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Abstract. We introduce transversality conditions for a piecewise smooth map in any
dimension with a sufficiently regular discontinuity set. We prove that maps satisfying
these conditions have certain nice properties and, among all maps with a common set of
discontinuities, form an open and dense subset. This, in conjunction with other works of
the author, implies the existence of stochastically stable invariant densities for an open and
dense set of piecewise smooth expanding maps.

1. Introduction

Discontinuities arise in many dynamical systems. Examples include, but are not limited
to, certain billiards systems, the first-return map induced on a subset X C M by a
smooth map f : M — M on a manifold, and maps of number-theoretic interest such
as the beta-transformation x +— Bx (mod Z<) on the torus T = R?/Z4, where B is a
d x d matrix with real entries. Standard methods and facts used to study smooth systems
(e.g. distortion estimates, existence of stable/unstable manifolds) are not readily applicable
when discontinuities are present. The first obvious problem is that when 7' : M — M is
not continuous, x ~ y does not imply T (x) ~ T (y). This by itself might not be so bad;
however, we are interested in iterates 7" of such a map and, in general, the discontinuity set
of T" grows and can become very complicated as n increases (consider a S-transformation
with g irrational and det(8) > 1). The purpose of this paper is to establish conditions on T’
which (1) allow us to control the ‘complexity’ of the discontinuity set of 7" and (2) which
hold for ‘most’ maps 7. We will explain these statements after we describe an application
to piecewise expanding maps which motivates this work.

Lasota and Yorke proved in [12] that every piecewise C 2 map f : [0,1] — [0, 1]
with | f/| uniformly greater than 1 leaves invariant a probability measure pu which is
absolutely continuous with respect to the Lebesgue measure m. Such a measure is called
an absolutely continuous invariant measure (we consider only finite measures throughout).
They proved this by constructing an invariant density for f; that is, a function 2 > 0 with
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f hdm =1, such that A is a fixed point of the associated Perron—-Frobenius operator, Py.
They accomplished this by showing that Py acting on functions of bounded variation is
essentially a contraction.

The fundamental difficulty in extending this technique to higher dimensions is that the
domains of smoothness no longer have trivial geometry. Géra and Boyarsky [9] extended
the method of [12] to derive sufficient conditions for the existence of an invariant density
for a piecewise smooth expanding map of a domain in R?; these were later relaxed and
simplified in [1] and [6]. Sufficient conditions of a more technical nature, but of wider
applicability, are given in [13]. As far as positive results for entire classes of maps are
concerned, Keller proved in [11] that any piecewise complex-analytic expanding map
of a planar domain has an invariant density; this was extended to the planar piecewise
real-analytic case in both [3] and [14]. In [2], Buzzi shows that almost every expanding
piecewise affine map on a domain in R has an invariant density. One might suspect
that, as in one dimension, expansion alone is sufficient to guarantee the existence of an
invariant density in higher dimensions—this is not the case. Tsujii constructed, for any
r € [2,00), piecewise C" expanding maps in the plane (with finitely many connected
domains of continuity with piecewise smooth boundaries) with very singular properties
[15]; in fact, as observed in [4], some of these maps have the unit mass at a fixed point
as their only invariant measure. This, however, is not typical behavior. One conclusion of
the current work is that among all expanding maps which are piecewise C? with respect
to some fixed, sufficiently nice partition of the domain, those in an open and dense subset
have at least one invariant density.

What does ‘open and dense’ mean? Consider the simple case where Q@ C R is an
open rectangle subdivided by finitely many smooth surfaces into finitely many open and
connected subsets 71, ..., 5. The collection [T = {my, ..., 7y} is almost a partition of 2.
(Our results hold when IT is a piecewise C”, or ‘nice’, partition of an open and bounded
domain  C R4, see §2 for details.) For each m;, let E”(, ) be the space of maps
7 —  which extend to a neighborhood of 77; as a C" embedding. Then

DI = E" (1, Q) x -+ x E"(7g, Q)

endowed with the product topology is the space of all maps which are piecewise C" with
respect to T1. Note that the discontinuity set of any map in D" (I1) is a subset of Q2 \ Ur;.

The first result that we state concerns expanding maps. If 7 : Q — Q is differentiable
on a subset Q7 of full Lebesgue measure, the expansion constant of T is the largest number
A = A(T) such that |[DT (x) - v| > Alv| for all x € Qr and v € T, 2. We say that T is
expanding if A(T) > 1 and let Dgxp(l'[) C D’ (IT) denote the open subset of expanding
maps.

THEOREM 1.1. Every map T in an open and dense subset ongXp(l'I), 2 <r < o0, has

an absolutely continuous invariant measure.

Tsujii’s example shows that for » < oo this theorem is, in some sense, topologically
optimal (the question of whether or not every piecewise C°° expanding map admits an
invariant density appears to be open). The proof of Theorem 1.1 falls into three parts, two
of which are contained here. We briefly describe the third part, which can be found in [6].
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Let IT be a nice partition as above. Part of the definition of nice is that the boundary
of each 7; is the union of finitely many smooth ‘faces’ of codimension 1. Postponing
precision, if we let F'(IT) denote the maximum number of these faces which meet at a
point, then one of the results of [6] (simplifying results in [9] and [1]7) is as follows.

PROPOSITION 1.2. If T € D*(I1) and M(T) > F(I1) + 1, then T has an absolutely
continuous invariant measure.

For a given IT, this condition may fail for every T € D’ (IT) (consider the partition of
the unit ball by the coordinate planes). However, since T has an invariant density if 7"
does for some n > 1, we can ask whether A(T") > A(T)" is larger than F(IT(T"~1)) + 1
for some n, where IT1(7"~1) is the dynamical partition obtained from the intersections of
T—k(ID),0 < k < n — 1 (see §2 for details). Thus, for the expanding map 7' to have an
invariant density, it is sufficient that the sequence F, (T') = F(IT1(T")) does not grow too
rapidly as n increases. In general, F,,(T') might grow exponentially, but this is not initially
the case if T is n-transverse. Roughly speaking, T is n-transverse if foreachk =1,...,n
the pullback partition Tk (IT) intersects IT (Tk -1 transversely.

PROPOSITION 1.3. There is a constant B = B(Il) depending only on Tl such that
F,(T) < BforanyT € DZ(H) which is n-transverse.

We prove this in §3. Propositions 1.2 and 1.3 yield the following corollary.

COROLLARY 1.4. If T € D%(I1) is n-transverse and A(T"t') > B(I1) + 1, then T"1,
hence T, has an absolutely continuous invariant measure.

Theorem 1.1 follows from this and the following theorem.

THEOREM 1.5. For every n > 1, the set of n-transverse maps is open and dense in
D' (I1),2 < r < oo. In particular, the set of maps which are n-transverse for all n is
residual.

Proof of Theorem 1.1. Let &, denote the open set of maps T for which A(T)*t! >
B + 1, with B as in Proposition 1.3, and let 7, denote the set of n-transverse maps.
By Corollary 1.4, every map in

has an invariant density, and 7 is open and dense in D (I) = [J,2;& by

Theorem 1.5. O

The main obstacle in our proof of Theorem 1.5 is the potential existence of periodic
points of discontinuity; some care is required in making perturbations in a neighborhood
of such a point.

Up to now we have only considered the iteration of a single map. In fact, all of our
definitions may be formulated for arbitrary compositions of maps. The results we have

T Actually, the results as stated in [6] do not strictly generalize those in [9] and [1], as a certain ‘extendability’
assumption on faces is made; however, it is clear from the proof there that this is unnecessary. See §2 for details.
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stated here also hold in the case where maps which are sufficiently close to a good map
are composed. This allows us to prove a result about the stochastic stability of the density
obtained in Theorem 1.1. To be precise, let v be a Borel measure on D = D" (I1). Then v
induces a discrete-time Markov process on the domain 2 with transition probabilities

Py (A) =v({g e D:g(x) € A}),

for x € Um; and all Borel sets A C 2. A measure p on €2 is a stationary distribution for
this process if

w(A) = /Q Py (A)du(x)

for every Borel set A. If u < m we say that h = du/dm is an invariant density for
the v-process (such a density is not necessarily unique). We say that a map T is locally
L'-stochastically stable if it has a neighborhood &/ C D such that (1) the v-process
for any v supported on U has an invariant density and (2) if {vx};2, is a sequence of
such measures with vz — 87 (weak convergence), then the L'(m)-limit set of any
corresponding sequence of invariant densities {/;} is non-empty and consists of invariant
densities for 7. We now state a stronger version of Theorem 1.1.

THEOREM 1.6. Every map T in an open and dense subset of DQXP(H), 2 <r <oois

locally L'-stochastically stable.

The open and dense set here is the same as in Theorem 1.1. Note that we do not assume
that the supports of the measures v; necessarily get smaller, only that they are restricted
to a neighborhood of T. In fact, this restriction can be relaxed a great deal to allow, for
example, perturbations by stochastic flows, see [6] and [7] for details.

In the next section we give precise definitions of n-transversality, nice partitions, the
cut index, and so forth. We develop some useful properties of n-transversality and prove
Proposition 1.3 in §3. In §4 we show that n-transversality is an open condition and in §5
we show that it is dense, completing the proof of Theorem 1.1. In the last section we verify
that the conditions for L!-stochastic stability given in [6] hold on the open and dense set 7,
proving Theorem 1.6.

2. Definitions

We begin with a detailed description of the allowed domains of smoothness. The goal
is to define a class of domains which is restrictive enough to be closed under transverse
intersections yet flexible enough to allow for cusps on the boundaries.

Definition 2.1. Let A C R? be compact. A C” stratification of A is a (genuine) partition
A of A into finitely many connected C” submanifolds of R?. The elements of A are
called strata and the unique stratum which contains a given x € A is denoted A,.
The stratification A is Whimey regular if the following holds. For every x € A and any
stratum Y € A, if (x;) C Ay and (y;) C Y are sequences such that (i) x;, y; — x, (ii) the
lines x,-_y)i C R? converge to a line L and (iii) the subspaces 1,,Y C R¢ converge to a
subspace E,then L C T'.
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Whitney transversality implies, among other things, that if K is an affine subspace
transverse to A, at x, then K is transverse to L,. Our main reference about stratified
sets is [8].

Definition 2.2. A k-dimensional C” stratified submanifold of R? is a compact topological
submanifold K ¢ R with a Whitney regular C” stratification X which is generated, as an
algebra, by the closures of its k-dimensional strata.

‘As an algebra’ means that each stratum is obtained from k-strata by taking finitely
many intersections and complements.

Definition 2.3. A smooth (d — 1)-dimensional submanifold W c R? has a one-sided
collar if there exists § > 0 and a unit-normal vector field n, on W such that the map
(x,t) > x + tny from W x [0, 8] to R? is an embedding.

Note there are two potential choices for n,; everything is fine so long as one of these
works. For example, the cone {(r, 0, z) € R :0<r=z< 1} has a one-sided (but not a
two-sided) collar.

Definition 2.4. A piecewise C" domain is an open, bounded, and connected subset 7 C R?
such that a7 is a stratified submanifold and the (d — 1)-dimensional strata, called faces of
7, have one-sided collars.

The stratification of dm extends in an obvious way to a stratification of 7.
Abusing notation, we refer to strata of T as strata of 7 and let 77, denote the unique stratum
of = which contains x. (Thus, 7, C dwr ifx € 9w andn, = 7w if x € w.)

Definition 2.5. A piecewise C” partition of an open and bounded domain € C R? is a
collection IT = {r;} of disjoint, piecewise C” domains 77; C € such that Q = U7;.

All the results stated in the introduction hold when T1 is a piecewise C" partition. From this
point on we fix adomain Q C RY, a degree of differentiability 2 < r < 0o, and a piecewise
C” partition IT = {7y, ..., ws}. All maps considered are elements of D" (IT).

Definition 2.6. The cut index of a piecewise smooth partition X is
F(Z) =sup{F(Z;x) : x € Q},

where, for each o € ¥ and each x € Q, F(o; x) is the number of faces W of o with
x € W,and F(Z; x) is the sum, over all o € X, of F(o; x).

Proposition 1.2 states thatif A(T') > F(IT)+1, then T has an invariant density. This was
proved in [6] with slightly stronger assumptions on the faces of the partition elements.
However, the proof for the more general situation we consider here is virtually identical.
(In [6] it is assumed that each face has a two-sided collar and the result is that T has an
invariant density if A > F. If we allow faces with only one-sided collars, then the same
argument works except we require A > F 4+ 1.) As described already, we will apply this
result to 7" for some n > 1.

For T € D' (1) let

(1" = <\n/ T—"n)*,
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where
n .
\/Tﬁll'[:{moﬂTflml Nn---NT"m, cmi; €1, j=0,...,n}
i=0
and, for a partition ¥, X* denotes the partition whose elements are the connected
components of elements of ¥. Note that [T = IT(7°) for any T € D’ (IT). More generally,
for a sequence T, Tz, ..., T, € D' (I1), let

n *
N(T,0---0T)) = (nv\/(T,-o...oTl)‘n) )
i=1
These partitions arise in our study of random maps and are compatible with the previous
definition, i.e. I[T(T, 0--- 0o T1) =II(T"),if T; =T for1 <i <n.Notethat T, 0---0T)
is smooth on each element of I1(7}, o - -- o T1) and maps each of these into an element
of I1. As a consequence, S o T, o - - - o T7 is smooth on elements of I1(7, o - - - o T1) for
any S € D" (I0).
These dynamical partitions are not always piecewise smooth. In particular, one can
always find a map T so that [1(7) has infinitely many elements (as in Tsujii’s examples).
Transversality prevents this from happening.

Definition 2.7. Let 7 and o be piecewise smooth domains. We say that w and o are
transverse at x if the strata w, and o, are transverse at x. We say that & is transverse
to o if they are transverse at every point x € ¥ No. If X is a piecewise smooth partition,
we say that i is transverse to X if it is transverse to o foreach o € X.

If 7 and o are piecewise smooth domains, then f () is transverse to o for an open and
dense set of smooth embeddings f defined in a neighborhood of 7 (since our definition
of transversality amounts to simultaneous transversality of two finite collections of smooth
submanifolds, see [10]).

Definition 2.8. A sequence of maps Ty, T», ..., T, € D"(I1) is transverse if the sequence
T», ..., T, is transverse, the partition I1(7;, o --- o T») is piecewise C" and T;(7) is
transverse to I1(7, o --- o T») for all # € II. The empty sequence is transverse by
convention. We say T is n-transverse if the sequence T, T, ..., T (n times) is transverse.

For example, T is 1-transverse if it carries each element of IT to a domain which is
transverse to each element of I1. It is not difficult to show that the requirement in the
definition of sequence transversality that IT(7,, o - -- o T5) be piecewise C” is redundant;
that is, the pullback of a nice partition by a transverse sequence is a nice partition
(Corollary 3.3). Moreover, the obvious generalization of Proposition 1.3 holds with the
same value of B. In addition to showing that n-transversality is an open property, we also
show in §4 that any sequence of maps near an n-transverse map is a transverse sequence.

3. [Iteration of transverse maps
We show that the pullback of a nice partition by a transverse sequence of maps is a nice
partition and prove a generalization of Proposition 1.3.
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3.1. Transverse intersections.

PROPOSITION 3.1. The transverse intersection of piecewise C" domains is a finite union
of piecewise C" domains.

Proof. Transversality implies that M N N has only finitely many connected components
and that the induced stratification of the boundary of each component is a Whitney regular
C” stratification (see [8]); the faces of this stratification clearly have one-sided collars and
generate the stratification.

‘We now show that (M N N) is a topological submanifold. It is enough to show that for
x € 0M N AN, there is a neighborhood U of x and a homeomorphism

¥ : (U, M,N,x) — (RY, Hy, Hy,0),

where H; = {(x1,...,xq) : x; > 0},i = 1,...,d. In fact, the i that we construct has
the property of being smooth when restricted to strata of M N N. Following i/ by the map
(x1,y,xq9) (xl2 — xdz, v, 2x1x4) gives the required chart at x. The point is that even
though 0 M and dN are each linearizable in a neighborhood of x, we need a chart which
linearizes them simultaneously. This is possible because regular stratifications are locally
topologically trivial; that is, the stratification is locally a product.

LEMMA 3.2. Let A C R? be a closed subset with a regular stratification, let X be
a stratum and let p : RY — X be a smooth map, such that p restricted to Y is a
proper submersion for every stratum Y. Then for any x € X there is a neighborhood
U, a regularly stratified set F C RY™* k = dim(X) and a stratified diffeomorphism
h:U — X x Rk which takes strata of A to strata of X x F and satisfies p = pry o h.

This is a special case of Thom’s First Isotopy Lemma [8, Theorem 2.5.2].
With (dM, M) and (dN, N,) in place of (A, X), we obtain transverse foliations F; and
J> of U such that leaves of F are diffeomorphic to M, and foliate strata of M, and leaves
of F, are diffeomorphic to N, and foliate strata of N.

Let k = dim(M,) and let D C N, be a (d — k)-dimensional disk transverse to M,
at x. Since 0M is a stratified submanifold, D N oM is as well and we can use the
product structure to lift a stratified diffeomorphism (D, DNM, x) — ({0} x RI—* {0}K x
RI=*=1 % (0, 00), 0) to a stratified diffeomorphism

Y1 (U, M, x) — (R, Hy, 0).

Note that ¥ is not smooth on strata of N. All that is important for us, however, is that it is
smooth on strata of M N N and v (N, ) is transverse to ¥ (My) = R¥ x {O}d_k. We have
reduced M N N to the case Hg N N and we continue in these coordinates, writing Ny in
place of ¥r{ (N,) and so on.

Let ¢ = dim(Ny); without loss of generality, we let Ng = {0}4=¢ x R¢. We now unfold
N NRI~1in the same way that we unfolded M above, but with RI-1=tip place of D; that
is, we have a stratified chart (R9—1=¢, N N R4~1-¢ 0) — (RI~1-¢ x {0}, (0, 00) x
R4-2-t % {0}9—1, 0) which lifts to a chart (R~ x {0}, N NR~! x {0}, 0) — (RY~! x
{0}, (0, 00) x R4~2 x {0}, 0). Refining the foliation /> by copies of {0}~ x R, we extend
this chart to

vy (RY, N, 0) > (RY, Hy,0)
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which is smooth on strata of NV and satisfies Y (Hy) = Hy = 1 (M). The desired chart is
Y =1y2oYr. o

COROLLARY 3.3. IfTy, ..., T, is a transverse sequence of maps, the dynamical partition
I1(T, o --- o T1) is piecewise smooth. In particular, if T is n-transverse, then TI(T") is
piecewise smooth.

Proof. We proceed by induction, assuming that I1(7;, o --- o T5) (or IT whenn = 1) is
piecewise smooth; we know that IT is piecewise smooth. Each element of I1(7;, 0 - - - o T1)
is a connected component of a set of the form 7 N Tfl(n’ ) for some 7 € II and
7w’ € II(Ty0---0T») (or [T when n = 1). This set is diffeomorphic to its image, T () N7x’,
which is a finite union of piecewise smooth domains by Proposition 3.1. O

3.2. Proof of Proposition 1.3. We prove a generalization of Proposition 1.3 for
transverse sequences. The proof is essentially the same as that for iterating a single map.

PROPOSITION 3.4. Let I1 be a piecewise smooth partition of a domain 2. There exists
a number B = B(I1) such that F(I1(T, o --- o T1)) < B for any transverse sequence of
maps Ty, ..., T, € D"(IT).

The proof is based on a simple idea. As a partition is pulled back by transverse maps, the
dimension of a stratum through a point must decrease with every intersection. Thus, only
finitely many intersections at a point can occur, each of which can increase the cut index at
the point by, at most, some fixed amount. This is not a proof since we must keep track of
the intersections along different branches.

Let T1, ..., T, € D" (I1) be a transverse sequence and let I1; = I[1(7, 0 --- o T;—j4+1)
for1 <i <n, = II,and F; = F(II;). For x € Q define

kix)=#{mell;:xem} and m;(x) = max{F(x;x): 7 € I;},

and let
M; =sup{m;(x) :x € Q} and K; =sup{ki(x):x € QJ.

It is clear that F; < M; K; whenever these are all defined, so it suffices to show that there
are bounds on M, and K, which are independent of 71, ..., T,,. We will show that

M, <dM, and K, <K¢.

The proposition follows with B = d Mng .

For a piecewise smooth domain D and x € D, the index of x in D is ind(x, D) =
dim(D,).

LEMMA 3.5. If M and N are piecewise C" domains with transverse intersection at x, then
indlx, MO N) =ind(x, M) +ind(x, N) —d, FIMNN;x) = F(M; x)+ F(N; x) and
Bs(x) \ (0M U dN) has exactly four connected components for § > 0 sufficiently small.

Proof. Each claim is immediate from transversality and Proposition 3.1. a
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For a partition ¥ and x € Q, let
Ind(x, ¥) = min{ind(x,0) : x € 5, 0 € Z}.
Fixx € Q, let 7 j € I, 1 < j < ko(x), denote the elements of IT with x in their closures,
andlety; = Tj |z (x). We claim that
Ind(x, IT) < Ind(y;, IT,—1) ey

forall j = 1,..., ko(x), and that equality holds if and only if x is an interior point of
a partition element, i.e. ko(x) = 1 and mo(x) = 0. By the definition of Ind(x, IT,) and
Lemma 3.5, for 1 < j < ko(x),
Ind(x, I1,) < ind(x, 7;) + Ind(y;, I1,—1) — d
< Ind(y;, [Ty—1),
with equality if and only if ind(x, 7 ;) = d. This proves the claim (1).
It is now easy to show that

ka(x) < K§ ™M and g () < Mo(d — Ind(x, ),

from which the bounds on K, and M,, are immediate. We proceed by induction and assume
that these inequalities hold for all z € Q with n — 1 in place of n. By Lemma 3.5 and our
induction hypothesis we have

ko (x) DO o)
kn(x) =Y kno1(yj) < Y Ko
j=1 j=1

The bound for &, (x) now follows from the claim (1).
Foreach j = 1,...,ko(x) and I = 1,...,k,_1(y;), let wj; € TI,_; denote the
elements of I1,,_; with y; in their closures. It follows from Lemma 3.5 that

mp(x) = n}alx{F(nj; x)+ F(mj yp}
< mo(x)+ mJaX{mnq (i)}
< mo(x) + max{Mo(d — Ind(y;, [T,—1))},
J

and the inequality follows from the claim (1). This completes the proof. a

4. Openness of n-transversality

We prove that the set of transverse sequences (71, ..., T,) is C'-open in (D’ (IT))".
The proof is by induction on n once we know that the partition I1(7,, o --- o T7)
varies continuously with respect to (71, ..., T,,) when this sequence is transverse.

Let Ix denote the identity map on a set X.

Definition 4.1. A stratified diffeomorphism of piecewise C” domains M and M’ is a map
@ : M — M’ which is continuous and one-to-one on a neighborhood U of M, is C" on
strata of M and on U \ M, and takes strata of M to strata of M’. ¢ is called an e-similarity
if, in addition, [l¢ — Iyllcoyy < € and |l — ILllc1() < € for any stratum L C M, and

likewise for ¢~
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We say that M and M’ as above are e-similar. Two piecewise smooth partitions X; and
3, are e€-similar if there is a bijection of elements 7 : ¥; — X, such that ¢ and t (o) are
e-similar for all o € X;. Our goal is to prove the following proposition.

PROPOSITION 4.2. Let T, ..., T, be a transverse sequence. Given € > 0, there exists
8 > 0 such that every sequence T}, ..., T, with 1T/ — Tillcr < & for all i is transverse
and H(Tn/ 0---0 Tl/) is €-similar to TI(T,, o - - - o T1). In particular, the set of n-transverse
maps is C'-open.

Note that corresponding elements of TT(7") and T1(7,, o --- o T1) have the same
II-trajectory. That is, if 7 € TI(T") corresponds to # € IT1(T, o --- o Ty), then T*(xr)
and Ty o - -- o T1(7) are contained in the same element of IT for k = 1, ..., n. The proof
of the proposition is based on the following lemma.

LEMMA 4.3. Let My, Ny C R? be transverse piecewise smooth domains. For any € > 0,
there exists § > 0 such that if M and N are piecewise smooth domains which are §-similar
to My and Ny, respectively, then M is transverse to N, and M N\ N is e-similar to My N Ny.
In particular, there is a natural correspondence between the connected components of
Mo N Noand M N N.

Assuming this for now, we proceed with the proof.

Proof of Proposition 4.2. When n = 1, transversality is clear and similarity follows from
Lemma 4.3. Proceeding by induction, we assume the proposition holds for sequences of
(n—1) maps, let Ty, ..., T, be transverse, and fix € > 0. We wish to find an appropriate §.

11, ..., T, is transverse, therefore T3, . . ., T}, is transverse, and our inductive hypothesis
implies that for any €9 > O there exists 8o > 0 such that any sequence 7, ..., 7,
with |7/ — Tillc1 < 80,2 < i < n, is transverse and I1(7}, o - -- o T,) is €o-similar to
I(T;, o - -- o T2). We will see in a moment how to choose €p, but suppose for now that we
have done so and we have such a sequence. By transversality, 77 (M) is transverse to Ny
forany M € ITand No € I1(7,, o - - - o T»). Let N denote the element of I1(7, o - -- o T3)
corresponding to No (so N is €p-similar to Ng). By Lemma 4.3, we know that if ¢ is
sufficiently small, then there is a number §y, > 0 so that T{ (M) is transverse to N and
MnN Tl’_l(N) is e-similar to M N Tl_l(No) whenever || 7] — Ti|lc1 < 8n,-

Let 81 = min{dy, : No € [1(T;,0---0T3)} and let § = min{Jp, 81}. It follows that every
sequence of maps 77, ..., T, with || T/ — T;||c1 < & is transverse and that [1(7}, o - -- o T})
is e-similar to I1(7;, o - - - o T}). O

Proof of Lemma 4.3. M is transverse to N for § small enough and therefore M N N, as
well as Mo N Ny, is a piecewise C” domain by Proposition 3.1.

A §-similarity Mo — M restricts to a §-similarity MoN No — M Ne(Np). Without loss
of generality, then, we let M = Mj and construct a &-similarity & : M NN — M N Ny,
where £ — Qasé§ — 0.

The idea is the following. If ¢ : N — Np is a §-similarity, then we can define
®: MNN — MN Ny to be equal to ¢ on the interior of M, away from dM; on the
interior of N, away from d N, let ® be the identity; and near dM N d N, working in charts
as in the proof of Proposition 3.1, ® ‘slides’ N onto Ny along strata of M.
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To be more precise, since M N dN is compact we may choose finitely many points
Xl,..., Xy € OM NON and radii rq, ..., ry such that the balls B, (x;) cover 9M N ON
and there are charts

Vi : (Bay; (xi), M, N, x;) — (R?, Hy, Hy, 0)

as in the proof of Proposition 3.1. Let R = min{r;}.
Now we define domains N; and maps &; such that
®,, D, D,
N=Ny — Ny_1 ——> Ny_2— -+ —=> N — Ny

and each ®; is supported on By, (x;). Fori = m, let ®,, = w,;l © Vm © ¥, Where y;
(in local coordinates) takes strata of N N By, (x,,) into strata of Ny and preserves strata of
M. For example, let F be a smooth foliation of By, (x,;) by smooth disks F of dimension
d — dim(Ny,,) such that F restricts to a foliation of each stratum of M, and let y,, (x,,) be
the unique point of intersection in F,, N (Np),. Similarly, by sequentially refining F to
foliations by lower-dimensional disks and using that N and Ny are similar (in particular,
there is a well-defined correspondence between strata), we define y,, on N N B,,, (x).
As defined, y;, is smooth on strata of M N N with C ! norm of the order of § since F and
its refinements are smooth, and N, is transverse to M,. Finally, extend y,, to By, , using
the local triviality of NV, so that it is smooth on strata of M N N and leaves M invariant.

Fori < m, define y; in the same way as y,, but with N; in place of N.

The composition & = ®j o --- o ®,, takes IM N N to IM N Nyg. For r > 0 let
U, = B,(0M), and let R be a Lebesgue number for the cover of dM N dN by the balls
By, (x;) which is less than min{r;}. By Urysohn’s Lemma there exists a C* function
7 : R4 — [0, 1] which is equal to 1 on Ug and is supported on Usg. Define

P=7-d+(1-1) 9,

where ¢ : N — Ny is a §-similarity. ® is obtained from &’ by making small perturbations
supported on Uzg \ Ug. O

We will conclude this section with a local version of Proposition 4.2 that is used in the
proof that n-transverse maps are dense.

Definition 4.4. Let r € I1. A w-neighborhood is a set of the form O N7, where O C R?
is open. For such a set U, if x € U we say that U is a w-neighborhood of x. When the
particular element 7 is not important, we speak of a I1-neighborhood (of x).

Definition 4.5. Let U be a w-neighborhood, 7 € I1. A map T is n-transverse on U if T is
(n — 1)-transverse and T (;r) is transverse to I1(7" 1) at each point in T (U).

Local transversality is used in the proof of density when we wish to make local
perturbations to a given map without destroying desirable properties.

PROPOSITION 4.6. Let Ty be a piecewise C" map which is n-transverse on a
[I-neighborhood U. There exists a neighborhood U of Ty such that every T € U is
n-transverse on U.
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Proof. The case n = 1 is straightforward and we proceed by induction. Assume the result
holds for a given value of n, let Ty be (n + 1)-transverse on a w-neighborhood U, and
choose € > 0. Tp is n-transverse and, by Proposition 4.2, not only are all maps in a
neighborhood of Ty n-transverse, but for any €p > 0 there exists § > 0 such that IT(7T")
is €o-similar to TI(7y') for all T € Bs(Tp). Since Tp is (n + 1)-transverse on U, To(r) is
transverse to IT(7;') on To(U). That is, for any stratum W of d7r, To(W) is transverse to
H(T(;Q) on To(U). It follows from standard theorems that if €y and § are sufficiently small,
then T () is transverse to IT(7") on T (U) and we are done. O

5. Density of n-transversality

It is simple to prove, given the results of the last section, that the set of transverse sequences
is dense in (D" (IT1))". This, however, does not imply density on the diagonal, i.e. that the
set of n-transverse maps is dense in D’ (IT). Our proof of this is by induction. Given a map
which is (n — 1)-transverse, we obtain one which is n-transverse by making arbitrarily
small local perturbations. Care is required in choosing the supports of these perturbations,
primarily in cases where a point in 911 is periodic.

5.1. Strategy. We begin with some notation. Given a map T, a set E C Q. and a
positive integer j, if no particular branch of T/ is specified, then T/ (E) denotes the union
of images of E under all branches of TJ. That is, we consider T to be multi-valued on 9T1.
In the same context, for any positive integer n let

n
Ou(E;T) := U T/(E)
Jj=1
denote the (strictly) forward orbit of E up to and including time n. When there is
no ambiguity, we write O,(E). Note that E is not necessarily contained in O, (E).
When E = {x} we write O, (x; T) or O, (x).

Definition 5.1. A point x € Q is n-aperiodic for amap T if x ¢ O, (x). T is n-aperiodic
on a set E C Q if every point in E is n-aperiodic. T is simply n-aperiodic if it is n-
aperiodic on oTT.

If x is n-aperiodic for T, then we can choose a neighborhood U of x so small that the
forward images T'(U), ..., T"(U) are disjoint from U (though not necessarily from each
other). That is, we may assume U N O, (U) = @. We will use this fact repeatedly.

We show in the next section that if Ty is n-transverse and (n + 1)-aperiodic, then
all maps in an open and dense subset of a neighborhood of Ty are (n + 1)-transverse.
We then show that any n-transverse map can be approximated by one which is also
(n 4 1)-aperiodic. In this way an arbitrary n-transverse map is approximated by one
which is (n + 1)-transverse, and the density of n-transversality for arbitrary n follows
by induction and the openness of n-transversality. We accomplish all this by making
local perturbations to obtain local versions of these statements, then passing to the global
versions we require.

A local property of amap is a property, such as n-transversality or n-aperiodicity, which
can be verified to hold or not by looking at some iterate of the map restricted to arbitrarily
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small neighborhoods of each point in its domain. The statement and proof of the next
lemma hold either with or without the statements in brackets.

LEMMA 5.2. Let Ty be a map, K C Q compact, and P a local property. If for every
x € K there exists a neighborhood, Uy, of x and a number §,, > 0 such that all maps in
[an open and dense subset of] Bs, (To) satisfy P on Uy, then P holds on all of K for maps
in an open [and dense subset of a] neighborhood of Tp.

Proof. K is compact, so we can cover it by finitely many of the neighborhoods U; =

Uy,i=1,...,m. Let§; = §y, and let G; denote the set of maps in B, (Tp) which satisty
PonU;. Then G = /L, G; is [an open and dense subset of] Bs(Ty), where § = min; {3;},
and every T € G satisfies P on each U;, hence on all of K. O

5.2. Aperiodicity implies density.

PROPOSITION 5.3. Let Ty be n-transverse and (n + 1)-aperiodic. Then all maps in an
open and dense subset of a neighborhood of Ty are (n + 1)-transverse.

Proof. By Lemma 5.2 it suffices to find, for each x € Q, anei ghborhood U, and a number
8y > 0 such that every map in an open and dense subset of Bs, (Tp) is (n + 1)-transverse
onU,. Letx € Q: there are two cases.

Case 1: x ¢ OIl. This is trivial since the stratum through x is an open set and
n-transversality is an open condition.

Case 2: x € 9I1. For each w € IT such that x € 9, we find a w-neighborhood U,; and a
number §; > 0 so that T is (n 4 1)-transverse on U, for all T in an open and dense subset
of Bs, (To). We let Uy be a neighborhood of x contained in the union of the Uy’s and let
8, be the smallest of the 8, ’s.

Forx € 9mand e > 0, let U = U := Be(x) N 7. By (n + 1)-aperiodicity we may
choose € so small that n := d (U, On+1(U; Tpy)) > 0. It follows from Proposition 4.2 that
for some 8§ > 0, all maps T € Bs(Tp) are n-transverse and satisfy d(U, 0,1 (U; T)) >
1n/2. We claim that U, = Uz and §; = § have the desired properties.

For any T € Bs(Tp) we will find a map 77 which is arbitrarily close to 7 and is
(n + 1)-transverse on U. By our choice of §, there is a neighborhood V D To(U)
such that (VU O,(V;T) NU = Yand T(U) C V forall T € Bs(Tp). Therefore,
given T € Bs(Tp), if Ty € Bs(Tp) is any map which differs from T only on U, then the
restrictions of IT(T") and IT(T}") to V are identical. By standard transversality theorems
we can find such a T; that carries the restriction of dx to T/z transversely to TT(77").
In other words, T is (n + 1)-transverse on U 2. This shows that the set of maps which are
(n + 1)-transverse on U is dense in Bs(7p). By Proposition 4.6, the set of maps which are
(n + 1)-transverse on U is open. O

5.3. Aperiodicity is open. Foraset E,amap T, and n > 0, set
AY(E) = d(E, Oy(E; T)),

and just A(T")(x) when E = {x}.
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LEMMA 5.4. If T is n-transverse, then A(T"H)(x) is lower semicontinuous (as a function
of x) on Q. It follows that T is (n + 1)-aperiodic if and only if there exists n > 0 such that
AYTD(x) = n forall x € 911,

Proof. The restriction of A := A(T"H) to any element of IT(7") is continuous since A is
the minimum of the continuous functions d (x, 77 (x)), j=1,...,n+ 1, 0neach element
of TT(T™). To see that A is lower semicontinuous on €2, let x € dT1(T"), and let 71, . . ., 7k
denote all the elements of IT(7") with x in their closure. Then
A(x) = lrilililk Zh_r)r} A(2),
- T zem;

and the lower semicontinuity follows from the fact that A is continuous on each element
of TTI(T").

In particular, A is lower semicontinuous on dIl. T is (n + 1)-aperiodic if and only if
A(x) > 0 for all x € 9II; by the lower semicontinuity of A and the compactness of 911,
this is true if and only if A > 5 for some 1 > 0. O

PROPOSITION 5.5. The set of n-transverse maps which are (n + 1)-aperiodic on a given
compact subset K C oIl is open. In particular, the set of maps which are n-transverse and
(n + 1)-aperiodic is open.

Proof. Let Ty be n-transverse and (n+1)-aperiodic on K. By the lemma, A7, := A(T'(’)H) >
n on K for some n > 0. We construct an open cover of K as follows. For each x € K
let Uy be a neighborhood of x such that A7, (Uy) > n/2. We may assume that for any
particular branch of TOj ,j=1,...,n, Toj (U,) intersects 911 if and only if TOj (x) € oIl.
By Proposition 4.2 there exists § > 0 such A(T"H)(Ux) > n/4 forall T € Bs(Tp), and the
proposition follows from Lemma 5.2. a

5.4. Aperiodicity is dense. We begin with a lemma which shows how to destroy local
(n + 1)-periodicity with arbitrarily small perturbations. We apply the lemma in the case
that U is a w-neighborhood of a point x € 9I1 which is n-aperiodic but (n + 1)-periodic.
One complication is that x may return to dI1 (though not to itself) at some time before the
(n + D)thiterate. V is a suitably chosen neighborhood of the last place this occurs.

LEMMA 5.6. Let T be n-transverse, 71 € II(T"), U a m-neighborhood, and V a

[T-neighborhood satisfying:

(1)  0O,(U) is disjoint from U;

(2)  there exists a unique k between 1 and n such that, for 1 < j <n, TI(U)NV £ @ if
andonly if j = k;

(3) TKWU)CV;and

@ TIWUW)NI =@ fork <j<n.

Then for any € > 0 there exists a map Ty within € of T, such that U is contained in an

element of TI(T}') and TI"Jrl (y) # yforally € U NIl

Proof. If T is sufficiently close to T and agrees with T outside V, then, by conditions (2)
and (4), TI(T}") restricted to U is identical to TT(T") restricted to U. Let W be the closure
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of a connected component of the restriction of a face of 7 to U; we find a suitable map
satisfying TI"‘|r1 (y) # y forall y € W. The result follows from this and the openness of
local (n + 1)-aperiodicity. Simply repeat this procedure for all such W to produce a finite
sequence T, T3, . . ., the last of which is (n + 1)-aperiodic on U.

Let W = TK(W) c V. This is a closed subset of a (d — 1)-dimensional manifold
contained in V and is bounded away from 9V \ 9T1. We wantamap ¥ : V — Q
such that W = T on 8V \ 8IT and 7" % o W o TX(y) # y forall y € W. Since U
is a I1(T"™)-neighborhood, T* : U — V has a local inverse, call it Sk, and we want
Tk o W(z) # Si(z) for all z € W’'. By condition (4), there is a neighborhood U
of TK+1(U) such that T"* : U —  has a local inverse, call it S,_x. For any W
sufficiently close to T'|y7, U(TkU)) C ﬁ, and we want W(z) # Sy—x o Sx(z) for all
z € W'. Since W’ is a closed subset of a (d — 1)-dimensional manifold, the set of maps W
for which this holds is open and dense in the space of maps V — ; in particular, we can
find one which is arbitrarily close to T'|3; and equal to it on a neighborhood of V' \ 9TI.
Let 77 be equal to W on V and equal to T elsewhere. o

PROPOSITION 5.7. The set of (n + 1)-aperiodic maps is dense in the set of n-transverse
maps.

Proof. The case n = 0 is straightforward and we proceed by induction. Assume that
n-aperiodic maps are dense in the set of (n — 1)-transverse maps; by the openness of
n-transversality these are dense in the set of n-transverse maps, so let Ty be n-aperiodic
and n-transverse. By Lemma 5.2, it suffices to find for each x € 9I1 a neighborhood U of
x and a number 8, > 0 such that an open and dense subset of maps in the §,-ball around
Ty are (n + 1)-aperiodic on U.

Given x € 911, let U be a neighborhood of x such that:
Ul. 0,(U;To)NU =9,
U2. forany w € TH(TY "), 1 < j < n, if T |7 (x) ¢ 0T, then T) (U N ) N AT = &;

and

U3. forany w € TI(TY), if T) |2 (x) # x, then T} (U Nm) N T = 0.

These conditions are stable in the following sense. If T is close enough to Ty, then
by Proposition 4.2 each # € H(T(j’_l), j = 1,...,n + 1, corresponds to a unique
7' e TI(T/~Y). If the closure of Toj (U N ) is disjoint from any fixed compact set
(e.g. U or 9TI), then the same is true for the closure of 7/ (U N ') for any T close enough
to Tp. So, for example, condition U3 could be written as follows. For any 7 € H(T(f),
if 77| (x) # x, then T"H (U N r) N T = ¢ for all T sufficiently close to Tp. Without
further remark, we assume all maps 7T are sufficiently close to Tp.

Suppose that x is (n + 1)-aperiodic for Tp. By the definition of U and the above stability
properties, all points in U are (n + 1)-aperiodic for all maps 7" in some neighborhood of
Ty. So we are done in this case, with U, = U and §, sufficiently small.

Assume then that x € Op41(x; Tp). This means there is at least one orbit of the form
X = X0, X1, ..., Xn, Xn+1 = X, Where x;41 € Top({x;}). Of the points xg, x1, ..., x,, let
z = xi be the last one which is in 9I1, i.e. x; ¢ 0Il for k < j < n. We call z a last
cut point. If we consider all possible orbits of this form, we obtain the set of last cut
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points, LCP,, (x). This set is defined in terms of Ty and shall remain fixed throughout our
discussion. We now make a further condition on the neighborhood U:
U4. forany 7 € TI(T{ ™), 1 < j < n, and any z € LCP,(x), if T/ | (x) # z, then

2 ¢ T (UNn).
That is, the orbit of U avoids LCP,(x) whenever possible. ~We now construct
IT-neighborhoods of our last cut points. These are where we will make perturbations to
remove (n + 1)-aperiodicity. Given a last cut point z, let k = k(z) be the smallest number
i such that z € O;(x) (that is, the first hitting time of z starting from x). If kK < n, then
there is at least one partition element 7= € Il with z € dm such that Toj |z (z) ¢ oIl for
j=1,...,n—kand TO"*]‘Jrl |z (z) = x. When k = n there is simply at least one 7 € I1
with z € d and Tp|, (z) = x. In either case let X, denote the union of all such partition
elements and let {V.}, z € LCP,(x), be a collection of neighborhoods, z € V,, such that
the following hold:
V1. V.NV,=@forz#7z;
V2. if k(z) < n, then Op_g;)(V; N E;) is disjoint from 9IT and V. forall z,7 €
LCP,(x); and
V3. foreachrw € l'I(TOj), 1 <j<n,if Tojln(x) # z, then de(U N ) is disjoint from
V..
This last condition is possible by condition U4. Note that neighborhoods defined in this
way enjoy the same stability properties as U (remember, LCP, (x) is fixed).
We claim that most of the work is now done. However, we may have to shrink U one
last time:
US. let U be so small that, for any 7 € l'[(TOjfl), 1<j<n,if Toj (U N 1) intersects

V. N X, for some z, then TOj(U Nm)C V..
Again, this is a stable property of U. Let T be a map close enough to 7y so that the
properties of U and {V,} still hold. For each z € LCP,(x), let

A, =UNT* v, nx,).

These are the only places where (n + 1)-periodicity after a perturbation could occur.
However, now we can apply the previous lemma to sets of the form A, N m, with
mw € II(T"). Since the perturbations made in that lemma do not alter the restriction
of IT(T") on U and aperiodicity is an open condition, we can make these perturbations
sequentially until we have a map T’ which is arbitrarily close to T, differs from T only on
the sets V, N =, and is (n + 1)-aperiodic on U. Since T was arbitrary in a neighborhood
of Ty and (n + 1)-aperiodicity is a locally open condition, this completes the proof. a

PROPOSITION 5.8. The set of n-transverse maps is dense in D" (I1).

Proof. The case n = 1 is straightforward and we proceed by induction. Assume that the
set of n-transverse maps is dense and let 7o € D’ (IT) be arbitrary. By hypothesis we can
find an n-transverse map 7 arbitrarily close to Tp. By Propositions 4.2 and 5.7 we can
approximate 7 arbitrarily well by a map 7> which is (n + 1)-aperiodic and n-transverse.
By Proposition 5.3, we can find an (n 4 1)-transverse map 73 as close as we like to 75 and
we are done. a
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6. Proof of Theorem 1.6
Recall that a measure on the space of maps induces a Markov process on €2 in a natural way.
We say that a function 4 € L'(m) is an invariant density for this process if & = du/dm
for some stationary distribution (.

As with Proposition 1.2, the following result is proved in [6] (the constants F,, (U) ~
FII(T™)) and A, (UU) ~ A(T") are defined below).

THEOREM 6.1. Let T1 be a piecewise C” partition of Q@ and T € D" (I1). If there is
an integer n > 0 and a sufficiently small neighborhood U of T such that A,+1(U) >
F,U) + 1, then T is locally L! -stochastically stable.

To prove Theorem 1.6 we will show that the hypotheses of Theorem 6.1 are satisfied for
the open and dense set 7 defined in the proof of Theorem 1.1. Before doing this we must
explain the conditions.

For T € 7,letid C 7T be a neighborhood of T. Let U°" denote the set of all
compositionsT =T, 0---o Ty withT; e U, 1 <i < n, and let

AnU) = inf{A(T) : T € U}

be the smallest possible expansion obtained by composing n maps chosen from .
Ant1(U) can be made as close to A(T"*!) as desired by choosing U sufficiently small.

We will define F, () for U a sufficiently small neighborhood of an n-transverse map 7',
since this is the case we are interested in. If ¥ is a piecewise smooth partition of €2, then,
for all 6 > O sufficiently small, every face W of every element 0 € ¥ has a §-collar W;.
For x € , let Fs(o; x) denote the number of faces W of o for which x € Wy, let F5(Z; x)
denote the sum of these over o € X, and let F5(X) be the supremum over x € Q. At last
we define

F,U) = Blg)% sup{ F5(IT(T)) : T € U°"}.

This is well-defined for 7' n-transverse and U/ sufficiently small by Proposition 4.2, and the
fact that the normal bundle of a manifold varies continuously with the tangent bundle.

Now that A, (/) and F,(Uf) are defined we can prove the theorem. Let 7 be in 7.
We must find an integer n and a neighborhood U/ of T satisfying the hypotheses of
Theorem 6.1. By the definition of 7, we can choose n so that T is n-transverse and
MT)Y"! > F(IT(T™)). Let U be a neighborhood of T which is so small that F,,({)
is defined. Since A,11(U) can be made arbitrarily close to A(T"*!) by choosing U
sufficiently small, it suffices to show that F;, ({f) can be made arbitrarily close to F (IT(T"))
by choosing U sufficiently small. For ¢/ sufficiently small these are actually equal as the
next lemma, which completes the proof of the theorem, shows.

LEMMA 6.2. Let T be n-transverse. For any sufficiently small neighborhood U of T,
Fy(U) = F(II(T™)).
Proof. For any x € oTT1(T") there is a §x > 0 such that for any face W of any element of

(),

WNBs,(x) #0 < xeW.

https://doi.org/10.1017/50143385702000627 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000627

1078 W. J. Cowieson

By the compactness of aI1(7") we can choose xi, ..., x, € dII(T") so that the balls
B; = Bs; (x;), 8; = 8y;, cover 0I1(T"). In particular,

FII(T")) = max{F(II(T"); x;) : 1 <i < m}.

Choose € so small that for every x in the e-neighborhood of dIT(7"), the ball By (x) is
contained in B; for some i. By Proposition 4.2, we can choose a neighborhood ¢/ of T’ such
that IT(T) is e-similar to TT(7") for all T € U°". If T € U°" and W is a face of IT(T"),
let W denote the corresponding face of I1(T). For x in the e-neighborhood of aI1(T) we
have

Fe(TI(T); x) < #{W : W N Be(x) # @)

<#W : W N By (x) # 0}
<#{W:WnNB; #0} forsomei

< F(I(T")),
where the first inequality is obvious, the second is by e-similarity, and the third is by our
choice of €. This completes the proof. a
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