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ABSTRACT

The aim of this paper is to establish exponential mixing of frame flows for con-
vex cocompact hyperbolic manifolds of arbitrary dimension with respect to the
Bowen-Margulis—Sullivan measure. Some immediate applications include an asymptotic
formula for matrix coefficients with an exponential error term as well as the exponential
equidistribution of holonomy of closed geodesics. The main technical result is a spec-
tral bound on transfer operators twisted by holonomy, which we obtain by building on
Dolgopyat’s method.
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1. Introduction

Let H™ be the n-dimensional hyperbolic space for n > 2. Let G = SO(n, 1)°, which we recognize
as the group of orientation-preserving isometries of H”. Let I' < G be a Zariski dense torsion-
free discrete subgroup. Let X = I'\H". We assume that I' is convex cocompact, that is to say,
the convex core Core(X) C X, which is the smallest closed convex subset containing all closed
geodesics, is compact. We identify X, its unit tangent bundle T'(X), and its frame bundle
F(X) with T\G/K, T\G/M, and T'\G respectively, where M = SO(n —1) < K 2 SO(n) are
appropriate compact subgroups of G. Let A = {a; : t € R} < G be a one-parameter subgroup of
semisimple elements such that its right translation action corresponds to the geodesic flow on
I'\G/M and the frame flow on I'\G. Let m be the Bowen-Margulis—Sullivan probability measure
on I'\G which is an M-invariant lift of the one on I'\G/M, which is known to be the measure
of maximal entropy. Since I' is convex cocompact, we note that m is compactly supported. If "
is cocompact, then m is simply the G-invariant probability measure. By the works of Babillot
[Bab02] and Winter [Winl15], the frame flow is known to be mixing with respect to m.

Whether the frame flow is exponentially mixing with respect to m is a fundamental question
in the study of dynamics because it has many applications including orbit counting, equidis-
tribution, prime geodesic theorems, and shrinking target problems (see, for example, [DRS93,
EM93, BO12, MMO14, MO15, KO21]).

For lattices, exponential mixing of the geodesic flow is due to Moore [Moo87] and Ratner
[Rat87]. The proof is based on the L? spectral gap of the Laplacian. For a general convex
cocompact I', this approach does not work. However, in this case, Stoyanov [Stoll] was able to
use Dolgopyat’s method [Dol98] to prove exponential mixing of the geodesic flow.

The main aim of this paper is to prove the following theorem about exponential mixing of
the frame flow extending Stoyanov’s work.

THEOREM 1.1. There exist n >0, C >0, and r € N such that for all ¢ € CI(T'\G,R), ¥ €
CH('\G,R), and t > 0, we have

o ¢(zay)(z) dm(z) — m(¢) - m(v)| < Ce ™ |[dllcr ¥l cn-

Let or € (0,n — 1] be the critical exponent of I'. If ér > (n—1)/2 for n € {2,3}, or if
or >n — 2 for n > 4, then Theorem 1.1 has been established for geometrically finite groups by
Mohammadi and Oh [MO15] using spectral gap. Recently, for M-invariant functions, Edwards
and Oh [EO21] have improved the condition to ér > (n — 1)/2 for all n > 2. Hence, the novelty
of Theorem 1.1 lies in the treatment of all convex cocompact subgroups I' < G regardless of the
magnitude of Jr.
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Fix a right G-invariant measure on I'\G induced from some fixed Haar measure on G. We
denote by mPR and mBR+ the unstable and stable Burger-Roblin measures on I'\G respectively,
compatible with the choice of the Haar measure. Using Roblin’s transverse intersection argument
[Rob03, OS13, OW16], we can derive the following theorem regarding decay of matrix coefficients
from Theorem 1.1.

THEOREM 1.2. There exist n >0 and r € N such that for all ¢ € CL(I'\G,R) and 9 €
CH('\G,R), there exists C' > 0 such that for all t > 0, we have

eln=1=on)t G o(zar)y(z) de —mPR(g) -mP ()| < Ce™™|gllor |9 en

where C' depends only on supp(¢) and supp(1)).

Remark. Theorems 1.1 and 1.2 in fact hold for Holder functions using the appropriate Holder
norms. The decay exponent 1 then depends on the Holder exponent. For the first theorem, this
is derived by a convolutional argument, originally by Moore [Moo87] and Ratner [Rat87] and
generalized by Kleinbock and Margulis [KM96, Appendix] (see also [GS14, Lemma 2.3]). For
the second theorem, the convolutional argument does not apply directly. Instead, it must be
derived by going through Roblin’s transverse intersection argument from the Hélder version of
Theorem 1.1.

For all T > 0, define
G(T) = #{v : 7 is a primitive closed geodesic in I'\H" with length at most T'}.

For all primitive closed geodesics v in I'\H", its holonomy is a conjugacy class h., in M induced
by parallel transport along . Fix the Haar probability measure on M. Recall the function Li :
(2,00) — R defined by Li(z) = [’ (1/log(t)) dt for all z € (2, 00). We can also derive the following
theorem regarding exponential equidistribution of holonomy of primitive closed geodesics as in
the work of Margulis, Mohammadi, and Oh [MMO14] from Theorem 1.2.

Remark. When following the proof of [MMO14, Theorem 1.2], the source of the hypothesis
dr >n —2 (as I' has no parabolic elements) is actually twofold and we can dispense with the
hypothesis for both sources. The first source is of course [MMO14, Theorem 4.2], quoted from
[MO15], which we simply replace with Theorem 1.2. The second source is [MMO14, Remark 4.5]
which can be replaced with [DFSU21, Lemma 3.8] for the purposes of the proof of [MMO14,
Theorem 4.9].

THEOREM 1.3. There exists n > 0 such that for all class functions ¢ € C*°(M,R), we have

Z d(hy) = Li(e‘SFT) / d(m)dm + O(e(‘SF_")T) as T — +o0,

7€G(T) M

where the implied constant depends only on ||| sk, the L? Sobolev norm of some sufficiently
large order k.

For lattices, Theorem 1.3 was obtained by Sarnak and Wakayama [SW99] using the Selberg
trace formula. We also remark that the analogue of Theorem 1.3 for hyperbolic rational maps
on the Riemann sphere was obtained by Oh and Winter [OW17] and hence adding to Sulli-
van’s dictionary: holonomies are exponentially equidistributed both for primitive periodic orbits
of hyperbolic rational maps on the Riemann sphere and primitive closed geodesics in convex
cocompact hyperbolic manifolds.
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1.1 Outline of the proof of Theorem 1.1

As T' is convex cocompact, we have existence of a Markov section on supp(m) by the works of
Bowen and Ratner [Bow70, Rat73]. This gives a coding for the geodesic flow and immediately
provides tools from symbolic dynamics and thermodynamic formalism at our disposal. In par-

ticular, denoting by U the union of the strong unstable leaves of the Markov section, we have
the transfer operators L¢ : C(U,C) — C(U,C) for £ = a+ ib € C defined by

[fﬁ(h) (u) _ Z ef(a+5rfib)r(u/)h(u/)7

u'€o—1(u)

where 7 is the first return time map. Using techniques originally observed by Pollicott [Pol85],
we can prove exponential mixing of the geodesic flow if we obtain appropriate spectral bounds
for the transfer operators. For small frequencies |b| < 1, the spectral bounds follow from the
Ruelle-Perron—Frobenius theorem together with perturbation theory of operators. For large fre-
quencies |b| > 1, the spectral bounds are much more difficult to obtain, but it was achieved
by the important work of Dolgopyat [Dol98] and later generalized by Stoyanov [Stoll]. A key
ingredient in Dolgopyat’s method is the local non-integrability condition (LNIC) from which we
can infer that 7 is highly oscillating.

We wish now to follow the above framework to prove exponential mixing of the frame flow. In
this case, we need to consider instead the transfer operators with holonomy which are twisted by
irreducible representations of the compact subgroup M. That is, for a given irreducible represen-
tation p: M — U(V,) and £ = a + ib € C, we consider M , : C(U, ‘/,,@dlm(p)) — C(U, ‘/p@dlm(p))
defined by

Mep(H)(w) = Y e @t o))y H(u),

u'eo—1(u)

where ¥ is the holonomy. Now we must overcome certain difficulties when following Dolgopyat’s
method.

The first difficulty is that we need to prove a more general LNIC which deals with both
7 and ¥ combined together into an AM-valued map & instead of just the A-valued map 7.
Working with ®, we need not worry about the competing oscillations of 7 and ¥ interfering with
each other. We are able to prove this LNIC using Lie theoretic techniques. The arguments also
crucially rely on the Zariski density of I' < G which is expected as it was already required to
show mixing of the frame flow [Win15]. The high oscillations of ® are then carried through by
large |b| or non-trivial irreducible representations p.

The second difficulty is that we require a new ingredient which we call the non-concentration
property (NCP) which was not required to prove exponential mixing of the geodesic flow [Stol1].
This property roughly says that given that I' < GG is Zariski dense, its limit set does not con-
centrate along any particular direction. Note that if I' is a lattice, then the limit set is all of
Oso(H™), in which case the NCP is trivial.

We also have technical difficulties to overcome in order to execute the argument carefully
because we use Riemannian geometry and Lie theory while the limit set and the Markov section
at hand are of fractal nature. After these details are taken care of, Dolgopyat’s method runs
smoothly with the LNIC and NCP and we obtain the desired bounds for the transfer operators
with holonomy, completing the proof.

Remark. Similar twisted transfer operators have also been considered by Dolgopyat [Dol02] but
in the context of compact extensions of hyperbolic diffeomorphisms rather than flows.
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1.2 Organization of the paper

We start by covering the necessary background and important constructions in §§2-5. Next, we
prepare for Dolgopyat’s method by covering the necessary ingredients in §§6 and 7. In §§ 8 and 9,
we construct the Dolgopyat operators and go through Dolgopyat’s method to obtain spectral
bounds for large frequencies or non-trivial irreducible representations of M. Finally, in § 10, we
use the obtained spectral bounds to carefully go through arguments by Pollicott along with
Paley—Wiener theory to prove exponential mixing of the frame flow.

2. Preliminaries

We will first introduce the basic setup and fix notation for the rest of the paper.

Let H” be the n-dimensional hyperbolic space for n > 2, that is, the unique complete simply
connected n-dimensional Riemannian manifold with constant negative sectional curvature. We
denote by (-,-) and || - || the inner product and norm respectively on any tangent space of H™
induced by the hyperbolic metric. Similarly, we denote by d the distance function on H" induced
by the hyperbolic metric. Let G = SO(n,1)° = Isom™* (H") and I’ < G be a Zariski dense torsion-
free discrete subgroup. Fix a reference point o € H" and a reference tangent vector v, € Tl(H")
at 0. Then we have the stabilizer subgroups K = Stabg(0) and M = Stabg(v,) < K. Note that
K = SO(n) and it is a maximal compact subgroup of G and M = SO(n — 1). Our base hyperbolic
manifold is X = T'\H" = I'\G/ K, its unit tangent bundle is T*(X) = I'\G/M and its frame bun-
dle is F(X) = I'\G which is a principal SO(n)-bundle over X and a principal SO(n — 1)-bundle
over T(X). Let A= {a;:t € R} < G be a one-parameter subgroup of semisimple elements,
where Cg(A) = AM, parametrized such that its right translation action on G/M and G corre-
sponds to the geodesic flow and the frame flow, respectively. We choose a left G-invariant and
right K-invariant Riemannian metric on G [Sas58, Mok78] which descends down to the previous
hyperbolic metric on H" = G/K, and again use the notation (-,-), || - ||, and d on G and any of
its quotient spaces.

2.1 Limit set
Let Ooo (H™) denote the boundary at infinity and H” = H" U 9o, (H") denote the compactification
of H".

DEFINITION 2.1 (Limit set). The limit set of I' is the set of limit points A(I') =lim(I'o) C
0o (H™) C H™.
DEFINITION 2.2 (Critical exponent). The critical exponent dr of I is the abscissa of convergence

of the Poincaré series Zr(s) = >_ o e—sd(o0),

Remark. It is well known that the above definitions are independent of the choice of 0o € H".

DEFINITION 2.3 (Convex cocompact). A torsion-free discrete subgroup I' < G is called convex
cocompact if the convex core Core(X) = I'\ Hull(A(T")) C X, where Hull denotes the convex hull,
is compact.

We assume that I' is convex cocompact in the entire paper.

Remark. In our case, or € (0,n — 1] coincides with the Hausdorff dimension of A(T").

2.2 Patterson—Sullivan density
Let {uES : 2 € H"} denote the Patterson—Sullivan density of T' [Pat76, Sul79], that is, the set of
finite Borel measures on 05 (H") supported on A(I") such that
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(1) gepubS = ,ungS forall g e I' and x € H",
(2) (duis/dugs)(@ = B for all € € oo (H™) and z,y € H”

where 3¢ denotes the Busemann function at § € Ox(H™) defined by B¢ (y, x) = limy_.oo (d(£(t),y) —
d(&(t),z)), and € : R — H™ is any geodesic such that lim; o, £(t) = £. We allow tangent vector
arguments for the Busemann function as well, in which case we will use their basepoints in the
definition. Since I' is convex cocompact, for all z € H"", the measure ;%PS is the dp-dimensional
Hausdorff measure on 0 (H") supported on A(T') corresponding to the spherical metric on
Oso (H™) with respect to x, up to scalar multiples.

2.3 Bowen—Margulis—Sullivan measure

For all v € TY(H"), let ut and u~ denote its forward and backward limit points. Using the Hopf
parametrization via the homeomorphism G/M = TH(H") — {(uT,u7) € Do (H") X 0o (H") :
ut #u”} x R defined by v+ (ut,u™,t = ,-(0,u)), we define the Bowen—Margulis—Sullivan
(BMS) measure m on G/M [Mar04, Bow71, Kai90] by

dm(u) = erPur (0W) drBy—(o) q,,PS 4y 41, PS (™) d.

Note that this definition depends only on I' and not on the choice of reference point o € H".
Moreover, m is left I'-invariant. We now define induced measures on other spaces, all of which we
call the BMS measures and denote by m by abuse of notation. By left I'-invariance, m descends
to a measure on I'\G/M. We normalize it to a probability measure so that m(I'\G/M) = 1.
Since M is compact, we can then use the Haar probability measure on M to lift m to a right M-
invariant measure on I'\G. It can be checked that the BMS measures are invariant with respect
to the geodesic flow or the frame flow as appropriate, that is, they are right A-invariant. We
denote the right A-invariant subset £ = supp(m) C I'\G/M which is compact since I' is convex
cocompact.

3. Coding the geodesic flow

In this section we will review the required background for Markov sections, symbolic dynamics,
and thermodynamic formalism.

3.1 Markov sections

We will use a Markov section on Q ¢ TY(X) = T'\G/M, as developed by Bowen and Ratner
[Bow70, Rat73], to obtain a symbolic coding of the dynamical system at hand. Recall that the
geodesic flow on T!(X) is Anosov. Let W% (w) € TY(X) and W (w) C T!(X) denote the leaves
through w € T*(X) of the strong unstable and strong stable foliations, and W (w) C W (w)
and W2 (w) C W9 (w) denote the open balls of radius € > 0 with respect to the induced distance
functions dg, and dgs, respectively. We use similar notations for the weak unstable and weak
stable foliations by replacing ‘su’ with ‘wu’ and ‘ss’ with ‘ws’, respectively. The Anosov property
provides a constant Capn, > 0 such that for all w € T!(X), we have

dsu<ua—ta Ua—t) < CAnoeitdsu(lh 7))7 dss(uat7 Uat) < CAnoeitdss(Qh U)

for all t > 0, for all u,v € WS (w) or for all u,v € W%(w), respectively. We recall that there
exist €9, €, > 0 such that for all w € T'(X), u € W (w), and s € W (w), there exists a unique
intersection denoted by

[0, ] = WE () NIV (5), 1)

2590

https://doi.org/10.1112/50010437X21007600 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007600

EXPONENTIAL MIXING OF FRAME FLOWS

and moreover, [-,-] defines a homeomorphism from W7"(w) x W (w) onto its image [Rat73].
Subsets U C W' (w) NQ and S C W (w) NQ for some w € Q are called proper if U = int(U)
and S = int(S), where the interiors and closures are taken in the topology of Wt (w) N Q and
Ws(w) N, respectively. For any § > 0 and proper sets U C W& (w) NQ and S C WS (w) N Q

containing some w € (), we call
R=[U,S={[u,s] € Q:ueclUseStCQ
a rectangle of size ¢ if diamg,, (U), diamg_ (S) < 8, and we call w the center of R. For any rectangle

R = [U, S|, we generalize the notation and define [v1, v2] = [uy, s2] for all v; = [u1, s1] € R and
vy = [ug, s2] € R.

DEFINITION 3.1 (Complete set of rectangles). Let § >0 and N € N. A set

R ={Ri,Ry,...,Rn} ={[U1,S1], U2, S2],...,[Un,SN]|}
consisting of rectangles in €2 is called a complete set of rectangles of size 5 if:
(1) RjNRy = o for all 1 Sj,k;g N with j # k;
(2) diamg,, (U;),diamg (S;) < d for all 1 < j < N;
(3) = U Uyepo gy By

Henceforth, we fix
0<6< min(1, eo, €;), (2)

where ¢y and ¢, are from (1). We also fix

R ={Ri,Ry,...,Rn} ={[U1,S1], U2, S2], ..., [Un,SN]}

to be a complete set of rectangles of size § in Q. We denote

N N
R=||R;, U=|]U;.
J=1 Jj=1
We introduce the distance function d on U defined by

d U f 1<i<N
d(u,v) = Sl v), wveUjforsome LS <N,y ep
1, otherwise,

We will use dg, whenever further clarity is required. Denote by 7 : R — R the first return time
map defined by

7(u) = inf{t > 0:ua; € R} for all u € R.

Note that 7 is constant on [u, Sj] forallu € Ujand 1 < j < N. Denote by P : R — R the Poincaré
first return map defined by

P(u) = ua,y foralluc R.

Let o = (proji; oP)|u : U — U be its projection, where proj;; : R — U is the projection defined
by proji([u, s]) = u for all [u, s] € R. Define the cores

R={ue R:Pu) e int(R) for all k € Z},
U={ueU:o*u)cint(U) for all k € Z>o},
which are both residual subsets (complements of meager sets) of R and U, respectively.

DEFINITION 3.2 (Markov section). Let 6>0 and N € N. We call a complete set of rectan-
gles R of size 6 a Markov section if in addition to properties (1)—(3), the following property,
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U; C Wsu(wj)

S C Wss(wj)

FiGure 1. The Markov property.

called the Markov property, is satisfied:

(4) [int(Ug), P(u)] C P([int(U;),u]) and P([u,int(S;)]) C [P(u),int(Sk)] for all uw € R such that
u € int(R;) NP~ L(int(Ry)) # @, for all 1 < j,k < N.

This can be understood pictorially in Figure 1.

The existence of Markov sections of arbitrarily small size for Anosov flows was proved by
Bowen and Ratner [Bow70, Rat73]. Thus, we assume henceforth that R is a Markov section.

3.2 Symbolic dynamics
Let A= {1,2,..., N} be the alphabet for the coding corresponding to the Markov section. Define
the N x N transition matriz T by
1, int(R;) NP~ (int(Ry)) # 2,
Tjk =

) forall 1 <j,k < N.
0, otherwise,

The transition matrix T is topologically mizing [Rat73, Theorem 4.3], that is, there exists Ny € N
such that all the entries of TNT are positive. This definition is equivalent to the one in [Rat73] in
the setting of Markov sections. Define the spaces of bi-infinite and infinite admissible sequences

E:{(...,ﬂj‘fl,xo,l’l,...) EAZ:T

L5, j4+1
B = {(rn,m1,0.) € ATy, = Lorall € Zso),

=1 for all j € Z},

respectively. We will also use the term admissible sequences for finite sequences in the natural
way. For any 6 € (0,1), we can endow ¥ with the distance function dy defined by dg(x,y) =
ginfllil€Z=02; 73} for all x,y € 3. We can similarly endow 1 with a distance function which we
also denote by dy.

DEFINITION 3.3 (Cylinder). For all k € Z>( and for all admissible sequences = = (zg, 1, . .., Zk),
we define the corresponding cylinder to be

Cle] ={uecU:d(u) € int(Uy;) for all 0 < j < k}

with length len(C[z]) := len(x) := k. We will denote cylinders simply by C (or other typewriter-
style letters) when we do not need to specify the corresponding admissible sequence.
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Although o and 7 are not even continuous, we note that for all admissible pairs (j, k), the
restricted maps oo g : Clj, k| — int(Ug), (olgpjug) ™"« int(Ux) — Clj, k], and 7lep; 4 : Clj, k] — R
are Lipschitz in our setting.

By a slight abuse of notation, let o also denote the shift map on ¥ or ¥ . There exist natu-
ral continuous surjections ¢ : ¥ — R and (7 : ¥* — U defined by ((z) = (2 _, P~ (int(Ry;))
for all z €% and (F(z) =2 0 J(int(U,,)) for all z € £*. Define ¥ = ¢ }(R) and ¥+ =
(¢*)"Y(U). Then the restrictions (|g: % — R and (F|g, : ¥+ — U are bijective and satisfy
(lgoolg=Plzolly and (Tlgy 0 olg =0l 0 (Flgy

For 6 € (0,1) sufficiently close to 1, the maps ¢ and ¢t are Lipschitz [Bow73, Lemma 2.2]
with some Lipschitz constant Cy > 0. We now fix @ to be any such constant. Let CP(d) (¥ R)
denote the space of Lipschitz functions f:3 — R. We use similar notation for other domains,
codomains, and metrics.

Since (70 ()| and (70 ¢")|¢, are Lipschitz, there exist unique Lipschitz extensions 7y, :
¥ — R and 75+ : ¥ — R, respectively. Note that the resulting maps are distinct from 7 o ¢ and
7 0 (T because they may differ precisely on z € ¥ for which proj;;(¢(z)) € 9(C), and z € X* for
which (T (x) € 9(C) respectively, for some cylinder C C U with len(C) = 1. Then the previous
properties extend to ((0(2)) = ((#)ary(y for all € ¥ and (*(o(z)) = proj, (¢t (z)a y) for
all x € X7,

Tt (T

3.3 Thermodynamics
DEFINITION 3.4 (Pressure). For all potential f € CMP(d0) (X R), the pressure is defined by

Pr,(f) = sup {/EfvarhV(a)},

veML(E)

where ML (X) is the set of o-invariant Borel probability measures on ¥ and h, (o) is the measure
theoretic entropy of o with respect to v.

For all f € C’Lip(de)(E,R), there is in fact a unique o-invariant Borel probability measure
vy on X which attains the supremum in Definition 3.4 called the f-equilibrium state [BowO08,
Theorems 2.17 and 2.20] and it satisfies Vf(i]) = 1 [Che02, Corollary 3.2]. In particular, we will
consider the probability measure v_s ., on ¥ which we will denote simply by vs, and which
has corresponding pressure Pr,(—dp7s) = 0. According to the foregoing, vs(2) = 1. Define the
corresponding probability measure vg = («(vy) on R and note that VR(R) = 1. Now consider the
suspension space R = (R x Rx>)/~ where ~ is the equivalence relation on R x R>( defined by
(u,t 4+ 7(u)) ~ (P(u),t). Then we have a bijection R™ — (2 defined by (u,t) — ua;. We can define
the measure v™ on R” as the product measure vg x m™® on {(u,t) € R x R>q:0 <t < 7(u)}.
Then, using the aforementioned bijection, we have the pushforward measure which, by abuse
of notation, we also denote by v™ on T!(X) supported on Q. By [Sul84] and [Che02, Theorem
4.4], we have m = " /ug(T) because they are the unique measure of maximal entropy for the
geodesic flow on T!(X). Finally, we define the probability measure vy = (proj;)«(vr) and note

that vy (U) = 1 and vy (1) = vr(7).

4. Holonomy and representation theory

In this section we define holonomy which is required in addition to the Markov section to deal
with the frame flow. Since the holonomy is M-valued, we naturally need to consider L?(M,C)
and so we also cover the required representation theory.

2593

https://doi.org/10.1112/50010437X21007600 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007600

P. SARKAR AND D. WINTER

We do not have a Markov section available for the frame flow. Thus, similar to 7, we need a
map v which ‘keeps track of the M-coordinate’. We first require an appropriate choice of section
F on R of the frame bundle F(X) over T!(X). Let w; be the center of R; for all j € A. For
convenience later on, we will actually define a smooth section

|_| (Wes' (w;), Weg (w)] — F(X),

where without loss of generality we assume ¢q is sufficiently small so that the union is indeed a
disjoint union. Define NT < G and N~ < G respectively to be the expanding and contracting
horospherical subgroups, that is,

Nt = {ni eG: lim anta, = e}.
t—*+oo

First we choose arbitrary frames F(w;) € F(X) based at the tangent vector w; € T!(X) for all
j € A. Then we extend the section F' such that for all j € A and u, v’ € W2'(w;), we have that
the frames F'(u) and F(u') are backwards asymptotic, that is, lim;_,_ o d(F(u)as, F(u')a;) = 0.
Then we must have F(u') = F(u)nt for some unique n™ € N*. We again extend the section
F such that for all j € A, u € W' (w;), and s,s" € W*(w;), we have that the frames F([u, s])
and F([u, s']) are forwards asymptotic, that is, lim;— oo d(F([u, s])as, F([u, s'])a;) = 0. Then we
must have F'([u, s']) = F([u, s])n~ for some unique n~ € N~. This completes the construction.

DEFINITION 4.1 (Holonomy). The holonomy is a map 9 : R — M such that for all u € R, we
have F(u)a, () = F(P(u))d(u)~".

Just as 7 is constant on the strong stable leaves of the rectangles, the following lemma shows
that the same is true for 9. This allows us to work solely on U.

LEMMA 4.2. The holonomy ¥ is constant on [u, S;| for all w € U; and j € A.

Proof. Let je€ A and ue€ U;. Let s€ S; and v = [u,s]. Recall that F(u') = F(u)n~ for
some n~ € N~. From the definition of the holonomy map, we have F'(P(u)) = F(u)a(,9¥(u)
and F(P(u)) = F(u)ar(yd(u') = F(u)n~aq9(u') since 7(u') = 7(u). Let F(u) =Tg € T\G.
Using left G-invariance and right K-invariance of the distance function d on G, we have

d(F(P(u))ar, F(P(u'))ar) = d(F(U)aT(u>+ﬂ9(U), F(u)n” ar@+0(u'))

y A (r(u)+t) T GT(u)+t79( ))

L) = d(O(W), a(r(uyrn” ar(u)+ (W)

D(w), 9(u')) — d(e, a(r(uy 1) Ar(uy+t)

for all ¢ > 0. The second equality holds assuming that € is sufficiently small without loss of gen-

erality. Then limy oo d(F'(P(u))az, F(P(u'))a;) = 0 and limy— 1 d(€, a_(r(u) 4N Gr(u)+¢) =0
imply d(¢(u),d(u’)) = 0. Thus d(u') = H(u). O

)
)

Denote Qp = supp(m) C I'\G which is compact since I' is convex cocompact. Define R?
F(X) to be the subset of frames over R and similarly define U”. Via the section F, we have the
natural identifications RV & R x M and U” = U x M. We define the measure vgs on R? simply
by lifting the measure v using the Haar probability measure on M. Using the holonomy 19, we can
define the suspension space R = RY x R0/~ where ~ is the equivalence relation on RY x R>o
defined by (u,m,t+ 7(u)) ~ (P(u),9(u) "' m,t). Like 7, we can now define the measure v?-7
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on RY7. As in § 3.3, we can use the natural bijection R¥"™ — Qp defined by (u, m,t) — F(u)asm,
to obtain the pushforward measure which, by abuse of notation, we also denote by v?"" on F(X)
supported on Qp. Then m = v¥7 /up(7).

We need to deal with the function space C(U?,C). We note that

C(U?,C) = C(U x M,C) = C(U,C(M,C)) c C(U,L*(M,C)).

Define g : M — U(L?(M, C)) to be the unitary left regular representation, that is, o(h)(¢)(m) =
o(h~'m) for all me M, ¢ € L*(M,C), and h € M. Denote the unitary dual of M by M.
Denote the trivial irreducible representation by 1 € M. Define My = M \ {1}. By the Peter-Weyl
theorem, we obtain an orthogonal Hilbert space decomposition

2 _ ™ @ dim
L*(M,C) = @ v (p)
pEM

@ dim(p)

ped P :
For all b € R and p € M, we define the tensored unitary representation p, : AM — U(V,) by

corresponding to the decomposition o = P

pylazm)(z) = e Pp(m)(z) forall z€V,, t € R, and m € M.

We introduce some notation related to Lie algebras. We denote Lie algebras corresponding
to Lie groups by the corresponding Fraktur letters, for example a = T¢(A), m = To(M), nt =
T(NT),and n~ = T(N ™). For any unitary representation p : M — U(V) for some Hilbert space
V', we denote the differential at e € M by dp = (dp). : m — u(V'), and define the norm

lpll = sup [ldp(2)llop
zem
such that ||z||=1
and similarly for any unitary representation p : AM — U(V).

Vp@ dim(p)

Remark. The norms remain the same if we replace V, with since the M-action is

identical across all components.
Lemma 4.3 records some useful facts regarding the Lie theoretic norms.

LEMMA 4.3. For allbe R and p € M, we have

sup sup —|[(dpp)am(2)llop = [lps]
a€AmeM 2€Tqm(AM)
such that ||z]|=1
and max([b], [|pl]) < llpoll < {6+ [Io]l-

Proof. Let b € R and p € M. We first show the equality. Let a € A, m € M, and z € Tam(AM)
with [|z]| = 1. Let mg : G — @ be the left multiplication map by g € G. By the unitarity of py
and the left G-invariance of the norm on G, we have

H(dpb)am(z)HOp = H ((d,ob)am o (dmlc;m)e ° (dm%am)*l)am)(z)uop
= {1 ((dmy, amy) o © (doo)e © (dMfy 1) ) ()L, < sl

Taking the supremum and recognizing that we have equality for am = e € AM, the first equality
follows.

Now we show the inequality. The first part is trivial so we focus on the second part.
By construction of the Riemannian metric on G, we have (wi,wp) =0 for all w; € Ty(gA),
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wy € Tg(gM), and g € G. Hence AM = A x M not only as Lie groups but also as Rieman-
nian manifolds with the canonical product Riemannian metric. Let z = z4 + 2 € a ® m with
12112 = ||zal|? + ||2ml|* = 1. We have

ldpe(2)lop = [|i0]|2all Idu v,y + dp(zm) o, < 101 llzall + ol - 2wl < (6] + (o,
and so by taking the supremum, the inequality follows. O

It turns out that the source of the oscillations needed in Dolgopyat’s method is provided
by the local non-integrability condition which will be introduced in §6.1, and the oscillations
themselves are propagated when ||pp|| is sufficiently large. But this occurs precisely when [b] is
sufficiently large or p € M is non-trivial. Let by > 0, which we fix later. This motivates us to
define

Mo(bo) = {(b,p) € R x M : |b| > bg or p # 1}.

We fix some related constants. Fix d§, =inf, 5 v sl = inf llpll. Note that 6, >0 as
M is a compact connected Lie group. Furthermore, we can deduce that inf, o0 lowl] >
min(bg, d,). Hence we fix 01, = min(1, J,).

The Killing form B on m is non-degenerate and negative definite because M is a compact
semisimple Lie group. We denote the corresponding inner product and norm on both m and m*
by (-,-)p and || - || B, respectively. By construction of the Riemannian metric on G, the induced
inner product on m satisfies (-,-)p = Cp(-,-) for some constant Cz > 0.

LEMMA 4.4. There exists § > 0 such that for allb € R, p € M, and w € Vp@dim(p) with ||w|l2 =1,
there exists z € a @ m with ||z|| = 1 such that ||dpy(z)(w)]|2 > d]|ps]|-

Proof. Fix § = 1/2 if M is trivial and § = 1/(2dim(m)) otherwise. Let b € R, p € M, and w €

Vp®dim(p) with ||w|l2 = 1. For any z € a C a @ m with ||z|| = 1, we have
[dps(2)(w)ll2 = [libwll2 = [b].
If M is trivial, then |b] = ||ps]| > J]|ps|| so the lemma follows. Otherwise, first consider the case

|b] > |lp||. Lemma 4.3 gives |b] > (1/2)(|b| + ||p]|) > 6||ps||, proving the lemma in this case.

Now consider the case |b] < ||p||. By Lemma 4.3, we have ||py| < 2||p||. Let ®, be the set of
weights corresponding to the Lie algebra representation dp and A € ®, be the highest weight.
We first show that ||p|| < Cp||\||s. Let z € m C a @ m with ||z]| = 1. Then consider the Cartan
subalgebra h C m containing z, guaranteed by Cartan’s maximal tori theorem on M, and assume
without loss of generality that ®, C h*. We have dp(z)(w') = > nea, dp(z)(wy) = > e, n(z)wy,
for all W’ € V,, where we write w’' = Zneép w), using the weight space decomposition V), =
@D, ce, Von- Note that this decomposition is in fact orthogonal because dp : m — u(V}) is diag-
onalizable by a unitary operator. Thus, we can use the formula ||dp(z)/op = max,ea, [7(2)| for
the operator norm to get the bound

ldp(2)]lop < max ||n]|p|zllp < CB[A5 (3)
ned,

since A € ®, is the highest weight. Since this bound holds for all z € m C a @ m with ||z]| =1,
taking the supremum gives ||p|| < Cpl||A|| 5 as desired. Hence ||pp|| < 2Cg||\|| 5. Now, with respect

to the inner product (:,-)p, let (21, 22, .., 2dim(m)) be an orthonormal basis of m so that it is
its own dual basis. Then the negative Casimir element in the center of the universal enveloping
dim(m)

algebra of m is given by ¢ = > 2]2 € Z(m) C U(m). Its action on V, via dp and hence also
via dpj is simply by the scalar [|A|% + 2(\, v)p where v = (1/2) > per+ 1 and RT is the set of
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positive roots. But (A\,v)p > 0 since A € ®, is the highest weight. Thus, we have
dim(m)
Y ldps(z) @)z = dps(s)(@)ll2 = IA]13-
j=1
Hence, there exists zo € {21, 22, ..., Zdim(m)} such that [|dpy(z3)(w)ll2 > ||A|B/dim(m). Using
llzo]lp =1 and a similar bound to that in (3), we have |dpy(20)(w)||2 > ||A||z/dim(m). Let
z = zp/||20]] € m C a®m so that ||z| = 1. Along with the above bound ||ps|| < 2Cp||A||B, we

have
Al
m(m)||zo|| — 2dim(m)

ldpy(2)(W)ll2 = sl = 615

which proves the lemma in this case also. O

Fix €1 > 0 to be the § provided by Lemma 4.4.

5. Transfer operators with holonomy and their spectral bounds

In this section our goal is to define transfer operators with holonomy which are the main objects
of study in this paper and then present the main technical theorem regarding their spectral
bounds. We start with some preparation.

5.1 Modified constructions using the smooth structure on G

We need to use the smooth structure on G to apply Lie theoretic arguments to derive the LNIC
later in §6.1. However, the smooth structure is not readily available on U since it is fractal in
nature. Thus, we need an appropriately enlarged open set U of the strong unstable foliation
containing U. Since the strong unstable foliation is smooth, U C T!(X) would then be a smooth
submanifold and provide a smooth structure at our disposal. At the same time, we would like to
extend ¢ to a map on U, but this is difficult due to the expanding nature. Conveniently, we can
avoid this problem altogether by extending the local inverses in the following sense. Let w; be the
center of R; for all j € A. Using arguments of [Rue89, Lemma 1.2] with a sufficiently small § > 0,
and increasing 6 if necessary while ensuring that (2) still holds, there exist open sets U; C Uj
such that U; C Wt (w;) with diamg,, (U;) < 5 for all j € A such that for all admissible pairs
(j, k), we can naturally extend the inverse (o|gj4) " ¢ int(Uy) — C[j, k] to a smooth injective

map o~ @R . U, — Uj. More specifically, assuming that ¢y and § are sufficiently small without
loss of generality, taking any ug € U; such that o(ug) € Uy, we can define =% (u) to be the
unique intersection

o~ Uk (y) = ( U Wess(u)at> N WaH(w;)
te(—7(uo)—inf(7),—7(uo)+inf(7))
for all u € Uy. We define U = |_|§V:1 U;. Also define the measure Vg on U simply by vg(B) =
vy(BNU) for all Borel subsets B C U. Let j € Z>g and o = (ag,aq,...,a;) be an admis-
sible sequence. Define o7¢ = o~ (a0,a1) o g=(a1,02) ... o g (-1,05) . Uaj — f]ao if 7>0 and
o7 = Idga0 if j =0. Define the cylinder Cla] =o0~%(Uy,) D C[a]. Define the smooth maps

0% = (07%)"1:Cla] — Ua].. These maps are sufficient for our purposes in defining transfer

operators. For convenience we define Rj = [Uj, S;] for all j € A.
We define more extended maps. Let (j, k) be an admissible pair. The maps 7|c(jx) and 9|c(; i

naturally extend to smooth maps 7(;) Clj, k] — R and 9k : C[j, k] — M as follows. In light
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of the above definition of ¢~ U*) using the same notation and writing v’ = o) (u), we define

(k) (u) € (1(ug) — inf(7), 7(up) + inf(7)) uniquely such that ng(u’)a,m,k)(u) N W (wy) #

for all u € C[j, k]. Similar to before, ¥U*) (u) is such that Flu)ar, @) = F(ua,,. (u))ﬁ(j7k) (u)~!
- Jk) (4,k)
for all u € C[j, k]. Now for all £ € N and admissible sequences a = (ag, a1, . .., ), we define the
smooth maps 7, : Cla] — R, 9% : Cla] — M, and ®* : C[a] — AM by
k—1
Ta() = Y Ty ay00) (010009 (),
§=0
k—1
_ 9 ozj,aﬁrl) ao,al,...7aj)(u))7
7=0
k—1
B (1) = ary 0" (0) = [] @00 o le0n9 ()
§=0

for all u € C[a], where the terms of the products are to be in ascending order from left to right. For
all admissible sequences o with len(a) = 0, we define 7,(u) =0 and 9%*(u) = ®*(u) =e € AM
for all u € C[a]. For all u € U, there is a corresponding unique admissible sequence in * and
hence we can instead use the notation 73 (u), ¥9*(u), and ®*(u) for all k € Z>o.

5.2 Transfer operators

We will use the notation & = a + ib € C for the complex parameter for the transfer operators
and use the convention that sums over sequences are actually sums over admissible sequences,
throughout the paper.

DEFINITION 5.1 (Transfer operator with holonomy). For all £ € C and p € M, the transfer
operator with holonomy Mg, , : C(U, VpEB dlm(p)) — C(U, V;)@ dlm(p)) is defined by

Mer ,(H)(u) = Z 760 (W) (900 (Y1 F ()
(4,k)
w'=0"0F) (y)

for all w € U and H € C(U, Vp@dim(p)).

Let £ € C. We define Z& = /\;157’1 and simply call it the transfer operator. For any p € M,

denote by |y : C(U, VpEB dim(p)) — C(U, VpEB dim(p)) the restriction map. Then for all p € M, we also
define the transfer operator with holonomy Mg, , = | o Mer, 0 (Ju)~!, where (|¢)~! denotes
taking any preimage using the Tietze extension theorem, and the transfer operator Ler = Mer 1.

Remark. Let € € C and p € M. Then ./\;lgT’p preserves C’k(f], Vp69 dim(p)) for all k € Z>o and Mg, ,
preserves C’Lip(d)(U , Vp69 dim(p )). Here we regard the target space as a real vector space.

We recall the Ruelle-Perron—Frobenius theorem along with the theory of Gibbs measures in
this setting [Bow08, PP90].

THEOREM 5.2. For all a € R, the operator L,.:C(U,C)— C(U,C) and its dual L :
C(U,C)* — C(U,C)* have eigenvectors with the following properties. There exist a unique
positive function h € CLip(d)(U, R) and a unique Borel probability measure v on U such that:

(1) Lorll) = P
(2) L (v) = ePro(ars) .
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Pros(

(3) the eigenvalue e”*7(2™2) is maximal simple and the rest of the spectrum of Lar|crivw @,y I8

contained in a disk of radius strictly less than eFr=(a7s).
(4) v(h) =1 and the Borel probability measure u defined by du = hdv is o-invariant and is the
projection of the ars.-equilibrium state to U, that is, it = (proji; oC)«(Vars )-

In light of Theorem 5.2, it is convenient to normalize the transfer operators defined above.
Let a € R. Define A\, = o (=00r+a)m) which is the maximal simple eigenvalue of L_(sp+a)r DY
Theorem 5.2 and recall that A\g = 1. Define the eigenvectors, the unique positive function h, €
C’Lip(d)(U ,R) and the unique probability measure v, on U with v,(h,) = 1 such that

£7(5p+a)7(ha) = Aaha, ﬁ*_(§F+a)7—(Va) = \alq

provided by Theorem 5.2. Note that dvy = hgdvy. Now by Theorem A.2 in the Appendix,
the eigenvector hq € CUP@)(U,R) extends to an eigenvector h, € C®(U,R) with bounded
derivatives for £_ 5, 14)-. For all admissible pairs (j, k), we define the smooth map

! (% = —(0r + a)7(jk) + log(ho) — log(ho 0 7UH)) —Tlog(A,).
For all k € N and admissible sequences a = (v, 1, ..., ), we define the smooth map f(ga) :

Cla] — R by

(aj,a541

k—1
FO ) =3 £ (ole0ar3)(u)) - for all u € C[a].
j=0

For all admissible sequences a with len(a) = 0, we define féa) (u) = 0. As before, for all u € U,
we can also use the notation f,ga) (u) for any k € Z>o.

We now normalize the transfer operators for convenience. Let £ € C and p € M. We define
Mg, : C(O, V20— @, v ™) by

~ (a) ; / .
M&p(H)(u) — Z e(f(j,k)+7’b7-(jak))(u )p(ﬁu’k) (ul)—l)H(u/)
(4:k)
w'=0"0F) (y)

for all w € U and H € C(U, VpED dim(p)). For all k € N, its kth iteration is
~ (a) 1
ME(H) ()= Y e (@) H (W) (4)

c:len(a)=k

u'=0"%(u)

for all w e U and H € C (U , Vp@ dim(p)). Again, we denote /35 = ./\;1571 and, using the restriction

map |7, we get the corresponding normalized operators Mg , : C(U, Vp69 dim(p) ) — C(U, Vp69 dim(p ))
and L¢:C(U,C) — C(U,C). With this normalization, for all a € R, the maximal simple
eigenvalue of £, is 1 with eigenvector h,/hg. Moreover, we have L(vy) = vy.

We fix some related constants. By perturbation theory of operators (see [Kat95, Chapter 7]
and [PP90, Proposition 4.6]), we can fix aj > 0 such that the map [—a(,aj] — R defined by

a+ A, and the map [—aj, aj] — C(U,R) defined by a ~ h, are Lipschitz. We then fix A; >0
such that |f((;3€) (u) — f((joac) (u)| < Aylal for all admissible pairs (j, k), u € C[j, k], and |a| < af). Fix
T = max(j k) SUP,eqyj i) Tiik) (W) and T = ming ) inf, cop; 4 7(5.4) (0). Fix

T > maX<mZ;g< I7ller as sup, 168 e mmass \W“”“’Hm)

)

which is possible by [PS16, Lemma 4.1].
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5.3 Spectral bounds with holonomy

We first introduce some norms and seminorms. Let p € M and H € C(U,V,’ dim(p )). We will
write ||[H|| € C(U,R) for the function defined by ||H||(u) = ||H(u)||2 for all uw € U, and if p = 1,
we will write |H| € C(U,R) for the function defined by |H|(u) = |H(u)| € R for all u € U. We

define |H||ooc = sup ||H||. We use similar notation if the domain is U. We define the Lipschitz
seminorm and the Lipschitz norm by

. H(uw) — Hw)||o

o) =y VIO HGO
u,u' €U (uvu)

such that uzu’

[ H||Lip(a) = |1 H l|lco + Lipg(H),

respectively.
As we will mostly use the C' norm, we avoid defining the C* norm for integers k > 1. Let Y’
be a Riemannian manifold and H € C1(U,Y’). We define the C! seminorm and the C* norm by

[H|cr = sup [[(dH )ullop,  [[Hllcr = [[Hlloo + [H]cn,
uelU

respectively. We can define another useful norm by

[H 16 = [1H]loo + [H|ca

max(L, [b])

Henceforth, by differentiable function spaces on U or its derived suspension spaces, such as
CYU,Y), we will always mean the space of O functions whose C! norm is bounded.
For all p € M, we define the Banach spaces
V,(U) = CLip(d)(U’ Vp@dim(ﬂ))’ VP(U) _ 01([}7 ‘/‘D@dim(p)).
Now we can state the following theorem regarding spectral bounds of transfer operators with

holonomy.

THEOREM 5.3. There existn > 0,C' > 0, ap > 0, and by > 0 such that for all§ € C with la] < ay,
if (b, p) € Mo(bo), then for all k € N and H € V,(U), we have

| ME,(H)||, < Ce™™ [ H 1y,

We reduce Theorem 5.3 to Theorem 5.4 which captures the mechanism of Dolgopyat’s method
in our setting. Similar theorems have appeared in [Dol98, Nau05, Stoll, OW16]. The main
difference from previous works is that we deal with holonomy.

We define the cone

Kp(U)={h e CYU,R): h >0, |(dh)ullop < Bh(u) for all u € U}.
Remark. 1t is useful to note that we can easily derive the equivalent log-Lipschitz characterization
given by Kg(U) = {h € CY(U,R) : h > 0,|logoh|c1 < B}.
THEOREM 5.4. There exist m € N, n € (0,1), E > max(1,1/by,1/6,), ap > 0, by > 0, and a set
of operators {./\/:f{, :CYU,R) — CY(U,R) : H € V,(U), |a| < ag,J € T (b, p), (b, p) € Mo(bo)},
where J (b, p) is some finite set for all (b, p) € Mg(bo), such that:

(1) NE(Kp)p,(U)) C Kpyp, (U) for all H € V,(U), |al <ap, J € J(b,p), and (b,p) € My (bo);

2) [N (R, < mliklle for all h € Kgy,, (U), H € Vy(U), la| < ao, J € J(b,p), and (b,p) €
Mo (bo); ) i N

(3) forall§ € C with |a| < ao, if (b, p) € Mo(bo), and if H € V,(U) and h € K, (U) satisty

(1a) |[H(uw)||2 < h(u) for allu € U,

2600

https://doi.org/10.1112/50010437X21007600 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007600

EXPONENTIAL MIXING OF FRAME FLOWS

(1b) |(dH)ullop < E||pyl|h(u) for all u € U,

then there exists J € J (b, p) such that )

2a) HMgmp<H)(u)H2 < NfJ( )(u ) for allu € U,
(2b) ([ @M, (H))ull,, < EllosINZ () (w) for all u e .

op —
Proof that Theorem 5.4 implies Theorem 5.83. Fix m € Njag > 0,bg > 0, E > 0 to be the ones
from Theorem 5.4 and 77 € (0,1) to be the  from Theorem 5.4. Fix

B=swp |[Mey,, < sup |Le]|,, < Ne™,
\a|<a0,p€M la|<ao

viewing the transfer operators as operators on L2(U, Vp69 dim(p )) and L?(U,R), respectively. Fix
n = (—log(77))/m and C = B™7j~!. Let £ € C with |a| < ag. Suppose (b, p) € My(bg). Let k € N
and H € V,(U). The theorem is trivial if H = 0, so suppose that H # 0. First set hg € Kg|jp| (U)
to be the positive constant function defined by ho(u) = [|H||1,, for all u € U. Denote Hy = H.
Then Hy and hg satisfy properties (3)(1la) and (3)(1b) in Theorem 5.4. Thus, Theorem 5.4
. . : H;_ =

allows us to inductively obtain h; :Na,}j_ll(hjfl) € Kpg)p,|(U) for some J;_1 € J(b,p) and
Hj = M{',(Hj—1) which satisfy properties (3)(2a) and (3)(2b) in Theorem 5.4, for all j € N.
Now using property (2) in Theorem 5.4, we have H/\;I?;(H)Hz < ||hjll2 < ﬁj||h0|]2 = ﬁjHHHL”pr
for all j € Z>q. Writing k = jm + [ for some j € Z>¢ and 0 < ! < m, we have

|ME(H)||, < B M H)|, < B IH 1001 < Ce ™ [ H 10y O

6. Local non-integrability condition and non-concentration property

This section is devoted to the main tools needed for the proof of Theorem 5.4 in §9. Non-
integrability type conditions have appeared in all previous works employing Dolgopyat’s method.
We will prove Proposition 6.5 which is the appropriate formulation in our setting and call it the
local non-integrability condition as in [Stoll]. Running Dolgopyat’s method with holonomy also
requires Proposition 6.6 which we call the non-concentration property.

6.1 Local non-integrability condition

First, we will define a map related to Brin—Pesin moves [BP74, Bri82] which will be needed for
the LNIC in our setting. We choose unique isometric lifts R; = =[U;,S;] € THH) of R; for all
j € A. Define R = Ljca Rj and U = Ljea U;. For all u € R, let @ € R denote the unique lift in

R. We then lift the section F to F : Ler YR — F(H") in the natural way.

DEFINITION 6.1 (Associated sequence of frames). Let z € Rl be the center. Consider some
sequence of tangent vectors (21, 22, 23, 24, 21) € (R1)? such that 2o € S1, 24 € Uy and z3 = [24, 22].
Its lift to the universal cover is (%1, 2o, 23, 21, 21) € (R1)? € TH(H")® = (G/M)®. We define an
associated sequence of frames to be the unique sequence (g1, g2, .. .,gs) € F(H")? = G° where

g1 = F(gl)a

g2 = F(%) € g1 N~ such that goM = %, € T'(H") = G/M,

g3 € goNT such that gsa;M = 23 € T (H") = G/M for some t € (-7, 7),
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g4 € 93N~ such that gsa;M = z4 € TH(H") = G/M for some t € (—7,7),
g5 € g4N1 such that gsa,M = 2, € TI(H") >~ G/M for some t € (—1,7T).

Remark. The sequence of frames is obtained by ‘moving the frame F(Z;) only along the strong
unstable and strong stable directions’ associated to the path represented by (21, 2o, Z3, 24, 21).
Using properties of the strong unstable and strong stable leaves, we see that ¢ € (—7,7) must be
the same throughout the sequence in the definition above.

We continue using the notation in the above definition. Define the subsets
N ={nT e Nt : F(z)n* € F(U;)} c N¥,
Ny ={n" € N :F(z1)n~ € F(S1)} C N™,
where the first is open and the second is compact. Now, if the above sequence (z1, 29, 23, 24, 21)

corresponds to some nt € Ni” and some n~ € N; such that F(zy) = F(z1)n" and F(z) =
F(z1)n~ respectively, then we can define the map Z: N;* x N; — AM by

E(nt,n7) =gs'g1 € AM.

To view it as a function of the first coordinate for a fixed n~ € Ny, we write =,,- : N — AM.
Let z; € Ry be the center. Let j € Nand o = (ap, a2, ..., aj_1,1) be an admissible sequence.
By following definitions, there exists an element which we denote by n, € N; such that

F(PI(0~%(21))) = F(z1)na.

This is well defined since 0~%(z1) € Cla] C U.
In order to derive the LNIC in Proposition 6.5, we first provide a few useful lemmas
regarding =.

LEMMA 6.2. Letj € N, a = (ag,a1,...,a;-1,1) be an admissible sequence, and n™ = nqo € Ny .
Let u € Uy and n™ € Ny such that F(u) = F(z1)n" where 21 € Ry is the center. Then we have
E(nt,n7) = 0%(07 (1)) 0% (07 (u)).

Proof. Let z; € Ry be the center. Let jeN, a= (o, 0u,...,aj-1,1) be an admissible
sequence and n~ =n, € N;. Let w € Uy and nt € Ni” such that F(u) = F(z1)n*. Let s €
Sy such that F(s) = F(z1)n~. To calculate Z(n*,n™), we first consider (21,22, 23,24, 21) =
(21,5, [u, 5], u, 1) € (R1)® and then compute the associated sequence of frames (g1, g2, g3, g4, g5) €
G®. Firstly, g1 = F(21). Then using definitions, we have

g2 =g~ =F(Z)n~ = F(P(67%(21))) = F(o™%(£1))®* (0~ *(21))-
Now g3 = gons for some no € N*. So
93 = F(07%(%1))®%(07(21))n2 = F(o™*(21))ny®* (0% (21)),

where nf = ®%(07%(21))n2®*(0"%(21))" € NT. But the frame F(o~%(Z;))ns, must be
based at © € YUy, for some €T such that Var, (oo (z))+t = [U, 5] for some t € (-7, 7).
So v =0"%) and t = T74(0" (1)) — Ta(c~*(21)). Moreover, F(c=%(21))n5, = F(c~*(a)) and
hence g3 = F(o~%(1))®%(¢7%(21)). From definitions, 9a,, (o)) = [@, 5] implies F(o™%(@)) =
F([@, 8))®*(c~*(u))~!. Thus

g3 = F([@,3)) 2% (07 (u)) "' %07 (21)).
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Now g4 = g3ns for some n3 € N*. So
91 = F([a@,3) @ (07 (u)) "' ®%(0™*(21))n3
= F([a, 8))n @ (0™ () '@ (07 (21)),
where nj = ®* (67 (u)) 1@ (07(21))n3(®* (0~ (u)) "' ®*(0~*(21))) "' € N~ By similar argu-
ments, the frame F([@, §])n4 must be based at @ € U;. Thus
91=F(@)2% (0™ (u)) " @ (07 (21)).

Finally, g5 = g4n4 for some ny € NT. So

g5 = F(@) (0™ (u)) ™' @ (0™ (21))na = F(@)ny @ (0~ (u)) "' 0% (07% (1)),
where ny = ®*(0~%(u)) 1% (0~*(21))na(® (0~ (u)) 1P (07 %(21))) "' € N~. Again by similar

arguments, the frame F(@)n) must be based at z; € U;. Thus

g5 = F(21)®* (07 () "' @*(07(21))-

Then by definition, we have the calculation

1) = g5 g1 = @07 (21)) T @Y (07 (w)). O

Recall from definitions that e € N~ where N;7 € N+ is an open subset and hence T.(N;") =
T.(NT)=n". Note that AMNTN~ C G is an open dense subset and hence we have the vector
space decomposition g = a ®m @ n* @ n~. Denote the projection onto a ® m with respect to this
decomposition by 7 : g — a @& m. We then have the following lemma where ¢; is as in §3.1 and
Ny, =1{n" € N": F(z1)n~ € F(Wg(21))} where 21 € Ry is the center.

1,e0

E(n*

LEMMA 6.3. For alln~ € N; , we have
(dEn*)e =To Adn* ’n* o (dhn*)&

where h,,- : Nfr — N7 is a diffeomorphism onto its image which is also smooth in n~ € Ny
and satisfies he = Idy Consequently, its image is (dZ,,- )e(nT) = 7(Ad,- (nT)) C a & m.

Proof. Let z1 € Ri be the center. Let n~ € Ny . For all nt € N1+, consider the sequence
(21,29, 23(nt), z4(n1), 21) € (R1)® such that F(z2) = F(z1)n~ and F(z4(n)) = F(z1)n* and let
(91,92, 93(n"), gs(n™), g5(nT)) be the associated sequence of frames. Then for all n* € N;", the
frame g5(n™)a; is based at z; for some t € (—7, 7). By transversality of the smooth foliations, the
implicit function theorem on a coordinate chart gives smooth functions f,,- 5 : Nfr — NT, o3
N — N—, and foa: N;" — Nt which are also smooth in n~ € Ny, such that

95(n+) = gln_fn—,2(n+)fn—,3(n+)fn—,4(n+)‘
Note that f,,- o is a diffeomorphism onto its image. Let h,,— = h,,— 5 : N — N*, by 3 N —
N7, and h,- 4: N — N* be smooth functions which are also smooth in n~ € Ny, defined
by the group inverses h,,- ;(n*) = f,- ;(n*)~! for all n* € Ni" and 2 < j < 4. Then h,,- 5 is a
diffeomorphism onto its image and
En* (n+) = g5(n+)7lgl = hn*,4(n+)hn’,3(n+)hn*,2(n+)(n7)71'

Note that h,- 5(e) = h,- 4(e) = e and h,,- 5(e) =n~. Let mg : G — G be the right multipli-
cation map and Cj : G — G be the conjugation map by g € G. Let w € n. The product rule
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gives
(dZ,-)e(w) = ((dmfs,-y-1) - 0 (dmy=) ) (dhn- 4)e(@)) + (dMf-y-1) - ((dhy 3)e(w))
+ (dCy-)e((dhy- 9)e(w))
= (dhy- 4)e(w) + (dmf}, -y 1), - ((dhy- 3)e(@)) + Adyy- ((dBy- 2)e(w))-

Since (dZ,-)e(w) € a®m, (dh,- 4)e(w) € nT, and (dm&,),l)n—((dhn—,g)e(w)) en~, we have
(d=2,-)e(w) = 7(Ad,~ ((dhy- 2)e(w))). Noting that (dh,- o)e surjects onto n*, we also have

(42, )o(n) = 7(Ad,- (n*). 0

Throughout the paper we often use the upper half space model H" = {(z1,x2,...,z,) € R™:
x, > 0} with boundary at infinity du(H") & {(z1,79,...,7,) € R" : 7, = 0} U {oc} 2 R""1 U
{oc}. We also use the isomorphism T(H") = H" x R™. Let (e, e2,...,e,) be the standard basis
on R™. We assume without loss of generality that the identifications are made such that the
reference vector is v, = (ep, €,) and the reference frame is F, = ((ep,€1), (€n,€2),...,(en,€n)),
where the first entries of the tangent vectors are their basepoints. Let dg denote the Euclidean
distance. Let B¥(x) C R"~! denote the open Euclidean ball of radius € > 0 centered at » € R* !,

LEMMA 6.4. There exist ny,ny,...,n; € Ny for some jm € N and 6 >0 such that if

M oMy .-y, € Ny with dN_(n;,n;) < forall1 < j < jn, then
Jm
+ —
> 7m(Ad,- (")) =a&m.
=1

Proof. First we show that 3=, y- 7(Ad,-(n")) = a @ m, that is, there exist ny ,ny,...,n; €
N~ for some jn, € N such that 2", TI'(Adnj— (n)) = a®m. We use the formula
0o 1 '
Ad_,-(n") = e (nt) = —(ad,- )’ (nT)y=n"+[n",n"] +
=0

...
E[n 7[” ’n+]] +e

for all nT € n* and n~ € n~. Note that exp : n~ — N~ is surjective since N~ = R"~!. Exam-
ining the formula above term by term, our first objective follows if we show that there exist

nfng,. .. anm €nt and ny,Ny,...,n; €n- for some jm € N such that span{[n;, J] €g:

7Y
J€{L2,... jm}} =admand [n;, [nj_,n;“]] en forall 1 <j<jpn.

We use the upper half space model. Recall M = Stabg(v,) = SO(n — 1) whose elements
act on H" by rotations in R™ which keep the nth coordinate fixed. It is a fact that for
any chosen basis of R", any rotation can be expressed as a composition of planar rotations
where the planes are generated by any two distinct basis vectors. Using our standard basis
(e1,€2,...,e,), this means that M is generated by the subgroups M, = {m € M : m(e;) =
e foralll e {1,2,...,n}\{j,k}} =SO(2) for all 1 < j,k <n —1 with j # k. Then we have the
corresponding sum of vector spaces m =31, p <, 1 jzp Mk Where m;y, = 50(2) = R is the Lie
algebra of Mj; for all 1 < j,k <n —1with j # k. Let 1 < j,k <n — 1 with j # k and consider
the totally geodes1c submanifold P; j, = span(ej, e, e,) NH® C H". Let Hj, = {g € G : g(Pjx) =

P; 1} < G be the subgroup of 1sometrles of Pjj. Then, P;; = =~ H3 is the upper half space of
span(e;, ek, en) = R3 which induces the canomcal identifications of Lie groups and their Lie
algebras, H;j = PSLy(C) and b, ; = sly(C). Let Njfk ={nteNT:nte, € Pj} =NTNH
and thk ={n" €N :n7e, € ij} = N~ N Hj, be the expanding and contracting horospher-
ical subgroups of Hjj, with corresponding Lie algebras “Ik Ccn' and n,Ccn, respectively.
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Note that Mz, ka, Ng?k < Hj} and hence also m; x, n;fk, n., C b; k. Now it suffices to show that
LPy® njk] =a®mjgand [n;;, a®my,] =n;,. This is simply a matter of calculations. Using the

canonical identifications, we can explicitly write the Lie algebras as

= {(t O)eer). mux{(? 0ioex)
~ 0 O o 0 n~ _
n}'tk:{<nJr 0):n+€(C}, nj’k:{<0 0>:n G(C}.

Now for all nT € n;.fk and n~ € nes using the corresponding matrices (8 i ) and (n0+
have the calculation

G )00 96 5) =0 )

for the matrix corresponding to [n~,n"]. Thus, [n;kank] = a® m;y. Similarly, for all n= €

n and a +m € a®m;y, using the corresponding matrices (0 ”_) and (5 _OZ), we have the

00
calculation
On_ZO_ 0\ /0 n7\ (0 —2zn~
0 O 0 —=z —z 0 0/ \o 0

for the matrix corresponding to [n™,a +m]. Thus, [n;}, a®m;,] =n;;.

0

o), we

N

ja)

Now we show that we can choose ny,ny,...,n; to be in N; . By way of contradic-
tion, suppose this is false. Then V = Zn—eN; 7(Ad,-(nT)) Ca®m is a proper subspace.
Hence, there is a functional L:a@®m — R with ker(L) =V. But we have already proved
that > .y- m(Ad,-(n")) =a®m and so we can choose 7" € n* and 7~ € N~ such that
m(Ad,y- (RT)) € a@m\ V. Let z; € Ry be the center. Without loss of generality, we can assume
F(%1) = e. Consider the map N~ — R"! defined by n~ + (n~)~ which is just mapping the
frame n~ to its backward limit point (n=)~ € R"! C 0o (H"). Its inverse is a Lie group iso-
morphism R”~! — N~. Since exp : R»™' — R"~! is simply the identity map, the previous Lie
group isomorphism induces the Lie algebra isomorphism R"~! — n~ where we can still view the
domain as the boundary at infinity R"~! C 04 (H"). Denote the image of # € R"~! under this
map by n; € n~. Now consider the function P : R*~! — R defined by P(x) = L(W(Aden; (n™)))
for all z € R"~!. Since using the basis (e1,es, ..., e,) above was arbitrary, we can see from the
calculations that in fact 7(Ad_,- (n")) = [n~,n*] for all n* € n* and n~ € n~, and so in partic-
ular 7(Ad - (71)) = [n;,n "] = —ad;+ (ny) for all x € R*"L. Then P(z) = —L(ad+(n;)) for
all z € R"1, which is a composition of linear maps. Now A(T') N B¥((%1)7) C ker(P) for some
€ > 0, but P is non-trivial because P(xg) # 0 where g € R"™! such that 7~ = ¢"=0. But this
is a contradiction by [Winl5, Proposition 3.12] since I' < G is Zariski dense. Finally, it is clear
that n1,ng,...,n;, satisfying the result is an open set and so the lemma follows. [l

m

We fix j,, € N as in Lemma 6.4 for the rest of the paper.
The following proposition is the required LNIC in our setting.

PROPOSITION 6.5 (LNIC). There exist € € (0,1), mo € N, j,, € N, and an open neighborhood
U C Uy of the center z1 € Ry withUd N Q C Uy such that for all m > my, there exist sections v; =
o~% U — Uam for some admissible sequences o = (00,1, .., ®jm—1,1) for all integers
0 < j < jm such that for all u €U and w € a®m with ||w| =1, there exist 1 < j < j, and
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Z € T,(Uy) with ||Z|| = 1 such that

[((dBPjy)u(Z),w)| > €,
where we define BP; : Ul X Ul — AM by

BP(u, u') = @ (vg(u)) ™' & (vo(u')) DY (v; (') &% (v;(w)

and we denote BP;, =BP;(u,-) for all u,u' € Ui and 1< j < jm. Moreover, the images
vo(U),v1(U), ..., v, (U) are mutually disjoint.

sy € Ny for some j, € N and
a sufficiently small §; > 0 such that for all 7,7, ,...,n; € Ny with dy- (77] \n; n;) < d; for all
1 < j < jm, we have

Proof. By Lemma 6.4, there exist distinct non-trivial ny ,n, , ...

Jm
Zw(Adn]__ (n") =adm
=1

This property allows us to define a positive constant

€ = inf inf sup ‘<7T(Adnf (n+)),w>‘. (5)
n1m2,,mm€lewmtmn ;&a@m ntent J
dy— (7 0 )<01ViE{12,dm} |lwl|=1 such that [[nT]=1,
J€{1,2,....jm}

Let z € Ry be the center. Define the diffeomorphism 1 : U; — Nfr by v(u) =nt such
that F(u) = F(z1)nt for all u € U;. Fix Oy = ||(di)., lop > 0. Recall h,- : N{” — Nt from
Lemma 6.3 which is a diffeomorphism onto its image which is also smooth in n™ € Ny, and
satisfies h, = IdN1+. Since N; is compact, there exists Cy > 1 such that 1/Cy < |[(dhy,-)ellop < Ca
for all n~ € N;. Fix €€ (0,min(Cie/4Cs,1)) and e € (0,6/C1Cs). Observe that
(moAd,-)|n+ - n+ — a®m is linear and also smooth in n~ € Ny . Since (70 Ade)|p+ =0,
it follows that there exists do > 0 such that |(7 o Ad,-)|n+|op < e for all n~ € N~ with
dy-(n~,e) < dy. Without loss of generality, we can assume that #A4 = N > j,,. Now, using
the Markov property and the topological mixing property of T, we can fix mg € N such
that, given any m > myg, there exist distinct ng,ny,...,n; € Ny with dy- (ng ,e) < 02 and
dy-(n;,n;) < for all 1 <j < jm, such that P™(u;) = s; € S1 with F(s;) = F(z1)n;, for
some u; € U oo and ajo € Aforall 0 < j < jm, where ag, a1, - -, @j, 0 are distinct. Then for
all 0 < j < jm, the associated trajectory of the geodesic flow of u; through the Markov section
gives a corresponding admissible sequence a; = (00,051, -+, jm—1,1). We define the sections
vj =0 Y U, — Ua o forall 0 < j < ji. Note that the last criterion of the proposition will be
automatically satisfied. We define BP; : Uy x Uy — AM for all 1 < j < jn as in the proposition.
The equation

F(P™(0™%(21))) = F(P™(vj(21))) = F(P™(u;)) = F(s;) = F(z1)n;
implies that nj = Nay for all 0 < j < jy,. Hence by Lemma 6.2, we have
BP(u, ) = Z,- () "5, (b()E,- (b)) "'E, - ((w) (6)
J
for all u,u’ € Ul and 1 < j < jy,. Starting with the case u =z, € Ul, we have

BP;., (u') = - (w(u’))En; ((u'))™t forallu € Uy and 1 < j < jm.

0 J
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By Lemma 6.3, the differential (d BP; ,,),, : T, (U1) — a @ m is given by
(dBP;21)= (2) = (d2,-) ((d)= (2)) = (4=, ) ()= (2))
= m(Ad, - ((dh,;),((d0)=(2)))) = 7(Ad, - ((dh,-),(de)-(2))))

for all Ze T, (U;) and 1<j<ju. Define S(adm)={wcadm:||lw|=1} and let
w € S(a @ m). Using the above formula, we have

((dBP;21)=(2),w)| = [(r(Ad,- ((dh,-),((d¥):,(2)))),w)]
—[(r(Ad,; ((dhng)e((dw)zl(z)))%w>\ (7)

for all Z € T,,(U;) and 1 < j < jn. We first deal with the first term in (7). Since d - (n; ,n;) <

61 for all 1 < j < jp, using (5), there exist 1 < j, < jy and n € n™ with ||[n}|| = 1 such that

[(m(Ad, - (n)),w)| > €1. Since (dh, - )e and (dv)z, are invertible linear maps, there exists Z, €
Jw Jw

T., (U1) with || Z,|| = 1 such that (dh, - )e((di))z (Zw)) is a scalar multiple of nJ. The operator
Jw

norm bounds on the linear maps give

‘<W(Ad7}j_w (((dhn]_w)e((dd})n (Zw))))7w>| > 0105161 > 4e.

Now we turn to the second term in (7). Since dy- (7, ,€) < d2, we use the Cauchy-Schwarz
inequality and then again the operator norm bounds to get

KW(Adng ((dhna)e((dd})zl (Zw))))awﬂ < 010262 <e.

With these bounds, we conclude that for all w € S(a & m), there exist 1 < j, < jm and Z, €

T.,(U1) with ||Z,|| =1 such that \<(dBPgw,z1)z1( w),w)| > 3e. Since the map S(a®m) — R
defined by w +— [(',w)| is continuous for all w’ € a® m and S(a @ m) is compact, there exist
some absolute ko € N and wi,ws,...,wy, € S(a @ m) contained in corresponding open sets
Vi, Va, ..., Vi, C S(a@m) which cover S(a & m) such that [((dBPj,, )z (Ze,),w)| > 2¢ for all
weV, and 1 <k <ky. Now, for all 1 <k < kg, extend Ly, € Tzl(ffl) to any smooth unit
vector field Zj : U’ — T(Ul) for some open set U’ C Uy containing z;, that is, Zj satisfies
Zi(21) = Zy,, and || Zg(u)|| =1 for all u € U’. We can ensure that their C' norms are always
bounded above by an absolute constant. Since BPj,, is smooth, the map U’ x V}, — R defined
by (u,w) — [{((dBPj,, u)u(Zk(u)),w)| is also smooth for all 1 < k < ko. Hence, by compactness

of V},, there exists an open subset I C U’ containing z; such that we can extend the inequality

to

[((dBPj,, w)u(Zk(u),w)| =€ foralluel, we Vi, and 1 < k < k.
Note that U is absolute and, in particular, is not dependent on the sections vg, v1,...,v;, nor
their length m due to (6) and compactness of N; . Shrinking it so that & N Q C U; finishes the
proof. O

Fix g9 € (0,1), mg € N, ji» € N, and the open subset U C U, containing the center z; € R,
to be the €, mg, jm, and U provided by Proposition 6.5.

6.2 Non-concentration property

In the upper half space model, applying an appropriate isometry, we assume that the vectors
in U; have direction m3(U;) = —e,, and their basepoints lie on the hyperplane (m1(U;),e,) = 1.
We will often view the limit set as A(T')) C R*~! U {oco} in the rest of the paper. The following
proposition is the required NCP.
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PROPOSITION 6.6 (NCP). There exists § € (0,1) such that for all € € (0,1), w € R*™! with
|w|| =1, and z € A(T) NR"~L, there exists y € A(T) N BE(z) such that |(y — z,w)| > €.

Proof. By way of contradiction, suppose the proposition is false. Then for all j € N, taking
§; = 1/j, there exist ¢; € (0,1), w; € R*! with |Jw;|| = 1, and z; € A(T') NR"~! such that |(y —
zj,wj)| < €05 =¢€;/j forall y € A(I')N Bf; (xj). Hence, we can rewrite this as

A(T) N B (z5) C {y eR™:|(y — zj,w;)| < ZJ} for all j € N. (8)

We want to use the self-similarity property of the fractal set A(T). Note that A < G is such
that a; acts on H" by dilation by e’ for all ¢ € R, and elements of N~ act on H" by translation.
For all x € R""! denote by n; € N~ the element which acts on H" by translation by x. For
all j € N, we have (n;j)Jr =00 € A(I') and (ng,)” =z; € A(I'), and hence I'n;;; € Qp C I'\G
which we recall is compact. Also recalling that Qg is invariant under the frame flow, we have
Ny Gy € I'Q for all t € R and j € N, where 2y C G is some compact subset. Then for all j € N,
setting t; = log(e;), there exist v; € I and g; € Qg such that Ny, 0ty = 7j9j- Now, for all j € N, we
have gja_y;n", =1; ! whose action on Oa (H") preserves A(T'). This captures the self-similarity
property of the fractal set A(T").

Now applying gja—¢;n_, in (8) gives

1
A(T) N g;- BY(0) C g; - {y eR": |(y,wy)| < j} for all j € N.

By compactness, we can pass to subsequences so that lim; ..o w; = w € R" ! with ||w|| = 1 and
lim; .00 g; = g € . In the limit j — oo, we have A(I) Ng- B¥(0) C g- {y e R": (y,w) = 0},
which contradicts [Winl5, Proposition 3.12] since I' < G is Zariski dense. 0

Fix e3 € (0,1) henceforth to be the ¢ provided by Proposition 6.6.

7. Preliminary lemmas and constants

In this section we cover some more lemmas and then fix many constants which are needed to
construct the Dolgopyat operators and prove Theorem 5.4.

Let ¥y :U; — R" ! be the diffeomorphism defined by Wi(u) =ut for all u e U;. Let
U, - 01 — U, be the isometry obtained from the covering map. Define the diffeomorphism
Wy (Uy) — Uy by ¥(x) = Ue(U; () for all z € U1(Up). Then (d¥)% is invertible for all
T € \111(01). By continuity, we can fix g > 0 such that infme%(ol) infj, =1 |(d¥)%(w)|| > dgp. We
also fix Cyy > 1 such that (1/Cy)dg(z,y) < d(¥(z), ¥(y)) < Cydg(z,y) for all z,y € ¥y (U,).

We now introduce a technical lemma. Denote # = ¥~!(z) for all o € Ui. Let z,y¢€
Up, z= (%, — &) € Te(R* ') such that {# +tz€R* 1 :tc[0,1]} Cc U 1(T), and 1< j <
Jm. Define the curve @EE’Z :[0,1] - AM by go??z(t) = BP;,(¥(Z +tz)), for all t€[0,1],
which has endpoints ngiz(O) =e and cpfiz(l) = BP;(x,y). There exists dy >0 such that

any pair of points in B(‘%M () C AM has a unique geodesic through them. Fix Cgpy =
SUP, velr je{1,2,....jm} [d(BPjz oW)gl|op-

LEMMA 7.1. There exists C' >0 such that for all 1 <j<jn and z,y € U, with d(z,y) <
0/(CyCrp,y) such that {& +tz € R" 1 : ¢ €[0,1]} C ¥~1(U), we have

dan (exp(2), ¢} .(1)) < Cd(z,y)*,
where z = (&, — &) € Tz(R"™!) and Z = d(BP;, o¥)z(z).
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Proof Fix § = 50/CBP\1/ Let 1 < j < jm and z,y € U; with d(z,y) < 6/Cy such that {Z + tz €
R 1:te0,1]} € U~ 1(U;) where z = (&,3 — &) € Tz(R* ). Note that the bound implies
l|lz|| = de(&,9) < 0. Let 2=2z/|z|, Z= d(BPNo\II) (2), and Z = Z/||z|| = d(BP;, o¥)z(%).
Define L : [0, ]|z]|]] — R by L(t) = dan(exp(tZ), gasz( )) for all ¢ € [0, ||z]|]. We can fix Cy >0
such that (1/2)supyco,i. [L”(#)| < Co holds independently of the choice of j, x, and y because

the geodesics @Ewp,é depend smoothly on z and 2. Fix C' = CoC%. Define L: [0,]z]]] — R by
L(t) = (1/2)L(t)? = (1/2)61141\/1(eXp(tZ),<,0}373F;2(t))2 for all t € [0, ||z]|]]. For all ¢ € [0, ||z||], define
vt 1 [0,1] — AM to be the unique constant-speed geodesic with endpoints :(0) = exp(tZ) and
(1) = 4,0}37572(25). Then we have

1 1
£ = [ hits)las, L= [ gl as,

for all t € [0, ||z]|]. Since L is the energy along the variation of geodesics 7 : [0,1] x (0, ]z]]) —
AM , we can use the first variation formula to get the derivative

L'(to) = <§t t:toyt(1),ygo(1)> - <jt %(0),%0(0)>

— (Y o' @) - (| w250,

for all tg € (0, ||z]|). Hence, we calculate that
1. (0
e2), 20

, B f/(t ) _ / ’Vto(l) d
i =7 = (B . )~ (L I, O

for all ¢y € (0, ||z||). It is easy to see that (g0j7x72)’(0) = d/dt|,—gexp(tZ) = Z. Using the distance
function dpaary on T(AM) induced by the Sasaki metric on T(AM), we see that

Y, (0) 74, (1) ) .
lim d ; , —2 = lim L(ty) = 0.
s, drcan (umom @) = oy L)

It follows from (9) that lim,\ o L'(t9) = 0. Taylor’s theorem immediately gives

t=to

L(t) < 1< sup L”(t0)|>t2 < Cot?
to €0, 2|l]

for all ¢ € [0, ||2]|]. The lemma follows by taking t = ||z|. O
Fix Cexp,p > 0 to be the C' provided by Lemma 7.1.

Remark. Shrinking U C U; if necessary, we can assume that 1Y) c R"! is a convex open
subset so that Lemma 7.1 applies for our purposes.

The following Lemma 7.2 is derived from the hyperbolicity of the geodesic flow.

LEMMA 7.2. There exist ¢y € (0,1) and k1 > k2 > 1 such that for all j € N and admissible

sequences a = (o, v, . .., a;), we have
Co 1 ~
7§H( N ]|Op<—j for all u € Uy,

We fix constants ¢g € (0,1) and k1 > k2 > 1 as in Lemma 7.2 for the rest of the paper and
use these inequalities without further comment.
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Recall that Dolgopyat’s method can be S}lccessfully carried out when the derivative of pp
is large, which motivated the definition of My(by) for all by > 0. This criterion is ultimately
manifested in the following lemma which is a Lasota—Yorke type inequality [LY73].

LEMMA 7.3. There exists Ag > 0 such that for all ¢ € C with |a| < al), if (b, p) € Mo(1), then
for all k € N, we have:

(1) ifh e KB(U) for some B > 0, then we have LF(h) € Kp/(U) where B’ = Ao(B/kKE +1);
(2) if H€ V,(U) and h € C(U,R) satisty ||(dH)u|lop < Bh(u) for all u € U, for some B > 0,
then we have

5 B - 5 -
| @t (1), < Ao 250 + Il E31 1 0) ) for all e O
2

Proof. Fix Ay > max(4To/co(ke — 1),2T0/01,4c0(k2 — 1),1/co). Let € € C with |a| < ag, (b,p) €
My(1), and k € N. To prove property (1), let h € Kp(U) for some B > 0. Let u € U, for some
a € A. Let z € T, (U) with ||z|| = 1. Taking the differential and using the product rule, we have

(dLEm), ()= 3 ST WA 0 07%) (2) - h(o(w)

a:len(a)=k

+ 3 e ST L g(ho o) (2).
a:len(a)=k

(£l (a)

We need to estimate |d 00 %)u(z)|. From definitions, we have

T
L

FE (0™ W) = D) oy (o 7 ()

o (0j,00541)

.
Il
=)

for all admissible sequences « with len(«) = k. Thus, we have the bound

a aq,Q T
|d(fc(z ) o Z‘fag 0‘1+1)’01’U et ‘Cl = Z o 20_ 1)

= 00112

N
S

IN
SN

for all admissible sequences « with len(a) = k. Using the bound, we get

(@25m), ()] < 30 O D n w))|d(f 0 07, (2)]

a:len(a)=k

(a) o~ -
+ Y DR gy lopl (o ullop

aclen(a)=k
(a> o B (a) (o
<Ay ) “n(u') + ok >, el "h(u)
a:len(a):k 0h2 a:len(a)=k
u'=0"%(u) u'=0"%(u)

§A0<B2 +1)£’“( ) (u).

Now to prove property (2), suppose H € V,(U) and h € C*(U,R) satisty [(dH )ullop < Bh(u)
for all w e U, for some B > 0. Let u € U,, for some oy € A. Let z € T, (U) with |z| = 1.

2610

https://doi.org/10.1112/50010437X21007600 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007600

EXPONENTIAL MIXING OF FRAME FLOWS

Recall (4). Taking the differential and using the product rule, we have

~ (a) o % u
(@M, () () = DT el
a:len(a)=k
(@) —a —a -«
_ Z efa (‘7 (u)) . d(pb 0 @0& [eXea )u(Z)H(U (U))
a:len(a)=k

Da(f57 0 07),(2) - po(@* (0 (w)) ™) H (0™ (u)

+ efé‘a)

a:len(a)=k

=: K1 — Ky + Ks. (11)

7D gy (@ (0™ ()T d(H 0 0 )u(2)

Then H(d./\;Ilgp(H))u(z)Hg < ||Kill2 + || K2||l2 + || K3]|]2 and we can bound each of these terms in a
similar fashion as before. Using a previous bound and recalling that py is a unitary representation,
we estimate the first term || K[|z as

K< S a0 0 07 (2)] - | H o ()],

Ay (@) 1/ Ao, &
< Do Y THW) < o LYIH] ().
a:len(a)=k

u'=0"%(u)

To estimate the second term |Ka|2, we first obtain bounds for ||d(® oo~ %),(z)|. From
definitions, we have

k-1

(570 (W)) = iy (gmnguy) || 9+ (o (@100 (1)
§=0

for all admissible sequences o with len(a) = k. Denote by a. : R — A the map defined by ¢ +—

. Let mg,mR : G — G be the left and right multiplication maps respectively, by g € G. For

convenience, we also introduce the notation

7j—1
L = g, (oo ) [ [ 90000 (o (0@t (),
lf

O = 9(@5@+1) (= (X 100k) (1))

k—1
RYJ — H Pleweri) (g1 0n) (1))
I=j+1

for all 0 < j <k — 1 and admissible sequences a with len(a) = k, with the convention L =
R*=1 = ¢ Taking the differential and using the product rule, we calculate that

d(@ 0 0™")u(2) = (([dmGar-awp)a, v, © (@0)ratoe() © dTa©0™%)) (2)

k-1
+ Z (Mpas ©MYas) qas © A9+ o g (@5 0r1mak)) (),
7=0
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Hence by left G-invariance and right K-invariance of the Riemannian metric on G, and the fact
that ||(da.):(1)|| =1 for all ¢ € R since a. is the geodesic flow, we have

k—1
1d(® 0 0~y (2) < |d(Ta o J—a)u(z)‘ + Z ‘ﬁ(aj,ajﬂ)‘cl ‘U—(aj,ajﬂ,...,oak)‘cl_
j=0

By similar calculations to those in (10), we get ||d(®* o 07%),(2)|| < 2T0/(co(k2 — 1)) < Ap/2.
Thus, we have

IKala< 30 & d(py 0 8% 0 0 u(2)||,, | H (0 ()]l

a:len(a)=k

Op—— a, _—a —a
< 3 D gy (@ 00~ (2) | [ H (o ()2

a:len(a)=k

A (@) A 5
Solonl D7 el N < Pl | £ H]| ).
a:len(a)=k

u'=0"%(u)

<

Finally, recalling that p, is a unitary representation, we estimate the last term || K3l as

(a) o %u —a
IKslla < > el T O (AH) gm0 ) lop | (Ao Vullop

a:len(a)=k
B (@) (! AoB ;
<— Y el Wn) < == LEh)(w).
Cokz a:len(a)=k K2

u'=0"%(u)

We combine all three bounds and recall that they hold for all z € T, (U) with ||z]| = 1, to obtain

A 5 A <
< 01 LEIHII () + ol LEIHII () +

ApB
ullop = 5

k
Kg

< Ao(g£§<h><u> n ||pbuii:||H||<u>). 0

[ (dME ,(H)) LE(h) (u)

Fix Ag > 0 provided by Lemma 7.3. Fix m; € N sufficiently large and, for all k € A, fix
a cylinder Cp C U; with len(Cx) = my such that Cp CU and 0™'(Cy) = int(Uy). Fix Cvy, =
minge4 d(C,d(U)). Let the corresponding sections be vy : Uy — U; for all k€ A. Now fix
positive constants

bo =1, (12)
E> 2—‘40, (13)
01,0
616263(5\1;
_ 14
R VTeT (14)
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2600 45 46161, 1 coCanoCyde?
€1 < min(CVity C gLQ ’ - 27 Le T « Tﬁ?o 2¢ ‘ >7 (15)
vCepw (CuCipw)? Cexppp 01 5K Cgo1,
. e3€1 d1€1
< 16
& mm<4Nc§,’ AN (Ag + 51)> (16)
mi
€3 = COK/Z 62’ (17)
2
€4 = 106611671”10\21,61, (18)
4EN 32ENey 4E
mg > mg such that k52 > max|( 84y, © , 62, (19)
Co 10g(2) Co 0051
Ees 1 1 (6161)%\°
< m1n< 5N AN’ 16 1620 . N arccos<1 - . (20)
We defer the definition of Cy, which only depends on the Markov section, until §9.2 where
it is needed. Fix m = mj + my. Fix admissible sequences a; = (a0, a1, .., my—1,1) and

corresponding sections v; = o~ : U, — Uam provided by Proposition 6.5 for all 0 < j < ju,.
Fix corresponding maps BP; : Uy x Uy — AM provided by Proposition 6.5 for all 1 < j < jy,.

8. Construction of Dolgopyat operators

We now have the tools to construct the Dolgopyat operators and prove Theorem 5.4.

Let (b, p) € Moy(bo) and k € A. We can use the map ¥ and the Vitali covering lemma on
R"~! to choose a finite subset {zkri eC:re{l,2,... ,r,(cb’p)}} C Cy, for some r,E:b’p) € N and

corresponding open balls CIE’T P = Wil (x,g ;pi) C U and C,’gb;p) =W, 2 e/ llonl (;U,(C " i) for all1 <

r < r]E:b’p) such that C,glj;,p) N C’(b’p) gforalll1 <rr < r( *) with r # 1’ and C, C Ur 1 C,gbrp).
Recall the notation .ic,(cb;pi =y~ 1(%'/5C ;,pi) forall1 <r < r,(gb #)

LEMMA 8.1. For all (b, p) € Mo(bo), w € Vp@d“( ?) with Hw||2 —1, ke A, and 1 <r <)
there exist 1 < j < ju, and ip € A(T) N (BY (xk ;,pi) \ Bsz(ack ;pi)) such that

ldps (A(BP; o) 0¥) ) (2)) ()|, = Toren

where s1 = €1/2Cg||pp]|, s2 = e3€1/2Cy||ps||, and z = (& lg;pi,xg - :L'lg ;,pi) € T:E](Cb,pi (R*1).

Proof. Let (b,p) € My(bg), w € V;Bdim(p) with [|w|2 =1, k€A, and 1 <r < r,(cb’p). Fix s1 =
61/(20\1}”pr) so = e3€1/(2Cw||pp]|)- Denote xébrpi by z1 and avc,(cbrpi by @1. Define the linear maps
= (dW)z,, Loj = (dBPj)e, : Toy(U1) » a®m, and Ly:a®m — Vo0 by Lo(w) =
dpb( )(w) for all w € a ®m. It suffices to find 1 < j < ji and &, € A(T) N (BE (1) \ BE (#1))
such that
(L3 0 Ly,j o L1)(2),wo)| = [(z, (L7 © Ly j o L3)(wo))| = Thre1

@ dim

for some wp € V, ) with |wollz = 1, where z = (%1, 42 — #1) € Ts, (R*1). By Lemma 4.4,

| L3llop > €1l|pp|| which implies || Lj||op > €1]/pp||- Hence there exists wy € Vp@dim(p) with ||wol|2 =
1 such that [[L%(wo)|| > e1llpp||. Now, Proposition 6.5 implies that there exists 1 < j < jp

such that [|L3 ;(L3(wo))|| = €2¢1|ps||- Recalling the constant dw, we get ||L7(L3 ;(L3(wo)))| >
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dwe1€2||po||- Finally, by Proposition 6.6, there exists &5 € A(T') N (BE (&) \ B (£1)) such that

€1
(2, (L1 © Ly j 0 Lg)(wo))| Culimll I1L7 (L3, ; (L3 (wo)))

€1
> o - €162630w || pp | > o€y,
2Cy||psl|

where z = (1,42 — #1) € Tg, (R*71). O
Let (b, p) € Mo(bo), H € V,,(U), ke A and1<r < r,(gb’p). Corresponding to
o b, 1 b
_ oo(® (v fi))( ))H (vo(zp)) e V& tm()
1 (vo ()

denote by j,gj;p)’H and x(b p) the j and W(iy) € Up N (Wssu(mkrl) \ Wssu(x,(gbrpi)) provided by
Lemma 8.1, where s; = 61/2”,01)H and sg = £3€1/2C% || py||. Define

)

D = Wi (i) © O, DU = W (ei™) < €7,

17)1(.: i Wil (%gri) - Cl(cbrp)7 Iﬁz(f’f,g’H =W il (fﬂz(gbrp% ) C C;Eb;p)’

ﬁ(lﬁ = WaNe /ol (3759 r, 7)) c C;ibrp)v Dz(cbrp%H = WaNe /ol (xl(cbr% ) € Clgbrp)'
Denote by Q/Jkrl,zl)k” e C>®(U, R) bump functions such that supp( ,(Cb;npi) = D,(Cb;fg and
SUPP(% by ) = D](C }p% H> 12> % ney H‘ G H = L,

and they attain the minimum values d)k ‘U\pr) ¢k )p)H‘U\D(bp)H =0. We can fur-

ther assume that |¢kr1}clvwkr2 ‘01§4Hpb|]/62 It can be checked that Dl(c;“/i)plm

Dl(gbr/;)p2 = o for all (7’1,])1), (7’2,])2) € {1727 ey k; } {172} with (rhpl) 7é (r27p2) and k S A
Define (b, p) = {(k,r) € Z2 1k € Are{1,2,...,r"”}} and Z, = {1,2} x {1,2}. Define
E(b,p) = E1(b, p) x Zg. For all (k,r,p,l) € Z(b,p), denoting j,g?;p)’H by j for convenience, we

define the smooth function w(k’p) H) € C>(U,R) by

X¢[ao] (%(g ’pf ° 00‘0), p=1,1=1,
X¢lay] * (wl(c ;*p% ° Uaj), p=1,1=2,
(i

,llz) 7p)H J—
" o gm), p=21=1,

r7p7
X€lano] *

Xé[aj} ’ (

where using ¢®° and ¢% is indeed justified because of the indicator functions X&[ao] = Xoo(01)

w,(cb;p%’H oaaﬂ'), p=21=2,

and g, = Xu, (i) For all subsets J C Z(b, p), we define the smooth function

Bl =xg—n Y, g0 e C=(U,R).
(k,r,p,l)eJ

Remark. We will often include the superscript H even when there is no dependence on it for a
more uniform notation to simplify exposition.
See Figure 2 for a visualization of the following lemma.
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FIGURE 2. (a) This example illustrates the Vitali covering of two cylinders which are depicted
by the two dark gray regions. Although the smaller balls for a fixed cylinder are mutually disjoint,
they may intersect the smaller balls of other cylinders. (b) This example illustrates that the chain

. . b . . . A (b
of intersecting D,(glp i is contained in D%,f i

LEMMA 8.2. Let (b, p) € My(bo), H € V,(U), and J C E(b, p). Then any connected component
of

U{D,(cbr’jp (k,r,p,1) € J for some | € {1,2}}

is a union of at most N terms and hence contained in D( )

to one of those terms.

Proof. Let (b, p) € Moy(bo), H € V,(U), and J C Z(b, p). We drop superscripts (b, p) and H to
simply notation. Define

for any (k,r,p,l) € J corresponding

Dy={Dypp: (k,7,p,1) € J for some | € {1,2}}

and D™ = Dy/~ where ~ is the equivalence relation defined by Dy, r pi ~ Diyropo if
Dy rip1 N Dy vy po # 9, for all distinet Dy, 1 p1s Diy rope € Du and then extended by transi-
tivity. Let [Dy,p] € DS™ be any equivalence class. It suffices to show that it has cardinality
#[Dprp] < N. The cardinality must be finite, and, by way of contradiction, suppose #[D | >
N. Consider the connected graph G|p, , | = ([Drrpls B Dk,r,p]) where

E[Dk,r,p} = {(Dklﬂ"hPl’ Dk2ﬂ“27p2) : Dkw‘l,puDkzﬂ"z,pz € [kap]
are distinct and Dy, ) p1 N Dy o po 7 @}.

Let Tip,, ) be any spanning tree of the graph Gp, . If the number of vertices of Tip,
is greater than N + 1, then we can repeatedly delete leaves (vertices with only one emanating
edge) and their corresponding edges until we obtain a subtree T[’kap] with N + 1 vertices. This is
possible since all trees have at least one leaf and deleting one results in a subtree. Since #.4 = N,
by the pigeonhole principle there must be some Dy, »n, C Cgyry and Dy ry o C Chy o, Which
are vertices of T, [D ol Hence, there is a path between them of length at most N. But this

represents a sequence of consecutive pairs of balls with non-empty intersections. This implies

2Neo
A(Tko,r1p1s Thoyrapz) < “Pb”
This is a contradiction using (16) by construction of xi, ,, p, and Ty ry po- O
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COROLLARY 8.3. Let (b, p) € My(bo), H € V,(U), and J C Z(b, p). Then we have

AN | po|

L-Np<pf <1, |8]]am < €

Proof. Let (b,p) € Mo(bo), He VP(U), and J C Z(b, p). We drop superscripts (b, p) and H to
simply notation. Let u € U. If u ¢ Vj(Dp,rp) for all 0 < j < jm and (k,r,p,l) € J, then from
definitions we have (;(u) =1 and ||(dB)u/lop = 0. Otherwise, suppose u € v;(Dy,yp,) for some
0<j < jmand (k,r,p,l) € J. By Lemma 8.2, using the same notations, we have #[Dj, ] < N.
By the last criterion in Proposition 6.5, we also have u ¢ vj/(Dy v 4) if ' # j or Dy ¢

[D.rp]- The corollary now follows from definitions. O
DEFINITION 8.4 (Dolgopyat operator). For all § € C with |a| < ag, if (b,p) € € My(bo), then for
all J C E(b, p) and H € V,(U), we define the Dolgopyat operator NH 01 (U,R) — Cl(U R) by

NI (h) = L7 (BYh)  for all h e C'(U,R).

DEFINITION 8.5 (Dense). For all (b, p) € Mo(bo), a subset J C Z(b, p) is said to be dense if for
all (k,r) € Z1(b, p), there exists (p,l) € Eg such that (k,r,p,l) € J.

For all (b, p) € My(by), define J (b, p) = {J C E(b, p) : J is dense}.

9. Proof of Theorem 5.4

We devote this section to the proof of Theorem 5.4. We do this by proving all the properties in
the theorem in the following subsections.

For this section recall the positive constant a(, from the end of § 5.2 and that we already fixed
by = 1.

9.1 Proof of properties (1) and (3) (2b) in Theorem 5.4
LEMMA 9.1. For all £ € C with |a| < ag, if (b,p) € My(by), then for all J € J(b,p) and H €
Vo(U), we have Ny (K g, (U)) C Ky (0)-

Proof. Let § € C with |a| < ag and suppose (b, p) € My(bo). Let J € J(b,p) and H € V,(U). Let
h € Kgj,|(U) and u € U. Corollary 8.3 and (20) give
d(B5 h d 7 dh < Nullell, E||ps|h
12085 2) Lo = 11(85) o o) + 55 ) - I dR)ullop < ==Z=2hw) + Ellpoli(u)

H u
< @B+ B)nlh(w) - L5 < 4Bl (3 ) 0)

So Blh € K4E||pr((7). Now applying Lemma 7.3 and (13) and (19), we have

@00, oy = NG @), < 20200 4 ) 2 a8t 0

2

§A0<4EHpr _’_EHpb”>£~g’L( LI]{h)(u)

8Ao 240
= B|lpy|INGL () (u). m
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LeEMMA 9.2. For all ¢ € C with |a| < al), if (b, p) € Mo(bo), and if H € V,(U) and h € C*(U,R)
satisfy properties (3)(1a) and (3)(1b) in Theorem 5.4, then for all J € J (b, p) we have

(@M () Moy < Ellool N (R)(w)  for all u € T,

Proof. Let ¢ € C with |a| < ap and suppose (b, p) € My(bo). Suppose H € V,(U) and h €
CY(U,R) satisfy properties (3)(1a) and (3)(1b) in Theorem 5.4. Let J € J(b,p) and u € U.
Applying Lemma 7.3 and (13), (19), and (20), we have

e GO T IO

@tz (), < o

<oy + 550 ) IMIER ()@

A
< (st + 3 €2 (55 0) )

< (5 + % )iVt

< Bl op|NGL (h) (w). m

9.2 Proof of property (2) in Theorem 5.4
Recall the constants from (17) and (18) and note that ¢4 > 80es. Let (b, p) € My(by) and H €

V,(U). Forallk€ Aand 1 <r < r,(cb’p), define the open sets

b, su b,p),H u m b,p),H
Zli,rl,)l): ST Ca (%iri))ﬂU Zzi,rf)z) =W (@ 1(%(6,12 )) N Uk

which then satisfy vk( k;pl)) C leTl and vk( ) E,(CprQ First we need to prove the
crucial Corollary 9.5.

We begin with definitions for this subsection. For all w € T*(X), the Patterson-Sullivan
density induces the measure MPV)VSSU (w) O1 the leaf W*"(w) defined by

d,quu( )('LL) — 86Fﬂ(ﬁ)+ (0,a) dMES((ﬂ)+)

Let k € A and wj, € R, be the centers. Then we have
d(VU’Uk) (’LL) _ C eéFﬁ[ﬁyg]f(Ov[ﬁvg]) d/.LPS([a, g]—)

for all u € Uy, for some C > 0. In particular, by positivity and continuity of the integrand,
there exists Cg > 0 such that 1/Cgg < d(vg g, )/d(,quu(wk)]Uk) < Cpg- Recall the trajectory
isomorphism ¢ from [Rat73, Definition 1.1]. For all w € [W'(wg), W (wg)], we define another
map ¢y : Uy — WS (w) by ¢y (u) = ! ([u,w]) for all u € Ug. The maps ¢,, are Lipschitz and
smooth in w € [Wg'(wy), W (wg)], and hence there exists Cyy = maxye 4 Supyepr, Lipg(dw)-

LEMMA 9.3. Forall j € A, let w;j € R; be the centers. There exists C' > 0 such that for all j € A,
u € Uj, and € € (0, 2CAHOC¢565), we have

v (WE (1) NTj) = Ol (W (1):
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Proof. By continuity, we fix C1 = minge4inf,cp, wer, € B+ (@9w (W) o that we have the
bound
orB, -+ (0,4 ~ orB -+ (o /_/\_17 ~
WS (B (U)) = / &N (@) = | o oA gyt (ayt)
k k

:/ 5F5(u)+(u¢ r(u)) 5rﬂ(u)+(0u)d PS((u) )
Uy,

> ¢y [ Mt 0 auS(@)t) = Cupi ) (Us)
Ug
for all v/ € R, and k € A. Fix Cy = mingeg ulvpvssu(wk)(Uk). By continuity of the Busemann

function, finiteness of the Patterson—Sullivan density, and compactness of R, we can fix

Cs :supuleRqu)VSsu( )(W;‘g2 C¢Se(§(ul))' Fix C = C1Cy/CpgCs. Let je A, ueUj, and €€

(0, QCAHOC¢(§€S>. Let a = (ag,a1,...,0p) for some [ € N be any admissible sequence with
ag = j such that u € m and QCAnGCsS <ele < 20An00¢5e5 where t = 7, (u). Let k = a; and
W = ua; € Ry. Note that Cla] = 0~ *(Uy) = ¢ (Up)a_q. In fact, since diamg,, (¢ (Ur)) < Cyo,

we have Cla] C W C¢5(u) NU; C W (u) N Uj. Note that W*"(w;) = W*%(u). Thus, we
calculate that
su T AT~ 1 AT~ L AT~
vy (We(u) NUj) 2 vy (Clal) = & ey (Cla]) = o ¢ o iypen iy (Clalar)
PS PS
C1 st ps CiCh 5t
su U r
On the other hand,
,UIWGu( )(WSU( )) thulz1/;/ssu(u )(WSU.( ) ) < e 6Ft//L1:V)VSsu( )(W;ginoc¢388 (u/)) S 036_6Ft.
Combining the two inequalities above, the lemma follows. O

COROLLARY 9.4. The measure vy; satisfies the doubling/Federer property, that is, there exists
C > 0 such that for all k € A, u € U, and € € ((), 2C’AHOC¢365), we have

v (W32 ) N Oy) < Cug (W (u) 1 0.

Proof. By [PPS15, Proposition 3.12], we know that /‘I}jvssu(wk) satisfies the doubling/Federer prop-
erty for all k € A. Fix C; > 0 to be an upper bound for the corresponding doubling constants
for all k € A. Fix Cy > 0 to be the constant from Lemma 9.3. Fix C = C1Cpg/Cs. Let k € A,

u € Uy, and € € (0, 2CAHOC¢(§€S). We have
v (Wit (w) N Ux) < Chgiiipon ) (War (1)) < Crls 5 () (WE" (1))

Ci1Cy ~ ~
< %yﬁ(wgum) NUx) = Cug (W (u) N Ty). O
2
COROLLARY 9.5. There exists C' > 1 such that for all (b, p) € My(by), k € A, and u € Uy, we

have

v (W (@) 0 Uk) < Cvig (W, (w) N U).

€. €,

For all (b, p) € Mo(bo), H € V,(U), and J € T (b, p), define the set Z = Uy, pnes Zoir”
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LEMMA 9.6. There exists 1 € (0,1) such that for all (b, p) € My(bo), J € T (b, p), H € V,(U),

and h € KQEHpb”(U), we have
/ZthVU > 77/~ hdvg.

Proof. Fix C to be the one provided by Corollary 9.5 and 7 = (Ce*Fe)=1 € (0,1). Let
(b p) € M()(b[)) J e j(b ~p) HeV (U) and h € KEHPbH(U) Denote 6 = Ej/”pr and Wj,k(u) =
W (u) N Uy, for all u € Uy, k € A, and j € {3,4}. Define

J

Py = {o™ (:c,(frp; ) €U : (k,r,p,1) € J for some | € {1,2}}.

Since {C’,(Cb;p) CWswy):1<r< r,(cb’p)}, where wy € Ry is the center, covers Cy for all k € A
and J C Z(b, p) is dense, it follows that {Wfi‘(ac) C Uy : x € P} covers int(Uy) for all k € A. Let

lg = infyew, , (z) M(u) and Ly = sup,ew, , (o) h(u) for all 2 € P, and k € A. Using [logoh|c1 <
2E]|pw || diamg (W3 ()

2E||pp|l, we can derive that L, <l.e = [,e*F Hence, by Corollary 9.5, we

have
/ h(u Z Z / dvg(u) < Z Z Ly - vg(Wy(z))
ke AzEP;, Wa(z ke AzEP;
<CeFAN TN Uy v (Wag(a) < CetPeay ™ ) / v (u)
ke AxeP; keAzeP, W3 k(2
1
< / h(u) dvg (u). 0
nJzi

LEMMA 9.7. There exist ag > 0 and n € (0,1) such that for all { € C with |a| < ao, if (b, p) €
Mo(bo), then for all J € J(b,p), H € V,(U), and h € K, (U), we have H./\/fJ(h)H2 < nllh2-

Proof. Fix € (0,1) to be the n provided by Lemma 9.6. Fix a positive constant (see §5.2 for

the definition of Ay)
< mi A lo !
ap < min|( a
0 0> mAf g 1 nlﬂeimTO

so that we can also fix n= \/emAfa“O(l—n,ue mTo) € (0,1). Let £ € C with |a| < ag. Sup-
pose (b, p) € My(bo). Let J € T(b,p), HeV ,(U), and h € Kpg|jp,|(U). We have the estimate
N f L (h)? < emAfaO/\/'({I '.(h)? and, by the Cauchy-Schwarz inequality, we have

N (0? = L (870)* < L5t ((67)°) L5 (k).

It is easy to see that h? € KQE”pb”(ﬁ). Then Lemma 7.3 gives £'(h?) € Kp/(U) where B’ =
Ao2E[b|/K5 + 1) < Ao(2E[b]/8A0 + Ebl/2A0) < 2E[b|. So LF(h?) € Kapyp,(U)
9.6 gives fzﬁf Ly (h?) dvg =1 [ L5(h?) dvg. Note that

. Now Lemma

L3 ((0)?) ) < 25 (xg — wd i ) () < 1= e
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for all u € Zﬁl by choosing any (k,r,p,l) € J. Putting everything together and using /jg(l/f]) =g
(which is easily derived from L(vy7) = v), we have

/ﬁ NI (h)? dvg < /U em A NF (h)? dvg

< m“‘(/ X3 ((m)%émh%duﬁ/g\zy 3 (04)) 5 0y )

mAf ag mTO L:m <h2) dI/U /

(0= [,
(

/ Ly (h?) dvg — pe™mT0 56”(h2)d1/0>

mAfao

J
mAfao(l nue mTo /Em h2 dI/U

—772/ h? dvg. O
i

9.3 Proof of property (3)(2a) in Theorem 5.4 ) )
Now, for all { € C with |a| < ag, if (b, p) € Mo(bo), then for all H € V,(U), h € Kg,,(U), and

[,0,H k] X[f 0, H,R] Ul =C by

1 < j < jm, we define the functions Xy ' X2

e ) 54520y (%0 0 ()~ H () + €5 1Dy (9% (1))~ H (15 (w)
Ji1 (1 _ Nu)efo(‘%)(vo(u))h(vo( )) + efaj (v](u))h(vj(u)) )

iy 545 ) (0 (o))~ () -+ €5 @ (v, () ) (w3 ()
" SN wg () + (1~ Npe™s @ hw; (w)

for all u € [71.

LEMMA 9.8. Let (b, p) € My(bo). Suppose that H € V,(U) and h € KE”pb”(U) satisfy properties
(3)(1a) and (3)(1b) in Theorem 5.4. Then for all (k,r,p,l) € Z(b, p), denoting 0 by j ifl =1 and

j,(w) by j if | = 2, we have

1 h(v-(u)) (b.p),H
—< <9 forall D"
2 = s () or all u,u’ € K

and also either of the alternatives

(1) [1H (vj(w))ll2 < (3/4)h(v;(u)) for all u € DO

(2) 1 H(vj()ll2 > (1/4)h(v;(w)) for all u € DY

Proof. Let (b, p) € My(by). Suppose that H € V,(U) and h € KE”pb”(ﬁ) satisfy properties (3)(1a)

and (3)(1b) in Theorem 5.4. Let (k,r,p,l) € Z(b, p). We show the first inequality. Let u,u €

(bp), H
Dk rpp

|log(h(v;(u))) — log(h(v;(u')))] < [log ohler - [vj|cn - d(u, u')

. Since |log oh|c1 < E||ps]|, using (19), we have

1 . ~p).Hy _ 4ENey
< Bl oy diana (D) < s <1082

Hence |log(h(vj(u))/h(vj(u')))| < log(2) which implies the first inequality.
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Now we show the alternatives. If ||H (v;(u))|l2 > (1/4)h(v;(u)) for all u € D,gbrp; then we

are done. Otherwise, there exists ug € ﬁ,gbrpl))H such that || H(vj(uo))|l2 < (1/4)h(vj(uo)). Let
u € lﬁgf;ﬂ, D = d(up,u) < diamd(ﬁ,(f;f;’H) = 4Ney/||pp|l, and 7 : [0, D] — U; be a unit-speed
geodesic from (0) = ug to (D) = u. Note that H(v;(u)) = H(vj(ug)) + fOD(H ovj o) (t)dt.
Then, using the first proven inequality and (19), we have

D
1 (vj(w))ll2 < [|H (v (uo))ll2 +/0 [(dH ), (y(t))llop Vil dt

< st + [ Blolh(os(0) - e
< ghtostn+ L [Poney o 0 a
(5 + gt o)
< Sh(v;(w) 0

For any k >2, let © : (R¥\ {0}) x (R¥\ {0}) — [0, 7] be the map which gives the angle
defined by ©(wy,ws) = arccos(({(w,ws))/(||wi] - Jwz]])) for all wy,ws € R*\ {0}, where we use
the standard inner product and norm. The following lemma can be proven by elementary
trigonometry.

LEMMA 9.9. Let k > 2. If wi,wy € R¥\ {0} such that ©(w1,ws) > a and |Jwi||/||wa|| < L for
some « € [0,7] and L > 1, then we have

042
s+ ] < (1 557 Yol + e,

LEMMA 9.10. Let £ € C with |a| <ap and (b, p) € My(by). Suppose H € V,(U) and h e
K, (U) satisfy properties (3)(1a) and (3)(1b) in Theorem 5.4. For all (k,r) € Z1(b,p),

denoting j,(f;,p)’H by j, there exists (p,l) € Eg such that X[g i h]( ) <1 forallue D,gbrp; 7

Proof. Let & € C with |a| < afy and (b, p) € Mo (bo). Suppose H € V,(U) and h € KEHpr(U) sat-

isfy properties (3)(1a) and (3)(1b) in Theorem 5.4. Let (k,r) € Z1(b, p). Denote j,(CIjT P)H by 7, x,(C Ti

by x1, x,(”% by x2, and D( ’p) by ﬁ . Now, suppose (1) in Lemma 9.8 holds for (k,r,p,l) €

=(b, p) for some (p,l) € Es. Then it is easy to check that ng 0o, h]( ) <1 for all u € D,. Other-
wise, (2) in Lemma 9.8 holds for (k,r,1,1), (k,r,1,2),(k,7,2,1),(k,r,2,2) € Z(b, p). We would
like to use Lemma 9.9 but first we need to establish bounds on relative angle and relative
size. We start with the former. Define wy(u) = H(ve(u))/||H (ve(u))||e and ¢p(u) = @ (vp(u))
for all w € U; and ¢ € {0,5}. Let D = 2dim(p)? and define the map ¢ : RP\ {0} — RP by
o(w) = w/||w|| for all w € R\ {0}, where we use the standard inner product and norm on
RP. Then we note that ||(d@)wlop = 1/||w|| for all we RP. We can write w; =@ o H oy

() ~ gD

using the isomorphism Vp69 dim of real vector spaces. Then using Lemma 7.2 and (19),
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we calculate that

[(dwe)ullop < [1(de0) b vy () lop | (AH ) vy (wy lop | (A )ullop

! 1 _4E|p
L —— ) h . < <5

for all u e ﬁp, ¢ € {0,5}, and p € {1,2}. In other words, wy and w; are Lipschitz on bp with
Lipschitz constant d;||pp|| for all p € {1,2}. Define
(a)

o () oy (G (u) 71 H (v (u)), . ,
. W(u for all w € Uy and £ € {0, 5}.

= pu(de(u) ™ Hwe(u),
~ V@
Since wg and w; are Lipschitz and d(x1,2z2) < €1/2| ppl|, we have

[Vo(z) = Vi)l

= [lps(do(z2) " wo(x2) — pu(B;(w2) ™ w;(x2) 2
= [lps(¢j(2)do(w2) Hwo(w2) — wj(w2)l|2
> [ pp(¢ (w2) do(x2) ™ wo (1) — wj (1) |2

— llon(d5(w2)po(w2) " wo(w2) — pu(¢j(w2)do(wa) ™ Hwo(w1)[l2 — [lwj(w2) — wiz1) ]2
= llpe(¢(x2)po(w2)~Hwo(z1) — wjz1)[l2 = llwo(@2) — wo(@1)]l2 — [lwj(@2) — w;(21)]2
> (¢ (w2)do(wa) ™ Hwo(w1) — po(s(w1)o(w1) ™ wo(w1)ll2
— [lpp(¢j(x1)do (1) Hwo(@1) — wj(@1)]l2 — 11
= [lps(do(x1) Hwo (1) — po(o(x1) ' o(m2)dj(w2) ™ dj(z1)do(x1) " wo(z1)ll2
— llos(do(x1) Hwo(z1) — po(@s(w1) Hwj(@1) ]2 — brer
> [lps(po(z1) ™ wo(@1) — po(BP; (21, 22))pp(do (1) Hwo(z1)]l2 — [|Vo(z1) — Vi(21)]|, — drer.

Denote w = pb(qbo(xl) Dwo(x1) and Z = d(BP; 4, o\Il)xl(z) where z = (&1, %2 — 1) € Tz, (R*71).
Recall the curve cpj . [0 1] — AM defined by goj INOE BPj 2 (U(Z1 +t2)) for all ¢t € [0, 1].
Recall (cpj@hz) 0)=2, goj 1, P (0) =BP,, (z1) = ¢, and gpj 1, P (1) = BP;(z1,22). Continuing to
bound the first term above, we apply Lemmas 8.1 and 7.1 and (15) to get

)(@)ll2

> lw = pp(exp(2))()ll2 = [|p(exp(2)) (@) = po(¢]a, (1)) (@),

> |lw = exp(dpy(2))()ll2 = llpll - dan (exp(2), @55, (1))

> [|dpy(Z)(@)ll2 = lesl*[1Z11* = llpoll - dart (exp(Z), 5, (1))

> |ldpp(Z)(W)ll2 = ool (Crp,wCw)?d(w1, 22) = Cexppe - llpol - (w1, 22)°

Z 75161 - 5161 — 5161 Z 55161.

(z2)
(z2)

|lw — pp(BP; (21, 22)

Hence, we have

A

) ($2) V H2 > 461€1.

~ ~

Vo(z1) — Vi(z

Dl +
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Then [|Vo(zp) — Vi(zp)|l2 > 201€; for some p € {1,2}. Recalling estimates from Lemma 7.3, (16),
and that wy is Lipschitz, we have
[Ve(zp) = Ve(w) |, = l(o(e(xp) ™) — pole(u) ™ )welap) + pu(e(w) ™) (welzp) — we(w)l2

< ou(e(xp) ™) = po(de(w) ™ )welp) 12 + llwe(wp) — we(w)ll2

< Aollpwlld(zp, u) + 61l pold(p, u)
2N
e 2Nex(Ag+01) <
A

2
for all u € D, and ¢ € {0, j}. Hence Hf/o(u) — f/](u)H2 > d1e1 € (0,1) for all u € D,,. Then, using
the cosine law, the required bound for relative angle is

1€
< (Ao +61)los|l - =1

N ~ € 2
O(Vo(u), V;(u)) = 0(Vo(u), Vj(u)) > arccos<1 - @1;)) € (0,7).

For the bound on relative size, let (¢,£') € {(0,7),(4,0)} such that h(v(uo)) < h(ve(uo)) for
some ug € Dp. Let I = 1if (¢,¢') = (0,7) and | = 2if (¢,¢') = (0, ). Recalling that pj is a unitary
representation, by Lemma 9.8, we have

(a) (a)vu—(a)v/u
Ve (w)||2 B efar (W(u))HH(W(U))HQ _ 4t (e(u))—fa, (Vg ( ))h(vg(u))

, (@ = )
Ve (@llz o5 @) (v, (w)])s h(ve (u))
1662m2TOh(U£(UO)) < 1662m2To
— h(ve(uw)) T
for all u € ﬁp, which is the required bound on relative size. Now using Lemma 9.9, (20), and
|H|| < hon ||[Vp(u) + Vi (u)||2 gives ngip,H7h] (u) <1 forall u e ﬁp. 0

LEMMA 9.11. For all £ €C with |a| <aj, if (b,p) € Mo(bo), and if H € V,(U) and he

K|, (U) satisfy properties (3)(1a) and (3)(1b) in Theorem 5.4, then there exists J € J (b, p)
such that

| ME(H) ()], < N (R)(u)  for allu € U.

Proof. Let € € C with |a| < aj and suppose (b,p) € Mo(by). Suppose H € V,(U) and h €
KE”pb”(ﬁ) satisfy properties (3)(1a) and (3)(1b) in Theorem 5.4. We drop superscripts (b, p)
and H to simply notation. For all (k,r) € Z1(b, p), there exists (pgr, ) € 22 as guaranteed by
Lemma 9.10. Let Jy = {(k, 7, Dk, lkr) € Z(b,p) : (k,r) € E1(b, p)} C E(b, p) which is then dense
by construction and so Jy € J(b,p). Now, we make necessary modifications to Jy to define
J € J (b, p). Recall the notation from the proof of Lemma 8.2. For all equivalence classes [Dy, ,.,,| €
D™ we do the following. Choose any representative, say Dy, € [Dy,p], and make the mod-
ification ji,» = jr,r and ly = Iy, for all (K',7") € Z1(b,p) with Dy vy € [Dy,p) for some
p e {1,2}. Define J € J(b,p) by J = {(k, 7, pr.r, lkr) € E(b,p) : (k,7) € Z1(b, p)} C E(b, p). Now
let w € U.If u ¢ Dy, for all (k,r,p,1) € J, then B (v) =1 for all branches v = 0~%(u) where
a is an admissible sequence with len(a) = mgo. Hence H./\;lg”;(H)(u)Hg < L72(BYh)(u) follows
trivially from definitions. Otherwise, by construction, there exist (k,r), (ko,70) € Z1(b, p) such
that u € Dy, . € [Dk07r07pk0,7,0] corresponding to (k,r,pgr,lk,r) € J, and such that ji ,» =
jkoﬂ"o and lk/ﬂ«/ = lkoﬂ“o for all Dk/J/’pk,’T, S [DkO:TO:pkO,'rO]' Denote jkoﬂ"o by jQ and lkoﬂ"o by
lo. Let (¢,¢') =(0,j0) if lo =1 and (¢,¢) = (jo,0) if lp = 2. Then, by construction of J, we
have X[S’p’H’h} (u) <1, B (ve(u)) > 1= Np, and B (vj(u)) =1 for all 0 < j < jp, with j # €.

Joslo
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Hence, we compute that

M2 () ()
= X @) HEE)
a:len(a)=mg 2
v=0""(u)
< 3 /@) py(@2 (o) ) H ()]
i A
) (0% (g () ) H g ) + €50 )y (00 (v () ™) H (v ()
< > O+ (= N D () + D g (1))
g Loy ar )
< L2 (87 h) (w).
Thus, we have
M, (H) ()|, < [|(MEy o M) (HD) ()], < £3| M2 (H)]| ()
<Ly (ﬁz;"? (ﬂff W) @) = £ (30 <u> = Na,J< )(w). O

10. Exponential mixing of the frame flow

The aim of this section is to prove Theorem 1.1 using the proven spectral bounds in
Theorem 5.3. We will use techniques originally due to Pollicott [Pol85] to write the correlation
function in terms of transfer operators with holonomy and then apply Paley—Wiener theory.

Similar to R”7, consider the suspension space U”"™ = (U x M x Rxq)/~ where ~ is the
equivalence relation on U x M x R>q defined by (u,m,t+ 7(u)) ~ (o(u),9(u)"'m,t) for all
(u,m,t) € U x M x Rsq. Also consider U7 = {(u,m,t) € U x M x R>q : t € [0, 7(u))}. For
simplicity, we say that ¢ € C1(U?7,R) is an extension of ¢ € C(U”",R) whenever ¢(u,m,t) =
¢(u,m,t) for all t € [0,7(u)), m € M, and u € U.

Let ¢ € C(UY7,R) and ¢ € C. Define a bounded function ¢25 € B(U,L*(M,C)) by

7(u)
pe(u)(m) = / d(u,m,t)e ¢t dt for all m € M and u € U.
0

We can decompose it further as ¢g(u) = > pedr e p(u) € @peM v, dime) gor all w € U. Let pE

M. Defining ¢, € C(U?7,C) by the projection ¢,(u,-,t) = [p(u, -, )], € V,;GBdim(p) forallue U
and ¢t € R>q, we have

. 7(u)
P¢ p(u)(m) = / dp(u,m,t)e ¢ dt for all m € M and u € U.
0

Remark. Let ¢ € C(UY7,R) and & € C. Because of 7 involved in the definition of gggvp, it is
not Lipschitz. However, in Lemma 10.2 we will see that M¢ ,(¢_¢ ,) € V,(U) with an extension

Mf,p(é_g,p)w € V,(U).
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10.1 Correlation function and its Laplace transform

Let ¢, ¢ € C(Uﬂ’T,R). Define Ty 4 € L*(R>o,R) by

7(w)
Tou(t) = /U/M/O d(u, m,r + t)p(u, m,r) drdmdvy(u)

for all t € R>o. We can decompose this into Y4 = Tg w T Té ,» Where we define

7(u)
// / d(u,m,r + t)(u,m,r) drdmdvy(u),
max(0,7(u)—t)
max(0,7(u)—t)
Tdﬂb // / d(u,m,r + t)(u,m,r)drdm dvy(u)

for all t € R>¢. Recall that the Laplace transform Tg,w :{¢ e C:R(E) >0} — C is given by
"Afg,’w(f) = /0 Tg,,d,(t)e_gt dt for all £ € C with a > 0.

The above decomposition is useful because of Lemma 10.1 while Y4 ;(t) = Tg,w (t) for allt > 7.

The proof of Lemma 10.1 is similar to [OW16, Lemma 5.2].

LEMMA 10.1. For all ¢, € C(UY7,R) and ¢ € C with a > 0, we have

= Z Z >‘]¢§<§5E,va§,p(¢—E_ﬂp>>'

k=1 pe Ny

10.2 Exponential decay of the correlation function

LEMMA 10.2. There exists C > 0 such that for all p € M, and ¢,v € C(UY™,R) with some
extensions ¢ € O™ (UY7 R) for some r € Zsqy and ¢ € C*({UY7,R), and £ € C with |a| < a},
we have that ngp(zz)_g,p) € V,(U) has an extension Mg , (1])_5”0)N € V,(U) and

[Sllc-o RN [l
o St Meo®-60) o < Comati oy

Proof. Fix C1 = (2+7)e%” and C = NeToC + (4NTpe™Ch) /cora + (NeToe™ (7 + Tp)) /cora.
Let p € M, and ¢, € C(U?7,R) with some extensions ¢ € C"T1(U?7 R) for some r € Z>( and
Ve C’l(Uﬁ T R),and £ € C Wlth la] < aj,. We show the first inequality. If || < 1, we simply have

sup [| e (u)|
uelU

sup 10¢ ()| or < 707 [[Bllcr < Cull s
u

If |b| > 1, integrating by parts gives
7(u)

Ve (u) = i VFG(u, -, t)e " dt

1 b)) g
= | —=V*o(u, -t e_gt} + / -
[ ¢ o) t=0 §Jo At

for all w € U and 0 < k < r. Hence

VE(u,-,t") - e~ dt

t'=t

1l
1llcre™ + = (@llorse )scl .
(\b gy lelle 0

sup || ¢e ()|
uclU
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Now we show the second inequality. Define )" ] ») , € C*(C[j, k], Vpea dim(p) ) by

A(k,) T(Jvk)( ) ~ _t ~

DV (u)(m) = / Dp(u,m,t)est dt  for all m € M and u € C[j, k]
0

and @ZA)(_J;) € CY(C[j, k], L*(M,C)) in a similar fashion, for all admissible pairs (4, k). Then 1[)(_1512
and 1&9;) areAextensions Off@ff, olepjn and 1[17§|c[j,k] respectively, for all admissible pairs (7, k).
Define M¢ ,(¢_¢ )~ € V,(U) by

N ~ (a) (7 . N
Mep(g,) )= Y fontp @R ) =) 0h )
(4:k)
uw' =0~ k) (y)

for all u € U, which is then an extension of ./\/lg,p(z/;_ap). Now, we first bound the L° norm.
Using similar estimates to those for the first proven inequality, we have

"Gk (e

P W, < 0 (21)

H/l/]—ﬁp u), < Hl/] )H2 = 3 max(1, [b])

for all u € C[j, k], and admissible pairs (j, k). So, by unitarity of py, we have

R Il
[Mep(6g,) < NeTerLEler

Now we deal with the C' norm. Let u € U and z € Ty(U) with ||z|| = 1. We have a similar
formula for (dM¢ ,(¢_¢ ,)~)u(2) to that in (11) except that the summations are over admissible
pairs (j,k) and H is replaced by w(] . We use the same notation K7, —Ks, and K3 for the
terms. Using (21), the first two terms can be bounded as

NTpe™ |l 2NTpe™ ol - [

Ki|s < : _¥ller
I1#le = = max(L, |b])’ "max(1, |b])

[ K2l <

Now we bound the third term. First, we have

7 (4,k) TG () &t 7 E(i 1y ()
d(v7 (-)(m))u:/0 d((-ym, 1)), - € dt + P(u,m, 755 ()T - (dr ),

for all m € M and u € C[j, k]. Thus W(_jék)\cl < e%T(7 4 1) |19l cn and so

NeTo n(ik Neloe®™ (7 +Tp) -
A e TAT) .
CoR2 (jk) ol Cok2
Using definitions and (1 + ||pp||)/max(1, ||ps||) < 2 and 1/max(1, ||ps|]) < 1/max(1,|b]), we have
F o\~ 9| 2NToe™ 1+ ||psll [P
M < NePoo : -
[Mep (D)l oy < Ve "max(1,[)) T core  max(L, [[pl]) ' max(1, |b])
| NPt 4 Ty) |l
Cokia max (1, [ ps|])
[Pl -
max(1, [b])

Remark. Unlike the geodesic flow case, in the frame flow case we have to correctly estimate L?
norms and also take care of its convergence over all p € M in Lemma 10.3. However, this is not a
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problem due to Lemma 10.2 and [War72, Lemmas 4.4.2.2 and 4.4.2.3]. For all p € M, the number
Al4(p) > 1 which appears in Lemma 10.3 is in fact the eigenvalue of 1+ ¢(p) € Z(m) where ¢(p)
is the negative Casimir operator as defined in Lemma 4.4. [War72, Lemma 4.4.2.3] states that
Zpe x dim(p)?/ (Mc(p))® < 00 for some s € N which is essentially a direct consequence of the
Weyl dimension formula.

LEMMA 10.3. There exist C' >0, n >0, and r € N such that for all ¢,9 € C(UYT,R) with
some extensions ¢ € C*tH (U7 R) and ¢ € CY(UY",R) such that fMd; u,m,t)dm =0 for all
(u,t) € U™, for all t > 0, we have

To,u ()] < Ce™™|llgra [l o1

Proof. Fix C1 >1, 7>0, and aj >0 to be the C, n, and ap from Theorem 5.3 and
Cy>0 to be the C from Lemma 10.2. Fix n=ap € (0,(1/2)min(ay,ay)) such that
SUD|q|<2q, 108(Aa) < 77/2. Fix Cs =2¢1C102. By [War72, Lemma 4.4.2.3], there exists s €

N such that 3y dim(p )2 /(A)\Hg(p)) < oo where A, >1 are constants in the lemma
corresponding to each pe M. Fix r =2s, C4:C’3ZPEM(dim(p)2/()\1+<(p))s), and C =

max(Cy Y5, e~ W2k 27e"7) Let ¢, € C(UY7,R) with some extensions ¢ € CTHHUYT R)
and 1 € C’l(UﬂT R) such that fM¢ w,m,t)dm =0 for all (u,t) € UT. By Lemma 10.1, we
have

=> Y Mldep ME,($_g,)) forall & € C with a>0.

Note that for all k> 1 and p € My, the map & — )\k@g p,Mk (¢ £,)) is entire. Hence, to

show that TO has a holomorphic extension to the half plane {{ € C: R(&) > —2ag}, it suffices
to show that the above sum is absolutely convergent for all £ € C with |a| < 2ag. Recall that
Mgp(¢ £,) € Vp(U) and by Lemma 10.2 there is an extension ./\/l&p(w £p)” €V ,(U) for all

p € My. Using [War72, Lemma 4.4.2.2], we first calculate

Jieoll < ([ Noestolan)” < ([ Iestolfe i)
- (/U (iiiif));s o d’/U(U)>1/2 < _dim(p)?

()‘1+<(p))
Also noting 1/max(1, |b)? < 2/(1 + b?), we use Theorem 5.3 and Lemma 10.2 to get

~

e (u)|

e

sup [[de(w) o

e ME G0 )| < el |28 (Mo (-g) ),

dim(p)® (k- Vo
<N sup qS L Cre DM (D s
@ At )’ ue H g\u ‘ H 5,,0( é,p) Hl,”pr
< dim(p)? o, |l e Oy oy %]l
“Dhrrep)” 2max(L, 0] max(L, B])

Cze~ /2 dim(p)?
T4+ (Mgep)®

I8l re1llPlior
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Now summing over all p € My, we have

A A 036_ /2)k dim(p)2
(b ME(0-5,) )| < S ldlloralile: X s
pEMO EMO o
Cye
< G ool

for all £ € C with |a| < 2ag, whose sum over k& > 1 converges as desired. The above calculation also
gives the important bound ]ng( ) < (C/(1+ )@l gre1][th||on for all € € C with |a| < 2ap.
Since T is continuous and in L>°(R>¢, R), we use the holomorphic extension and the inverse
Laplace transform formula along the line {{ € C: R(§) = —ap} to obtain

fao+zB oo ]
Y00 = 5 Jim [ bu(@etds = o [T (a0 )l

ag—1iB —00

for all ¢t > 0. Using the above bound, we have

1 RS 1 >~ ~ -
0 —aot 0 ; —apt
10.(0] < 5o [ Ty(-a0 +ib)[db < 5oem / _Trpldleralidlc db

b2

c .- .
< e " ller+[[llor

2
for all ¢>0. Now Yg,(t) = T(M}(t) for all ¢>7 while ]T(lﬁlé(t)\ < ?J\<]3||Cr+1\|1/~1\|01 <
(C/2)e ™[9]l crri[Pller for all ¢ € [0,7] and hence |Yo,p(t)] < Ce ™[ d]lcrs[[lcn- O

10.3 Integrating out the strong stable direction and the proof of Theorem 1.1
Given a ¢ € CY(I'\G,R), we can convert it to a function in C(UY7,R). By Rokhlin’s disin-
tegration theorem with respect to the projection proj; : R — U, the probability measure vg
disintegrates to give the set of conditional probability measures {v,, : u € U}. For all j € A and
u € Uj, the measure v, is actually defined on the fiber projl_]1 (u) = [u, Sj] but we can push for-
ward via the map [u, S;] — S} defined by [u, s] — s to think of v, as a measure on S;. For all
t >0, we define ¢, € C(U”7,R) by

) = [ O Savssm) )

for all re€[0,7(u)), me M, weU;, and j€ A and in order to ensure that indeed
¢ € C(UYP,R), we must define ¢ (u,m,r) = ¢s(c*(u),9*(u)"tm,r — 7p(u)) for all rc
[Tk(w), Tt1(u)) and k& > 0.

Let ¢ € C*(I'\G,R) for some k € N and ¢ > 0. Then ¢; € C(U”7,R) has a natural extension
¢y € CH(UY7,R) defined by

) = [ O Savssm) )

for all r € [0,7(u)), m € M, u € Uj, and j € A, where we clarify the notation v, in the following
remark. This justifies using Lemma 10.4 later.

Remark. We need to deal with some technicalities. Let j € A. By smoothness of the strong
unstable and strong stable foliations, there exists C1 > 1 such that d([u, s], [v/, s]) < C1d(u,u’)
for all u,u’ € U and s € S;. Now, for all u € Uj, the Patterson—Sullivan dens1ty induces the

measure du[ ]([u, s]) = eépﬁ[ﬂﬂ‘ (o[6,80) dutS([a@, 3]7) on [u, S;] and pushing forward via the map
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[u, Sj] — S; mentioned above gives the measure u.5(s) = egrﬁ@’(O’[a’g])d,uOPS((é)*) on Sj, using
[i,8]” = (3)7. In fact, from the definition of the BMS measure, we have v, = pES /ubs(S;) for
all u € U;. Hence, we use this as the definition of v, for any u € U;. The non-trivial consequence
is that (dvy /dvy,)(s) O N e | = S; and smooth in u,u’ € U;. Hence, there
exists Cy > 0 such that |1 — (dvy/dvy,)(s)| < Cad(u,u’) for all u,u’ € U; and s € S;. The two
inequalities easily give ||¢¢[|c1 < C||¢||c1 for some C > 1, for all ¢ € CH(I'\G,R) and ¢ > 0.
LEMMA 10.4. There exist C > 0 and 1 > 0 such that for all ¢ € C}(I'\G,R), we have

|6(F ([u, s])azerrm) — ¢e(u,m,t +1)| < Ce™™||¢]|on
for all [u,s] € R, m € M, and t,r > 0.
Proof. There exists Cr > 0 such that d(F'(w1), F(w2)) < Cp for all wy,ws € R; and j € A. Fix
C=0C%,.Crand n=1. Let ¢ € CLT'\G,R). Let j € A, [u,s] € R;, and t,7 > 0. Let | € Z>
such that t +r € [r(u), Ti41(u)) and let u; = o'(u) € Uy, for some k € A. Let s; € S;. Then
[u, slar, ) = PY([u,s]) and [us,s1] are both in [u1, S]. Noting that 7;(u) <t+ 7, we use the
above property and recall Lemma 4.2 to get
-1

d(F([’U,, S])a2t+rm7 F([uh 81])a2t+r7‘rl(u)19l(u) m)

< CRuoe” N A(F (u, 8))ar, ()0 (u), F([ur, 1))
= CRuoe” #HA(F(P([u, ))), F([u1, 1))
< C%HOCFG_(2t+T_Tm(u)) < Ce_t.
Thus
|(F ([, s))azesrm) — S(F([u, s1])ag g r—nywy? (u)~'m)| < Ce™™|¢] -
The lemma follows by integrating over s; € Sj with respect to the probability measure v,,,. O
COROLLARY 10.5. There exist C > 0 and n > 0 such that for all ¢,v € CL{(I'\G,R), we have
1
p(waz)y(z) dm(z) — ——
NG vy(T)
Proof of Theorem 1.1. Fix Cy > 1 to be the C described in the remark before Lemma 10.4. Fix
C1,m1,Co,m3 > 0 to be the C and 7 from Corollary 10.5 and Lemma 10.3, respectively. Fix 7’ € N
to be the r from Lemma 10.3. Fix r ="+ 1, C3 = Cay/vy(7), n = (1/2) min(ny,n2), and C =
Cy + C3C%. Let ¢ € CI(T'\G,R) and o € C}(T'\G, R). Consider the decomposition 1 = ™ + )0

where 9™, defined by v (z) = | a Y(@m) dm for all x € I'\G, is M-invariant and consequently
Y0 satisfies [}, ¥°(zm)dm = 0 for all z € I'\G. We use similar notation for ¢. Then

Lr0(8)] < Ce™ ™[l [l

d(zag)(x) dm(z) — ¢dm - (0 dm‘

NG \G NG

<

$(war)y’(x) dm(z)|.

NG

oM (za) M (x) dm(x) — o™ dm - M dm‘ +
NG \G \G

Exponential mixing of the geodesic flow has been established by Stoyanov [Stoll] also using
Dolgopyat’s method. Thus, we know the first term is bounded by C”"e~"*||¢||c1||1h||c1 for some
C’,n' > 0. So it suffices to assume that ¢ = ¢, that is, [;, ¥ (zm)dm = 0 for all € I'\G. Thus,
we have corresponding functions ¢y, € C(U?",R) with some extensions ¢, € C"(U”",R) and
Yo € Cl(Uﬂ’T,R) with [, Yo(u,m,t)dm =0 for all (u,t) € U™ and H(;tHCT < Cy||dller for all
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t >0 and |[¢o]lcr < Cyll)]|cr. Hence by Corollary 10.5 and Lemma 10.3, for all ¢ > 0, letting
t' =t/2, we have

1 o
P(zar)y(x) dm(z)| < Tqﬁtuwo(t/)‘ + Cre M ¢l e[| e
NG vy(7)
< 0303 ™ gl [¢llor + Cre ™Y ||l [l on
< Ce ™|gller Y]l e O
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Appendix A. Ruelle-Perron—Frobenius theorem for the smooth setting

We need to work on compact sets and hence, without loss of generality, we assume that U

from §5.1 is closed by taking the closures Uj for all j € A. We note that the maps o~ (k)
and 7(;) can be extended to the closures and they are smooth, for all admissible pairs (j, k).
Recall that we have a Riemannian metric on U which is induced from the one chosen on G.
By Lemma 7.2, the inverse maps 0~ ¢ are eventually contracting for all admissible sequences «.
We now need to slightly modify the Riemannian metric on U to ensure that they are strictly
contracting. Such a Riemannian metric is called an adapted metric and can be constructed by
a technique which involves averaging the original Riemannian metric on TI(X ) over sufficiently
long orbits of the forward and backward geodesic flow. This is a standard trick which is originally
due to Mather [Mat68] in the case of diffeomorphisms, but the flow version is similar and can
be found in [Man98, Lemma 2.2], for example. Then the new Riemannian metric induces the
desired modified Riemannian metric on U and we use this henceforth. Now we can assume

co =1 in Lemma 7.2, that is, for all j € Z>o and admissible sequences a = (ap, o1, ..., ®; ),
we have
1 . 1 )
— < |[[(do7Yullop £ — <1 forall ueU,..
K K2 !
1 2

We denote by V : I'(T(U)) — I'(T(U) ® T*(U)) the Levi-Civita connection corresponding to the

Riemannian metric on U. This extends to the connection V :I'(E) — I'(E ® T*(U)) for any

tensor bundle E over U. Let | -| denote the pointwise norm of tensors on U so that applying it
gives non-negative functions in C*°(U,R). We first have the following lemma which shows that
transfer operators preserve a certain cone.

LEMMA A.1. For all a € R, there exists {Cy > 0: k € Z>o} with Co =1 such that EGT(A) CcA
for the cone

A={heC®U,R):|V*h| < Cyh for all k € Z>g}.
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Proof. Let a € R. It suffices to inductively construct {Cy > 0:k € Z>o} such that for all
k € Zso and h € C=(U,R), if |V h| < Cph for all 0 < k' < k, then |V*(Lor(h))] < CpLar(h).
The base case k =0 is trivial by choosing Cy = 1. Now assume we have chosen appropriate
Co,C1,...,Cr_1 > 0 for some k € N. Let C > 0 be some constant. Suppose h € Coo(ﬁ,R) such
that |[V¥'h| < Cyh for all 0 < k' < k. We will show that we also have |V*(Lqr(h))| < CLar(h)
if C}, is sufficiently large. It can be computed using coordinate charts and by induction on k that
the kth covariant derivative of L, (h) is the tensor of the form

A (ﬁaT(h)) = Z (a0 ™) (To + VFihodo *@do Q- ® do™®)
o:len(a)=1 k

where Ty, 1, is a tensor which is a sum of terms composed of a, covariant derivatives of 7, various
derivatives of 0~%, and covariant derivatives of h of orders strictly less than k. Moreover, each
term has exactly one factor of the covariant derivative V¥ h for some k' < k. Note that all orders
of derivatives of 7, and o~ are bounded on the compact set U for all admissible sequences .
Hence, taking the norm and using the induction hypothesis, we see that there exists a constant
C > 0 such that

[VE(Lar (M)
< Y eI (Clhoo™ )+ (IV oo™ ) - |0 1 - Jo Y1+ |o e )
a:len(a)=1 L

5 e (etheryvater 3)

K
a:len(a)=1 2

< <c+ C,’;) T e D (o o)

K
27 qilen(a)=1

Thus, we have |V¥(Lyr(h))| < CrLar(h) if C + Cy/rE < C. Since 1/k5 € (0,1), this is possible
so long as Cy > C(1 — 1/k5)71. O

The following theorem shows that the eigenvector h, € CLip(d)(U, R) for L_(5.4a)r cor-
responding to its maximal simple eigenvalue can indeed be extended to a smooth positive
eigenvector h, € C*°(U,R) for L_(5.4q),- We follow the proof of [PP90, Theorem 2.2].

THEOREM A.2. For all a € R, the operator Lo, has a positive eigenvector h € Coo(ﬁ,]R)
corresponding to its maximal eigenvalue which coincides with that of L.

Proof. Let a € R. Let {C}, > 0: k € N} be the corresponding set of constants provided by Lemma
A.1. Consider the convex set A C C(U,R) defined by

A={heC®U,R):0<h<1,|VFh| < Cih for all k € N}.

Note that all covariant derivatives are uniformly bounded over all h € A by virtue of the scal-
ing 0 < h < 1. Then A is equicontinuous and uniformly bounded and hence, by Arzela—Ascoli,
AC C’(ff ,R) is precompact. Thus, to show that A C C ([7 ,R) is compact, it suffices to show
that A C C(U,R) is closed. To show this, let {¢;}jen C A be a sequence which converges in
C(U,R) to some ¢. Then {¢;}jen converges uniformly to ¢. Now, using coordinate charts and the
Landau-Kolmogorov inequality, we can deduce that {0,¢;};en is also uniformly convergent for
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all multi-indices . This implies that in fact ¢ € C°°(U,R) and {9,¢;}jen converges uniformly
to Dn¢ for all multi-indices . It is then easy to see that we also have 0 < ¢ < 1 and |V*¢| < Cro
for all k € N, which implies ¢ € A. So A C C (f] ,R) is closed and hence compact.

Let j € N. Define the map Zam- : A — C°(U,R) by

iy Larlhr 1)
T (4 1D

for all h € A. Then, L4, j(A) C A by Lemma A.1 where A € C(U,R) is a compact convex set.
Now, by the Schauder-Tychonoff fixed point theorem, we obtain h; € A such that Eam(hj) = h;
which implies Lar(hj + 1/5) = ||Lar(hj + 1/5)|lsoh;. By compactness of A, we can choose h € A
to be any limit point of the sequence {h;},en. Then, by continuity, we have Lor (h) = || Lar (h)]|ooh
which shows that h € C°(U,R) is an eigenvector of Lq,. From the proof of [PP90, Theorem 2.2],
we see that h|y € CUP@(U,R) is a positive eigenvector for L4, corresponding to its maximal
simple eigenvalue which must coincide with ||£~a7(h)||oo. The eigenvalue is also maximal for £,
because any eigenvector of L, restricts via |y : C(U,R) — C(U,R) to an eigenvector of L.
Now, ensuring that § > 0 used to enlarge U to U in §5.1 is sufficiently small, we can guarantee
that h € C°(U,R) is also positive by uniform continuity. O
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