commonly behave as martin-
gale differences, while fundamental variables are highly persistent (integrated or
nearly integrated processes). This imbalance on the order of integration implies
that such predictive relationship should be very weak, which happens if and only
if o = 0 and ¢ is around zero in equation (2). For more discussions about the issue
of balance and localizing coefficients to zero in predictive regressions, one could
refer to Phillips and Lee (2013).

In this paper, we follow the literature by assuming the size of threshold effect
converges to zero. Depending on how rapidly this sequence converges, the thresh-
old value yo may be identified or only weakly identified and we develop asymp-
totic theorems for both cases.* In the first case, we show that the profiled LS
estimator is consistent and that its confidence intervals (CIs) can be constructed
through inversion of certain standard test statistics; whereas in the second case, the
profiled LS estimator is inconsistent and that its limiting distribution depends on
some inestimable nuisance parameters. Because the standard method to construct
CIs does not control the coverage probability, we take the supremum of quan-
tiles for all possible values of nuisance parameters and then construct the least
favorable CIs. These CIs have the correct asymptotic size under the weak identifi-
cation case, but can be unnecessarily long when the model is identified. Motivated
by Cheng (2008) and Shi and Phillips (2012), we then propose a model-selection
procedure to choose the CIs. It can be shown that the CIs chosen by this method
have approximately correct coverage probability irrespective of the magnitude of
the threshold effect.

Furthermore, in a generalized model, we consider endogeneity and serial cor-
relation, which are common in empirical studies with integrated regressors. Fol-
lowing Saikkonen (1991), we assume the error term to be an autoregressive (AR)
process and use leads and lags of innovations as extra regressors to deal with en-
dogeneity. We then design a Cochrane—Orcutt feasible generalized least squares
(FGLS) estimator to estimate the model. It is well known that, in linear coin-
tegration models, the FGLS estimator cannot improve the estimation efficiency,
as Phillips and Park (1988) demonstrate by establishing their asymptotic equiva-
lence. However, this equivalence does not hold when there exists a threshold ef-
fect and we analytically and numerically show that the FGLS estimation achieves
more efficiency compared to the profiled LS estimation. The method to construct
the robust CIs of the LS estimator can also be generalized for the FGLS estimator.

Another attraction of the FGLS estimator is its robustness with respect to differ-
ent error specifications, including both I(0) and I(1) errors. This robustness allows
us to design a sup-Wald statistic to test for the existence of threshold effects with-
out any requirement on the stationarity of the regression error term and thus avoid
the so-called joint hypothesis test problem in such models (see Balke and Fomby,
1997). The idea is similar to Perron and Yabu (2009), who consider testing for
structural changes in the trend function of a time series using a quasi-FGLS pro-
cedure, without any requirement on whether the noise component is stationary
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or integrated. In our case, we use the sup-Wald test statistic based on the FGLS
estimator to test for the existence of a threshold effect and the critical values are
generated from a bootstrap method. Monte Carlo simulations show that the FGLS
estimator and the test statistic perform very well, even the error is an I(1) process.

The remainder of the paper is organized as follows. Section 2 presents the basic
model. Section 3 considers the estimator and its asymptotics for the basic model.
Section 4 generalizes the basic model to allow for serially correlated errors and
model endogeneity. Monte Carlo simulations are discussed in Section 5. Section 6
concludes the paper. All proofs are in the Appendix.

Throughout the paper, [ns] denotes the integer part of ns. The symbol L
represents convergence in probability, ‘=" represents weak convergence, and

=y represents almost sure convergence. All limits are defined as the sample size
n — oo unless otherwise stated. For a vector x, || || signifies the euclidean norm,
ie., ||x|| = lez For a matrix A, |A| = (tr(A’A))'/? denotes the euclidean norm
and A’ denotes its transpose. | denotes integration from 0 to 1.

2. THE BASIC MODEL
The basic model we consider in the paper is given by
_ eqx+us, if g < yo
! ahxe +uy, if g > po”°
where x; is a dj-dimensional vector of unit root processes whose generating
mechanism is given by

X =X—1+v, t=1,2,...n,

and we set xo = 0 for convenience, although xo = 04.5.(v/n) is sufficient for the
asymptotic results.
For the component time series u; and v;, we define the following partial sums as

[ns] [ns

]
1 1
NG 2 ur, and V,(s) = 7 Ev,. 3)

Before going further, we make the following assumptions.

U,(s) =

Assumption 2.1. sup; (o 11 11(Un (s), Vi (s)) = (Bu(5), B, ()| = 0 as n — oo,
where (B, (s),B,(s)) is a vector of Brownian motions with a positive definite
long-run covariance matrix.

Assumption 2.2. The error term u, satisfies the following three conditions:

(@) E(u;) =0, I['3|Mt|4 < 005

(b) For each n, there exists a filtration f , ;, t =1,...,n, such that {(u;, f ,, ) :
t > 1} is a stationary and ergodic martingale difference sequence with
E(u,len,,_l) = auz < oo almost surely forallz =1,...,n;

(c) The term (g;, x;) is adapted to the filtration /1, t =1,...,n.
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Assumption 2.3.

(a) The threshold parameter y( € [Z 71
(b) The threshold variable ¢ is strictly stationary, ergodic, and a-mixing with
171
mixing coefficients a,, satisfying > o, a3 "~ < oo forr > 2;

(¢) g: has a continuous distribution F (-) and f(-) is the corresponding density
function satisfying 0 < f(y) < f <ooforally €[y,7].

Assumption 2.4. The d; dimensional 7 (1) vector x; is not cointegrated.

Assumption (2.1) considers a strong approximation for (U, (s), V,(s)), which
is needed to derive the convergence rate of the threshold estimator. This assump-
tion is stronger than the weak convergence result established by the multivariate
invariance principle, but it is quite common in the literature (see Park and Phillips,
2001; Wang and Phillips, 2009; Shi and Phillips, 2012, among others). Sufficient
conditions to derive the strong approximation are also well developed in the liter-
ature. For example, Park and Hahn (1999) establish conditions of strong approx-
imations for general linear processes. Shao and Lu (1987) and Cai, Li, and Park
(2009) provide conditions of strong approximations for an a-mixing process.

Assumption (2.2) supposes {(u;, F ) : t > 1} to be a martingale difference se-
quence and (g;, x;) is adapted to the filtration /", ;—1, t = 1, ..., n. Under this as-
sumption, ¢; and x; become predetermined given the filtration /- ,, ;. One natural
example of [ is the o-field generated by the information set {(u;,qj+1,Xi+1) :
1 <i < t}. This assumption might be restrictive in linear cointegration models,
but it is common in fully specified cointegrating regression models. It allows for
arguments based on the martingale central limit theory to establish a weak conver-
gence result for the empirical process 25'21] I;(q; < y)u; as in Caner and Hansen
(2001).° Assumption (2.2) does not allow for serially correlated errors and model
endogeneity. However, in Section 4, we relax this assumption by adopting the so-
called “leads and lags” approach or dynamic OLS estimator proposed by Saikko-
nen (1991).

Assumption (2.3) is very conventional in the literature of threshold models.
The threshold variable ¢, is assumed to be strictly stationary and strong mixing
for asymptotic purposes. The assumption excludes the case where ¢; is a unit root
process, under which one may need to use another technique such as the triangu-
lar array asymptotics proposed by Andrews and McDermott (1995). Assumption
(2.4) is standard in the literature of regressions with integrated processes.

Following Caner and Hansen (2001), we define W (s, u) as a two-parameter
Brownian motion on (s, x) € [0, 112, which is a zero-mean Gaussian process with
covariance given by

E(W (s1, u1)W(s2, u2)) = (s1 As2) (1 A pz).

The two-parameter Brownian motion is a special tool to derive the limiting distri-
bution in threshold models with integrated processes. Note that when u = 1, we
have W (s, 1) = W (s), which is a Brownian motion on s € [0, 1].
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Moreover, we can define the following stochastic integration with respect to
W (s, 1) on the first argument (s) while holding the second argument (x«) con-
stant as

30 = [ BL6)aWGs.) = plim 37, (B,) (%) (w (% ﬂ)
)
n

where plim denotes convergence in probability and J;(u«) is a Gaussian process
with an almost surely continuous sample path and the covariance kernel

EQ o) (12)) = (a1 A p2) / B, (5)B, (s)ds.

3. MAIN RESULTS
3.1. Profiled LS Estimation and Asymptotics

For ease of manipulation, we rewrite equation (2) in a more compacted form:
yi =0"Ai(yo) +us, )]

where A;(y0) = (x/, x{(70))", X (y0) = x:1(q: < 70), and 0 = (a’,9")".
For any fixed y €[y, 7], the following model is estimated:

v =00 A(y) + (),

where 8(y ) is given by

n -1 n
0(y) = [ZA,(y)Azw >’} [wa)yl} :
t=1 t=1

The sum of squared residuals is defined as

n

SSR.()) =D (1)* =D (v =00 A(»))*, ©)

t=1 t=1

and we define the profiled LS estimator of yp as the value that minimizes
SSR,(y), ie.,

7, =arg min SSR,(y).
v€Ely.7]

The term SSR, (y) is not differentiable due to the presence of the indicator
functions; thus, we cannot write 7, in closed form from first-order conditions.
Following Hansen (2000), we adopt a grid-searching method. Specifically, we
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divide [l’ 7]into N quantiles and let Ty = {q1, 42, ...qn}. The estimator 7 =
argmin, ery SSR, (y) is a good approximation to 7, when N is large enough.
The other parameters are then estimated by using the point estimate 7, via § =

é\(’}.;n) and Euz = %Z?:lﬁt (’}711)2'

In what follows, we set 6 = J, = n~ /277§y, where —1/2<7<1/2and ¢y €
R is a fixed parameter. Under this assumption, the size of the threshold effect
converges to zero with the rate n~'/>~7 where the value of 7 determines the
identification strength of the threshold value yo. We exclude the case with t > 1/2
since the nonlinear term is negligible asymptotically. In addition, when 7 < —1/2,
the nonlinear term is explosive and is also excluded. We also exclude the case of
7 = —1/2 to focus on the limiting behavior of 7, when J, — 0.

The following theorem states the limiting results for 7.

THEOREM 3.1. Under Assumptions (2.1) — (2.4) and 6, = n='/>77¢8y, the
following limiting results hold:
Case 1:if —1/2 <t < 1/2, then

n' 27, =yl = 0, (D).
Furthermore,
_ ~ * 1
n' UG =) =rt = arg _max (A(r) - Elrl> ;

where

o _ % (/B )B, ()ds) do fo

2 b
u

o

with fo = f(yo) and A(r) is a two-sided Brownian motion on the real line
defined as:

A1(r) ifr>0
Ar)y=140 ifr=0 . @)
No(=r) ifr <0

The processes N 1(r) and Ao (r) are two independent standard Brownian motions
on [0, 00).

Case 2: if t = 1/2, then y, = y (y0,d0) and y (y0, ) is a random variable
that maximizes Q(y, yo, o), where

| —1
O(y,y0,00) = mri(l’) (/Bu(S)BZ(S)dS) Li(y), ®
with
L) =TG)+IF@Q Ayo)— F()F (o)l (/Bv (5)B;, (s)ds) do, )
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and
rG)=o, / B, (s)d [W(s, F(;)) — FG)W(s)). (10)

Theorem 3.1 shows that the convergence results for 7, depend critically on the
value of 7, which characterizes the convergence speed of d,,.°

If —1/2 < 7 < 1/2, the threshold effect is identifiable and 7, is a consistent
estimator. The rate of convergence is n' =27, which is decreasing in 7. The limiting
distribution of 7, has the same form as that found for the stationary threshold
model in Hansen (2000), but the scale factor A is different. Note that fj is the
density of g; at yo. Intuitively, a larger fp implies more data points around yg,
making 7 more accurate.

To generate the confidence interval of y, we invert the following likelihood
ratio statistic for the null hypothesis y = yo, given by

SSRy (70) = SSRu (7,)

LR =
n (VO) SSRn ({y\n) >

11

where 7, is the profiled LS estimator. Using a similar argument of Theorem 2 in
Hansen (2000), we can show that L R, (70) = SUP,.¢(—oo,00) (2A(r) —|r]). Denote

q}{ |_q as the 1 —a quantile of the random variable SUp,.¢ (_ag o0) (2A(r) —|r|) and

q 1 can be calculated by the formula q = —2In(1 — +/1 —a). Thus, the
a- level confidence interval of y in the case of 1dent1ﬁcat10n can be expressed as

i@ =y LRy <l ) 12)

If © = 1/2, the threshold effect is only weakly identified. The profiled LS es-
timator 7, converges to a random variable y (yo, dp), reflecting the lack of infor-
mation. Since yg and Jp are not estimable, any statistical inference based on them
is impossible. Following Cheng (2008) and Shi and Phillips (2012), we define
the least favorable CI which is large enough for all possible y¢ and dy. Denote
q;‘jl_a(yo,éo) as the 1 —a quantile of |y (yo,dy) — yo| for each yqg € [y,7]and
do € R. The a-level CI, given yg and dy, is then defined as

cnl,(=a0.00 ={7 117, =71 < 0}, G000} a3)

Since yo and dyp are two unknown variables, we define a robust quantile by taking
the supremum of all possible yo and Jp. Let

a)\ o= sup_supq)’;_,(70.). (14)
y0€ly . 71d0€R

The a-level least favorable CI in the case of weak identification is then defined as

CLY @ =y 17, =71 <4q) 4} (15)
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3.2. Robust Confidence Interval

In empirical studies, 7 is unknown, raising the question of which CI should be
used. In this subsection, based on a model selection procedure, we construct a
robust CI which has approximately correct coverage probability irrespective of
the value of 7.

For a fixed y € [y,7], let X(y) = (x1(y),x2(y),...,xx(y))" and X =
(x1,x2,...,x,) . The Wald test statistic for testing Hy : 5, = 0 can be defined as

T,() =0.(7) (X' ()T = P)X (7))0n(7) /52, (16)

where P, is the projection matrix of X, given by P, = X (X’X)~!X’. We define
the sup-Wald test statistic as

T,= sup T,(y).
yEly.7]

The following theorem explores the limiting behaviors of the sup-Wald statistic
under different model identification strengths.

THEOREM 3.2. Under Assumptions (2.1) — (2.4) and 5, = n='/2=7 5y, where
do is a nonzero constant, the following limiting results hold:

() if—1/2 <7 < 12, then T, 5> oco.

(i1) if Tt = 1/2, then

1
T,=Ti= sup Ti(y)= sup
' ey 7 rety 1 o (FG)A=F()

-1
Fl(y)/ (/BI)(S)B:)(S)dS) Fl(V), (17)
where T'1(y) is defined by equation (9).

Theorem 3.2 shows that 7, L if—1/2<7<1/2and T, <0 if r =1/2.
This result enables us to develop the following model selection procedure. We
define {x, : n > 1} as a sequence of constants that diverge to infinity as n — co.
The parameter «, is referred to as a tuning parameter and we require the
sequence kx, to diverge to infinity at a rate slower than n” for any v > 0, i.e.,
n_”x,l/ 2 _5 0. Suitable choices of K, include d (ln(n))2 where d is a positive
constant, in accordance with B/C. The model selection procedure is designed to
choose the model with the identified threshold effect if 7;, > «;, and to choose the
model with the weakly identified threshold effect otherwise. We use the CI chosen
through this procedure as the final CI.

Specifically, for each confidence level a, define

CI! (a), if T, > K,
_— y.n 4
Clynla) = {CIW @), ifT, <wy |

Vsn
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We focus on the smallest finite sample coverage probability of CI, ,(a) over
the whole parameter space, which can be approximated by the following asymp-
totic size

AsySZ,(a) =lim inf inf inf ]Pr(y eCl, ,(a)). (18)

n—00geR yely,y

The following theorem shows that the robust CI has the correct asymptotic size.

THEOREM 3.3. Under Assumptions (2.1) — (2.4), for any a € (0, 1), we have
AsySZ, (a) =a.

4. THE GENERALIZED MODEL

In many economic applications of cointegration, error terms are serially corre-
lated and correlated with regressors. Under these conditions, it is well known that
the ordinary least squares (OLS) estimator contains a second-order bias in linear
cointegration models. Several efficient estimators have been proposed, such as
the fully modified (FM) OLS estimator of Phillips and Hansen (1990), the canon-
ical cointegrating regression (CCR) estimator of Park (1992), and the dynamic
ordinary least squares (DOLS) estimator proposed by Saikkonen (1991). In the
following, we generalize the basic model in Section 2 to allow for serial correla-
tion and model endogeneity.
More formally, we introduce the following assumptions.

Assumption 4.1. In equation (1), #; can be decomposed as

d K
Uy =Z Z Bijvii—j+n =Pz 4+, 19)

i=1j=—K
Ne = PNr—1 + &, Wlthp € (_la l]a
where z; = (01,;-K, ..., 04, 1+x) and f = (f1,-k, ..., fa,,x)- The error term &,
satisfies the following conditions:
(a) E(e) =0, Elg|* < oo;
(b) For each n, there exists a filtration / ,, ;, t =1,...,n, such that {(g;, F ,,):
t > 1} is a stationary and ergodic martingale difference sequence with
E(stle”,,_l) =02 < 0o almost surely forallt =1,...,n;
(c) The term (g;, x;) is adapted to the filtration f,, ,—1, t =1,...,n.

[ns]

Assumption 4.2. Let &,(s) = J%;thlez and supycpo.1711(&a(s), Va(s)) —

(B:(s),B,(s)]] B 0asn— 00, where (B;(s),B,(s)) is a vector of Brownian
motions with a positive definite long-run covariance matrix.

Under Assumption (4.1), the model endogeneity can be fully captured by f'z;,
where z; is a vector of leads and lags of Ax;. The parameter K can diverge to
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infinity as the sample size increases. The idea of using leads and lags to deal
with endogeneity in cointegration models was proposed by Saikkonen (1991).
We assume S remains constant to focus on the threshold effect occurring in the
cointegrating relationship. The extension allowing /3 to be regime-sensitive would
be interesting and is left to future study. The term #, is assumed to be AR(/) and
p controls the stationarity of #,. If p = 1, #, is a unit root process and the model
describes a structural spurious relationship,” while if p < 1, #; is a stationary
process and the model is a cointegrating relationship.

To estimate a regression with serial correlation, the Cochrane—Orcutt FGLS
procedure is usually adopted. In linear cointegration models, as shown in Phillips
and Park (1988), the FGLS estimator and the OLS estimator are equivalent in
asymptotics. The Cochrane—Orcutt FGLS estimator also works for spurious re-
gressions, as Phillips and Hodgson (1994) demonstrate by proving the asymptotic
equivalence of the FGLS estimator to the OLS estimator when the error is an
I(1) process. However, in the presence of threshold effects, there is no asymptotic
equivalence between FGLS and OLS estimators. The following simple sketch
may help to illustrate this difference.

For a linear cointegrating regression after transformation, y, — py,—1 = o (x; —

pxi—1)+ (g — pmi—1), and

n -1
n@rLs —a) = (Z(xt — pxi-1) (X —pr_o’)

t=1

x (Z(x, —pxi—1)(n — pm—l))

t=1

—1
= (/BD(S)B;)(S)dS) /BD(S)dB;?(S),

which is the same as the limiting result of the OLS estimator. However, for a
cointegrating regression with a threshold effect after transformation, y; — py,—1 =
o' (xr = pxe—1) + 6, (xe () = pxe—1(7)) + (e — pre—1) = o'Xt + 6, % (y ) + (g —
pni—1), and p cannot be canceled in the limiting result because the denomi-
nator > /_ % (7)X: (7)) = ((14+pH) F(y) =2pFi(y,7)) [ By (s)B; (s)ds, which
depends on p, the marginal distribution function F(y) = Pr(¢, < y), and
the joint distribution Fi(y,y) = Pr(g; < y,q9:—1 < y), whereas the nominator

S % ()= pni—1) = (1= p?) [By(s)d By (s).

4.1. FGLS Estimator

To obtain a feasible GLS estimator, we first estimate the threshold value yq
through the profiled LS estimator without considering serial correlation and endo-
geneity. Then we estimate p from the estimated error terms. Finally, we construct
the Cochrane—Orcutt FGLS estimator based on 5.
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Specifically, we estimate y¢ using

y,=arg min SSR,(y),
vEly.7]

where SSR,(y) is the sum of squared residuals for the regression
v =a'x +/52,xt1(qt < V)+F2t + 7.
By estimating the AR model

7//\l‘(’y\n) = ﬁﬁt—l (’y\n) +§t;

the OLS estimator p is estimated, where 7,(7,) = yr — a'(7,)x: -9
xil(qe < 7)) =B (7 )z

The following theorem establishes the consistency and the convergence
rate of p.

THEOREM 4.1. Under Assumptions (4.1), (4.2), (2.3), and 2.4), p — p as
n — oo. Furthermore, |p—p| = 0,(n="Y?) if p < 1, and |p— 1| = 0,(n™") if
p=1.

Theorem 4.1 shows that p is consistent even when p = 1, i.e., the regression
is a spurious relationship. The convergence rates are different due to the differ-
ent convergence speeds of integrated and stationary processes. Moreover, we find
that the limiting behavior of p is not affected by the identification strength of
the threshold effect. The intuition is as follows. If ¢ < 1/2, yo can be consis-
tently estimated by 7 ,. In each regime, if p < 1, the coefficients can be con-

sistently estimated as well and thus it is obvious that ﬁ—p> p. If p =1, the coef-
ficient estimators are not consistent; however, this inconsistency implies that the

residual term 7, (7)) is a unit root and that ﬁ—p> p=11Ifr=1/2, 7, is not
consistent as shown in Theorem 3.1; however, the nonlinear term /5\;,)@1 (g: <7v)
decays to zero so fast that it has no impact on the estimation of p asymptoti-
cally. Following Choi, Hu, and Ogaki (2008), the consistency of p can also be
obtained.

Based on the consistent estimator p, we construct the following Cochrane—
Orcutt FGLS estimators. We first define y; = y; — py;—1, and Z;, X;, 7; in the
same way. For each y €[y, 7], define

() =x1(q <y)—pxi—11(gi—1 < 7).
Let Xlt(y)~2~(351, X (y),z;)" and stack X, ¥r, Z;, X:(y), and th(y) to get the

matrices: X, Y, Z, X(y), and A1(y).
After the transformation,

Vi =a/ft+5;,37t(y)+ﬂ/zt+ﬁt =§’g1z(y)+ﬁt- (20)
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Using equation (20), for each y, we can define

n -1 n
()= [le,m&,(y )’] [Zlm)@}, 1)
=2

t=2

™)

and the FGLS threshold estimator can be defined as

7, =arg min (SSR,(y)),
vEly.7]

where SSR,, (y) is the sum of squared residuals given by

n

SR = (3~ 00 Au) 22)

1=2
The following theorem establishes the limiting results of the FGLS estimator.

THEOREM 4.2. Under Assumptions (4.1), (4.2), (2.3), and (2.4), the follow-
ing results hold:
Case 1:if —1/2 <t < 1/2, then n1_2’|7n —vyol = O,(1). Furthermore,

_ 1
PTG =) =1 e _max (A= 21D,
re(—00,00) 2

where

(1+ %) () [ By (s)B} (s)dsdo) fo
2 )

T1= (23)

g

and A(r) is defined by equation (7).
Case 2: if t = 1/2, then 7, = 7 (yo,d0) and 7y (yo, o) is a random variable
that maximizes Q(y, yo,00) where

~ S o~ o~ -]~ -1
o =TG- (E10) (81:82) (320))) T

with

- = ~ 621()/) ' 611,613 - 612(3’)

Ii(y) = F(V)+(G22(V)—(523(y)) (631,533) (532()/)))50’

and

= _ 7. (Gu®) ' G11.G3 _1(@(3’))

L(y)=¢20y) (G23(y)) (G31,G33) $3(y) )’ @9
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N G11(7),G12(y), G13(y)
where the random matrix G(y) = | G21(y), G2(y ), G23(y) | and the random
B G31(7),G32(y), G33(y)
N ¢1(y)
vector ¢(y) = | ¢2(y) | are specified in Lemma B.4 of the Appendix.
¢3(y)

Theorem 4.2 establishes the convergence results for the FGLS estimator 7 ,,.
If —1/2 <t < 1/2, the threshold value can be consistently estimated and its
limiting distribution depends on the persistence parameter p. Note that =
(1 +p2) A, implying that the FGLS estimator is more efficient than the pro-
filed LS estimator when p # 0. The simulations in Section 5 demonstrate this
result.

4.2. Generalized Sup-Wald Statistics

Testing for the existence of the threshold effect in a cointegration regression is
challenging since it is a joint hypothesis problem (see Balke and Fomby, 1997).
For example, when testing for the existence of threshold effects, the statistics
based on error correction models (ECMs) need to assume the model is a cointe-
grating regression. Therefore, the rejection of the null hypothesis does not neces-
sarily indicate that there is a threshold effect. It may mean that the regression is
a spurious relationship. Thanks to the robustness of the FGLS estimator, we can
design a generalized sup-Wald test statistic based on this estimator to test for the
existence of threshold effects, without any requirement on the stationarity of the
error term.
We consider to test the following hypothesis:

Hy:0,=0 v.s. Hy:0,#0.
Under the null, after transformation, the model is
Ve =a'% 4+ B'Z + 7, (25)
while under the alternative, the transformed model is
i = a'% + 0,5 (o) + A7 + 77 =0 A1 (yo) + 7. (26)
Let V| = (f .Z ), then a generalized Wald statistic can be defined as
L) =6:() XU = PGNX)N(7)/5°,

where P (y) is the projection matrix for Vi and 52 = SSR,, (y)/n.
The generalized sup-Wald statistic is defined as

T,,: sup T,,(y).
yely,7]
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THEOREM 4.3. Under Assumptions (4.1), (4.2), (2.3), and (2.4) and Hy :
o = 0, the following limiting result holds:

T,=T= sup T(y)
yEly.7]

~ -~ o~ ~ —1
B 1< ~ _(Gu(y) ' G11,Gi3 - (le(y)) =
= y:{t;pja r (y)(Gzz(y) (G23(y)) (G31,G33) Gn(r) L@,
where 1~“(y) is defined by equation (24).

Theorem 4.3 establishes the limiting distribution of the generalized sup-Wald
test statistic, which is nonstandard and we generate the critical values using a
parametric bootstrap method. We first estimate o and ,Z’\using equation (25) under
the null. Then, we obtain the residual terms {’7'7'\, (7 2)}/_, using equation (26) under
the alternative. We draw a random variable ﬁ;’ from the sample {;7,(57 n)}r_, for
all 7 =2,...,n and generate a new sequence {itb}?:l by ¥ =a'x, +B7% + 7.
Define y? = y; and y? = 57 +py?_, for all t =2,...,n. Let T be the sup-
Wald test calculated from the new data set { Yz s Xt5 21, q,}t _,- Under the null, the
distribution of Tb approximates the distribution of T,. The bootstrap p-value is
obtained by calculatmg the frequency of simulated Tb that exceeds 7,, when the
number of simulations is sufficiently large. Followmg Hansen (1996), one can
show that the generated p-value converges to the true size.

One can use the generalized sup-Wald statistic 7, to construct robust CIs for
the threshold estimators following the procedures described in Section 3.2.

5. SIMULATIONS

This section demonstrates the finite sample performance of the estimators and test
statistics through two simulation experiments.

Experiment 1. In this experiment, we examine the finite sample performance
of the profiled LS estimator and the FGLS estimator under different model set-
tings. The data generating process is given by

Vi = ax; +0,X:(q: < yo) + Por +uy,

where x; = x;—1 +v; and u; = pu;—1 + &;. The threshold variable g, is generated
by an AR(1) process: g; = 0.5g;—1 + ¢;. The innovation processes v;, &, and ¢;
follow i.i.d. N(0, 1) and are independent of each other. The true threshold value
is set as yo = 0 and the coefficient a is set as 1. The parameter £ is set as 0 or
0.5, which controls the correlation between x; and u,. To check the impact of
the serial correlation of u; on the estimation, we set p as either 0, 1, 0.95, or
—0.95. Moreover, we set the size of the threshold effect as J,, = 20~ V277 with ¢
chosen as either O or 0.5, corresponding to the case with identification or the case
with weak identification. The number of replications is N = 1,000. The sample
size n is set as 100, 200, or 400. We let the number of lags K = 5 when construct
the FGLS estimator.®
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Table 1 reports the mean square errors (MSEs) of the profiled LS estimator and
the FGLS estimator for the threshold value.

Specifically, Panel A of Table 1 displays the results when 7 = 0, i.e., the case
with identification. From this panel, one can find that the MSE of the profiled LS
estimator 7 decreases to zero as sample size increases when p < 1, but it does
not when p = 1. On the other hand, the MSE of the FGLS estimator 7 decays to
zero regardless of whether p < 1 or p = 1. Of particular interest is that the FGLS
estimator performs better than the profiled LS estimator when serial correlation
and regressor endogeneity exist. Panel B reports the results when 7 = 0.5, i.e., the
case with weak identification. From this panel, one can find that neither the MSE
of profiled LS estimator or that of FGLS estimator converges to zero. However,
the FGLS estimator has smaller MSE than the profiled LS estimator when serial
correlation and regressor endogeneity exist. In summary, we conclude that the
FGLS estimator does improve the estimation efficiency.

TABLE 1. The mean squared errors (MSEs) of threshold estimators

n =100 n =200 n =400
Panel A: 7 =0
P f  MSE(y) MSE(y) MSE(y) MSE(y) MSE(y) MSE(y)
0 0 .012 .019 .004 .0040 .0021 .0022
0 5 .013 .009 .004 .0020 .0008 .0003
1 0 191 .002 221 .0056 .2030 .0002
1 5 314 .005 197 .0019 .2340 .0002
.95 0 129 .019 .097 .0010 .0320 .0001
.95 5 125 .002 129 .0031 .0310 .0004
—-.95 0 .093 .004 .043 .0002 .0270 .0002
—.95 5 171 .020 .095 .0031 .0230 .0003
Panel B: 7 =0.5
0 0 .365 379 485 4720 4540 4550
0 5 519 509 518 4880 .5100 4540
1 0 1.17 .592 .654 .5270 7170 4080
1 5 435 302 460 .3890 .5440 4290
.95 0 .586 410 572 .3800 .5220 .4040
.95 5 375 .359 557 .4400 .4940 .3670
—.95 0 .800 .608 422 .3640 .6060 4120
—-.95 5 742 .530 532 .4200 6220 .3560

Note: The model is y; = ax; +0px1(qr < yo) + for +ur withxy =x,_y +or, ur = puy_y+&,and g =0.5q,_1 +er,
where vy, &, and ¢; are i.i.d. N(0,1). The true threshold value y is set as 0 and the coefficient « is set as 1. The
parameter p is set as either 0, 1, 0.95, or —0.95 and the parameter £ is set as 0 or 0.5. The size of the threshold effect
Oy is set as J, = o~ 1/2-7 , where 7 is 0 or 0.5. MSE(7) is the MSE calculated for the profiled LS estimator of yq
and MSE(7y) is for the FGLS estimator. The sample size n takes either 100, 200, or 400. The replication number is
1,000.
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Experiment 2. Through this experiment, we examine the performance of the
test statistics and the model selection procedure. The data generating process is
the same as in Simulation 1, but we consider the case of J, = 0 to evaluate the
size performance of the test statistics.

Table 2 reports the size performance of the sup-Wald statistic 7,, and the gener-
alized sup-Wald statistic T,,, which are constructed using the profiled LS estimator
and the FGLS estimator, respectively. Comparing Panel A with Panel B, one can
see that 7}, has better size performance than 7,, when serial correlation or regres-
sor endogeneity exists. In an unreported result with the sample size n = 1, 000,
the rejection rates of fn are close to the size, but not for 7,.

Tables 3 and 4 report the power performance for 7, and Ty, respectively. In
both tables, Panel A shows the results for the case with identification and Panel B
shows the results for the case with weak identification.

TABLE 2. Size performance

n =100 n =200 n =400

p on f  10% 5% 1% 10% 5% 1% 10% 5% 1%
Panel A: T,

0 0 0 .078 .028 .005 .114 .056 .018 .098 .046 .008
0 0 S50.1200 092 034 084 .050 .008 .076 .052 .010
1 0 0 .132 .082 .030 .064 .034 014 .068 .044 .013
1 0 5 .086 052 .022 .134 074 022 112 .076 .018
.95 0 0 .128 .073 .042 178 .072 .030 .104 .046 .008
.95 0 S5 134 075 020 146 064 .004 .132 .061 .016
-95 0 0 .120 .072 .010 .106 .060 .018 .093 .042 .015
-95 0 S50 .070  .034 .008 .118 .064 .006 .092 .039 .006
Panel B: ’T‘n

0 0 0o .110 .072 .030 .102 .062 .022 .098 .047 .010
0 0 S50 144 084  .028 076 .044 014 088 .046 .008
1 0 0 .08 .058 .020 .112 .038 .018 .104 .054 .014
1 0 S50 130 062  .014 .082 .042 014 .116 .055 .012
.95 0 0 .114 062 .002 .072 .060 .008 .082 .042 .008
.95 0 S5 00128 0 064 032 132 076 .020 .094 .037 .008
-95 0 0 .08 .036 .016 .142 .078 .024 .090 .044 .010
-95 0 S50 116 066 .022  .089 .046 .016 .091 .058 .015

Note: The model is yr = ax¢ +0pxt (qr < po)+ for +ur Withxy =x,_1 +vr, ur = puy_y+&,and g =0.5¢,_1 +er,
where vy, &/, and e; are i.i.d. N(0, 1). The true threshold value y( is set as 0 and the coefficient « is set as 1. The
parameter p is set as either 0, 1, 0.95, or —0.95 and the parameter £ is set as 0 or 0.5. The size of the threshold effect
Jn is set as 0 to check the size performance. The sample size n takes either 100, 200, or 400. The replication number
is 1,000.
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TABLE 3. Power performance of T,

n =100 n =200 n =400
Panel A: 7 =0
) B 10% 5% 1% > (n(n)*  10% 5% 1% > (In(n))2  10% 5% 1% > (In(n))?
0 0  1.00 994 984 956 1.00 1.00 998 982 1.00 1.00 1.00 1.00
0 5 992 980  .968 904 1.00 1.00 996 974 1.00 1.00 1.00 994
1 0 478 436 360 462 854 836 816 328 742 692 586 234
1 5 506 460 312 486 668 614 540 346 546 488 410 266
95 0 79 720 564 610 856 820 732 624 910 884 820 722
95 5 830 772 654 636 790 750 708 584 942 916 868 668
-95 0 956 922 884 464 962 950 912 506 994 986 958 596
-95 5 856  .802  .708 444 964 956 906 502 996 984 958 648
Panel B: 7 =0.5
0 0 322 224 074 024 284 222 098 004 294 196 042 002
0 5 258 150 .030 020 254 144 078 002 166 124 054 .000
1 0 164 098 050 .100 098 050 016 .000 386 312 160 .000
1 5 090 043 010 030 116 050 010 030 020 012 002 012
95 0 070 034 010 018 082 034 016 .000 074 026 004 002
95 5 322 234 072 024 078 044 002 034 094 052 010 .000
-95 0 296 236 .146 002 318 220 124 .000 092 042 020 .000
-95 5 308 198 .050 004 110 050 016 .000 134 064 018 .000

ST13dOIN ATOHS3YHL 404 3ON3H34NI ANV NOILVINILST 1SNA0d

Note: The model is y; = ax; +0pxt(qr < y0) + Por +ur with xp = x,_ + v, ur = pu;_1 +¢¢, and gy = 0.5g,_1 +e;, where vy, &7, and e; are i.i.d. N(0, 1). The true threshold value y( is
set as 0 and the coefficient o is set as 1. The parameter p is set as either 0, 1, 0.95, or —0.95 and the parameter f is set as 0 or 0.5. The size of the threshold effect &, is set as &, =2n~ /277,

where 7 is 0 or 0.5. The sample size n takes either 100, 200, or 400. The replication number is 1, 000.

G6L


https://doi.org/10.1017/S0266466614000553

ssald AusiaAun aBpuguied Ag auluo paysiiand £5500011999¥9920S//L0L°01/B10"10p//:5d1y

TABLE 4. Power performance of ’T‘n

n=100 n =200 n =400
Panel A: 7 =0
p B 10% 5% 1% > (In(n))2  10% 5% 1% > (In(n))2  10% 5% 1% > (In(n))?
0 0  1.00 998 988 970 .00 1.00 998 984 100 1.00  1.00 1.00
0 5 998 994 984 952 .00 1.00  1.00 990 1.00  1.00  1.00 998
1 0 998 996 982 958 100 1.00 100 992 1.00  1.00 100 1.00
1 5 1.00 998 992 970 .00 1.00  1.00 988 100 1.00 100 998
95 0 986 986 968 968 1.00 1.00  1.00 986 .00 1.00  1.00 1.00
95 5 996 996 994 978 1.00  1.00 100 992 .00 1.00 100 998
-95 0 100 998 994 994 .00 1.00  1.00 1.00 .00 1.00 100 1.00
-95 5 100 1.00 998 996 .00 1.00  1.00 1.00 .00 1.00  1.00 1.00
Panel B: 7 = 0.5
0 0 324 206 110 034 256 198 .108 004 264 166 052 .000
0 5 206 090 030 032 250 170 .066 .008 272 192 108 002
1 0 278 190 078 044 280 212 126 .080 248 162 052 .000
1 5 298 240 100 048 292 174 072 014 228 146 .050 002
95 0 296 206 118 068 428 336 .194 020 264 186  .068 002
95 5 268 196 .084 072 308 228 .068 016 292 210 .082 .000
-95 0 550 434 182 110 442 352 268 034 546 448 302 010
-95 5 500 392 266 088 402 292 160 030 320 204 134 010

96L

N3HO ODNVIOIVH

Note: The model is y; = ax; +nxt (qr < po) + for +ur with xp = x,_| +vr, uy = pu;_1 +er, and gr = 0.5¢,_1 +e;, where vy, ¢, and e; are i.i.d. N(0, 1). The true threshold value y( is
set as 0 and the coefficient a is set as 1. The parameter p is set as either 0, 1, 0.95, or —0.95 and the parameter § is set as 0 or 0.5. The size of the threshold effect &y is set as &, =2n~ /277,
where 7 is 0 or 0.5. The sample size n takes either 100, 200, or 400. The replication number is 1, 000.
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When the threshold effect is identified, both 7,, and T,, seem to be consistent
since their power converges to one very quickly as the sample size increases.
However, T,, performs better than 7,, when there exists serial correlation or model
endogeneity. Thus, we recommend to use the generalized sup-Wald statistic T, for
testing the existence of threshold effects in practice.

When the threshold effect is only weakly identified, both statistics seem to have
low power even when the sample size is 400, which is consistent to the results of
Theorem 3.2. In such case, we recommend to use the model selection procedure
described in Section 3.2 to detect the weak identification at first. In our simulation,
we choose (ln(n))2 as the tuning parameter x, and judge that the model is weakly
identified if the test statistic is smaller than ;. From the columns corresponding
to (ln(n))i in Tables 3 and 4, one can find that the model selection procedure
based on 7, works very well.

6. CONCLUSION

In the literature, statistical theory for threshold models with stationary explanatory
variables has been well developed by Hansen (1996, 2000). However, in empir-
ical macroeconomics and finance, many explanatory variables are nonstationary.
This paper establishes the asymptotic theory for threshold models with nonsta-
tionary regressors under the diminishing threshold effect assumption. What is
more important, we provide a method to construct robust confidence intervals
for the threshold estimators, which have the correct asymptotic size irrespective
of the magnitude of the threshold effect. The study can also be related to the liter-
ature of nonlinear cointegration as the model allows for a threshold effect in the
cointegration relationship.

There are several directions open for further work. First, it may be interest-
ing to develop a more general model with multiple threshold effects, each with a
different identification strength. A sequential procedure can be applied to deter-
mine the number of regimes and their identification strengths. Second, the model
can be extended to allow for stationary regressors. Moreover, there are many in-
teresting applications. For example, one can use the model to study the regime-
sensitive Taylor rule, where the dependent variable y; could be the short-term
interest rate, the explanatory variables x; could be macroeconomic variables such
as the inflation rate and the unemployment rate, and the threshold variable g, could
be the GDP growth rate. Another application is to model the regime-dependent
predictability of the fundamental ratios, such as the dividend-price ratio and the
earning-price ratio, to equity returns. The threshold variable could be a variable
indicating the status of the economy. All these are left for future studies.

NOTES

1. The model could be extended to include an intercept term and stationary regressors.

2. Loosely speaking, if the response variable y; is generated by a nonlinear transformation of inte-
grated regressors x; plus a stationary error term, then there exists a nonlinear cointegrating relationship
between y; and x;.
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3. Marmer (2008) shows that linear regression techniques actually may lead to spurious forecasts
if there exist small departures from the linear structure, but improvements of the forecast accuracy are
possible if the nonlinear components are properly considered.

4. See Elliott and Miiller (2007) for weak identification in break-point models; Cheng (2008) and
Shi and Phillips (2012) for weak identification in general nonlinear models.

5. Assumption (2.2) can be relaxed under certain circumstances. For instance, u; could be gen-
eralized to follow a linear moving average process of finite order /. However, fully generalizing the
model to allow for serially correlated errors would involve substantial added complexity (see Gonzalo
and Pitarakis, 2006).

6. In an early version of this paper, we have also established the limiting distribution of the coeffi-
cient estimators 5(?,1) We show that, if —1/2 < 7 < 1/2, the limiting distribution of the coefficients
estimators is mixed normal, which makes conventional #-test and chi-square tests applicable, whereas
if z = 1/2, the limiting result contains a bias term as a result of the inconsistency of 7 ,.

7. Structural spurious regressions can be due to integrated measurement errors and missing inte-
grated regressors (see Choi et al., 2008).

8. Other values for K, such as 10 and 15, are also applied with little change in the results.
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APPENDIX: Mathematical Proofs

In this appendix, Part A provides the proofs related to the basic model while Part B is
for the generalized model. To save space, we skip the details for some intermediary results
and a more detailed presentation can be found in Chen (2013).
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Part A

LEMMA A.l. Under Assumptions (2.1) — (2.3), for any y € [y,7], we have
$= 2 ha < s = oW F ).

LEMMA A.2. Under Assumptions (2.1) — (2.4), for any y €[y, 71, we have

o>l = [ BuGIW G, PG

=1
LEMMA A.3. Under Assumptions (2.1) — (2.4), for any y € [y,7], as n — oo, we
have

@) n723"_ A(ALG) D M),

I By (s)dW (s)
(i) n~! D1 Ac(y)ur = oy (an(S)dW(s’ F(y))’

where Ai(y) is defined in equation (5) and M@py) =
( By (s)B), (s)ds F(y)[B, (s)B;)(s)ds)
F(y) [By(s)By(s)ds  F(y) [By(s)By(s)ds )

LEMMA A.4. Under Assumptions (2.1) — (2.4), we have

_ 1 JBu(s)dW(s)
n(0(y0) —0) = auM(yo) (fBD ()dW (s, F(Vo)))'

Forany y # yq, if —1/2 <t < 1/2, we have
n"H2@0)~0) = M) (G, 0. 50);

fe=172
1001 =0) = a1~ (g e ) )+ MO TG 0.0,

_((FG)=F(30) [Bo(s)B, (s)ds
where (7. 70, 0) = = ((F(y) —F(ony) /By (s)B;<s)ds) %-

Proof of Lemmas A.1-A.4. The proofs are standard and are skipped here. n
LEMMA A5, If —1/2 <t < 1/2, we have y, LA 70-
Proof. To establish the consistency of 7,,, we need to prove Pr(|y,, — yo| > ¢) — 0 for

any ¢ > 0. Denote B(e) = {y : |y —yo| > ¢} and B(e) = [7,71\B(e€). By the definition of
7 n» We have

Pr(|7,—yol >&)=Pr{ inf SSR,(y) < inf SSR,(y)
7 €B(e) y€B(€)

gPr( inf SSR,(y) <SSRn(y0))
7 €B(€)

= Pr( inf n>* "1 (SSR,(y) =SSR (y0)) < 0) .
y €B(€)
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Thus, to prove Pr(|7,, — 7ol > &) — 0, it suffices to show that inf}, ¢ p(¢) 2 =L(SSR,(y)—
SSR;(y0)) > 0 with probability 1.

Rewrite equation (2) as a matrix compacted form: ¥ = X'a + X ()’ d, + u, where
Y,X,X(yo) and u stack y;,x;,x;1(q: < o) and u;, respectively. Denote X*(y) =
(X(y), X —X(y)) and define its projection matrix P;‘ =X*()(X* ()Y X*(y)1X*(p).
By some simple algebra, we have
SSRu(y) =Y'(I = P))Y =6, X (y0)' (I = P;)X (70)dn +28, X (y0) (I — P )u

+u'(I = P))u,
where the second equation uses the fact that X’ (1 — P“/* ) =0, since X is a linear combina-

tion of (X (y), X —X(y))-
When y = y(, we have SSR,, (yg) = u’(I — P;‘O)u, and it follows that

n* N (SSRu(7) = SSRa(y0)) =n~"T273), X (30)' (I = PY)X (70)dn
+n~ 142028 X (90) (1 = P)u

+n W (= Py yu—u/ (I - P} )
=81+ 8+ 83, say. (A.1)
Next, we will show that S; + S, + S3 uniformly converges to a function b(y ) which is

positive for any y € B(e).
Given —1/2 < 7 < 1/2, by Lemma A.3, it can be shown that

/1 1
Sy =n~1/2+7 (n1/2+f(s,,) ;X(yo)/(l — P} = n_1/2+r256;X(}’0)/(1 —P))u

— Op(n—l/z-l—‘[) _p) 0,

S3=n""T W (1= P)Yu—u' (1= P} yu) =n~ "2 PYou—u' PYu)
=0,(n~*?) Lo,
Using a similar argument of Lemma A.5 in Hansen (2000), we can show, for any y > y,
- I
S1=n""4278, X/ (90)(I = P)X (70)0n > (F(y0)

— FOOFG)™ FGo)d, ( / B, (5)B, (s)ds) S0 =b1 ()

uniformly. Since (F(yg) — F(yo) F (y y~! F(y0)) > 0and [ B, (s)B] (s)ds is positive def-
inite random matrix, by (y ) > 0 and the equality holds if and only if y = y.

For y < yp, we can show S S (F(yo) — F(y))56 (fBU(s)B;(s)ds) o = by(y)
uniformly, where by(y) > 0 and the equality holds if and only if y = yg. Define
b(y) =b1()1 (7 2 70)+b2(7)I (7 < 70). and we have shown that n~+27 (SSRy () —
SSRu(0)) LS b(y) uniformly for any y € [y,7] and b(y) is strictly positive when
y € B(e). Thus, Pr(inf, ¢ g(c)n>* "L (SSRu(7) — SSRa(70)) > 0) — 1. [ |
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Proof of Theorem 3.1. We first prove the limiting results for the case with —1/2 <
T <1/2. Leta, = nl =27 To prove 7, converge to yo with rate a,, we need to prove that
an|y , — ol = Op(1), or there exists a constant o > 0, limy,—y 0o Pr(|7,, —yol <?/ay) = 1.
For any B > 0, define Vg ={y : |y —yo| < B}. When n is large enough, we have v /a,, < B.
Since 7, EA 70 according to Lemma A.5, Pr({7,, € Vg}) 2z, Therefore, we only need
to examine the limiting behavior of y in Vp.

Define a subset Vg (v) = {y : 0/an < |y —y9| < B}. Thus, Vg(v) C Vp. To prove
Pr(|7, — 70l < 0/an) = 1, we just need to prove Pr(7, € Vz(@)) = 0. Let § and & be
the estimation of #(7,,) and 0(7,,). Also, we denote SSRy(y) =20 —0'As(7))?
and SSR;: (y0) = X1, (v — &' A (70))?. By the definition of 7,,, we have SSR};(7,) <
SSR;; (yo)- Hence, it suffices to prove that for any y € Vg (0), SSR;(y) > SSR;: (y 0y with
probability 1.

We consider the case of y > y 0 first. Using an argument of symmetry, we can, without
loss of generality, prove the result for the case of y < yg. Note that

n n

SSRE() = SSREG0) =D (e =0 4:())” =D (3 =04 40))”
t=1 t=1

= >3, (1) = xt (20) (51 (7) = 1 (70))

t=1

—-26), Z(x; (7) —x:(yo))u

t=1

+20 > (e (r) —xe Qo) e () = %1 (70)) @ — )

=1

42 (0+0n) () = x(70)) e (7)) =% (7)) (=)

t=1

n
+2(0, =) D i (y) = xe (yo))u
t=1
= R; — Ry + R3+ R4+ Rs, say. (A.2)

Ri+Ry+R3+R4+R5
. L .an()’ —70) . . i
surely by studying the limiting behavior for each term specifically. First, note that

Next, we show that converges to a positive random variable almost

1 n
T S ) =1 o) (1) = 3 70))

a
n n =1

= (F() = F(0))3) / B, (5)B), (5)dsdy +op (1)

= 00y —70)% (/Bv (5)B,, (S)dS) 9 +op(1).

The last equation uses the first-order Taylor approximation of F(y ) around yg.
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Noting that v/a, < |y —yg|l < B and a, = nl=27 with ¢ < 1/2, we have Vo<

Jan/(ly —yol). Thus, there exists k > 0, such that

Ry 25(/)% 1—1 (e (7)) = x1 (yo))u 1 _
= = e kf,
ar =0 Van(y =v0) N i = =

For any B — 0, there exists o > 0 and N, such that k//7 < £ (o) [ By (s)
B, (s)dsdo with probability 1 and v/a, < B when n > N. Therefore, for any y € Vp(v),
we have

R Ry -
an(y —y0)  an(y —y0)

0. (A3)

FunheArmore, from Lemma A.4, we have n’+1/2((§—0) = 0,p(7, — yo) and
n™ /2@, =) = 0p(7,, — 70). thus

Ry 2" () =2 (o) e () = xe (o)) n* F2@ - 0)
an(y =70) (7 =70)
= 0,7, —70) = 0p(1), (A4)
R4
an(y —70)
202 (0400) T2 B (e () =5 (20) e (7) =X (0)) T2 (5= 6)
B (7 =70)
=0TV (6= 0,) = 05 (T, —70) = 0p(1), (A5)
Rs 2% (0, =9)n~ ' 30 (e () —x: ()
an(y —70) (v —70)
=0, 2@ =6,)n" V) = 0, (1). (A.6)

SSR, (7)=SSR; (70)
an(y =70)
probability 1 for any y € Vg(v) and y > vy 0. Similarly, we can prove SSR;(y) >

SSR*(y%) when y <% and y € V() with probability 1.
Next, we study the limiting distribution for the estimator 7. Given —1/2 <t < 1/2, 7
is a consistent estimator with convergence rate a;, thus, we could focus on its asymptotic

Combining the results of equations (A.3)—(A.6), we have > 0 with

behavior in the neighborhood of the true thresholds. Let y = yg+ g. By the definition of
an
7 ., we have

~ . w
an(7p—70) =" =arg  min (SSRZ(VoJr*)—SSRZ(Vo))-
,00) an

we(—00

By equation (A.2), we know SSR; (yo+ 2) —SSR;;(y0) = R1 —Ry+ R3+ R4+ Rs,
an

with y replaced by yo + 2. Next, we turn to study the limiting behavior for each term.
dp
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We only provide the proof for the case where w > 0, as the proof for the case with w < 0
is analogous. Given w > 0, we have

Ry =4, Z (x, (Vo + aﬁ) —Xt(VO)) (Xt (Vo + aﬁ) —Xz(Vo)) n

t=1

— a2y (xz (yo + %) _x,(yo)) (xt (y() + %) —x,(yo)) %

t=1

— iy (F (yo + aﬂ) - F(Vo)) ( / B, ()B, (s)ds) do+op(1)

L roo)ws) ( / B, (5)B, (s)ds) . (A7)

10}
Note that the last equation uses the first-order Taylor expansion of F(yy+ —) around
dn

y0- For Ry, we have

n
®
=23 2)-
,_Zl n (Xt (VO + an> Xt (Vo)) Ut
n

_ 1 w
= —oml/? Tdé*Z(xt (yo—i— *) —xt(VO)) U
n an

=1

= — 2@(560,4 /BD (s)d (W (s, F (yo + ag)) - W(s, F()’O)))

n

= —2/andyou (Jl (F (Vo + aﬂ)) —J (F(Vo)))- (A8)

R

S}

Note that Jj(u) = [B,(s)dW (s, 1) is a mean-zero Gaussian process with an al-
most surely continuous sample path and with the covariance kernel E(J;(x«1)J1(x2)) =

(1 A 12) [ By (5)B (s)ds. Thus, D(w) = y/andou (Jl (FGo+ 21, (F(Vo))) is

also a Brownian motion with
w
Var(D@) = oan(F(ro-+ )= F(r0)dh [ B (6)B, ()dsdy
n
= auzf()w/Bu ()B (s)ds +op(1).

By equations (A.4)—(A.6), we have R3 + R4+ R5 = wop(1) = 0p(1). Combining the
convergence results of equations (A.7) and (A.8), we have

SSR; (y)—SSR;; (y0) = fowé(/)/BD (s)B) (s)dsdy —2D(w)

= fowég)/Bv(s)B:) (s)dsdy

_2au\/ fowd, / B, (5)B} (s)dsdpA | (),
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where A1 (w) is a standard Brownian motion on [0, 00). Making the change of variables as
follows

2
Oy

“ T 8 ([ By )B, (5)ds) oo fo

we have
,
SSR; (1) =SSRy, (70) = 207 (5 = A1 (). (A9)

Using continuous mapping theorem, the asymptotic distribution of 7 can be
expressed as

1
nl_ZTi(?—yo)zr*:arg max (Ay(r)—=|r]).
re(0,00) 2

Lastly, we establish the limiting results for 7’,, when z = 1/2. By the definition of 7 ,,, we
have 7, = argminy ¢y 5 SSRy () = argmax, ¢, 7(SSRy — SSRy (7)), where SSRy
is defined as the sum of squared residuals by regressing y; to x;. After some standard al-
gebra, we have SSR, — SSR,(y) =Y'(I = P)X (7)) (X' (7)) = P)X (7)) ™' X' () -
P,)Y, where X(y) = (x1(7),x2(),...,xn(»)) and X = (x1,%2,....%2) . Py =
X (X'X)~1X’ is the projection matrix of X. Define I',(y) =n~ X' (y )(I — P,)Y.

Given 7 = 1/2, we have nd, = dyp. By Lemma A.3, it can be shown that

Ta(y) = o / B, (s)d (W(s, F(7)) — F(W(s) + (F( A o)

— FGYF(0) ( / B, (5)B, (s)ds) So=T10),

and n72X'())(I — P)X(y) = F(y)(1 — F(y)) [By(s)B) (s)ds. By continuous
mapping theorem, we can show that (SSR, — SSR,(y)) = I,()(X' () —

POX )/ 00 () = o3y 10 (B (B (5)ds) T Th(). u

Proof of Theorem 3.2. Note that
Ta(y) =3a (7Y (X' () U = P)X (7)) () /52
=(I—P)Y'X() (X' ) = P)X() ' X' () = Py)Y /57

-1
=G (72XGYX0) =X ) X0 TIXX () TaG)/F;. (A10)

By Lemma A3, we have n2X(y)X(y) — n2X()X(X'X)"'XX(y) 5

(FOI=F()?) [By(5)B (s)ds.
Next, we consider the limiting result for I, (y) for different 7. When —1/2 <7 < 1/2,
we have
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1 1 1
() = ~X'(u==X" XX X)X u+ - X' ()X (70)n

1
= X' ()X X)X X (0)d
1
= 0w /0 B, (s)d (W(s, (7)) — FGW(s) +n!/27T(F(y Ayo)

— F(;)F (o)) ( / B, (5)B) (s)ds) 5
=0, )5 .

It follows that T, (y) = Op(’ll_zr) L .
When 7 = 1/2, we have

L) = =X (Y= X ()X OCX) ™ Xk 2 X ()X ()
— XXX XX G
= TG+ G A0 = FOFGo) ([ B0 6)as )2y =110
It follows that T}, (y ) = mri ) (/Bu($)B, (s)ds) ' T1(»). [ ]

Proof of Theorem 3.3. We prove the equality by showing the following two inequali-
ties: AsySZy (a) > 1—a and AsySZ, (a) < 1—a hold simultaneously. We first consider
the proof of AsySZy (a) > 1—a.

By the definition of AsySZ, (a) as equation (18), we can find a parameter sequence
(On» yn) such that AsySZ, (a) = liminfy, — o0 Pr(s,, yn)()’n € Cly n(a)). Let {b,} be a sub-
sequence of {n} such that AsySZ, (a) = lim;,— 0 Pr(s,,. Vbn)(ybn € Cly p,(a)). Denote
5(’)“ = ndy where Jj € RU{—00, oo}. Because the euclidean space is complete, we can
always find a subsequence {c;} of {by} such that (cxdc, . yc,) = (55, 70)-

If ¢ = 1/2, we have §; = nn~1/2=78y = & € R. By Theorem 3.2, we have T, =
Op (n1=27) = Op(1) < K, with probability one. Thus, Cly ,(a) = CI a(a), and
AsySZy (@) =limy— o0 Pr(s,, y.,) (Ven € Cly ¢, (@) =limp— 00 Prs, 5,1 (17 yc,, Vel <
ZI\;‘/)‘,/I _o) 2 limys 00 Pres, ,nd)(ch — Vel < 21*;"1 _4(70500)) = 1 —a. The inequality uses
the fact that ﬁ;‘jl_a =SUPy e[y 7] SUPsER qu‘,/l—a (y,0). The last equation uses the fact that
[7¢, = Vo | converges to |7 (yg,do) — yol and Z[;‘fl_a(yo,éo) is defined as the (1 — a)
quantile of the limiting distribution of |7 (yq, dy) — yol-.

If —1/2 <7 < 1/2, & = nn~ /27755 = n!/277 5 = +o0. Note that nVi,/> —
0 for any v > 0, we have T, = O n'72%) > K, with probability approach-
ing one. Thus, CI, c,(a) = CII (a) and AsySZy(a) = limnﬁooPr(afn’yrn)(ycn €
Cly.c, (@) = limy00Pr(ye, € cﬂ (@) = limy0oPr(LR(ye,) < qf_,). As
LRy (7n) = SUDy<(—o0.00) CAG) — [}, LRe, () COMVEIZES 10 5D, (o0 00y (BA() —
|r]) and qll_a is the 1 —a quantile Of SUP, ¢(_co 00y (2A(r) — |r|). Thus, AsySZ, (a) =
limy 00 Pr(LR(yc,) < q{_,) > 1 —a.
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Next, we consider the other side AsySZ, (a) < 1—a. Let 0, = n_l/250 and y, =
70 with dy € R/{0}. By definition, we have AsySZ, (a) < liminfy, 00 Pr(g),y0)(v0 €
CI, n(a)). When 0, = n—1/2(50, we have 7, = 0p(n1_27) = Op(n) > x, with prob-
ability approaching one. Thus, Cl, ,(a) = Clyl’n(a), and liminf,— o0 Pr(g, 50) (70 €

Cly n(a)) = liminfy— 0o Pr(yo € CI) (@) = liminf,— 0o Pr(LRa (70) < ¢{_,) =1—a
where the last equality holds because LRy (y0) = SUP,e(—oo,00) 2A(r) —I7]). n

Part B

Define the moment functionals for the stationary regressors z; as

h(y)=E(z1(gr <v)), hi(y) =Bz (g1 < 7)), ha(y) =E(z—11(q: < 7)),
H =E(zz;), Hy =E(zz;_y).
LEMMA B.1. Under Assumptions (4.1), (4.2), (2.3), and (2.4), forany y €[y ,7], as
n— 0o,
@ n3237 2x(r) D h(y) [ B (s)ds,
_ P
®) 7323 zx]_ (7)) S k() [ B (s)ds,
— P
© n P30 uax () > ha(y) ['B (s)ds,
@ n '3 57 B oH,
@© n7 '3z, 2 om.
LEMMA B.2. Under Assumptions (4.1), (4.2), (2.3), and (2.4), forany y €[y ,71and
u=F(y)asn— oo,
@ n~V2S T < p)er = o Wis, ),
® nTV2EE I (@1 < p)er = o Wis, ),
© nT X () e =0 [B(s)dW (s, ),
@ 27 210 e = o [BY()dW (s, ),
(e n7V23"  zier =0,
® nVPYI e =03,

where Jo and J3 are Gaussian random variable with mean zero and variance H.
W (s, 1) and Wy (s, i) are two two-parameter Brownian motions.

Proof of Lemmas B.1 and B.2. The proofs are standard and are skipped for space
considerations.

LEMMA B.3. If —1/2 <t < 1/2, under Assumptions (4.1), (4.2), (2.3), and (2.4), we
have 7, LS yo forany p € (—1, 1].

Proof. We conduct the proof by considering two cases according to the value of p.
When p < 1, uy = f'z; + 1 is stationary process. The proof is similar to Lemma A.5
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and is skipped for brevity. When p = 1, u; = ’z; + n; is nonstationary since 7; is a
unit root process. Using a similar argument of Lemma A.S5, we only need to show that
n~1+27(SSR, (y) =SSR, (y0)) uniformly converges to a function b(y ) which is positive
when y € B(¢), where B(e) ={y : |y —yol > ¢} for any ¢ > 0. Note that equation (A.1)
still holds, i.e., n 7127 (SSR, (y) — SSRu (7)) = S1 + S» + S3. Next, we will show that
both Sy and S3 converge to zero but S| uniformly converges a function b(y) which is
positive when y € B(€).

First, note that the stationary component 8’z; of u; is asymptotically negligible, imply-
ing that S5 = n =127 (u/(1 — PHu—u'(I = Pyyu) = n~ 1420 (' Pyn—n' Py m)+op(1).

Denote By (s) as a Brownian motion such thatﬁ Nns] 4 By (s). By Lemma B.1, we have

n2 X )XY XN TIXT (o)

, -1
S ( / Bn<s)3n(s)ds) ( [ (s)B;(s)ds) ( [ (S)Bﬂ(s)ds)’

which is unrelated to y. Thus, #'Pyn—n'Pyn = op(1) and it follows that S3 =

n= 2 P —n P ) +op(1) = 0p(1).
To prove Sy converge to zero almost surely, we first consider the case where y > y(. For
the case where y < y(, the proof is similar and not repeated here. Given y > y¢, we have

w2 X ()X (7o) = 2X (50) X () B F(30) / B, (5)B), (5)ds,
72X (70) (X =X (7)) =0,

w2~ XG0 X)) B (FG) = Fro)) / B, (5)B, (s)ds.
It follows that

=2 y* !k P F(VO)va(S)BZ (S)dS, 0
n" X (o) X (y) > ((F(y) —F(30)) [ By (s)B} (s)ds, (1—F(y)) [By(s)B, (s)dS)'

Using the above convergence results, it can be shown that

n_1+275;lX(y0)’;1 = n1/2+156n_2
n

212+t g F(y0) [ By(s)By(s)ds
X;xt()’o)ﬂ%n + 50((]—F(}’()))fBu(S})?Bn(S)dS 5

and

1427 Fpk o P 1/241 g F(y0) [By(s)By(s)ds )
n 0, X Pin—>n o .

nX (o) By 0 ((1 — F(70)) [ Bu(5)By(s)ds

Thus, Sy = 20~ 4278, X (50) (I — Py)u = 20717276, X (o) 5 — 217276, X ()’
Prn+op(1l)=op(1).

Moreover, using a similar argument in Lemma A.5, we can show S EA b(y) uniformly

and b(y) is strictly positive when y € B(¢). Combining the convergence results for Sy, S5,
and S3, we complete the proof. n
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Proof of Theorem 4.1. Under Assumption (4.1), the model can be rewritten as y; =
a’xz +5;xz(yo)+uz =0{x/ (?)+n,*, where x/(7) = (Xx(?)/,X,/ —xt/(?),a)’, 01 = (o' +
!, §1Y, and o} = e +6] (57 (y0) =7 (7). Since 04 (57 (70) = %7 (7)) = (31 (o) =
xt(y )), we have ’71 = m + 3}, (x; (yo) — x,(y )). The LS res1dual 7:(7) can be expressed

as 7 (7) = yi =01 (7)'x; (V) =1t +0, (1 (70) = (7)) + @1 (7) = 01)'x7 (7). Next, we
conduct the proof by considering two cases according to the value of z.

Case 1: —1/2 <t < 1/2, by Lemma B.3, we have 7 ES 7o and 6, = O (n_l/z_f)
op(1). Thus &, (x;(y0) — x,(y)) =op(1). If p =1, 5 is a unit root; thus () =
e+ 0, (xi (yo) — x: (7)) + (01(})) 61)'x}(7) is also a unit root process and it can be

shown that p =1+ Op( ). If p <1, 5, is stationary. Since 7 LS 70, it can be shown
that D,,(Hl(y) 01)=0p(n~ /2y where D, _dlag{nl/zld nl/zld1 g, }isa welght—
ing matrix. It follows that 7:(7) = 5 + &, (x: (7o) — x:(7)) + G1 (7) — 01)'x} (7) =

ne+o0p (1) + @1 (7) —61) Dy D; x,*()’)/—H?z As 1, is assumed to be 7y = pii—1 +é&1,
it can be shown thatﬁ:p—}—Op(ﬁ).

Case 2: T = 1/2, 7 is inconsistent. Noting that nd, = &y, we have &, (x;(yo) —x: (7)) =
Op() = 0p(1). I p = 1, the term 7(7) = s+, (51 r0) = 30 (7)) + @1 (7) -
01)'x/(7) is an I(1) process and it can be shown that p(7) =1+ Op(%). If p <1,
we can show that D, (51 M -6y = Op (n_l/ 2). Thus, the following convergence still
holds: 7 (7) = 1+, 0 (y0) — ¢ (7)) + @1 (7) — 61)'xF (7) 5 s, implying that 7 =
p+O0p(75)- u

LEMMA BA4. For any p € (—1,1], there exists a nonrandom weighting matrix 5,1
such that
I ~ ~_1p =
@ n7'D; ALY AL()Dy 5 GG,
i) 12D A () = $(),
where é(y) and $(y) are defined below.

Proof. When p < 1, define the weighting matrix D, = diag{nl/zldl , nl/zld1 Ay}

By (s)B), (s)ds F(y) [By(s)B; (s)ds 0
G()=|F)[Bu(s)B,(s)ds F(y) [By(s)B,(s)ds ([By(s)ds)h(y) |,
0 h(y) (B} (s)ds) H
By (s)B), (s)ds F(y) [By(s)B (s)ds 0
Gi(y)=| F)[Bu()B,(s)ds Fi(y.7) [Bu(s)B,(s)ds ([By(s)ds)hS(y) |,
0 hi(y) (fo) (s)ds) H,
and
~ o [By(s)dW(s)
p(r) =0 [Bu(s)dW(s, F(7)) |,
oJ

where W(s) = (1 — p)W(s), W(s,F(y)) = W(s,F(y)) — pWi(s, F(y)), and J =
Jr—pJ3.
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By Lemmas B.1 and B.2 and Theorem 4.1, it can be shown that

n n
n ' D AL ()AL ()Y Dy =0t D AL ()AL () DY
=1 t=1

n
+n7' 57D Dy AL ()AL () Dy
=1

n
—p . Dy AL ()AL -1 () D!
=1

n
~72 Dy Aym1 ()AL () D!
t=1
P 2 / _~
=G +p G =p(G1(N+G(1)) =GO
By Lemmas B.1 and B.2 and Theorem 4.1, we can also show that
LI n= S ~
w2 D R = T S DR O | = 80,
t=1 n~V ;Z:lfzﬁt

When p =1, using a similar argument for the case of p < 1, we can find two random
matrices G(y) and ¢(y) and establish the convergence results. n

Proof of Theorem 4.2. The proof is similar to that of Theorem 3.1 and is skipped for
brevity.

Proof of Theorem 4.3. The proof is similar to that of Theorem 3.2 and is skipped for
brevity.
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