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REVERSE MATHEMATICS OF REGULAR COUNTABLE SECOND
COUNTABLE SPACES

GIORGIO GENOVESI

Abstract. We study the reverse mathematics of characterization theorems of regular countable second
countable (CSC) spaces. We prove that arithmetic comprehension is equivalent over RCA to every T3 CSC
space being metrizable, and we characterize the T3 spaces which are metrizable over RCA(. We show that
Lynn’s theorem for CSC spaces can be carried out in ACA, namely that every zero-dimensional separable
space is homeomorphic to the order topology of a linear order. We also show that arithmetic comprehension
is equivalent to every T, compact CSC space being well-orderable. From general topology, we know that
the locally compact 7, CSC spaces are the well-orderable CSC spaces. and that the 73 scattered CSC
spaces are the completely metrizable CSC spaces. We show that these characterizations and a few others are
equivalent to arithmetic transfinite recursion over RCAy. We also find a few statements that are equivalent
to H% comprehension. In particular we show that every 73 CSC space has a Cantor—Bendixson rank and
that every T3 CSC space is the disjoint union of a scattered space and dense in itself space are equivalent
to l'[{ comprehension over RCA.

§1. Introduction. In this work, we study the reverse mathematics of theorems
characterizing regular countable second countable (CSC) spaces. Reverse mathe-
matics, in a very broad sense, is the study of the necessary and sufficient axioms
needed to prove a given theorem. Most of the time, the given theorem is one that
can be expressed in the seemingly poor language of second-order arithmetic. Over
a suitable base theory, one can use a series of codes to talk about pairs, n-tuples,
finite sets and sequences, functions, k-ary relations, countable rings and groups,
complete separable metric spaces and Banach spaces, and many other mathematical
objects. This allows us to express, in the language of second-order arithmetic, many
theorems of ordinary mathematics.

However, the language of second-order arithmetic is not suited to consider objects
of arbitrary large cardinality. One can therefore only hope to formalize a modest part
of general topology. One approach is the study of MF spaces done by Mummert [26],
in which the points of a space are identified with second-order objects. This approach
is similar to how Polish spaces are formalized in second-order arithmetic. Another
approach is to consider CSC spaces. Friedman and Hirst studied CSC spaces in the
form of countable subsets of complete separable metric spaces [9, 16]. Friedman
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2 GIORGIO GENOVESI

also considered CSC spaces in the form of countable metric spaces, countable linear
orders with the order topology, and subspaces of the rationals [§8]. Greenberg and
Montalban looked at 75 compact CSC spaces mostly over ACA,, which they referred
to as very countable spaces. The study of CSC spaces in general over RCA, started
with Dorais [6], who showed that arithmetic comprehension is needed for many
basic topological facts. For example, in the absence of arithmetic comprehension,
there can be compact infinite discrete spaces and products of compact spaces that
are not compact.

Dorais’ formalization of CSC spaces has been looked at from different
perspectives. Frittaion et al. looked at Noetherian CSC spaces [10], which arise
naturally as the Alexandroff topology of well quasi orders. Countable linear orders
with their order topology were studied by Shafer [29]. More recently, the Ginsburg—
Sands theorem for CSC spaces, a Ramsey-type principle, has been studied by
Benham et al. [3]. In their work they showed that every infinite 77 CSC space has
an infinite subspace which is either discrete or has the cofinite topology is strictly
between the strength of the Ramsey theorem for pairs and ACA,.

It is natural to ask what are the conditions for metrizability. Understanding which
CSC spaces are metrizable or completely metrizable allows us to frame Friedman
and Hirst’s results about countable subspaces of complete metric spaces in terms
of Dorais’ formalization of CSC spaces. A sketch of a metrization proof is given
in Greenberg and Montalban [12], which follows the classic proof of the Urysohn
metrization theorem. However, the proof seems to work only for compact 7, CSC
spaces. We prove that over RCA,, the metrizability of effectively 75 regular CSC
spaces is equivalent to arithmetic comprehension. Lynn [23] proved that the zero-
dimensional subspaces of R” are linearly orderable. We show that this theorem for
T3 CSC spaces can be carried out over ACAy, and we get a partial reversal. We will
also prove that 7, compact CSC spaces are well-orderable over ACA, and give a
partial characterization of the effectively 7 effectively compact CSC spaces over
RCA| in terms of well-orders.

In the second part of this work, we will consider scattered regular CSC spaces
and locally compact 7> CSC spaces. We have that scattered 7, regular CSC spaces
are precisely the countable completely metrizable spaces, and locally compact T3
CSC spaces are the well-orderable spaces. Both of these characterizations turn
out to be equivalent to arithmetic transfinite recursion. The proofs of both these
characterizations rely on the fact that arithmetic transfinite recursion is equivalent
to every locally compact 7>, CSC space has a choice of compact neighborhoods. We
will also be able to give alternative proofs to some results by Friedman and Hirst
[9. 16]. Finally, we show that every 7, regular CSC space has a rank and every 75
regular CSC space is the disjoint union of a dense in itself space and a scattered
space are both equivalent to H{ comprehension over RCA,. We will also show that
being compact, being connected, being scattered, and being a complete metric space
are all I1} universal formulas over ACA,.

Part 1

Metrization and orderability of CSC spaces.

In this part we will study the conditions needed for a space to be metrizable or
orderable over RCAy. We will also study the conditions for orderability. A large
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REVERSE MATHEMATICS OF REGULAR COUNTABLE SECOND COUNTABLE SPACES 3

portion of this part will be dedicated to introducing basic known facts and definitions
as well as presenting lemmas which, while being technical and not of immediate
interest, will be needed for the next part.

§2. Notation. For a poset (P, <p) and S C P we write
tS={peP:IseS(s<pp)}
IS={peP:IseS(p<ps)}

We call 1S the upwards closure of S in P and |S the downwards closure of S in P.
We use the French notation for intervals. That is, for a linear order (L, <;) and
a,b € L we write

la.b]l<, ={l € L:a <. <. b}
la.blc, ={l € L:a<; 1 <. b}
[a.bl<,={l€L:a<pl<b}
la.b[<,={l € L:a<y 1<y b}

If L has a minimal element, we will denote it usually by 0. We use the convention
that — co denotes a new element strictly smaller than any element of L and +o0 or
oo to denote an element that is strictly greater than any element of L. By L + 1, we
mean the linear order with field L U {oo} and the order is extended so that oo is
greater than any other element of L.

By N<N we mean the set of all finite sequences of numbers and by 2< we mean
the set of all finite 0— 1 valued sequences. For o, € NN we write o1 if |g] <
|t| AVi < |a] (a(i) = 7(i)). We will also use the following conventions:

(1) 27" ={c €2N:|g| =n}and N = {¢d € NN : |g| = n}.

(2) 25" ={o €2V :|g| <n}and N*" = {g € NN : |g| < n}.

Given a sequence ¢ € N<Y we write
[oll={f :N—=N:Vi<l|o| f(i) =a(i)}.

A tree is a subset 7 of N<N such that 7 = | 7. We say that / : N — Nis a branch in
T if for all » € N we have f|., € T. By [T]. we mean the set of branches of 7. We
say that a tree is well-founded if [T'] # 0.

Given 4 C N and e, x € N we write ®4(x) to mean the Turing machine with
index e, oracle 4. and input x. We write ®4(x)| ., to mean that the Turing machine
with index e and oracle 4 halts at input x in less than 7 steps and we write ®4(x)]
to mean that there exists a 7 such that ®4(x)| ., and ®4(x)1 if such 7 doesn’t exist.
We write B <7 A if there exists an ¢ € N such that ®4 is the characteristic function
of B.

We will also assume that there is a fixed Ag definable pairing function for numbers
and we use the Ackermann interpretation to encode finite sets. That is, we have
that x € 4. y if the x-th digit of the binary representation of y is 1. We will not
distinguish between finite sets and codes for finite sets. We will use the fact that
membership in the Ackermann interpretation is A} definable. More details about
coding in arithmetic can be found in [13].
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4 GIORGIO GENOVESI

§3. Reverse mathematics. We briefly introduce the Big Five systems of reverse
mathematics and some classic theorems. More details can be found in [7, 15, 32].

RCA, is the system consisting of the axioms of a discretely ordered commutative
semiring with identity, induction for Z(l) formulas, and comprehension for A(l)
predicates.

WKL, is the system RCA plus the statement that any infinite subtree of the
binary tree 2<V has an infinite branch.

ACA, is the system RCA( plus comprehension for all arithmetical formulas.

ATRy is the system RCA( plus arithmetic transfinite recursion, which is the
statement that for any well-order (L, <) with least element 0, any set X, and
any arithmetical formula ¢ there exists a sequence of sets (X;) je, such that Xy = X
and forall j € L\ {0},

Xj={neN:p (X;)ic, ;)}.

Informally, we can view X; as being the set obtained by applying some arithmetic
procedure given by ¢ to X j many times.
I1}-CA, is the system RCA, plus comprehension for IT} formulas.

ProposiTION 3.1. RCA( proves the following:

(1) For any strictly increasing function f : N — N, rng(f') exists.
(2) BXY: For every X¢ formula ¢ we have

Va (Vx <a 3y p(x.y)) = 3bVx<aIy<boplxy))
(see [13, Theorem 1.44] or [32, Exercise 11.3.14]).

ProposITION 3.2, Over RCA the following are equivalent:

(1) Arithmetic comprehension.

(2) For every injective function f : N — N, the range of f exists (see [32, Lemma
111.1.3)).

(3) For every set X, the Turing jump X' = {e € N:®X(e)|} exists (see
[7, Corollary 5.6.3]).

(4) Kénig's lemma: Every infinite, finitely branching tree T C N<N has a branch
(see [32, Theorem I11.7.2]).

THeOREM 3.3. Over RCA( the following are equivalent:

(1) Arithmetic transfinite recursion.

(2) For every sequence of trees (T;);en such that Vi € N |[T;]| < 1, the set {i € N :
[T:] # 0} exists (see [32, Theorem V.5.2]).

(3) Weak comparability of well-orders: For any two well-orders L and W, there
either exists an increasing function from L to W or an increasing function from
W to L (see [7. Section 12.1]).

(4) Strong comparability of well-orders: For any two well-orders L and W, either L
is isomorphic to an initial segment of W or W is isomorphic to an initial segment
of L (see [32, Section V.6]).

THEOREM 3.4 (See [7. Corollary 12.1.14] and [32, Theorem V.8.3]). ATR, proves
X! choice, or rather for every £} formula ¢ we have

VY 3X o(n, X) — 3(X,)nen Vi @(n. X,).
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REVERSE MATHEMATICS OF REGULAR COUNTABLE SECOND COUNTABLE SPACES 5

THEOREM 3.5 (See [32. Section V.1]). For any 2| formula ¢ (X) there exists a A}
formula 0(c, ©) such that ACAq proves that

VX (p(X) — Hf Vm 0(X|§maf|§m)

the formula to the right-hand side of the biconditional is called the Kleene normal form
of ¢.

OBSERVATION 3.6. The formula 0 in the previous theorem can be seen as defining a
tree with respect to X. So over ACA being an ill founded tree is a universal £} formula
and being a well-founded tree is a universal Hi Jormula.

DErINITION 3.7. Let T C N<N be a tree. The Kleene-Brouwer order on 7 is given
by

o<kt 1oV (Vi<jo(li)=10)Aa(j) <(j)).

ACA, proves that every T is well-founded if and only if it is well-ordered with respect
to the Kleene-Brouwer order (see [32. Section V.1]).

COROLLARY 3.8 (See[32, Lemma VI.1.1]). Over RCAq the following are equivalent:

(1) T} comprehension.

(2) For any sequence of trees (T;);cn the set {i € N : T; is well-founded} exists.

(3) For any sequence of linear orders (L;,<;)ien the set {i € N:(L;, <;)
is a well order} exists.

§4. Countable second countable spaces. In this section we will go over some basic
definitions and facts about CSC spaces. We will also go over how countable metric
spaces may be treated as CSC spaces over RCAy.

DerNITION 4.1, A topological space is said to be second countable if it has a
countable basis of open sets. We say that a topological space is first countable if the
neighborhood filter of every point has a countable cofinal sequence. It is easy to
check that for a countable space, being first countable is equivalent to being second
countable.

OBSERVATION 4.2. One may wonder if all countable spaces are second countable.
This is not the case. A simple procedure to construct countable but not second countable
spaces is to take any downwards directed family F C P(Nsg) that does not have a
countable cofinal sequence, and define on N the topology in which every n € N is
isolated and the basic open neighborhoods of 0 are the ones of the form {0} U S where
ScrF.

To find such a directed subset of P(Ns¢) one can use the fact that there exists a
Sfamily B of size 2%0 of infinite subsets of Nsg such that the intersection of any two
members is finite. Let F be the family of all finite intersections of the complements of
elements in B. We have that F is downwards directed, but it does not have a cofinal
sequence.

DEerINITION 4.3 (Dorais [6, Definition 2.2]). In the context of second-order
arithmetic, we have that a CSC space is a tuple (X, (U;);en. k) where X is a subset
of N,foreachi e NU; C X and k : X x N x N — N is a partial function such that

(x e U N U/) — (x S Uk(xj«j) CUn U/)
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6 GIORGIO GENOVESI

AsetA C Xisopenifforallx € 43i € N(x € U; C 4),and aset C C X isclosed
if it is the complement of an open set.

DEFINITION 4.4 (Dorais [6, Definition 2.4]). Given a CSC space (X, (U;)ien. k).
an open code is a partial function f : N — N. The open collection coded by f is
the collection 4 = {x € X : 3n € Nx € Uy(,)}. Similarly, a closed code is a partial
function g : N — N. The closed collection coded by g is the collection C = {x € X :
VneNx ¢ Ug(n>}.

In general, RCA; may not be sufficient to show that a coded open or closed
collection exists as a set. Similarly, we have that RCA, is not sufficient to prove that
every open or closed set has a code. A coded open collection that exists as a set is
called an effectively open set, and a coded closed collection which exists as a set is
called an effectively closed set. We leave it to the reader to show that every coded
open collection exists as a set and every open set is coded are both equivalent to
arithmetic comprehension over RCA,.

OBSERVATION4.5. The coded open collections will be closed under finite intersections
and countable unions. Given Ay and Ay open collections with codes fo and [, the
partial functionh : N x N x X — Ngivenby h(x.i,j) = k(x, fo(i). f1(j)) will code
Ag N Ay. Given a sequence of coded open collections (A;);cn with codes (f;)ien the
partial function F : N x N — N given by F(i,n) = f;(n) is the code for the open
collection | J; .y A;i. Similarly. coded closed collections are closed under finite unions
and countable intersections.

DEFINITION 4.6. Let (X, (U;);en. k) be a CSC space, we say that a sequence of
open sets (4,),cn is a sequence of uniformly effectively open sets if there exists
a sequence (f,)nen. such that for all n € N £, is an open code for A4,,. Similarly,
(Cy)nen 1s a sequence of uniformly effectively closed sets if there exists a sequence
(g4)nen such that for all n € N g, is a closed code for C,,.

DErFINITION 4.7 (Dorais [6, Definition 2.5]). For a pair (X, (U;);en. k) and
(Y. (Vi)ien. k*) of CSC spaces, we say that a function f : X — Y is effectively
continuous if there exists a function v : X x N — N such that for every x € X
and j € Nif f(x) € V; then x € Uy, ;) and f (U, ;) € f(V;). We say that the
function v verifies that /" is continuous. We say that f : X — Y is effectively open if
there exists a function v : X x N — Nsuch that forevery x € X and j € Nsuch that
x € Uj then f(x) € V,(,;y and V,(, ;) € f(U;). If f is effectively continuous and
has an effectively continuous inverse, or equivalently, /" is an effectively continuous
and effectively open bijection, then we say that /" is an effective homeomorphism.
We will write X = Y to say that X is effectively homeomorphic to Y. We say that
f X — Y is an effective embedding if 1 is effectively continuous and there is a
function v : X x N — N such that for all x € X and i € N such that x € U; then
xef ’I(VU(M»)) C U;. We will say that the function v verifies that f is effectively
open with its range. We note, however, that in general, over RCAy, the range of an
effective embedding may not exist as a set.

OBSERVATION 4.8. Since over ACAq every CSC space has a function k we will
often omit it from the definition of CSC space. Similarly, we won't distinguish
homeomorphisms from effective homeomorphisms over ACAy.
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REVERSE MATHEMATICS OF REGULAR COUNTABLE SECOND COUNTABLE SPACES 7

DEFINITION 4.9 (See [32, Definition I1.4.4]). A real number is a sequence (g )xen
of rational numbers such that Vk Vi (|gx — qx+i| < 27%). We denote the class of real
numbers by R. Let (pi)ren and (gx )xen be real numbers, we define:

(1) (pr)ren =r (qi)ken if and only if Vk |py — gic| < 2751,

(2) (pr)ren <w (qi)ren if and only if Vi pj — g < 27%F1.

(3) (P)ken <w (qi)ken if and only if 3k g — p > 25+1
Addition on the reals is defined pointwise. Given a rational ¢ and a real r = (1, ),en
we define the product ¢ - r to be the sequence (¢ - 7,44 )neny Where k = min{j € N :
2/ > q}.

We would like to be able to give a CSC structure to countable metric spaces. We
will not be considering metric spaces the way they are usually defined in the context
of reverse math (see [7, Definition 10.1.5] or [32, Definition 1.8.1]) which is that of
coded Polish spaces. Since we are working with CSC spaces, for our purposes we
will only be considering countable metric spaces which will be a pair (X, d) where
X C Nis the collection of points and d : X x X — R is a metric.

It is not immediate how a CSC structure may be given effectively to a countable
metric space. In general, for a countable metric space (X, d). the open balls B(x, r)
are 2 definable but may not be I1Y definable relative (X.d). So A? comprehension
does not suffice to show that the open balls exist as sets. One solution is to simply
consider CSC spaces with a weak basis as is done in [7, Definition 10.8.2] in which
the elements of the basis are the images of partial functions rather than sets. We
present another approach to giving countable metric spaces a CSC structure.

We note that if the ball is clopen, that is, B(x,r) = B(x,r), then

Blx.r)={yex:d(x.y)<pr}={yex:d(x.y) <rr}

Since strict inequality between reals is £ and weak inequality is I1), we have
that B(x.r) is A(l) definable. Working over RCAy, any clopen ball exists by A?
comprehension. So, the problem of finding a CSC structure for a countable metric
space is reduced to finding a basis of clopen balls.

ProposiTiON 4.10. RCA( proves that for any countable metric space (X, d) there
exists areal a € R such that

Vg € QsoVx.y € X (d(x.y) #4q-a)
and that there is a function k such that (X, (B(x.q - a))geq.y.xex. k) is a CSC space.

Proor. Informally, we will construct a real a that is the diagonal of the reals
(q-d(x.y))geq.pxrex- Let (t,)nen be an enumeration of all triples (x. y.¢) € X x
X x Qs9. We define a real a = (a;);cn recursively as follows. Set ag = % At step
i+1lett; = (x.p.q)andletq-d(x.y) = (b;)jen. If |bait2 — az| < 2% then:

(1) baiya > as;. in which case we define ay; 1 = azjip = byjpo — 2721,

(2) byt < a»;. in which case we define asi1 = azio = byipo + 2751,

If instead |b;;1 — a;| > 27! then we define a;| = a;. By induction, the triangle
inequality, and using the fact that

Vi e N (|a2i - (121‘+l| = ‘321' — a2i+1| < 2721'—1)
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8 GIORGIO GENOVESI

we have that (a;);cy is a real number. Since a = (a;);en is recursive relative to
(X.d) it exists by A} comprehension. By construction of a, we have that for all
x.y€X, qg€Qa#gq-d(x,y). In particular we have that for all ¢ € Q and
all x € X the ball B(x,q-a) is clopen. Since the clopen balls are uniformly
AY definable relative to (X.d). we have that the collection (B(x.q - a))4eq.,rex
exists by A? comprehension. Let (g;);ey be an enumeration of Qs and let
k:X x(Qs9 x X)* = Qs x X be the function given by

k(x.(y.p).(z.r)) = (x.q;).

where
j=min{i eN:p#qg; #rANd(x.y) <g (p-q;)-aNd(x.z) <g (r —g¢;) - a}

orratherjis theleastsuchthatg; -a <g p-a—d(x.y)andg; -a <gr-a —d(x,z).
By construction of a, we also have that

j=min{i eN:p#£q #rNd(x.y) <g (p—qi) and(x.z) < (r—q) - a}.
So j can be searched effectively. By the triangle inequality, we have
B(x.q;-a) CB(y.p-a)NB(z.r-a).

By construction of @, we have that & is recursive and so it exists by A? comprehension.
_{

We note that we did not need to use the fact that d separates points in the previous
proof. The previous proposition tells us that any countable metric space has a basis
of clopen sets. We will see later that any CSC space that distinguishes points (is T)
and has a basis of clopen sets is homeomorphic to a countable metric space.

DEFINITION 4.11. Let (X, d) be a countable metric space, and a € R such that

Vg € QsoVx.y € X (d(x.p) # q - a). (1)

The CSCstructure of (X, d) is (X. (B(x. ¢ - a))geq.yxex. k). Itis straightforward to
show that for any a, b € R satisfying (1) the spaces (X, (B(x.q - @))4eq.oxex- k)
and (X, (B(x.q - b))geq.o.ccx- k) will be effectively homeomorphic. In particular,
the CSC structure on (X, d) is unique up to effective homeomorphism. We say that
a CSC space is metrizable if it is effectively homeomorphic to the CSC structure of
a countable metric space.

DEFINITION 4.12. Let (X7, (U/);en. k7)) jen be a sequence of CSC spaces we
define the topological disjoint union of the sequence of spaces as being the space

]_[ X ({jyx U)ijen . k*

jeN
where [[; .y X/ = {(j,x):x € X'} and k*((j. x). (j.a). (j. b)) = (j.k/(x.a.b)).
We have that for every j € N {j} x X/ is a clopen set and the map from X/ to
[l;en X7 given by x = (. x) is an effective embedding. Furthermore, we observe
that the disjoint union of the spaces is computable relative to the sequence of CSC
spaces.
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REVERSE MATHEMATICS OF REGULAR COUNTABLE SECOND COUNTABLE SPACES 9

DErFINITION 4.13. Given a linear order (L, <) the order topology on L is the
space (L. (1a.b[ ) aperufto0-oo}- k) where the function & is given by

k(z,(a,b).(x,y)) = (max{a.x}, min{b, y}).

By the standard indexing of the open intervals of L we mean the sequence
(Ja. b )upe LU{+00.-o0}- Wewill assume that every linear order has the order topology
unless specified. We define the upper limit topology on (L, <;) to be the order
topology where sets of the form ]a, b], with a, b € L, are added to the basis.

Given a sequence of linear orders (L;, <;);ey we define the sum order
Y ien(Li. <), or simply Y. L;. to be the order with field J;y{i} x L; with
the lexicographic order, that is, (i, k) <, (j.1)ifi < jor,i = j and k <; [. Given
a linear order (L. <) we denote its dual by L* or (L, <} ), where for all i, j € L we
havei <} j < j < 1.

A CSC space X is orderable if it is effectively homeomorphic to the order topology
of a linear order and we say that X is well-orderable if it is effectively homeomorphic
to the order topology of a well-order.

OBSERVATION 4.14. If L is well-ordered, its order topology coincides with its upper
limit topology since la, b] = la, b + 1] where b + 1 is either the successor of b or +00
if' b is maximal. However, we will see later that over RCA, the two topologies are not,
in general, effectively homeomorphic.

OBSERVATION 4.15. Let (L, <y) be a linear order, and let S C L be a set that is
downwards closed with respect to <y then S is open in the upper limit topology since

S =U,es 1-00.5].

§5. Separation axioms. We will introduce some of the basic topological separa-
tion axioms. Similar to how the function k in the definition of CSC space witnesses
the intersection property of the basis and the function v witnesses the pointwise
continuity of an effectively continuous function, we will also want to consider
spaces which have a function that witnesses a given separation axiom. We will
also show that assuming this additional structure exists for all CSC spaces satisfying
the appropriate separation axioms requires arithmetic comprehension.

DEerINITION 5.1. A topological space X is said to be Kolmogorov or Ty if for
every x, y € X there exists an open set U suchthat x € U < y ¢ U.

DEFINITION 5.2. The Kolmogorov quotient of a CSC space (X, (U;);cn. k) is the
quotient space X/ ~x where the equivalence relation ~ is given by

XNKyH(ViENXG U <~ ye U,)
We may identify the Kolmogorov quotient with the subspace of X given by the

least elements of the ~g-equivalence classes. The Kolmogorov quotient is always a
To space. In general, the existence of the Kolmogorov quotient or the equivalence
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10 GIORGIO GENOVESI

relation ~x requires arithmetic comprehension. To see this, let 4 C N be a set and
consider the space (N, (U;);en. k) where:
{2n,2n + 1} if ~@4(e)| .,
Uy = o A -
{2n} if @/ (e)iS,

the Kolmogorov quotient of this CSC space will compute the jump of A.
DEerINITION 5.3. A CSC space is said to be 77 if every singleton is closed.

DEFINITION 5.4. A CSC space (X, (U;);en. k) is said to be Hausdorff or T if for

every distinct x, y € X there exists i, j € N such that:
x e U; yEUj UiﬂUj:Q).

DEFINITION 5.5 (Dorais [6, Definition 6.1]). We say that a space is effectively T

or eT, if there exists a pair of functions Hy. H; : X*> — N x N such that
()C S UHO(X,y)) A (y S UH1 (xgy)) A (UHO(xAy) N UH] (x.y) — @)

We observe that the functions Hy and H are arithmetically definable. So over ACA
every T, CSC space is eT>.

PrOPOSITION 5.6. If (X, (U;)ien. k) has an effectively continuous injection to an
eT, CSC space then X is eT».

Proor. Let f : (X, (U)ien. k) — (Y. (V;)ien. k') be an effectively continuous
injection and let H and H witness that (Y. (V;);en. k') iseT>. Letv : X x N —» N
verify that f is continuous, meaning that forall x € X andi € Nsuchthat f(x) € V;
we have that

x € Uyepy € /7 (V).
For all x, y € X we define
Hi' (x. ) = vlx. (HY (f (x). £ ()
Hi (x.y) = o(y. (H" (f (x). S (D))
The functions Hj" and H]¥ exist by A comprehension and witness that X ise7>. -

TueoreM 5.7 (Dorais [6, Example 7.4]). If there exists a function f :N — N
whose range does not exist as a set then there is a Ty CSC space which is not eT).
Equivalently, over RCAy, arithmetic comprehension is equivalent to every T, CSC
space being eT>.

ProOOF. Assume there is an injective function f : N — N whose range does not
exist as a set. Let <, be the order on NU {co} given by:

eVneNn<,oco.
eVn.meNn<;ym« f(n) < f(m).

Seeking a contradiction, assume that (NU {oco}, <,) with the order topology is
eT, and let Hy and H; be the functions that witness it. We have that n is the <,
successor of m if and only if m <, n and Hy(m.n) = (y.n) for some y <, n and
H,(m.n) = (m. x) for some x >, m. Since the image of / is unbounded. every n € N
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REVERSE MATHEMATICS OF REGULAR COUNTABLE SECOND COUNTABLE SPACES 11

has an < successor and the successor function exists since it is computable relative
to Hy and H;. We can therefore define recursively g where g(0) the <,-minimal
element and g(n + 1) is the < s-successor of g(n). So f o g is strictly increasing and
has the same image as f, which implies that rng( /) exists, contradicting our initial
assumption. -

OBSERVATION 5.8. The space constructed in the proof above is a well-order with
the order topology. While the upper limit topology and the order topology coincide
on a well-order, they may not be effectively homeomorphic. This is because the upper
limit topology is always eT», and arithmetic comprehension is equivalent to the order
topology of any well-order is eT>. However, it is straightforward to show that over
RCAy, the identity on a well-order is an effective homeomorphism between the upper
limit topology and the order topology if and only if the successor function for the order
exists.

PrOPOSITION 5.9. Over RCA the following are equivalent:

(1) Arithmetic comprehension.
(2) Every well-order with the upper limit topology is homeomorphic to the order
topology of some linear order.

ProoOF. (1 — 2) follows from the fact that the successor function on a well-order
is arithmetically definable.

(2= 1)Let f : N — Nbean injection. (X. <,) be as in the proof of Theorem 5.7.
and let coy denote the maximal element of X. We show that rng( /) exists, which
by Proposition 3.2 implies arithmetic comprehension. By assumption, X with the
upper limit topology is effectively homeomorphic to some linear order (L, <;) with
the order topology. Since X is eT>, we also have that L, with the order topology, is
eT,. As in the proof of Theorem 5.7, we have that the successor and predecessor
functions for L will exist. Since X has one limit point and doesn’t contain an infinite
closed discrete subspace, we have by induction that L will be order isomorphic to
N + n or its dual for some n € N or to N + 1 + N*, The order topology of all these
orders is effectively homeomorphic to that of N + 1 so without loss of generality
we may assume L = N+ 1. Let g : X — N + 1 be an effective homeomorphism and
let v be the function which witnesses that g is effectively open. Let ooy denote the
maximal element of N + 1, we have that

Vn € N (]’U(OOX7 n)’ OON]<N g g(]nv OOX]</)),
which implies that Vi Vm (m <; n — g"'(m) <y v(coy.n)). So in particular we
have that 7 is the < successor of m if and only if
vy <wv(oox.n) (g7 (y) <um v g (y) 2w n).

The < ; successor function is A? definable, so it exists by A} comprehension. Using
the successor function as in the proof of Theorem 5.7, we get that the range of f
exists. 4

DEFINITION 5.10. A CSC space (X, (U;);en. k) is said to be regular if for every
point x € X and any i € N such that x € U; there are open sets v and W such that

xeEVCX\WCU,.
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12 GIORGIO GENOVESI

DerNITION 5.11. A CSC space that is 7 and regular is said to be 73. So over
ACA,, the study of regular spaces is reduced to the study of 75 spaces since we may
always restrict ourselves to the Kolmogorov quotient.

OBSERVATION 5.12.  All T; spaces are T.

DEFINITION 5.13 (Dorais [6, Definition 6.4]). A CSC space (X, (U;);en. k) is said
to be effectively regular if for every effectively closed set C of X and any x ¢ C there
exist open collections Uy and U, for open sets suchthat x € Uy C X \ U; C X' \ C.

The issue with Dorais’ notion of effective regularity is that it lacks uniformity.
There may not be a map which given a point x and a code for an effective closed set
C gives codes for the open collections separating x and C. We introduce a stronger
notion of effective regularity which is equivalent to Schrdder’s notion of effective
regularity for represented spaces [27] and Louveau’s notion of recursive regularity
for basic spaces [22]. Such notion of regularity was shown by both authors to be
the necessary and sufficient condition for metrizability. We show that over RCA the
same is true for CSC spaces.

DEFINITION 5.14. We say that a CSC space (X, (U;);en. k) is uniformly regular
or uniformly effectively regular if there is a pair of functions Ry and R; such that
forall x,y € X and i € Nsuch that x € U; and y ¢ U, the following holds:

X E UR()(X,[) g Ui

Y € Up (xiy) © X\ Ugy(xi).

We will say that a CSC space is uniformly 75 or uT5 if it is 7y and uniformly regular.
Intuitively, Ro(x, i) is the index of a neighborhood of x whose closure is contained
in U; and the sequence (R;(x. 1. y)),¢y, codes an open collection containing X \ U;
that is disjoint from Ug (. ;). That is, we have

X € Upyiey) S X\ | U Uryes | € X\ U
y¢u;

OBSERVATION 5.15.  Subspaces of regular CSC spaces are regular and subspaces of
uniformly effectively regular CSC space are uniformly effectively regular.

PROPOSITION 5.16. RCA( proves that for any pair of CSC spaces (X, (U;)ien. k)
and (Y, (V;)ien. k') such that X effectively embeds into Y, if Y is uniformly regular
then X is uniformly regular.

Proor. Let f: X — Y be an effective embedding and vy verify that f is
continuous and v; verify that f is open with respect to its image (see Definition 4.7).
Let R}. R} be the functions given by uniform effective regularity of Y. We define

R (x.1) = wo(x. Ry (f (x).v1(f (x).1))).
We have that

-1
X e URS‘(xJ’) cf (VRg(f(x)Am(f(x),i))) cU.
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REVERSE MATHEMATICS OF REGULAR COUNTABLE SECOND COUNTABLE SPACES 13
We define for y ¢ U;
R (x.i.y) = vo(y. R (f (x). 01 (f (x).0). £ ().

Since y ¢ U; we have f(y) & Vi, (s 50 RY(f(x).0(f(x).0). f(p)) is well
defined. By definition of R} we have

TO) € VRt ron € Y NVRIGom (i € Y N Wrxin)-

In particular

-1

Y € Unttuin S I Wy gromtrwnson) € 77 VNS Wgpen)) = X\ Upgen,
This means that the functions R} and R{" have the desired properties, and so X is
uniformly effectively regular. —

PrOPOSITION 5.17. RCA( proves that every uT3 CSC space is eT>.

ProOF. Let (X, (U;);en. k) be a uT3 CSC space and let x.y € X be distinct
points. Since X is Ty, let i be the least number suchthatx € U; <» y ¢ U;. If x € U;
then we let Hy(x,y) = Ro(x,i) and H,(x,y) = R(x.i.,y) otherwise if y € U; we
set Hy(x,y) = Ri(x.i,y)and Hi(x,y) = Ro(x.i). 4

COROLLARY 5.18. Over RCA arithmetic comprehension is equivalent to every
regular CSC space is uniformly regular.

Proor. Follows from Theorem 5.7 and Proposition 5. —

We would like to show that over RCAq uT3 is in general a stronger notion than
eT, for T3 CSC spaces. However, the next proposition will show us that we cannot
use linear orders to separate these properties.

ProPOSITION 5.19. RCA( proves that every eT, order topology is also uTs.

Proor. Let (1,).en be the standard indexing of the open intervals of (L, <) and
H,, H; be the functions that witness that the order topology on L is eT>. Given
y < x <z z we define

Ro(x.(v.2)) = k(x. Ho(x. y). Ho(x.z))

and
index for: [, U] —o0,ylifw <
Rifw.x, (p.2) = {1 2r moan ] =ee 3] T =)
index for: Iy, () U [z, ool if z <p w.
The functions Ry and R; witness that the order topology on L is uT3. -

ProposITiON 5.20. Over RCAq arithmetic comprehension is equivalent to all
regular eT, CSC spaces being uTs;.

Proor. We show that arithmetic comprehension proves that all regular CSC
spaces are uniformly regular. Given a regular CSC space (X, (U;);en. k). for each
(x,j) € X x Nsuch that x € U; we define

Ro(x.j)=min{s e N:x € U, C U, C U}
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14 GIORGIO GENOVESI
and forall y € X'\ U; we define
Ri(x.j.y) =min{s e N:y € Uy A U; N Ug(y ;) = 0}.

The Ry and R have the desired properties and are arithmetically definable. So ACA,
proves that every regular CSC space is uniformly regular.

We show the converse. Let 4 be a set. We show that the Turing jump of A exists,
which will imply arithmetic comprehension. We define

X¢={-00}U((ZU{+00}) x {r e N: D/ (e)],}).
We define on X ¢ the following topology:
Up={-00}U(Z x {1 e N: D} (e)l,}).
For all (m.n) € (Z x {t e N: ®{(e)|,}) we define

Usimnys1 = {(m.n)}
Usimnyr2 = {(+o00.n)} U{(l.n) : I > m}
Usimny+3 = X\A{(Ls): (s =+00) V(I >mAs <n)}
Usmny+a = o i 0 (e .
' {~ooU{(Ls) sl <mA®e)lo,} if Dl(e)le,.

We define Hy and H; on X°¢ by:
o Hy(— oo, (m.n)) =4(m.n) +3 and Hi(- oo, (m,n)) =4(m.n) + 1.

o Hy(— 0o, (+00,n)) =4(m.n) +3 and Hi(- oo, (+00.n)) = 4(m.n) + 2.
o Hy((400,1),(+00.n)) =4(0,1) +2 and
H((+00.1). (+00,n)) =4(0,n) + 2.
o Hy((+00.1),(m.,n)) =4(m+1,1) +2 and
Hi((+00.1). (m.n)) = 4(m.n) + 1.
. Ho((PJ),( )) =4(p.1)+1 and Hi((p.1).(m.n)) = 4(m.n) + 1.

Givena = 4(i, j) +rand b = 4(p.1) + sletc =
k((m.n).a.b) =4(m.n) + 1.
‘k(( .n).a.b) =4(c,n) + 2.
4(-c.c) +4if Df(e)l<,
4(— ¢, ¢) + 3 otherwise.

o k(—o00,a,b) =

It is straightforward to show that the functions Hy, H,, and k have the desired
properties and that X° is an e7, CSC space. To show that X¢ is regular, we
first observe that every basic open set, except perhaps Uy and Uy, ,)43. is clopen
and — oo is the only non-isolated point of Uy and Uy, 3. If @' (e)? then X =
{~ 00} otherwise let ¢ be the least number such that ®4(e)|., then the sequence
(U4(,n_,t) +4)nen s a basis of clopen neighborhoods of — cc. So every point of X has
a clopen neighborhood, so X is regular.

The CSC space X = [ [, X¢ will be regular and e so by assumption X is also
uTj;. Let Ry and Ry be functions that witness the uniform regularity of X. Fore € N
we have @/ (e)] ., if and only if for all m € N Uy, )4 € Up in the space X°. For
all e there is some m € N such that Ry((e,— c0), (e.0)) = (e.4(m,n) + 4). where by
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REVERSE MATHEMATICS OF REGULAR COUNTABLE SECOND COUNTABLE SPACES 15

(e.— c0) we mean — oo of the space X¢, and (e.0) is the index for Uy in X¢. So
by construction of X¢ we have ®4(e)| ., if for some m < Ry((e,— ), (e.0)) we
have Ry((e.— 00).(e.0)) = (e.4(m.n) +4). In particular, 4’ <7 R,. which means
the Turing jump of A exists by A(l) comprehension. —

OBSERVATION 5.21. We observe that the space in the previous proof is scattered. So,
arithmetic comprehension is equivalent to all T; scattered spaces being uTsz. A CSC
space is scattered if every subspace has an isolated point, we will look at T scattered
CSC space in the next part. We also point out that the space in the previous proof is
effectively regular in the sense of Dorais (Definition 5.13). This shows that effective
regularity is a strictly weaker property than uniform regularity over RCA,.

The following technical result will be helpful in the next part.

THEOREM 5.22. Over RCAy, every scattered CSC space that is eT, and Ts
effectively embeds into a linear order implies arithmetic comprehension.

ProoF. Fix a set A C N, we show that 4’ exists. Let (X, (U;);en. k) be as in the
proof of Proposition 5.20. Let (L, <z) be a linear order, f : X — L an effective
embedding, and vy and v; be functions that witness, respectively, that f is effectively
continuous and effectively open. For each e, we define m, to be the unique number
such that

vo((= 00.e).vi((~ 00.€).0)) = 4(me.n) +r = s..

where r € {3,4} and n € N, or s, = 0. We have that the map e — m, is recursive
relative to vy and vy, so it exists by A? comprehension. Assume that ®4(e)]. we
have that v ((— oo, e). 0) will be the index of some interval Ja. b[., . By construction
we have Uy, C f!(Ja.b[<,) C Uy. We also have that f/~!([a.b]<, ) is a closed set
contained in Uy plus at most two other points. If ®(e)| and either r = 3 or s, = 0,
then the closure of U, contains infinitely many points which are not in Uj. But
the closure of Uy, is contained in U, plus at most two other points. So if ®4(e)]
then r = 4. By construction of X, we have @/ (e)| and Uy, )14 C Up if and only
if ®7(e)l<,, . So we have that ®7(e)| <> ®f(e)|,, . which means that A" exists
since it is computable from the map e — m,. Since every set has a Turing jump by
Theorem 3.2, we have arithmetic comprehension. -

We will use a construction similar to that in Theorem 5.20 to prove another
technical lemma.

THEOREM 5.23. Over RCAy, for every T scattered CSC space there is a continuous
bijection from X to the order topology of a well-order implies arithmetic comprehension.

PRrROOF. Let A4 be a set, we show that A’ exists. Define
X ={-o00}U((Zx{t eN: D (e)l,})U{(n.+00):n €N}
with basic open sets:

Up={-oc}U(Zx{teN: (Df(eﬂgz})
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16 GIORGIO GENOVESI
and for all (m.n) € (Z x {t e N: ®f(e)],}).
Us(mny+1 = {(m.n)}
Us(mny2 = {(+o0.n)} U{(L.n) : 1 > m}

" w if -0 (e))<,
B TN ooy U{Ls) I <mA®A(e)lo,} if DA,

Givena = 4(i, j) + randb = 4(p.[) + s letc = max{|i|. j. |p

o k((m.n),a,b) =3(m,n)+ 1.
o k((co.n),a.b) =3(c.n) + 2.
o k(—o00,a.b) =3(—c.c) + 3.

Take X = ][, X¢. we have that it is 73 and scattered. We note that for each e the
subspace X¢ x {e} is clopen in X. By assumption, there is an effectively continuous
bijection f : X — W where W has the order topology of a well-order <y . Let
(I;);en be the standard indexing of the basic open intervals of (W, <) and v be a
function that witnesses that /" is effectively continuous. We have that all intervals of
a well-order are clopen. Define for each ¢ € N,

index for: ] f ((e, +00.0)), +oo[<,, if f((e.+00.0)) <w f((e.—0))
index for: ] — oo, f((e. +00.0))[<,, if f((e.—00)) <w f((e.+00.0)).

.1} + 1and define:

lp =

We have that £~!(I;,) will be a clopen neighborhood of (e,— o). So, in particular,
we have that v((e.— 00), i) will be an index for a basic open set of (e,— co) that is
contained in a clopen set that does not contain (e, +oco, 0). But by construction of X
we have that either @7 (¢)]<,((, o0).,) OF ¢ (e)1. So we have that A’ is computable

relative to v, (i.)cen. and X, and so it exists by AY comprehension. -

§6. Characterizations of dimension zero. We already have seen that countable
metric spaces have a basis of clopen sets, that is, they are zero-dimensional. In this
section we will study the relation between uniform regularity and dimension zero.
We will also prove that over RCA,, the uT3 CSC spaces are metrizable. Instead of
formalizing some form of the Urysohn metrization theorem for uniformly regular
CSC spaces in RCA( we will instead show that every uniformly regular CSC space
is homeomorphic to a closed subset of Q.

DEerFINITION 6.1.  In general topology, a space is said to be zero-dimensional or of
dimension zero if it has a basis of clopen sets.

DEFINITION 6.2. Given a CSC space (X, (U;);en. k) we say that:

e X has a basis of clopen sets if for all i € N the set U; is also closed.
e X has an algebra of clopen sets if there exists /nt : N> — N such that U, Int(
Ui N Uj and Comp : N — Nsuch that Ug,,,,;) = X'\ Ui.

ij) =

OBSERVATION 6.3. For any sequence of sets (A;)ien the algebra generated by
them is A} definable and so are functions Int and Comp that compute, respectively,
intersections and complements. A similar construction is done in [6, Definition 2.11].
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REVERSE MATHEMATICS OF REGULAR COUNTABLE SECOND COUNTABLE SPACES 17

So for any zero-dimensional CSC space (X, (U;);en. k) there is a CSC space with an
algebra of clopen sets (X, (V;)ien. Int, Comp) such that (U;);cn is a subsequence of
(Vi)ien and every Vi is open in (X, (U;)ien. k). This means that the identity X — X
is a homeomorphism. It will not, in general, be an effective homeomorphism. What
is needed to ensure that the identity is an effective homeomorphism is a function that
encodes complements in some way.

DEFINITION 6.4. Let (X, (U;);en. k) be a CSC space. we say that X is effectively
zero-dimensional if there is a function G : X x N — Nsuch thatif x € X \ U; then
x € Ugxi) C X\ U.

OBSERVATION 6.5. RCA proves that any Ty effectively zero-dimensional CSC space
isel).

OBSERVATION 6.6. Let (L, <) be a linear order, the partial function

(=00, x) if z<x

G(z (x.p)) = {(y’ to0) if  z>y

witnesses that the upper limit topology is effectively zero-dimensional.

PrOPOSITION 6.7. RCA( proves that every effectively zero-dimensional CSC space
is uniformly regular.

Proor. Let (X, (U;);en. k) be an effectively zero-dimensional CSC space and G
be a function that witnesses that X is effectively zero-dimensional. For all x € X
and i € N such that x € U; we define Ry(x,i) =i and for all y ¢ U; we define
Ri(x.i,y) = G(y.1). Itis easy to verify that Ry and R, witness that X is uniformly
regular. -

DEFINITION 6.8. Let (X, (U;);en. k) bea CSCspace, x € X, andaset I = (i) ,en
such that for all » € N we have x € U, then we define K; as:

(1) K](x, 0) = i().
(2) Ki(x,n+1)=k(x, K(x,n.1),i,41).
RCA, proves the existence of K; for all CSC spaces and all I since it proves

that functions are closed under primitive recursion. If F is a finite set such that
Vi € F x € U; then we define K (x, F) = Kr(x, |F|). We observe that

x € Ugxr) C m U,.
icF

This will allow us to find effectively sufficiently small neighborhoods of x.

We show that uniformly regular CSC spaces are effectively zero-dimensional. To
do so, we first show that a strong form of normality holds for uniformly regular
CSC spaces.

THEOREM 6.9. Over RCA, every uniformly regular CSC space (X, (U;)ien. k) and
any two sequences of coded closed collections (Cye)een and (Cye)een such that for all
e € Nwe have that Cy, N Cy, = 0, then there exists a sequence of clopen sets (D,)een
such that for alle e NCy, C D, C X \ Cy.
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18 GIORGIO GENOVESI

ProOF. We prove the case for one pair (Cy. C;) of disjoint closed collections
coded by fy and [, respectively. The general case will follow from the fact that the
construction can be carried out uniformly. To construct D we will define recursively
two increasing sequences of closed sets (C{')en and (CJ'),en such that Cé) = Cpand
C) = C; and for all n the sets CJ and CJ' are disjoint. We also define two increasing
sequences of open sets (A4]),en and (A7),en such that for alln € Nand j < 1 we
have 47 C C}'. We would like that (J, .y 45 U A7 = X and in such case we define
D = |, ¢y 4 which by construction will be clopenand Cp € D C X \ C. Atevery
step. we will pick an x ¢ A4 U A7 and find a small enough neighborhood U; such
that for some j < 1 we have x € U; C X'\ C}'. We then set A’l'fjl = AT ;U Ugyr)
and Clnj_;l = Cln—j U mygéU[ (X\ URl(xJ.y))-

To be able to construct the sequences (CJ')nen. (C]')nen. (A8 )nen. and (A}),en
we will want them to be coded as finite objects. We will code A’} with a finite set F'
of indices such that 47 = |, Py Ui. We will code C7' as a finite set of pairs £ such

that
cr=x\U,mu U | N &\ Ugar)
ieN (x)eE} \y¢U

We note that, in general, C' may not exist as a set.

Let X = (x,)nen and let F) = F) = E = E) = (). Given CJ. C}" and Af}, A7, if
Aj U A7 = X then we are done. Otherwise, let m be the least number such that
Xm € X \ (4} U AY). Let (i, j) be the least pair such that j < 1 and

(3s <ix,e Ufj@,)) AV(z.1) € Ef 3y <i xp € Ug (21)-

The formula above states that in 7 steps. we verify that x,, is not in C}. Since Cf
and C{' are disjoint we have that the search will eventually terminate. Let s be the
least number such that x,, € U ) and define

I={Ri(z.Ly):(z.]) e Ef Ny =min{w <i:x, € Ug -y} } U{S ()},
which will be a finite set by BZY and will be coded. We then define
Fl"j = F'; U{Ro(xn. K (x,,.T))} and F;’“ =F]
and
E* = EY; U{(xn. K(xp. 1))} and  E7T = EJ.

We now verify that the sets A’}“, C;’“, A'ffil, and Cl”;l have the wanted

properties. By construction A;f“ - Arccr=cC ;’*1. We have that

A?j/l = Arll*j U URO(Xm,K(me» < C]’lj;l U m X\ URl(xm.K(xm,I).y) = Clnj;l
yguqum,’)
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REVERSE MATHEMATICS OF REGULAR COUNTABLE SECOND COUNTABLE SPACES 19

since A} ; ccr ; and by definition of Ry and R; we have

UryomkGom1) S [ X\ Uy (o K oD )
YEUK (< 1)

We prove that C j'.’“ nc 1”3.' = (). We have by construction that
cr'=cp oand Crt'=cr,u () X\U
J - 1-j — Y1-j Ry (xm K (xm.1).y)
yiUK(val)

By definition of the functions R; and K we have

(N X\ Uk e kConry) S Uk S ) Us-
YEUK (1) i€l

It therefore suffices to show that C} N(7,c; U: = 0. Letr € C7 using the definition
of C}" we have the following cases.

Casel:7 € (,cn X \ Uy ysor ¢ Uy andr ¢ [, Ui since f(s) € 1.

Case 2: There is (z,/) € E7 such that r € Mygv, X \ Ug,(z1,)- By definition of 1
there is some y such that Ry (2.7, y) € I and sor ¢ Ug,(-;,)-

Therefore, the sequences (CJ)uen. (C')nen. (4))nen. and (A7),en have the
desired properties. Since the sequences (F')sen. (F{')nen. (Ef)nen. and (E}),en
are defined recursively we have that they exist by A(l) comprehension. As observed

before we have that the set
D=|Jag=x\{J4
neN neN

will be the wanted clopen set. Both D and its complement are Z‘l) so D exists by A?
comprehension. -

OBSERVATION 6.10.  Applying the previous result to the space (N, ({i})ien. k), where

PR o . . . . o e e 0
k(i.i.i) =i, gives us the classic recursion theory result that any pair of disjoint 11
sets can be separated by a recursive set.

COROLLARY 6.11. RCA( proves that any uniformly regular CSC space is effectively
homeomorphic to an effectively zero-dimensional CSC space.

ProOF. Let Ry and R be the functions that witness that X is uT5. For each pair
(x.i). where x € Uj;, let C()(i‘x> be the closure of the point x:; which by regularity
is contained in U;, and Cf'm = X \ U;. We point out that the closure of x may
not be a set, but it will be a coded closed collection. By Theorem 6.9 we have
that there exists a sequence of clopen sets (D, ;))xeu; such that for all x € U; we
have x € D(, ;) € X \ (X \ U;) = U;. We define k’. Given x € Dy, ;y N D(. ). by the
construction carried out in Theorem 6.9 we have that

poy=U4,=U U U and D=4 ,=UJ U U

. n n
neEN neNseF()»(y»j) neEN nENtEFO_’(__J)
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Letm =min{n e N: x € Ag_(y N Ag.(:l)} and define

J)

s =min{s" € Fj, 1 x € Uy} and ¢=min{t' € FJ(_, :x € Uy}
and let k'(x,(y.i).(z.j)) = (x.k(x.s5.1)). It is straightforward, using Ry. to
show that (X, (D(,;))xeu,.k’) is a CSC space with a basis of clopen sets
and it is effectively homeomorphic to (X, (U;);en. k). We define a function G
witnessing that X is effectively zero-dimensional. Let x € X and i € N be such
that x € U;. Observing the construction carried out in Theorem 6.9 we have
that X'\ D(,;) = U,en 41 = U,en UjeFln U;. Given y ¢ D(, ;) let m = min{n
N:y € A} and define G(y. (x.i)) = (y.min{j € F{': y € U;}). We have that G
witnesses that (X, (D<,¥!,->)x€ u,. k') is effectively zero-dimensional and exists by A(l)
comprehension. =

PROPOSITION 6.12. An effectively zero-dimensional CSC space (X, (U;)ien. k) is
effectively homeomorphic to a CSC space with an algebra of clopen sets.

ProOF. Let (V;)ien be the sequence of sets given by V,; =U; and
Va1 = X \ Ui. We then define 4, = (¢, U,¢; Vi- We define Int(n,m) to be
the number that codes the union of m and n. For m € N coding the set

{{ao_o, cees ao_no}, oo {a,,_o, cees a,.),,r}},

then Comp(m) will code the set of all sets of the form

{99 0 @1 )+ 4 pn))

where f :r — max{n; : j < r}is acoded function such that for all j < » we have
f(j) <njandwherea = a — 1ifaisodd and a® = a + 1if ais even. One observes
that A compim = X \ Am.

Letld : (X, (U)ien. k) — (X. (A4,,)men. Int, Comp) be the identity function from
X to X, we show that it’s an effective homeomorphism. The function (x, i) — {{2i}}
witnesses that Id is effectively continuous. We need to show that there is a function
v such that for any (x,m) such that x € 4,, then x € Uy(xm) © Am. We define v
on the complexity of the set m codes. If m = {{2i}} then we set v(x,m) =i. If
m = {{2i + 1}} then v(x.m) = G(x,i). For m = {{ay, ..., a,}} where ay < a; <
-+ < ay then we define v(x,m) = v(x, {{ao}}). Finally for any m = {my, ....m,}
then let I = {v(x, {m;}) : i <r} we define

v(ix,m) = K(x.I).

The function v is defined primitively recursively, and so it exists by A? comprehen-
sion, and it verifies that the identity is effectively open between (X, (U;);cn. k) and
(X, (Am)meN,Il’ll, Comp) 4

THEOREM 6.13. RCA proves that for every CSC space (X, (U;)ien. k) the following
are equivalent:
(1) XisuTs.
(2) Xis Ty and effectively homeomorphic to a CSC space with an algebra of clopen
sets.
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REVERSE MATHEMATICS OF REGULAR COUNTABLE SECOND COUNTABLE SPACES 21

(3) X is effectively homeomorphic to a subspace of Q.
(4) X is metrizable.

ProOF. The case in which X is finite is trivial, so we assume that X is infinite and
let (x;);cn be the elements of X enumerated increasingly. (3 — 4) is trivial.

(1 — 2) follows from Corollary 6.11 and Proposition 6.12. (2 — 1) follows from
the fact that any CSC space with an algebra of clopen sets is effectively zero-
dimensional, which by Proposition 6.7 is uT3.

(4 — 2) We have already seen in Proposition 4.10 that all countable metric spaces
have a CSC structure that consists of clopen balls. In particular given a metric
space (X.d) there exists an a € Ry such that (X, (B(x.q - a))seq.oxex. k) is a
CSC space with a basis of clopen sets. We define G : X x (X x Qsg) — (X x Qs9)
which will send (x. (y.¢)). where x ¢ B(y.q - a). to (x.1) where n is the least n
such that 2i,, ~a <d(x,y)—q-a. Since the CSC structure of X is effectively zero-
dimensional, by Proposition 6.12, it is effectively homeomorphic to a space with an
algebra of clopen sets.

(2 — 3) Assume that X has an algebra of clopen sets. We will show that there is
an embedding f from X to the rational points of the Cantor space, which we will
denote as 2" N Q. We observe that 2V N Q is a CSC space with an algebra of clopen
sets of the form [[z]] = {g € 2 N Q : t=g}. and it effectively embeds into [0, 1] N Q.

We construct recursively the following things:

e A total surjection ¢ : N — N such that for all » € N and for all i < j < 2n we
have

{m <2n:x; € Uy} # {m < 2n:x; € Uy}

The function ¢ will define a sequence of basic open sets (U¢(H))n€N. For
7 € 2<N we write

N ={x € X :Vm < [t| (x € Uy, + t(m) = 1)}.

Since we are assuming that X has an algebra of sets, we have that for every
sequence 7 that

N = ﬂ U¢(i) N ﬂ UCon1p(¢(i))

i<|t|At(i)=1 i<|t|At(i)=0

So there is some j such that N; = U;. Furthermore, there is a uniformly
effective procedure to find an index j from 7. In general, N; might be empty,
but this will not affect the construction.

o f(xg)..... f(xn) €2NNQ.

e A function r, : 252" — 252" which is monotone, level preserving and for all
o € rg(ry,) thereis an i < n such that f(x;) € N,. We also require that for all
i < nwehave f(x;) € [[ra(seqa,(x;))]] where seq,,(x;) is a sequence of length
2n such that

. 1 if c U, ;
seqzn<xi><n:{ LSl

0 if x gf U¢(j).
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This ensures us that for all 7 of length n ' (N;) = f(X) N [[r,(7)]] and that
f will be injective. Finally, we will require for all m < n that r,,, C ry.
Assume we have f(xq)..... f(xn). 7. ¢|<2n and that for all o € 272" [[r,(0)]]
contains a unique f (x;).

Step 1: We set ¢(2n) = minN \ rng(¢p|<2,). this ensures us that ¢ will be
surjective. Given 7 € 2<V of length 2n — 1 there exists exactly one j < n such
that f(x;) € [[ra(z)]]. Let i <1 be such that f(x;) € [[r,(z)"(i)]]. we define
(= (0) = 1yt~ (1) = (1) (0).

Step 2: There is, by construction of r), exactly one j <n such that
rh(seqani1(Xni1)) = 17, (seqan 1 (X_/))‘ We define

#(2n +1) = min{/ € N\ mg(@|<znt1) : Xpt1 € Uy < x; & Uy}

That is, the first index for a basic open set not in the range of ¢|<2,4 that separates
Xp41 and x;. The search for such / will eventually terminate since we are assuming
that X is Ty. Assume that x; € Uy(,i1) and X, 1 & Up(ays1). the proof for the
other case is analogous. Let p be the unique sequence of length 2n + 2 such that
f(x;) € [[p]l and let i = p(2n + 1). For all ¢ € 2=2"*! such that

ru(0) = ry(sequ (xni1)) = 1y (seqani1 (x;))

we define
ratr1(e7(0)) = (o)~ (1 -1)
rar1(a™ (1)) = ry(a) (i) = p.

For all other sequences of length 2n + 2 we define r,,, as in step 1.
In either case, we are ensured that for all j < n, we have

S (x;) € [[rns1(seqania(x;))]1-

Step 3: We define f(x,.1) to be the least Cantor rational in the open set
[[7n+1(seqan+2(x,+1))]]. This ends the construction.

Given the functions f,¢ and r =|J,_n7» We show that f is an effective
homeomorphism with its range.

We first show that the range of f exists. By definition y € rng(f) « 3x f(y) = x.
and so the range is Z(l) definable relative to /. We also have that y € rng(f) if and only
if for all n € N there is a ¢ € 27" such that y € [[r,(c)]]. which is a IT{ definition.
So we have that rng( /") is A? definable and therefore exists by AJ comprehension.
We note that I1Y definition of rng( /') tells us it is a closed subspace of 2V N Q.

Let x; € X beapoint and U, ;) be an open set containing it. We wish to effectively
find an open neighborhood of f'(x) that is contained inf(U¢(,~>). Letn > max{i, j}.
we have that seqy,(x;)(i) = 1 and so

neN

Xj € Nyegy, (x;) © Usli)-
Which by construction implies
f(xj) € f(Nveqzn(Xj)) = f(X) N [[”n(S(%Izn(xj))]] c f(U¢(l))

This implies that f : X — f(X) is effectively open.
Let [[¢]] be a basic open set of the Cantor space and f (x;) € [[t]]. By construction
we have that r € rng(r). since r is level preserving we can effectively find p = (7).
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We have that x € N, and f(N,) C [[t]] by construction. This shows that f is
effectively continuous. Therefore f is an effective embedding of X into 2<N N Q.

Sierpinski [30] proved using a back and forth construction that any pair of
countable sets of R” without isolated points are homeomorphic. That the back
and forth method, used by Sierpinski, can be carried out in RCA, for effectively
zero-dimensional T spaces was first observed by Solda (unpublished).

THEOREM 6.14 (Solda [33]).! RCAq proves that any two Ty CSC spaces with an
algebra of clopen sets and without isolated points are effectively homeomorphic.

COROLLARY 6.15. Any non-empty uT; CSC space without isolated points is
effectively homeomorphic to Q with the order topology.

Proor. By Corollary 6.11 and Proposition 6.12 any uT3 CSC space has an algebra
of clopen sets, so by Theorem 6.14, any uT3 space without isolated points will be
homeomorphic to Q. =

OBSERVATION 6.16. Since over ACAq all T CSC spaces are uT3; we have that ACA
proves that every Tz space is homeomorphic to a subset of Q and is homeomorphic to
a space with an algebra of clopen sets.

THEOREM 6.17. The following are equivalent over RCAy:

(1) Arithmetic comprehension.

(2) Every Tz eT> CSC space is effectively homeomorphic to a metric space.

(3) Every T3 eT, CSC space is effectively homeomorphic to a CSC space with an
algebra of clopen sets.

(4) Every T3 eT> CSC space is effectively homeomorphic to a subset of the rationals.

Proor. By Theorem 6.13, (2)—(4) are equivalent over RCA,. By Proposition 6.7,
all effectively zero-dimensional CSC spaces, and therefore all CSC spaces with an
algebra of clopen sets, are uniformly regular. By Proposition 5.16, (4) is equivalent to
every regular eT, CSC space is uniformly regular, which is equivalent to arithmetic
comprehension over RCA( by Theorem 5.20. -

It is clear that a CSC space that is not 7 cannot be homeomorphic to a subspace
of the rationals. However, for non- T uniformly regular CSC spaces we can consider
a pseudometric.

DEFINITION 6.18. A pseudometric on a set X is a function d : X x X — Ry
that is symmetric and satisfies the triangle inequality. We observe that similar to the
case of a metric space (Proposition 4.10), we can associate a CSC structure to a set
with a pseudometric. As in the case for metric spaces, we get that the CSC structure
of a pseudometric will be unique up to effective homeomorphism and effectively
zero-dimensional. We say that a CSC space is pseudometrizable if it is effectively
homeomorphic to the CSC structure of a pseudometric space.

ISolda proved this for spaces which are supereffectively zero-dimensional. A CSC space
(X, (Ui)ien. k) is said to be superefectively zero-dimensional if there exists a function y : N — N
such that X' \ U; = U, (j)- Solda conjectures that having the complement be a basic set may not be
necessary but rather it suffices that y(i) is an open code for the collection U, (i)- This weaker definition
of supereffectively zero-dimensional CSC space coincides with our notion of being effectively zero-
dimensional.
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ProposiTION 6.19. RCAy proves that every uniformly regular CSC space is
effectively homeomorphic to a CSC space with a pseudometric.

ProoF. Let (X, (U;);en) be a uniformly regular CSC space by Corollary 6.11 and
Proposition 6.12 we can assume without loss of generality that X has an algebra of
clopen sets. Let U[x] = {i € N: x € U;} we define d by

1
d(x.y)= Z 7
keUX]IAU]

The function d is symmetric, and the triangle inequality follows from the following
property of the symmetric difference:

VA,B.C (AAC) C ((AAB)U (BAC)).
By definition of d we have

1
B(x,ﬁ>=NUk[X]={y€X:Vi<k(x€Ui<—>y€U,-)}.

So we have that B(x,zlk) is the Boolean combination of clopen sets and
is, therefore, clopen. We show that the identity Id : (X, (U;);en. Int, Comp) —

(X, (B(x, Zik))keN,k) is an effective homeomorphism. For x € X and i € N such
that x € U; then we have that x € B(x, 2%) C U; and so the map (x, i) — i verifies
that the identity is effectively open. The map that sends (x, k) to the code for the
open set

N uln| N x\U

i<kAxeU; i<kAx¢U;

is computable relative to the functions Com p and Int and it verifies that the identity
is effectively continuous. -

Just as in the Tj case, we get the following result.

THEOREM 6.20. RCA( proves that for any CSC space (X, (U;);en. k) the following
are equivalent:

(1) X is uniformly regular.

(2) X is effectively zero-dimensional.

(3) X is effectively homeomorphic to a CSC space with an algebra of clopen sets.
(4) X is pseudometrizable.

Proor. (1 — 2) is Corollary 6.11, (2 — 3) is Proposition 6.12, and (3 — 4) is
Proposition 6.19. (4 — 1) follows from the fact that the fact that the CSC structure
on a pseudometric space is effectively zero-dimensional. o

§7. Compactness. In this section, we will look at compact CSC spaces, especially
T> compact CSC spaces. It is a classic result of general topology that compact T3
spaces are 73 and normal. We also have that compact 7, CSC spaces are well-
orderable. We will show that these characterizations of 7, compact spaces can be
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carried out in ACA(. We will also lay out a few technical lemmas that will be needed
for the subsequent sections.

DEFINITION 7.1. A CSC space (X, (U;);en. k) is said to be compact if for every
I C N such that X = J,.; U; there exists a finite  C I such that X = J,., U;.
The covering relation for the space X is the set C = {a e N: X = |J,, Ui}. We
say that X is effectively compact if it is compact and has a covering relation. We say
that X is sequentially compact if every sequence contains a converging subsequence.
A subset of a CSC space is said to be compact or effectively compact if its subspace
topology is, respectively, compact or effectively compact.

LemMa 7.2 (Dorais [6, Proposition 7.5]). RCA( proves that every linear order with
the order topology has a covering relation.

OBSERVATION 7.3 (Dorais [6, Example 5.4]). Over ACAq a CSC space is compact
if and only if it is sequentially compact.

OBSERVATION 7.4. RCAy proves that the union of two effectively compact sets
is effectively compact. In particular, given Cy, C| the covering relations of Ky, K|,
respectively, then Cy N C is the covering relation for Ky U K.

THEOREM 7.5. Over RCA the following are equivalent:

(1) Arithmetic comprehension.

(2) Every compact CSC space is effectively compact (Dorais [6, Example 3.5]).

(3) Every compact uTsy CSC space is effectively compact.

ProoF. (1 — 2) since the covering relation for a CSC space is arithmetically
definable. (2 — 3) is trivial. For (3 — 1) consider the CSC space (X, (U;);en. k)
where X = NU {o0}:

Uy = {i}

Usiyyi1 = {00} U{j EN:j>naVe es @f(e)l; — Ir < jd)(e)lc,}
that is all the j > n such that for all e € s the Turing machine of index e does not
halt for the first time at step j. We define k that sends (n, @, b) — 2n and (00, 2(i, s) +
1,2(j.¢) + 1) to 2(max{i, j},r) + 1 where r is the code for the union of s and 7. X
is uTs follows from the fact that the basis consists of clopen sets and all points

except oo are isolated. By assumption, X is effectively compact and, therefore, has
a covering relation C. We have that

{2(0.{e}) + 1} € C > DYl(e)?
andso 4" <7 C. 4

ProposiTION 7.6 (Dorais [6. Proposition 3.2]). RCAq proves that being effectively
compact is preserved under effective homeomorphism.

ProPOSITION 7.7 (Dorais [6, Proposition 3.6]). RCAy proves that for any compact
CSC space (X, (U;)ien. k) any effectively closed C C X subset is a compact subspace.

ProPOSITION 7.8 (Dorais [6, Proposition 6.3]). RCA proves that for any eT
CSCspace (X, (U;)ien. k) and K C X an effectively compact set, then K is effectively
closed.

Modifying Dorais’ proof of the previous proposition, we get the following results.
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ProPOSITION 7.9. RCA( proves that for any eT>» CSC space (X, (U;);en. k) and
(Ky, Cp)nen sequence where K, is an effectively compact subset of X and C, is the
covering relation for K, then (K,,),cn is uniformly effectively closed.

Proor. Let Hy, H; the functions that witness that X is e7». Define
p : N x X — Nsuch that for any n € N and x ¢ K, we have

p(n, x) = min{F code for a finite subset of K,, : {Ho(x,y):y € F} € C,}.

We observe that p is computable relative to (K,, C,),eny and so it exists by
AY comprehension. For each x ¢ K, we define s(n.x) = K(x.{H(x.y):y €
p(n,x)}). We have that by construction

X € Us(n.x) - ﬂ UHl(x.y) - X\ U UHO(x,y) - X\Kn.
yep(n.x) yep(n.x)

We have that s exists by A(l) comprehension and, for each n, we have that s(n,-) is a
code for the closed set K,,, so (K, ),cn is uniformly effectively closed. -

THeOREM 7.10. RCA( proves that every effectively compact eT, CSC space is uTs.

Proor. Let (X, (U;);en. k) be an effectively compact eT> CSC space. Let C be
the covering relation of X and Hy and H; be functions that witness that X is e75.
We define Ry and Ry on X. For any x € U; we have that {U;} U{Upy,(v) : ¥ ¢ Ui}
is a covering of X. Let F C X \ U; be the least finite set such that {i} U {H(x,y) :
y € F} € C. Define

Ro(x.i) = K(x.{Ho(x.y) : y € F})
and for each z ¢ U; we define
Ri(x.i.z) =min{y € F : z € Uy (r,)}-
By definition, we have
X € Ugyei) € [ Untyien) € X\ U Uy = X\ | Ury(ie) € U
yeF yeF 2¢U;

So the functions Ry and R witness that X is #T3 and are recursive relative to the sets
and functions C, (X, (U;);en. k). Hy, and H; so they exist by A comprehension.

CoROLLARY 7.11. ACA proves that every T, compact CSC space is T5.

ProposITION 7.12 (See [12, Proposition 6.18]). RCA( proves that every well-order
with a maximal element is compact with respect to its order topology.

OBSERVATION 7.13. RCA( proves that every linear order with its order topology has
a covering relation, so RCAq proves that every well-order with maximal element is
effectively compact. Using the same proof, we can show that the upper limit topology
on a well-order with a maximal element is effectively compact. We will see later that
over ACAy all compact T, CSC spaces will be homeomorphic to a well-order with
maximum element.

DEFINITION 7.14. We say that a CSC space (X, (U;);en. k) is strongly compact
if for every sequence of open set (A4,),cn there exists a finite set F C N such that
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(A,)ner covers X. A CSC space is strongly effectively compact if it is strongly
compact and has a covering relation. We note that every sequentially compact
CSC space is strongly compact by the usual topological argument (see
[6. Proposition 4.1]).

Clearly, over ACA, every compact CSC space is strongly compact. We would
like to show that over RCA,, strong compactness is a stronger property than
compactness. Shafer proved in the absence of arithmetic comprehension, there can
be compact spaces which are not strongly compact [29, Proposition 3.10]. The CSC
space considered by Shafer is discrete and therefore 75, however, it is not effectively
T5 nor effectively compact. We would like to extend this result to show that in the
absence of arithmetic comprehension being strongly compact is a stronger property
even for effectively compact e spaces. We need the following definition and lemma.

DEFINITION 7.15. Over RCAj a linear order (L, <) is complete if there does
not exist a pair of non-empty subsets 4 and B such that L =AU B,Va € AVb €
B (a < b), A does not have a maximum and B does not have a minimum.

LEMMA 7.16 (Shafer [29, Lemma 4.4]). Forany tree T C N<N_if T is well-founded,
then (T, <gp) is complete.

Making use of Shafer’s [29] result that an infinite finitely branching tree that is
well-founded will fail to be strongly compact we get the following result.

ProposITION 7.17.  The following are equivalent over RCAy:

(1) Arithmetic comprehension.
(2) Every eT) effectively compact CSC space is strongly compact.

ProOF. (1 — 2) follows from the fact that over ACAy compact is equivalent to
strongly compact.

(2—=1) Let f : N — N be an injection, we wish to prove that rng( /") exists as
a set. Define

T={c:Vmn<|o|(f(n)=m<«+alm)=n+1)
Aa(m) > 05 flalm)— 1) = m))).

That is, the tree T contains all sequences that approximate the inverse of the
function g. The same construction is used in [32, Theorem III.7.2] to prove that
Konig’s lemma implies arithmetic comprehension. We have that 7" has the following
properties:

(1) Every ¢ € T has at most two immediate =-successors.
(2) T has at most one branch, and the unique branch of T can compute rng(f').

We prove that the Kleene—Brouwer order on 7 is of order type w + w*, thatis, T is
infinite and for every ¢ € T either | — 00, o[« is finite and we say that ¢ is in the
@ part or ], +00[ <, is finite and we say that ¢ is in the w* part. Given o € T, we
consider the following cases.

Case 1: If Vj < |o| (3n f(n) = j — o(j) = n + 1) then we have that there is no
element to the right of ¢ in 7 and so the only elements that are <gp greater than ¢
are its initial segments. This means that in ]o. +00[<,, has |o| many elements and
so ¢ is in the w™* part.
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Case 2: If there isa j < |o| and n € N such that f(n) = j and o(j) = 0 then we
have that ¢ and any sequence to the left of o in 7' cannot have an extension of length
more than zin T This in particular means that ] — oo, 5]« , has at most 2" elements
and so ¢ is in the w part.

We note that by the fact that (7, <xg) has order type w + w* we have that every
element of 7" which isn’t the maximum has a successor and every element other
than the minimum will have a predecessor. In particular, we have that the upper
limit topology on (7, <kp) is eT> and discrete so it cannot be strongly compact.
T does however have a covering relation, we prove that it is compact. Assume that
T is not compact, and let (Ja,, b,[),en be an infinite covering of T which does not
admit a finite subcovering. We have that every interval in (7. <gg) will be either
finite or cofinite, so for every n € N we have that Ja,, b,[ will be finite. We show
that both the o part and the w* part of (T, <gp) will be Z(l) definable. We have that
x is in the w part if there exists a finite sequence ¢ such that a,) =— oo and for
all j < |o| -1 wehave b; <xp a1 and x € Ja,(js|-1): by(jo|-1)[- That is, there exists
a finite sequence of intervals of the covering whose union is an initial segment of
(T. <kgp) containing x. In a similar fashion we may give a X! definition of the w*
part of (7, <kgp). By A comprehension, we have that both the w and w* parts of
T exist. So the Kleene-Brouwer order of T is not complete. By Lemma 7.16 it will
have a branch which will compute rng( /). -

ProrosITION 7.18.  The following are equivalent over RCAy:

(1) I} comprehension.

(2) For every sequence of CSC spaces (X/);jen the set {j € N: X/ is compact}
exists.

ProoF. (1 — 2) follows from the fact that being compact is a IT] definable
property. We first show that (2) implies arithmetic comprehension. Let A be a
set, we define for each e € N the space X¢ = {r € N: ®4(e)|,} with the discrete
topology. We observe that X ¢ is compact if X¢ is finite which holds if and only if
®4(e)t. SoN\ A’ = {e € N: X¢is compact}. So (2) implies that the Turing jump
of every set exists which implies arithmetic comprehension. It therefore suffices to
show (2 — 1) over ACA,.

We show that (2) implies that for any sequence of trees (7;);cn the collection
{i € N: T; is well-founded } exists, which by Theorem 3.8 is equivalent to IT}
comprehension. It suffices to prove that a tree 7 is well-founded if and only if
T with the upper limit topology with respect to the Kleene-Brouwer ordering is
compact. If T is well-founded, then (7, <kg) is well-ordered, which implies that its
order topology is equal to its upper limit topology. By Proposition 7.12 and the fact
that @ € T is <xg-maximum, we have that (7, <gg) with the upper limit topology
is compact. If T is not well-founded then (7, <kg) has an infinite descending chain
(x;)jen. The space T admits a partition of basic open sets

{T\M{x;:j € N} ]xo. +oo[ } U {]xjt1.x;]: j € N}
so T is not compact. —

OBSERVATION 7.19. In the previous proof, we saw that for every tree, there is a
canonically defined CSC space which is compact if and only if the tree is well-founded.
This implies that being a compact CSC space is a universal TI} formula over ACA,.
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so in particular, compactness for CSC space cannot be expressed by a Zi Sformula.
Furthermore, Shafer proved that over WKLy, every linear order is complete if and only
if it is compact [29, Corollary 4.2]. This means that being a complete linear order is
also a 11} universal formula over ACA,.

§8. Linear orders. It is tempting to say that since we showed that over ACA
every T3 space is homeomorphic to a subset of the rationals, we have proved that
over ACAj every T3 space is linearly ordered. The issue is that, in general, given X
a subspace of a linear order (Y, <), the subspace topology on X is not the same as
the topology given by the order < |y« x. For example, the set

S:{O}U{l—l—%:neN}gQ

with the subspace topology will be a countable discrete space while with the order
topology it will be homeomorphic to the 1 point compactification of a countable
discrete space. The issue here is that {0} = SN ] - % %[ but there isn’t a b € S such
that ] — 0o, b[ NS = {0} and so {0} is not open in the order topology of S. In
general topology, the subspaces of linearly ordered spaces with the order topology
are called generalized ordered spaces or GO spaces. There are GO spaces that are
not orderable, for example, the space 10, 1[ U{2} C R. However, in the countable
case, we have that all GO spaces are orderable.

OBSERVATION 8.1.  Let (L, <r) be alinear order and S C L. Then the order topology
on S does not coincide with the subspace topology if and only if there is an x € S such
that either:

(1) Thereisay € L\ S such that y > x, 1x,y[ CL\ S, and {z € S:x <, z}

does not have a least element.

(2) Thereisay € L\ S such that y < x, 1y.x[ CL\ S, and {z € S:z<; x}

does not have a greatest element.
In general, the subspace topology on S is finer than the topology induced by <. In
the case where L is a well-order, the order topology on S coincides with the subspace
topology if and only if every x which is isolated in the subspace topology is also isolated
in the order topology. Equivalently, we have that the order topology of S coincides with
the subspace topology if and only if every s € S which has a predecessor in (L, <p)
has a predecessor in (S, <r).

THEOREM 8.2 (Lynn [23]). Any separable zero-dimensional metric space is
orderable.

We modify Lynn’s proof so that it can be carried out in ACA,.

THEOREM 8.3. ACA, proves that any T3 space is homeomorphic to a linear order
with its order topology.

ProOF. Let X = (x;);en be a T3 CSC space. By Theorem 6.17 every T space is
homeomorphic to a subset of the rationals, so without loss of generality, we may
assume that X is a subspace of ]0,v/2[. For each ¢ € 2<N we define I, to be the
clopen subinterval of Q

ali ali 1
Yol IR IRV D ypatipues
| |

i<|o i<|o
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By arithmetic comprehension the sequence (1, ),,c,<n exists. We observe that =7 «»
I. C I, and that for all n the family {I, : |o| = n} is a partition of 0. v/2[ into 2"
many clopen sets. Given an x € X and n € N we write seg,(x) to be the unique
sequence of length n such that x € I, ().

The set 7 ={o €2<":3x € X x € I,} exists by arithmetic comprehension.
Inductively we define a partial function a(.) : 2<N 5 X. We set ag) = xo. leti <1
be such that xo € /(; and if there is an element in /(;_;) N X then let a(;) be the least
element of /(; ;) N X.

Assume a, 1s defined. Leti = o(|a\ — 1), thatis, i is the last digit in the sequence o
we define a,~(;) = a,. For ease of notation, let

T = seqn(ag) = Seqn(aa”(i)) and j = seq,.1(as)(n).

If t=(1 - j) € T let a,~(; ;) be the least element of X N 1.~y ;).

We note that for a sequence o in the domain of a( if i = o(|g| — 1) then a, =
Ao~(i) = = = Ao~ (i....i)-

By construction we have that for allg € T exists a unique 7 such that |t| = || and
a, € I,.let f : T — 2" denote the map that sends o to 7. We have f (seq,(a,)) =
and [ is total, order preserving, level preserving, and injective. The function f" is
arithmetically definable relative to X, so it exists by arithmetic comprehension.

We define an order < where

a <y b« In € N(f(seqn(a)) <iex f(seqn(b))).

It is easy to verify that < defines a total order on X. Under this order, we have
If*l(a) = Iseq|a|(ag) = [a(rA(O)v aa’“(l)]</-‘

We show that the order topology induced by <, on X is the same topology as the
subspace topology. Given x € Ja, b[< , we have that by definition there exists an n
such that '

S (seqn(@)) <iex f(seqn(x)) <iex f(seqn(h)).
Sol

seqn(x) S 14, b[<_ ; which implies that the topology on X is finer than the topology
induced by <.

We now show the converse. We have that the set {I, N X : ¢ € T} generates the
subspace topology on X, so it suffices to prove that they are open in the topology
generated by <,. Given x € I,,. let 7o and 7; be such that |79| = |o| = |71 and f (7o)
is the lexicographic predecessor of f (o) and f () the lexicographic successor of
f (o) in the set {f(p):p € T A|p| =|o]|}. the case where o is the lexicographic
maximum or minimum are proved similarly. By definition of <, we have that

Ly = [as)~0)- A g)~)l<y  and Iy =[ari)~0) dr@)~1)l<s-

So in particular minI;; = a;(;)~(o) and max Iy = ay(;)~(1). By definition of <
we have

I S lay )~y ar)~)l<,-

Let x € ]af(fo)ﬁ(l), af(.[l)ﬁ(o)k/, setting n = |o| we have

f(TO) <lex f(SE(In(X)) <lex f(Tl)'
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Since f (o) is the only sequence of length n that is lexicographically between f (7o)
and f(r;) we have that f(seg,(x)) = f (o) which by injectivity of f means that
x € I;. S0 Iy =ay () ~(1)- dr(e)~(0)l<, which implies the topology induced by <
is the same as the subspace topology of X. -

For compact T, CSC space, we can do better. Sierpinski and Masurkiewicz [24]
showed that any closed countable subset of R™ is well orderable. Friedman and Hirst
essentially showed that over ATR( any compact 7, CSC space is homeomorphic
to a well-order with the order topology [9, Lemma 4.7]. We will show that this
characterization can be carried out in ACA and for eT5 strongly effectively compact
CSC spaces it can be carried out over RCAg + WF(w®). The usual proof of this
result is by a back and forth argument which requires considerations over the
Cantor—Bendixson analysis of the space, which, as we will see later, requires ATRy.
Furthermore, we know that any compact 7, CSC space X will be homeomorphic to
(w® + 1) - n, where « is some well order and n € w, but over RCA the exponential
of a well-order may not be a well order (see [11, Theorem 11.5.4.1] and [17, Theorem
2.6]). So over RCA, we cannot simply formalize the standard argument as in ATR,.

DEFINITION 8.4. By WF(w®) we mean the statement that the lexicographic order
on the non increasing sequences of N<N is well ordered. RCA + IZ) - WF(w®) and
RCA( + WF(w®) - Con(RCAy), so in particular, WF(w®) is provable in ACA but
not in RCAy. It is routine to show that over RCA the statement that forevery n € N
the Kleene-Brouwer order on the tree of all sequences of length at most # is well
founded is equivalent to WF(«w®).

OBSERVATION 8.5. Over RCAy let (X, (U;)ien. k) be a compact effectively zero-
dimensional CSC space with covering relation C and G the function witnessing the
effective zero-dimensionality of X. We have that the inclusion relation on indices of
basic open sets {(i. j) : U; C U,} is defined by

VxeX (x e U —x e Uj),
which is a TI formula, and by
AF C X\ U; (F isfinite N\{G(x.i): x e F} U{j} € C),

which is a ) formula. That is. the inclusion relation {(i. j) : U; C U;} is AY definable
relative to G and C and therefore exists by A) comprehension. If X is an effectively
compact space with an algebra of clopen sets, then we have

i eN: U £0) = {i : Compli) ¢ C}.

that is, being an empty basic open subset is decidable relative to Comp and C. Similarly,
we have that for effectively compact CSC space with an algebra of clopen sets, strict
inclusion will be decidable relative to the additional structure.

THEOREM 8§.6.

(1) RCAq + WF(w®) proves that if X is eT> and strongly effectively compact then
X is effectively homeomorphic to the upper limit topology of a well-order with
maximal element.

(2) RCAq proves that if X is effectively homeomorphic to a well-order with a
maximum element with the upper limit topology then X is effectively compact
and eT>.
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ProoF. For the second implication, we observe that the upper limit topology on
a well-order with maximum element is e7% and effectively compact and being e75,
and effectively compact is preserved under effective homeomorphism.

Let (X, (U;);en. k) be a strongly effectively compact eT, CSC space and let C be
the cover relation of X. The case in which X = () is trivial, so we may assume X # ().
By Theorems 6.13 and 7.10 we may assume without loss of generality that X has
an algebra of clopen sets and for every x € X there are infinitely many j € N such
that x € U;. Let Int and Comp code the intersection and complement, respectively.
As observed, we can effectively determine inclusion and being empty relative to the
cover relation and the functions Comp and Int.

Let F : X x N — N be a partial function such that for all x in X we have that

F(x.n) =min{s e N:Vm <n Uy C Up(ym}

We have that F exists by A(l) comprehension. Informally, F lists out a weakly
descending sequence of neighborhoods for every point. For ease of notation, we
will write U(x,n) = Ug(, ). We observe that the sets of the form U(x.n) form a
basis of clopen sets for X.

We construct inductively a tree A and we assign to each o € A a label (x,i) €
X x N where x is the <y least element of U;. For the first step, we add the empty
sequence to A with label (x. i), where 7 is such that X = U; and x is the <y least
element of X. Let ¢ be a sequence in A with label (y, j) and let m be the least
number such that U(y,m) C U,. For each k > m, such that U(x.k) \ U(x.k + 1)
is non-empty, we add ¢~ (k + 1) to A with label (z,/) where / is an index for
U(y.k)\ U(y.k + 1) and z is the <y least element of U,. If U(y,m) # U; then we
add ¢7(0) to A with label (z,/) where / is an index for U; \ U(y,m) and z is the
< least element of U;. We have that A is A? definable relative to (X, (U;);en. k). C.
and Comp so it exists by A comprehension. o

OBSERVATION 8.7.  Giveno,t € Awithlabels (y, j) and (z.1), respectively, we have:

(1) =0 if and only if U; C U;.

(2) If T properly extends o then y ¢ Uj.

(3) If © properly extends o then y <y z.

(4) If o € Ais terminal then y is isolated.

(5) © and o are incomparable if and only if U; and U; are disjoint.

(6) For all w € U; \ {y} there exists exactly one k € N such that o~ (k) € A.
o7 (k) has label (u,r) for some u € X, and w € U,.

We prove that A is well-founded. Seeking a contradiction, assume that A is not
well-founded. Let f be a branch of A and let (x,, i,) be the label on f'|-,. We have
that (U;, )»en is a descending sequence of non-empty clopen sets, so its intersection
is also non-empty otherwise (X \ U;, ),en Will be a covering of X without a finite
subcovering. Let x be an element of (1), y Ui,. then for all » € N we have that
Xn <n x.Thisis absurd since the sequence (x,),¢n is strictly increasing and therefore
is unbounded in N. We note that since we are working over RCAy, we cannot
conclude that the Kleene-Brouwer order on A is a well-order. However, we will
later use the strong compactness of X to show that A is in fact well-ordered by the
Kleene—Brouwer order.

We show that every x € X appears in the label of exactly one sequence in .4. By
the observations above, we have that x cannot appear in the label of more than one
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sequence in 4. Given an x € X, define
S={o € A:(y.j)isthelabel on o and x € U,}.

S = () since it contains the empty sequence. By the observations made above, S is a
chain, and since A is well-founded, we have S must have a maximal element ¢ with
respect to inclusion. Let (y, j) be the label on ¢. If x # y then by construction of A
there will be an extension 7 of ¢ with label (z, /) such that x € U; contradicting the
maximality of ¢.

We show that X is homeomorphic to A with the upper limit topology induced by
the Kleene-Brouwer order. Let a, denote the unique sequence of A that has x in
its label. We show that the map G : X — A given by x — «, is a homeomorphism
between X and A with the upper limit topology induced by the Kleene-Brouwer
order.

We show that G is effectively continuous. Given x € X then a basic neighborhood
for a, is of the form Jay,. o] with «;, <xp c. Let (x, j) be the label of ., and m
the least number such that U(x, m) C U;. Define

min{n >m:y ¢ U(x.n)} if a,Ca,
m otherwise.

l:

If y € U(x,m) then ayCay, and y € U(x,l - 1)\ U(x.1) soa ~(1
that o, <gp a (/) <kp @, by construction and so G(U(x./)) C
U(x,m) then for all z € U(x, m) we have

)EA We have
lay. o] If y ¢

a, <k o (m) <gp . <kB O«

andso G(U(x.m)) = G(U(x.1)) Clay. o] (note that ;" (m) may not be a member
of A). The function (x. y) + / exists by A comprehension and witnesses that G is
effectively continuous.

We show that G is effectively open. Let x € X be a point and U; a basic
neighborhood of x. Let (x, j) be the label on a,, m the least number such that
U(x,m) C U; N U;, and my the least number such that U (x. my) C U;. We consider
the following cases.

Case 1: If U(x,m) C U; and U(x,m) = U(x,mp). let y be the least element in
U; \ U(x.m). We have that a, = o (0) and for any z € X if ), <gp - <gp ax
thenz € U(x,m) C U;. We set I —]a},ax].

Case 2: If U(x.m) C U; and U(x,m) # U(x.my), set

t=max{s<m:U(x,s)\Ulx,s +1)#0}

and y the <y least element of U(x.¢)\ U(x.¢ + 1). We have that o, = a0 (7 + 1)
andforany z € X ifa, <gp a. <gp aythenz € U(x.t+1) C U(x,m) C U;. We
set I = Ja,, oyl

Case 3: If U(x.m) = U; and there are no sequences to the left of o, we set
I =]-o00,a,]=G(U;) C G(U)).

Case 4: If U(x.m) = U, and there are sequences to the left of a, in A then define

s =max{t < |ay| : Fv < a,(t) (a2, (v) € A)}
u =max{v < a,(s) : ax|Z,(v) € A}.
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We have that a.|Z,(«) € A will be equal to some e, and for all z € U(x,m) we
have o, <gp @ <gp ayandsolet ] =]a,,a,] = G(U(x,m)). Inall four cases we
have that I € G(U(x,m)), we can also effectively find an index for I and so G is
effectively open.

This proves that G is an effective homeomorphism from X to the upper limit
topology of (A, <xp). We now prove that A is a well-order. Assume that there exists
an infinite sequence (x(#)),en such that (o (,))nen is strictly <gp-decreasing in A.
Without loss of generality, we may assume that:

(1) The sequences (., (,))nen are pairwise incomparable. We can do this since we

showed that A4 is well-founded.

(2) For all n € N we have |, (,)| < |@y(,41)]- Here we are using the assumption
WF(w®) in the form that for all m the Kleene-Brouwer order of the tree of
all sequences of length at most m is a well-order.

Let (x(n). j(n)) be the label on a,(,) we would like to show that O = |, cy U
exists as a set and is closed. Since the (a,(,))nen are pairwise incomparable we have
that the sets U, are pairwise disjoint. We have that for all y € X that y € O if and
only if there exists an n € N such that a,(,)Ec,. Since the lengths of the o, are
strictly increasing we have that

y €0 & In<|oy| (ayEay).

In particular, we have that O exists by A(l) comprehension. We show that O is closed.
Given y ¢ O, let (y.1) be the label on «,. If U; N O = () we are done, otherwise
there exists x(n) € U; and o (,) <k ;. Let n = min{j € N: x(j) € U} and let
m=min{j € N: x(n) ¢ U(y.j)}. We have that U(y,m) N O =0, so O is closed.
The sequence {U;(,) : n € N} U{X \ O} is an infinite partition of X in clopen sets
contradicting our assumption that X was strongly compact.

Ulx,m+1)

U(x, m)

Ux.m)\Ux,m+1) X\ U(x,m)

Construction of A.
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COROLLARY 8.8. ACA( proves that every sequence of compact T» CSC spaces
(K;)ien the disjoint sum [;cn Ki is homeomorphic to a well-order with the order or
the upper limit topology.

Proor. Over ACA,, the upper limit topology on a well-order is homeomorphic
to the order topology. Following the proof of Theorem 8.6 we can uniformly define
a sequence of well-orders (<;);cn such that <; has K; as its field and the order
topology induced by <; is the same as the topology of K;. Let < be the order on

[;cn Ki given by
(x.j) <k 0.i) = (<niV(j=iAx<;iy)).

It is straightforward to show that <y is a well-order and its order topology is the
same as the topology of [ [, Ki. o

§9. Summary Part 1.

THEOREM 9.1. Over RCA the following are equivalent:

(1) Arithmetic comprehension.
(2) Every compact Ty CSC space is eT, (Dorais [6, Example 7.4]).
(3) Every well-order with the upper limit topology is effectively homeomorphic to
the order topology of some linear order (Proposition 5.9).
(4) Every eT, scattered Tz space is uTz (Proposition 5.20 and Observation 5.21).
(5) Every Ty CSC space is effectively homeomorphic to a linear order with the
order topology (Theorem 8.3).
(6) Every compact CSC space is effectively compact (Dorais [6, Example 3.5]).
(7) Every uT; compact CSC space is effectively compact (Theorem 7.5).
(8) Every T, compact CSC space is effectively homeomorphic to a well-order with
the upper limit topology or the order topology (Corollary 8.8).
(9) Every eT, Tz scattered CSC space effectively embeds into a linear order
(Theorem 5.22).
(10) For every T scattered CSC space there is a continuous bijection from X to the
order topology of a well-order (Theorem 5.23).
(11) Every eT, effectively compact CSC space is strongly compact (Proposi-
tion 7.17).

Along with the following results, one can produce many more statements equiva-
lent to arithmetic comprehension over RCA (Proposition 6.12 and Theorem 6.13).
RCA proves that for any CSC space X the following are equivalent:

(1) X is uTs.

(2) X is metrizable.

(3) X is Ty and effectively zero-dimensional.

(4) X is T effectively homeomorphic to a space with an algebra of clopen sets.

(5) X is homeomorphic to a subspace of Q.

(6) X is homeomorphic to a closed subspace of Q.

and by Theorem 6.20 we have that the following are equivalent:
)
)

X is uniformly regular.

(1
(2) X is effectively zero-dimensional.
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36 GIORGIO GENOVESI

(3) X is effectively homeomorphic to a CSC space with an algebra of clopen sets.
(4) X is pseudometrizable.

Part I1

Topological characterizations of ATRy.

We saw that 75 CSC spaces admit nice characterizations. Namely, they are all
orderable, metrizable, and homeomorphic to a subspace of the rationals, and that
these characterizations can be carried out in ACAy. We will restrict our attention
to locally compact CSC spaces and T3 scattered CSC spaces. Countable scattered
spaces have been studied in general topology since every second countable scattered
space is also countable (see [28, Proposition 8.5.5]). Katétov [19] showed that the
T3 scattered CSC spaces are precisely those which admit a continuous bijection to
a compact 75 CSC space. Bel'nov [2] and Knaster and Urbanik [21, Theorem 1V]
showed that every scattered subspace of the Cantor space is homeomorphic to a
subspace of a well order. We will show that both these theorems, formulated in
terms of CSC spaces, are equivalent to arithmetic transfinite recursion over RCA,.
The T; scattered CSC spaces are precisely those which are completely metrizable,’
we will show that this characterization theorem is also equivalent to arithmetic
transfinite recursion over RCA,. We will also consider the 75 locally compact CSC
spaces which are a strict subclass of the 773 scattered CSC spaces. Mazerkiewicz and
Sierpinski [24] essentially showed that 75 locally compact CSC spaces are precisely
those which are homeomorphic to a countable well order. Unlike for 7, compact
CSC spaces, which can be well ordered in the system ACA, the well orderability
of locally compact T, CSC spaces is equivalent to arithmetic transfinite recursion.
We will also find a series of related characterization theorems, all of which will be
equivalent to arithmetic transfinite recursion. Finally we will show that over ACA,
several properties of CSC spaces are H% universal.

§10. Locally compact and scattered spaces. The study of 75 locally compact CSC
spaces was done indirectly by Hirst, who considered locally totally bounded closed
sets of complete separable metric spaces [17]. He proved that over ACA, any such
space is the disjoint union of compact balls and used this decomposition to define
the one point compactification. In this section, we will reformulate these theorems
for CSC spaces and we will give a definition for the one point compactification which
1s suitable for RCA,.

DeriniTION 10.1. A topological space is said to be dense in itself if it does not
contain isolated points. By Corollary 6.15 ACA proves that Q is the only non-empty
dense in itself 75 CSC space up to homeomorphism.

2This result is also attributed to Bel’nov and Knaster, Urbanik by Kannan and Rajagopalan [18].
However, Knaster and Urbanik do not explicitly mention complete metrics and instead their results are
stated in terms of being homeomorphic to a closed subspace of the Cantor space. They in fact cite Young
[34, p. 65] for the result that every CSC space is Gy if and only if it is scattered. The theorem that every
G set of a Polish space is Polish was in part shown by Hausdorff [14] and the equivalence is stated in
a footnote of Alexandroff and Urysohn [1, p. 96]. These two theorems combined give the result that a
CSC space is completely metrizable if and only if it is 73 and scattered. This result, with time, seems to
have become folklore (see [25] the remark after Theorem 1.3).
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DerniTION 10.2. A CSC space is said to be scattered if every subspace has an
isolated point or, rather, it does not contain a non-empty dense in itself subspace.
We observe that over ACAy, being a T3 scattered CSC space is equivalent to not
having a subspace homeomorphic to Q. Furthermore, over RCAy. we have that a
uniformly 73 CSC space is scattered if and only if it does not have a subspace which
is effectively homeomorphic to Q.

DeriNITION 10.3. Let (X, (U;)ien. k) be a CSC space. We say that X is locally
compact (or l.c. for short) if, for every x € X, there exists a compact neighborhood
of x. We say that X is locally effectively compact if, for every x € X, there exists an
effectively compact neighborhood for x. We say that a CSC space X has a choice of
compact neighborhoods or CCN for short, if there exists a sequence (K, i(x))cecx
such that for all x € X we have x € Uy(,) C K, and K, is compact. We say that a
CSC space X has a choice of effective compact neighborhoods or an effective CCN
if there is a sequence (K. i(x). Cy)rex such that x € Uy(,) € K. K, is compact.

and C, is a covering relation for K.

OBSERVATION 10.4. In the case in which (X, (U;);en. k) is I.c. with a basis of clopen
sets, then a choice of compact neighborhoods is equivalent to having a sequence of
indices (i(x))yex such that Uy, is compact. Since we will mostly be working with
zero-dimensional spaces we will usually use this definition of CCN .

LemmA 10.5. ACA( proves that every T l.c. CSC space is scattered.

Proor. Let (X.(U;);en) be a T l.c. CSC space, and let S be a non-empty
dense in itself subset of X. Enumerate X = (x,),cn. let yo € S, and let V; be a
compact neighborhood of yy. Since we are working in ACAy, we have that V) is
also sequentially compact. Given y, and V,, such that y,, € V,, let y, | be the least
elementin S NV, \ {y,} which will be infinite since S does not have isolated points.
Let V7,11 be the first basic open set such that y,.1 € V,11 C V, and x,11 & Vye1.
The sequence (y,. V,).en exists by arithmetic comprehension. Assume that the
subsequence (y,, )xen converges to x,, € X, by construction (yy, )ren is eventually
in V,,, which does not contain x,, by construction. This contradicts the fact that V)
is sequentially compact. a

OBSERVATION 10.6. The converse does not hold. For a counterexample, take the set
S=o’+1\{w-n:nco}Cw*+1

with the subspace topology. We observe that the point »*> € S does not have a compact
neighborhood in S. Since S is order isomorphic to w* + 1, its subspace topology cannot
coincide with its order topology. In general, the subspaces of an l.c. CSC space may
not be l.c. This counterexample can be easily formalized in RCAy. We will see later
on that all scattered Ts CSC spaces, over a sufficiently strong theory, are precisely
the subspaces of well orders. It is also worth noting that, in general, l.c. T, second
countable spaces are not scattered. For example, R is locally compact, but it is not
scattered since it is connected.

ProposiTioN 10.7. RCAy proves that every eT, locally effectively compact CSC
space is Tj.
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Proor. Let (X, (U;);en. k) be a T, locally effectively compact CSC space and let
x € X andi € Nbesuchthat x € U;. Let K be an effectively compact neighborhood
of x and let j € N be such that x € U; C K. By Proposition 7.8 there is an /" which
codes K. We have that K is effectively 7 since it is the subspace of an effectively
T, space. By Theorem 7.10 K is uniformly 73. Let RS and R{ witness that X is
uniformly regular and let s = k(x, i, j), we have

X € URg(xA‘) g K\ U UR{((XASAy) g US g KN Ui~
.V$Us

So, in particular

X € Upk () S X\ | U Urtusn WU Urw | U C UL
y¢Us neN

which shows that X is regular. -
Using the same proof, we get the following corollary.

CorOLLARY 10.8. RCA( proves that every eT, l.c. CSC space with an effective
CCN is uniformly T;.

COROLLARY 10.9. ACA( proves that every l.c. T, CSC space is Tj.

OBSERVATION 10.10. Let (W, <y ) be a well order, then we have that the collection
(1-o00.w + 1[<,, Jwew is a CCN for W with the order topology.

ProposiTiON 10.11. RCA proves that having a CCN and an effective CCN are
preserved under effective homeomorphism.

Proor. Let (X.(U;)ien.k) and (Y. (Vi)ien.k’) be a CSC spaces and
f:X — Y a homeomorphism and let v be the function witnessing that
f is effectively open. Assume that (K,,i(x))rex is a CCN for X. Then
(f (K p10,))- 0(f ' (p). i(f 7 (¥)))yer is a CCN for Y. If there exists a sequence
(Cy)xex such that for all x the set Cy is the covering relation for K, then by

Proposition 7.6 there exists a sequence (D, ),cy such that for all y € Y D, is the
covering relation for f (K ;1)) =

OBSERVATION 10.12. This definition of local compactness is quite weak. The
standard definition of local compactness that is usually used in general topology is
that for every point x and open neighborhood U of x. there is a compact neighborhood
of x contained in U. It is a classic result in general topology that both definitions of
local compactness coincide for T, spaces.

ProrosiTioN 10.13. ACAy proves that any T, l.c. CSC space with CCN is
homeomorphic to a space with a basis of compact sets.

Proor. Let (X, (U;);en. k) bea T, CSC space with a CCN . By Propositions 10.7
and 10.11 and Theorem 6.17 we may assume that X has a basis of clopen sets. Let
(i(x))xex bea CCN for X andlet J = {j € N:3x € X U; C Uj(,)}. We have that
for all j € J, the basic clopen set U; is compact by Proposition 7.7. We have that
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forall n € N the set U, is open with respect to the basis (U;) ;e since for all x € U,
we have

X € Up(xitx)yn) © Un N Uj(x) C Uy

and k(x.i(x).n) € J since Uy(yi(x).n) € Ui(x). S0 (U;) jes is a basis for X consisting

of compact sets. -

ProposiTiON 10.14.  ACA( proves that every l.c. T, CSC space with a CCN is the
disjoint union of open compact sets and is well-orderable.

ProoF. Let (X, (U;);en. k) be an l.c. T> CSC space with a CCN. By Proposi-
tion 10.13, we may assume that X has a basis of compact sets. The sequence of

sets
vi=u\ (Uu)

i<j
defines a partition of X into clopen compact sets. In particular, we have that X

is homeomorphic to the disjoint sum of (V;);en. By Corollary 8.8 we have that
[;cn Vi is well-orderable and therefore X is well-orderable. -

OBSERVATION 10.15. Since every well order has a CCN , we have that over ACAg
a Ty CSC space is well-orderable if and only if it has a CCN. This means that the
strength of the well orderability of T, l.c. CSC spaces lies in being able to choose a
compact neighborhood for every point of a T, l.c. CSC space. In the next section we
will show that this is equivalent to arithmetic transfinite recursion over RCA,.

PrOPOSITION 10.16.  ACA proves that for any l.c. T» CSC space (X, (U;);en) any
Lc. subspace Y C X also has a CCN.

Proor. By Proposition 5.6 Y is T, since it is the subspace of a 7, space.
Since CCN are preserved under homeomorphism, we may assume without loss
of generality that X has a basis of clopen sets. Let (i(x)),cx be a CCN for X.
For each y € Y and j € N such that U; NY is closed in X, if U; C Uy, then
U;N'Y is compact by Proposition 7.7. Conversely, if U; N Y is compact, then by
Proposition 7.8 ¥ N U, is closed in X since it is a compact set in a 7> space. For
each y € Y let i(y) be the first i such that y € U; C Uix) and U; N'Y is closed
in X. The sequence (il »))yey is arithmetically definable, so it exists by arithmetic
comprehension and is a CCN for Y. -

We will end this section by giving a definition of one point compactification which
is suitable over RCA,.

DeriniTION 10.17.  Let X be a topological space, the Alexandroff compactification
or one point compactification of X is the space X U {oo} where U C X U {oo} is
open if oo ¢ U and U is open in X or co € U and X \ U is compact in X. Itis a
classical result in general topology that the Alexandroff compactification of X is 75
if and only if X is 7> and l.c.

OBSERVATION 10.18. In general the one point compactification of a CSC space may
not be a CSC space. For example, the one point compactification of Q is not second
countable. We would like to consider CSC spaces that have one point compactification
which is also a CSC space.
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DerNiTION 10.19. A space X is hemicompact if there exists an increasing
sequence of compact sets (K,),c. such that every compact set of X is contained in
some K,. Equivalently, a space is hemicompact if the poset of compact subsets has
a countable cofinal sequence. The Alexandroff or one point compactification of a
space X is first countable if and only if X is first countable and hemicompact.

A space X has an exhaustion by compact sets if there is a sequence of compact
sets (K, )nen such that for all n K, C int(K,41) and X = |,y Ku. We observe that
a space X with an exhaustion by compact sets is hemicompact and l.c.

DEerINITION 10.20. Over RCA( we say that a CSC space X has an exhaustion by
compact sets if there exists a sequence (K;, V;. fi.g:):en such that:

e Uien Ki = X.

e For each i € N K; is compact, effectively closed, and g; is a code for K;.
e For each i € N V; is an effectively open set and f'; is a code for V;.

e Foreachi e NK; C V; 11 C K;.y.

ProrosiTiON 10.21. RCA( proves that every T, locally effectively compact CSC
space with an effective CCN has an exhaustion of compact sets (1,(\, Vi, fi.gi)ien.
Furthermore there exists a sequence (Cy,)en such that for all n € N C,, is the covering
relation for K,.

ProoF. Let (X, (U;);en) be an l.c. CSC space and let (K,,i(x).Cy)ccx be an
effective CCN. Enumerate the points of X" = (x4 )nen. For each finite subset a C X
we have that C, = [),¢, C; is the covering relation for J,., K. The sequence

@,)ag x exists by A} comprehension. Instead of defining directly the sequence

K;);cn we instead define recursively a sequence of finite sets (F,),cn such that
n = U ep, Kx- Define Fy = {min X'}. Given F,, define

~

)

Fy1 = min{F finite set : {i(x) :x € F} € Cr, A3x € F (x, € Uy(y))}-

Equivalently F,. | is the least finite subset of X such that (U,-(x))xe F,,, 18 a covering
of Uy€ P Ky U {x,}. We have that the sequence (F,),cn is well defined since for

each n UJ’E r, Ky 1s compact and it exists b/}\/ A9 comprehension. R
Define K, = Uxe F, Kx. we have that Cp, is the covering relation for K,,. By

Proposition 7.9, we have that the sequence (En)neN will be uniformly effectively
closed and so there exists a sequence (gn)nen such that for all » € Ng, is a closed
code for K,,.

Let f, be the partial function that enumerates F, increasingly. The sequences
(K,. User, Uitx)> fn-gn)nen and (CE, )nen are A} definable relative to (F,),en and
so they exist by A comprehension. By construction we have that

(i(\ne U Ui(x)=fn=gn)n€N
xeF,

is an exhaustion by compact sets of X and for all n € N Cp, is a covering relation
for K,,. 4

DerINITION 10.22. Let (X, (U;);en. k) be a T, CSC space with an exhaustion
of compact sets (K, A,. fn. &n)nen We define its one point compactification as the
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space
(X U {oo}, (V)ien k),
where Vy; = U; and Va1 = (X U {o0}) \ K;.

(1) k(x.2i,2)) = k(x.i. j).

(2) k(x.2i.2j + 1) = k(x.i.g(r)) where r = min{n € N: x € Uy(,)}.

(3) k(x.2i +1,2j + 1) = max{2i + 1.2/ + 1}.
We show that X U {oo} is compact. Let I C N be such that (V;);¢; is a covering of
X U {oo}. There exists some 2j + 1 € I such that co € V5,41 = (X U {oo}) \ K.
Since K ; is compact and (U; );¢; covers K ; we have that there exists a finite seta C 1
such that K; C (J;c, Ui and so (U;);cquq2j+13 is a finite subcovering of X U {oo}.
So the one point compactification of X is compact.

Assume X is effectively 7>, a/rgd E@,Hl the functions that witness that X is
effectively 75 then the functions Hy, H; such that for all x, y € X we have

Hy(x.y)=2-Ho(x.y)  and  Hi(x.y)=2-H(x.p).
Forall x € X,let j = min{i : x ¢ K;}. Define
Hy(oo,x)=2-k+1
and
Hi(oo,x) = 2-f;(r) where r=min{s:x € f;(1)}

The functions Ho. H, exist by A comprehension and witness that X U {oo} is
effectively 7.

Assume that X is effectively 7> and there exists a sequence (C,),en such that for
all n C, is the covering relation for K,. Given a finite set F C I, let j = max{i :
2i + 1€ F}. wehave | J;cp Vi = X U{oo} ifand only if {i : 2i € F} € C;. so the
covering relation for X U {oo} is A? definable relative to (C,),en and so X U {oo}
is effectively compact.

ProposITION 10.23. Over RCAq let (X, (U;)ien.k) be a T, CSC space and
(K2 U, f0.8)ien and (K. UL, 1. g!)ien be two exhaustions by compact sets of
X. The CSC spaces

(X U{oc}, (Uj)ien U (X U {oo} \ Kr(,))neNjC\O)
and
(X U{oo}. (Up)ien U (X U {oo} \ KDnen. k")

are effectively homeomorphic. That is, the topology of the one point compactification
does not depend on the choice of the exhaustion by compact sets.

Proor. We show that the identity Id : X U {occ} — X U {co} is an effective
homeomorphism. Let v : X x N — N be the function given by:

(1) v(x,2i) = 2i.

(2) v(x.2i +1) =2-g(r) where r = min{s : x € Uy, }.

(3) v(00,2j + 1) =min{r: {fi(m):i.m <r} € C;}.
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We have that v exists by A comprehension and witnesses that the identity Id : X U
{0} = X U {oo} is effectively continuous. By symmetry, we have that the identity
is also effectively open, and so the identity is an effective homeomorphism. -

ProposiTiION 10.24. RCA( proves every lc. effectively T, CSC space with an
effective CCN (X, (U;)ien. k) has a one point compactification X U {oo} which
effectively compact effectively T, and the inclusion X — X U {oco} is an effective
embedding.

PrOOE. By Proposition 10.21 we have that X has an exhaustion by compact sets
(K;. U;, fi.gi)ien and there is a sequence (C;);cy such that for all i € N we have that
C; is the covering relation for K;. By the observations made in Definition 10.22, we
have that the one point compactification of X exists and is an effectively 75 effectively
compact CSC space. We show that the inclusion X — X U {oo} is an effective
homeomorphism. We define v : X x N — N where v(x.2i) =i and v(x,2i +1) =
g(r) wherer = min{s € N: x € Uy (,)}. The function v exists by AY comprehension
and witnesses that the inclusion X — X U {oo} is effectively continuous. We have
that the map (x,i) — 2i witnesses that the inclusion is effectively open, so the
inclusion of X in X U {oo} is an effective homeomorphism. =

ProPOSITION 10.25. Over RCAy, for all CSC spaces (X, (U;)ien. k), if there_is
an effective embedding f + X — X, where (X ( . (V))ien. k') is compact, eT>. andj;\
rng( f) contains exactly one point, then X hasa CCN . Iff is also effectively compact,
then X has an exhaustion by compact sets and the one point compactification of X is
effectively homeomorphic to X .

PrOOF. Let p be the unique element of X \ rng( /). Let Hy, H; be the functions
that witness that X is effectively 7> and v witness that f is effectively continuous.
The sequence

(XN Vg roen)- v Hi(p. f (X)) xex

will be a CCN for X. For the second part, assume that X isalso effectively compact
and let C be its covering relation. We have that X will be uT; by Theorem 7.10. By
Theorem 6.13, we can assume without loss of generality that X has an algebra of
clopen sets. Let Comp and Int be functions that witness X hasan algebra of clopen
sets. As in the proof of Theorem 8.6, let (¥ )),16N define a decreasing cofinal
sequence of neighborhoods of p. For ease of notation let j(n) = Comp(i(n)). we
have

))nEN»

(fil(Vj(n))v Vs (Vj(n))v (’U(x»j(n))xef*](Vj(n))v (v(x. i(”))xef—l(v

i(n)

will be an exhaustion by compact sets. Following the proof of Proposition 10.23
one shows that X is effectively homeomorphic to the one point compactification
of X. 4

§11. Choice of compact neighborhoods and arithmetic transfinite recursion. In this
section, we will show that every l.c. CSC space has a CCN is equivalent to ATR
over RCA,. ATR, proves the existence of CCN for l.c. CSC space by the following
lemma.
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Lemma 11.1 (Simpson [32, Lemma VIIL4.7]). For any I1} formula ¢(x.i, X).
where X is the only set variable in ¢, ATR proves

VX (VxFip(x, i, X) — 3f Vxp(x, f(x), X)).

We introduce a special case of Lemma 11.1 and prove that it is equivalent to
arithmetic transfinite recursion over RCA,.

DEFINITION 11.2. An eventually well-founded tree array is a collection (77); jen

of trees such that for all j € N the sequence (77 );en is eventually well-founded.

A modulus for an eventually well-founded array of trees (77); jen is a sequence
(n;)jen such that for all j and all i > n; the tree T/ is well-founded. By TAM,
we mean the statement that every eventually well-founded array of trees admits a
modulus. By 1TAM . we mean TAM restricted to arrays of trees that have at most

1 branch each.

ProrosiTION 11.3 (Simpson [32, Exercise VII1.4.25]). RCAg + 1TAM implies
arithmetic transfinite recursion.

LemMa 11.4. The following are equivalent over RCAy:

(1) TAM. A

(2) For any sequence of sequences of linear orders (L!); jen such that for each
j the sequence (Ll’ )ien is decreasing with respect to inclusion and eventually
well-ordered then there is a sequence (n;);en such that for all j € N and all
i>n; Ll/ is a well order.

ProoF. We have that TAM and (2) both imply arithmetic comprehension over
RCA,. So it suffices to show that T4 M is equivalent to (2) over ACA,.
(1 — 2) follows from the fact that a linear order L is a well order if and only if

T(L)={ccLN:Vj<|o|lo(j+1)<ra(j)}

is well-founded. ‘
Assume (2). Let (T/); jen be a sequence of trees such that for all j € N the

sequence (Tl:i ):en is eventually well-founded. Define

Sg:{m}u{(m)Aa:mZnAUGTrﬂ}:]_[Tfi-

m>n

We observe that T, ,{ _is well-founded if and only (S,{ .<kg) is a well order and
that for all m > n S;, C S;. The family of linear orders ((S;. <kp))n jen satisfies
the conditions of (2) so there exists by assumption a sequence (m;) ey such that

Vi >m; (S,f .<xp) is a well order. SoVi > m; T ij is well-founded. a

ProrosiTION 11.5. ATR( proves TAM .

PrOOF. Let (L/); jen be as in the previous lemma. Fix a j € N, we wish to

show that there exists m; such that Vk € NL,’;,/. = Lf;q By assumption, there is
J

an n; such that L/ is well-ordered for all i > n;. Let L = Lﬁj + 1, by using the

J

comparability of well orders and that Vi L”j +i L{;f we have that every Li}_ L 08
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isomorphic to a proper initial segment of L. So

VidaeL3f: L) = {beL:b<a).

nj+i

By 2] choice, we have that

~

H(ai),-an 3(fi>i2nj Vi > nja; < L /\fi . Llj — {b elL:b< a,-}.
We have that for all iy < i; that a;, > a; and since L is a well order the sequence
(ai)i>n; is eventually constant. Let m; be such that for all i € Na,,; = @, then

we have for all i > m; that L,’,;/. ~ L{%/ .- In particular we have that for all i > m;
the function f;' o f,,, is an isomorphism between L{,,j. and qu'qj -

We have, therefore, that
Vj3ImVk3f: L), = L’

m+k*

Using 2! choice, we have

Vi 3 f)ken 3mVk fi: Ly = L) .

Using Zi choice again, we get

H(fyi)jgkeN I(m;)jen Vj Vk f;{ Ly, L

m+k*

We observe that for all j € N L,Qj must be a well order so (m;);en is a sequence
with the desired property. o

ProposITION 11.6.  ATR proves that every l.c. CSC space has a choice of compact
neighborhoods.

Proor. Let (X, (U;);en.k) be an l.c. CSC space and let X = (x,),en be an
enumeration of the points of X. Let /' : X x N — N be the function given by

Flei) = min{j > f(x.i —1): x € U,} if such j exists
’ max{; : x € U;} otherwise.
Intuitively, f(x, ) lists out the indices of basic neighborhoods of x. For each x € X

let (T7);en be the sequence of trees where for all i € NT}* is the set of strictly
increasing sequences ¢ such that

V1o (Uf(x,i) Z U Ur(n)) AVn < o] (x, € Urjy > Im<nx, € Ug(m)).
n<|t|

That is, all sequences ¢ such that none of its proper initial segments defines a
covering for Uy (, ; and for each n < |a| if x, € Uy(, ;) then there is an m < n such

that x, € U,(,,). An infinite branch in 7;° defines a covering of Uy, ;). which does

X.i)

not have finite subcovering. Similarly, an infinite cover of Uy (, ;) that does not admit
a finite subcover defines a branch in 7}*. Therefore, Uy, ;) is compact if and only
if T;* is well-founded. Since X is l.c. we have that for each x € X, the sequence
(T)ien is eventually well-founded. Thus the modulus (ny).cx given by TAM is

such that for all x € X the neighborhood Uy (, ) is compact. So (ny. Uy (y, ))xex
exists by arithmetic comprehension and is a CCN for X. —
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ProposITION 11.7.  Over RCA every T, l.c. CSC space having a basis of compact
neighborhoods implies arithmetic comprehension.

Proof. Let A C N be a set, we show that its Turing jump exists. Set
X =Nx (NU{c})

and define the basic open sets of X to be

T {(e,0)} if  @f(e)l<,
20 7 Y r(e.n):n >t} U{(e.00)}  otherwise

and

U2(e,s)+1 = {(ee S)}

Define k((e.n),a,b) =2(e,n)+1 and k((e,00),a,b) =max{a,b}. X can be
viewed as the disjoint union of the spaces X, = {e} x (NU{oc}). It is straight-
forward to show that X is l.c. We observe that all of the basic sets are clopen and
that X is 73, and it is easy to show that it is, in fact, uT5.

Let (i(x))ccx bea CCN for X. Let m, be the unique number such that 2(e, m,) =
i((e.00)). For each e € N, ®/(e)| if and only if U, , ) is isolated. In particular by
construction, we have that ®7 ()| if and only if ®(e)l,,,. So A" <7 (m.)en exists
by A} comprehension. =

ProposITION 11.8. Over RCA the statement that every T, L.c. CSC space has a
CCN implies arithmetic transfinite recursion.

Proor. By Proposition 11.7 we may work over ACAg. We show that every 7> l.c.
CSC space has a CCN implies 174 M which is equivalent to ATR, over RCA,. Let
(T?); jen be an eventually well-founded array of trees as in the condition of 174 M

j
and let X be equal to the disjoint union of the spaces

X/ = (]_[ Tij»<KB) = Z(Tij’ <ks) + 1

ieN ieN

with the upper limit topology where

]_[ T/ ={0}u U{(m)“T,é :m € N}

i€N
We show that for every j € N, the space X is l.c. To do this, it suffices to show that
a tree with at most one branch is l.c. with the upper limit topology induced by the
Kleene—Brouwer order. If T is well-founded, then by Proposition 7.12 T with the
topology induced by the Kleene-Brouwer order is compact and therefore l.c. Let
T be a tree with exactly one branch /" and x € T be a point. If Vi € N x <xp f<n
then ] — oo, x] is well-ordered with a maximal element and therefore is a compact
neighborhood of x. Otherwise, if there is an n such that f'<, <gg x then the interval
1f <n. x] is well-ordered with respect to the Kleene-Brouwer order and so it is a
compact neighborhood of x.

By assumption, there is a choice of compact neighborhoods for the space X. This

implies that we have a choice of a compact neighborhood for () € X;, which we
denote by K;. We define
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m; =min{m € N:](m),0] C K;} + 1.

Recall that the upper limit topology on a linear order with maximal element is
compact if and only if it is well-ordered. So for all i > m; (T}, <xs) is a well order.

andso T /’ is well-founded. !

§12. Embedding scattered CSC spaces into well orders. We have that ATR, proves
that every l.c. T, CSC space has a CCN and therefore embeds into a compact CSC
space. We would like to show that we can embed 73 scattered CSC spaces into a well
order. For scattered linear orders, we have the following results.

TueoreM 12.1 (Clote [5]). Arithmetic transfinite recursion is equivalent to every
countable scattered linear order having a countable set of initial segments. That is, for
any scattered linear order (L, <r) there is a sequence of sets (I,),cn such that

VXCL[VxeXVy<rx(yeX))—=InX =1,
In particular, we consider the empty set and all of L to be initial segments.

OBSERVATION 12.2.  The initial segments of a linear order are naturally ordered by
inclusion. Over ACA if a linear order (L, <) has countably many initial segments,
then we can order by inclusion the initial segments (I,),en which are closed in the
order topology of L. We call this order the Dedekind completion of L and the map
[ —{jeL:j<,l}isanembedding from L into its Dedekind completion.

TueoreM 12.3 (Shafer [29]). WKLy, and in particular ACAg. proves the order
topology of every complete linear order is compact.

COROLLARY 12.4. ATR proves that the order topology of any scattered linear order
embeds into a Ty compact CSC space.

Proor. By Theorem 12.1 we have that the Dedekind completion of X is
countable, and so X embeds into a complete linear order which by Theorem 12.3, it
will be compact. -

The proof of Theorem 12.1 requires some results involving the Hausdorff rank,
which is not a topological invariant. We also have that non-scattered linear orders
may have scattered order topology. For example, Q x Z with the lexicographic order
is non-scattered as a linear order, but its order topology is discrete. So Corollary 12.4
does not ensure that every T3 scattered CSC space will embed into a T, compact CSC
space. We will need to use the Cantor—Bendixson rank instead. This will allow us to
show that every T3 scattered CSC space is homeomorphic to a scattered linear order
with its order topology. The Cantor-Bendixson derivative and rank of CSC spaces
in reverse mathematics has already been studied by Montalban and Greenberg [12],
Friedman [8] in the case of countable metric spaces, and by Friedman and Hirst [9]
in the form of characteristic systems.

DEeFINITION 12.5. Let (X, (U;);en. k) be a CSC space then we write
D(X) = {x € X : x isnotisolated}.

We call D(X) the sets of limit points of X. We observe that D(X) is arithmetical
relative to X, however, in general it will not be recursive.
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DEerFINITION 12.6. Over ACA( we say that a Cantor-Bendixson rank or rank for
a CSC space X is a well order R such that there is a sequence (X,),cr such that

(1) Xo=X.

(2) Forall ¥ € R that is not maximal X, = D(X,).

(3) For every r € R which is limit X, = MNy<pr Xs-

(4) D(ﬂrER ‘X') = mrER Xr'
We call a well order such that (1)- (3) hold, but not necessarily (4), a partial rank.
A rank R of X is minimal if none of its initial segments are a rank for X. Given a
rank R on X we write

rankg(x) = rank(x) = min{r € R: x ¢ X, 1}.
It is straightforward that for any x of rank r, we have x € X,.

OBSERVATION 12.7. If X'is a T space and R is a rank for X then by definition of rank
we have D((,cr Xr) = (,er Xr- S0 (\,cr X: is invariant under the D and, therefore,
does not have any isolated points. This means that (), g X; is either homeomorphic

to Q or it is empty. In particular, we have that if X is scattered. then (.. g X, = 0.

OBSERVATION 12.8. Since over ACAy we have arithmetic transfinite induction, we
have that any rank R for a Tz scattered CSC space X has an initial segment that is a
minimal rank. Over ACAy, any two minimal ranks Ry and R\ will be order isomorphic.
We may say, over ACAy, that R is the Cantor—Bendixson rank of X if R is a minimal
rank.

THEOREM 12.9 (Friedman [8, Lemma 15]). ATR, proves that every T scattered
space is ranked.

PRrOPOSITION 12.10 (See [12, Proposition 6.36]). Over RCA, every well order has
a rank implies arithmetic comprehension.

PrOOF. LetA C Nbeaset.LetL, = {r € N: =®(e)|,} +landL =Y, L.
which is the sum of well orders and so it is a well order. We can compute A’ from
the set of non-isolated points of L, which is computable from the rank of L. -

We now will show that over ACA a scattered 75 CSC space with a rank embeds
into a well order. To show these results, we make use of a construction similar to
that done in Theorem 8.6.

CoNSTRUCTION 12.11. Working over ACAy. let (X, (U;);en) be a T3 scattered
CSC space, which, without loss of generality, we assume that it has an algebra of
clopen sets. Let R be a rank for X. We now lay out an arithmetic procedure to
associate to each point x a unique sequence c,, which we call the address of x. We
will see later that the Kleene—Brouwer order on the set of addresses is a well order
and that the map x — «, will be an embedding.

Let F : X x N — N be a partial function such that for all x in X if x is isolated
Ur(x0) = {x} otherwise we define F (x,n) to be the least s € N such that

(1) Uy N Xpank(x) = {x}. or rather, all of the elements in Uy besides x are of
lower rank. Since x is isolated in X,,x(y). there must be a neighborhood of x
containing x and points of rank strictly lower than x.

(2) Vm < n U g_ UF(x,m)'
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We have that F exists by arithmetic comprehension. Informally, F lists out a
descending sequence of neighborhoods for every point. For ease of notation, we
will write U(x,n) = Up(, ). We observe that the sets of the form U(x.n) form a
basis of clopen sets for X.

Foreach x € X and n € Nlet AX") = U(x.n)\ U(x.n+1) and 4! = X. For
h =1 or h = (x,n) we define inductively two sequences ¢ € X <N and ¢/ € N<N,
If A"\ U, U(c”(i).7"(i)) is empty we terminate the construction, otherwise let
o (k) be the first element in A" \ |J,_, U(c"(i).7"(i)). Define

7" (k) = min {s eN:U(a"(k).s) Cc 4" \U U(a"(i).7"(i))
i<k

If A" is compact then there exists a k such that A" = J,_, U(a"(i).7"(i)) and at
such k we halt the construction. Otherwise, the construction might go on forever,
and ¢’ and " will be functions. We observe that the sets (U(a" (i). 7" (i)));cdom(o)
form a partition of A" into clopen sets. Since ¢’ and 7" are uniformly arithmetically
defined with respect to & we have that

{(e". ") :h=1v(h=(x.n)Ax € X AneN)}

exists by arithmetic comprehension.
For each point x € X we define o, f € N<N, and y, € N as:
(1) @, (0) is the unique i such that x € U(a" (i), 70V (7)) and (0) = eV (i).
(2) ax(2n + 1) is the unique m such that x € U(By(n),m) \ U(B,(n).m + 1).
(3) a,(2n + 2) is the unique i such that

x € U(gPxtm-ax@nt)) () (Bxin).ox@ntD)(;y)
and let
Bx(n + 1) — O-(ﬂx(n)sax(Z’hLl))(i).

If x = B.(n+ 1), then y, = 0 if x is isolated and y, = 7(Fx(max@ntl)(})
otherwise and the construction terminates.
Since for all n rank (B, (n)) > rank(f.(n + 1)), we have that for all x the construction
above must eventually terminate. The set of all (ay. By.yx)rex is arithmetically
definable, and so it exists by arithmetic comprehension.

For each x € X we call «, the address of x. Since X is Hausdorff, we have that
the map x — a, is injective. The collection of addresses A will not be a tree since
every address has odd length. But for any a, € A, every odd length initial segment
of o, will be an address. In fact, for each n < [f.| ap, (,) is the initial segment of a,
of length 2n + 1. We observe that for all x, y € X that y € U(x.y,) if and only if
o Zay,. By construction, we have that if o=, then f,=8,. In particular, since the
rank of B, (n) is strictly decreasing, there cannot exist an infinite increasing sequence
of addresses.

Let <, be the order given by

X <q ) < ax <KB Q.

Since the Kleene—Brouwer ordering on a well-founded tree is a well order, we have
that <, defines a well order on X. In general, we have that <, induces a coarser
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topology on X. We show that the map x — «, defines an embedding from X to J.A.
That is, the map x — a, is a homeomorphism between (X, (U;);cn) and A with the
subspace topology.

If x is isolated in X, then we have that «, does not have any extensions in AJ,
so it has a predecessor with respect to the Kleene—Brouwer order on |.A. So x is
isolated in A with the subspace topology. If x is not isolated in X, then we have that
U (x. y,) will be infinite. In particular, for all m > y,, the set U(x,m) \ U(x,m + 1)
is non-empty. Given a ¢ € |.A such that ¢ <gp a, then there exists an m > y, such
that ¢ <xp a7 (m). Forany y € U(x,m + 1)\ U(x.m + 2) we have a_ (m) <kp
oy, <gB 0. This implies that o, is not isolated in A with the subspace topology. So
xisisolated in X if and only if a, is isolated in the subspace topology of A. It suffices
to show that x — «, is continuous and open on the non-isolated points of X.

Let x,y € X such that o, <xp o, and a is not isolated in .A with the subspace
topology. If y ¢ U(x,y,) then U(x,7,) C ]y, x]<,. Otherwise there exists a unique
n>y,suchthaty € U(x.n)\ U(x,n+ 1), so a (n)Ea,. Since

VzeU(x.n+1) (af (n+ 1)Ea.)

we have that Vz € U(x.n + 1) a, <gp @- <gp @y and so U(x.n +1) C ]y, x],.
This proves that the map x — «a, is continuous.

Let x € X be a non-isolated point and # € N. Since x is not isolated there exists
a y € U(x,max{n,y,}) \ {x}. We have that a;;Eex, and so ]y.x]<, C U(x.n) by

construction. This proves that the map x — «, is open with its image. So X is
homeomorphic to A with the subspace topology.

THEOREM 12.12. ACA( proves that every T scattered CSC space with rank is
homeomorphic to a subspace of a well order.

Proor. Using the construction before we have that X embeds into |.4 with the
Kleene-Brouwer order and so X embeds into a well order. =

THEOREM 12.13. ACA( proves that every T l.c. CSC space with a rank hasa CCN .

Proof. Fixapointx € X, we have shown that for n > 7, that U (x, n) is compact
if and only if for all y € U(x.n) such that ayZa;, and all s € N then o (s) finitely
branches. If U(x,n) is compact and y € U(x,n) then U(y,s)\ U(y,s + 1) will
also be compact and so a;"(s) has finitely many extensions of length |a, | 4-2. If
instead for all y such that o,,Ca, and all s ay“(s) is finitely branching, then by the
previous result we have that the topology on U(x,n) is the same topology as the
topology induced by <. and so, in particular, U(x, n) will be homeomorphic to a
well order with maximal element and so it will be compact. We can, therefore, verify
if U(x, n) is compact arithmetically, so by arithmetic comprehension, there exists a
CCN for X. -

THEOREM 12.14. The following are equivalent over RCAy:

(1) Arithmetic transfinite recursion.

(2) Every l.c. T, CSC space is well-orderable.

(3) Bel’'nov—Knaster—Urbanik theorem: Every Tj scattered CSC space embeds into
a well order.

(4) Every Tj scattered CSC space has a rank.
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(5) Katétov’s theorem: For every T scattered CSC space X there is an effectively
continuous bijection from X to the order topology of a well order. That is to say,
every T scattered CSC space is the refinement of the order topology of some
well order.

ProoOF. (4 — 3) By Proposition 12.10, we have that every well order is ranked
implies arithmetic comprehension; so we may work over ACAy. By Proposition 12.12
every T3 scattered CSC space with rank embeds into a well order.

(3 — 1) By Theorem 5.22 we have that every T3 scattered CSC space embeds into
a linear order implies arithmetic comprehension. So we may work over ACA,. By
Lemma 10.5 and Proposition 10.7 T3 l.c. CSC spaces are 73 and scattered. Since
every well order has a CCN, we have that every 75 l.c. CSC space embeds into a
CSC space with a CCN . So by Propositions 10.11 and 10.16 every T l.c. CSC space
has a CCN which by Proposition 11.8 implies arithmetic transfinite recursion.

(4 — 2) Every l.c. T, space with Cantor-Bendixson rank has a CCN and by
Proposition 10.14 every T3 l.c. CSC space with a CCN is well-orderable.

(2 — 1) Ifevery T5 l.c. CSC space is well-orderable, then the upper limit topology
of every well order is effectively homeomorphic to the order topology of a well order
which by Proposition 5.9 implies arithmetic comprehension. Furthermore, if every
T, l.c. CSC space is well-orderable then every 7, l.c. CSC space has a CCN which
by Theorem 11.8 implies arithmetic transfinite recursion.

(1 — 4) is simply Theorem 12.9.

(3 — 5) follows from the fact that the subspaces of well orders have subspace
topology, which is finer or equal to their order topology.

(5 — 3) every scattered T3 CSC space is a refinement of a well order implies
arithmetic comprehension by Theorem 5.23. We may therefore work over ACA,.
Assume that f : X — W is a continuous bijection with W, we show that X can
embed into a well order. Let S C W be the set of limit points x € W such that
f1(x) is isolated in X. Define

W =5x{0}uWw x{1}.

With the lexicographic order. We have that W is a well order. Informally, W is
the order obtained by adding to W a new point under every element of S. Let
g: X - W be the map x — (f(x),1). It is straightforward to show that g is an
embedding. =

THEOREM 12.15. ACA( proves every subspace of a well order is homeomorphic to a
scattered linear order with countably many cuts.

ProOF. Let (W, <;y) beawell orderandlet S C W beasubspace. Let L C W\ S
be the collection of all w € W \ S such that | — co, w[<,, NS does not have a <y -
maximum element. Since L C W is well-ordered, every element is maximal or has
a successor. Foreach / € {— oo} U L, let /T € L U {400} denote the successor of /.
We observe that for every / € L, the point min{s € S : / <y s} will be isolated with
respect to the subspace topology but will be a limit point with respect to the order
topology (see Observation 8.1).
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The sequence (]7.7%]<,, )ic LU{-oo} defines a partition of W into clopen sets. So
we have

we= [] Wi, and S= ] 1M, NS

le LU{-oc0} le LU{-oc0}

We define a new order <y on W by flipping and rearranging the intervals ]/,/"] so
that the subspace topology on S will be the same as the order topology of <. Let
(I)nen be an enumeration of the elements of L U {- oo} (we note that in general
L # l,.1). We define on W the order <y where a <y b if and only if one of the
following occurs:

(1) a €lln. 1<)y Ab €1l 1i1<, A<y m.

(2) dn (a,b € ]IZnel;,]<W Na<w b)

(3) dn (ab S ]12”+1’l2+n+l]<W ANb <y a).

It is routine to show that <y has the same order topology as <. We show that the
subspace topology on S is the same as the order topology of <. In general, the
subspace topology is finer or equal to the order topology, so it suffices to show that
the order topology is finer or equal to the subspace topology.

Let x € S be a point and a,b € W such that a <y x <y b, we show that there
are ¢,d € S such that x € Je,d[<,NS C Ja.b[<,NS. There exists a unique n such
that x € ]/,.1,/]<,, . We consider the case in which n is even, the odd case is proved
similarly. Since # is even we have by definition that <y restricted to ]/,./,]<,, is
equal to <. By definition of /,” we have that ]/,./,"]<,, N S is unbounded. Let d =
min{s € ]/,./,]<,, NS : x <y s}. thatis, dis the successor of xin]/,. /1<, N S.If
x is the <y minimum element of ]/, /1<, N S then let ¢ = oo if n = 0 otherwise
let ¢ = ming, ]/, . l,:]]<W N S. If x is not the < minimum in J/,. 1N S then if
there is an s € [a. x[<,,,NS we set ¢ = 5. Otherwise, the set

{1€lllilc, 1<anVj(U<wj<wx—j¢S)}

is non-empty since it contains ¢ and has a least element u since W is a well order.
By definition, the only element of L in ]/,./,]<,, is I, so we have that u ¢ L. By
definition of L. ]/,. u[,, NS has a maximum and we set ¢ = max(]/,. u[<, NS). Itis
straightforward to verify that x € Je,d[<, NS C Ja.b[<,NS.

Any cut of (S, <y) will either be of the form ] - cc./]<, NS, where / € W, or
of the form J; ,,.,1/i. /1<, N'S. Since (S. <y) has countably many cuts, it is a
scattered linear order. !

COROLLARY 12.16. ACA proves that every ranked T scattered CSC space is
effectively homeomorphic to the order topology of a scattered linear order with
countably many cuts.

COROLLARY 12.17. Over RCA the following are equivalent:

(1) Arithmetic transfinite recursion.
(2) Every Tj scattered CSC space is effectively homeomorphic to the order topology
of a scattered linear order with countably many cuts.

Proor. ATR proves that every scattered 75 CSC space embeds into a well order
and so by Theorem 12.15 ATR proves that every scattered 75 CSC space is effectively
homeomorphic to a scattered linear order with countably many cuts.
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For the converse, assume every 73 scattered CSC space is effectively homeomor-
phic to the order topology of a scattered linear order with countably many cuts. In
particular, we have that every 73 scattered CSC space embeds into a linear order,
which by Theorem 5.22 implies arithmetic comprehension. So we may work over
ACA,. We also have that every scattered 73 space embeds into the order topology
of a complete linear order. By Theorem 12.3, we have that the order topology of a
complete linear order is compact. So every 73 scattered CSC space, and therefore
every T l.c. CSC space embeds, into a compact CSC space. This implies that every
T l.c. CSC space has a CCN which by Proposition 11.8 implies arithmetic transfinite
recursion. o

§13. Complete metrizability. We have shown that ATR( proves that a T scattered
CSC space can embed into a well order with maximum element, and in particular,
they can embed into a countable compact metric space. From general topology, we
know that compact metric spaces are complete and the G5 subspaces of a complete
metric space are completely metrizable. For countable 77 spaces, all of the subspaces
are Gy, so all T3 scattered CSC spaces are completely metrizable. We will show that
this proof can be carried out in ATR,. As in the previous part of this work, we will
only be working with countable metric spaces and will not be considered as being
codes for Polish spaces as it is usually done in reverse math.

ProposITION 13.1. RCA proves every complete countable metric space is Ts and
scattered.

Proor. Let (X.d) be a complete countable metric space, by Proposition 4.10
we have that for some a € R the balls (B(x.q - a))rex4eq are clopen. Without
loss of generality, we may assume ¢ = 1. By Theorem 6.13 RCA( proves that
(X. (B(x.q)xexqeq. k) is uniformly T5. If X were not scattered, then it would
contain a non-empty dense in itself subset S that will be a uniformly 75 space
that does not have isolated points. We note that any neighborhood of a point in S
will contain infinitely many points. Let (g, ),en enumerate the elements of Q. Let
Xxo be the <y first element of S and set rp = 1. Assume that foralli <ny; € X and
ri € Qs are defined and for all i < n we have x; ¢ B(x;41.7:11) € B(x;,r;). Let
Xny1 be the <y least element of S N B(x,, r,) \ {x,}. which is not empty since S is
dense in itself, and let r,,.; be the first element in the enumeration of Q such that

1

Tnt1 < min{d(xn+l > xn)a n — d(xn-H > xn)s _}
n+1

We have by the triangle inequality that x,, ¢ B(x,.1,7x11) € B(xn. r,). By construc-
tion, the sequence (x,),cy is Cauchy and, therefore, must converge to some x € X.
Since for all n we have that x,,, | is the <y least element of B(x,,r,) NS \ {x,} and
Xni2 € B(xy.1,) NS\ {x,} we have that x, ;1 <y X,.2. In particular the sequence
(xn)nen is strictly <y increasing. For every n € N we have that (x,),cn is eventually
in B(x,.r,)andso x € B(x,.r,) = B(x,.r,).soin particular x,,; <y x.But thisis
absurd since the sequence (x,),cn is strictly increasing and therefore is unbounded.
So X is a uniformly 73 scattered CSC space. —
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DEFINITION 13.2. A countable metric space (X, d) is said to be totally bounded if
for every n € N there exists a finite set // C X such that X' = |J, B(x. %), Being
a totally bounded space is arithmetically definable, as noted by Hirst [16].

LemMa 13.3. RCA( proves that if (X.d) is totally bounded then any subset of X is
totally bounded.

ProOF. Let (X, d) be a totally bounded countable metric space and ¥ C X be
a subspace. By Proposition 4.10 there is an @ € R such that the balls (B(x.q -
a))xexqeq are clopen. Without loss of generality. we may assume a = 1. Given
n > 0, we show that we can cover Y with finitely many balls of radius = Since X is

totally bounded, there exists a finite 7/ C X such that X = (J B(x. ) Define

1 1
G{yEY.ExGFyEB(x,E>/\VZ<yZ¢YﬁB(x,ﬂ)}

we have that G exists by A? comprehension and is a finite set since it injects into F.
Forallx € Fif B(x. 5-) N 'Y # (O then thereisa y € G such that B(x. 5-) C B(y. 1)
andso Y C UyEG B(y. %) Thus, Y is totally bounded. -

THEOREM 13.4. ACA( proves that a countable metric space is compact if and only
if it is complete and totally bounded.

ProoF. Let (X.d) be a compact countable metric space. Since over ACAq
sequential compactness is equivalent to compactness, we have that X is sequentially
compact. Therefore, every Cauchy sequence in X will have a convergent subsequence,
so X is complete. Since X is compact. for every n € N, it will have a finite covering
of balls of radius % so X is totally bounded.

For the converse, let X be a complete, non-empty, and totally bounded countable
metric space. We show that X is sequentially compact, which implies that X is
compact. Let (y,),en be a sequence in X, we define inductively a subsequence
(zp)nen of (¥n)newn and a sequence of points (x,),cn. Let zg = yo and xq be the first
vu such that B(y,, 1) N {y; : k € N} is infinite. Assume that we have defined z; and
x; for i < k such that for infinitely many n y, € (), B(x;. 21—1“) Since X is totally
bounded, we have that (), <k B(x;,
finite set F such that

3 +1) is totally bounded, and so there is a least

ﬂB<xl 2l+1) UB( 2k+3>

i<k xeF

By the infinite pigeonhole principle let x;,; be the least x € F such that for
infinitely many »n we have y, € B(x, ﬁ) N ﬂigk B;. Define z; . to be the first

For every me N the sequence (z,)aen is eventually in B(x,. 5 ) which has
diameter 5= < -~ and so we have that (z,),cn is a Cauchy subsequence of (3, ),en.

2m+1
Since (X, d) is complete we have that (z,),cy converges. =
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COROLLARY 13.5. ACAy proves that every effectively T, effectively compact CSC
space is completely metrizable.

ProOF. By Corollary 7.11 we have that ACA proves that every T, compact CSC
space is 75 and by Theorem 6.17 it is metrizable. Any metric on a compact CSC
space must be complete by the previous theorem. o

DEFINITION 13.6 (Simpson [32. Exercise VI.1.8]). Let T C N<N be a tree then we
define

TT={teN":36ecT (7] =|o|AVn<|t] (6(n) <1(n)))},

which is the tree of all sequences 7 that dominate some sequence of 7 of equal
length.

PRrOPOSITION 13.7.  Over ACAq we have that T is well-founded if and only if KB(T ™)
with the order topology is scattered.

Proor. The Kleene-Brouwer order of any tree will have the empty sequence as
a maximal element. If KB(7*) is not scattered, then it is not compact, so it cannot
be well-ordered. This means that 7+ is not well-founded. Given f € [T "] we define
the subtree

{c € T:Vn<l|o|(a(n) < f(n))}.

which is a finitely branching infinite subtree of 7. By weak Konig’s lemma, we have
that the subtree, and therefore 7, also has a branch.
Assume instead 7 is not well-founded and let f* € [T'] be a branch. We show that

S={ceT" :Vn<|o|(c(n)> f(n)}=Q

to do this, it suffices to show that Sis dense initself. Let p € Sandz,o € T such that
p €10.7[<y. if p=o then we have o <kp p~(a(|p|) + 1) <ks p.and so p~(a(|p| +
1)) € Jo.1[<xNS. Otherwise, if p Z o then we have o <kg p~(f (|p|) + 1) <ks p-
So S with the subspace topology is dense in itself, and so T is not scattered. -

OBSERVATION 13.8. The previous proposition shows that being a scattered CSC
space is a T1} universal formula. The proof above can be modified to show that if T
is well-founded. then T+ with the topology given by being a subspace of (N<N, <xp)
is compact. Similarly, if T is ill founded then T with the topology given by being a
subspace of (N<N, <gp) is scattered.

Clote [5] used a similar construction to show that being a scattered linear order is a
I universal formula. However, as noted before, the notion of scatteredness for linear
orders does not, in general, coincide with the topological notion of scatteredness.

PROPOSITION 13.9. Over ACA, being a complete countable metric space is a I1}
universal formula.

PrOOF. We can express (M, d) being complete as

VY C M (Y is a Cauchy sequence — dx € M (Y converges to x)).
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Which is a I} formula since converging to x and being a Cauchy sequence are
arithmetically defined.

Fix any arithmetically definable metric d that is compatible with the order
topology on (N<N, <xg). Over ACA, being a well-founded tree is 1'[} universal
so we have

T is well-founded < (T, <xg) is compact — (Tt, d) is complete
and
T isill founded < (T, <gg) is not scattered — (T, d) is not complete.
So over ACA( we have that for any tree T
T is well-founded «+ (T, d) is complete,

which implies that being a complete countable metric space is a I} universal
formula. B

COROLLARY 13.10. Over RCA the following are equivalent:

(1) 1} comprehension.

(2) For any sequence of CSC spaces (X')ien the set {i € N: X' is scattered }
exists.

(3) For any sequence of countable metric spaces (X',d");cn the set

{i e N:(X'.d") is complete }
exists.

ProOF. Since being a complete countable metric space and being scattered are
both IT} universal formulas over ACA,. it suffices to show that (1) and (2) both
imply arithmetic comprehension. Using Theorem 3.2, we show that (1) and (2)
both imply that every set has a Turing jump.

Assume (2) and let 4 C N be a set. Let (¢, ),en be an enumeration of Q. Define

X ={gn: ~0}(e)l,} CQ

with the subspace topology. We have that X¢ = Q if and only if ®/(e)1 and X¢ is a
discrete finite space, and therefore scattered, if and only if d)f(e)i. Sod' <r{ec€
N : X is scattered } and so A’ exists by AY comprehension.

Assume (3) and let 4 C N be a set. Define X¢ = ﬁ : =@ (e)l,} with the
metric d¢(x, y) = |x — y|. We have that X is complete if and only if ®4(e)| and so

A" <7 {e € N:(X° d°)is complete } exists by A) comprehension. -

DerINITION 13.11. In general topology. a subset of a topological space X is said
to be Gy if it is the countable intersection of open sets. If X is countable and 77,
that is, all singletons are closed, then all subsets of X are Gs. A classic result in
descriptive set theory is that the Gs subspaces of complete separable metric spaces
are also completely metrizable. We note that the usual proof can be carried out over
ACA,.

LemMA 13.12 (See [20, Theorem 3.11]). ACA, proves that every subspace of a
complete metric space is completely metrizable.
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THEOREM 13.13. Over RCAy the following are equivalent:

(1) Arithmetic transfinite recursion.

(2) Every T scattered CSC space can be embedded into a completely metrizable
space.

(3) Every T scattered CSC space is completely metrizable.

Proor. (1 — 2) By Lemma 12.12 every T3 scattered CSC space embeds into
a T, compact space and by Corollary 13.5 every T, compact space is completely
metrizable.

(2) and (3) both imply arithmetic comprehension since they imply that every
T3 scattered CSC space is metrizable and by Theorem 6.13 and Corollary 5.21 this
implies arithmetic comprehension. So we may prove the remaining implications over
ACA,.

(2 — 3) Let X be a T; scattered CSC space. If X can be embedded into a complete
countable metric space, then by Lemma 13.12 X is completely metrizable.

(3 — 1) By Lemma 10.7 and Proposition 10.5 we have that every 7> l.c. space is T3
and scattered. So (3) implies every 7> l.c. CSC space is completely metrizable. Let X
be a T l.c. CSC space and let d be a complete metric on X. For each x € X let i(x)

be the least number such that (B (x, 2,.}—”)),»61\; is totally bounded. Since being totally
bounded is arithmetical, the sequence (i (x)).cy exists by arithmetic comprehension.

Since closed subsets of complete countable metric spaces are complete, we have
that for all x, the set B(x, zi(#x)) is compact by Theorem 13.4. So the sequence

(B(x. ﬁ))ieN is a CCN. We have that every T» l.c. space has a CCN, which is

equivalent to arithmetic transfinite recursion. o

§14. Comparability of locally compact 7, spaces. A classic result in reverse
mathematics is that over RCA arithmetic transfinite recursion is equivalent to the
comparability of well orders. By comparability of well orders, we mean that for any
pair of well orders, there is an order preserving map from one to the other. It turns
out there is a similar topological equivalent to arithmetic transfinite recursion. It was
shown by Friedman [8] that topological comparability of well orders is equivalent
to arithmetic transfinite recursion. We will give an alternative proof to a weaker
theorem of Hirst [16]. namely, that arithmetic transfinite recursion is equivalent
over ACA, to the topological comparability of 7 l.c. CSC spaces.

DerNITION 14.1. We say that two CSC spaces X and Y are topologically
comparable if there is an effective embedding from X to Y or from Y to X.

PROPOSITION 14.2.  Arithmetic transfinite recursion is equivalent over ACAy to every
T, l.c. CSC space can be embedded into a compact space.

Proor. By Theorem 11.6 we have that ATR, proves that every 75 l.c. space has a
CCN. By Proposition 10.24 every l.c. T, CSC space with a CCN embeds into its one
point compactification. On the other hand, every compact space trivially has CCN.
By Proposition 10.11, if every l.c. T, CSC space can be embedded into a compact
CSC space, then it will have a CCN, which by Proposition 11.8 implies arithmetic
transfinite recursion. o

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 12 Nov 2026 at 08:23:36, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/js1.2026.10217


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jsl.2026.10217
https://www.cambridge.org/core

REVERSE MATHEMATICS OF REGULAR COUNTABLE SECOND COUNTABLE SPACES 57

LemMa 14.3. ACAy proves that for any CSC space (X, (U;)ien. k) if every T,
compact CSC space embeds into X then X is not scattered.

ProOF. Let X be a CSC space such that every compact T, CSC space C embeds
into X. For every well-founded tree T, we have that T+ is well-founded and therefore,
(T*, <kg) (see Definition 13.6) embeds into X since it is compact. So we have that

VT C NN((T, <kp) is a well order — (T, <gg) embeds into X).

But (7", <kp) embeds into X is X| relative to X. Since “ (T, <gp) is a well order”
is a universal I1] formula we have that there exists a non-well-founded 7 such that
(T, <xg) embeds into X. Since T is not well-founded by Proposition 13.7, we
have that Q embeds into (T*, <xg) and so Q embeds into X contradicting our
assumption that X was scattered. —

THEOREM 14.4. Over ACA, the following are equivalent:

(1) Arithmetic transfinite recursion.
(2) All pairs of I.c. T, CSC spaces are topologically comparable.

ProOF. (1 — 2) follows immediately from the fact that ATR, proves that every
T> l.c. CSC space is homeomorphic to some well order and that for every pair of well
orders, X and Y either X is isomorphic to an initial segment of ¥ or Y isomorphic
to an initial segment of X.

(2 — 1). By Corollary 14.2, arithmetic transfinite recursion is equivalent to every
T> l.c. CSC space can be embedded into a 7> compact CSC space. Let X be a T
l.c. CSC space. If X does not embed into a 75 compact CSC space, we have that
every compact 7>, CSC space is homeomorphic to a subspace of X. By the previous
lemma, this implies that X is not scattered, which by Lemma 10.5 contradicts our
assumption that X is L.c. .

OBSERVATION 14.5. We might wonder if Ts scattered spaces are topologically
comparable. This is not the case; we can consider the ordinal @ - 2 + 1 and a point with
infinitely many sequences converging to it. These two spaces are both T; and scattered.
However, they are not topologically comparable. This observation can be carried out
easily in RCAy. However, Friedman proved that over ATRy countable metric spaces
are comparable with continuous injections.

THEOREM 14.6 (Friedman [8, Theorem 16]). ATRq proves that for any two
countable metric space there is a continuous injection from one to the other.

‘We can use this fact to get an alternative proof that every T3 scattered CSC space
embeds into a well order. We provide a proof sketch.

ProposiTION 14.7. ATR proves that any scattered Ts CSC space embeds into a
well order.

PrOOF. Let X be a Tj scattered CSC space. If there is a continuous injection from
X to a well order then, by an argument similar to that in Theorem 12.14, there is
an embedding from X into a well order. Assume that there aren’t any continuous
injections from X into a well order, then for every well order W there exists a
continuous injection from W to X by Theorem 14.6. In particular, for every well
order W with maximum, W will have compact order topology. So any continuous
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injection from W to X will be an embedding. By Corollary 8.8, every 7, compact
CSC space is well orderable over ACA, so every compact 7, CSC space embeds
into X. By Lemma 14.3, we have that X is not scattered. =

For completeness, we will lay out Friedman’s proof that topological comparability
for well orders is equivalent to arithmetic transfinite induction. To do so, we need
to define well order exponentiation.

DEFINITION 14.8 (Hirst [17, Definition 2.1]). Given two well orders L and W,
we define W’ to be the set of sequences that includes the empty sequence and all
sequences of the form

((a0. bo). .. (an. bn))

suchthatVi <nb; € Landa; € W \ {min W} andforall j <i <nb; <; b;.
Given g, 7 € WL we define ¢ <. 7 if and only if either ¢ C 7 or given that

J = max{i < min{|z|,|o|} : o(i) # (i)}
and
(aj.b;) =0a(j)A(c;.d;) =1(j)
then
(bj <dj\/(dj :bj/\dj <Cj)).

Intuitively, the elements of W can be viewed as being ordinals less than W’ in
their Cantor normal form in base W and ordered in the standard way.

THEOREM 14.9 (Hirst [17, Theorem 2.6]). Over RCAy, arithmetic comprehension

is equivalent to ordinal exponentiation being well defined. That is, for any pair of well
orders W and L, the set WL is well-ordered.

OBSERVATION 14.10. ACA proves that the isolated points of NL are the empty
sequence and all sequences of the form

((ao.bo). ... (a. 0))
since they have as a successor
((ao. bo). ... (ay +1.0))

and as a predecessor

((ag.bo). ... (ay = 1,0)) if @, >1
((ao,b()), (anflebnfl)) lf ap = L.

On the other hand, sequences of the form

((ao,b()), (anv bl’l))v

where b, > 0 will not have a predecessor and are not isolated.
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LemMA 14.11. ACAy proves that for every well order L. N* + 1 is a well order and
has L as a rank.

ProoF. For each / € L let X; be the set of all sequences in N of the form
((a0.bo). ... (an. bn))

such that for all i < n we have b; > /. We have that the sequence (X;);c; exists
by arithmetical comprehension. By Observation 14.10, we have that X;,; are the
limit points of X;. So we have that the sequence (X;);c; witnesses that L is a rank
for NZ. .

LemmaA 14.12. Over ACAy, let X and Y be CSC spaces with ranks W and Y,
respectively. If X embeds topologically into Y then there exists an order embedding of
Winto L.

Proor. Let f : X — Y beanembedding, then we define ¢ : W — L where given
weWw:

é(w) =min{/ € L :3x € X (rankyy (x) = w Arank,(f(x)) =}.

We show that f preserves the strict order. Seeking a contradiction, assume that there
exists aleastw € W and wy < w such that ¢(w) <y ¢(wp). Let x € X be of rank
w such that f(x) has rank ¢(w). In X,,. x is a limit point of the elements of rank
wo and so f(x) must be the limit point of the image of the elements of rank wy.
We have by definition of ¢ that /' (W,,) C Y. 0 f (x) is a limit point of Yy,
Since rank (f(x)) = ¢(w) <p ¢(wy) either f(x) & Yy, or f(x) is isolated in
Y 4(w,)- Both cases contradict the fact that f(x) is a limit point of Y (wp) !

Friedman proved a special case of the previous theorem, where X and Y are of
the form N0 and N"1, where W, and W, are well orders (see [8, Lemma 25]).

THEOREM 14.13. Over RCA, the following are equivalent:

(1) Arithmetic transfinite recursion.

(2) Every pair of T> l.c. CSC spaces is topologically comparable (Hirst [16, Theorem
4.1)).

(3) Every pair of well orders is topologically comparable (Friedman [8, Lemma 20]).

PrOOF. We already showed that (1 — 2), and (2 — 3) is obvious.

The proof that (3) implies arithmetic comprehension is not trivial but standard
and can be found in [8]. Working over ACA, we show (3) implies that for any
two well-orders W and L. either there is a strictly increasing function from W
to L or from L to W, which is equivalent to arithmetic transfinite recursion. We
have by Lemma 14.11 that N* 4 1 has L as a rank and N 4 1 has W as a rank.
ACA, proves that N* + 1 and N" + 1 are well-orders and so there exists either
an embedding from NZ + 1 to N + 1 or an embedding from N + 1 to NX + 1.
Without loss of generality, assume there is an embedding from N* 4+ 1 to N" + 1.
By Lemma 14.12, this means that there is a strictly increasing function from L
to W. -

Montalban and Greenberg [12] showed that ATR is equivalent to every 75
compact CSC space having a rank. We give an alternative proof.
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THEOREM 14.14. Over RCA the following are equivalent:

(1) Arithmetic transfinite recursion.
(2) Every scattered Tz space has Cantor—Bendixson rank.
(3) Every well-order with the order topology has Cantor—Bendixson rank.

Proor. (1 — 2) follows from Theorem 12.9 and (2 — 3) is immediate.

By Proposition 12.10(3) implies arithmetic comprehension, so we may work over
ACAy. Let W and L be well-orders. We show that one embeds as an initial segment
of the other, which over RCA, is equivalent to arithmetic transfinite recursion.
Let X = (Nf +1) and Y = (N 4 1). The space Z, which is the disjoint union
of X and Y, is homeomorphic to the well-order (N + 1) + (NX + 1) and so by
assumption Z has a rank R. We have that (N 4+ 1) has W as rank and (N* + 1)
has L as rank. By transfinite induction on L, we have that the map L — R given by
rankg(x) — rank; (x) is well defined, and it defines an order isomorphism from L
to an initial segment of R. Similarly, we can embed W as an initial segment of R. So
either W or L is order isomorphic to an initial segment of the other. -

§15. H% comprehension.

QUESTION 15.1 (Chan [4]). Are the following equivalent over RCAq?
(1) I} comprehension.

(2) For every sequence ((X7.(U/)icn))jen of CSC spaces the set {j € N:
X/ is connected} exists.

Where a CSC space (X, (U;)ien. k) is said to be connected for any open set A and B
such that X = AU B then AN B # .

Chan showed that (2) implies arithmetic comprehension, so the following result
gives a positive answer to the question.

THEOREM 15.2. Being a connected CSC space is H% universal over ACA,.

ProoOF. Let L be a linear order. Up to adding a new element, we may assume
that L has a minimal element. For each / € L let V; be the set of all j € L such that
either j <, [ or there exists a sequence o such that ¢(0) = [ for all n < |o| we have
that g (n + 1) is the smallest element greater than o (n) and that o (Ja| — 1) = j. That
is, V; is the smallest set containing / that is closed under successor when it’s defined
and downwards closed. Define the topology Top(L) on L to be generated by the
sets (V);er U (Ja, +oo[ );er. We observe that sets of the form ¥;N ]/, +oo[ form a
basis for this topology and that all open sets are closed under successor when it’s
defined.

We show that L is well-ordered if and only if it is connected with respect to
Top(L). If L has a descending sequence (a;);cy then the set t{a; : i € N} is clopen
since its complement is downwards closed and closed under successor. We have that
L # 1{a; : i € N} since L is assumed to have a minimal element.

If L is a well-order, let 4 be a non-empty clopen set of L which contains the
least element of L. If 4 # L, then let x be the least element of L \ 4. Since L \ 4 is
open, we have that x must be in a basic open set of the form V;n ]/, +00[ C L\ 4.
We have that / < x, so by minimality of x, we have that / € 4. Since 4 is closed
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under successor we have / +1 € 4 but / + 1 € ]/, +-o0[ and since V; is downwards
closed and / +1 < x we have that / +1 € V;n ]I, +oo[ C L \ 4 which is absurd
since / + 1 € A. So L must be connected as it has only trivial clopen sets.

So we have that L is a well-order if and only if Top(L) is a connected topology
on L. Since being a connected space is I1] definable, it is a I{ universal formula.

THEOREM 15.3. Over RCAy the following are equivalent:

(1) 1} comprehension.

(2) Every Tz CSC space is the disjoint union of a scattered subspace and a dense
in itself subspace (this will not, in general, be a topological disjoint union as the
dense in itself subspace may not be open).

(3) Every T; space is ranked.

PrOOF. (1) implies arithmetic comprehension since arithmetic formulas are IT!
and (3) implies arithmetic comprehension by Proposition 12.10. We show that
(2) implies arithmetic comprehension. Let 4 C N be a set and (g,),en be an
enumeration of ]0. 1[<,C Q and consider

X ={(e.qn) :e e NA=D(e)|,} U{(e.0):e e N} CNxQ

with the subspace topology. Let D C X be a maximal dense in itself subspace of X
then we have that (e.0) ¢ D < ®4(e)| and so 4’ <7 D. So (2) implies the Turing
jump of every set exists, which by Proposition 3.2 implies arithmetic comprehension.
Since (1)- (3) all imply arithmetic comprehension, it suffices to show that they are
equivalent over ACA,.

(1 —2) Let X be a T3 space and define U C X to be the set of points x € X
such that there exists an infinite dense in itself subspace of X containing x. The set
U exists by =] comprehension, which is equivalent to IT} comprehension. We have
that U is a maximal dense in itself subspace of X, and therefore, X \ U must be
scattered.

(2 — 1) Since being scattered is 1'[} universal, we show that for any sequence
(X;)ien of T3 CSC spaces the set of indices i such that X; is scattered exists. Let
X =[] X; be the disjoint union of all the X; and let D be the maximal dense in itself
set of X. We have that X; is scattered if and only if X; N D = ) and so the set

{i € N: X; is scattered }

exists by arithmetic comprehension.

(1 42— 3)Let X bea T3 CSC space, then we have by (2) that X = P LI Y where
D is dense in itself and Y is scattered. Since ATR( proves T3 scattered CSC space is
ranked we have that (1) implies that Y has a rank R, let (Y,),cx witness that R is a
rank for Y. We have that (Y, L P),c witnesses that R is a rank for X.

(3 = 2) Let X be a T3 CSC space. By assumption X has a rank R, let (X,),cr
witness that R is a rank for X. By definition of rank (Definition 12.6), we have that
(.er Xr = P does not have limit points. So P is either empty or is a maximal dense
in itself subspace of X. So X \ P is scattered and X = P U (X \ P) can be written as
the disjoint union between a dense in itself subspace and a scattered subspace. -

Note: The fact that a countable subset of R” can be written as the sum of a
scattered set and a dense in itself set is due to Sierpinski [31]. A similar proofis used

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 12 Nov 2026 at 08:23:36, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/js1.2026.10217


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jsl.2026.10217
https://www.cambridge.org/core

62 GIORGIO GENOVESI

to show that I} comprehension is equivalent to the Cantor-Bendixson theorem for
complete separable metric spaces [32, Theorem VI.1.3].

§16. Summary Part II.

THEOREM 16.1. Over RCA the following are equivalent:

(1) Arithmetic transfinite recursion.
(2) Every locally compact CSC space has a CCN (Propositions 11.6 and 11.7).
(3) Every T locally compact CSC space has a CCN (Proposition 11.8).
(4) Every T, locally compact CSC space is the disjoint union of open compact sets
(Proposition 10.14).
(5) Every T, locally compact CSC space has an exhaustion of compact sets
(Proposition 10.21).
(6) Every T, locally compact CSC space has an effectively T» 1 point compactifi-
cation (Proposition 10.25).
(7) Every Ty locally compact CSC space is homeomorphic to a well-order with the
order topology (Proposition 10.14).
(8) Every well-order has Cantor—Bendixson rank (Friedman [8]).
(9) Every scattered Tz space has Cantor—Bendixson rank (Friedman [8]).
(10) Every pair of T locally compact CSC spaces are topologically comparable
(Hirst [16]).
(11) Every pair of well-orders with the order topology are topologically comparable
(Friedman [8]).
(12) Belnov—Knaster—Urbanik theorem ([2, 21]): Every T scattered CSC space
effectively embeds into a well-order (Theorem 12.12).
(13) Katétov's theorem ([19]): Every T scattered CSC space is the refinement of
the order topology of a well-order (Theorem 12.14).
(14) Every T scattered CSC space is effectively homeomorphic to a scattered linear
order with countably many cuts (Theorem 12.17).
(15) Every T; scattered CSC space is completely metrizable (Theorem 13.13).

THEOREM 16.2. Over RCA, the following are equivalent:

(1) 11} comprehension.

(2) For any sequence of CSC spaces (X;)icn then the set {i € N : X; is connected}
exists (Theorem 15.2).

(3) For any sequence of CSC spaces (X;)ien then the set {i € N : X; is compact}
exists (Proposition 7.18).

(4) For any sequence of CSC spaces (X;)ien then the set {i € N : X; is scattered}
exists (Corollary 13.10).

(5) For any sequence of countable metric spaces ((X;. d;))icn then the set {i € N :
(X;.d;) is Complete} exists (Corollary 13.10).

(6) For any sequence of countable linear orders ((L;. <;))ien then the set {i € N :
L; is Complete} exists (Proposition 7.18, Shafer [29, Corollary 4.2])

(7) Every Tz CSC space is the disjoint union of a scattered space and a space
homeomorphic to Q (Theorem 15.3).

(8) Every T3 CSC space is ranked (Theorem 15.3).
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QUESTION 16.3. Over RCA,, any sequentially compact metric space will be
complete. Is the same true for effectively compact or even strongly effectively compact
metric spaces? If not, what is the strength of every effectively compact metric space is
complete?

QUESTION 16.4. Does RCA prove that every compact CSC space is scattered?

QUESTION 16.5. Is the well-foundedness of w® necessary to prove that every strongly
effectively compact effectively T, CSC space is well orderable over RCA(?

QUESTION 16.6. Does arithmetic comprehension follow from every uniformly T;
scattered CSC space having a complete metric?

QUESTION 16.7. Does arithmetic comprehension follow from every T3 scattered
CSC space having an effective embedding into a T, compact CSC space?

QUESTION 16.8. Over ACA we have

Compact — Locally Compact — Scattered

and being scattered and being compact are both H{ universal formulas. We can express
a CSC space (X, (U;)ien. k) is locally compact as ¥Yx 3i (x € U; A U; is compact ).
So over T} axiom of choice being locally compact is equivalent to a T1} formula. Is
being locally compact equivalent to a H} formula over ACA(?

QUESTION 16.9. ATRy proves that any Tj scattered CSC space is homeomorphic
to the order topology of a scattered linear order with countably many cuts. Can ACAy
prove that any T; scattered CSC space is homeomorphic to a scattered linear order
with the order topology?

QUESTION 16.10 (Shafer). What are the sets of Turing degrees of metrics on a
recursive Ty CSC space? An analysis of the proof in Theorem 5.20 shows that there is a
recursive Ts space X such that a set A computes a metric for X if and only if )’ <r A.
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