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Abstract
In this article we introduce a gluing operation on dimer models. This allows us to construct dimer quivers on
arbitrary surfaces. We study how the associated dimer and boundary algebras behave under the gluing and how to
determine them from the gluing components. We also use this operation to construct homogeneous dimer quivers
on annuli.

1. Introduction

Dimer models on surfaces are oriented graphs embedded in surfaces which arise from gluing oriented
discs along common arrows. They have been studied in different contexts, including statistical mechanics
[10], integrable systems [6] and mirror symmetry [2]. More recently, dimer models on surfaces with
a boundary have been considered; cf. [1, 5] in the context of cluster algebras and cluster categories,
as they arise as quivers of clusters with frozen variables or as quivers of cluster-tilting objects with
projective-injective summands.

For dimer quivers in the disc, Postnikov diagrams provide a convenient way to describe the cluster
structure associated with the Grassmannian Gr(k, n) of k-dimensional subspaces of C". Postnikov dia-
grams are a collection of n oriented curves between the n vertices of the disc, inducing a permutation
of the n vertices. If this permutation sends vertex i to vertex i 4+ k (reducing modulo n), we say it is a
(k, n)-diagram; these diagrams are used in the description of the cluster algebra structure on the coordi-
nate ring of the Grassmannian [9] or of the cluster-tilting objects in the Grassmannian cluster category
[1]. A natural question is how to generalise these constructions to other surfaces while retaining control
of their algebraic properties. The annulus is the first non-simply connected case, and in this setting, it
is known that gluing along boundary intervals changes the topology of the ambient surface and turns
boundary arrows into internal arrows along the resulting seams [1].

The first aim of this paper is to introduce a gluing operation for dimer quivers and to describe how
the associated dimer and boundary algebras behave under gluing. Proposition 5.14 shows that the glued
dimer algebra is determined by the components, and Theorem 5.16 shows that, under thinness hypothe-
ses, the glued boundary algebra can also be recovered from the components. In particular, Corollary 5.17
gives a recursive way to determine the boundary algebra of a Postnikov diagram in the disc.

The second aim is to use this gluing construction to build homogeneous dimer quivers on annuli in
the sense that the associated strand diagram induces a permutation of the form i +— i + k along each
of the two components of the boundary; we say that such a diagram is of degree k. With this in mind,
we introduce a family of bridge quivers ®, and glue them to (k, n)-diagrams in the disc. Theorem 7.2
shows that the resulting quivers on the annulus correspond to weak Postnikov diagrams of degree k, and
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Theorem 7.14 gives an explicit presentation of the resulting boundary algebra. Our gluing construction
can be used to construct dimer quivers on general surfaces from those on “simpler” surfaces. It would be
interesting to do this in a way such that the associated (weak) Postnikov diagrams are also homogenous
in the above sense, that is, of degree k.

The paper is organised as follows. Sections 2 and 3 contain the necessary background on dimer quiv-
ers, Postnikov diagrams and their associated algebras. In Section 4, we recall weak Postnikov diagrams
on arbitrary surfaces. Section 5 introduces the gluing operation and studies its effect on dimer and bound-
ary algebras. Section 6 introduces the bridge quivers ©,. In Section 7, we use these quivers to construct
weak Postnikov diagrams of degree k on annuli and to determine their boundary algebras.

In particular, we show that the dimer algebras (Definition 2.7) obtained through gluing are determined
by the components used in the gluing (Proposition 5.14). Additionally, when certain consistency con-
ditions are met, we also determine the glued boundary algebra from the components in Theorem 5.16.
Notably, this allows the boundary algebra associated arbitrary Postnikov diagrams on the disc to be
calculated recursively using Corollary 5.17. In Section 6, we introduce a family of consistent dimer
quivers on the disc, called k-bridges. These will be instrumental in the construction of dimer quivers for
the annulus in Section 7. In this final section, we glue bridge quivers with certain homogeneous dimer
quivers on the disc, called (k, n)-diagrams. We prove that the resulting dimer quivers on the annulus
correspond to weak Postnikov diagrams of degree k in Theorem 7.14.

2. Dimer quivers

A quiver is an oriented graph Q = (Q,, Q,), with a finite vertex set Q, and a finite set of arrows (oriented
edges) O,. We denote by Q,,. the set of oriented cycles in Q.

Definition 2.1. A quiver with faces is a quiver Q = (Q,, Q,) together with a set of faces Q, and a map
0:0, — Q.. sending a face I € Q, to its boundary 0F € Q...

We consider a special class of quivers with faces obtained from gluing a collection of oriented cycles
along arrows in a consistent way. They were first formalised in [1] as dimer models with a boundary.
We will call them dimer quivers.

We first recall the notion of the incidence graph of a vertex of Q: For vertex i € O, of the quiver Q, the
incidence graph of Q at i has as vertices the set of arrows incident with i and contains an edge between
vertices v, and vy if the path

a« . B
oe—>I—> e

is part of the boundary 9F of a face F € Q,.
If o € Oy, the face multiplicity of « is the number of faces such that o belongs to their boundary.

Definition 2.2. A dimer quiver is a quiver with faces (Qy, Q:, Q) where Q, can be expressed as the
disjoint union of two sets QF and Q, and which satisfies the additional properties:

(1) Q has no loops.

(2) Every arrow o in Q, appears with face multiplicity one or two. In the latter case, if F| and
F, are the two faces F\, F,, such that o € 3F; for i=1,2, then F, € QF and F, € Q; (or vice
versa).

(3) The incidence graph of every vertex of Q, is (non-empty and) connected.

Notice that a dimer quiver partitions the set of faces O, according to the orientation of their boundary

cycles in a way that the boundaries of any two adjacent faces have opposite orientations. See Figure 1
for an illustration.
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Figure 1. A dimer quiver with six faces.

Remark 2.3. Dimer quivers are the dual graphs to certain well-studied bipartite graphs on surfaces
called dimer models (see [3, 7, 10], e.g.).

If « has face multiplicity one in the dimer quiver Q, we call « a boundary arrow; otherwise, « is an
internal arrow. A vertex i € Q, is a boundary vertex if it is incident with a boundary arrow. Otherwise,
i is called internal.

Example 2.4. Figure I shows an example of a dimer quiver with six faces. The partition of Q, is
indicated by the shading:

Q;:{FI’F,%FS} and Q;:{Fz,F4,F6}~

Remark 2.5. Given a dimer quiver Q, we can form a topological space %, by gluing the arrows
bounding each face as directed by their orientation. The resulting space X, is an oriented surface
with boundary, where the faces in QF , Q5 can be declared to have positive and negative orientations,
respectively. The quiver Q is said to be a dimer quiver in a disc, if X, is homeomorphic to a disc.

A path p in a quiver Q is a composition of arrows p = o;a, - - - @, such that the endpoint of «; is equal
to the starting point of o;y; fori=1,...,s— 1 (writing the composition from left to right). We allow
paths of length O, that is, paths starting and ending at a vertex, without using any arrows. Such a path
is called a trivial path. To any quiver Q, one can associate an algebra over C, the so-called path algebra
CQ of Q: it has as a basis the set of all paths of Q, including the trivial ones, with multiplication given
by the concatenation of paths. Note that since the dimer quivers we consider contain-oriented cycles,
the associated path algebras are infinitely dimensional.

For any oriented face F € Q,, the element dF determines a cycle in Q, and so the set of all cycles

defines an element
Wo=» 0F—) 0oF

FeQy FeQ;

in CQ,,, called the potential of Q.
Internal arrows impose relations on the path algebra, given by the so-called cyclic derivatives of the
potential:

Definition 2.6. Let o be an internal arrow of Q, and let af; - - - ;= 0F, € Q.o and oy, - - -y, =0F, €
Q.. be the two boundary cycles of the faces in Q, containing «, with F\ € QF and F, € Q5. Let py, :=
Bi--- Bsand pp, := vy - - - y; denote the complements of a in 0F, and 0F,, respectively. Then the cyclic
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derivative of W, with respect to « is defined by
9(Wo) = pr, — Pr,-
The potential Wy determines an ideal of relations. We write
Iy := (0,(Wp) :¢ € Q, « internal)

for the ideal of CQ generated by the cyclic derivatives with respect to internal arrows.

Definition 2.7. Let Q be a dimer quiver; the dimer algebra A, is defined to be the quotient of the path
algebra by the relations arising from internal arrows o € Q,:

A, = CQ/I.

Note that while many paths get identified in A, the dimer algebra is still infinite dimensional in
general. Indeed, by Lemma 2.8 below, the element = . , u; generates a polynomial subalgebra
Clt] S Z(Ayp).

Any boundary cycle of a face is called a unit cycle. As a consequence of the definition, for any vertex
I € Q,, the different unit cycles going through a vertex i are all equivalent in A,. We write u; to denote
the corresponding element in A,.

i€Qp

Lemma 2.8. Let t be the element of A, givenbyt:= Y
the centre of A,.

u;, then C[t] C Z(Ap), where Z(A,) denotes

i€Qo

Proof. It suffices to show that + commutes with any arrow o € Q. Suppose « is an arrow starting
at vertex i and terminating at vertex j. Then to = u;a and at = ay;; therefore, we only have to show
w0 = oy Let F € Q, be a face whose boundary is given by 0F = apr. As apy is a unit cycle at i, we
have u;a = aproc. Similarly, pro is a unit cycle at j, and so apro = au;. O

Definition 2.9. Let Q be a dimer quiver and A, its dimer algebra. Let ey, . . ., e, be the idempotent
elements of Ay corresponding to the trivial paths at the boundary vertices of Q and set e=7Y_,_ e;.
Then the boundary algebra of Q is defined to be the algebra given by:

BQ = eAQE.

This is often called the ‘idempotent subalgebra of Ay’ as we pre- and postcompose all paths with the
idempotent element e of A,.
Note that the boundary algebra of a dimer quiver is also infinite dimensional in general.

3. Postnikov diagrams

In this section, we consider certain diagrams in the disc: the surface X is a disc with n marked points
on the boundary. These diagrams correspond to dimer quivers in the disc that exhibit global properties
which will later be used to determine the corresponding boundary algebra.

Definition 3.1. A Postnikov diagram (in the disc) consists of a collection of oriented curves (strands)
in the disc with marked points on its boundary, where each marked point is the source of exactly one
strand and the target of exactly one strand. The curves are considered up to isotopy, fixing endpoints.
The diagram must satisfy the following axioms.

(1) There are finitely many intersections, and each intersection is a transversal of order two.
(2) Following a fixed strand, the strands that cross it must alternate between crossing from the left
and crossing from the right.
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Figure 2. Local twisting and untwisting moves.

(3) Strands have no self-intersections.
(4) If two strands cross at distinct points, the corresponding bounded region forms an oriented
disc.

The label of a strand is the number i of the marked point where it starts.

It is clear from the definition that a Postnikov diagram determines a permutation of the boundary
vertices by i — j if the strand starting at vertex i terminates at vertex j. We call this the strand permutation
7p. Postnikov diagrams whose strand permutation takes the form i+ i + k (;mod n) are of particular
interest as they describe a cluster in the homogeneous coordinate ring of the Grassmannian Gr(k, n) [10,
Theorem 3]. We refer to such a diagram as a (k, n)-diagram. Note that such diagrams always exist: in
the paper mentioned above, Scott gave an explicit construction of a (k, n)-diagram for every k < n.

Example 3.2. The following is an example of a (3, 5)-diagram. The starting and endpoints of the strands
are indicated by grey circles.

Two diagrams are said to be equivalent if one can be obtained from the other through a sequence of
local twisting or untwisting moves, which are illustrated in the following diagram. The lower diagram
represents the boundary case, the boundary indicated on the left.

We call a Postnikov diagram reduced if it may not be simplified via untwisting moves (moving left
to right in Figure 2). The diagram in Example 3.2 is a reduced Postnikov diagram.

Each diagram divides the interior of the disc into regions, which are the connected regions in the
complement of the union of all strands. In the definition of a Postnikov diagram, we required that strands
must alternate between crossing from left to right and right to left when following a particular strand.
As a consequence, the interior regions can be classified as either:

(1) alternating if the strands forming its boundary alternate in orientation, or
(2) oriented if the strands are all oriented in the same direction (all clockwise or all anticlockwise).

We associate a label with each alternating region obtained from the Postnikov diagram. These labels
are subsets of [n] ={1,2,...,n} given by the strands: each strand divides the disc into a left and right
region with respect to the strand orientation. This allows us to attach labels to the alternating regions:
an alternating region is labelled by i € [n] if the strand starting at i keeps the given region on its left.
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Figure 4. Associating arrows to intersections of strands.

Example 3.3. The Postnikov diagram from Example 3.2 has six oriented regions (shaded in grey on the
left of Figure 3) and seven alternating regions, with labels as shown in both pictures. One can see that
labels of the alternating regions on the boundary are of the form i,i+ 1,i+ 2 modulo n, for n = 5.

We want to associate with every Postnikov diagram a dimer quiver. Its vertices are given by the alter-
nating regions. The arrows arise from crossings: to each intersection point between strands of alternating
regions, we associate an arrow between the corresponding vertices, with the direction described in the
following diagram in Figure 4. The figure on the right represents the case where both regions are on the
boundary.

Definition 3.4. The quiver Qy associated with a Postnikov diagram D has a vertex set Q, given by
the alternating regions. The arrows are given by the intersection points of strands between alternating
regions, with orientation as above.

Notice that we allow arrows between boundary vertices.

Example 3.5. The quiver Qp obtained from the Postnikov diagram of Example 3.2 recovers the dimer
quiver from Figure 2.4. The quiver Qp is shown on the right of Figure 3. It is drawn on top of the
Postnikov diagram, using solid lines, with the vertices corresponding to the alternating regions in D.

We have seen how a Postnikov diagram gives rise to a quiver Qp. In fact, Q) is a dimer quiver in the
disc. See [1, Section 2] for more details.

The Postnikov diagram D can be recovered from Qp by taking its strands to be the collection of
zig—zag paths of the dimer model [6], as we recall here.

Definition 3.6. Ler Q be a dimer quiver in the disc, with n vertices on the boundary. We draw two short
crossing-oriented segments on every arrow of Q, in the orientation shown on the left and in the middle
of Figure 5. Inside each face, we connect each segment to the next one encountered when moving around
the face according to its orientation. In this way we obtain n oriented curves starting and ending at the
boundary of the disc, as on the right of the figure. We write D, for the resulting diagram. It is sometimes
called the diagram of zig—zag paths in Q.
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Figure 6. The weights on the arrows of a dimer quiver.

In Section 4, we will lift this correspondence to the more general set-up of dimer quivers on arbitrary
surfaces and of so-called ‘weak strand diagrams’.

Definition 3.7 (1, Section 4). For any arrow «:1 — J in Q,(D), let ¢ be the label of the strand crossing
o from right to left and let d be the label of the strand crossing o from left to right, when looking in the
direction of a. In other words, J =1\ {c} U {d}. The weight of a is then defined to be the cyclic interval
from c to d in [n]

w, =[c,d).
The weight of a path p=«, - - -«, in Qp is the multiset union of the weights of the arrows in the
path; equivalently, it is the sum of the indicator functions of the intervals wg,, ..., w,. We write

supp (w,) C [n] for its support. A path is called sincere if supp (w,) = [n] and insincere otherwise.

Example 3.8. To determine the weight of the arrow {1,3,5} — {2, 3,5} of the quiver from Figure 6,
observe that c =1 and d =2. So the weight is [1,2) = {1}. The weights of all arrows of that dimer
quiver are shown in Figure 6. Any arrow is an insincere path. However, as one can check, any unit cycle
is a sincere path. The path from {3,4,5}to {1,2, 5} via {1, 3, 5} and {1, 4, 5} has 4 and 5 with multiplicity
two in its weight. It is insincere, since 2 does not lie in the support.

Definition 3.9. A dimer algebra A, is called thin if for any pair of vertices a,b € Q, there is a path
h € e, Agey, such that e,Ape, = C[[t]]h. In other words, there is a path h:a — b such that for any path
g:a— binAy, one has g = ht" for some m > 0. Such a path will be called minimal.

Remark 3.10. For a Postnikov diagram D in the disc, insincere paths in Ay, are minimal, cf. [BKM 16,
Corollary 9.4]. We will use this in the proof of Lemma 3.14(2).

The following two results on the thinness of dimer algebras will be useful when working with the
dimer algebras of Postnikov diagrams.
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Figure 7. Paths u; (in blue) and v; (in red).

Proposition 3.11 (8, Proposition 2.11). Let D be a Postnikov diagram in the disc. If the associated
quiver Qp is connected, then Ay, is thin.

Lemma 3.12 (8, Lemma 2.13). Let Q be a connected dimer quiver such that A, is thin. If g:a — b and
h:b — c are paths in Q such that the composition gh is minimal, then both g and h are minimal.

We now introduce some notation which will be useful when describing paths between boundary
vertices.

Notation 3.13. Let D be a (k, n)-diagram in the disc, and let « be a boundary arrow in Qp. As each
boundary arrow « in a dimer quiver Q belongs to precisely one face F, € Q,, we can uniquely refer to
the complement & of « around F, in the dimer algebra A, (i.e., ad = 3F,).

For each i € [n], we define paths u;:i — i+ 1 and v;: i+ 1 — i as follows: let o be the boundary
arrow between i and i + 1. If « is oriented clockwise (that is, going from i to i + 1, we set u; to be this
boundary arrow. If a is oriented anticlockwise (i.e. i + 1 — i), we set u; to be &. Then v;:i+1—iis
defined to be the complement of u; in the unit cycle at vertex i. Figure 7 gives an illustration of the paths
u; and v; on a dimer quiver.

Take m € [n] and h> 0. Going forward, we will use the following shorthand for composing h
consecutive u;’s (v;’s) starting at the vertex m on the boundary of Q:

= U Uy Uy 21— M + h
= Vi Vimea e Vo im—>m—h

3 N§=~\

oV

where addition and subtraction in the indices are done modulo [n]. When the starting point is clear, we
will drop the index m from the notation. In particular, in Lemma 3.14(2), the path u" is u", starting at a
and ending at b= a + h and V" stands for a path starting at a and ending atb=a —I'.

Lemma 3.14. Let D be a (k, n)-diagram in the disc. The paths defined above satisfy:

(1) v, =u""*inAg,, for any m € [n].
(2) For any pair of boundary vertices a, b in Qp, a minimal path from a to b in Ay, is either u" or
vZ’, where 0 <h,W <n,b=a+h=a— N (mod n), and h+ h =n.

To obtain this result, one can explicitly determine the image of arrows under the inverse of the isomor-

phism given in [1, Theorem 11.2] or by analysis of perfect matching modules [Claim 3.4, [4]]. However,
we provide a direct argument by associating weights to the arrows in Qp.
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Proof of Lemma 3.14. (1) The vertices of Q) arise from k-subsets. For a € [n], we will write I,
for the k-subset {a,a+1,...,a+ k — 1}. Adjacent boundary vertices in D are assigned the k-element
subsets I, and I, of [n] for some a € [n]. If the boundary arrow between them is oriented clockwise,
then , is that arrow and has support [a, a + k). If the boundary arrow is oriented anticlockwise, then it
has support [a + k, a) while the unit cycle through it is sincere; hence, its complement u, has support
[a, a + k). Similarly, every path v:1,,; — I, has support [a + k, a). It is clear that the weight of each
path v:1,., — I, has the support [a + k, a), and the weight of each path u:1, — I,,, has the support
[a, a + k). Therefore, the support of v* (ending at I,) will be

k—1
Jla+k+j.a+).
j=0
The cardinality of this setis (n — k) + (k — 1) =n — 1. Similarly, the weight of u"~* (starting at 1) is
n—k—1
U la+j.a+k+))
j=0
with cardinality k + (n —k — 1) =n — 1. Thus, we have shown that v* and u"~* are insincere paths
between fixed vertices in Ay. Since there is only a unique insincere path between any two vertices by [1,
Corollary 9.4], the claim follows.

(2) Set d:= |b—al. If d € {k,n — k}, then the paths constructed in the proof of (1) are minimal
between I, and I,. If d < k, then v is a subpath of v* and therefore insincere. By Remark 3.10, v/ is
minimal. If d > k, then we have n —d < n — k, and similarly, #"~¢ is a subpath of ¥"~* and therefore
insincere and once again minimal. O

4. Diagrams on surfaces

The notion of a weak Postnikov diagram was introduced in [1], relaxing the conditions of Definition 3.1
and allowing arbitrary surfaces. Let ¥ be an oriented surface with marked points on its boundary. We
assume that every connected component of the boundary contains at least one marked point. The surface
¥ may consist of several connected components.

Definition 4.1. A weak Postnikov diagram on a surface ¥ consists of oriented curves in X, where each
marked point is the source of a unique strand and the target of a unique strand. The diagram must also
satisfy the following axioms:

(1) There are finitely many intersections, and each intersection is a transversal of order two.
(2) Following a fixed strand, the strands that cross it must alternate between crossing from the left
and from the right.

In particular, we allow strands to have self-intersections, and we do not ask for condition (4) of
Definition 3.1 to hold — unoriented lenses may occur.

Weak Postnikov diagrams are considered up to isotopy that preserves crossings. Notice that a weak
Postnikov diagram determines a permutation of the marked points of X.

Let Cy,...,C; be the connected components of the boundary of X, for some 7> 0. We label
the marked points of X clockwise around each connected component C; of the boundary of X by
pj,l7 .. ,pj,nj°

Example 4.2. Figure 8 shows two weak Postnikov diagrams on an annulus with three points on the outer
boundary and two points on the inner boundary. In cycle notation, the permutations these diagrams
induce are (132) for the one on the left and (1312) for the one on the right. Both permutations have fixed
points.
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Figure 8. Two Postnikov diagrams on an annulus.

Figure 9. Dimer quivers of weak Postnikov diagrams.

Definition 4.3. A (weak) Postnikov diagram D on a surface X is said to be of degree k if the permutation
induced by D is of the form p;; — p; .« (reducing modulo n;) at every connected component C; of the
boundary of .

The second picture in Figure 8 shows a weak Postnikov diagram of degree 2. To any weak Postnikov
D diagram on a surface, we can associate a quiver O, as for the disc case (Definition 3.4). This is also
a dimer quiver, following the reasoning of [1, Remark 3.4], so we have:

Lemma 4.4. Let D be a weak Postnikov diagram on a surface 2. Then Qp is a dimer quiver on X.
Example 4.5. The dimer quivers of the weak Postnikov diagrams from Example 4.2 are in Figure 9.

Remark 4.6. Recall that for any dimer quiver on the disc, the collection of its zig—zag paths
(Definition 3.6) is a Postnikov diagram. The zig—zag paths can be drawn for dimer quivers on arbi-
trary surfaces, as this only relies on the quiver and not on the surfaces. This results in a collection of
oriented curves (strands) which will be denoted by D, (as in the disc case, Definition 3.6). We now show
that Dy is a weak Postnikov diagram.

Lemma 4.7. Let Q be a dimer quiver on a surface X. Then the collection of alternating strands D, is
a weak Postnikov diagram on X.

Proof. The collection of zig—zag paths of a dimer model gives a strand diagram satisfying the local
conditions of a Postnikov diagram (i.e., a weak Postnikov diagram) but not necessarily the global
conditions, arguing as in [1, Remark 3.4]. O

By Lemma 4.4, every weak Postnikov diagram D defines a dimer algebra A, = Ay, = CQp/I where
1 is the ideal given by the relations from the internal arrows, cf. Definition 2.7.
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Figure 10. The quivers Q and p(Q): adding boundary arrows.

Setting e to be the sum of idempotents of A, corresponding to boundary vertices in Qp, we thus
obtain the boundary algebra of Qp

eAge,

(Definition 2.9). The boundary algebra associated with a weak Postnikov diagram on a general surface is
invariant under twisting/untwisting and geometric exchange, where twisting and untwisting refer to the
local moves from Figure 2, while geometric exchange is the local square move from [1, Section 12]. Let
D and D’ be two weak Postnikov diagrams on X that can be linked by a sequence of geometric exchanges
and (un)twisting moves. Let Q) and O,y be the associated dimer quivers. These have the same boundary
vertices (i.e., the same k-subsets at the alternating regions at the boundary of X). So the associated
algebras Ap and A have the same boundary idempotents.

Arguing similarly as in [1, Section 12] (in particular, Lemma 12.1 and Corollary 12.4), now in the
setup of weak Postnikov diagrams, one gets the following result:

Lemma 4.8. Let D, D' be weak Postnikov diagrams on X, let e and €' be the sum of the idempotents
corresponding to boundary vertices of Qp, and €' be the sum of the idempotents corresponding to the
boundary vertices of Qp. Assume that D' can be obtained from D by a sequence of geometric exchanges
and twisting or untwisting moves. Then the corresponding boundary algebras eApe and ¢ Aye are
isomorphic.

5. Dimer gluing

In this section we allow dimer quivers to have several connected components. If Q is a dimer quiver
which is not connected, then the associated surface ¥ = X, (see Remark 2.5) has several connected
components.

We will choose pairs of connected sets of arrows along the boundary of the dimer quiver and glue Q
to itself by identifying these arrows pairwise.

This gluing operation will be done in such a way that important properties of the dimer quivers are
preserved.

Definition 5.1. Let Q be a dimer quiver and ¥ = %, the underlying surface. Let I and J be two disjoint

connected sets of s > 0 boundary arrows of Q, and let {vy,...,v} and {wy,...,w,} be the vertices
of I and of J, respectively, where v,, #w,, for any m,m’ in {1,...,s — 1}. We write [ ={i,, ..., i} and
J=A{ji,...,J} for the corresponding boundary arrows, ordered compatibly with these vertex labellings.

The sets I and J may belong to different connected components of the boundary of Q or to two different
connected components of Q. See Figures 10, 11 and 12 with Example 5.11(1). If the sets I and J are
on the same connected component of the boundary of Q or if they belong to two different connected
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Figure 11. The quivers Q and p(Q).

F
F3

Qg

Figure 12. A dimer quivers with two connected components.

components of the dimer quiver, we label the vertices and arrows of I clockwise and the vertices and
arrows of J anticlockwise along the boundary of Q. If they belong to different connected components
of the boundary of the same connected component of Q, we label both clockwise along the boundary
(see Figure 11). For every me {1,...,s}, i, is an arrow v,,_; — v,, or v,, = v,,_, and j,, is an arrow
W1 = Wy, OF W,, = W,,_1. See Figures 10 and 11 for two examples, one where I and J are on the same
boundary component and one where they belong to different components.

We say that the two arrows i,, and j,, are parallel ifi,, : v,, = v,,_1 and j,, : W,, = W,_ or if i,, 1 v,,_| —
Vi QR Jiy s Wiy —> Wy

We now define a map p = p;; on dimer quivers with chosen sets 7, J of arrows along the boundary.
This map adds new boundary arrows between the vertices of J whenever the arrows of I and J are not
parallel, keeping the set of vertices as well as the number of boundary arrows fixed. For every added
arrow, the resulting quiver p(Q) has a two-cycle.

Definition 5.2. Let I and J be as in Definition 5.1. Let m be in {1, ..., s}. If the arrows i, and j,, are
parallel, we set p(j,,) := p1,(Gn) := ju- If i,, and j,, are not parallel, we add a new arrow p(j,) == pr;(.)
in the opposite direction to j,, thereby creating an oriented digon between the two endpoints w,,_, and
Wy, Of i Note that when 8 # p(B), the new arrow p(B) replaces B as a boundary arrow, and 8 becomes
an internal arrow.

Let p(J) = pry ={pG1); - . ., p(js)}. We define p(Q) to be the quiver Q obtained by adding the arrows
0 for every occurrence of non-parallel arrows.

Lemma 5.3. Let Q be a dimer quiver. Then p(Q) is a dimer quiver.

Proof. The new quiver has no loops. For condition (2) of Definition 2.2, it is enough to consider
arrows j with j # p(j). Each such arrow becomes an internal arrow of p(Q), and by construction it
is incident with two faces of opposite sign. The new arrows p(j) are boundary arrows. Adding the
arrows p(j) increases the connectivity of the incidence graph, so condition (3) of Definition 2.2 is also
satisfied. O
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Note that the surface X, is the same as X, up to homotopy. In Section 6, we will use the quiver
p(Q) to create dimer models on annuli.

Lemma 5.4. Let Q and p(Q) be as in Definition 5.2. Then Ag = A g).

Proof. Notice that the canonical inclusion of Q into p(Q) induces a map CQ — C(p(Q)) that
descends to a homomorphism y:A, — A o). Let J* C J be the set of arrows in p(Q) for which po(j,.) # j..
and let K := {p(j) : j € J'} be the corresponding subset of boundary arrows of p(Q).

Each o € J' is an internal arrow of p(Q) and so belongs to the boundary of faces Fy, F, € p(Q),,
where 0F| = jp(j) and 0F, = jpr,, where py, is the complement of j in dF,. The corresponding relation
0,(W) implies p(j) = pr,.

Define ¢ : Cp(Q) — CQ to be the identity on vertices in p(Q), (viewed as vertices of Q) and the
identity on arrows in p(Q);\K (viewed as arrows of p(Q)). For each « € K define ¢(«) := pp,. Then ¢
descends to a homomorphism A, — A, that is the inverse of . O

Remark 5.5. As a consequence of Lemma 5.4, the dimer and boundary algebras of Q are the same as
those of p(Q). This will allow us to replace Q with p(Q) in the gluing construction that follows so that
we can assume the arrows in I and J are parallel. We will sometimes do this.

Definition 5.6 (The quiver Q,_; obtained from gluing). Let Q be a dimer quiver. Let I = {i,, . . ., i;} and
J={ji,....Js} be disjoint connected sets of boundary arrows of Q and let p(j,), 1 <m <s, be as in
Definition 5.2.

The quiver Q,—; obtained from p(Q) by identifying v,, with w,, for m=0,...,s+ 1 and identifying
i, with p(j,.) for every 1 <m < s is called the quiver arising from Q by gluing I with J.

Lemma 5.7. Let Q be a dimer quiver, and let I and J be as in Definition 5.6. Then the quiver Q,—; is a
dimer quiver.

Proof. By Lemma 5.3, p(Q) is a dimer quiver. Condition (3) of Definition 2.2 is satisfied as the effect
of gluing is to increase the connectivity of the incidence graphs of the arrows in 7 or J. (1) is satisfied,
as gluing does not introduce any loops, as no arrows are contracted. For (2): any arrow of I and of p(J)
is an internal arrow of p(Q), between two faces of opposite orientations. [

Remark 5.8. (1) The resulting quiver Q,_; lives on the surface obtained by gluing the parts of the
boundary of ¥ along the identified arrows.

(2) The quiver Q,—; need not be free of internal two-cycles, even if Q is; for every arrow j € J with
J # p(j), the construction introduces an internal two-cycle.

We can iterate the construction from Definition 5.6 and glue along several intervals of arrows:

Definition 5.9. Let Q be a dimer quiver. Let I, ...,1, and J,,...,J, be disjoint connected sets of
boundary arrows of Q (as in Definition 5.1). Fort € {2, ..., m} set

Ql. =Ili=J = (QI. = dio1=Jiy )I,EJ,

Remark 5.10. One can check that iterated gluing is independent of the order:

for any permutation o of {1, ..., m}.
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Figure 13. Two dimer quivers were obtained from the quiver of Figure 12 by gluing. The red and blue
indicate the seams — the red paths correspond to complements of arrows of the sets of glued arrows.

In Section 7, we will consider dimer quivers consisting of two discs and glue them along two sets of
arrows to construct dimer quivers on annuli.

Example 5.11. Let Q be the dimer quiver with two connected components as in Figure 12.

(1) Let I = {oy, 03} and J ={By, B,}. Then p(J) =J and Q,—; are dimer quivers on a disc, as on the
left of Figure 13.

(2) Let I, = {a,}, I, = {as}, J ={Bs} and J, = {B,}. Here, Bs # p(Bs), so the new boundary arrow is
now p(Bs); we then have p(J,) = {p(Bs)}, and p(J,) =J, and Qy,=;, 1,=, is a dimer quiver on an annulus,
as on the right of Figure 13.

Recall that if B is a boundary arrow of a dimer quiver, we write B\for the complement of 8 around
the unique face 8 belongs to (Notation 3.13).
Definition 5.12. Let r € {1, ..., m} and write

Ir:{ir,19-~-’ir,sr}» Jrz{].r,l’-~-’jr,xr}’ sr:z |Ir|:|‘]r|
We refer to the subquiver I, =J, of Qy,=y,....1,=1,, 01 the paths
{iris PGrm): s PGrm):1 S m <5}

as the seam at I, = J..

To illustrate the notion of a seam: the disc in Figure 13 has a single seam given by the paths

{ay, a3, B, Ba, A, O3, E, Ez}. The annulus in 13 has a seam at as = 8, given by the paths {as, B, as, B;}
and a seam at o, = 85 given by {a,, Bs, @3, Bs).

Definition 5.13. Let g be a path in Q,_;. We say that g crosses the seam I = J if g contains a subpath
0 = 80818, Where g,:vy — Vv, is a path of arrows completely contained in [ =J and v, v, are the only
vertices of g, and g, respectively belonging to I = J, where both g, and g, are not trivial paths.

We fix the following notation for the remainder of the section. Let Q be a dimer quiver, and I =

{i,...,i;}and J ={j,,...,J,} be disjoint connected sets of boundary arrows of Q as in Definition 5.1.
Leth, 1:Q; — Q, denote the source and target maps of the quiver Q. Let R = R(, J) denote the following
set of paths in C(p(Q)):

R = {in = PG i = PGn)s htiny — oty <m < 5} U {eri) — € }- (5.1)

In this setting, the glued dimer algebra can be determined from the initial dimer algebra in the
following sense.

Proposition 5.14. The dimer algebra A,,_, is isomorphic to A, /(R).
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Proof. Let T denote the set of paths
T = i = PUn)s €nin) = Enipinn:1 < m < sy U e — €}

in C(p(Q)). Then (R)=(T )+ (f,; — @ 1 <m <s). Observe that we have an isomorphism
¥ CQ=; = C(p(Q))/(T ) that is the identity on arrows and on the trivial paths at vertices.

Let V be the ideal of relations of CQ,_; defined by the internal arrows of Q,_; (Definition 2.6), and
let U be the ideal of relations of C(p(Q)) defined by the internal arrows of p(Q), so

Ap_, =CQ;/V and A, =C(p(Q))/U.

Since every internal arrow of p(Q) remains internal in Q,_;, every relation generating U also lies in
¥ (V). The only additional internal arrows of Q,_; are the images of the arrows in / (equivalently, of the

arrows in p(J)). For each such arrow, the corresponding cyclic derivative is - 0(.)- Hence,
YV)=U+ (i = pli)1 <m<s).
Combining this with the quotient by (7), we obtain

(C@/TN/Y (V) =(C(p(@)/U)/(R).
Putting everything together yields

AQIEJ = (CQIEJ/V
= Cop( /T NIV
= (Cp(@)/U)/(R)
=A,0/(R)
as claimed. [

Remark 5.15. Note that the boundary algebra of the dimer quiver Q,_,; is by definition equal to € Q,_,¢’
where €' is the sum of the idempotent elements of Ay,_, corresponding to the boundary vertices of the
quiver Q—;. In terms of the boundary of Q, the element €' is the sum ) _,_, e; where X is the union of the
boundary vertices of Q excluding those which are both a source and target of an arrow of I or of J, as
these vertices are internal vertices of the surface obtained from gluing.

The following result explains how the boundary algebra of a glued dimer quiver can be obtained from
the two boundary algebras of the individual quivers when the individual dimer algebras as well as the
glued dimer algebra are thin. In the statement of the following two results, we will write e, (respectively
eg) for the sum of all idempotents corresponding to the boundary vertices of the quiver Q, (respectively
of Qp). As before, fix I and J to be two disjoint sets of boundary arrows with |I| = |J| and with relations
‘R asin (5.1). Let ¢’ be the sum of idempotent elements corresponding to the boundary vertices of Q,_,.

Theorem 5.16. Let Q,1,J,R and € be as above. Assume that Q can be expressed as a disjoint
union Q = Q, U Qg of connected dimer quivers Q,, Qs whose dimer algebras are thin. Let e Ay e, =
<ozl, vy Oy, > /{R1) and egAg e = (ﬂl, v ,352) /(Ra). If Ag,_, is thin then we have an isomorphism:

@/AQ,;,E/ = (<{05i}i, {,3_/}/’)/(/21, Ra, R)) e.

In other words, the boundary algebra of Q,, is determined by those of Ay, and A, .

Proof. Viewing ({o;};, {8;};) as a subalgebra of CQ we inherit the homomorphism
@:e (({oz,-},», {/Bj}j)) e — €Ay,_,€.
given by the composition of homomorphisms
e {a}, {B})e — €CQe — € CQje’ — €'Ap,_, €.
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We first show that ¢ is surjective: as Ay,_, is thin, for any pair of boundary vertices a, b in Ag,_,, we
have a (unique) minimal path g : a — b. It suffices to show that each such minimal path g is in the image
of ¢. If g can be viewed as a path contained entirely in Q, or Qg then g € («, .., o) or g€ (B, .., B;)
respectively. In either case, we find g’ € €'({a;};, {B};)¢’ with p(g') = g.

Next consider the case where g : a — b crosses the seam I = J; that is, g = gog,, where g, is a path
completely contained in Q, or Q4. Without loss of generality, assume g is a path in Q,. By Lemma 3.12,
8o is a minimal between boundary vertices of Q, and can be expressed in terms of g € («, .., ;). By
iterating this procedure for each crossing of the seam, we obtain an element g’ € ¢'({o;};, {B};) e’ with
p(g)=g.

Moreover, the unit cycle at any boundary vertex of Q,_, is contained entirely in either Q, or Qg, so
its class also lies in the image of ¢. Hence, the boundary version of the central element ¢ is in the image.
Since every path between boundary vertices is a minimal path multiplied by a power of this central
element, surjectivity follows.

Now we determine the kernel of ¢. By Proposition 5.14, the dimer algebra of Q,_; can be written as
C(p(Q))/{{R1, R,, R}), yielding the claim. O

A useful application of Theorem 5.16 is that the boundary algebra of any Postnikov diagram in the
disc can be determined by recursively splitting it into smaller Postnikov diagrams.

Corollary 5.17. Let D be any Postnikov diagram on the disc with dimer quiver Qp. If Qp = Q;—;, where
0 =0, U Qg is a decomposition of Q into disjoint, connected dimer quivers, then

(1) The strand diagrams D, and Dy corresponding to Q, and Qg are Postnikov diagrams in the
disc, and

(2) the boundary algebra of Qp may be explicitly determined from the boundary algebras of Q,
and Qp.

Proof. (1) As Q, and Qy are dimer quivers, the associated strand diagrams D, and D, will satisfy
the local properties of a Postnikov diagram. To see they also satisfy the global properties, any self-
intersection or oriented lens in D, or Dy would necessarily appear in D as O, and Qj are connected
subquivers of Q.

(2) By part (1) and Proposition 3.11, the dimer algebras A, and Ay, are thin, so Theorem 5.16 can
be applied. O

Remark 5.18. In Section 7, we illustrate a more general procedure for determining the boundary
algebra of

A(Qa U081 =1y 1=1y....y=im
Jfrom presentations of e,Aq, e, and egAg, ez under the additional assumption that A, gy, _, 1S thin for
9='q
anyl <g<m.

6. Bridge quivers

In [1, Section 13], weak Postnikov diagrams arising from surface triangulations were studied. These
were shown to be examples of degree 2 diagrams. In particular, [1, Proposition 13.5] gives an explicit
presentation of the boundary algebra of a weak Postnikov diagram arising from a triangulation of the
annulus.

Our goal is to produce degree k diagrams on surfaces. In [9, Section 4], Scott gives a Postnikov dia-
gram of degree k for any k, n, the so-called rectangular arrangements. At present, a general construction
of (weak) Postnikov diagrams of degree k is not known, apart from k = 2 as mentioned above.
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In this section, we give a construction of dimer quivers on annuli whose associated (weak) Postnikov
diagrams are of degree k. We will do so by gluing certain dimer quivers along a collection of arrows,
using dimer quivers of degree k together with the so-called bridge quivers we introduce below.

Definition 6.1. Take k > 2. For k =2, let ©, be the quiver shown in Example 6.2. For k > 3, we define
a quiver Oy called the k-bridge as follows. In order to describe the arrows of ®,, we label the vertices
of the quiver by lattice points. Now, the quiver ®, is formed by two triangular regions with a right
angle at positions (1, k) and (k + 1, 2) and k — 2 arrows horizontally, vertically and diagonally (for the
hypotenuse) forming their sides (for k = 2, we do not have these triangles but two single vertices). One of
these right-angled triangles has the vertices (k + 1,k), (k+ 1, 2), (3, 2). The other triangle has vertices
(1, k), (k—1,k) and (1, 2). This is completed by a triangle (1,1) — (1,2) — (2,2) — (1, 1), a sequence
of k — 2 squares going diagonally between the vertices (2,2) and (k, k) and a triangle on the vertices
k+1,k+1)— (k+1,k) — (k,k) > (k+ 1,k + 1). Each of the k — 2 intermediate squares is oriented
clockwise, and its diagonal arrow is directed from the north-west vertex to the south-east vertex.

See Example 6.2 for k <4, and Figures 15 and 19 for an illustration. In the figure of Example 6.2, the
vertices and arrows of two triangles with right angles at (1, k) and at (k + 1, 2) are drawn in black, with
grey shading. The arrows of the triangles and squares completing the bridge quiver are drawn in blue.

Example 6.2. The k-bridges for 2 <k <4 are given below.

1

Oy O3 Oy

Remark 6.3. For k > 1, the quiver ©, is a dimer quiver. For k > 2, the associated surface X, is a disc;
Jor k=2, it is two discs meeting at a single vertex. For any k, ®, has a rotational symmetry about the
centre of the quiver.

Recall from Definition 3.6 that Dy, is the collection of strands arising from the zig—zag paths in ©,.

Remark 6.4. One can use the explicit embedding of ®, in the plane to check that the diagram De, is
homotopic to a collection of strands where each strand is either a straight line between endpoints or
is of an L-shape, containing a single turn to the left in the direction of the strand. See Figure 14. In
particular, any two strands starting from the western boundary of De,, drawn in blue in Figure 14 (i.e.,
starting at arrows s; and s; in Figure 15), will never cross. Symmetrically, any two strands starting from
the eastern boundary of D,, drawn in red (i.e., starting at arrows r; and r; in Figure 15), will also never
Cross.

Lemma 6.5. For k > 2, let Dg, be the strand diagram associated to ©, as in Definition 3.6. Then Do,
is a Postnikov diagram on the disc.
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Figure 15. Labelled boundary arrows of ®,.

Proof. By Lemma 4.7, Dg, is a weak Postnikov diagram on the disc, so it remains to show the global
axioms ((3) and (4) of Definition 3.1) hold. From Remark 6.4, we can see that (i) there are no self-
intersections of strands, and (ii) the lenses formed by double-intersections of the L-shaped strands are
all oriented, and thus (3) and (4) are satisfied. ]

Lemma 6.6. For k > 2, the dimer algebra Ae, associated to ® is thin.

Proof. When k=2, Ap, = C0O, as O, has no internal arrows. Thus, there is a single path between
any pair of vertices in 6, up to a power of cycles.
Applying Lemma 6.5 and Proposition 3.11 to ®, for k > 2 gives the result. O

The following technical result gives a condition for paths between two vertices in the bridge quiver
to be minimal.

Lemma 6.7. Let g=«, - - - «, be a path in ®, where «;:(a;, b;) —> (a.1, biy1) is an arrow between
vertices (a;, b;), (aiy1, biy1) € [k + 1] x [k + 1] for each 1 <i < n. Assume that (a,, b)) # (@p11, bpi1). If
one of the following conditions holds, then g is a minimal path from (a,, b,) 10 (Gny1, byy1) in Ag,.
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(1) Ifa, <a,., thena, <ay, forall1 <i<n.
(2) Ifa, > a,., thena;, > a;y, forall 1 <i<n.
(3) Ifby <b,, thenb, <b,,, forall1 <i<n.
(4) Ifby > b, thenb, > b, forall 1 <i<n.

Proof. Let g be such a path. Then g doesn’t contain any arrows in a given direction determined by
the hypothesis. By construction, any path equivalent to g in the dimer algebra Ao, will also be missing
an arrow in this direction and so can’t contain a cycle. The result then follows from Lemma 6.6. O

Remark 6.8. In practice, we will apply Lemma 6.7 to paths that are weakly monotone in at least one
coordinate. By Lemma 6.7, any such path is minimal in the associated dimer algebra.

Notation 6.9. The following notations for paths in the bridge quiver will be useful in Section 7, when
we need to refer to arrows and paths along the boundary of the bridge quiver ©, (see Figure 15).

The boundary of ®, is a clockwise-oriented cycle. If y is a boundary arrow of ®, from a to b, we
write y:b — a for the complementary path around the unique face incident with y (cf. Notation 3.13).
More generally, if g =1y, - - - y,: a — b is a path of boundary arrows, we write

-~

g=v%---n:b—a

e rii(lLk)—=> G+ Lk forl <i<k—1

o 1k k)— (k+1,k+1)

e Zimik+1L,k—D)—>k+1Lk—>G+1)for—1<i<k—-3
e 5;:(k—i,2)>(k—(i+1)),2)for -1 <i<k-3

e 5.:(2,2)—=(1,1)

e wii(LL)—>,i+Dforl <i<k-—1.

We will also frequently use

o FI=FIy 1y
o SI= 818 S
¢« SI= 855

for the composition of all k arrows r,, s, T; or S; respectively.

With this, the following notation makes sense:

If g=y,.,v.:a—>b is a path composed of boundary arrows y; in ©,, we write g:=
V.Yi-1 . . . ¥1:b — a for the path in the reverse direction formed by the complements.

For 1 <a<kand 1 <I<k—a— 1, we use the following abbreviations for paths in the z;s and w;s,
along the northern/southern boundary of the bridge quiver (as indicated by the coordinates defining ®,):

hd Wl(a) = WWqi1 ** WcH»lfl:(l’ a) - (19a+ l)
o (@)= ZaZap1 + Zari-rik+ 1, (k+2) —a) = (k+ 1,k +2 — (a+ 1))

7. Gluing dimer quivers for annuli

In this section, we will glue the dimer quiver of a (k, n)-diagram and the bridge quiver ®, along two
sets of arrows to obtain a dimer quiver on the annulus which in turn corresponds to a weak Postnikov
diagram on the new surface. We show that this diagram is in fact of degree k, permuting the vertices

along the boundary in a homogeneous way.
Recall that if Q is a dimer quiver on an arbitrary surface, we can associate a collection of strands to

it which we denote by D, (Remark 4.6).
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Mo arrows k — 1 arrows mo arrows
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Figure 16. The quivers Qp and Qp,—, 1,=1,-

Definition 7.1. Let D be a weak Postnikov diagram on a surface X. Label all endpoints of the strands
of D clockwise around each boundary component: if B is a connected component of the boundary of
Y., label the endpoints by 1, . . ., (ng)s, where ny is the number of endpoints of strands on B. Let N :=
> s hg. We say that D has degree k if all strands of D start and end at the same boundary and if the
permutation of N is of the form iz — (i + k)p (reducing modulo ng) for every component.

Theorem 7.2. Let D be a (k, n)-diagram in the disc with n > 2k and Q), its dimer quiver. Let Q = Q;, U
Oy. Let I, and I, be two disjoint sets of k consecutive boundary arrows along Qp, and let J, and J, be

the sets J, ={s, ..., s} and J, ={ry, ..., r} of consecutive boundary arrows along the boundary of
®y. Then

(1) On=s.1=1, is a dimer quiver on an annulus and
(2) The collection Dy, .. is a weak Postnikov diagram of degree k.

=J\h=J,

Proof. (1) We know by Lemma 5.7 that Oy, -, 1,=, is a dimer quiver. The choice of /; and I, ensures
that the underlying surface of Q,—,, ;,=, is an annulus.

(2) By Lemma 4.7, the collection Dy, _, ,_, of strands is a weak Postnikov diagram. It remains
to compute the degree of this diagram. We will show that the strand diagram results in a degree k
permutation of boundary vertices on a fixed boundary component, with the case for the other boundary
component being symmetric.

Strands in the glued dimer quiver Q) -, ,,=;, arise from composing each strand whose target is in
an arrow in I, with the strand whose source is the glued arrow in J, (and similarly for strands whose
source is in 7, and target is in J,) for ¢ € {1, 2}. Consequently, the degree of the strand permutation on
Dy, _,, ,,-,, can be calculated by composing the permutation on D with the strand permutation on ©;
along the corresponding seams I, = J, or I, = J,.

For 1 <m <k — 1, the strand of Dy, starting at the arrow s;_,,+, is one of the L-shaped strands from
Remark 6.4. After gluing, it composes with a strand of D terminating at the m-th arrow of /; and with
a strand of D starting at the corresponding arrow of I,. Along the relevant boundary component of the
annulus, these two pieces contribute shifts by m and by k — m, respectively, so the total effect is a shift by
k. The remaining strand, starting at s,, is straight across the bridge and contributes 1 4+ (k —2) + 1 =k%.
The argument for the other seam and for the other boundary component is symmetric. Hence, the induced
permutation on each boundary component is the shift by k. O

Remark 7.3. The quiver Q=) 1,=;, has n — 2 vertices (or arrows) on its boundary. The partition of
these boundary vertices depends on the choices of the sets I, and I,, more precisely, on the proximity of
the two sets. Let m; > 0 (and m, < n) denote the number of consecutive arrows on the boundary of Qp
between the last arrow of I, and the first arrow of I,, and let m, > 0 denote the number of consecutive
arrows between the last arrow of I, and the first arrow of I, so that n = m, + m, + 2k. These sets of m,
(respectively m,) arrows lie on the two different components of the boundary of the resulting quiver. We
refer to them as the outer and inner boundary components, respectively. See Figure 16 for an illustration.
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We illustrate the theorem with two examples, the first one in the case k = 2, where our construction
recovers the decomposition of a triangulation of the annulus into a triangulation of the disc used in the
proof of [1, Proposition 13.5] as a special case.

Example 7.4. We let O, be the dimer model arising from a triangulation of a disc (and therefore cor-
responding to a (2, n)-diagram) and take the bridge quiver ®,. Figure 17 shows an example for n =6.
The disc (hexagon) is shown with purple shading and the diagonals of the triangulation with the purple
dashed lines. Two sets, I, and I,, of two arrows along the boundary of p(Qp) are chosen, indicated in
red (for 1,) and blue (for I,) in the figure. The sets J, and J, of arrows of the bridge quiver are each the
two arrows on the left/on the right, respectively. Here, m; = 0 and m, = 2. The bridge quiver is indicated
with grey shading. The dotted arrows indicate the identification of the two ends of the strip obtained by
cutting the annulus open.

Example 7.5. In this example, Q corresponds to a (4,9)-diagram D in the disc. Two disjoint subsets
of 4 consecutive boundary arrows in Q are chosen (illustrated in red and blue, respectively) and are
identified with the corresponding coloured arrows in ©,. In the picture, n =9, m; =0 and m, = 1.

-

QH =li2=]2
Crnnnn |

Lemma 7.6. Let D be any Postnikov diagram in the disc with n > 2k marked points. Set Q = Qp U
O, and let I,,1, be disjoint sets of k-consecutive boundary arrows of Qp, with J, ={s,..., 8},
Jo={r,...,r}. Then both DQ,IEJ1 and DQ,ZEJ2 are Postnikov diagrams on the disc.

Proof. By Lemma 5.7, Dy, _, is a weak Postnikov diagram on the disc. Recall from Remark 6.4 that
the set of strands in D, with source in J; are mutually non-intersecting, and the set of strands in D, with
target in J, are also mutually non-intersecting. Consequently, the strands in Dy, _, that cross the seam
I, = J, extend the strands in D without introducing crossings, and so the global axioms of Definition 3.1
are satisfied. Similarly for Dy, _, . O
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Qllz,]h]gzh

Figure 17. Gluing the dimer quiver of a triangulation with ©,.

Our goal is now to characterise the boundary algebra of the degree k dimer quiver on the annulus
from Theorem 7.2.

Let D be a (k, n)-diagram in the disc where 2k < n and let I, and 7, be disjoint sets of k consecutive
arrows along the boundary of the dimer quiver Q, as in Theorem 7.2. We fix a labelling of the boundary
vertices of p(Qp) by {1, .., n} so that the vertices incident with /, are labelledn —k+ 1,n —k+2,..., 1.
Under this labelling and with the notation of Remark 7.3, the vertices incident with I, are m; + 1,
m+2,...,m +k+1.

Now let u;:i— i+ 1 and v;:i+ 1 — i denote the minimal paths between consecutive boundary
vertices in p(Qp) as in Lemma 3.14.

Remark 7.7. Recall that n=m, +m, + 2k. Here s; and ¥; are taken in the bridge quiver ®, before
gluing, and we then view their images in the glued quiver Qy,—, 1,=;,. With this convention we have:

¢ S1 =V, 2=V 1558 = Vu_i+1,

® SAIZMn; kg:un—hs/\k:unkarly

¢ M= Vimtks 12 = Vinpk—15 -« « s 'e = Vi 41
* ﬂ:Mm1+ks;;:Mm1+k—la~-~s;;:um]+l~

Remark 7.8. Note that any (connected) path in C(p(Q) U ®,) may be regarded as a path in CQ;, —,;, and
as a path in CQy,—,,. Also, any path in CQ,,—;, or CQ,,—,, that is solely contained in either C(p(Q)) or
COy may be regarded as a path in C(p(Q) U ©y). By Proposition 5.14, Ag, _, and Ay, _, are quotients
of Ayguey 50 if § =h in Aygue, then equality holds for the corresponding paths in Ay, _, and Ay, _, .
Similarly, as Ao, _, ,,_,, is a quotient of Ay, _, and a quotient of A, _, , if g =hinAg, _, orAg,_, , then
equality holds for the corresponding paths in A,

=I\h=l"

A convenient generating set for the boundary algebra consists of the boundary arrows on the two
boundary components of Q;,—;, 1,=,, their complementary boundary paths in the bridge piece, the seam-
crossing paths r and s, and the boundary idempotents. This is the set recorded in Notation 7.9.

Notation 7.9. Let Q;,_j, 1,—, as above. We denote by A the following collection of elements of
(CQII =J1.h=l"
A:={r,stU{w, w,z,2:1<i<k—1}
U{vi,ui:1 <i<m}
Ufvi,u;:m+k+1<i<m +k+m}

U {e; : i is a boundary vertex of Q,=j, =1,
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k — 1 arrows Mg arrows

1 Y1 2 Yk—1 k Yk Yk+ma—11
ot T Nt e s e e .
T o | T Thtmy —l‘
S r S
U Up—1| Uk Yy +k—1
.g_ _____ & e & 3
1 T 9 fl/k—lE Tk I7n1+k—1T

Figure 18. The quiver T, u, 1.

Lemma 7.10. Let Q;,_;, 1,—;, and A be as above. Then we have:
The boundary algebra eAy, _, , _, e is generated by A
Proof. Let g:a— b be a path between boundary vertices of Qy,—;, 1,=;,. We first treat paths with no

seam crossings.

Suppose g is contained in p(Qp). By Lemma 3.14, a minimal path from a to b is of the form u’ or
vt If a and b lie on the same boundary component of Q;,_;, ,,—;,, then this path is a product of arrows
u; and v; belonging to A. If a and b lie on different boundary components, then the path crosses exactly
one glued interval, and by Remark 7.7 it can be written as one of

u'su’, u'ru, Visvl, virv/

for suitable 7, j > 0. Hence every path in p(Q)) between boundary vertices is generated by .A.

Now suppose that g is contained in ®,. If both endpoints lie on the outer boundary, Lemma 6.7 gives
a minimal path of the form w‘(a) or m. If both endpoints lie on the inner boundary, we similarly
obtain a path of the form z°(a) or zf(;). If the endpoints lie on different boundary components, then a
minimal path is of the form w*~'rZ~! or z=' s w*'. In every case the path is a product of elements of A.

Moreover, the boundary unit cycles are generated by A, so the boundary version of the central element
t is also generated by A. Since every path is a minimal path multiplied by a power of this central element,
the claim holds for all paths with no seam crossings.

We now argue by induction on the number g of seam crossings of g, where seam crossing is
understood in the sense of Definition 5.13. The case ¢ = 0 was just proved.

Assume ¢ > 0 and write g =0, - - - 0,, where each o, is a maximal subpath crossing a seam. If two
consecutive crossings use the same seam, then the intermediate subpath has endpoints on that seam,
and, by the no-crossing case together with Remarks 7.8 and 7.7, it is equivalent to a path with no seam
crossings. Repeating this reduction, we may assume that successive seam crossings alternate between
IL=J and I, = J,.

Consider the initial segment of g up to and including the first seam crossing. Its endpoints are bound-
ary vertices, and it crosses at most one seam, so by the base case it is generated by .A. The remaining
tail of g has ¢ — 1 seam crossings, and therefore it is generated by A by the induction hypothesis. Hence
g itself lies in the subalgebra generated by .A. This proves that every path between boundary vertices is
generated by A, so eAy, _, , _, e is generated by A. O
Notation 7.11. We define a quiver on an annulus: Fork > 2 andm,,m, > 0, letI" =T, ., « be the quiver
with 2k — 2 + m, + m, vertices arranged as follows. T has m, + k — 1 vertices on the outer boundary,
arranged clockwise. It has m, + k — 1 vertices on the inner boundary, also arranged clockwise. The
arrows ofF,,,] i are glven byy :i—i+1,x;:i4+ 1 — ionthe outer boundary, for 1<i<k+m,—1,
X:i— i+ 1,5 :i+ 1 — ionthe inner boundary, 1 <i<k+m, — 1 andarrows5:1— land7:k — k
between the boundary components. A depiction of the quiver I, ,,,  is given in Figure 18.
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Example 7.12. The following is an illustration of the quiver ', 3.

We will drop the indices and refer to the arrows as x,y,X,y whenever the indices are clear from
composition.

Definition 7.13. Let A, .,x be the quotient of the path algebra CT',, ., by the ideal generated by the
Jfollowing relations.

(1) yixi — Xim1yica i=1,....k+m,—1
(2) X.y; — ¥y X i=1,....k+m —1
(3) x* — iy 2 gykamii =2 (k + m, — 1 relations)
(4) ik _ ?2§y2k+»1272;yk+)7117j272 (k + m — 1 relations)

(5) 5 — g gyt
(6) ; _ yprzz+k—l;ylrll+k—l

(7) X1y 7 — FYi_y X1
(8) Xy 4i—1 Yiny+k=15 = SVktmy—1Xkmy —1

where there are relations of type (1) and (3) for each of the k + m, — 1 vertices on the outer boundary and
where there are relations of type (2) and (4) for each of the k + m, — 1 vertices on the inner boundary.
The exponent j, > 0 in (3) is minimal such that the path y'' ends at the starting point of T and the exponent
j» >0 in (4) is the minimum such that the path ¥* ends at the starting point of 5. Indices are reduced
modulo k + m, — 1 on the outer boundary and modulo k + m, — 1 on the inner boundary.

Note that replacing 7 and § in the presentation of A, ., x by any pair of arrows linking the two double
cycles of m, +k — 1 and m, + k — 1 arrows in a way to keep the distances between these two arrows
fixed (the distance between the starting point of 5 and the endpoint of 7 as well as the distance between the
starting point of 7 and the endpoint of 5) and modifying relations (3)—(8) accordingly gives an isomorphic
algebra. Further, similar presentations may be derived from an arbitrary choice of 7, s between the two
double cycles.

Theorem 7.14. Let Q) —;, 1,—;, be a dimer quiver on the annulus as in Theorem 7.2, and let m,, m, be
as in Remark 7.3. Let e be the idempotent corresponding to the sum of the boundary vertices. Then we
have an isomorphism

~
eAQ[]EJ].IZEJZ €= Amz,mlqk'
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Proof. Set
0:= p(Qp) L1 B,

where I; and I, are the two chosen sets of k consecutive boundary arrows of Q).

Let R, and R, be the relations derived from the potentials on p(Qp) and ®, respectively and let
R; = (R;) be the corresponding ideals, that is A ,,, = C(p(Qp))/R; and Ag, = CO,/R,. Throughout the
proof we write I" for I',,, ., and A for A, ., to abbreviate and we often use Q,—; as a short notation
for Qy,=;, 1,=1,- Let A be the collection of paths of Q,_, from Notation 7.9.

Our goal is to define a map CI" — e(Ay,_,)e and to show that its kernel is the ideal given by the
relations (1)-(8) of Definition 7.13.

We first define v :CI" — CQ,—, on arrows of I as follows (recalling that we write s for the composition
sy ---sgand r for r, - - - r,, Notation 6.9).

v =r

Y@E) =s

o= Sk m

VOO = L kZizkm 1
v =

VO = o kS S

On vertices v is determined from the mappings on arrows. We extend ¢ to all paths in I" and C-
linearly to the algebra CT".

We then compose ¥ with the quotient map CQ,_; — Ay,_, to the dimer algebra and call the resulting
map ¢.

By construction, the image of ¢ lies in eAy,_,e: the map y sends arrows of I" to paths between
boundary vertices of Q,_; in such a way that the latter agrees with the vertices of I'. The map ¢ is a
homomorphism of algebras. Since A is a generating set for e(4,,_,)e by Lemma 7.10, ¢ is surjective.
By the first isomorphism theorem, we thus have e(4,,_,)e = CI'/ ker ¢. To see that the latter is equal to
A, it remains to show that the kernel of ¢ is equal to the ideal of CI" given by the relations (1)—(8) of
Definition 7.13.

We first express ker ¢ in terms of the ideals R, R, and of the relations arising from the seam. Let
I ={iyy, ..., 0.} and L, ={i5,, ..., i} be the arrows of Qp giving the seam together with the sets
Ji={s1,...,s;and J, ={r, ..., r} of arrows of ®,. We define

Sm— pChm) 1 1<m=k,

W, = Sm — p(il,m) 1 <m<k,
Cis) — Chiy,) - 1 <m<k,
Citsi) — Culir)

and

Fm — p(iZ,m) : 1 S m S k7

WZ — Fm — p(iZ,m) : 1 S m S k7
Chirm) ~ €htinyy + 1 SM K,
Citn) — Culigp)
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The first and third/fourth types of generators in VW, and W, record the identifications made in the gluing
construction. The second type are the additional dimer relations created when the seam arrows become
internal after gluing. Let W, := (W,), W, := (W),), and set

R3 = W] + Wz.

By abuse of notation, we view W, W,, R, R, and R; as ideals of CQ. Since Q,_; can be obtained from
Qy,=;, by gluing I, = J,, and also from Q,,—,, by gluing I, = J,, Proposition 5.14 gives

Ap_, =Ap/R;.
Furthermore, as Q is the disjoint union of p(Qp) and ®,, we have
Ap=CQ/(R,R,).
Hence
Ao, =CQ/(R\, Ry, R5).

It remains to show that ker (¢) is given by the relations (1)—(8). We check relations (1), (3), (5) and
(7) hold as the rest is symmetric.

Relations (1):

WIWL = Viemy+my Wktmy +my ifi= 19

W,'\”V\i_w,',lwi,l if 1 <l§k_1,
w(yixi - xiflyi—l) = = ifi=k

Wiy +1Vktm +1 — Wi—1Wg—1 i=k,

Uy, i1 Vg +ie1 — VinpioaUm i Lk <i<k-+m, —1.
The second and fourth of these cases are relations in R, and R, respectively. To see that the relation
holds for i =1:
~ Rop~N Ri—. <. R
WiWp = S8k = ,0(11,1)11,1 = Vitmy+my Wktmy+my -

For the relation in case i = k:

Ri —. 3. Rz ~ Ry~
Ukrmi+1Vk+m +1 = P(lz,k)lz,k =nr = wi—iWi-1.

So in all cases, the term x;y; — y,_,x;_; is in the kernel of ¢.
Relations (3): The proof of these relations is in Lemma 7.15 below.
Relation (5): We have to check (5 — y"'5ym+-1) = 0.

R
VaVau-1« o« Vi1 = Uil o o« Uy vy

@)=y

Uily oo Uy Tl 41 Uiy 42+« « Uiy +my

)

@ ng 12

Uy oo Uy 2122+ v - Zp—1SWIW2 o o e Wi 1 Uy 41 Uiy +2 - -+ Wkpmy +my

— (k=g k]
= ¢(y Sy™ .
Relation (7): We have to check ¢(x,_1y,_1¥ — 7 y,_; %) =0.
Qa1 Yr1F) =W Wiy
As unit cycles are central in the dimer algebra we have
. —~
Wi Wi = Nininry - -1
= rlrzarz A o
=nrr... Vk;‘;rk
= Fiiry.

Under the gluing identifications this becomes

~ R . .
Irily = (i) p(iz4)s
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where p(iz,k)@) is a unit cycle at the target of r. Therefore we obtain

. v . YR R3 o~ ~_ —
rp(iz;)p(iz1) = Vi U, Zrun = O Yy Xi—1)-

Conversely, every generator of ker ¢ =¥ (R, + R, + R;) comes from one of the local dimer rela-
tions in R, R, or R;. Relations supported entirely on the outer boundary give the relations of type (1),
those supported on the inner boundary give the relations of type (2), the length-k boundary paths meet-
ing 7 or 5 give the relations of type (3) and (4), and the remaining seam relations at the two distinguished
vertices are exactly the relations of type (5)—(8). Hence ker ¢ is precisely the ideal generated by the
relations in Definition 7.13. Therefore we obtain the desired isomorphism. O

Lemma 7.15. In the situation of Theorem 7.14, the m, + k — 1 relations
(p(x )_w(y“ —2k+m1 2~yk+m2—jl—2)

hold for any of the m, + k — 1 paths of type x* starting on the outer boundary.

Proof. We write the term x* depending on its starting position between the starting point of 7 and

the ending point of 5, as x"x2x“x*“ with a; > 0: the first a, arrows are from the set {x,, ..., x;_}, the
second a, arrows from the set {x;, ..., Xcn,—1}, the third a; arrows from the set {x;,...,x.,} and the
last a, arrows are again from the set {xy, . . ., X44.,,—1} (see Figure 18 for the labelling of the arrows in I").

The exponents g, are all non-negative and add up to k. Furthermore, a, and a; are strictly smaller than
k. We may assume that a, =0 (if in the expression for x*, we had a, > 0, we would have a, = a, =0.
Such a case can be covered by a, > 0, with a, = 0).

The triples (a, a,, a;) are therefore one of the following:

@) (ay,my,k—a, —m,) whereO<a, <k, a,+m, <k
(i) (0,a,,k—a,) where 0 <a, <k
(i) (0, &, 0)

Note that m, or k — a; — m, may be 0. We obtain

a, terms m, terms k —a, — m, terms
XayXay -1 * X1 Xy —1Xkmy—2 * * * Xk Xp—1Xk—2 * * * Xay4my in case (l)v
o a, terms k — a, terms
Xitay—1Xktay—2 * * * Xie Xp—1Xp—2 * * = Xy in case (ii),
k terms
Xok4-b—1X2k4b—-2 * * * Xktb with O < b <m, — k in case (lll)

Define

~2k+my — 2~ k+n12—j]—2
sy

n=y'Fy
Then the exponent j; in 7 is equal to k — 1 — q; in the first case, to m, — a, + k — 1 in the second case
and to m, — b — 1 in the third case, giving do we still need the * here?

k—1—a, terms a, +m, — 1 terms
——— m r—/— .
Yae Va2 Vit TV 28 Y2+ Yaym case (i),
m, — a, terms k — 1 terms a, — 1 terms

r/ - m f—/\— .o

ViraYirart1 * ** Virm—1 Y1Y2 -+ Vit TV 28 Y1ya -+« Yoyt case (ii),
—k—bterms k — 1 terms k+ b — 1 terms
m s

YorbYokAb+1 * * * Yitma—1 Y1Y2 * * * Yi—1 ”yZH 1?5 YiYa ot YVirb—1 case (iii).
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Accordingly, the terms ¢(x*) and ¢(n) are as follows (see Figure 16 for the labelling), abbreviating
r=ry---r.and s =s, - - - 5; as before:

_— —~~ — —_— . .
Wal W vk+m|+mz e Vk+ml+l Wi+ Wa]+m2 1n case (1)3

o~

(0()&) = vk+m]+a2vk+ml+a271 te vk+»11+1 Wi—1* - Waz in case (11)5

Voktmy+bV2k4my+b—1 " * Vit +b+1 in case (iii).

Recall that 7 and § are the compositions of all k arrows 7; and all k arrows §;, respectively, see
Notation 6.9.

To write the image of the term (1) under ¢, we use U to abbreviate the composition u; - - - u,, , Z
forz, - - -z, and W for wyw, - - - wi_, (we only use these abbreviations in the situation when there are

all k — 1 arrows zy, . .., zx_y, all arrows u,, . . ., u,,, and all arrows wy, ..., w;_,, respectively). Then we
have:
Wait1Way 12 Wit TZUZ SWy = - Wiy gy (),
90(77) = uk+m|+az+l e uk+m|+mzwrZUZ SWy .- Waz—l (11)7
M2k+h+l+ml e uk+m1+mz WrZUZsW uk+ml+luk+ml+2 e uk+ml+b (111)

For all three cases, the paths ¢(x*) and ¢(n) are illustrated in Figure 20.
We first consider case (iii),

Case (iii)
ky _
O(X) = Voryp1Varsp—2 - - Virs
= Wk bUkctpt1 * * * Upp—1 Lemma 3.14
= Uppppo1 *** Wpmy +myS U Ty 41+ Uiy Remark 7.7

By Lemma 6.7,s and WrZ are minimal paths between the same boundary vertices in the bridge (cf.
Remark 6.8). From Lemma 6.6 they are necessarily equal under R ;. Similarly, 7 is equal to ZsW, so we

obtain:
= Unirmy+b+1 * ** Wity iy WFZU Tl 41+ + + Upepir Lemma 6.7
= Untemy4b+1 * * * Wik iy WIZUZS Wity 41 - - Uppry Lemma 6.7
as claimed.
Case (ii)

We first consider a, = 1. Define / to be the (horizontal) path of length k — 1 in ®, starting at (k, k),
going to (k, k — 1), etc., ending at (k, 2) (as shown in Figure 19). Recall that R, is the ideal of relations
arising from the potential on ®; and R, the ideal of relations arising from the potential on Q).

(p(xk) = Vk+m]+1 "VI:] te "T}\l

= Vigmy 17k * + - 2hsy -+ - 5y using R,

= Vit +1Vm+k * Vi +2h82 + + - 8k Remark 7.7

= Uy oWty +3 * * * Uy 1182 -+ Sk using R, (Lemma 3.14)
= U2 Wkpmy oy S UL+ * Upy 11 DSy -+ -5, Remark 7.7

= Uy +2 * * * Wiy 4my WIZUUyy 1 DSy - - - 5 Lemma 6.7

= Urmy42 * * * Witmymy WIZUF DS, - - - 8¢ Remark 7.7

= Upym+2 * * * Ukmy+my WIZUZs seam relations and R,.

This proves (ii) fora, = 1. If 1 < a < k, we write d|, for the following (diagonal) path of length k — a in
Oy: dy, starts at (a, k) and ends at (1, k —a + 1), using the arrows (@ + 1 —j,k+1—j) = (a—j k—))
for 1 <j<a— 1. See Figure 19.
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(1,1) 2  @k-atD) (1,8) (1,k)
dpo
(a,k)
(b,2) va w (k—1,k)
(k,2) h (k, k)

Figure 19. Shape of ®, paths h, d,,, ej.

The general situation is then as follows (with 1 < a, < k):

¢(xk) = Vitmy+ay Vidmy+az—1 * * * Vi +1 "Vl:l e @
= Vitmy+ay * " Vim+1 11000 rk—azd[k—az] USng R2
= Vigmita *** Viamy+1 Virmy *** Vintar+1 Qie—ay] Remark 7.7
k terms
= Wepmy+ar+1 Uk +ar4+2 * * * U+ Aik—ay) using R,
= Witmitar+1 * uk+m1+m2/§Uum1+l e Uyt )
= uk+m1+az+l e uk+m1+mz WrZUumlJrl e um1+a2d[k7az]
= Uy tag+1 " * Witmytmy WIZUZSWy - - - Wy seam and R,,

as claimed.
Case (i) For 1 < b <k, define e, to be the path in ®, starting from (1, b), going down via (2, b), (3, b),
etc. to (b, b), then left to (b — 1, b), etc. to (2, b).

Then ¢(x*) is equal to
—_— o~ — —_—
Way * Wi Vigem+my *°° Vibmj+1 Wi—=1 * ** Way4my
= Wa o Wi Vigmy4my ** Viem 4171 rkfalfmgd[al] U'Sing RZ

= €ay] Sk—ay+1 " * " Sk Virmy+my * " Virmi+1 1100 Ve—aj—my d[kfal—szrl] using R,

ajterms my terms k—ay—my terms
= €la)\Viktm+my+ay * *° Vm]+m2+a|+ld[k—u]—mzﬂ] Remark 7.7
= €ayUictmytmy+ar+1 * " Wy tmyta Ali—ay —my+11 using R,
= €u)Skay ST UTy - rkﬂfld[kfamnﬁl] Remark 7.7
= Wa+1Way42 * * * Wi rZUr- - rkm—ld[k—ulﬂnfrl] using R,
= Wt tWays2 * Wit FZUZ SWy -+ Wy -1 using R,,
as claimed. O]

Remark 7.16. By Lemma 4.8 if D' is a weak Postnikov diagram on the annulus that can be obtained
from D by a series of geometric exchange moves, then the boundary algebra of Qp is isomorphic to
A

my.my.ke
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end
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|
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Figure 20. The images of the paths from relation (3) under ¢ on a ‘cover’ of the annulus, cases (i), (ii)

and (iii).
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