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Abstract. The discrepancy function measures the deviation of the empirical
distribution of a point set in [0, 1]¢ from the uniform distribution. In this paper, we
study the classical discrepancy function with respect to the bounded mean oscillation
and exponential Orlicz norms, as well as Sobolev, Besov and Triebel-Lizorkin norms
with dominating mixed smoothness. We give sharp bounds for the discrepancy
function under such norms with respect to infinite sequences.

§1. Background. Letd, N be positive integers and let Py 4 be a point set in
the d-dimensional unit cube [0, 1)? with N elements. The discrepancy function
of Py 4 is defined as

1
Dpy () =+ > Xowm®@ —x1 - xa. (1.1)

ZE’PN,d

Here x4 denotes the characteristic function of a subset A € R?. Thus Dpy ,(x)
denotes the difference between the actual and expected proportions of points that
fall into [0, x) = [0, x;) x --- x [0, x4), where x = (x1, ..., xq) € [0, 174.

We define the L ,-discrepancy of Py 4 as the L,-norm of the discrepancy
function, i.e.,

Ly N(Pn.a) = IDpy ,IL, ([0, 1Y) for p € [1, 00].

Let S; be an infinite sequence in [0, l)d and let N € N. We define the
discrepancy function of S; as Dg\; (x) = Dp, ,(x), where the point set Py 4
consists of the first N elements of Sy, and we define the L ,-discrepancy of Sy
as

Ly n(Sa) = IDS,IL, (10,11 for p € [1, oc].
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The L,-discrepancy is a quantitative measure for the irregularity of
distribution of finite point sets and of infinite sequences. The reader is referred
to [1, 17, 20] for extensive introductions to this topic.

The conceptual difference in the concept between the discrepancy of finite
point sets and infinite sequences is pointed out in [27]: for finite point sets
one is interested in the behaviour of the whole set {xg,x(,...,xy—1} with a
fixed number of elements N, whereas for infinite sequences one is interested
in the discrepancy of all initial segments {x¢}, {xo,x1}, {x0,x1,x2}, ..., {x0,
X1,X2,...,XN—1}, where N = 2,3,4,.... In this sense the discrepancy of
finite point sets can be viewed as a static setting and the discrepancy of infinite
sequences as a dynamic setting. In many situations, the difference between
these two settings in discrepancy estimates comes at a cost of “one dimension”.
In particular, this means that the dynamic setting in dimension d is related
to the static setting in dimension d + 1, although this connection is not so
straightforward, especially in proving upper bounds. This observation will also
be confirmed by our results.

It is well known from results of Roth [32] and Schmidt [35] that for every p €
(1, o0] and every d € N there exists a positive constant ¢, 4 with the following
property: for every finite N-element point set Py 4 in [0, 1)¢ with N > 2 we
have

Ly N(PN.a) 2 cpa N~ log N)=D72, (1.2)

These results were extended to infinite sequences by Proinov [31] (see also [16]
for a proof). For every p € (1,00] and every d € N, d > 2, there exists a
positive constant ¢, 4 with the following property: for every infinite sequence
Sz 1in [0, 1)? we have

Ly n(Sa) = cpa N~ (log N)/>  for infinitely many N e N. (1.3)

The lower bound (1.2) for finite point sets is known to be best possible in the
order of magnitude in N, i.e., for every d, N € N, N > 2, one can find (and
explicitly construct) an N-element point set Py 4 in [0, ¥ with L p-discrepancy
of order

Ly n(Pn.g) €pa N~ '(logN)“ D/, (1.4)

(For functions f, g : D € N — R with g > 0 the notation f(N) < g(/N) means
that there exists some C > 0 such that f(N) < Cg(N) forall N € D. If we want
to stress that C depends on some parameters, say a, b, then this is indicated by
writing f(N) <4 p g(N). If we have f(N) < g(N) and g(N) < f(N), then
we write f(N) < g(N).)

The first proof of (1.4) was given by Roth [33] for p = 2 and arbitrary d
and finally by Chen [7] in the general case, albeit using a probabilistic approach.
Explicit constructions are due to Chen and Skriganov [8] and Skriganov [36] (the
first time that for each 1 < p < oo a construction method of an optimal point
set is given), Dick and Pillichshammer [15], Dick [11] (the first proof where the
construction method of the point set does not depend on p), and Markhasin [26].
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It is also known that the lower bound (1.3) for infinite sequences is best
possible for all p € (1, 0o). This was shown by the authors of the present paper
in the recent work [13] where explicit constructions Sy of infinite sequences in
arbitrary dimensions d were provided whose L ,-discrepancy satisfies

Lp.N(Sa) <pa N~ 1(log N)V/2. (1.5)

The sequences and methods developed in [13] are the fundamental basis for the
results that will be presented in this paper (see, for example, Lemma 4.5).

On the other hand, the L-discrepancy remains elusive. We have
constructions of infinite sequences Sy in [0, l)d (for example order-1 digital
(t, d)-sequences as presented in §4, see [14, 28, 29]) such that

Loo.n(Sq) <a N~ '(log N)2. (1.6)

Regarding lower bounds, it is known that there exists some ¢y > 0 and ny €
(0, %) such that for every sequence Sy in [0, l)d we have

Loo.n(Sa) = cg N~ (log N)4/?>*74 for infinitely many N € N.

This result follows from a corresponding result for finite point sets by Bilyk et al
[3]. For growing d the exponent 7, in this estimate tends to zero.

The quest for the exact order of the L,-discrepancy in the multivariate case
is a very demanding open question. Only for d = 1 it is known that the exact
order of the Lo-discrepancy of infinite sequences is (log N)/N. This follows
from (1.6) together with a celebrated result of Schmidt [34].

§2. Intermediate norms. 1t is now a natural and instructive question to ask
what happens in intermediate spaces “close” to Ls,. One standard example of
such spaces is the space BMO?, which stands for bounded mean oscillation. For
the definition of this space we need the concept of Haar functions.

We define Ng = NU {0} and N_; = Ng U {—-1}. LetD; = {0, 1, ..., 2/ — 1)
for j € Noand D_y = {0}. For j = (ji, ..., ja) € N letDj =Dj x---xDj,.
For j € N?| we write | j| = max(ji, 0) + - - - + max(jg, 0).

For j € Ng and m € ID; we call the interval I; ,, = [277m, 277 (m + 1)) the
mth dyadic interval in [0, 1) on level j. We put /_1 o = [0, 1) and call it the Oth
dyadic interval in [0, 1) on level —1. Let I;fm = Ijy1,m and I;m =1ji1,2m+1
be the left and right half of /; ,,, respectively. For j € N‘il andm = (mq, ...,
mg) € Dy we call Ij yy = I}, jn; X - -+ X I, , the mth dyadic interval in [0, l)d
on level j. We call the number | j| the order of the dyadic interval J; ,,. Its volume
is 2711,

Let j € No and m € D;. Let h; ,, be the function on [0, 1) with support in
I; n and the constant values 1 on Ifm and —lonl; .Weputh_10=xr,,o0n
[0, 1). The function A ;, is called the mth dyadic Haar function on level j.
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Let j € N4 | and m € ;. The function h; », given as the tensor product
hj,m(x) = hj],ml (X]) T hjd,md(-xd)

forx = (x1,...,xq) € [0, ¥ is called a dyadic Haar function on [0, 1)¢. The
system of dyadic Haar functions A; , for j € N‘il ,m € D is called dyadic Haar
basis on [0, l)d.

It is well known that the system

220 1 j e N m e Dj)

is an orthonormal basis of L»([0, 1)9), an unconditional basis of L ,([0, 1)9)
for 1 < p < oo and a conditional basis of L ([0, l)d). For any function f €
L, ([0, 1)d) we have Parseval’s identity

LA 1L2([0, DDIZ = Y 2V " [(f, Bim) P,

jENil melD;

where (-, -) denotes the usual L,-inner product, i.e., (f, g) = f[o 134 fx)gx)dx.
The terms ( f, hj ) are called the Haar coefficients of the function f.
For an integrable function f : [0, 11 — R we define

IFBMOY|> = sup ag(@)™' Y 2V N [(fhiamd)P 21
uclo,1? jeNd mel);
lim<SU

where hj , is the mth dyadic Haar function on level j, A4 is the d-dimensional
Lebesdgue measure and the supremum is taken over all measurable sets U C
[0, )“.

The space BMO? contains all integrable functions f with finite norm
Il f |BMOd ||. Note that strictly speaking | f |BMOd || is only a seminorm, since it
vanishes on linear combinations of functions which are constant in one or more
coordinate directions. This means that formally we need to consider a factor
space over such functions. For a more detailed study of the spaces BMO? we
refer to [5] and [6].

We consider the BMO-seminorm of the discrepancy function of infinite
sequences and call this the BMO-discrepancy.

For finite point sets the following is shown in [4, Theorems 1.1 and 1.2].
Suppose that d € N. For every finite point set Py 4 in [0, 14,

IDpy ,IBMOY > N~ 1(1log N)“=1/2 forall N e N\ {1}.
Furthermore, there exists a finite point set Py 4 in [0, 1)d such that
IDp, ,[BMOY| <4 N~'(og N)“¥=D/2 forall N e N\ {1}.

The first main result of this paper is a corresponding result for infinite
sequences.
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THEOREM 2.1. Suppose that d € N. For every infinite sequence Sy in
[0, 7,

IDS IBMOY| > N~'(log NY!/>  for infinitely many N € N. (2.2)
Furthermore, there exists an infinite sequence Sy in [0, 1)? such that
IDS, IBMOY| <4 N~ '(log N> forall N € N\ {1}. (2.3)

The proof of this result will be presented in §5.1.

As another example we study the exponential Orlicz norm, which is closer
to the Loo-norm than any L,-norm with 1 < p < oo. Thus bounds on the
exponential Orlicz norm of the discrepancy function shed more light on the
behaviour of the Ly,-norm. For a probability space (€2, P), let E denote the
expectation over (€2, P). To define the Orlicz norm, let i : [0, co) — [0, co) be
a convex function with v (x) = 0 if and only if x = 0. The Orlicz norm LY of a
(2, P)-measurable function f is now given by

IFILY ] = inf{K > 0: By (| f1/K) < 1},

where we set inf # = oo. The Orlicz space LY consists of all functions f with
finite Orlicz norm || f|LY|.

For o > 0, one obtains the exponential Orlicz norm exp(L%) = LY« by
choosing ¥, to be a convex function which equals exp(x®*) — 1 for sufficiently
large x, depending on « (for @ > 1 we can use ¥, (x) = exp(x®*) — 1 for all
x > 0). More information can be found in [22].

For finite point sets the following is shown in [4, Corollary 1.4] (see [2,
Theorem 1.4] for the case d = 2). There exists a finite point set Py 4 in [0, 1)d
such that

IDp,, ,lexp(LP)|| <a N~ (log N)?~1=1/F

2
forallNeN\{l}andforalld I < B < oo

We show a corresponding result for infinite sequences.

THEOREM 2.2. There exists an infinite sequence Sy in [0, l)d such that

IDS lexp(LP)|| <a N~' (log NY*~ 1P

2
forall N € N\ {1} and for all 71 < B < oo.

From Proposition 2.3 below in conjunction with (1.3) it follows that for every
infinite sequence Sy in [0, 1)? the discrepancy || Dg’d lexp(L#)|| is at least of order
(log N)/2 /N for infinitely many N € N. However, a matching lower bound for
||D§’d lexp(LP)|| seems to be presently beyond reach, even for finite point sets
as pointed out in [4] (see [4, Remark after Theorem 1.3] for a short discussion
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about this problem). There is only one singular result for finite point sets Py 2
in dimension d = 2, || Dp,,lexp(LP)|| = c(log N)! VB /N for2 < B < oo and
some ¢ > 0, according to [2], for which the upper and lower bound match.

We close this section with some further technical results concerning the
exponential Orlicz norm. The reader familiar with this topic may also skip
straight to the beginning of the next section.

An equivalent way of stating the exponential Orlicz norm is using the
following result, which can be shown using the Taylor series expansion of exp(x)
and Stirling’s formula.

PROPOSITION 2.3. For any B > 0, the following equivalence holds

I £ lexp(LP)|| =4 sup P YBIFIL, (0, 119
p>

Our proof will make use of the Littlewood—Paley inequality, which we state
in the following as a lemma.

LEMMA 2.4. Let 1 < p < oo. Then for a function f : [0, 1)¢ — R we have

I FIL, ([0, DD <a pY?ISFIL (10, DD, (24)

where the square function Sf is given by

' 1,2
Sf @) = <Z 2D I, hf""”zx’f"") |

jeN? meDy;

If furthermore f is a hyperbolic sum of multiparameter Haar functions, i.e.,
f € span{hj,, : |j| = n} for some n € N, then the exponent of p in (2.4) can be
reduced to (d — 1) /2.

An essential tool in the proof of the bound on the exponential Orlicz norm
of the discrepancy function is the following hyperbolic Chang—Wilson—Wolff
inequality. It relates the exponential Orlicz norm of a function to the L,-norm of
the corresponding square function. This inequality was also recently used in [4].

PROPOSITION 2.5 (Hyperbolic Chang—Wilson—-Wolff inequality). Assume
that f is a hyperbolic sum of multiparameter Haar functions, i.e., f €
span{h;j m : |j| = n} for some n € N. Then

I flexp(L¥“=D) || « ISfILoo ([0, D).

The proof follows easily from the characterization in Proposition 2.3,
Lemma 2.4 and the monotonicity of the L ,-norm.

Below we use the Hyperbolic Chang—Wilson—Wolff inequality to obtain
bounds on the exp(L*“@~D)-norm of the discrepancy function. To obtain the
general result of Theorem 2.2 we need to interpolate between this result and the
Lo-norm of the discrepancy function. Concretely, we use the following result
[4, Proposition 2.4], where also a short proof can be found.
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PROPOSITION 2.6. Let 0 < o < B < oo. Consider a function f €
Loo([0, D9). If f € exp(LY), then also f € exp(Lﬂ) and we have

I flexp(LA) || < || flexp(L)|%/P|| £|Loo ([0, 1)¥) |1 ~¢/5.

§3. Besov and Triebel-Lizorkin spaces with dominating mixed smoothness. We
are also interested in Besov spaces and Triebel-Lizorkin spaces with dominating
mixed smoothness and their quasi-norm of the discrepancy function. The
discrepancy of finite point sets in Besov spaces and Triebel-Lizorkin spaces
and the corresponding integration orders where considered in [18, 23-26, 40,
41]. These spaces are particularly interesting, since they form natural scales
of function spaces including the L ,-spaces and Sobolev spaces of, dominating
mixed smoothness. To guide the reader not familiar with these function spaces
we remark that the parameter s in the spaces S), , B and S, | F' introduced below
is the (dominating mixed) smoothness, the parameter p denotes integrability and
q is a fine index, see [38]. It is remarkable that in the case s > O the results
do not show the usual difference between the static setting of finite point sets
and the dynamic setting of sequences considered here. Instead, the behaviour
of the discrepancy is the same, compare (ii) in Theorems 3.1 and 3.2 with the
corresponding results for point sets in the above mentioned references.

We follow [40]. Let G(R?) denote the Schwartz space and &' (R?) the space
of tempered distributions on R?. For ¢ € &(R¥) we denote by F¢ the Fourier
transform of ¢ and extend it to &’ (R?) in the usual way. For f € & (RY) the
Fourier transform is given as F f(¢) = f(Fg), ¢ € G[R?). Analogously we
proceed with the inverse Fourier transform F !

Let p9 € G(R) satisfy gg(x) = 1 for |x] < 1 and ¢g(x) = O for |x| > %
Let or(x) = o2 %x) — o2 **1x) where x € R,k € N and ¢(x) =
@k, (x1) -+ r, (xa) where k = (ki, ..., k) € Ndand x = (x1,...,x4) € R
The set of functions {¢y} are a dyadic resolution of unity since

Y e =1

keNd

for all x € RY. The functions F~! (¢ F f) are entire analytic functions for every
f e & @Y.

Let 0 < p,g < oo and s € R. The Besov space with dominating mixed
smoothness S‘;,, qB (R?) consists of all fed@ (R?) with finite quasi-norm

1/q
1£185 , BR| = (Z 2S|k|q||]:1(§0k]:f)|Lp(Rd)||q> 3.1)

d
keNj

with the usual modification if g = oo

Let ©([0, D) consist of all complex-valued infinitely differentiable
functions on R¢ with compact support in the interior of [0, D? and let
D' ([0, l)d) be its dual space of all distributions in [0, l)d . The Besov space with
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dominating mixed smoothness S;‘,’qB([O, l)d) consists of all f € D’([0, 1)d)
with finite quasi-norm

1185, BAO, DDl = inf{|[g|S} , BRI : g € S5, BRY). gl 1y¢ = f}.

(3.2)
THEOREM 3.1. Suppose that 1 < p,q < ooandd € N.
(1)  For every infinite sequence Sy in [0, D4,
IDS 1S9 , B0, D) > p.g.a N~ (log N)*/4
for infinitely many N € N. 3.3)

Furthermore, there exists an infinite sequence Sy in [0, l)d such that

IDS 1S9 B0, D) Kp.g.a N~ (og N/ forall N € N\ {1}.

3.4
(i) Suppose further that 0 < s < 1/p. For every infinite sequence Sy in
pp P ry q
[0, %,
IDS 185, BAO, DD 3> 5 g.5.a N~ (log N)“~D/4
for infinitely many N € N. 3.9

Furthermore, there exists an infinite sequence Sy in [0, 1)? such that

IDS 185, BU0, DD Kp.g.5.a N~ (log N) =174
forall N e N\ {1}. (3.6)

In the case d = 1 this result has been recently shown in [19, Theorem 1]
which is based on the symmetrized van der Corput sequence.

LetO < p < 00,0 < g < ooands € R. The Triebel-Lizorkin space with
dominating mixed smoothness Sz’ q F(R?) consists of all fe® (R?) with finite
quasi-norm
L,(R%)

1/q
(Z 2°Wla |f1<<pkff)<~)|q) 3.7

1185, FRY| = ‘
keNg

with the usual modification if g = co.
The Triebel-Lizorkin space with dominating mixed smoothness
85 o F (10, 1)9) consists of all £ € D'([0, 1)?) with finite quasi-norm

I1£185 ,F ([0, DD = inf{lig] S} ,FRD|: g € S5 ,FRY). glyg 0 = f}-

(3.8)
THEOREM 3.2. Suppose that 1 < p,q <ooandd € N.
(1)  For every infinite sequence Sy in [0, l)d,
1D 1S9, F(10. DD > pg.a N~' (log N)*/4
for infinitely many N € N. 3.9
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Furthermore, there exists an infinite sequence Sy in [0, l)d such that

IDS 1S9, F(10. DD Kp.ga N™'Aog )4 forall N € N\ {1}.

(3.10)
(i1)  Suppose further that 0 < s < 1/min(p, q). For every infinite sequence Sy
in [0, 1),
IDS 183, , F (10, D) > p.g.5.0 N (log N)“— D4
for infinitely many N € N. (3.11)

Furthermore, there exists an infinite sequence Sy in [0, l)d such that

IDS 1S5, F(0. DD > cp.gsa N Qog N)=D/4 for all N e N\{1}.
(3.12)

For 0 < p < oo the spaces S w (o0, l) )= S‘ L, F ([0, 1) ) are called Sobolev
spaces with dominating mixed smoothness Thus in the case g = 2 the above
theorem implies results for Sobolev norms with dominating mixed smoothness.

We close this section with some further technical results about Besov and
Triebel-Lizorkin spaces. The spaces S;’qB(Rd), Slf,’qF(]Rd), Sp.4 B0, 1)9)
and S;y qF ([0, l)d) are quasi-Banach spaces. The following results will be
helpful. The first one is an embedding result (see [40] or [24, Corollary 1.13]),
and the second one gives a characterization of the Besov spaces in terms of Haar
bases (see [24, Theorem 2.11]).

PROPOSITION 3.3. Let p,q € (0, 00) and s € R. Then we have

ss B([0, D%).

s BUO. DD = 85 F([0, 1)) = 83

in(p,q),q

PROPOSITION 3.4. Let p,q € (0,00), 1/p—1 <s <min(l/p, 1) and f €
S5 B0, D). Then

. q/p
1£185, . BAO. DD =pgsa Y 21'“—1/”“”(2 (S, h,-,m>|”) :

jeNe, mel;

§4. Upper bounds. The explicit constructions in Theorems 2.1, 2.2, 3.1
and 3.2 are all the same and are based on linear algebra over the finite field
5. In the subsequent section we provide a detailed introduction to the infinite
sequences which lead to the optimal discrepancy bounds.

4.1. Digital nets and sequences. Niederreiter introduced the concepts of
digital nets and sequences [28] in 1987. A detailed overview of this topic can
be found in the books [14, 21, 29]. Here we restrict ourselves to the dyadic case.
Let IF, be the finite field of order 2 identified with the set {0, 1} equipped with
arithmetic operations modulo 2.

The digital construction scheme. We begin with the definition of digital nets
according to Niederreiter, which we present here in a slightly more general form.
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Forn,q,d € N with g=>nletCy,...,C4 € IFqX" be ¢ x n matrices over ;.
For k € {0, . — 1} with dyadic expansion k =ko+ k12 +- kp_12"1,
where k; € {O 1} we define the dyadic digit vector kask = (ko, k1, ...,

ko' € [F5 (the symbol T means the transpose of a vector or a matrix; hence

kisa column-vector). Then compute
- T ]
Cjk =: (xj,k,l,xj,k,z,---,xj,k,q) forj=1,...,d, “4.1)
where the matrix vector product is evaluated over [F,, and put
—1 ) —
Xjik =X 1127 +xj 5227+ X527 €0, 1).

The kth point x of the net Pa» 4 is given by xy = (X1.k, ..., Xg.k). Anet Pan 4
constructed this way is called a digital net (over o) with generating matrices
Ci, ..., C4. A digital net consists of 2" elements in [0, l)d.

Next we recall the definition of digital sequences, which are infinite versions
of digital nets. Let Cy,...,Cy € IF;IXN be N x N matrices over [F,. For C; =
(¢jk,0)k,ceN it is assumed that for each £ € N there exists a K(£) € N such
that cj ;¢ = 0 for all k > K(£). For k € Ny with dyadic expansion k = ko +
k12 + - 4 kyn_12""1 € Ny, define the infinite dyadic digit vector of k by k=
ko, k1, ..., kn—1,0,0,.. .)T € IFIZ\I. Then compute

Cj]_é =: (Xjk,1, X} k2, )T forj=1,...,d, 4.2)
where the matrix vector product is evaluated over [F», and put
Xjk=Xj4a27 +x4027 2+ €0, 1).

The kth point x; of the sequence Sy is given by xx = (x1k, ..., Xa.k). We call a
sequence Sy constructed this way a digital sequence (over Fy) with generating
matrices C1, ..., Cy. Since cj i ¢ = O for all k large enough, the numbers x; ¢
are always dyadic rationals, i.e., have a finite dyadic expansion.

Higher-order nets and sequences. The choice of the respective generating
matrices is crucial for the distribution quality of digital nets and sequences.
The following definitions put some restrictions on C1y, ..., C4q with the aim to
quantify the quality of equidistribution of the digital net or sequence.

Definition 4.1. Letn, g, € N with ¢ > an and let t be an integer such that
O0<t<an. LetCy,...,C, € FZX". Denote the ith row vector of the matrix C;
by Ej,l' € Fg. If forall 1 < ij,vj <. <ij1<¢q with

d min(v;,a)

Z Z ijp<an—t
=1

the vectors
Cliityy s+ +s ClLitgs «++» Cdigyy» -+ Cd.ig

are linearly independent over [y, then the digital net with generating matrices
Cy,...,Cq4is called an order-a digital (t, n, d)-net over FF.
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Furthermore, we consider digital sequences whose initial segments are order-
o digital (z, n, d)-nets over 5.

Definition 4.2. Leta € Nandlett > 0be aninteger. LetCy, ..., Cy € ]F?XN
and let Cj 4y xn denote the left upper an x n submatrix of C;. If foralln > ¢/«
the matrices C1,anxns - - - » Cd,anxn generate an order-a digital (¢, n, d)-net over
5, then the digital sequence with generating matrices C1, ..., Cy is called an
order-« digital (¢, d)-sequence over IF;.

Definition 4.1 shows that if Py 4 is an order-« digital (¢, n, d)-net, then for
any t < t' < an, Py 4 is also an order-« digital (¢/, n, d)-net. An analogous
result also applies to higher-order digital sequences.

We point out that a digital net can be an order-« digital (¢, n, d)-net over [F»
and at the same time an order-&’ digital (¢, n, d)-net over F, for o’ # «. The
quality parameter t may depend on « (i.e., t = t(«)). The same is true for digital
sequences. In particular, [10, Theorem 4.10] implies that an order-o digital
(t, n, d)-net is an order-o’ digital (¢, n, d)-net for all 1 < o’ < « with

t = Tta Ja] < t. 4.3)

The same result applies to order-« digital (¢, d)-sequences which are also order-
o’ digital (¢, d)-sequences for 1 < @’ < o and ¢’ as above. In other words,
t(@) = [t(a)a’/a] forall 1 < o' < o. For more details consult [9, 10] or [14,
Ch. 15].

Higher-order digital nets and sequences have also a geometrical interpretation.
Roughly speaking the definitions imply that special intervals or unions of
intervals of prescribed volume contain the correct share of points with respect to
a perfect uniform distribution. See [14, 29] for the classical case « = 1 and [12]
for general «. See also Lemma 4.4 below.

Explicit constructions of order-2 digital sequences. Explicit constructions of
order-o digital nets and sequences have been provided by Dick [9, 10]. For our
purposes it suffices to consider only o = 2.

We start with generating matrices C1, ..., Cyy of a digital net or sequence.
Let ¢ .k denote the kth row of C;. We now define matrices Ey, ..., E;, where
the kth row of E; is given by € ¢, in the following way. Forall j € {1, 2, ..., d},
u € Ngand v € {1, 2} let

€j2ut+v = C2(j—1)+v,u+1-

We illustrate the construction for d = 1. In this case we have

El,l
1,1 €21 2,1
Cl = Cl,2 s C2 = C2,2 = El = 21,2

2.2

This procedure is called interlacing (in this case the so-called interlacing factor
is 2).

https://doi.org/10.1112/50025579317000213 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579317000213

874 J. DICK et al

Recall that above we assumed that cj ;¢ = O for all k > K({). Let E; =
(ej,k,0)k,eeN- Then the construction yields that e; ;. ¢ = 0 for all k > 2K (£).
From [9, Theorems 4.11 and 4.12] we obtain the following result.

ProPOSITION 4.3. If Cy,...,Cyq € FI;.XN generate an order-1 digital
(t', 2d)-sequence over Fy, then Ey, ..., E4 € IFIZNXN
(t, d)-sequence over o with

generate an order-2 digital
=2t +d.

Examples of explicit constructions of suitable generating matrices over o
were obtained by Sobol’ [37], Niederreiter [28, 29], Niederreiter and Xing [30]
and others. An overview is presented in [14, Ch. 8]. Any of these constructions
is sufficient for our purpose, however, for completeness, we briefly describe a
special case of Tezuka’s construction [39], which is a generalization of Sobol’s
construction [37] and Niederreiter’s construction [28] of the generating matrices.

We explain how to construct the entries c¢; s ¢ € [ of the generator matrices
Cj = (¢jreke=1 for j =1,2,...,d" (for our purpose d’ = 2d). To this end
choose the polynomials p; € Fa[x] for j = 1,...,d’ to be the jth irreducible
polynomial in a list of irreducible polynomials over [F; that is sorted in increasing
order according to their degree e; = deg(p;), thatis, e; < e; < --- < ey (the
ordering of polynomials with the same degree is irrelevant).

Let j € {1,...,d'} and k € N. Take i — 1 and z to be respectively the main
term and remainder when we divide k — 1 by e, so thatk — 1 = (i — 1)e; + z,
with 0 < z < e;. Now consider the Laurent series expansion

€j—z 1

=Y ari, j, )x " € Fa((x7h).
Pj (x)! —1

For ¢ € N we set
Cjke=ae(l, j,2). 4.4)

Every digital sequence with generating matrices C; = (cjk,e)k,ex>1 for j =1,
2,...,d found in this way is a special instance of a Sobol’ sequence which in
turn is a special instance of so-called generalized Niederreiter sequences (see
[39, (3)]). Note that in the construction above we always have c¢; ¢ ¢ = 0 for all

k > £. The t-value for these sequences is known to be r = Z?;l(e i — 1), see
[29, Ch. 4.5] for the case of Niederreiter sequences.

Remark. Let Cq, ..., Coq be N x N matrices which are constructed according
to Tezuka’s method as described above. Let Ej,..., E; be the generator
matrices of the corresponding order-2 digital sequence. Then we always have
ej ke = 0forall k > 2¢, where ¢} x ¢ is the entry in row k and column ¢ of the
matrix E ;.

We point out that the explicit construction of the order-2 digital (z, d)-
sequences Sy shown above, with generating matrices E; = (ej k. ¢)k.¢>1 for

https://doi.org/10.1112/50025579317000213 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579317000213

DISCREPANCY OF SECOND ORDER DIGITAL SEQUENCES 875

which e; ¢y = 0forall k > 2¢ and foralli € {1, 2, ..., d}, does not depend on
the parameters p, g, s in Theorems 2.2, 3.1 and 3.2. Our explicit construction,
which is based on Tezuka’s construction and the interlacing of the generating
matrices, is also extensible in the dimension, i.e., if we have constructed the
sequence Sy, we can add one more coordinate to obtain the sequence Sy 1. This
means that we can define a sequence S, of points in [0, 1)N and obtain the
sequence Sy, d € N, by projecting Soo to the first d coordinates (cf. [11]).

4.2. Some auxiliary results. A connection between higher-order digital
nets over [F; and dyadic intervals is given by the following result (see [13,
Lemma 3.1)).

LEMMA 4.4. Let Py 4 be an order-a digital (t, n, d)-net over Fp. Then every
dyadic interval of order n — [t/a| contains at most 2ft/e points of Pon 4.

Proof. As already mentioned, every order-« digital (¢, n, d)-net over [, is
an order-1 digital ([7/«], n, d)-net over [F>. Then every dyadic interval of order
n — [t/a] contains exactly 2lt/el points of Pa 4 (see [14, 29]). [l

The following lemma, implicitly shown in [13], is utmost important for our
analysis. Throughout the paper let 1d denote the logarithm in base 2, i.e., ldx =
(log x)/log2.

LEMMA 4.5. Let S; be an order-2 digital (t,d)-sequence over Fy with
generating matrices E; = (e; k.¢)k ¢>1 for which e; ¢ = 0 for all k > 2¢ and
foralli € {1,2,...,d} and let Py 4 be the point set consisting of the first N
elements of Sy.

() If1jl +t/2 = 1d N we have: if Ij w contains points of Py 4, then
(DY . hjm)| < 272 N~127Ul,

At least 2\ — N such intervals contain no points of ‘Pn.a and in such cases
we have

(DS, hjm)| < 272V,

@) If|jl +1t/2 < 1d N, more precisely n, < |j| +1t/2 < nyy1, where N =
20 o 2" withn, > --- > ny =0, then

(DS, hjm)l < 2" N7 QW 4 @nypgy — 1 = 21jh7 127,
Proof. This is [13, equations (13), (14) and (16)]. [l
LEMMA 4.6. Letr € Ngand s € N. Then

#(ar,....a) eNjraj+--+a;,=r} < (r+ DL
For a proof of this result we refer to [14, Proof of Lemma 16.26].
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LEMMA 4.7. Let K € N, A > 1 and q,s > 0. Then we have
K—-1
D AK - )it < AR K,
r=0

where the implicit constant is independent of K .

For a proof we refer to [26, Lemma 5.2].

The subsequent two lemmas are required in order to estimate the Haar
coefficients of the discrepancy function. The first one is a special case of [25,
Lemma 5.1].

LEMMA 4.8. Let f(x) = x| '--xdfoifx = (x1,...,xq) € [0, D% Let j €
N, and m € . Then |(f, hjm)| < 272V,

The next lemma is a special case of [25, Lemma 5.2].

LEMMA 4.9. Letz = (z1,...,24) € [0, DY and g(x) = xj0.x () for x =
(x1,...,xq) € [0, )% Let j € N, and m € Dj. Then (g, hjm) = 0 if z is
not contained in the interior of the dyadic interval Ij ;. If 7 is contained in the
interior of Ij  then |(g, hjm)| < 2l

In the case of finite digital nets over F, the number of elements is a fixed
power of 2, e.g., N = 2™. For infinite digital sequences one needs discrepancy
bounds for general N € N. The general plan is to split the initial N-element
segments of the sequence into parts such that each part has a digital net structure
(this method was also used in the proof of Lemma 4.5 in [13]). These parts
are handled with methods developed for finite point sets. A similar approach
was also used in [11, 15], however, the major challenge in these papers is the
handling of the interactions between digital nets of different size, which arises
from squaring the discrepancy function. This approach leads to a complicated
proof for the L; discrepancy in [15] and even non-optimal results for the L,
discrepancy for general N in [11]. We overcome this problem by using a Haar
series expansion of the discrepancy function which leads to a simpler bound on
the various norms of the discrepancy function. See also [4, 13].

4.3. The proof of the upper bound in Theorem 2.1.

Proof of equation (2.3) in Theorem 2.1. The proof uses ideas from [4]. Let
N =2"+...42" withn, > --- > n; > 0and let Py 4 be the point set which
consists of the first N terms of S;. We need to prove that

2a@)™ 320 ST (DY by ” <a 22 N2 (log NY.
jeNg mel)y;
limCU
It is clear that for each U C [0, l)d and j € Ng there are at most 2114 (U)
values of m € Ij such that [;,, C U.
We split the above sum over j € Ng into three parts according to the size
of |jl.
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First we consider those j for whichId N —¢/2 < |j| < 1d N. From Lemma 4.5
we know that

(DY, hjm)] < 22 N~127l

if Ij m contains points of Py 4 and
(DY, hjm)| < 272V

otherwise. With these estimates we obtain

k@™ Yo 29 Y D, )

jeNg melD)j
Id N—t/2<|jl<ld N limCU

k@)Y
jeNg
1d N—t/2<[jl<ld N

x2|f|< DR e 2—4|j|>

me]D)j me]D)j
Ij,mgU Ij.mgU
L mNPn,a#9D IimNPN a=9
< g (U)7! Z 2l max (2! N—227201 2=4iholily (1)
jeNg

1dN—r/2<|jl<ld N

«2'N7? > 12N Y k!« 2 N2 (log N)“.
jeNg k<ldN

1dN—t/2<[jl<ld N

Now we consider those j € N‘é for which |j| < 1d N — t/2. More precisely
assume that we have

< |jl+1/2 < Nu+1

for some pn € {0,1,...,r}, where we set ngp = 0 and n,4; = ld N. From
Lemma 4.5 we know that

(DS, hjm)| < 2 N1 @V 4 @nygy — 1 = 21?1277y,

Then we have

@)™ Y 29N (DG, him) P

jeNd mely;
\j|<ld N—t/2 L mCU

< Z S 222 N2 g @nygy — 1 = 202 )2,
JENd
n;L<|J|+I/2<n/L+1
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From here we can proceed in the same way as in [13, Proof of Theorem 2.2].
This way we obtain

@)™ Y 29N (DY him) P < 2% N7 (log N)?.
jeNg meDy;
ljl<ldN—t/2  LimCU
Finally we need to study the case |j| > 1d N which is the most involved one
among the three cases considered. As in [4] we treat the counting part and the
volume part of the discrepancy function separately. For the volume part L(x) =
X1 - -+ Xq itis easy to show that [(L, hj;m)| < 2-2/l. Thus we have

2@~ YT N (L )P < Y 27

JjeNd meDy; JjeNd
ljI>dN  LimCSU |jl=1d N
< Z kd—19-2k < N‘z(log N)d—l.
k=>1d N

Let C(x) = N~! Zzepw X[0.x)(@) be the counting part of the discrepancy
function.

Let J be the family of all dyadic intervals /j ,, € U with |j| > 1d N such that
(C, hjm) # 0. Consider the subfamily j C J of all maximal (with respect to
inclusion) dyadic intervals in 7. We show that we have

> raUim) < (log N)*~'2a(U). (4.5)
limeT

To see this consider an interval J; ,, € J. The condition (C, hj ) # 0 implies
that the interior of I; 5 contains at least one point of Py 4. Now we need the
assumption that the generating matrices E; = (e; k.¢)k,¢>1 are chosen such that
eixe=0forallk >2¢andalli € {1,2,...,d}. This implies that the points of
‘Pn.4 have binary coordinates of length 2n (where n = [Id N] + 1). Since the
interior of Ij , contains at least one point of Py 4 we obtain that each side of
I; m has length at least 272 je., ji €{0,1,...,2n}foralli € {1, 2,;. .,d}.

_ Now fixry,r, ..., rq—1 €{0, 1, ..., 2n} and consider the family 7, ,, ,
J of those intervals Ij , € J for which j; =r; fori € {1,2,...,d—1} (i.e., with
fixed lengths of their first d — 1 sides). If two of these intervals have a non-empty
intersection, then their first d — 1 sides have to coincide and hence one would
have to be contained in the other. This however contradicts the maximality of the
intervals in 7. Thus we have shown that the intervals in J,, . ,, , are pairwise
disjoint. From this observation we find that

2n
Y aim) = > halim)
limed Pl a1 =0 [ e Fry vy
2n
< DY @) <),
Flyenns r4—1=0

which implies (4.5).
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For dyadic intervals J, we define

c’w= > xon@.

zePy.aNJ

It is easy to see that (C, hj ;) = (c’, hjm) whenever I;, € J. From n =
[Id N|+1 we know that N < 2". Then the point set Py 4 of the first N elements
of Sy is a subset of Pou 4 consisting of the first 2" elements of S;. From the
construction of Sy it follows that Pa» 4 is an order-2 digital (¢, n, d)-net over
F,. Therefore, according to Lemma 4.4, in an interval Ij,, there are at most
2[1/21 points of Pa» 4 and hence there are at most 2[/2] points of Py g4 in Ij .
Therefore, for any J € j we have 0 < C7/ (x) < 21t/21N =1 which implies

IC Iy < 12PN,y < N7, ()12, (4.6)

Using the orthogonality of Haar functions, Bessel’s inequality, (4.5), and
(4.6), we obtain

(@)1 Y 2VC )P < 2a @)Y DT 2VICY )
limed JeJ lim<J
< @)Y ICTL,0
JeJ
< Aa(@)TP2FINTE Y ()
Jej
< 2PN (log NY* 1.

The result now follows by putting the three parts together and taking square
roots. 0

4.4. The proof of Theorem 2.2.

Proof of Theorem 2.2. We prove now the bound on the exponential Orlicz
norm of the discrepancy function. Our proof uses ideas from [4]. Let again
N =2"+...4+2" withn, > --- > n; > 0 and let Py 4 be the point
set which consists of the first N terms of S;. We first restrict ourselves to
the exp(L%/@~1)-norm. The general result will follow directly by interpolating
between the exp(L??~1)-norm and the L.-norm using Proposition 2.6 and
the fact that for digital sequences we have

IDY |Loo (10, DI <4 2" N™!(log NYY,

which follows from the fact that Sy is a digital (¢, d)-sequence (i.e., order-1
digital sequence) and [29, Theorem 4.13].

We first use the Haar series expansion for the discrepancy function, the
triangle inequality and the Chang—Wilson—Wolff inequality (Lemma 2.5)
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to obtain

IDS, |exp(L2/<"—“>||

ZZZ"'Z DY 1) m

exp(Lz/(d 1)) ‘

k= OJENd melD;
ljl= k
x
<Y | D0 2V Y (DE, hjm)hjm|exp(L D)
k=0 jEN‘L mel)y
lj1=k
o0 1/2
<> (Z 220" (DS, hjm)| xI,,,,) (4.7)
k=0 JEN‘f mel)j;
\j|=k

To prove a bound on (4.7), we divide the sum over k into three parts, i.e., we
consider the Ls,-norm of the square function where |j| lies in a certain range.
Forld N —¢/2 < |j| <1d N, we have from Lemma 4.5 that

(DS, hjm)| < 22 N2~

if Ij u contains points of Py 4 and
(DY . hjm)| < 272

otherwise. Hence, for Id N — /2 < k < 1d N we have

. 1/2
sup (Z 22l Z |(D‘15\‘;,hj,m>|2)(1j,m>
xe[0,1)¢ j

eNd, melD;
1=k

N\ 12
< ( Z max{2' N2, 272l })
jeNd
|jl=k

1/2
< <2f N2 1) <22 N~ (log N) @72,

jen?,
ljl1=k

Therefore

> H(Z 220N (DY hjm)| X,]m)l/z

keNy meDy;
IdN—1/2<k<Ild N |J| k

< 2' N7 (log N)“=1/2,
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Next we consider the case where 0 < |j| < 1d N — ¢/2. Assume that we have
< |j| +t/2 < n/L-‘rla

for some n € {0,1,...,r}, where we set n,+; = IdN and ng = 0. From
Lemma 4.5 we have that

(DS, hjm)| <2 N7THQ@TV 4+ @npgr — 1 =201 1277w,
Hence, forn, <k+1t/2 <n,41, we have

12
sup (Z 221 Z (DY > Hjm)| X’;m)

xe[0,1)¢ jeN? melD;
=k

. . 1/2

< 2N Y0 2V @nyyy — 1 - 2|j|>"—‘2—"u+1)2) :
jeN?,
lj1=k

and therefore we need to estimate

) 1/2
) <Z 22 37 I(ng‘;,hj,m>|2)<1,~,m>

keNy jEN{l mel;

k<IAN-—t/2 | ‘\—k
<2 N 12 )3
kENQ

n;l. <k+l/2<l’l;;_+|

. . 1/2
Z 22\J|(2—\J| + (Znu+l —f— 2|j|)d_12_”lt+|)2>
JjeN?,
ljl=k

,
<INy
n=0

x Y kTR Quyg — 1 =200 212

kENo
n < k+t/2<nﬂ+1

=2'N"! Z > KVRA 4 @upgy — 1 =200 2R

kENQ
n,L <k+t/2<nyq
Md N [d N
K2YNTEYKEDE L N Y 20— )2

k=0
<« 2 N~ Y(log N)@+D/2,

It remains to estimate the terms where kK > 1d N. As in [4] we treat the volume
part of the discrepancy function separately from the counting part.
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For the volume part L(x) = xi - - - x4 we have [(L, hjm)| < 2~2lJl, Hence

21! Z (L, hjm)hjm

exp(LZ/(d—l))H

eN‘i mE]D)
k>1dN = kl
o0
D3R DIELD BRI exp(LW“bH
oy JeNL meDy
- ljl= k
00 . 12
<2 (T2 X b
e, e
- lJl=k
172 %0
< Z (Z 2—21|> « 3 KR ¢ N (log Ny,
P ’leﬁdk P

It remains to estimate the counting part C(x) = N -1 Zzepw X[0.x)(2). Let
n € Nbe such that 2"~! < N < 2" Let again 7 be the set of all dyadic intervals
Iim with |j| > n, ie., [jm] < 27", such that (C, hj,,) # 0. As above, this
implies that for /;,, € J we have that at least one point of Py 4 lies in the
interior of I . Hence jiy < 2n, or in other words [/, ;.| = 27 21 for each
coordinate k = 1,2, ...,d. .

We also define the unique parent of each [j,, € 7, denoted by j m, which
satisfies: (1) Lim C FI;/’m/; Gi) |j| = n, ie., |1 /m/l = 27"; and (iii) jr = Jk
(which implies that [}, ,;,, = Tjé’mi) forallk =1,2,..., d. In other words, to
find the parent, we expand the dth side of I; ;, to a dyadic interval such that the
volume of the resulting interval has volume 27". By reordering the sum over the
intervals with respect to their parents we obtain

> 2NN AC hjmdhim = Y Z 20KC, Bj ) hj m.

jEN‘il meD; E/_m/2|j/|=n IijI/ /

Sl
lj1=n Ji<L2nik=1,....d ji=j;k=1,...d—1
N 4.8)
For an arbitrary, but fixed, parent interval Iy ,, we consider the innermost
sum above
Y. 29KC himdhym
vamgrl;’,m’
Je=Jpk=1,....d—1
-1 .
=N > Y 20y him)him.  (49)

ze,PN,dmlj’,m/ Ij.mglj/ym/
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The summands in the last sum split into products of one-dimensional factors
2Wixee, ) hj.m ), m ()

l_[ X[Zk 1), ]k,mk)hjk,mk(xk)

d

= (]_[ 2 X1y g Vi, (Xk))zj"(X[m,l), Rjamajgma (Xa)
k=1

= 2V (ypz 1. hj;,m;ﬂj" (Xizas1ys Mjama )P jg,mq (Xa),

where by % we denote the projection of a d-dimensional vector to its firstd — 1
coordinates (i.e., for instance, z, = (21, ..., 24-1) forz = (21, ..., 2d-1, 24))-
Thus we can write the innermost sum on the right-hand side of (4.9) as

> 2 him)hyn ()
IijI/ ’
Jk=jik=1,...d—1

= 2 (g, 1y Pyt Yy () Z 25 (Xizg 1y P jgma M jmg (Xa).
de mdcl -/ md
The last sum is now the Haar series expansion of the indicator function X[z, 1

restricted to the interval . Jhm; without the constant term, i.e., we have

Z zjd(X[Zd,l)v B jama ) jgmy (Xa)

Ild deIJI md

= X7, , ) Kz ) (k) = 2%|[za, VN Tjr e ). (410)
Ja"™d

Using the triangle inequality it follows that the last expression is bounded
pointwise by 2. Further we have |2|J*|(X[z*,1), hj;,m;)l < 1. Since there are at

most 2['/?1 points of Py 4 in INj/’m,, we obtain that

j -1
> 2UKC hjm)hjm () = N7 oy (k)b (),
Ij,mgrl;/,m/
Jk=jik=1,...d—1

where o (x4)] < 212141 « 1,

Let now x4 be fixed. Equation (4.10) implies that for a given (d — 1)-
dimensional interval I/ m), | there exists only one d-dimensional interval of
the form IJ/ w = I];, m, X I[; m, with |I/m/| = 27" such that o/ (xd) # 0.
We can now apply (4.8) and take the L,-norm in the first d — 1 Varlables to

obtain

https://doi.org/10.1112/50025579317000213 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579317000213

J. DICK et al

' 3" 203 7HC, hjmdhym| Ly (10, D)

eNd meID)
|J|>n

_ H ) S 25 b hjm

j m'- |]| =n Ij,mg'l;’,m’
J<2nk=1,d j=jl k=1, ....d—1

Z @ji () m,

! ml 15 |=n
Jk<2nk 1,....d—1

1/2
1 2.,
( i D oy (xa)l x,j;,m;)
Ly ol l=n
]k<2nk 1,...d—1

< p(d—l)/2n(d—1)/2 N— ,

L,([0, %1

=N"" Ly ([0, )"

&« p@=D2N- L,([0, )41

where in the penultimate step we have employed the (d — 1)-dimensional
Littlewood—Paley inequality (see Lemma 2.4) and in the last step the fact that
the number of choices of j is of order n¢~! at most.

By integrating this bound with respect to the last variable x; and using
Proposition 2.3 we obtain

from which the result now follows. O

2|J|

eXp(L2/(d—1)) H & N—ln(d—l)/Z’
me]D)
|J|>n

4.5. The proof of the upper bounds in Theorem 3.1.

Proof of equations (3.4) and (3.6) in Theorem 3.1. According to Proposition
3.4 we have

. q/p
IDS, IS5, BIY <pgsa D 2'1'“—‘/”“”(2 |<Dg,h,-,m>|P> . (411
jeN‘i] mel);

Let |j| +¢/2 > 1d N, then according to Lemma 4.5 we have
(DY . hjm)| < 272 N~127 !
and for a fixed j, at least 21/l — N intervals Ij m contain no points of Py 4 (the

point set consisting of the first N elements of Sy) and in such cases we have
according to Lemma 4.5

(DS, hjm)| < 272V,
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Now we estimate (4.11) by applying Minkowski’s inequality to obtain

q/p
Z 2|j(S1/P+1)f1<Z |<DéV hjm)|p)
a’ )

|jl42/221d N meD;
< Z 2ls=1/p+Da(Nopt/2 y—Po=Plilya/p
ljl+2/221d N
+ Z 2l =1/P+Da (max (27l — N )2~ 2Plilya/p
ll+2/221d N
< N9/P=4241/2 Z 2lls=1/p)g | Z 2lils=1)gq
ljl+t/221d N ljl+t/221d N
& N9/P=4241/2 N=1/P)an=t/26=1/pP)d (]og N )41
4+ N6=Da=1/26=D4 (190 N)d—]
< 2(1—s+1/p)tq/2N(s—1)q(log N)d_l. (4.12)

Now letn, > --- > nyq41 2 |jl| +¢/2 > ny, > --- > ny. Then according to
Lemma 4.5 we have

(DS, hjm)| <2 NN @7V 4+ @npqy — 1 =201 127w,

We use this bound to estimate the terms of (4.11) for which |j| + /2 < IdN
(again we set ng = 0, n,41 = 1d N). We use Minkowski’s inequality

q/p
2 2|j|(S—1/P+1)61< 2 |(DéV hjm)|p>
a’ )

|jl14t/2<1d N melD;
: ljlts=1/p+1) N "
— JIs—=1/p q . p
=Y % (S il )
n=0n,<|jl+t/2<n 4 mel);

-
& Z Z 2lils=1/p+1qnqljl/p pqt p—4
n=0ny <|jlH1/2<npt1

x (2—\j| + Qg — 1t — 2|j|)d—12—”u+1)f(ﬂ

— 249t N4 Xr: Z 2lilGs+1q

u=0 nu<|j|+t/2<n;/.+l

[q1
% Z Z_UHZ_”‘“"(M]_i)(ZI’l,H_l — - 2|j|)(d—1)(ﬂﬂ—l)
i=0
r o Iql
<29 N4 Z Zz—nu+1(m1—i)
n=0i=0
% Z 2|J.\(S‘I+ffﬂ*i)(2nﬂ+l —f— 2|j|)(d*1)(ffﬂ*l')

n/L<|j|+t/2<n/l.+l

(4.13)
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and obtain from Lemmas 4.6 and 4.7 for s > 0

q/p
§ 2J'|(S—1/P+1)£1( E |(D‘I§V hjm>|p)
d’ )

|jl+t/2<Ild N mel;

r[q]
<« 29t N~ Z Z2—nu+1(flﬂ—l')z(ﬂwl—1/2)(54+fﬂ—i) (log N)d_l
n=0i=0
r [q]
< gt N—qz—t.vq/Z—t[q]/2 Z Mu+15¢ Z 2ti/2(10g N)d—l
n=0 i=0
< 2qt7tsq/2 N —42mr+154 (10g N)dfl — 2tq(17s/2) N(sfl)q (IOg N)dfl.
(4.14)

The case s = 0 needs to be handled slightly differently. We continue from (4.13)
and obtain

q/p
Z 2j|(1/17+1)11<z |(Dg hjm>|p>
a’

ljl+t/2<1d N mel;
rfq1-1

< 249t N—4 Z Z Z*nﬂﬂ(f‘ﬂ*i)

n=0 i=0
% Z 2\j|(f41—i)(2nlL+l - 2|j|)(d—1)(M1—i)

nuglj‘+t/2<nu+l

,
+2U N1 o @ —t =214

u=0n,<|jl+t/2<ny41
« 29" N~ (log N)¥ +29' N4

X > (g1 —n)(log N1 « 29" N7 (log N)Y. (4.15)
n=0
Combining (4.12), (4.14) and (4.15) we obtain

2'9N~4 (log N)¢ if s =0,

DN |s* B|? «
15,1594 BIT <pg.5d 4 p1g py6-12g (log )4~ if0 <s < 1/p,

and the result follows. O
4.6. The proof of the upper bounds in Theorem 3.2.

Proof of equations (3.10) and (3.12) in Theorem 3.2. From Proposition 3.3
we know that

S S
maX(p,q),qB - Sp,qF'

Thus we have
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N |¢s N |¢os
I1D3,1S) 4 Fll < I1Ds,ISmaxp.q).4 Bl
2'N~! (log N)¥/4 if s =0,
2NG=D (log N)@=D/a if0 < s < 1/max(p, q). O

§5. Lower bounds. In this section we prove the lower bounds on the
respective norms of the discrepancy function of arbitrary sequences in the
unit cube.

5.1. The proof of the lower bound in Theorem 2.1. To prove equation (2.2) we
actually prove a lower bound for a norm close to the Ly-norm of f which is
dominated by the BMO-norm. For simplicity of notation, let us consider here
the Ly-normalized version of the Haar system consisting of the functions gj , =
2|j‘/2hj,m. Moreover, for a subset £ of indices (j, m) with j € N‘il,m € Dy
let Pc f denote the orthogonal projection of f € Ly([0, 1]%) onto the span of
{gjm : (j,m) e E}andlet || fIE| = || Pe f|L2|. Then Parseval’s equality yields

IFIEIF =) (f gim)*.

(jm)eE
We also fix the index sets
D! =((j,m):jeN'  ,meD} and DI ={(,m):je N, meDy.

Considering U = [0, l)d in the definition (2.1) of the BMO-norm, we
obviously have
I1FIBMOY|| > || 1Dl

Now the lower bound (2.2) in Theorem 2.1 follows immediately from the next
lemma.

LEMMA 5.1. For every d € N there exists a positive constant cq > 0 with the
following property: for every infinite sequence Sy in [0, ¥ we have

IDS DGl > ca N~ ' (log N)!/*  for infinitely many N € N.
For the proof we combine the following lemma with the method of Proinov.
LEMMA 5.2. Let f : [0, 11%T! — R be in Ly([0, 11%). Then we have

1D < sup  [1£C,tas) DR

ta+1€[0,1]

Proof. We are going to show the identity

1
/O I £ G tasDIDINP dtgsr = 1 FIETT?, (5.1)
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where
EM = {(j,m) :j e N§ x N_j,m € ;).

Then the claimed inequality is a consequence of (5.1) together with the obvious
inequalities

1D < I FIEFH

and
! d)2 d)2
[ 15D s < sup 1ot DI
0 ta+1€[0,1]
For the proof of (5.1), let
f= Z aj,m8j.m
(j,m)e'Dd“

be the Haar decomposition of f which converges in L, and, therefore, almost
everywhere. For each (j, m) € D! with j = (i, ..., ja, jar1) andm = (my,
s, mg,mgqr), welet j, = (j1, ..., ju) andmy, = (m1, ..., mg). Then

fCetar) = Y bjm (tar)g,m,

(Js.my)eD?

in L, ([0, l]d) for almost every 7541 € [0, 1], where
bj, .m,(ta+1) = Z AGm&jgsrmass Td+1)-
(ja+1.ma4+1)€D!
It follows that

IfCotarDIDGIT = > bj,m. (tag)*.
(j*,m*)eDg

By integrating over t441 € [0, 1] and using the orthogonality of the one-
dimensional Haar system we finally conclude that

1 1
/ 1 G tas)IDG 1P dtayr = Z / b, m, (tax1)* dtati
0 (J,.ms)eDY

= > Y @, =IO

(i*,m*)eDg (ja+1,ma+1)€D!
Additionally, we need the following lower bound for finite point sets.
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PROPOSITION 5.3. For every d € N there exists a positive constant cg > 0
with the following property: for every integer N > 2 and every N -element point
set Py q in [0, D4 we have

IDpy /DN = ca N~ (log N)“@—D/2,

This has been shown in [2] for d = 2 and [4] for d > 3 with the BMO%-norm
instead of the Dg -norm. But the proofs actually work literally for the Dg-norm.
The proof of the following result relies on Proinov’s idea.

LEMMA 5.4. Ford € N let S5 = (y;)i>0, where y, = (Vi.k» .-, Yd.k) for
k € Ny, be an arbitrary sequence in [0, l)d. Then for every N € N there exists
ann € {1,2,..., N} such that

nlI DL DL+ 1 > NIDpy .., 1D

d+1
)+

where Py 441 is the finite point set in [0, 1 consisting of the points

Xy =1k, ---sYdk, k/N) fork=0,1,...,N —1.
Proof. Choosen € {1,2,..., N} such that
InD% DGl = (max kD% DG . (5.2)
Consider a subinterval of the (d + 1)-dimensional unit cube of the form £ =
14410, 1) with t = (11, 12, . . ., ta41) € [0, 1)**! and put
m=m(tg4+1) := [Ntg411 € {1,2,..., N}

Thenapointx;, k=0,1,..., N—1,belongs to E, if and only if y; € ]_[?:1[0, ti)
and 0 < k < Nty41. Writing E,, = ]_[?:1[0, t;) we have

Z XE@) = Z XE, (),
Z2€PN d+1 YEPma

where P, 4 is the point set which consists of the first m terms of the sequence
S,. Therefore we have

NDPN,d-H(t) = Z XE®@) — Ntit2 - - - tg41

Z2EPN.d+1

= Y x5O —mhty--tg+mtity -ty — Nty tag
yepm,d
=mDp, () + ity --tg(m — Ntgi1),

where t, = (11, ..., t7). With

@) =tty---tq(m — Ntgr1) =tirp - - - tg(m(tgy1) — Ntgy1)
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we obtain
NDpy 4y, (&) = mDp,, , (&) + ¢ (). (5.3)

From the definition of m it is clear that [m — Nt;z41| < 1 and, therefore, also
lo(®)| < 1. It follows that

ImDE D5 | + lleI D |

d+1
N||DPN,¢[+]|D0+ | <
< ImDE Dy + llglLall < [mDZ DG | + 1.

I
I
Using Lemma 5.2 we obtain

Im(O)DEOIDE+1 < sup  Im(tap1) D | DEN+1 < |n DY, IDG11+1.

ta+1€[0,1]

This implies the result. O

Now we can give the proof of Lemma 5.1 which also finishes the proof of
equation (2.2) in Theorem 2.1.

Proof of Lemma 5. 1. We use the notation from Lemma 5.4. For the finite point
set Py 441 in [0, 1)d+1 we obtain from Proposition 5.3 that

NIDpy i IDETH = cay1(log NP2

for some real c¢g4+1 > 0 which is independent of N. According to Lemma 5.4

there exists ann € {1, 2, ..., N} such that
DL D4 +1>=N|D D! log N)4/? 5.4
n||Dgs, Dy |l + 1 Dpy 4o | | = ca+1(log N)*'=. 5.4
Thus we have shown that for every N € N there exists ann € {1,2,..., N} such
that
nl| D% DG + 1> car1(ogn)®/. (5.5)

It remains to show that (5.5) holds for infinitely many n € N. Assume to the
contrary that (5.5) holds for finitely many » € N only and let m be the largest
integer with this property. Then choose N € N large enough such that

ca+1(log N)Y¥? > _max mk||D§d|Dg|| + 1.

For this N we can find ann € {1, 2, ..., N} for which (5.4) and (5.5) hold true.
However, (5.4) implies that n > m which leads to a contradiction since m is the
largest integer such that (5.5) is true. Thus we have shown that (5.5) holds for
infinitely many n € N and this completes the proof. (]
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5.2. The proof of the lower bounds in Theorems 3.1 and 3.2. Before we give
the proof we collect some auxiliary results.

LEMMA 5.5. Let p,q € (0,00) and 0 < s < 1/p. For every d € N there
exists a positive constant cp 4 5.4 > 0 with the following property: for every
infinite sequence Sy in [0, D)? and every N € N we have

IDY 1S5, B0, DIl = cpg.s.a N (log N)U=1/4.

Proof. We apply Proposition 3.4 and the now classical idea of Roth’s proof
of the bound on the L,-discrepancy [32]. Fix an arbitrary infinite sequence S,.
Then for every N € N we can choose n € N such that 2N < 2" < 4N. Let
Jje Ng with |j| = n. Then there are at least 2! = 21~ values of m € D for
which Ij , NPy g = ¥, where Py 4 is again the set consisting of the first N
elements of Sy. For such I; ,, which do not contain any points of Py 4 we give
the Haar coefficients as |(D§;, hjm)| = 272l relying on Lemma 4.8 and 4.9.
We apply Proposition 3.4 to obtain (with some constant ¢ > 0)

, q/p
||D§;|S;’qB([O, l)d)”q o Z 2|J(s—1/11+1)61(2 |<D«19Vd’ hj,m)|p>
JjeN?, meD;
> Z 2lilts=1/p+1)q »=2ljlg 5 (Ijl=Dq/p
ljl=n
= Z 2lils=Dg  pd=1on(s—1)g O
ljl=n

LEMMA 5.6. Let p,q € (0,00). Let f : [0, 119T" — R be in S9 , B([0, 1]%).
Then we have

I1£18) ,BAO, 1UHH < sup 1 £C.tarD)IS) B0, D).
ta+1€[0,1]

Proof. We write ( f, g)4 to keep track of the dimension. We have

1, jmdas] = 1 by s By mae 1]

< osup [(fCotas), by gy)al2 X000,
t4+1€[0,1]

The result then follows from the fact that Dj,,, contains 274+ elements and

Proposition 3.4. ]
We need the following lower bound for finite point sets from [40].

PROPOSITION 5.7. Foreveryd e Nandall1 < p,qg <ocand1/p —1 <
s < 1/ p there exists a positive constant cp 4 5,4 > 0 with the following property:
for every integer N = 2 and every N-element point set Py 4 in [0, 1)? we have

1Dpy 4185, BAO, DD = ¢pgs.a N*' (log N)4= D/,
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LEMMA 5.8. Let 1 < p,q < oo. Ford € Nlet S5 = (y)k>0, where y;, =
(V1,ks - - -5 Ya k) for k € Ny, be an arbitrary sequence in [0, D?. Then for every
N € N there existsann € {1,2, ..., N} such that

n|| D% |S) B0, )| + 1> N|Dp, 1S B0, D],

d+1
)+

where Py 441 is the finite point set in [0, 1 consisting of the points

xr=Wk>--->»Ydk-k/N) fork=0,1,...,N—1.

Proof. The proof is analogous to the proof of Lemma 5.4. We choose n €
{1,2, ..., N} such that

InD%,1,,,BUAO, DI = max kD[S, ,BAO, HD].

,,,,,

Fort € [0, )4t we have (5.3)

NDpy ., (&) =mDp, ,(t:) + @)

(see the proof of Lemma 5.4 for the notation). Then analogously to the proof of
Lemma 5.4 we show that

NIDpy 4118y B0, DTN < ImDE,1S) , BAO, DI + 1.
Finally we use Lemma 5.6 to obtain

Im() D& BAO, DI < sup  |m(ta1) DG 1S9, B0, Y|

td+1€[0,1]

< InD%,1S) , BAO, D). m

Proof of equations (3.3) and (3.5) in Theorem 3.1. The case where s > 0 is
covered by Lemma 5.5, hence we only have to consider the case s = 0. We use
the notation from Lemma 5.4. For the finite point set Py 441 in [0, D4t we
obtain from Proposition 5.7 that

NIDpy 4,18y 4 BUAO. DY = ¢ g.0.411(og N/

for some constant ¢, 4,0,4+1 > 0 which is independent of N. Now we apply
Lemma 5.8 and obtainan n € {1, 2, ..., N} such that

n| D% 180 BU0, DD + 1 > N||Dp, ., 189 B0, D]
> cp.g.0.a+1(og N4, (5.6)

The proof that there are infinitely many n» € N for which the (5.6) holds works
analogously to the proof of Lemma 5.1. (]
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Proof of equations (3.9) and (3.11) in Theorem 3.2. We apply Proposition 3.3,
B and we have for a constant ¢ > 0 from

Theorem 3.1 e
IDS 1S5, Fl
> ¢ 1D, |Snin(p.g).q Bl
o N_1_(10g N)d/a . %fs =0, .
NO=D (log N)@=D/a  if 0 < s < 1/min(p, q). 0
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