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Abstract. In this paper, we propose an uniformly convergent adaptive finite element
method with hybrid basis (AFEM-HB) for the discretization of singularly perturbed
nonlinear eigenvalue problems under constraints with applications in Bose-Einstein
condensation (BEC) and quantum chemistry. We begin with the time-independent
Gross-Pitaevskii equation and show how to reformulate it into a singularly perturbed
nonlinear eigenvalue problem under a constraint. Matched asymptotic approxima-
tions for the problem are reviewed to confirm the asymptotic behaviors of the solutions
in the boundary/interior layer regions. By using the normalized gradient flow, we
propose an adaptive finite element with hybrid basis to solve the singularly perturbed
nonlinear eigenvalue problem. Our basis functions and the mesh are chosen adap-
tively to the small parameter . Extensive numerical results are reported to show the
uniform convergence property of our method. We also apply the AFEM-HB to com-
pute the ground and excited states of BEC with box/harmonic/optical lattice potential
in the semiclassical regime (0 <& <1). In addition, we give a detailed error analysis of
our AFEM-HB to a simpler singularly perturbed two point boundary value problem,

show that our method has a minimum uniform convergence order O(1/(NInN )% ).
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1 Introduction

We consider the following nonlinear eigenvalue problem which is known as the time
independent Gross-Pitaevskii equation (GPE) in Bose-Einstein condensation (BEC) [2, 4,
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9,14]:

1
uep(x) = —§A<P(X)+V(X)<P(X)+l3!¢(x)|2¢(x)r xeQ, (1.1)
P(x)=0, x€dQ, (1.2)
where x= (x1,---,x4)7 is the spatial coordinate, () is a subdomain of R (d=1,2,3), V(x)

is a real-valued potential, and B is a constant. The wave function ¢ is required to satisfy
the normalization condition

I9l2= [ Ip(0Pdx=1. (1.9

The eigenvalue (chemical potential) y is computed by

)= [ (317000 F+V 0 1p LR+ Bloto)* o

The energy is computed by

E@)= [ (3100 P4V lg00 P+ Sl 1) ax 5

In fact, the nonlinear eigenvalue problem (1.1)-(1.2) can be viewed as the Euler-Lagrange
equation of the energy functional E(¢) under the normalization constraint (1.3). In phys-
ical literatures [3,11,37], the ground state ¢;(x) and k-th excited state ¢y (x) are defined
as the local minimizer of the energy functional over the unit sphere

S=1{¢lllgl=1, E(p) <eo}, (1.6)
which are ranked according to their energies, i.e.,
E(pg) <E(91) <E(¢2) <---. (1.7)

One of the fundamental problems in numerical simulation of BEC is to find its ground
and excited states so as to compare the numerical results with experimental observations
and to prepare initial data for studying the dynamics of BEC. Different numerical meth-
ods were proposed for computing the ground and excited states of BEC. For example,
Bao and Du [9] presented a continuous normalized gradient flow with diminishing en-
ergy for computing the ground and first excited states in BEC. This idea was extended to
multi-component BEC [4,10], rotating BEC [16], spin-1 BEC [7,12,15] and dipolar BEC [6].
Bao and Tang [14] proposed a method by directly minimizing the energy functional via
finite element approximation to obtain the ground and excited states. Zhou [45,46] and
Shen and Zhou [42] provided error estimates for the finite element approximations for
some nonlinear eigenvalue problems. In recent years, Zhou et al. [17, 24, 41] also used
the adaptive finite element method to compute some eigenvalue problems arising in

https://doi.org/10.4208/cicp.021114.140715a Published online by Cambridge University Press


https://doi.org/10.4208/cicp.021114.140715a

444 Y. Li / Commun. Comput. Phys., 19 (2016), pp. 442-472

quantum physics and incompressible flows. Chang et al. [20] proposed Gauss-Seidel-
type methods for computing energy states of a multi-component BEC. Edwards and Bur-
nett [26] presented a Runge-Kutta type method and used it to solve one and three dimen-
sional ground states with spherical symmetry. Adhikari [1] used this approach to get the
ground state solution of GPE in 2D with radial symmetry. Other approaches include an
explicit imaginary-time algorithm used by Cerimele et al. [19] and Chiofalo et al. [22], a
direct inversion in the iterated subspace (DIIS) used by Schneider et al. [40], and a simple
analytical type method proposed by Dodd [25]. For more information about the mathe-
matical and numerical theory of BEC we refer the reader to the review paper [5] by Bao
and Cai.

We mainly consider the case f>>1, i.e. in strongly repulsive interaction regime. As
observed in [8,13], boundary/interior layers will appear when  — co. In this case, all
the above numerical methods which in general use uniform meshes do not converge
uniformly with respect to f>> 1. In fact, we can do a semiclassical re-scaling to trans-
form the problem into a singularly perturbed problem. After we use the normalized
gradient flow method combined with the semi-implicit backward Euler discretization
in time, we only need to solve a singularly perturbed reaction-diffusion equation (3.6)
in each iteration. Some special techniques are needed to treat the singular perturbation
problem. We can use Shishkin mesh (also known as piecewise uniform mesh, layer-
adapted mesh [35, 36, 44]) if we know the positions and widths of boundary/interior
layers. Bao and Chai [8] combine the normalized gradient flow and Shishkin mesh
technique to get an uniformly convergent result for the singularly perturbed nonlinear
eigenvalue problem. Some special schemes can also be robust on uniform mesh. For
example, Han and Huang [27, 28] proposed the tailored finite point method (TFPM) for
steady state singularly perturbed convection-diffusion-reaction equation, their method
can achieve high accuracy even on coarse mesh. TFPM is also uniformly convergent for
some cases [29,31], but the uniformly convergent error analysis is still open for the gen-
eral case. Chin and Krasny [21] proposed a hybrid asymptotic finite element method for
stiff two-point boundary value problem. Stynes an O’Riordan [38,43] proposed expo-
nentially fitted finite element method for a singular perturbed two-point boundary value
problem, and their method was complemented by Jiang and Yue [32]. Both of these meth-
ods used the exact solutions of local approximated problems as the basis functions. Lin
and Stynes [33] proposed a balanced finite element method for the singularly perturbed
linear reaction-diffusion problem, where a balanced norm (stronger than the standard
energy norm) was introduced and uniform convergence was proved on a Shishkin mesh.
Melenk et al. [34] also used so-called hp-version finite element method to achieve uniform
convergence. For more related work about robust numerical methods for singularly per-
turbed differential equations, please refer to the book by Roos, Stynes and Tobiska [39].

In this paper we propose an adaptive finite element method with hybrid basis for the
singularly perturbed nonlinear eigenvalue problem (1.1)-(1.2). Based on the asymptotic
solutions, we choose our basis functions and the mesh adaptively to the small parameter
g, so our method can be uniformly convergent for all e > 0. The paper is organized as fol-

https://doi.org/10.4208/cicp.021114.140715a Published online by Cambridge University Press


https://doi.org/10.4208/cicp.021114.140715a

Y. Li / Commun. Comput. Phys., 19 (2016), pp. 442-472 445

lows. In Section 2 we reformulate the time-independent GPE into a singularly perturbed
nonlinear eigenvalue problem with box and harmonic potential, respectively. Matched
asymptotic approximations are also reviewed to give the asymptotic solutions in 1D as
well as in higher dimensions. In Section 3 we propose the adaptive finite element method
with hybrid basis for the singularly perturbed nonlinear eigenvalue problem. In Section
4 we give numerous numerical examples to demonstrate the efficiency of our method
and to compare with other existing numerical methods. In the appendix we give a de-
tailed error analysis of our method to a singularly perturbed two point boundary value
problem, and prove our method to be uniformly convergent.

2 A singularly perturbed nonlinear eigenvalue problem

In this section, we reformulate the time-independent GPE (1.1) into a singularly per-
turbed nonlinear eigenvalue problem under a constraint when B> 1, i.e., in strongly
repulsive interaction regime. We also review the matched asymptotic approximations
for the ground state and excited states as well as their energy and chemical potential of
the corresponding singularly perturbed nonlinear eigenvalue problem. We will list the
asymptotic results here, and the details can be found in [8,13].

2.1 For bounded () with box potential

When Q) is bounded and V (x) is chosen as a box potential, i.e. V(x)=0in Q) and V(x) =00

outside, let

=% wi=k 00 =p) 1)

then the time-independent GPE problem (1.1)-(1.3) is reformulated to the following sin-
gularly perturbed nonlinear eigenvalue problem

2
€ € € = s =
K () == AP )+ ()PP (x),  xeQ, (22)
¢°(x)=0, x€0Q, (2.3)
with a normalization constraint
I9°112= [ 1900 Pax=1. 4
The re-scaled eigenvalue (chemical potential) ¢ is computed by
€ € £ 82 s s
it @)= [ (G IV 0P+ 0 ) ax=0), @5
and the re-scaled energy is computed by
2
B0 = [ (FIVH 04310 0l dx=00) 26)
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Now we review the asymptotic results of the singularly perturbed nonlinear eigen-
value problem (2.2)-(2.4). For simplicity, we first consider Q)= [0,1]. By matched asymp-
totic expansion, we get the approximation for the ground state when 0 <e < 1:

95 (x) =Py (x) = \/ym[tanh(\/ygmx/e)+tanh<\/ygm(1—x)/e>

—tanh( y{g\’IA/s)], 0<x<1. (2.7)

Plugging it into the normalization constraint (2.4), after some computations, we obtain

1= /](])g 2dx~;4MA 2e\/udtA. (2.8)

Solving it we obtain the asymptotic approximation for the chemical potential of the
ground state as

o~ pd A 1426/ 14624262, (2.9)

Moreover, we can obtain the asymptotic approximation for the energy of the ground state
as

Ei~Ey~ —+ s\/1+e2+2s (2.10)

Similarly, we get the asymptotic solution for the k-th excited state as

[(k+1)/2] /yllc\/fA i
€l s o [y MA _ 4
Pr(x) =/ p E) tanh ( e (x k—|—1>
[k/2] [uMA o A
+ Z tanh (: (ﬂ—x> —Citanh gk , (2.11)

= k1

where [t] takes the integer part of the real number ¢, the constant Cy =1 when k is even
and Cx =0 when k is odd. The asymptotic approximations of eigenvalue and energy of
the k-th excited state are given by

~142(k+ s\/1+ (k+1)2e2+2(k+1)%¢?, (2.12)
14 —
R 2
~a+ 3 (k+1) \/1+ (k+1)2e242(k+1)%€? (2.13)

Similar to 1D case, we can extend the matched asymptotic approximations for the 1D
ground state and k-th excited states to higher dimensions, i.e. d-dimensions (4 =2,3). In
the region Q) =[0,1], the matched asymptotic approximations for the ground state and
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k= (kq,---,kg)-th excited state in d-dimensions with x=(x1,---,x,) are
d | [(ki+1)/2] \/ A i
e (N~ | MA 4
P () =/ 1y H[ ];) tanh( . <x1 ki+1>
Ik,/2] [uMa . LMA
+ tanh( gk <2] +1—xi> —Cy, tanh Tk . (2.14)

=0 ki+1

And the asymptotic approximations of chemical potential and energy functional can be
computed by the normalization constraint (2.4) and the above expression (2.14). Espe-

cially when k:=k; =k, =--- =k,; we have the following expressions:
‘uf(m‘uﬂAAml—FZd(k—i—l)s\/l +d(2—d) (k+1)2e242d (k+1)2¢?, (2.15)
. 1 4d 1
¢ v EMA §+?(k+1)s\/1+d(2—d)(k+1)252+gd(cH—S)(k+1)282. (2.16)

From the above asymptotic results, we can draw the following conclusions:

e Boundary layers are observed at x =0 and x =1 for the ground and all excited
states when 0 <& <1, and for k-th excited state there are k interior layers located at

Xj= ki—l,j: 1,2,--+ k. The width of these layers are O(¢) = (’)(‘8*1/2).

e When 0 <e <1, if all the eigenfunctions are ranked according to their energies,
then the corresponding eigenvalues (or chemical potentials) are ranked in the same
order. This suggests that the two definitions of the ground state used in physical
literatures: (1) minimizer of energy functional, (2) eigenfunction of the nonlinear
eigenvalue problem with smallest eigenvalue, are equivalent.

These information will be used in designing our adaptive finite element method with
hybrid basis for the singularly perturbed nonlinear eigenvalue problem (2.2)-(2.4).

2.2 For the whole space () =R? with harmonic potential

When Q=R is the whole space and V(x) is chosen as the harmonic potential, i.e.

1
V) =5 (g4 +ix), (217)

with 71,--,74 positive constants (for simplicity we assume y; =--- =3 =1 below), we
choose the semiclassical re-scaling as

e::ﬁ’diﬂ, %:i=elx ut=ep, ¢£(i)::e’%¢(x). (2.18)

https://doi.org/10.4208/cicp.021114.140715a Published online by Cambridge University Press


https://doi.org/10.4208/cicp.021114.140715a

448 Y. Li / Commun. Comput. Phys., 19 (2016), pp. 442-472

Substituting the above re-scaling parameters into the time-independent GPE (1.1), drop-
ping the symbol ~, we again obtain the following singularly perturbed nonlinear eigen-
value problem

2
Hpt(x) = —%Afps(X) +V ()9 (x)+ ¢ (x)9°(x),  x€RY, (2.19)
with a normalization constraint
2 _ {3 2 _
I¢°12= [ 1900 Pax=1. (2.20)

Again, the re-scaled eigenvalue (chemical potential) u* is computed by

2
w9 = [ (FIVFRPH VI Pl ix=0(), @2
and the re-scaled energy is computed by

2
E®:=E*(¢°) :/]Rd <%|V¢£(x) ]2+V(x)|<p€(x)|2+%|<,b€(x)|4> dx=0(1). (2.22)

Now we review the asymptotic results of the singularly perturbed nonlinear eigen-
value problem (2.19)-(2.20). Again for simplicity, we first present results for 1D case. By
using the matched asymptotic expansion technique, we obtain the asymptotic approxi-
mation for the first excited state:

i (x) = (x )
uM tanh +\/y "—;—\/yi‘M, 0<x<y/2uM4,

. . 223
o L >—W¥A—%+W¥A, ~yutsx<o, B

0, otherwise.

And the asymptotic approximations for the chemical potential and energy are given by

e MA_1/(3 T2 2
“l,[l%;/ll :E E +T€+O(€ ), (224)
2
3
~EMA = 130 <§> +§E+O(£2). (2.25)

For higher dimensional results, i.e. d—dimensions (d =2,3), we can get the Thomas-
Fermi approximation for the ground state as

_ TF
(P;F(X){ \ P‘;"FF V(X)' V(x)<‘ug ’ (2.26)

otherwise,
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and the Thomas-Fermi approximations for the chemical potential and energy are

1 1
1)\2 21\
. TF _ TF _
2 2
17153 5 (157
d=3: He —2<47T> . Eg 1 <47_[> . (2.28)

We can also get the matched asymptotic approximation for the first excited state. For
example, for the first (1,0)-th excited state in 2D, the asymptotic solution is

d

(tanh(‘/fxl)—l)%—\/y—@, x1>0 and x?4x% <2y,
N y—xé(tanh(\/le)—kl) —\/y—x%;x%, x1<0 and x?4x3 <2y, 229)

0, otherwise.

And the asymptotic approximations for the chemical potential and energy are given by

1\? 4v2
P‘?l,o)%V:(;) +¥€+0(52), (2.30)
1
2/1\2 642
€ ~F—=—Z—|( 2
E<1,0)~E—3<7t> + 5 e+ O(E). (2.31)

From the above asymptotic results, we can draw the following conclusions:
e For the ground state, there is no boundary and interior layers.

e For the first excited state, an interior layer is located at x=0 and the width is O(¢)=

OB~ #2).

Again, these information will be used in designing the uniformly convergent adaptive fi-
nite element method with hybrid basis for the singularly perturbed nonlinear eigenvalue
problem (2.19)-(2.20).

We also note that the asymptotic solution is continuous on the whole R but the first
derivative is not continuous at x = £/2y7. This is a typical behavior for solutions of
free boundary value problems, which indicates that an interface layer correction has to
be constructed in order to improve the approximation quality. In practical computations,
we can reduce it to a bounded computational domain Q) (for example Q) = [—¢,c]) by
setting ¢[0 =0.
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3 A uniformly convergent numerical method

3.1 The normalized gradient flow

The normalized gradient flow method, also known as ‘imaginary time method” in physi-
cal literatures [2,4,9], has been widely used in the numerical computation for the ground
state solution of BEC. It is one of the most popular and efficient techniques for dealing
with the normalization constraint (2.20). The normalized gradient flow is a combination
of steepest decent method and projection method:

9p(xt) = SAP=V()P—IpPp, XED, ty<t by, @)

_ + _ (P(X't;;+l) O 3.2
¢(x/tn+1) (P(X/tn-i-l) ||(P(X,t;+1)|‘, xel), ( . )
p(x,t)=0, x€9Q), d(x,0)=¢o(x), x€Q; (3.3)

where

POt =limg(xt),  ligoll*= [ Igo(x) Pex=1.

Here and after we will omit the superscript e for simplicity.

In one dimensional case, we choose the initial value ¢(x,0) = v/2sin(7rx) to compute
the ground state of BEC with box potential, and ¢(x,0) = v/2sin((k-+1)7x) to compute
the kth excited state of BEC with box potential, and ¢(x,0) =sin(7rx/2)/+/2 to compute
the first excited state of BEC with harmonic potential.

3.2 Discretization

In the following computation we use the semi-implicit backward Euler (BE) discretiza-
tion in time:

¢ —9" _¢&

—— =S AP =V (x)¢"—[¢" ¢, (34)
n+1 (P* (x)
X)= ; (3.5)
RN T
and now we introduce an adaptive finite element with hybrid basis discretization in

space.

First, we denote a general finite element framework discretization in space. For sim-
plicity of notation we only consider the 1D case with ()= (a,b). Generalization to higher
dimensions are standard in references about finite element method [18]. Let a=xg <x1 <
---<xny=Dbbe a partition of the interval Q=(a,b). The basis functions ¢;(x) (i=1,--- ,N—1)
are piecewise smooth and they satisfy ;(x;) =d;; for j=0,1,---,N. The finite dimensional
space @y, is spanned by all ;(x) (i=1,---,N—1).

https://doi.org/10.4208/cicp.021114.140715a Published online by Cambridge University Press


https://doi.org/10.4208/cicp.021114.140715a

Y. Li / Commun. Comput. Phys., 19 (2016), pp. 442-472 451

We rewrite the Eq. (3.4) as a reaction-diffusion equation

2
e * n * n
= A" (%) + (1 TV () +7]¢" (x)[*)9" (x) = ¢" (x). (3.6)
The corresponding variational problem is to find ¢* € H} (Q)) such that

a(¢p*,v)+c(¢p*,0)=(¢p",v), Yoe H} (Q), (3.7)

and the corresponding finite element approximation problem is to find ¢; =Y~ ' ¢ ;(x)
such that

(00 +e(io) = (@0, Yo edy, 9
where
L1 [xiq N
a(pp,on) = Z V¢ Vodx, (3.9)
d¢;m>=2:/”“u+fvu»+rww%¢ﬁwaxwx (310)
i=0 X

The normalization step is discretized as

el — 4’1 i=0,---,N, (3.11)

with

N-1 Xit1
AR RAGIRS (312
i=0 7 Xi

After stationary state is reached, we can compute the chemical potential and energy func-
tional as follows

L Vg (x Fw+2/’ g+ gn(0)Ddx, 613
2/ N%r%+z/ rw>m§mm%x 619

So our goal is to construct a proper finite dimensional space ®; with a suitable mesh
partition.
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3.3 Adaptive finite element with hybrid basis

Now we come to design an uniformly convergent finite element method for the BE gra-
dient flow. The main feature of our method is that the choice of the basis functions and
the mesh depend on the parameter €. Generally, if € is not small, the classical finite differ-
ence/element method on uniform mesh can work enough well; and if ¢ is small, then the
basis functions will choose to be asymptotic solutions in boundary/interior layer regions
and polynomial functions in smooth regions, respectively. So there will be a balance be-
tween the choice of the basis functions and the mesh and e. We call it “Adaptive Finite
Element Method with Hybrid Basis (AFEM-HB for short)”. A detailed error analysis of
our method applied to a simpler singularly perturbed two point boundary value problem
has been given in the appendix.

For computing the ground state of BEC with box potential, let 0=xp <x; <---<xy=1
be a partition of the interval [0,1], we set

hi, j=1,
XjZXj_1+ h2, 2§]§N—1, (315)
hi, j=N,

in which the two kinds of mesh sizes are

o, £<9, 1-2m
hy= hy = . 3.16
; {%, R (3.16)

Here we call ¢ =min{},éInN} the x-transition point and y = 7(N) = (InN )3/N3 the
e-transition point. The x-transition point is chosen as that in Shishkin mesh, and the e-
transition point is chosen to obtain the maximum uniform convergence rate (see details
in the appendix). We note that we take only one point in every boundary layer regions,
and this mesh size is In N times greater than e.

Now we come to construct the hybrid finite element space ®;. Let {lpi}fi ,! be the
standard piecewise linear hat functions that satisfy ¢;(x;) =d;; for j=0,1,---,N. Let the
other two hybrid basis functions 1; and yn_1 be

tanh (%)

()’ x € [x0,x1),
P1(x)= 2=, xelrvx), (3.17)
0, otherwise,
tanh(17%)
tanh(th) s xe(-fol/-xN]/
Pn-a(x)= ﬁ, x € (xN_2,XN-1], (3.18)

0, otherwise.
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The hybrid finite element space is

Dy, :=span{yy, 2, Pn-2,Pn-1} CHy(0,1). (3.19)

In the appendix we proved the uniform convergence result for a singularly perturbed
two point boundary value problem, and showed how the choice of x-transition point
and e-transition point affect the convergence result.

Similarly, for computing the first excited state of BEC with box potential, there is an
additional interior layer located at x =1/2 with width O(2¢), then the partition can be

chosen as
B hi, je{1,N/2,N/2+1,N},
X =T {hz, e {2 N/2—1}U{N/242,- N—1}, (320
in which the two kinds of mesh sizes are
infl < _
By = r;un{g,slnN}, e<7, h2:1 4h1, (3.21)
N e>1, N—-4

and there are four hybrid basis functions ¢1,¢n/2-1,¥N/2+1,¥N—1 Which can be con-
structed similarly.

For computing the first excited state of BEC with harmonic potential, we take (2 =
(—c¢,c) and let —c=1xp < x1 < --- <xn =c be its partition. Since there is an interior layer
located at x =0 with width O(2¢), we choose the partition as

h2/ 1§]§N/2_1/
xj=xj 144 h, j=N/2,N/2+1, (3.22)

in which the two kinds of mesh sizes are

min{<,eInN}, <+, 2c—2h
hl:{ 2c {2 } ,Y hzz 1

= £>1, N-2"~

(3.23)

and there are two hybrid basis functions ¢n/2-1,¥n/2+1 Which can be constructed simi-
larly.

Remark 3.1. We make a comparison with our method to other existing numerical meth-
ods, especially finite difference method on Shishkin mesh and the tailored finite point
method (TFPM) on uniform mesh applied to the BE gradient flow equation (3.6). Shishkin
mesh [35,36] is a kind of piecewise uniform mesh. When total N+-1 points are used, N /2
points are located uniformly in the boundary/interior regions and other N /2 points are
located uniformly in the smooth regions. It has been proved to be uniformly convergent
for many singularly perturbed problems. TFPM [27, 28, 30] uses the exact solutions of
the local approximated problem as the basis functions, and it can get high accuracy in
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the regime 0 <e<1/N and £>>1/N. Moreover, if the coefficient functions are piecewise
smooth and independent of ¢, then TFPM on uniform mesh can be uniformly conver-
gent [29,31]. However, for our BE gradient flow equation (3.6), the coefficient function
¢"(x) depends on ¢, and its derivatives is not bounded when € goes to zero. In this
case TFPM on uniform mesh can not get satisfactory error estimate result in the regime
e=0(1/N), so it is not uniformly convergent for our case.

From the construction of our AFEM-HB we see that AFEM-HB can be considered as
a good combination of Shishkin mesh and TFPM. The mesh partition is adapted to the
parameter e. When ¢ is small, the mesh partition is similar to that of Shishkin mesh, except
that only one point is located in every boundary/interior region. The basis functions
are chosen to be the same with TFPM in boundary/interior layer regions, and standard
piecewise linear basis functions away from the boundary/interior layer regions. When
e is large, our AFEM-HB is reduced to the standard finite element method on uniform
mesh. In conclusion, our AFEM-HB is more efficient than the Shishkin mesh method,
e.g. half the computational cost, and our AFEM-HB is still uniformly convergent with
respect to the mesh size and the parameter e.

4 Numerical results

In this section, we present numerous numerical examples to show the uniform conver-
gence property of our adaptive finite element method with hybrid basis (AFEM-HB). As
we know, classical finite difference/element methods on uniform mesh are not uniformly
convergent for singularly perturbed problems [39]. We also compare our AFEM-HB re-
sults with that of finite difference method on Shishkin mesh [35,36] and tailored finite
point method (TFPM, [27,28,30]) on uniform mesh.

We first show the maximum error results for the singularly perturbed two point
boundary value problem for these three methods, then show the maximum error results
for the ground and excited states of BEC with box/harmonic potential. After that we will
apply the normalized gradient flow combined with our AFEM-HB method to compute
the ground and excited states of BEC with box/harmonic/optical lattice potential in the
semiclassical regimes (0 <e<1). In our computations, we choose time step T=0.001, and
the stationary state is reached when

n+1 n -8
m N — | <1078,
OS@V!% (xi) =y (xi)]

4.1 Comparison and convergence rate

Example 4.1. In the first example, we compute the maximum errors for the singularly
perturbed two point boundary value problem (see the appendix):

—2u" (x) +b(x)u(x) = f(x),x€(0,1), (4.1)
u(0)=0, u(1)=0, 4.2)
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where b(x) =1 and f(x)=14cos(7rx). It is directly to show that

cos(mtx)  2+e*m? sinh("T_l)_ e2r?  sinh(%)
1+e2m2  1+e2m? ginh(l) 1+&27? sinh(1)

u(x)= (4.3)

is the exact solution. Tables 1-3 show the numerical results by using Shishkin mesh,
TFPM and AFEM-HB, respectively. Table 4 shows the comparison of these three methods.

From Table 1 we see that the maximum errors by using Shishkin mesh do not increase
with e—0, and an essentially second order convergence rate is observed for all e>0. From
Table 2 we see that the maximum errors by using TFPM are very small and decay with
e — 0 in the region e < 1/N (i.e. lower triangular part of the table), and second order
convergence rate is observed in the region e>>1/N (i.e. upper triangular part of the
table). From Table 3 we see that the maximum errors by using AFEM-HB do not increase
significantly with ¢ — 0, and second order convergence rate is observed when e <1/N
or £>>1/N. From Table 4 we see that if we keep e =O(1/N) and let N — oo, uniformly
second order convergent rates are observed by all three methods. For this simple case,

Table 1: Maximum errors, i.e. maxo<j<n|u(x;)—u;|, for Example 4.1 by using Shishkin mesh for different €
and grid points N.

Shishkin mesh | No=2* 22N, 24N 2°Ny 28Ny
e0=0.1 1.06E-2 7.03E-4 4.41E-5 2.76E-6 1.73E-7
e0/22 481E-2 8.06E-3 7.43E-4 4.66E-5 291E-6
e0/2% 481E-2 8.08E-3 9.17E-4 898E-5 8.09E-6
£0/2° 481E-2 8.08E-3 9.17E-4 898E-5 8.09E-6
£0/28 481E-2 8.08E-3 9.17E-4 8.98E-5 8.09E-6
go/210 481E-2 8.08E-3 9.17E-4 8.98E-5 8.09E-6
g0/212 481E-2 8.08E-3 9.17E-4 8.98E-5 8.09E-6
go/21 481E-2 8.08E-3 9.17E-4 8.98E-5 8.09E-6

Table 2: Maximum errors, i.e. maXo<;<n|u(x;)—u;|, for Example 4.1 by using TFPM for different ¢ and grid
points N.

TFPM | Np=2% 22N, 24N, 2°Nj 28Ny
e0=0.1 | 1.95E-3 124E-4 7.76E-6 4.85E-7 3.03E-8
e0/2% | 2.20E-3 1.83E-4 1.16E-5 7.28E-7 4.55E-8
eg/2* | 3.76E-4 149E-4 122E-5 7.76E-7  4.85E-8
e9/2° | 2.36E-5 240E-5 941E-6 7.68E-7  4.89E-8
eg/2% | 148E-6 1.50E-6 150E-6 5.89E-7 4.81E-8
e0/219 | 9.23E-8 9.40E-8 9.41E-8 9.37E-8 3.68E-8
eg/212 | 5.77E-9 5.88E-9 5.88E-9 5.88E-9 5.86E-9
eg/2'% | 3.61E-10 3.67E-10 3.68E-10 3.68E-10 3.68E-10
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Table 3: Maximum errors, i.e. maxo<j<n|u(x;)—u;|, for Example 4.1 by using AFEM-HB for different ¢ and
grid points N.

AFEM-HB | Ny=2* 22N 24Ny 2°Nj 28Ny
g0=0.1 | 2.68E-2 2.60E-2 3.76E-5 2.65E-6 1.71E-7
e0/22 407E-3 141E-3 1.62E-3 3.99E-5 2.80E-6
eo/2% 6.21E-3 3.33E-4 3.98E-5 3.62E-5 3.55E-5
£o/2° 7.23E-3 4.08E-4 2.32E-5 1.77E-6 1.50E-6
eo/28 7.65E-3 4.53E-4 2.64E-5 1.54E-6 9.05E-8
e0/2'0 | 7.77E-3 4.77E-4 2.85E-5 1.69E-6 9.99E-8
eo/2'% | 7.80E-3 4.85E-4 298E-5 1.79E-6 1.07E-8
eo/2% | 7.81E-3 4.88E-4 3.03E-5 1.87E-6 1.13E-7

Table 4: Comparison of the maximum errors for Example 4.1 by using Shishkin mesh, TFPM and AFEM-HB.

N No=2* 22N, 24Ny 2°Nj 28Ny

€ e0=0.1 ¢g/22 go/2% 0/2° eo/28
Shishkin mesh | 1.06E-2 8.06E-3 9.17E-4 8.98E-5 8.09E-6
TFPM 195E-3 1.83E-4 1.22E-5 7.68E-7 4.81E-8
AFEM-HB | 2.68E-2 141E-3 3.98E-5 1.77E-6 9.05E-8

all the three methods are uniformly convergent with respect to € >0, and TFPM shows
the best numerical results among these three methods. These results are consistent with
our theoretical error estimates (A.6), (A.8), (A.25) for the singularly perturbed two point
boundary value problem in the appendix.

Example 4.2. In the second example, we compute the maximum errors for the singularly
perturbed two point boundary value problem with a more general case. We choose b(x)=
2+x(1—x) and

1-x

£ (x) = (24 x(1—x)) (1+sin?(7rx) +e ¢ ) —2e2m2cos(27tx) — (14+x(1—x)) (e i e~ © ).

1-x

It is easy to check that u(x) =14sin?(7rx) +e"i—e f—e T is the exact solution. Tables
5-7 show the results by using Shishkin mesh, TFPM and AFEM-HB, respectively. Table 8
shows the comparison of these three methods.

From Table 6 we see that TFPM has high accuracy in the region e <1/N (i.e. lower
triangular part of the table), and second order convergence rate is observed in the region
e>1/N (i.e. upper triangular part of the table). From Table 8 we see that if we keep
e=(0(1/N) and let N — oo, then no convergence is observed by using TFPM. From Table
5 and Table 7 we see that Shishkin mesh and AFEM-HB are still uniformly convergent
for this general case. Besides, our AFEM-HB shows better results than Shishkin mesh
method. These results are consistent with our theoretical error estimates (A.6), (A.8),
(A.25) for the singularly perturbed two point boundary value problem in the appendix.

https://doi.org/10.4208/cicp.021114.140715a Published online by Cambridge University Press


https://doi.org/10.4208/cicp.021114.140715a

Y. Li / Commun. Comput. Phys., 19 (2016), pp. 442-472

457

Table 5: Maximum errors, i.e. maxo<j<n|u(x;)—u;|, for Example 4.2 by using Shishkin mesh for different ¢

and grid points N.

Shishkin mesh | Np=2* 22N 24Ny 20Ny 28Ny
e0=0.1 3.68E-3 249E-4 156E-5 9.75E-7 6.29E-8
e0/22 1.49E-2 2.68E-3 255E-4 1.60E-5 1.00E-6
go/2% 1.51E-2 2.70E-3 3.16E-4 3.09E-5 2.78E-6
£0/2° 1.51E-2 2.71E-3 3.16E-4 3.10E-5 2.79E-6
e0/28 1.51E-2 2.71E-3 3.16E-4 3.10E-5 2.79E-6
go/210 1.51E-2 2.71E-3 3.16E-4 3.10E-5 2.79E-6
eo/212 1.51E-2 2.71E-3 3.16E-4 3.10E-5 2.79E-6
eo/214 1.51E-2 2.71E-3 3.16E-4 3.10E-5 2.79E-6

Table 6: Maximum errors, i.e. maxg<j<n|u(x;)—u;|, for Example 4.2 by using TFPM for different € and grid

points N.

TEPM | Ny=2* 22N, 24Ny 2°Nj 28Np

e0=0.1 | 495E-3 3.28E-4 2.06E-5 1.29E-6 8.06E-8
e0/2% | 148E-2 3.81E-3 2.61E-4 1.64E-5 1.02E-6
e0/2%* | 1.71E-4 142E-2 3.77E-3 257E-4  1.62E-5
e0/2° | 1.07E-5 224E-5 142E-2 3.76E-3 2.57E-4
e0/28 | 6.69E-7 6.69E-7 220E-5 142E-2  3.74E-3
e0/210 | 4.18E-8 4.18E-8 4.18E-8 220E-5 1.42E-2
eg/2'% | 2.61E-9 261E-9 261E-9 261E-9 220E-5
eo/2* | 1.63E-10 1.63E-10 1.63E-10 1.63E-10 1.63E-10

Table 7: Maximum errors, i.e. maxo<i<n|u(x;)—u;|, for Example 4.2 by using AFEM-HB for different ¢ and

grid points N.
AFEM-HB | Ny=2* 22N, 24Ny 2°Nj 28Ny
e0=0.1 | 7.63E-2 7.71E-2 1.65E-5 1.04E-6 6.88E-8
e0/22 3.40E-3 296E-3 3.62E-3 1.66E-5 9.13E-7
eo/2% 1.90E-3 1.60E-4 521E-5 522E-5 6.27E-5
£0/2° 1.89E-3 1.22E-4 9.17E-6 1.83E-6 1.24E-6
eo/28 1.92E-3 1.22E-4 7.69E-6 554E-7 9.45E-8
e0/2'0 | 1.94E-3 1.22E-4 7.62E-6 4.81E-7 3.39E-8
e0/2'2 | 1.95E-3 1.22E-4 7.63E-6 4.77E-7 3.01E-8
eo/2'% | 1.95E-3 1.22E-4 7.63E-6 4.77E-7 2.98E-8

Example 4.3. In this example we compute the maximum errors for the ground state of
BEC with box potential. Let ¢(x) be the numerical "exact’ solution by using Shishkin
mesh with N =21°, and ¢N(x) be the numerical solution with N+1 grid points. We
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Table 8: Comparison of the maximum errors for Example 4.2 by using Shishkin mesh, TFPM and AFEM-HB.

N No=2* 22N, 24N, 2°Nj 28Ny
e e0=0.1 e9/2%  e9/2* /20  go/28
Shishkin mesh | 3.68E-3 2.68E-3 3.16E-4 3.10E-5 2.79E-6
TFPM 495E-3 3.81E-3 3.77E-3 3.76E-3 3.74E-3
AFEM-HB | 7.63E-2 296E-3 521E-5 1.86E-6 9.45E-8

Table 9: Maximum errors, i.e. maxo<;<n|¢(x;)—¢"N(x;)| for the ground state of BEC with box potential by
using Shishkin mesh for different ¢ and grid points N.

Shishkin mesh | Np=2* 22N 24N, 26Ny 28Ny
e0=0.1 2.64E-2 1.70E-3 1.06E-4 6.58E-6 4.57E-7
e0/22 2.72E-2 4.01E-3 4.42E-4 4.32E-5 3.62E-6
go/2% 2.70E-2 3.84E-3 4.27E-4 4.16E-5 3.68E-6
e0/2° 2.70E-2 3.81E-3 4.23E-4 4.12E-5 b5.76E-6
eo/28 2.69E-2 3.78E-3 4.22E-4 427E-5 5.71E-6
/210 2.69E-2 3.78E-3 4.22E-4 4.27E-5 5.71E-6
/212 2.70E-2 3.78E-3 4.22E-4 4.27E-5 5.71E-6
go/214 2.70E-2 3.78E-3 4.22E-4 4.27E-5 5.71E-6

Table 10: Maximum errors, i.e. maxg<i<n|P(x;)—¢™N(x;)| for the ground state of BEC with box potential by
using TFPM for different € and grid points N.

TEPM | Ny=2* 22N, 24Ny 2Ny 28Ny
e0=0.1 | 3.02E-2 297E-3 191E-4 120E-5 7.76E-7
e0/2% | 748E-3 2.69E-2 231E-3 147E-4 9.51E-6
e0/2* | 2.69E-3 3.69E-3 2.60E-2 2.17E-3 1.37E-4
e0/2° | 6.90E-4 6.68E-4 4.05E-3 2.58E-2 2.13E-3
e0/2% | 1.72E-4 1.70E-4 1.65E-4 4.14E-3 2.58E-2
e0/210 | 4.01E-5 4.00E-5 3.97E-5 3.87E-5 4.16E-3
eo/2' | 1.10E-5 1.10E-5 1.10E-5 1.09E-5 1.05E-5
eo/2' | 2.78E-6 2.78E-6 2.78E-6 2.78E-6 2.76E-6

compute the maximum errors, i.e. maxo<;<n|¢(x;) —¢N (x;)| for the ground state of BEC
with box potential. Tables 9-11 show the results by using Shishkin mesh, TFPM and
AFEM-HB, respectively. Table 12 shows the comparison of these three methods.

From Tables 9-12, similar conclusions as those for the singularly perturbed two point
boundary value problem can be drawn.

Example 4.4. In this example we compute the first excited state of BEC with box potential.
Tables 13-15 show the results by using Shishkin mesh, TFPM and AFEM-HB, respectively.
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Table 11: Maximum errors, i.e. maxo<;<n|$(x;) —@N(x;)| for the ground state of BEC with box potential by
using AFEM-HB for different & and grid points N.

AFEM-HB | Ny=2* 22N, 24Ny 2°Nj 28Ny
e0=0.1 | 3.70E-4 2.16E-5 2.04E-4 8.08E-6 4.51E-7
e0/22 2.55E-3 2.85E-5 1.20E-7 2.18E-8 6.97E-6
e0/2% 5.86E-3 1.44E-4 252E-6 2.54E-8 2.71E-8
£0/2° 725E-3 321E-4 1.03E-5 1.82E-7 2.69E-8
£0/28 7.64E-3 4.36E-4 1.77E-5 7.02E-7 2.54E-8
e0/219 | 7.75E-3 4.74E-4 2.61E-5 9.90E-7 4.66E-8
e0/2'2 | 7.77E-3 4.85E-4 293E-5 156E-6 5.59E-8
e0/2" | 7.78E-3 4.87E-4 3.02E-5 1.81E-6 9.39E-8

Table 12: Comparison of the maximum errors for the ground state of BEC with box potential by using Shishkin

mesh, TFPM and AFEM-HB.

N No=2* 22N, 24N 2°Ny 28Ny
€ e0=0.1 ¢g/22 gg/2% e0/2° eo/28
Shishkin mesh | 2.64E-2 4.01E-3 4.27E-4 4.12E-5 5.71E-6
TFPM 3.02E-2 2.69E-2 2.60E-2 2.58E-2 2.58E-2
AFEM-HB | 3.70E-4 2.85E-5 252E-6 1.82E-7 2.54E-8

Table 13: Maximum errors for the first excited state of BEC with box potential by using Shishkin mesh for

different € and grid points N.

Shishkin mesh | Np=2* 22N 24Ny 20Ny 28Ny
e0=0.1 3.84E-2 251E-3 157E-4 987E-6 6.75E-7
e0/22 1.84E-1 1.86E-2 1.52E-3 9.50E-5 5.61E-6
go/2% 1.66E-1 1.69E-2 1.66E-3 1.52E-4 1.40E-5
£0/2° 1.61E-1 1.66E-2 1.62E-3 1.50E-4 1.46E-5
e0/28 1.60E-1 1.65E-2 1.62E-3 1.50E-4 1.45E-5
go/210 1.60E-1 1.65E-2 1.60E-3 1.49E-4 1.45E-5
eo/212 1.60E-1 1.64E-2 1.63E-3 1.49E-4 1.45E-5
eg/214 1.60E-1 1.64E-2 1.63E-3 1.49E-4 145E-5

Table 16 shows the comparison of these three methods. Similar conclusions as those for
the ground state of BEC with box potential can be drawn.

Example 4.5. In this example we compute the first excited state of BEC with harmonic
potential. Tables 17-19 show the results by using Shishkin mesh, TFPM and AFEM-HB,
respectively. Table 20 shows the comparison of these three methods.

From Tables 17-19 we see that these methods converges slower than the previous
three examples. The maximum errors even increase when £ — 0 for all these three meth-
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Table 14: Maximum errors for the first excited state of BEC with box potential by using TFPM for different ¢

and grid points N.
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TFPM | Np=2* 22N, 24N 2°Ny 28Ny
e0=0.1 | 3.52E-2 4.05E-3 2.68E-4 1.70E-5 1.10E-6
e0/22 | 3.60E-3 2.81E-2 2.52E-3 1.61E-4 1.04E-5
e0/2* | 540E-3 4.02E-3 2.63E-2 222E-3 141E-4
£0/2° | 1.39E-3 1.34E-3 3.93E-3 2.58E-2 2.21E-3
e0/2% | 346E-4 344E-4 3.33E-4 4.11E-3 257E-2
e0/210 | 850E-5 8.51E-5 845E-5 8.15E-5 4.16E-3
e0/2'2 | 1.98E-5 2.00E-5 1.97E-5 1.98E-5 1.89E-5
e0/2" | 4.02E-6 4.30E-6 4.00E-6 3.74E-6 3.79E-6

Table 15: Maximum errors for the first excited state of BEC with box potential by using AFEM-HB for different

€ and grid points N.

AFEM-HB | Ny=2* 22N, 24Ny 2°Nj 28Ny
eg=0.1 | 6.10E-3 3.22E-4 2.68E-4 1.70E-5 1.07E-6
g0 /22 2.06E-3 1.64E-5 1.71E-7 227E-8 8.56E-6
/2% 444E-3 158E-4 2.10E-6 5.00E-8 4.21E-8
e0/2° 6.74E-3 2.06E-4 1.10E-5 2.03E-7 3.87E-8
eo/28 7.50E-3 3.78E-4 147E-5 7.60E-7 5.06E-8
/210 7.71E-3 4.56E-4 2.14E-5 1.04E-6 8.25E-8
/212 7.76E-3 4.80E-4 2.77E-5 1.19E-6 1.01E-7
go/214 7.77E-3 4.86E-4 298E-5 1.68E-6 7.41E-8

Table 16: Comparison of the maximum errors for the first excited state of BEC with box potential by using

Shishkin mesh, TFPM and AFEM-HB.

N No=2* 22N, 24Ny 2°Nj 28Ny

€ e0=0.1 ¢g/22 go/2% e0/2° eo/28
Shishkin mesh | 3.84E-2 1.86E-2 1.66E-3 1.50E-4 1.45E-5
TFPM 3.52E-2 281E-2 2.63E-2 258E-2 257E-2
AFEM-HB | 6.10E-3 1.64E-5 2.10E-6 2.03E-7 5.06E-8

ods. In Table 20 we see that both Shishkin mesh and AFEM-HB are uniformly conver-
gent, but only first convergence rates are observed. This is due to the fast descent near
x==4./2y when ¢ — 0. But later in Example 4.7 we will see that the errors near the in-
terior layer do not increase as ¢ = 0. So our AFEM-HB is still uniformly convergent and

can capture the boundary/interior layers accurately for all e > 0.
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Table 17: Maximum errors for the first excited state of BEC with harmonic potential by using Shishkin mesh

for different € and grid points N.

Shishkin mesh | Np=2* 22N 24Ny 2Ny 28Ny
e0=0.1 6.71E-2 2.72E-3 241E-4 235E-5 2.11E-6
e0/22 1.72E-1 1.63E-2 9.83E-4 5.88E-5 3.65E-6
/2% 227E-1 5.73E-2 4.06E-3 2.76E-4 1.74E-5
e0/2° 2.54E-1 9.47E-2 1.18E-2 1.13E-3 7.30E-5
e0/28 2.65E-1 1.12E-1 2.54E-2 4.17E-3 2.85E-4
/210 2.70E-1 1.20E-1 3.76E-2 1.10E-2 1.26E-3
e0/212 2.72E-1 1.22E-1 4.27E-2 1.60E-2 3.48E-3
go/214 2.72E-1 1.22E-1 435E-2 1.67E-2 4.11E-3

Table 18: Maximum errors for the first excited state of BEC with harmonic potential by using TFPM for different

€ and grid points N.

TEPM | Ny=2* 22N, 24Ny 20Ny 28N,
e0=0.1 | 4.33E-2 159E-2 8.05E-4 4.70E-5 2.94E-6
e0/2% | 2.65E-2 3.81E-2 143E-2 7.26E-4 4.28E-5
eo/2* | 9.00E-2 2.28E-2 4.00E-2 1.39E-2 7.07E-4
e0/2° | 1.30E-1 5.74E-2 1.20E-2 4.06E-2 1.38E-2
e0/2% | 1.49E-1 8.01E-2 2.05E-2 1.21E-2 4.07E-2
e0/2'0 | 1.58E-1 9.07E-2 3.38E-2 5.11E-2 1.21E-2
e0/2'% | 1.61E-1 9.42E-2 3.90E-2 891E-3 2.84E-3
eo/2* | 1.61E-1 9.48E-2 3.98E-2 9.68E-3 6.98E-4

Table 19: Maximum errors for the first excited state of BEC with harmonic potential by using AFEM-HB for

different € and grid points N.

AFEM-HB | Ny=2* 22N, 24Ny 2°Nj 28Ny
e0=0.1 | 2.30E-2 4.41E-2 8.12E-4 4.70E-5 2.94E-6
e0/22 6.15E-2 5.58E-3 5.74E-3 5.76E-3 4.28E-5
eo/2% 9.09E-2 8.77E-3 1.30E-3 148E-3 1.67E-3
£0/2° 8.80E-2 1.32E-2 3.69E-3 3.00E-4 3.15E-4
€0/28 8.64E-2 3.27E-2 542E-3 1.08E-3 7.27E-5
e0/210 | 8.64E-2 4.47E-2 142E-2 3.49E-3 3.33E-4
/212 8.73E-2 4.91E-2 196E-2 6.71E-3 9.14E-4
eo/2% | 8.75E-2 4.98E-2 2.05E-2 7.52E-3 1.24E-3

4.2 Application to BEC

Example 4.6. We compute the ground and excited states of BEC with box potential in 1D.
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Table 20: Comparison of the maximum errors for the first excited state of BEC with harmonic potential by
using Shishkin mesh, TFPM and AFEM-HB.

N No=2* 22Ny 24Ny 2°Nj 28Ny

e e0=0.1 e9/2%  e9/2% /20 /28
Shishkin mesh | 6.71E-2 1.63E-2 4.06E-3 1.13E-3 2.85E-4
TFPM 433E-2 3.81E-2 4.00E-2 4.06E-2 4.07E-2
AFEM-HB | 2.30E-2 5.58E-3 1.30E-3 3.00E-4 7.27E-5

Fig. 1 shows the ground and excited states for different e. We see that boundary layers
are observed both in ground state and all excited states, and interior layers are observed
in excited states when ¢ is small, which agree well with the asymptotic results in Section
2. Table 21 lists their corresponding energy and chemical potential. It shows that if all
different eigenfunctions of the nonlinear eigenvalue problem are ranked according to
their energy, then the corresponding eigenvalues are in the same rank, i.e.

E(pg) <E(P1) <---<E(pp) <--- == plgg) <p(pr) <---<p(Pp)<---,  (44)
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Figure 1: Ground and excited states of BEC with box potential in 1D for different ¢ by AFEM-HB.

https://doi.org/10.4208/cicp.021114.140715a Published online by Cambridge University Press


https://doi.org/10.4208/cicp.021114.140715a

Y. Li / Commun. Comput. Phys., 19 (2016), pp. 442-472 463

Table 21: Energy and chemical potential for the ground state and excited states of BEC with box potential by
using AFEM-HB with different small e.

H ¢ ‘ -2 7—4 2—6 2-8 2—10 —12 H
E; | 1.0082 0.5918 0.5213 0.5052 0.5013 0.5003
E1 | 2.0904 0.7037 0.5437 0.5105 0.5026 0.5007

E; | 5.6779 0.9950 0.5917 0.5213 0.5052 0.5013
E; | 20476 1.9620 0.7022 0.5437 0.5105 0.5026

pe | 1.6952 11361 1.0319 1.0079 1.0020 1.0005
M1 | 2.8923 1.2963 1.0652 1.0158 1.0039 1.0010
uz | 64159 1.6413 1.1331 1.0317 1.0078 1.0020
uy | 21.223  2.6722 1.2832 1.0645 1.0157 1.0039

and in the limiting case e — 0 we have

mE(g) =HmE(p) =2, Timpu(ps) =limpu(p) =1 (45)

e—=0
Example 4.7. We compute the first excited state of BEC with harmonic potential in 1D.

Fig. 2 shows the first excited state for different ¢ and the nodes error distribution by
using AFEM-HB. We see that interior layer is observed in the first excited state when ¢ is
small, which agrees well with the asymptotic results in Section 2. The errors are mainly
distributed near x=+,/2y due to the fast descent of the solution. The errors in the inte-
rior region x ~ 0 are relatively smaller. So our AFEM-HB can capture the rapid transition
near the boundary/interior layers. Table 22 lists their corresponding energy and chemi-
cal potential. It agrees well with that given by the Thomas-Fermi approximation results.

2
. . 3 /33
lli%E((Pg)—lli%E((Pl)—E<§> —0.3931, 4.6)
lim i () = Timi(py) = = Ry 47)
2 (Pe) =mpiP) =55 ) =065 '

Table 22: Energy and chemical potential for the ground state and first excited state of BEC with harmonic
potential by using AFEM-HB with different small ¢.

H < ‘ -2 2—4 2—6 -8 2—10 o-12 H
E; | 04271 03962 0.3934 0.3931 0.3931 0.3931
E; | 0.6354 0.4431 0.4050 0.3961 0.3939 0.3934

He | 0.6739 0.6567 0.6553 0.6552 0.6552 0.6552
up | 0.8658 0.7024 0.6661 0.6577 0.6559 0.6554
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Figure 2: First excited state of BEC with harmonic potential in 1D by using AFEM-HB.
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(a) first excited state with N=2°,¢=2"0 (b) first excited state with N=28, e=2"10

Figure 3: First excited state of BEC with optical lattice potential V(x)=x2/2+0.3sin?(37rx) in 1D by using
AFEM-HB.

Example 4.8. We compute the first excited state of BEC with optical lattice potential in
1D. Fig. 3 shows the first excited state for different e. Similar conclusions as those for BEC
with harmonic potential in 1D can be drawn.

Example 4.9. We compute the ground and excited states of BEC with box potential in
2D. Fig. 4 shows surface plots for ground and (1,1), (2,3), (5,5)-th excited states of BEC
with box potential in 2D when ¢ =219 over a 100 x 100 mesh. It agrees well with the
asymptotic solutions given in Section 2.

Example 4.10. We compute the ground and excited states of BEC with harmonic potential
in 2D. Fig. 5 shows surface plots for ground and (1,0), (0,1), (1,1)-th excited states of BEC
with harmonic potential in 2D when ¢ =271 over a 100 x 100 mesh. It agrees well with
the asymptotic solutions given in Section 2.
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Figure 4: Ground and excited states of BEC with box potential in 2D when e=2"10 over a 100 x 100 mesh.

Appendix: Uniform convergence of AFEM-HB for a singularly
perturbed two point boundary value problem

In this appendix we show that our adaptive finite element method with hybrid basis

(AFEM-HB) is uniformly convergent for the following two point boundary value prob-
lem:

—&u” (x)+b(x)u(x)=f(x), x€(0,1), (A1)
1(0)=0, u(1)=0, (A2)

where the functions b(x),f(x) € C*[0,1] independent of ¢ and 0 < ¢ <1. It is assumed
furthermore that the coefficient function satisfies the condition

b(x)>p*>0 with >0, forall x€[0,1], (A.3)
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Figure 5: Ground and excited states of BEC with harmonic potential in 2D when ¢ =210 over a 100 x 100
mesh.

then we have the following estimates for the solution u(x) and its derivatives:

,X>

) (x)| <C(1+eTe +s‘je_ﬁ(1T), j=0,--- 4. (A4)

This problem is a singular perturbation problem when e < 1. It is somewhat similar
to Eq. (3.6) where we applied the normalized gradient flow method with semi-implicit
backward Euler discretization in time to the nonlinear eigenvalue problem (1.1)-(1.3). If
f(0) and f(1) are not zero, then boundary layers will appear near x=0 and x=1. Denote
no=+/b(0)/eand pu;=1/b(1) /¢, the matched asymptotic expansion gives the asymptotic

solution:
A () £ F(0) sinh(o(1-)) (1) sinh(px) A5

b(x) b(0)  sinh(up) b(1) sinh(pq)

It has two boundary layers near x =0 and x =1 with width O(e).
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Let 0=x¢<x; <---<xy=1 be a partition of the interval [0,1]. It is known that classical
finite difference/element methods on uniform mesh are not uniformly convergent for the
singularly perturbed problem (A.1)-(A.2). Some special techniques are needed in order
to have good convergence property [39]. For example, we use finite difference method
on Shishkin mesh (also known as piecewise uniform mesh, layer-adapted mesh [35, 36]),
then we have the essentially second order maximum error estimate (see [35], Chapter 6):

- <C(N'InN)% :

Orgaz(\]]ul u(x;)| <C(N~'InN) (A.6)

There are some special schemes on uniform mesh, for example, the tailored finite point

method (TFPM [29,31]), is at least uniform first order for this problem (see [31], Theorem

4.1):

[max lu;j—u(x;)| <C/N. (A7)

However, in some cases, while the solution u(x) satisfies the estimate (A.4), the co-

efficient functions b(x) and f(x) may be dependent of € and their derivatives may be

infinity when € goes to zero. For example, in the BE gradient flow equation (3.6) we have

fé(x)=¢"(x), and it behaves the same boundary/interior layers with the ground /excited

state ¢*(x). In this case, the maximum error estimate of TFPM applied to the singularly
perturbed problem (A.1)-(A.2) is (see [27], Theorem 4.2):

max |u;— (x,-)|§C82+Ce’%, e<1/N. (A.8)

0<i<N
So TFPM can still have high accuracy on coarse mesh when 0 <& <1, but now TFPM is
not uniformly convergent for all £ >0 in this case. There are also some uniformly conver-
gent schemes on uniform mesh [38,39] for this singularly perturbed problem (A.1)-(A.2),
but the frameworks are strongly problem determined and people did not get uniformly
convergent result even in higher dimensions. We hope to find a method that is uniformly
convergent and easy to extend to other singularly perturbed problems.

Since we have known the locations and widths of the boundary layers, and the asymp-
totic behaviors in the boundary layer regions, the natural way is to use the asymptotic
solution to be the basis functions in boundary layer regions, and use polynomial func-
tions to be the basis functions in smooth regions. We call it the “adaptive finite element
method with hybrid basis”, and expect it to be uniformly convergent even with the finest
mesh size much greater than O ().

For simplicity of notation, we introduce the method in one dimension. Generaliza-
tions to higher dimensions are straightforward for tensor products grids. Let 0=xp <x1 <

.- <xny =1 be a partition of the interval [0,1], we set

hy, j
Xj=Xj_1+ hy, 2
hi, j=N

| /\

j<N-1, (A9)
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in which the two kinds of mesh sizes are

< _
hlz{ o, e<v, hz—l 2hy

. (A.10)

N, €37, - N-2"
Here we call c=min{}, %sln N} the x-transition point and y=(InN) 5 /N3 the e-transition
point. When <+, [0,0] and [1—0,1] are the two boundary layers regions, and the outer is
the smooth region. We note that we take only one point in every boundary layer region,
and the mesh size is much greater than e. When € > 1, the mesh is an uniform partition,
and classical finite difference/element methods can work well.

Now we come to construct the hybrid finite element space V},. Let {(])i}f\i 2 be the
standard piecewise linear hat functions that satisfy ¢;(x;) =¢;; for j=0,1,---,N. We make
use of the asymptotic solution (A.5) and let the other two hybrid basis functions ¢; and

¢$n-1be
sinh(po(x1—x))
1- Sinh[z}lolhl) , XE [xo,x1 )’
$1(x)= e x € [x1,%2), (A.11)
0, otherwise,

sinh(pq (x—xn-1))
1- ~sinh(ul) ¢ € (xN-1,%N],

_1(x)= X—XN-2 A12
PN 1( ) TN —tn xXe (foz,fol], ( )
0, otherwise.

The hybrid finite element space is

% ::span{4)1,4>2,- - ,(l)N,z,(PN,l} C Hé (0,1) (A13)

The finite element approximation of (A.1)-(A.2) is to find uy(x) = Zfi Eluiq)i(x) such
that

& (up v, o)+ (b, o) = (f,o0), Vo €V (A.14)

Since it is not easy to find the interpolation error estimate for this hybrid element, we
write it in a difference form with proper numerical integration, and use the discrete max-
imum principle to give an uniformly point-wise estimate. The error analysis depends on
whether ¢ is less or greater than the e-transition point .

Case 1: ¢ <. When ¢ is less than the e-transition point v, the difference form of
(A.14) with proper numerical integration in the smooth region [x1,xy_1] is
_ 2 Mt —2ui+u;
ha

We compute the truncation error is

+h2-bi-ui:h2-fi, i=2,---,N—2. (A15)

2 xin) = 2u(xi) +u(xi)

T(x;)= 2

+b;-u(x;)— fi. (A.16)
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By Taylor’s expansion and Eq. (A.4), we have

1
)| < Ce? @) <C(e+—). :
T(w)|<C max [u®)(x) <c(e +N2) (A.17)

The difference form of (A.14) with proper numerical integration in the left boundary
region [xo,x2] is a hybrid scheme

_821/[2—1/[1 2 ui—uo —|—<h _COSh(‘Mohl)—l h2>'b1-1/l1

S ; ; ~
2 MO sinh (j1ohy ) jiosinh(piohy) 2

B cosh(poh1)—1 hy
_<hl_ posinh(pohy) +E> Jr (19
We know
u()—u(x)| |1 %, 1B 1
[ A g — < € < ———
‘ i ‘ ‘hz/xl u (x)dx‘_C(l—l—s e )_C(1+8N2>' (A.19)

then the truncation error at the point x; is bounded by

Ce? ju(x2)—u(x1) Cepolu(x1)| 20,1
T
| (x1)|_h1+h2‘ h2 ‘ Sirh (i) (n +7) u” (x1)]
CcC C¢
< ———+—— 2, A2
<Nt s e (A.20)

Since e <1y, we have |T(x;)| < C/(NlnN)%. We have the same estimate for T(xy_1). So
when e <1 the truncation error is uniformly bounded by

C

’T(xi)|§m,

i=1,2,,N—1. (A.21)

Case 2: ¢>v. When ¢ is greater than the e-transition point 7y, we have the uniform
mesh with hy =h;=h=1;. The difference form of (A.14) with proper numerical integration
is

_ 2t —2ui+u;q

h

+h-biuj=h-f;, i=1,--,N—1. (A.22)

The truncation error is

T(x) _ M) —2u(x) +ulxig) byu(x)— f;

2
Lo, n
= — el (x1)+(’)<84>, (A.23)
so by the estimate (A.4) we get the truncation error bounded by
h? C ,
’T(xl)|gc_2§72/ 121/2//N_1 (A24)
& (NInN)3
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In summary, the truncation error of our adaptive finite element method with hybrid
basis is uniformly convergent to zero for all e > 0. It is easy to see that our schemes
(A.15), (A.18), (A.22) satisfy the discrete maximum principle, then we have the following
theorem:

Theorem A.1. Our adaptive finite element method with hybrid basis schemes (A.15), (A.18),
(A.22) have the following error estimate for the singularly perturbed two point boundary value
problem (A.1)-(A.2):

()r<nix lui—u(x;)|[ <

- (A.25)

CN.
{ Nz—}_.lenlferl—i_C8 e<y,
W/ SZIY/

where C is a constant independent of N and e. Especially our AFEM-HB has the following
minimum uniform convergence result for all e > 0:
C

| < — . A.26
m 1S 0

At last, we also note that for our adaptive finite element method with hybrid basis,
the convergence order changes with e. Our method has the minimum convergence order
% only when & meets its transition point . It will converge faster if € is away from 1.
For example, when ¢ is O(1), the convergence result will be O(1/N?); and when e<1/N
is sufficiently small, then the convergence result will be O(1/N?+¢/InN). These have
been numerically verified in the previous Section 4.
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