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Abstract
In this article we introduce a gluing operation on dimer models. This allows us to construct dimer quivers on
arbitrary surfaces. We study how the associated dimer and boundary algebras behave under the gluing and how to
determine them from the gluing components. We also use this operation to construct homogeneous dimer quivers
on annuli.

1. Introduction

Dimer models on surfaces are oriented graphs embedded in surfaces which arise from gluing oriented
discs along common arrows. They have been studied in different contexts, including statistical mechanics
[10], integrable systems [6] and mirror symmetry [2]. More recently, dimer models on surfaces with
a boundary have been considered; cf. [1, 5] in the context of cluster algebras and cluster categories,
as they arise as quivers of clusters with frozen variables or as quivers of cluster-tilting objects with
projective-injective summands.

For dimer quivers in the disc, Postnikov diagrams provide a convenient way to describe the cluster
structure associated with the Grassmannian Gr(k, n) of k-dimensional subspaces of Cn. Postnikov dia-
grams are a collection of n oriented curves between the n vertices of the disc, inducing a permutation
of the n vertices. If this permutation sends vertex i to vertex i + k (reducing modulo n), we say it is a
(k, n)-diagram; these diagrams are used in the description of the cluster algebra structure on the coordi-
nate ring of the Grassmannian [9] or of the cluster-tilting objects in the Grassmannian cluster category
[1]. A natural question is how to generalise these constructions to other surfaces while retaining control
of their algebraic properties. The annulus is the first non-simply connected case, and in this setting, it
is known that gluing along boundary intervals changes the topology of the ambient surface and turns
boundary arrows into internal arrows along the resulting seams [1].

The first aim of this paper is to introduce a gluing operation for dimer quivers and to describe how
the associated dimer and boundary algebras behave under gluing. Proposition 5.14 shows that the glued
dimer algebra is determined by the components, and Theorem 5.16 shows that, under thinness hypothe-
ses, the glued boundary algebra can also be recovered from the components. In particular, Corollary 5.17
gives a recursive way to determine the boundary algebra of a Postnikov diagram in the disc.

The second aim is to use this gluing construction to build homogeneous dimer quivers on annuli in
the sense that the associated strand diagram induces a permutation of the form i �→ i + k along each
of the two components of the boundary; we say that such a diagram is of degree k. With this in mind,
we introduce a family of bridge quivers �k and glue them to (k, n)-diagrams in the disc. Theorem 7.2
shows that the resulting quivers on the annulus correspond to weak Postnikov diagrams of degree k, and
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Theorem 7.14 gives an explicit presentation of the resulting boundary algebra. Our gluing construction
can be used to construct dimer quivers on general surfaces from those on “simpler” surfaces. It would be
interesting to do this in a way such that the associated (weak) Postnikov diagrams are also homogenous
in the above sense, that is, of degree k.

The paper is organised as follows. Sections 2 and 3 contain the necessary background on dimer quiv-
ers, Postnikov diagrams and their associated algebras. In Section 4, we recall weak Postnikov diagrams
on arbitrary surfaces. Section 5 introduces the gluing operation and studies its effect on dimer and bound-
ary algebras. Section 6 introduces the bridge quivers�k. In Section 7, we use these quivers to construct
weak Postnikov diagrams of degree k on annuli and to determine their boundary algebras.

In particular, we show that the dimer algebras (Definition 2.7) obtained through gluing are determined
by the components used in the gluing (Proposition 5.14). Additionally, when certain consistency con-
ditions are met, we also determine the glued boundary algebra from the components in Theorem 5.16.
Notably, this allows the boundary algebra associated arbitrary Postnikov diagrams on the disc to be
calculated recursively using Corollary 5.17. In Section 6, we introduce a family of consistent dimer
quivers on the disc, called k-bridges. These will be instrumental in the construction of dimer quivers for
the annulus in Section 7. In this final section, we glue bridge quivers with certain homogeneous dimer
quivers on the disc, called (k, n)-diagrams. We prove that the resulting dimer quivers on the annulus
correspond to weak Postnikov diagrams of degree k in Theorem 7.14.

2. Dimer quivers

A quiver is an oriented graph Q = (Q0, Q1), with a finite vertex set Q0 and a finite set of arrows (oriented
edges) Q1. We denote by Qcyc the set of oriented cycles in Q.

Definition 2.1. A quiver with faces is a quiver Q = (Q0, Q1) together with a set of faces Q2 and a map
∂ : Q2 → Qcyc sending a face F ∈ Q2 to its boundary ∂F ∈ Qcyc.

We consider a special class of quivers with faces obtained from gluing a collection of oriented cycles
along arrows in a consistent way. They were first formalised in [1] as dimer models with a boundary.
We will call them dimer quivers.

We first recall the notion of the incidence graph of a vertex of Q: For vertex i ∈ Q0 of the quiver Q, the
incidence graph of Q at i has as vertices the set of arrows incident with i and contains an edge between
vertices vα and vβ if the path

• α−→ i
β−→ •

is part of the boundary ∂F of a face F ∈ Q2.
If α ∈ Q1, the face multiplicity of α is the number of faces such that α belongs to their boundary.

Definition 2.2. A dimer quiver is a quiver with faces (Q0, Q1, Q2) where Q2 can be expressed as the
disjoint union of two sets Q+

2 and Q−
2 and which satisfies the additional properties:

(1) Q has no loops.
(2) Every arrow α in Q1 appears with face multiplicity one or two. In the latter case, if F1 and

F2 are the two faces F1, F2, such that α ∈ ∂Fi for i = 1, 2, then F1 ∈ Q+
2 and F2 ∈ Q−

2 (or vice
versa).

(3) The incidence graph of every vertex of Q0 is (non-empty and) connected.

Notice that a dimer quiver partitions the set of faces Q2 according to the orientation of their boundary
cycles in a way that the boundaries of any two adjacent faces have opposite orientations. See Figure 1
for an illustration.
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Figure 1. A dimer quiver with six faces.

Remark 2.3. Dimer quivers are the dual graphs to certain well-studied bipartite graphs on surfaces
called dimer models (see [3, 7, 10], e.g.).

If α has face multiplicity one in the dimer quiver Q, we call α a boundary arrow; otherwise, α is an
internal arrow. A vertex i ∈ Q0 is a boundary vertex if it is incident with a boundary arrow. Otherwise,
i is called internal.

Example 2.4. Figure 1 shows an example of a dimer quiver with six faces. The partition of Q2 is
indicated by the shading:

Q+
2 = {F1, F3, F5} and Q−

2 = {F2, F4, F6}.

Remark 2.5. Given a dimer quiver Q, we can form a topological space �Q by gluing the arrows
bounding each face as directed by their orientation. The resulting space �Q is an oriented surface
with boundary, where the faces in Q+

2 , Q−
2 can be declared to have positive and negative orientations,

respectively. The quiver Q is said to be a dimer quiver in a disc, if �Q is homeomorphic to a disc.

A path p in a quiver Q is a composition of arrows p = α1α2 · · · αs such that the endpoint of αi is equal
to the starting point of αi+1 for i = 1, . . . , s − 1 (writing the composition from left to right). We allow
paths of length 0, that is, paths starting and ending at a vertex, without using any arrows. Such a path
is called a trivial path. To any quiver Q, one can associate an algebra over C, the so-called path algebra
CQ of Q: it has as a basis the set of all paths of Q, including the trivial ones, with multiplication given
by the concatenation of paths. Note that since the dimer quivers we consider contain-oriented cycles,
the associated path algebras are infinitely dimensional.

For any oriented face F ∈ Q2, the element ∂F determines a cycle in Q, and so the set of all cycles
defines an element

WQ =
∑
F∈Q+

2

∂F −
∑
F∈Q−

2

∂F

in CQcyc called the potential of Q.
Internal arrows impose relations on the path algebra, given by the so-called cyclic derivatives of the

potential:

Definition 2.6. Let α be an internal arrow of Q, and let αβ1 · · · βs = ∂F1 ∈ Qcyc and αγ1 · · · γt = ∂F2 ∈
Qcyc be the two boundary cycles of the faces in Q2 containing α, with F1 ∈ Q+

2 and F2 ∈ Q−
2 . Let pF1 :=

β1 · · · βs and pF2 := γ1 · · · γt denote the complements of α in ∂F1 and ∂F2, respectively. Then the cyclic

https://doi.org/10.1017/S0017089526100974 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089526100974


4 Karin Baur and Colin Krawchuk

derivative of WQ with respect to α is defined by

∂α(WQ) = pF1 − pF2 .

The potential WQ determines an ideal of relations. We write

IW := 〈∂α(WQ) : α ∈ Q1, α internal〉
for the ideal of CQ generated by the cyclic derivatives with respect to internal arrows.

Definition 2.7. Let Q be a dimer quiver; the dimer algebra AQ is defined to be the quotient of the path
algebra by the relations arising from internal arrows α ∈ Q1:

AQ := CQ/I.

Note that while many paths get identified in AQ, the dimer algebra is still infinite dimensional in
general. Indeed, by Lemma 2.8 below, the element t = ∑

i∈Q0
ui generates a polynomial subalgebra

C[t] ⊆ Z(AQ).
Any boundary cycle of a face is called a unit cycle. As a consequence of the definition, for any vertex

I ∈ Q0, the different unit cycles going through a vertex i are all equivalent in AQ. We write ui to denote
the corresponding element in AQ.

Lemma 2.8. Let t be the element of AQ given by t := ∑
i∈Q0

ui, then C[t] ⊆ Z(AQ), where Z(AQ) denotes
the centre of AQ.

Proof. It suffices to show that t commutes with any arrow α ∈ Q1. Suppose α is an arrow starting
at vertex i and terminating at vertex j. Then tα= uiα and αt = αuj; therefore, we only have to show
uiα= αuj. Let F ∈ Q2 be a face whose boundary is given by ∂F = αpF. As αpF is a unit cycle at i, we
have uiα= αpFα. Similarly, pFα is a unit cycle at j, and so αpFα = αuj.

Definition 2.9. Let Q be a dimer quiver and AQ its dimer algebra. Let e1, . . . , en be the idempotent
elements of AQ corresponding to the trivial paths at the boundary vertices of Q and set e = ∑n

i=1 ei.
Then the boundary algebra of Q is defined to be the algebra given by:

BQ = eAQe.

This is often called the ‘idempotent subalgebra of AQ’ as we pre- and postcompose all paths with the
idempotent element e of AQ.

Note that the boundary algebra of a dimer quiver is also infinite dimensional in general.

3. Postnikov diagrams

In this section, we consider certain diagrams in the disc: the surface � is a disc with n marked points
on the boundary. These diagrams correspond to dimer quivers in the disc that exhibit global properties
which will later be used to determine the corresponding boundary algebra.

Definition 3.1. A Postnikov diagram (in the disc) consists of a collection of oriented curves (strands)
in the disc with marked points on its boundary, where each marked point is the source of exactly one
strand and the target of exactly one strand. The curves are considered up to isotopy, fixing endpoints.
The diagram must satisfy the following axioms.

(1) There are finitely many intersections, and each intersection is a transversal of order two.
(2) Following a fixed strand, the strands that cross it must alternate between crossing from the left

and crossing from the right.
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Figure 2. Local twisting and untwisting moves.

(3) Strands have no self-intersections.
(4) If two strands cross at distinct points, the corresponding bounded region forms an oriented

disc.

The label of a strand is the number i of the marked point where it starts.

It is clear from the definition that a Postnikov diagram determines a permutation of the boundary
vertices by i �→ j if the strand starting at vertex i terminates at vertex j. We call this the strand permutation
πD. Postnikov diagrams whose strand permutation takes the form i �→ i + k (mod n) are of particular
interest as they describe a cluster in the homogeneous coordinate ring of the Grassmannian Gr(k, n) [10,
Theorem 3]. We refer to such a diagram as a (k, n)-diagram. Note that such diagrams always exist: in
the paper mentioned above, Scott gave an explicit construction of a (k, n)-diagram for every k< n.

Example 3.2. The following is an example of a (3, 5)-diagram. The starting and endpoints of the strands
are indicated by grey circles.

Two diagrams are said to be equivalent if one can be obtained from the other through a sequence of
local twisting or untwisting moves, which are illustrated in the following diagram. The lower diagram
represents the boundary case, the boundary indicated on the left.

We call a Postnikov diagram reduced if it may not be simplified via untwisting moves (moving left
to right in Figure 2). The diagram in Example 3.2 is a reduced Postnikov diagram.

Each diagram divides the interior of the disc into regions, which are the connected regions in the
complement of the union of all strands. In the definition of a Postnikov diagram, we required that strands
must alternate between crossing from left to right and right to left when following a particular strand.
As a consequence, the interior regions can be classified as either:

(1) alternating if the strands forming its boundary alternate in orientation, or
(2) oriented if the strands are all oriented in the same direction (all clockwise or all anticlockwise).

We associate a label with each alternating region obtained from the Postnikov diagram. These labels
are subsets of [n] = {1, 2, . . . , n} given by the strands: each strand divides the disc into a left and right
region with respect to the strand orientation. This allows us to attach labels to the alternating regions:
an alternating region is labelled by i ∈ [n] if the strand starting at i keeps the given region on its left.
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Figure 3. Postnikov diagram with its labels (left) and with the quiver (right).

Figure 4. Associating arrows to intersections of strands.

Example 3.3. The Postnikov diagram from Example 3.2 has six oriented regions (shaded in grey on the
left of Figure 3) and seven alternating regions, with labels as shown in both pictures. One can see that
labels of the alternating regions on the boundary are of the form i, i + 1, i + 2 modulo n, for n = 5.

We want to associate with every Postnikov diagram a dimer quiver. Its vertices are given by the alter-
nating regions. The arrows arise from crossings: to each intersection point between strands of alternating
regions, we associate an arrow between the corresponding vertices, with the direction described in the
following diagram in Figure 4. The figure on the right represents the case where both regions are on the
boundary.

Definition 3.4. The quiver QD associated with a Postnikov diagram D has a vertex set Q0 given by
the alternating regions. The arrows are given by the intersection points of strands between alternating
regions, with orientation as above.

Notice that we allow arrows between boundary vertices.

Example 3.5. The quiver QD obtained from the Postnikov diagram of Example 3.2 recovers the dimer
quiver from Figure 2.4. The quiver QD is shown on the right of Figure 3. It is drawn on top of the
Postnikov diagram, using solid lines, with the vertices corresponding to the alternating regions in D.

We have seen how a Postnikov diagram gives rise to a quiver QD. In fact, QD is a dimer quiver in the
disc. See [1, Section 2] for more details.

The Postnikov diagram D can be recovered from QD by taking its strands to be the collection of
zig–zag paths of the dimer model [6], as we recall here.

Definition 3.6. Let Q be a dimer quiver in the disc, with n vertices on the boundary. We draw two short
crossing-oriented segments on every arrow of Q, in the orientation shown on the left and in the middle
of Figure 5. Inside each face, we connect each segment to the next one encountered when moving around
the face according to its orientation. In this way we obtain n oriented curves starting and ending at the
boundary of the disc, as on the right of the figure. We write DQ for the resulting diagram. It is sometimes
called the diagram of zig–zag paths in Q.
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Figure 5. Associating a strand diagram to a dimer quiver.

Figure 6. The weights on the arrows of a dimer quiver.

In Section 4, we will lift this correspondence to the more general set-up of dimer quivers on arbitrary
surfaces and of so-called ‘weak strand diagrams’.

Definition 3.7 (1, Section 4). For any arrow α:I → J in Q1(D), let c be the label of the strand crossing
α from right to left and let d be the label of the strand crossing α from left to right, when looking in the
direction of α. In other words, J = I \ {c} ∪ {d}. The weight of α is then defined to be the cyclic interval
from c to d in [n]

wα = [c, d).

The weight of a path p = α1 · · · αr in QD is the multiset union of the weights of the arrows in the
path; equivalently, it is the sum of the indicator functions of the intervals wα1 , . . . , wαr . We write
supp (wp) ⊆ [n] for its support. A path is called sincere if supp (wp) = [n] and insincere otherwise.

Example 3.8. To determine the weight of the arrow {1, 3, 5} → {2, 3, 5} of the quiver from Figure 6,
observe that c = 1 and d = 2. So the weight is [1, 2) = {1}. The weights of all arrows of that dimer
quiver are shown in Figure 6. Any arrow is an insincere path. However, as one can check, any unit cycle
is a sincere path. The path from {3, 4, 5} to {1, 2, 5} via {1, 3, 5} and {1, 4, 5} has 4 and 5 with multiplicity
two in its weight. It is insincere, since 2 does not lie in the support.

Definition 3.9. A dimer algebra AQ is called thin if for any pair of vertices a, b ∈ Q, there is a path
h ∈ eaAQeb such that eaAQeb =C[[t]]h. In other words, there is a path h : a → b such that for any path
g:a → b in AQ, one has g = htm for some m ≥ 0. Such a path will be called minimal.

Remark 3.10. For a Postnikov diagram D in the disc, insincere paths in AQD are minimal, cf. [BKM16,
Corollary 9.4]. We will use this in the proof of Lemma 3.14(2).

The following two results on the thinness of dimer algebras will be useful when working with the
dimer algebras of Postnikov diagrams.
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Figure 7. Paths ui (in blue) and vi (in red).

Proposition 3.11 (8, Proposition 2.11). Let D be a Postnikov diagram in the disc. If the associated
quiver QD is connected, then AQD is thin.

Lemma 3.12 (8, Lemma 2.13). Let Q be a connected dimer quiver such that AQ is thin. If g:a → b and
h:b → c are paths in Q such that the composition gh is minimal, then both g and h are minimal.

We now introduce some notation which will be useful when describing paths between boundary
vertices.

Notation 3.13. Let D be a (k, n)-diagram in the disc, and let α be a boundary arrow in QD. As each
boundary arrow α in a dimer quiver Q belongs to precisely one face Fα ∈ Q2, we can uniquely refer to
the complement α̂ of α around Fα in the dimer algebra AQ (i.e., αα̂ = ∂Fα).

For each i ∈ [n], we define paths ui : i → i + 1 and vi : i + 1 → i as follows: let α be the boundary
arrow between i and i + 1. If α is oriented clockwise (that is, going from i to i + 1, we set ui to be this
boundary arrow. If α is oriented anticlockwise (i.e. i + 1 → i), we set ui to be α̂. Then vi : i + 1 → i is
defined to be the complement of ui in the unit cycle at vertex i. Figure 7 gives an illustration of the paths
ui and vi on a dimer quiver.

Take m ∈ [n] and h ≥ 0. Going forward, we will use the following shorthand for composing h
consecutive ui’s (vi’s) starting at the vertex m on the boundary of Q:

• uh
m := umum+1..um+h−1 : m → m + h

• vh
m := vm−1vm−2 . . . vm−h : m → m − h

where addition and subtraction in the indices are done modulo [n]. When the starting point is clear, we
will drop the index m from the notation. In particular, in Lemma 3.14(2), the path uh is uh

a, starting at a
and ending at b ≡ a + h and vh′ stands for a path starting at a and ending at b ≡ a − h′.

Lemma 3.14. Let D be a (k, n)-diagram in the disc. The paths defined above satisfy:

(1) vk
m = un−k

m in AQD for any m ∈ [n].
(2) For any pair of boundary vertices a, b in QD, a minimal path from a to b in AQD is either uh

a or
vh′

a , where 0 ≤ h, h′ ≤ n, b ≡ a + h ≡ a − h′ (mod n), and h + h′ = n.

To obtain this result, one can explicitly determine the image of arrows under the inverse of the isomor-
phism given in [1, Theorem 11.2] or by analysis of perfect matching modules [Claim 3.4, [4]]. However,
we provide a direct argument by associating weights to the arrows in QD.
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Proof of Lemma 3.14. (1) The vertices of QD arise from k-subsets. For a ∈ [n], we will write Ia

for the k-subset {a, a + 1, . . . , a + k − 1}. Adjacent boundary vertices in D are assigned the k-element
subsets Ia and Ia+1 of [n] for some a ∈ [n]. If the boundary arrow between them is oriented clockwise,
then ua is that arrow and has support [a, a + k). If the boundary arrow is oriented anticlockwise, then it
has support [a + k, a) while the unit cycle through it is sincere; hence, its complement ua has support
[a, a + k). Similarly, every path v : Ia+1 → Ia has support [a + k, a). It is clear that the weight of each
path v : Ia+1 → Ia has the support [a + k, a), and the weight of each path u : Ia → Ia+1 has the support
[a, a + k). Therefore, the support of vk (ending at Ia) will be

k−1⋃
j=0

[a + k + j, a + j).

The cardinality of this set is (n − k) + (k − 1) = n − 1. Similarly, the weight of un−k (starting at Ia) is
n−k−1⋃

j=0

[a + j, a + k + j)

with cardinality k + (n − k − 1) = n − 1. Thus, we have shown that vk and un−k are insincere paths
between fixed vertices in AQ. Since there is only a unique insincere path between any two vertices by [1,
Corollary 9.4], the claim follows.

(2) Set d := |b − a|. If d ∈ {k, n − k}, then the paths constructed in the proof of (1) are minimal
between Ib and Ia. If d< k, then vd is a subpath of vk and therefore insincere. By Remark 3.10, vd is
minimal. If d> k, then we have n − d< n − k, and similarly, un−d is a subpath of un−k and therefore
insincere and once again minimal.

4. Diagrams on surfaces

The notion of a weak Postnikov diagram was introduced in [1], relaxing the conditions of Definition 3.1
and allowing arbitrary surfaces. Let � be an oriented surface with marked points on its boundary. We
assume that every connected component of the boundary contains at least one marked point. The surface
� may consist of several connected components.

Definition 4.1. A weak Postnikov diagram on a surface � consists of oriented curves in �, where each
marked point is the source of a unique strand and the target of a unique strand. The diagram must also
satisfy the following axioms:

(1) There are finitely many intersections, and each intersection is a transversal of order two.
(2) Following a fixed strand, the strands that cross it must alternate between crossing from the left

and from the right.

In particular, we allow strands to have self-intersections, and we do not ask for condition (4) of
Definition 3.1 to hold – unoriented lenses may occur.

Weak Postnikov diagrams are considered up to isotopy that preserves crossings. Notice that a weak
Postnikov diagram determines a permutation of the marked points of �.

Let C1, . . . , Ct be the connected components of the boundary of �, for some t> 0. We label
the marked points of � clockwise around each connected component Cj of the boundary of � by
pj,1, . . . , pj,nj .

Example 4.2. Figure 8 shows two weak Postnikov diagrams on an annulus with three points on the outer
boundary and two points on the inner boundary. In cycle notation, the permutations these diagrams
induce are (132) for the one on the left and (1312) for the one on the right. Both permutations have fixed
points.
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Figure 8. Two Postnikov diagrams on an annulus.

Figure 9. Dimer quivers of weak Postnikov diagrams.

Definition 4.3. A (weak) Postnikov diagram D on a surface� is said to be of degree k if the permutation
induced by D is of the form pj,i �→ pj,i+k (reducing modulo nj) at every connected component Cj of the
boundary of �.

The second picture in Figure 8 shows a weak Postnikov diagram of degree 2. To any weak Postnikov
D diagram on a surface, we can associate a quiver QD, as for the disc case (Definition 3.4). This is also
a dimer quiver, following the reasoning of [1, Remark 3.4], so we have:

Lemma 4.4. Let D be a weak Postnikov diagram on a surface �. Then QD is a dimer quiver on �.

Example 4.5. The dimer quivers of the weak Postnikov diagrams from Example 4.2 are in Figure 9.

Remark 4.6. Recall that for any dimer quiver on the disc, the collection of its zig–zag paths
(Definition 3.6) is a Postnikov diagram. The zig–zag paths can be drawn for dimer quivers on arbi-
trary surfaces, as this only relies on the quiver and not on the surfaces. This results in a collection of
oriented curves (strands) which will be denoted by DQ (as in the disc case, Definition 3.6). We now show
that DQ is a weak Postnikov diagram.

Lemma 4.7. Let Q be a dimer quiver on a surface �. Then the collection of alternating strands DQ is
a weak Postnikov diagram on �.

Proof. The collection of zig–zag paths of a dimer model gives a strand diagram satisfying the local
conditions of a Postnikov diagram (i.e., a weak Postnikov diagram) but not necessarily the global
conditions, arguing as in [1, Remark 3.4].

By Lemma 4.4, every weak Postnikov diagram D defines a dimer algebra AQ = AQD =CQD/I where
I is the ideal given by the relations from the internal arrows, cf. Definition 2.7.
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Figure 10. The quivers Q and ρ(Q): adding boundary arrows.

Setting e to be the sum of idempotents of AQ corresponding to boundary vertices in QD, we thus
obtain the boundary algebra of QD

eAQe,

(Definition 2.9). The boundary algebra associated with a weak Postnikov diagram on a general surface is
invariant under twisting/untwisting and geometric exchange, where twisting and untwisting refer to the
local moves from Figure 2, while geometric exchange is the local square move from [1, Section 12]. Let
D and D′ be two weak Postnikov diagrams on� that can be linked by a sequence of geometric exchanges
and (un)twisting moves. Let QD and QD′ be the associated dimer quivers. These have the same boundary
vertices (i.e., the same k-subsets at the alternating regions at the boundary of �). So the associated
algebras AD and AD′ have the same boundary idempotents.

Arguing similarly as in [1, Section 12] (in particular, Lemma 12.1 and Corollary 12.4), now in the
setup of weak Postnikov diagrams, one gets the following result:

Lemma 4.8. Let D, D
′ be weak Postnikov diagrams on �, let e and e′ be the sum of the idempotents

corresponding to boundary vertices of QD, and e′ be the sum of the idempotents corresponding to the
boundary vertices of QD′ . Assume that D′ can be obtained from D by a sequence of geometric exchanges
and twisting or untwisting moves. Then the corresponding boundary algebras eADe and e

′
AD′ e

′ are
isomorphic.

5. Dimer gluing

In this section we allow dimer quivers to have several connected components. If Q is a dimer quiver
which is not connected, then the associated surface � =�Q (see Remark 2.5) has several connected
components.

We will choose pairs of connected sets of arrows along the boundary of the dimer quiver and glue Q
to itself by identifying these arrows pairwise.

This gluing operation will be done in such a way that important properties of the dimer quivers are
preserved.

Definition 5.1. Let Q be a dimer quiver and � =�Q the underlying surface. Let I and J be two disjoint
connected sets of s> 0 boundary arrows of Q, and let {v0, . . . , vs} and {w0, . . . , ws} be the vertices
of I and of J, respectively, where vm �= wm′ for any m, m′ in {1, . . . , s − 1}. We write I = {i1, . . . , is} and
J = {j1, . . . , js} for the corresponding boundary arrows, ordered compatibly with these vertex labellings.
The sets I and J may belong to different connected components of the boundary of Q or to two different
connected components of Q. See Figures 10, 11 and 12 with Example 5.11(1). If the sets I and J are
on the same connected component of the boundary of Q or if they belong to two different connected
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Figure 11. The quivers Q and ρ(Q).

Figure 12. A dimer quivers with two connected components.

components of the dimer quiver, we label the vertices and arrows of I clockwise and the vertices and
arrows of J anticlockwise along the boundary of Q. If they belong to different connected components
of the boundary of the same connected component of Q, we label both clockwise along the boundary
(see Figure 11). For every m ∈ {1, . . . , s}, im is an arrow vm−1 → vm or vm → vm−1 and jm is an arrow
wm−1 → wm or wm → wm−1. See Figures 10 and 11 for two examples, one where I and J are on the same
boundary component and one where they belong to different components.

We say that the two arrows im and jm are parallel if im : vm → vm−1 and jm : wm → wm−1 or if im : vm−1 →
vm and jm : wm−1 → wm.

We now define a map ρ = ρI,J on dimer quivers with chosen sets I, J of arrows along the boundary.
This map adds new boundary arrows between the vertices of J whenever the arrows of I and J are not
parallel, keeping the set of vertices as well as the number of boundary arrows fixed. For every added
arrow, the resulting quiver ρ(Q) has a two-cycle.

Definition 5.2. Let I and J be as in Definition 5.1. Let m be in {1, . . . , s}. If the arrows im and jm are
parallel, we set ρ(jm) := ρI,J(jm) := jm. If im and jm are not parallel, we add a new arrow ρ(jm) := ρI,J(jm)
in the opposite direction to jm, thereby creating an oriented digon between the two endpoints wm−1 and
wm of jm. Note that when β �= ρ(β), the new arrow ρ(β) replaces β as a boundary arrow, and β becomes
an internal arrow.

Let ρ(J) = ρI,J = {ρ(j1), . . . , ρ(js)}. We define ρ(Q) to be the quiver Q obtained by adding the arrows
ρ(jm) for every occurrence of non-parallel arrows.

Lemma 5.3. Let Q be a dimer quiver. Then ρ(Q) is a dimer quiver.

Proof. The new quiver has no loops. For condition (2) of Definition 2.2, it is enough to consider
arrows j with j �= ρ(j). Each such arrow becomes an internal arrow of ρ(Q), and by construction it
is incident with two faces of opposite sign. The new arrows ρ(j) are boundary arrows. Adding the
arrows ρ(j) increases the connectivity of the incidence graph, so condition (3) of Definition 2.2 is also
satisfied.
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Note that the surface �ρ(Q) is the same as �Q, up to homotopy. In Section 6, we will use the quiver
ρ(Q) to create dimer models on annuli.

Lemma 5.4. Let Q and ρ(Q) be as in Definition 5.2. Then AQ
∼= Aρ(Q).

Proof. Notice that the canonical inclusion of Q into ρ(Q) induces a map CQ ↪→C(ρ(Q)) that
descends to a homomorphismψ :AQ → Aρ(Q). Let J′ ⊆ J be the set of arrows in ρ(Q) for which ρ(jm) �= jm

and let K := {ρ(j) : j ∈ J′} be the corresponding subset of boundary arrows of ρ(Q).
Each α ∈ J′ is an internal arrow of ρ(Q) and so belongs to the boundary of faces F1, F2 ∈ ρ(Q)2,

where ∂F1 = jρ(j) and ∂F2 = jpF2 , where pF2 is the complement of j in ∂F2. The corresponding relation
∂α(W) implies ρ(j) = pF2 .

Define ϕ : Cρ(Q) →CQ to be the identity on vertices in ρ(Q)0 (viewed as vertices of Q) and the
identity on arrows in ρ(Q)1\K (viewed as arrows of ρ(Q)). For each α ∈ K define ϕ(α) := pF2 . Then ϕ
descends to a homomorphism Aρ(Q) → AQ that is the inverse of ψ .

Remark 5.5. As a consequence of Lemma 5.4, the dimer and boundary algebras of Q are the same as
those of ρ(Q). This will allow us to replace Q with ρ(Q) in the gluing construction that follows so that
we can assume the arrows in I and J are parallel. We will sometimes do this.

Definition 5.6 (The quiver QI≡J obtained from gluing). Let Q be a dimer quiver. Let I = {i1, . . . , is} and
J = {j1, . . . , js} be disjoint connected sets of boundary arrows of Q and let ρ(jm), 1 ≤ m ≤ s, be as in
Definition 5.2.

The quiver QI≡J obtained from ρ(Q) by identifying vm with wm for m = 0, . . . , s + 1 and identifying
im with ρ(jm) for every 1 ≤ m ≤ s is called the quiver arising from Q by gluing I with J.

Lemma 5.7. Let Q be a dimer quiver, and let I and J be as in Definition 5.6. Then the quiver QI≡J is a
dimer quiver.

Proof. By Lemma 5.3, ρ(Q) is a dimer quiver. Condition (3) of Definition 2.2 is satisfied as the effect
of gluing is to increase the connectivity of the incidence graphs of the arrows in I or J. (1) is satisfied,
as gluing does not introduce any loops, as no arrows are contracted. For (2): any arrow of I and of ρ(J)
is an internal arrow of ρ(Q), between two faces of opposite orientations.

Remark 5.8. (1) The resulting quiver QI≡J lives on the surface obtained by gluing the parts of the
boundary of � along the identified arrows.

(2) The quiver QI≡J need not be free of internal two-cycles, even if Q is; for every arrow j ∈ J with
j �= ρ(j), the construction introduces an internal two-cycle.

We can iterate the construction from Definition 5.6 and glue along several intervals of arrows:

Definition 5.9. Let Q be a dimer quiver. Let I1, . . . , Im and J1, . . . , Jm be disjoint connected sets of
boundary arrows of Q (as in Definition 5.1). For t ∈ {2, . . . , m} set

QI1≡J1,...,It≡Jt := (QI1≡J1,...,It−1≡Jt−1 )It≡Jt

Remark 5.10. One can check that iterated gluing is independent of the order:

QIσ (1)≡Jσ (1),...,Iσ (t)≡Jσ (t) = QI1≡J1,...,Im≡Jm

for any permutation σ of {1, . . . , m}.
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Figure 13. Two dimer quivers were obtained from the quiver of Figure 12 by gluing. The red and blue
indicate the seams – the red paths correspond to complements of arrows of the sets of glued arrows.

In Section 7, we will consider dimer quivers consisting of two discs and glue them along two sets of
arrows to construct dimer quivers on annuli.

Example 5.11. Let Q be the dimer quiver with two connected components as in Figure 12.
(1) Let I = {α4, α3} and J = {β1, β2}. Then ρ(J) = J and QI≡J are dimer quivers on a disc, as on the

left of Figure 13.
(2) Let I1 = {α2}, I2 = {α5}, J1 = {β5} and J2 = {β2}. Here, β5 �= ρ(β5), so the new boundary arrow is

now ρ(β5); we then have ρ(J1) = {ρ(β5)}, and ρ(J2) = J2 and QI1≡J1,I2≡J2 is a dimer quiver on an annulus,
as on the right of Figure 13.

Recall that if β is a boundary arrow of a dimer quiver, we write β̂ for the complement of β around
the unique face β belongs to (Notation 3.13).

Definition 5.12. Let r ∈ {1, . . . , m} and write

Ir = {ir,1, . . . , ir,sr }, Jr = {jr,1, . . . , jr,sr }, sr := |Ir| = |Jr|.
We refer to the subquiver Ir = Jr of QI1≡J1,...,Im≡Jm on the paths

{ir,m, ρ(jr,m), îr,m, ρ̂(jr,m):1 ≤ m ≤ sr}
as the seam at Ir = Jr.

To illustrate the notion of a seam: the disc in Figure 13 has a single seam given by the paths
{α4, α3, β1, β2, α̂4, α̂3, β̂1, β̂2}. The annulus in 13 has a seam at α5 ≡ β2 given by the paths {α5, β2, α̂5, β̂2}
and a seam at α2 ≡ β5 given by {α2, β5, α̂2, β̂5}.

Definition 5.13. Let g be a path in QI≡J . We say that g crosses the seam I ≡ J if g contains a subpath
σ = g0g1g2 where g1:v0 → v2 is a path of arrows completely contained in I ≡ J and v0, v2 are the only
vertices of g0 and g2 respectively belonging to I ≡ J, where both g0 and g2 are not trivial paths.

We fix the following notation for the remainder of the section. Let Q be a dimer quiver, and I =
{i1, . . . , is} and J = {j1, . . . , js} be disjoint connected sets of boundary arrows of Q as in Definition 5.1.
Let h, t:Q1 → Q0 denote the source and target maps of the quiver Q. LetR=R(I, J) denote the following
set of paths in C(ρ(Q)):

R := {im − ρ(jm), îm − ρ̂(jm), eh(im) − eh(ρ(jm)):1 ≤ m ≤ s} ∪ {et(is) − et(ρ(js))}. (5.1)

In this setting, the glued dimer algebra can be determined from the initial dimer algebra in the
following sense.

Proposition 5.14. The dimer algebra AQI≡J is isomorphic to Aρ(Q)/〈R〉.
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Proof. Let T denote the set of paths
T := {im − ρ(jm), eh(im) − eh(ρ(jm)):1 ≤ m ≤ s} ∪ {et(is) − et(ρ(js))}

in C(ρ(Q)). Then 〈R〉 = 〈T 〉 + 〈îm − ρ̂( jm) : 1 ≤ m ≤ s〉. Observe that we have an isomorphism
ψ : CQI≡J

∼=C(ρ(Q))/〈T 〉 that is the identity on arrows and on the trivial paths at vertices.
Let V be the ideal of relations of CQI≡J defined by the internal arrows of QI≡J (Definition 2.6), and

let U be the ideal of relations of C(ρ(Q)) defined by the internal arrows of ρ(Q), so
AQI≡J =CQI≡J/V and Aρ(Q) =C(ρ(Q))/U.

Since every internal arrow of ρ(Q) remains internal in QI≡J , every relation generating U also lies in
ψ(V). The only additional internal arrows of QI≡J are the images of the arrows in I (equivalently, of the
arrows in ρ(J)). For each such arrow, the corresponding cyclic derivative is îm − ρ̂(jm). Hence,

ψ(V) = U + 〈îm − ρ̂(jm):1 ≤ m ≤ s〉.
Combining this with the quotient by 〈T 〉, we obtain

(C(ρ(Q))/〈T 〉)/ψ(V) ∼= (C(ρ(Q))/U)/〈R〉.
Putting everything together yields

AQI≡J =CQI≡J/V
∼= (Cρ(Q)/〈T 〉)/V
∼= (Cρ(Q)/U)/〈R〉
= Aρ(Q)/〈R〉

as claimed.

Remark 5.15. Note that the boundary algebra of the dimer quiver QI≡J is by definition equal to e′QI≡Je′

where e′ is the sum of the idempotent elements of AQI≡J corresponding to the boundary vertices of the
quiver QI≡J . In terms of the boundary of Q, the element e′ is the sum

∑
i∈X ei where X is the union of the

boundary vertices of Q excluding those which are both a source and target of an arrow of I or of J, as
these vertices are internal vertices of the surface obtained from gluing.

The following result explains how the boundary algebra of a glued dimer quiver can be obtained from
the two boundary algebras of the individual quivers when the individual dimer algebras as well as the
glued dimer algebra are thin. In the statement of the following two results, we will write eα (respectively
eβ) for the sum of all idempotents corresponding to the boundary vertices of the quiver Qα (respectively
of Qβ). As before, fix I and J to be two disjoint sets of boundary arrows with |I| = |J| and with relations
R as in (5.1). Let e′ be the sum of idempotent elements corresponding to the boundary vertices of QI≡J .

Theorem 5.16. Let Q, I, J, R and e′ be as above. Assume that Q can be expressed as a disjoint
union Q = Qα � Qβ of connected dimer quivers Qα, Qβ whose dimer algebras are thin. Let eαAQαeα =〈
α1, .., αs1

〉
/〈R1〉 and eβAQβ eβ = 〈

β1, .., βs2

〉
/〈R2〉. If AQI≡J is thin then we have an isomorphism:

e′AQI≡J e′ ∼= e′ (〈{αi}i, {βj}j〉/〈R1, R2, R〉) e′.

In other words, the boundary algebra of QI≡J is determined by those of AQα and AQβ .

Proof. Viewing 〈{αi}i, {βj}j〉 as a subalgebra of CQ we inherit the homomorphism
ϕ:e′ (〈{αi}i, {βj}j〉

)
e′ → e′AQI≡J e′.

given by the composition of homomorphisms
ϕ : e′〈{αi}i, {β}j〉e′ ↪→ e′CQe′ � e′CQI≡Je

′ � e′AQI≡J e′.
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We first show that ϕ is surjective: as AQI≡J is thin, for any pair of boundary vertices a, b in AQI≡J , we
have a (unique) minimal path g : a → b. It suffices to show that each such minimal path g is in the image
of ϕ. If g can be viewed as a path contained entirely in Qα or Qβ then g ∈ 〈α1, .., αs〉 or g ∈ 〈β1, .., βt〉
respectively. In either case, we find g′ ∈ e′〈{αi}i, {β}j〉e′ with ϕ(g′) = g.

Next consider the case where g : a → b crosses the seam I ≡ J; that is, g = g0g1, where g0 is a path
completely contained in Qα or Qβ . Without loss of generality, assume g0 is a path in Qα. By Lemma 3.12,
g0 is a minimal between boundary vertices of Qα and can be expressed in terms of g ∈ 〈α1, .., αs〉. By
iterating this procedure for each crossing of the seam, we obtain an element g′ ∈ e′〈{αi}i, {β}j〉e′ with
ϕ(g′) = g.

Moreover, the unit cycle at any boundary vertex of QI≡J is contained entirely in either Qα or Qβ , so
its class also lies in the image of ϕ. Hence, the boundary version of the central element t is in the image.
Since every path between boundary vertices is a minimal path multiplied by a power of this central
element, surjectivity follows.

Now we determine the kernel of ϕ. By Proposition 5.14, the dimer algebra of QI≡J can be written as
C(ρ(Q))/〈{R1, R2, R}〉, yielding the claim.

A useful application of Theorem 5.16 is that the boundary algebra of any Postnikov diagram in the
disc can be determined by recursively splitting it into smaller Postnikov diagrams.

Corollary 5.17. Let D be any Postnikov diagram on the disc with dimer quiver QD. If QD = QI≡J , where
Q = Qα � Qβ is a decomposition of Q into disjoint, connected dimer quivers, then

(1) The strand diagrams Dα and Dβ corresponding to Qα and Qβ are Postnikov diagrams in the
disc, and

(2) the boundary algebra of QD may be explicitly determined from the boundary algebras of Qα

and Qβ .

Proof. (1) As Qα and Qβ are dimer quivers, the associated strand diagrams Dα and Dβ will satisfy
the local properties of a Postnikov diagram. To see they also satisfy the global properties, any self-
intersection or oriented lens in Dα or Dβ would necessarily appear in D as Qα and Qβ are connected
subquivers of Q.

(2) By part (1) and Proposition 3.11, the dimer algebras AQα and AQβ are thin, so Theorem 5.16 can
be applied.

Remark 5.18. In Section 7, we illustrate a more general procedure for determining the boundary
algebra of

A(Qα�Qβ )I1≡J1,I2≡J2,...,Im≡Jm

from presentations of eαAQαeα and eβAQβ eβ under the additional assumption that A(Qα�Qβ )Iq≡Jq
is thin for

any 1 ≤ q ≤ m.

6. Bridge quivers

In [1, Section 13], weak Postnikov diagrams arising from surface triangulations were studied. These
were shown to be examples of degree 2 diagrams. In particular, [1, Proposition 13.5] gives an explicit
presentation of the boundary algebra of a weak Postnikov diagram arising from a triangulation of the
annulus.

Our goal is to produce degree k diagrams on surfaces. In [9, Section 4], Scott gives a Postnikov dia-
gram of degree k for any k, n, the so-called rectangular arrangements. At present, a general construction
of (weak) Postnikov diagrams of degree k is not known, apart from k = 2 as mentioned above.
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In this section, we give a construction of dimer quivers on annuli whose associated (weak) Postnikov
diagrams are of degree k. We will do so by gluing certain dimer quivers along a collection of arrows,
using dimer quivers of degree k together with the so-called bridge quivers we introduce below.

Definition 6.1. Take k ≥ 2. For k = 2, let �2 be the quiver shown in Example 6.2. For k ≥ 3, we define
a quiver �k called the k-bridge as follows. In order to describe the arrows of �k, we label the vertices
of the quiver by lattice points. Now, the quiver �k is formed by two triangular regions with a right
angle at positions (1, k) and (k + 1, 2) and k − 2 arrows horizontally, vertically and diagonally (for the
hypotenuse) forming their sides (for k = 2, we do not have these triangles but two single vertices). One of
these right-angled triangles has the vertices (k + 1, k), (k + 1, 2), (3, 2). The other triangle has vertices
(1, k), (k − 1, k) and (1, 2). This is completed by a triangle (1, 1) → (1, 2) → (2, 2) → (1, 1), a sequence
of k − 2 squares going diagonally between the vertices (2, 2) and (k, k) and a triangle on the vertices
(k + 1, k + 1) → (k + 1, k) → (k, k) → (k + 1, k + 1). Each of the k − 2 intermediate squares is oriented
clockwise, and its diagonal arrow is directed from the north-west vertex to the south-east vertex.

See Example 6.2 for k ≤ 4, and Figures 15 and 19 for an illustration. In the figure of Example 6.2, the
vertices and arrows of two triangles with right angles at (1, k) and at (k + 1, 2) are drawn in black, with
grey shading. The arrows of the triangles and squares completing the bridge quiver are drawn in blue.

Example 6.2. The k-bridges for 2 ≤ k ≤ 4 are given below.

Remark 6.3. For k> 1, the quiver�k is a dimer quiver. For k> 2, the associated surface��k is a disc;
for k = 2, it is two discs meeting at a single vertex. For any k, �k has a rotational symmetry about the
centre of the quiver.

Recall from Definition 3.6 that D�k is the collection of strands arising from the zig–zag paths in �k.

Remark 6.4. One can use the explicit embedding of �k in the plane to check that the diagram D�k is
homotopic to a collection of strands where each strand is either a straight line between endpoints or
is of an L-shape, containing a single turn to the left in the direction of the strand. See Figure 14. In
particular, any two strands starting from the western boundary of D�k , drawn in blue in Figure 14 (i.e.,
starting at arrows si and sj in Figure 15), will never cross. Symmetrically, any two strands starting from
the eastern boundary of D�k , drawn in red (i.e., starting at arrows ri and rj in Figure 15), will also never
cross.

Lemma 6.5. For k> 2, let D�k be the strand diagram associated to �k as in Definition 3.6. Then D�k

is a Postnikov diagram on the disc.
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Figure 14. Strands for �4.

Figure 15. Labelled boundary arrows of �k.

Proof. By Lemma 4.7, D�k is a weak Postnikov diagram on the disc, so it remains to show the global
axioms ((3) and (4) of Definition 3.1) hold. From Remark 6.4, we can see that (i) there are no self-
intersections of strands, and (ii) the lenses formed by double-intersections of the L-shaped strands are
all oriented, and thus (3) and (4) are satisfied.

Lemma 6.6. For k ≥ 2, the dimer algebra A�k associated to �k is thin.

Proof. When k = 2, A�k
∼=C�2 as �k has no internal arrows. Thus, there is a single path between

any pair of vertices in θk up to a power of cycles.
Applying Lemma 6.5 and Proposition 3.11 to �k for k> 2 gives the result.

The following technical result gives a condition for paths between two vertices in the bridge quiver
to be minimal.

Lemma 6.7. Let g = α1 · · · αn be a path in �k where αi:(ai, bi) → (ai+1, bi+1) is an arrow between
vertices (ai, bi), (ai+1, bi+1) ∈ [k + 1] × [k + 1] for each 1 ≤ i ≤ n. Assume that (a1, b1) �= (an+1, bn+1). If
one of the following conditions holds, then g is a minimal path from (a1, b1) to (an+1, bn+1) in A�k .
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(1) If a1 < an+1 then ai ≤ ai+1 for all 1 ≤ i ≤ n.
(2) If a1 > an+1 then ai ≥ ai+1 for all 1 ≤ i ≤ n.
(3) If b1 < bn+1 then bi ≤ bi+1 for all 1 ≤ i ≤ n.
(4) If b1 > bn+1 then bi ≥ bi+1 for all 1 ≤ i ≤ n.

Proof. Let g be such a path. Then g doesn’t contain any arrows in a given direction determined by
the hypothesis. By construction, any path equivalent to g in the dimer algebra A�k will also be missing
an arrow in this direction and so can’t contain a cycle. The result then follows from Lemma 6.6.

Remark 6.8. In practice, we will apply Lemma 6.7 to paths that are weakly monotone in at least one
coordinate. By Lemma 6.7, any such path is minimal in the associated dimer algebra.

Notation 6.9. The following notations for paths in the bridge quiver will be useful in Section 7, when
we need to refer to arrows and paths along the boundary of the bridge quiver �k (see Figure 15).

The boundary of �k is a clockwise-oriented cycle. If γ is a boundary arrow of �k from a to b, we
write γ̂ :b → a for the complementary path around the unique face incident with γ (cf. Notation 3.13).
More generally, if g = γ1 · · · γt : a → b is a path of boundary arrows, we write

ĝ := γ̂t · · · γ̂1 : b → a.

• ri : (i, k) → (i + 1, k) for 1 ≤ i ≤ k − 1
• rk : (k, k) → (k + 1, k + 1)
• zi+2 : (k + 1, k − i) → (k + 1, k − (i + 1)) for −1 ≤ i ≤ k − 3
• si : (k − i, 2) → (k − (i + 1)), 2) for −1 ≤ i ≤ k − 3
• sk : (2, 2) → (1, 1)
• wi : (1, i) → (1, i + 1) for 1 ≤ i ≤ k − 1.

We will also frequently use

• r := r1r2 · · · rk

• s := s1s2 · · · sk

• r̂ := r̂kr̂k−1 · · · r̂1

• ŝ := ŝkŝk−1 · · · ŝ1

for the composition of all k arrows ri, si, r̂i or ŝi respectively.

With this, the following notation makes sense:
If g = γ1, .., γt : a → b is a path composed of boundary arrows γi in �k, we write ĝ :=

γ̂tγ̂t−1 . . . γ̂1:b → a for the path in the reverse direction formed by the complements.
For 1 ≤ a< k and 1 ≤ l ≤ k − a − 1, we use the following abbreviations for paths in the zis and wis,

along the northern/southern boundary of the bridge quiver (as indicated by the coordinates defining�k):

• wl(a) := wawa+1 · · · wa+l−1:(1, a) → (1, a + l)
• zl(a) := zaza+1 · · · za+l−1:(k + 1, (k + 2) − a) → (k + 1, k + 2 − (a + l))

7. Gluing dimer quivers for annuli

In this section, we will glue the dimer quiver of a (k, n)-diagram and the bridge quiver �k along two
sets of arrows to obtain a dimer quiver on the annulus which in turn corresponds to a weak Postnikov
diagram on the new surface. We show that this diagram is in fact of degree k, permuting the vertices
along the boundary in a homogeneous way.

Recall that if Q is a dimer quiver on an arbitrary surface, we can associate a collection of strands to
it which we denote by DQ (Remark 4.6).
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Figure 16. The quivers QD and QI1≡J1,I2≡J2 .

Definition 7.1. Let D be a weak Postnikov diagram on a surface �. Label all endpoints of the strands
of D clockwise around each boundary component: if B is a connected component of the boundary of
�, label the endpoints by 1B, . . . , (nB)B, where nB is the number of endpoints of strands on B. Let N :=∑

B nB. We say that D has degree k if all strands of D start and end at the same boundary and if the
permutation of N is of the form iB �→ (i + k)B (reducing modulo nB) for every component.

Theorem 7.2. Let D be a (k, n)-diagram in the disc with n ≥ 2k and QD its dimer quiver. Let Q = QD ∪
�k. Let I1 and I2 be two disjoint sets of k consecutive boundary arrows along QD, and let J1 and J2 be
the sets J1 = {s1, . . . , sk} and J2 = {r1, . . . , rk} of consecutive boundary arrows along the boundary of
�k. Then

(1) QI1≡J1,I2≡J2 is a dimer quiver on an annulus and
(2) The collection DQI1≡J1,I2≡J2

is a weak Postnikov diagram of degree k.

Proof. (1) We know by Lemma 5.7 that QI1≡J1,I2≡J2 is a dimer quiver. The choice of I1 and I2 ensures
that the underlying surface of QI1≡J1,I2≡J2 is an annulus.

(2) By Lemma 4.7, the collection DQI1≡J1,I2≡J2
of strands is a weak Postnikov diagram. It remains

to compute the degree of this diagram. We will show that the strand diagram results in a degree k
permutation of boundary vertices on a fixed boundary component, with the case for the other boundary
component being symmetric.

Strands in the glued dimer quiver QI1≡J1,I2≡J2 arise from composing each strand whose target is in
an arrow in It with the strand whose source is the glued arrow in Jt (and similarly for strands whose
source is in It and target is in Jt) for t ∈ {1, 2}. Consequently, the degree of the strand permutation on
DQI1≡J1,I2≡J2

can be calculated by composing the permutation on D with the strand permutation on �k

along the corresponding seams I1 ≡ J1 or I2 ≡ J2.
For 1 ≤ m ≤ k − 1, the strand of D�k starting at the arrow sk−m+1 is one of the L-shaped strands from

Remark 6.4. After gluing, it composes with a strand of D terminating at the m-th arrow of I1 and with
a strand of D starting at the corresponding arrow of I2. Along the relevant boundary component of the
annulus, these two pieces contribute shifts by m and by k − m, respectively, so the total effect is a shift by
k. The remaining strand, starting at s1, is straight across the bridge and contributes 1 + (k − 2) + 1 = k.
The argument for the other seam and for the other boundary component is symmetric. Hence, the induced
permutation on each boundary component is the shift by k.

Remark 7.3. The quiver QI1≡J1,I2≡J2 has n − 2 vertices (or arrows) on its boundary. The partition of
these boundary vertices depends on the choices of the sets I1 and I2, more precisely, on the proximity of
the two sets. Let m1 ≥ 0 (and m1 < n) denote the number of consecutive arrows on the boundary of QD

between the last arrow of I1 and the first arrow of I2, and let m2 ≥ 0 denote the number of consecutive
arrows between the last arrow of I2 and the first arrow of I1, so that n = m1 + m2 + 2k. These sets of m1

(respectively m2) arrows lie on the two different components of the boundary of the resulting quiver. We
refer to them as the outer and inner boundary components, respectively. See Figure 16 for an illustration.
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We illustrate the theorem with two examples, the first one in the case k = 2, where our construction
recovers the decomposition of a triangulation of the annulus into a triangulation of the disc used in the
proof of [1, Proposition 13.5] as a special case.

Example 7.4. We let QD be the dimer model arising from a triangulation of a disc (and therefore cor-
responding to a (2, n)-diagram) and take the bridge quiver �2. Figure 17 shows an example for n = 6.
The disc (hexagon) is shown with purple shading and the diagonals of the triangulation with the purple
dashed lines. Two sets, I1 and I2, of two arrows along the boundary of ρ(QD) are chosen, indicated in
red (for I1) and blue (for I2) in the figure. The sets J1 and J2 of arrows of the bridge quiver are each the
two arrows on the left/on the right, respectively. Here, m1 = 0 and m2 = 2. The bridge quiver is indicated
with grey shading. The dotted arrows indicate the identification of the two ends of the strip obtained by
cutting the annulus open.

Example 7.5. In this example, Q corresponds to a (4, 9)-diagram D in the disc. Two disjoint subsets
of 4 consecutive boundary arrows in Q are chosen (illustrated in red and blue, respectively) and are
identified with the corresponding coloured arrows in �k. In the picture, n = 9, m1 = 0 and m2 = 1.

Lemma 7.6. Let D be any Postnikov diagram in the disc with n ≥ 2k marked points. Set Q = QD ∪
�k and let I1, I2 be disjoint sets of k-consecutive boundary arrows of QD, with J1 = {s1, . . . , sk},
J2 = {r1, . . . , rk}. Then both DQI1≡J1

and DQI2≡J2
are Postnikov diagrams on the disc.

Proof. By Lemma 5.7, DQI1≡J1
is a weak Postnikov diagram on the disc. Recall from Remark 6.4 that

the set of strands in D�k with source in J1 are mutually non-intersecting, and the set of strands in D�k with
target in J1 are also mutually non-intersecting. Consequently, the strands in DQI1≡J1

that cross the seam
I1 = J1 extend the strands in D without introducing crossings, and so the global axioms of Definition 3.1
are satisfied. Similarly for DQI2≡J2

.
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Figure 17. Gluing the dimer quiver of a triangulation with �2.

Our goal is now to characterise the boundary algebra of the degree k dimer quiver on the annulus
from Theorem 7.2.

Let D be a (k, n)-diagram in the disc where 2k ≤ n and let I1 and I2 be disjoint sets of k consecutive
arrows along the boundary of the dimer quiver QD as in Theorem 7.2. We fix a labelling of the boundary
vertices of ρ(QD) by {1, .., n} so that the vertices incident with I1 are labelled n − k + 1, n − k + 2, . . . , 1.
Under this labelling and with the notation of Remark 7.3, the vertices incident with I2 are m1 + 1,
m1 + 2, . . . , m1 + k + 1.

Now let ui : i → i + 1 and vi : i + 1 → i denote the minimal paths between consecutive boundary
vertices in ρ(QD) as in Lemma 3.14.

Remark 7.7. Recall that n = m1 + m2 + 2k. Here ŝi and r̂i are taken in the bridge quiver �k before
gluing, and we then view their images in the glued quiver QI1≡J1,I2≡J2 . With this convention we have:

• s1 = vn, s2 = vn−1, . . . , sk = vn−k+1,
• ŝ1 = un, ŝ2 = un−1, ŝk = un−k+1,
• r1 = vm1+k, r2 = vm1+k−1, . . . , rk = vm1+1,
• r̂1 = um1+k, r̂2 = um1+k−1, . . . , r̂k = um1+1.

Remark 7.8. Note that any (connected) path in C(ρ(Q) ∪�k) may be regarded as a path in CQI1≡J1 and
as a path in CQI2≡J2 . Also, any path in CQI1≡J1 or CQI2≡J2 that is solely contained in either C(ρ(Q)) or
C�k may be regarded as a path in C(ρ(Q) ∪�k). By Proposition 5.14, AQI1≡J1

and AQI2≡J2
are quotients

of Aρ(Q)∪�k , so if g = h in Aρ(Q)∪�k then equality holds for the corresponding paths in AQI1≡J1
and AQI2≡J2

.
Similarly, as AQI1≡J1,I2≡J2

is a quotient of AQI1≡J1
and a quotient of AQI2≡J2

, if g = h in AQI1≡J1
or AQI2≡J2

, then
equality holds for the corresponding paths in AQI1≡J1,I2≡J2

.

A convenient generating set for the boundary algebra consists of the boundary arrows on the two
boundary components of QI1≡J1,I2≡J2 , their complementary boundary paths in the bridge piece, the seam-
crossing paths r and s, and the boundary idempotents. This is the set recorded in Notation 7.9.

Notation 7.9. Let QI1≡J1,I2≡J2 as above. We denote by A the following collection of elements of
CQI1≡J1,I2≡J2:

A := {r, s} ∪ {wi, ŵi, zi, ẑi : 1 ≤ i ≤ k − 1}
∪ {vi, ui : 1 ≤ i ≤ m1}
∪ {vi, ui : m1 + k + 1 ≤ i ≤ m1 + k + m2}
∪ {ei : i is a boundary vertex of QI1≡J1,I2≡J2}.
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Figure 18. The quiver �m1,m2,k.

Lemma 7.10. Let QI1≡J1,I2≡J2 and A be as above. Then we have:
The boundary algebra eAQI1≡J1,I2≡J2

e is generated by A.

Proof. Let g : a → b be a path between boundary vertices of QI1≡J1,I2≡J2 . We first treat paths with no
seam crossings.

Suppose g is contained in ρ(QD). By Lemma 3.14, a minimal path from a to b is of the form u�a or
v�a. If a and b lie on the same boundary component of QI1≡J1,I2≡J2 , then this path is a product of arrows
ui and vi belonging to A. If a and b lie on different boundary components, then the path crosses exactly
one glued interval, and by Remark 7.7 it can be written as one of

uisu j, uiru j, visv j, vir v j

for suitable i, j ≥ 0. Hence every path in ρ(QD) between boundary vertices is generated by A.
Now suppose that g is contained in�k. If both endpoints lie on the outer boundary, Lemma 6.7 gives

a minimal path of the form w�(a) or ŵ�(a). If both endpoints lie on the inner boundary, we similarly
obtain a path of the form z�(a) or ẑ�(a). If the endpoints lie on different boundary components, then a
minimal path is of the form wk−irzj−1 or ẑj−1 s ŵk−i. In every case the path is a product of elements of A.

Moreover, the boundary unit cycles are generated byA, so the boundary version of the central element
t is also generated byA. Since every path is a minimal path multiplied by a power of this central element,
the claim holds for all paths with no seam crossings.

We now argue by induction on the number q of seam crossings of g, where seam crossing is
understood in the sense of Definition 5.13. The case q = 0 was just proved.

Assume q> 0 and write g = σ1 · · · σq, where each σ� is a maximal subpath crossing a seam. If two
consecutive crossings use the same seam, then the intermediate subpath has endpoints on that seam,
and, by the no-crossing case together with Remarks 7.8 and 7.7, it is equivalent to a path with no seam
crossings. Repeating this reduction, we may assume that successive seam crossings alternate between
I1 ≡ J1 and I2 ≡ J2.

Consider the initial segment of g up to and including the first seam crossing. Its endpoints are bound-
ary vertices, and it crosses at most one seam, so by the base case it is generated by A. The remaining
tail of g has q − 1 seam crossings, and therefore it is generated by A by the induction hypothesis. Hence
g itself lies in the subalgebra generated by A. This proves that every path between boundary vertices is
generated by A, so eAQI1≡J1,I2≡J2

e is generated by A.

Notation 7.11. We define a quiver on an annulus: For k ≥ 2 and m1, m2 ≥ 0, let� = �m1,m2,k be the quiver
with 2k − 2 + m1 + m2 vertices arranged as follows. � has m2 + k − 1 vertices on the outer boundary,
arranged clockwise. It has m1 + k − 1 vertices on the inner boundary, also arranged clockwise. The
arrows of �m1,m2,k are given by yi : i → i + 1, xi : i + 1 → i on the outer boundary, for 1 ≤ i ≤ k + m2 − 1,
xi : i → i + 1, yi : i + 1 → i on the inner boundary, 1 ≤ i ≤ k + m1 − 1 and arrows s̃ : 1 → 1 and r̃ : k → k
between the boundary components. A depiction of the quiver �m1,m2,k is given in Figure 18.
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Example 7.12. The following is an illustration of the quiver �2,6,3.

We will drop the indices and refer to the arrows as x, y, x, y whenever the indices are clear from
composition.

Definition 7.13. Let �m1,m2,k be the quotient of the path algebra C�m1,m2,k by the ideal generated by the
following relations.

(1) yixi − xi−1yi−1 i = 1, . . . , k + m2 − 1
(2) xiyi − yi−1xi−1 i = 1, . . . , k + m1 − 1

(3) xk − yj1 r̃y2k+m1−2s̃yk+m2−j1−2 (k + m2 − 1 relations)
(4) xk − yj2 s̃y2k+m2−2r̃yk+m1−j2−2 (k + m1 − 1 relations)

(5) s̃ − ym1+k−1s̃ym2+k−1

(6) r̃ − ym2+k−1r̃ym1+k−1

(7) xk−1yk−1r̃ − r̃yk−1 xk−1

(8) xm1+k−1 ym1+k−1s̃ − s̃yk+m2−1xk+m2−1

where there are relations of type (1) and (3) for each of the k + m2 − 1 vertices on the outer boundary and
where there are relations of type (2) and (4) for each of the k + m1 − 1 vertices on the inner boundary.
The exponent j1 ≥ 0 in (3) is minimal such that the path yj1 ends at the starting point of r̃ and the exponent
j2 ≥ 0 in (4) is the minimum such that the path yj2 ends at the starting point of s̃. Indices are reduced
modulo k + m2 − 1 on the outer boundary and modulo k + m1 − 1 on the inner boundary.

Note that replacing r̃ and s̃ in the presentation of�m1,m2,k by any pair of arrows linking the two double
cycles of m2 + k − 1 and m1 + k − 1 arrows in a way to keep the distances between these two arrows
fixed (the distance between the starting point of s̃ and the endpoint of r̃ as well as the distance between the
starting point of r̃ and the endpoint of s̃) and modifying relations (3)–(8) accordingly gives an isomorphic
algebra. Further, similar presentations may be derived from an arbitrary choice of r̃, s̃ between the two
double cycles.

Theorem 7.14. Let QI1≡J1,I2≡J2 be a dimer quiver on the annulus as in Theorem 7.2, and let m1, m2 be
as in Remark 7.3. Let e be the idempotent corresponding to the sum of the boundary vertices. Then we
have an isomorphism

eAQI1≡J1,I2≡J2
e ∼=�m2,m1,k.
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Proof. Set

Q := ρ(QD) ��k,

where I1 and I2 are the two chosen sets of k consecutive boundary arrows of QD.
Let R1 and R2 be the relations derived from the potentials on ρ(QD) and �k respectively and let

Ri = 〈Ri〉 be the corresponding ideals, that is Aρ(QD) =C(ρ(QD))/R1 and A�k =C�k/R2. Throughout the
proof we write � for �m1,m2,k and � for �m1,m2,k to abbreviate and we often use QI≡J as a short notation
for QI1≡J1,I2≡J2 . Let A be the collection of paths of QI≡J from Notation 7.9.

Our goal is to define a map C�→ e(AQI≡J )e and to show that its kernel is the ideal given by the
relations (1)-(8) of Definition 7.13.

We first defineψ :C�→CQI≡J on arrows of� as follows (recalling that we write s for the composition
s1 · · · sk and r for r1 · · · rk, Notation 6.9).

ψ(r̃) = r
ψ(s̃) = s

ψ(xi) =
{

ŵi if 1 ≤ i ≤ k − 1
vm1+i+1 if k ≤ i ≤ k + m2 − 1

ψ(yi) =
{

wi if 1 ≤ i ≤ k − 1
um1+i+1 if k ≤ i ≤ k + m2 − 1

ψ(xi) =
{

ẑk−i if 1 ≤ i ≤ k − 1
vm1+k−i if k ≤ i ≤ k + m1 − 1

ψ(yi) =
{

zk−i if 1 ≤ i ≤ k − 1
um1+k−i if k ≤ i ≤ k + m1 − 1

.

On vertices ψ is determined from the mappings on arrows. We extend ψ to all paths in � and C-
linearly to the algebra C�.

We then compose ψ with the quotient map CQI≡J → AQI≡J to the dimer algebra and call the resulting
map ϕ.

By construction, the image of ϕ lies in eAQI≡J e: the map ψ sends arrows of � to paths between
boundary vertices of QI≡J in such a way that the latter agrees with the vertices of �. The map ϕ is a
homomorphism of algebras. Since A is a generating set for e(AQI≡J )e by Lemma 7.10, ϕ is surjective.
By the first isomorphism theorem, we thus have e(AQI≡J )e ∼=C�/ ker ϕ. To see that the latter is equal to
�, it remains to show that the kernel of ϕ is equal to the ideal of C� given by the relations (1)–(8) of
Definition 7.13.

We first express ker ϕ in terms of the ideals R1, R2 and of the relations arising from the seam. Let
I1 = {i1,1, . . . , i1,k} and I2 = {i2,1, . . . , i2,k} be the arrows of QD giving the seam together with the sets
J1 = {s1, . . . , sk} and J2 = {r1, . . . , rk} of arrows of �k. We define

W1 :=

⎧⎪⎪⎨
⎪⎪⎩

sm − ρ(i1,m) : 1 ≤ m ≤ k,

ŝm − ρ̂(i1,m) : 1 ≤ m ≤ k,
eh(sm) − eh(i1,m) : 1 ≤ m ≤ k,
et(sk) − et(i1,k)

⎫⎪⎪⎬
⎪⎪⎭

and

W2 :=

⎧⎪⎪⎨
⎪⎪⎩

rm − ρ(i2,m) : 1 ≤ m ≤ k,

r̂m − ρ̂(i2,m) : 1 ≤ m ≤ k,
eh(rm) − eh(i2,m) : 1 ≤ m ≤ k,
et(rk) − et(i2,k)

⎫⎪⎪⎬
⎪⎪⎭ .
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The first and third/fourth types of generators in W1 and W2 record the identifications made in the gluing
construction. The second type are the additional dimer relations created when the seam arrows become
internal after gluing. Let W1 := 〈W1〉, W2 := 〈W2〉, and set

R3 := W1 + W2.

By abuse of notation, we view W1, W2, R1, R2 and R3 as ideals of CQ. Since QI≡J can be obtained from
QI1≡J1 by gluing I2 ≡ J2, and also from QI2≡J2 by gluing I1 ≡ J1, Proposition 5.14 gives

AQI≡J
∼= AQ/R3.

Furthermore, as Q is the disjoint union of ρ(QD) and �k, we have

AQ
∼=CQ/〈R1, R2〉.

Hence

AQI≡J
∼=CQ/〈R1, R2, R3〉.

It remains to show that ker (ϕ) is given by the relations (1)–(8). We check relations (1), (3), (5) and
(7) hold as the rest is symmetric.
Relations (1):

ϕ(yixi − xi−1yi−1) =

⎧⎪⎪⎨
⎪⎪⎩

w1ŵ1 − vk+m1+m2 uk+m1+m2 if i = 1,
wiŵi − ŵi−1wi−1 if 1< i ≤ k − 1,
uk+m1+1vk+m1+1 − ŵk−1wk−1 if i = k,
um1+i+1vm1+i+1 − vm1+i−2um1+i if k< i ≤ k + m2 − 1.

The second and fourth of these cases are relations in R2 and R1, respectively. To see that the relation
holds for i = 1:

w1ŵ1
R2= ŝksk

R3= ρ̂(i1,1)i1,1
R1= vk+m1+m2 uk+m1+m2 .

For the relation in case i = k:

uk+m1+1vk+m1+1
R1= ρ̂(i2,k)i2,k

R3= r1̂r1
R2= ŵk−1wk−1.

So in all cases, the term xiyi − yi−1xi−1 is in the kernel of ϕ.
Relations (3): The proof of these relations is in Lemma 7.15 below.
Relation (5): We have to check ϕ(s̃ − ym1+k−1s̃ym2+k−1) = 0.

ϕ(s̃) = s
R3= vnvn−1 . . . vn−k+1

R1= u1u2 . . . uk+m1+m2
R3= u1u2 . . . um1 r̂uk+m1+1uk+m1+2 . . . uk+m1+m2
R2= u1u2 . . . um1 z1z2 . . . zk−1sw1w2 . . .wk−1uk+m1+1uk+m1+2 . . . uk+m1+m2

= ϕ(ym1+k−1s̃ym2+k−1).

Relation (7): We have to check ϕ(xk−1yk−1r̃ − r̃ yk−1 xk−1) = 0.

ϕ(xk−1yk−1r̃) = rŵk−1wk−1.

As unit cycles are central in the dimer algebra we have

ŵk−1wk−1r = r1r̂1r1r2 · · · rk

= r1r2r̂2r2 . . . rk

= · · ·
= r1r2 . . . rkr̂krk

= rr̂krk.

Under the gluing identifications this becomes

rr̂krk
R3= rρ(i2,k)ρ̂(i2,k),
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where ρ(i2,k)ρ̂(i2,k) is a unit cycle at the target of r. Therefore we obtain

rρ(i2,1)ρ̂(i2,1)
R1= rvm1 um1

R3= rz1ẑ1 = ϕ(r̃ yk−1 xk−1).

Conversely, every generator of ker ϕ =ψ−1(R1 + R2 + R3) comes from one of the local dimer rela-
tions in R1, R2 or R3. Relations supported entirely on the outer boundary give the relations of type (1),
those supported on the inner boundary give the relations of type (2), the length-k boundary paths meet-
ing r̃ or s̃ give the relations of type (3) and (4), and the remaining seam relations at the two distinguished
vertices are exactly the relations of type (5)–(8). Hence ker ϕ is precisely the ideal generated by the
relations in Definition 7.13. Therefore we obtain the desired isomorphism.

Lemma 7.15. In the situation of Theorem 7.14, the m2 + k − 1 relations

ϕ(xk) = ϕ(yj1 r̃y2k+m1−2s̃yk+m2−j1−2)

hold for any of the m2 + k − 1 paths of type xk starting on the outer boundary.

Proof. We write the term xk depending on its starting position between the starting point of r̃ and
the ending point of s̃, as xa1 xa2 xa3 xa4 with ai ≥ 0: the first a1 arrows are from the set {x1, . . . , xk−1}, the
second a2 arrows from the set {xk, . . . , xk+m2−1}, the third a3 arrows from the set {x1, . . . , xk−1} and the
last a4 arrows are again from the set {xk, . . . , xk+m2−1} (see Figure 18 for the labelling of the arrows in �).
The exponents ai are all non-negative and add up to k. Furthermore, a1 and a3 are strictly smaller than
k. We may assume that a4 = 0 (if in the expression for xk, we had a4 > 0, we would have a2 = a1 = 0.
Such a case can be covered by a2 > 0, with a4 = 0).

The triples (a1, a2, a3) are therefore one of the following:

(i) (a1, m2, k − a1 − m2) where 0< a1 < k, a1 + m2 ≤ k
(ii) (0, a2, k − a2) where 0< a2 < k
(iii) (0, k, 0)

Note that m2 or k − a1 − m2 may be 0. We obtain

xk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1 terms︷ ︸︸ ︷
xa1 xa1−1 · · · x1

m2 terms︷ ︸︸ ︷
xk+m2−1xk+m2−2 · · · xk

k − a1 − m2 terms︷ ︸︸ ︷
xk−1xk−2 · · · xa1+m2 in case (i),

a2 terms︷ ︸︸ ︷
xk+a2−1xk+a2−2 · · · xk

k − a2 terms︷ ︸︸ ︷
xk−1xk−2 · · · xa2 in case (ii),

k terms︷ ︸︸ ︷
x2k+b−1x2k+b−2 · · · xk+b with 0 ≤ b ≤ m2 − k in case (iii).

Define

η := yj1 r̃y2k+m1−2s̃yk+m2−j1−2.

Then the exponent j1 in η is equal to k − 1 − a1 in the first case, to m2 − a2 + k − 1 in the second case
and to m2 − b − 1 in the third case, giving do we still need the ∗ here?

η=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

k − 1 − a1 terms︷ ︸︸ ︷
ya1+1ya1+2 · · · yk−1 r̃ y2k+m1−2 s̃

a1 + m2 − 1 terms︷ ︸︸ ︷
y1y2 · · · ya1+m2−1 case (i),

m2 − a2 terms︷ ︸︸ ︷
yk+a2 yk+a2+1 · · · yk+m2−1

k − 1 terms︷ ︸︸ ︷
y1y2 · · · yk−1 r̃ y2k+m1−2 s̃

a2 − 1 terms︷ ︸︸ ︷
y1y2 · · · ya2−1 case (ii),

m2 − k − b terms︷ ︸︸ ︷
y2k+by2k+b+1 · · · yk+m2−1

k − 1 terms︷ ︸︸ ︷
y1y2 · · · yk−1 r̃ y2k+m1−2 s̃

k + b − 1 terms︷ ︸︸ ︷
y1y2 · · · yk+b−1 case (iii).
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Accordingly, the terms ϕ(xk) and ϕ(η) are as follows (see Figure 16 for the labelling), abbreviating
r = r1 · · · rk and s = s1 · · · sk as before:

ϕ(xk) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ŵa1 · · · ŵ1 vk+m1+m2 · · · vk+m1+1 ŵk−1 · · · ŵa1+m2 in case (i),

vk+m1+a2 vk+m1+a2−1 · · · vk+m1+1 ŵk−1 · · · ŵa2 in case (ii),

v2k+m1+bv2k+m1+b−1 · · · vk+m1+b+1 in case (iii).

Recall that r̂ and ŝ are the compositions of all k arrows r̂i and all k arrows ŝi, respectively, see
Notation 6.9.

To write the image of the term (η) under ϕ, we use U to abbreviate the composition u1 · · · um1 , Z
for z1 · · · zk−1 and W for w1w2 · · · wk−1 (we only use these abbreviations in the situation when there are
all k − 1 arrows z1, . . . , zk−1, all arrows u1, . . . , um1 and all arrows w1, . . . , wk−1, respectively). Then we
have:

ϕ(η) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

wa1+1wa1+2 · · · wk−1 r ZUZ sw1 · · · wm2+a1−1 (i),

uk+m1+a2+1 · · · uk+m1+m2 WrZUZ sw1 · · · wa2−1 (ii),

u2k+b+1+m1 · · · uk+m1+m2 WrZUZsW uk+m1+1uk+m1+2 · · · uk+m1+b (iii).

For all three cases, the paths ϕ(xk) and ϕ(η) are illustrated in Figure 20.
We first consider case (iii),

Case (iii)

ϕ(xk) = v2k+b−1v2k+b−2 . . . vk+b

= u2k+bu2k+b+1 · · · uk+b−1 Lemma 3.14
= u2k+b−1 · · · uk+m1+m2̂ s U r̂uk+m1+1 · · · uk+b−1 Remark 7.7

By Lemma 6.7, ŝ and WrZ are minimal paths between the same boundary vertices in the bridge (cf.
Remark 6.8). From Lemma 6.6 they are necessarily equal under R3. Similarly, r̂ is equal to ZsW, so we
obtain:

= u2k+m1+b+1 · · · uk+m1+m2 WrZU r̂uk+m1+1 · · · uk+b+1 Lemma 6.7
= u2k+m1+b+1 · · · uk+m1+m2 WrZUZsWuk+m1+1 · · · uk+b+1 Lemma 6.7

as claimed.
Case (ii)

We first consider a2 = 1. Define h to be the (horizontal) path of length k − 1 in �k, starting at (k, k),
going to (k, k − 1), etc., ending at (k, 2) (as shown in Figure 19). Recall that R2 is the ideal of relations
arising from the potential on �k and R1 the ideal of relations arising from the potential on QD.

ϕ(xk) = vk+m1+1 ŵk−1 · · · ŵ1

= vk+m1+1rk · · · r2hs2 · · · sk using R2

= vk+m1+1vm1+k · · · vm1+2hs2 · · · sk Remark 7.7
= uk+m1+2uk+m1+3 · · · um1+1hs2 · · · sk using R1 (Lemma 3.14)
= uk+m1+2 · · · uk+m1+m2 ŝ u1 · · · um1+1hs2 · · · sk Remark 7.7
= uk+m1+2 · · · uk+m1+m2 WrZUum1+1hs2 · · · sk Lemma 6.7
= uk+m1+2 · · · uk+m1+m2 WrZUrkhs2 · · · sk Remark 7.7
= uk+m1+2 · · · uk+m1+m2 WrZUZs seam relations and R2.

This proves (ii) for a2 = 1. If 1< a< k, we write d[a] for the following (diagonal) path of length k − a in
�k: d[a] starts at (a, k) and ends at (1, k − a + 1), using the arrows (a + 1 − j, k + 1 − j) → (a − j, k − j)
for 1 ≤ j ≤ a − 1. See Figure 19.
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Figure 19. Shape of �k, paths h, d[a], e[b].

The general situation is then as follows (with 1< a2 < k):

ϕ(xk) = vk+m1+a2 vk+m1+a2−1 · · · vk+m1+1 ŵk−1 · · · ŵa2

= vk+m1+a2 · · · vk+m1+1 r1 · · · rk−a2 d[k−a2] using R2

= vk+m1+a2 · · · vk+m1+1 vk+m1 · · · vm1+a2+1︸ ︷︷ ︸
k terms

d[k−a2] Remark 7.7

= uk+m1+a2+1uk+m1+a2+2 · · · um1+a2 d[k−a2] using R1

= uk+m1+a2+1 · · · uk+m1+m2 ŝ Uum1+1 · · · um1+a2 d[k−a2]

= uk+m1+a2+1 · · · uk+m1+m2 WrZUum1+1 · · · um1+a2 d[k−a2]

= uk+m1+a2+1 · · · uk+m1+m2 WrZUZsw1 · · · wa2−1 seam and R2,

as claimed.
Case (i) For 1< b< k, define e[b] to be the path in �k starting from (1, b), going down via (2, b), (3, b),
etc. to (b, b), then left to (b − 1, b), etc. to (2, b).

Then ϕ(xk) is equal to

ŵa1 · · · ŵ1 vk+m1+m2 · · · vk+m1+1 ŵk−1 · · · ŵa1+m2

= ŵa1 · · · ŵ1 vk+m1+m2 · · · vk+m1+1r1 · · · rk−a1−m2 d[a1] using R2

= e[a1] sk−a1+1 · · · sk︸ ︷︷ ︸
a1 terms

vk+m1+m2 · · · vk+m1+1︸ ︷︷ ︸
m2 terms

r1 · · · rk−a1−m2︸ ︷︷ ︸
k−a1−m2 terms

d[k−a1−m2+1] using R2

= e[a1]vk+m1+m2+a1 · · · vm1+m2+a1+1d[k−a1−m2+1] Remark 7.7
= e[a1]uk+m1+m2+a1+1 · · · um1+m2+a1 d[k−a1−m2+1] using R1

= e[a1]ŝk−a1 · · · ŝ1 U r̂k · · · ̂rk−a1−m2−1d[k−a1−m2+1] Remark 7.7
= wa1+1wa1+2 · · · wk−1 r ZU r̂k · · · ̂rk−a1−m2−1d[k−a1−m2+1] using R2

= wa1+1wa1+2 · · · wk−1 r ZUZ sw1 · · · wm2+a1−1 using R2,

as claimed.

Remark 7.16. By Lemma 4.8 if D′ is a weak Postnikov diagram on the annulus that can be obtained
from D by a series of geometric exchange moves, then the boundary algebra of QD′ is isomorphic to
�m1,m2,k.
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Figure 20. The images of the paths from relation (3) under ϕ on a ‘cover’ of the annulus, cases (i), (ii)
and (iii).
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