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Abstract. In this paper, we consider piecewise smooth dynamical systems with generalized
indifferent periodic orbits associated to a given potential function. We show that the
presence of such orbits causes non-uniqueness of equilibrium states (phase transitions)
and non-Gibbsianness of equilibrium measures. If, in addition, the system exhibits local
exponential instability, we show that the distribution of the stopping times over hyperbolic
regions has powerlike tails with respect to any s-conformal measure, where s is the smallest
zero of Bowen’s equation. Finally, we prove that the Hausdorff dimension of the limit set
is equal to s provided the dynamics is piecewise conformal.

0. Introduction

Let T : X — X be a non-invertible map of a compact metric space X which is not

necessarily continuous and piecewise C'-invertible with respect to a countable generating

Markov partition Q = {X;}ie; of X. Such a system (7, X, O = {X;}ies) is called a

piecewise C'-invertible Markov system and provides a countable-state symbolic dynamics

which is Markov. In this paper, we shall consider the following problem:

(P) How are statistical properties of the system (7', X, Q) influenced by subexponential
instability of the dynamics?

Here instability is treated in terms of sensitive dependence on initial positions. We stress

that the system under consideration is a general Markov system (not necessarily Bernoulli)

and may be non-conformal. We direct our attention to:

(i) non-Gibbsian behaviour of equilibrium states in the sense of Bowen;

(ii) phase transitions (non-differentiability of the pressure function);

(iii)) powerlike tails of the distribution of the stopping times over hyperbolic regions;

(iv) the Hausdorff dimension of level sets associated to pointwise dimension.
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Under the finite range condition subexponential instability of (7', X, Q) is observed
when contraction rates of the local inverses are subexponential (see §1 for the definitions).
Bowen’s definition of a Gibbs measure v for a potential function ¢ : X — R is given by
the following boundedness condition: there exist 0 < K < oo and P € R such that

V(X i, (X))
exp ( Zfl:_()l oTi(x) + nP)

where X; i, (x) € \/Z;(l) T (Q) denotes the cylinder containing x. Then, non-
Gibbsianness can be described in the following two ways:
(NG1) for a fixed Borel probability measure v, there is no potential function with respect
to which v is Gibbs;

(NG2) for a fixed potential ¢, there is no Borel probability measure which is Gibbs for ¢.

Even if the Gibbs property fails to hold for v, it is still possible for a potential ¢ to
choose a sequence {K},~0 of positive numbers with lim,_, o (1/n)log K, = 0 instead
of the uniform constant K. Such a Borel probability measure v is called a weak Gibbs
measure for ¢ (see the definition in §1). The non-Gibbsian weak Gibbs property can be
observed for Sinai—Ruelle—-Bowen measures invariant under certain non-hyperbolic maps
which exhibit subexponential instability [17, 19-22]. To give an appropriate setting for
solving the problem (P), we shall consider weak bounded variation (WBV) potentials
and give a reasonable definition of the topological pressure Py (T, ¢). Then we define
indifferency with respect to ¢ as follows: x is a generalized indifferent point with respect to
¢ if the ergodic averages (1/n) ZZ;(]) quh (x) converge to Pop(T, ¢). Under the existence
of a generalized indifferent point with respect to ¢, we relate non-Gibbsianness of weak
Gibbs measures for ¢ to subexponential instability of the system (7', X, Q) (see Theorem 1
and Lemma 3.1). Then we shall discuss our main problem: when does subexponential
instability of dynamics have direct influence upon statistical properties of equilibrium
states?

For this purpose we shall solve the following problems.
(P-1)  Find a zero s > 0 of Bowen’s equation

Piop(T, —s log||DT|)) = 0. (BE)

K~ <

< K (forall x € X, foralln > 1),

(P-2)  Among all zeros of (BE), characterize a zero s > 0 for which there exists a weak
Gibbs measure v for —slog|| DT ||.

(P-3)  Establish the existence of a T'-invariant ergodic probability measure © equivalent
to v and statistical properties for (7', w).

The essential issue for solving these problems is to clarify the local nature of the system.

More specifically, under a locally uniformly expanding property for (T, X, Q) and local

bounded distortion for —slog||DT| we construct a uniformly expanding Schweiger’s

jump transformation [11] on a subset X* of X which provides a countable generating

Bernoulli partition Q* (see §1 for the definitions). Then we prove (see Theorems 2 and 3)

the following.

(A-1)  There exists a unique zero s of Bowen’s equation

Pop(T*, —slog|| DT™||) = 0 (BE)*
with respect to (T*, X*, 0*) and s is a zero of (BE) with respect to (7', X, Q).
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(A-2) For the unique zero s of (BE)*, there exist a weak Gibbs measure v for
—slog||DT || and a T -invariant ergodic probability measure i which is equivalent
to v and satisfies s = hM(T)/fx log|| DT || dpw > 0.

(A-3)  The unique zero of (BE)* coincides with the smallest zero of (BE) which can be
characterized by a certain variational principle when a marginal set with respect
to (T*, X*, Q*) consists of periodic orbits satisfying

qg—1
Z log|| DT (T"x0)|| = 0 for T9x0 = xo. (1)
h=0

(A-4)  Under piecewise conformality of (7, X, Q) the weak Gibbs measure v is exact-
dimensional and the pointwise dimension of v is given by the smallest zero of
(BE) which coincides with the Hausdorff dimension of X.

Combining these results, we can conclude for piecewise C-invertible Markov systems
that as long as our reference measures are s-conformal measures for the smallest zero s of
(BE) the distributions of the stopping times over hyperbolic regions have powerlike tails
because of subexponential instability caused by periodic points with (1). Such statistics of
the stopping times are connected with interesting statistical phenomena of the original
systems (7, X, Q) (see Corollary 1). Although the system (7, X, Q) may not be
(piecewise) conformal, we will obtain some additional information on the system if it
is indeed (piecewise) conformal. We see that under piecewise conformality the smallest
zero s of (BE) is equal to dimy X (cf. [2]). We should remark that in the case of area-
expanding (|[det DT'| > 1) systems which are not necessarily (piecewise) conformal, the
periodic points xo with (1) satisfy the property |det DT9(xp)| = 1 which coincides with
the definition of indifferent periodic point introduced by the author in previous papers
[14-22]. Example A, a piecewise conformal countable-to-one Markov transformation,
admits such periodic points which cause polynomial instability of the dynamics.
By applying our results in §2, the subexponential instability has direct influence upon
statistical properties of a weak Gibbs measure v for —2log|| DT ||, where 2 (= dim X) is
the smallest zero of Bowen’s equation (BE) and v is just the normalized Lebesgue measure
of X (cf. [17)).

Example A. (Complex continued fraction [1, 12, 14, 19-21]) Let X = {z = x10 + x|
—1/2 < x1,x3 < 1/2}, where « = 1 + i, and define T : X — X by T(z) =
1/z — [1/z]1. Here [z]1 denotes [x1 4+ 1/2]a + [x2 4+ 1/2]a, where z is written in the
form z = xja + xp0, [x] = max{n € Z | n < x}(x € N) and [x] = max{n € Z |
n < x}(x € Z — N). This transformation has generalized indifferent periodic points with
respect to —2 log|| DT ||, that is, a periodic orbit {1, —1} of period 2 and two fixed points
i, —i satisfy (1). For each no + ma € I := {ma +no | (m,n) € 7% — (0, 0)}, we define
Xno+ma = {z € X | [1/z]1 = no + ma}. Then we have a countable Markov partition
0 = {Xilies of X.

There are many interesting limit sets arising from dynamical systems described via
number-theoretical algorithms like Example A. More specifically, for each subset J
of I, we can define a limit set X; = (oo T % U, cl(int X;) which is compact
if J is a finite set. Even if J is a countable set, we can still calculate dimyg X ; under
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piecewise conformality of 7. The next example, which arises from Brun’s algorithm, is
not (piecewise) conformal. However, we still observe fractal-like limit sets (see [17]).

Example B. (Brun’s map [11, 17, 18]) Let X = {(x1, x2) € R?:0 < x» < x; < 1}, and
let
Xi={(x1,x2) € X |xi+x1 =212 x;41 +x1}

fori =0, 1,2, where we put xo = 1 and x3 = 0. T is defined by

T(x1,x2) = (x1/(1 — x1), x2/(1 — x1)) on Xo,
T(x1,x2) = (1/x1 — 1, x2/x1) on X,
T(x1,x2) = (x2/x1,1/x1 — 1) on X».

Then, Q = {X; }12:0 is a Markov partition and 7 is a continuous piecewise C 2-map. 0,0)
is a fixed point satisfying | DT (0, 0)|| = |det DT (0, 0)| = 1 and the dynamical instability
is polynomial. Since Pyp(7, —log|det DT|) = 0, (0, 0) is a generalized indifferent fixed
point with respect to —log|det DT | and the normalized Lebesgue measure of X is a weak
Gibbs measure for —log|det DT'|. On the other hand, by our results we can construct weak
Gibbs measures supported on the limit sets X ; which may reflect subexponential instability
caused by (0, 0).

Mauldin and Urbariski, in [4, 6, 7], considered infinite iterated functional systems
which are particular cases of our piecewise conformal systems such that O = {X;}ies
is a Bernoulli partition. Indeed, Example A is not Bernoulli and Example B is non-
conformal. In establishing the Hausdorff dimension of the limit set X, even in the case
when QO = {X;}ics is a Bernoulli partition Mauldin and Urbarnski require the bounded
distortion property for |T’|. However, this property ‘typically’ fails under the appearance
of parabolic periodic orbits so that certain techniques should be employed. Since our
systems are Markov, some restrictions should apply (finite-range condition as well as
WBV for potentials) so that the thermodynamic formalism can be effected. Although
Sarig [10] established the thermodynamic formalism for countable Markov shifts which
are particular cases of our countable-to-one Markov systems, the condition imposed on
potentials typically fails under the appearance of generalized indifferent periodic orbits.
In Theorem 4, we shall relate the existence of equilibrium states which are equivalent to
weak Gibbs measures for ¢ admitting generalized indifferent periodic points to a lack of
differentiability of the pressure function at ¢p. The generalized indifferent periodic points
cause phase transition (non-uniqueness of equilibrium states) which gives a sufficient
condition for non-differentiability of the pressure function. Moreover, we shall discuss
how non-differentiability of pressure functions is related to the multifractal problem.

The paper is organized as follows. In §1 we present necessary background and introduce
definitions for later sections. In §2 we state our results (Theorems 1-4), and the proofs of
all results are given in §3.

1. Preliminaries
Let (T, X, QO = {Xi}ic1) be a piecewise CO-invertible system, i.e., X is a compact metric
space with metric d, T : X — X is a non-invertible map which is not necessarily
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continuous, and Q = {X;};es is a countable disjoint generating partition of X such that

Uiy int X; is dense in X and the following properties are satisfied.

(01) Foreachi € I withintX; # @, T |intx; : int X; — T (int X;) is a homeomorphism
and (T |int x; )~! extends to a homeomorphism v; on cl(7 (int X;)).

(02) T(UintX,-:V) Xi) c UintX,-:V) Xi.

(03) o(n) :=sup{diamY | Y € \/;1’;(1) T7"Q)} - 00 — o).

Leti = (i1...iy) € I" satisfy int(X;, N T’lXi2 n---N Tf("’l)Xin) #+ (. Then, we

define X; := X;, NT~'X;, N---NT~®=DX; . which is called a cylinder of rank n and

we denote v; := v;; o v;, o - - - o v;,, which is a homeomorphism from cl(T" (int X;)) onto

cl(int X;). Let X;, ., (x) be the unique cylinder containing x and let o (x) be the asymptotic

growth rates of o0, (x) := diamX;, ;,(x), i.e, o(x) := limsup,_, . (1/n)logo,(x).

The condition (03) implies that sup, .y 0 (x) < lim,_, o (1/n)logsup, .y 0, (x) < 0.

Definition. We say that (T, X, Q) satisfies subexponential instability (in distances) if there
exist x € X and a positive sequence {s,},>1 With lim,—(1/n)logs, = 0 satisfying
o, (x) > sy, so that lim,,(1/n)logo(n) = 0. If lim,— o (1/n)logo(n) < O then we
say that (T, X, Q) satisfies exponential instability (in distances).

We say that (T, X, Q) is a piecewise C'-invertible system if for each i € I with
intX; # @, both T |incx; and v; on cl(7 (int X;)) are C 1-diffeornorphisms. In particular,
if T|inex; and v; on cl(T (int X;)) are conformal maps, then we say that (7, X, Q) is a
piecewise conformal system.

Remark A. Typical examples of systems with exponential instability are piecewise
uniformly expanding systems (i.e., Sup;c; SUp,eryx, || Dvi(x)|| < 1). On the other hand,
subexponential instability may be observed if there exists certain non-hyperbolic periodic
orbit. Indeed, maps with indifferent periodic points in the introduction (Examples A and B)
show polynomial instability.

If (T, X, Q) satisfies exponential instability, then sup, .y o (x) < 0. On the other hand,
subexponential instability implies there exists x € X such that o(x) = 0. Following
Pesin [8], we come to a weak notion of hyperbolic measures.

Definition. A Borel probability measure m is called quasi-hyperbolic if for m-a.e. x € X
o(x) =lim,— o (1/n)logo,(x) <O.

We shall introduce instability of the system (7, X, Q) in terms of a (reference)
measure m. We denote

n—1
om(n) := sup {m(xil...in) ‘ Xi, iy € \/ "0, mX;, i) > 0}.
h=0

Definition. (Instability in measure) We say that the instability of (T, X, Q;m) is
subexponential if there exist x € X and a positive sequence {s,},>1 with
lim, o0 (1/n)logs, = O satisfying o,(n,x) = m(X; ;(x)) > s, so that
lim,— (1/n)logo,(n) = 0. If lim,_,(1/n)logo,(n) < 0, then we say that the
instability of (T, X, Q; m) is exponential.
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Definition. A Borel probability measure m which is positive on open sets is called a
weak geometric measure if there exist s > 0 and a positive sequence {W,},>1 satisfying
lim,,—, 5 (1/n) log W,, = 0 such that for m-a.e. x € X

L X, ()

T diam X, g, (0 T "

We call s an exponent of m.

Remark B. If sup,.; W, < oo, then v is called a geometric measure. Also, the property
implies the uniform mass distribution principle (see [8]) which plays an important role in
establishing a lower bound for dimy X.

As we will see in §2, the weak geometric measures reflect directly the nature of the
instability of the system and play an important role in establishing a lower bound for
dimH X.

Definition. [17-22] A non-atomic Borel probability measure v is called a weak Gibbs
measure for a function ¢ with a constant P if there exists a sequence {K,},~¢ of positive
numbers with lim,_,(1/n)logK, = O such that for all » > 1, and all X;, ;, €
\/Z;(l) T=hQ,v-ae x € Xi, i,

1 V(X ..ip) <K
T exp (X)Zo¢Th(x) +nP)
Remark C. If the weak Gibbs sequence {K, },> satisfies sup;-| K, < 00, then the weak
Gibbs measure v satisfies Bowen’s Gibbs property.
In particular, we shall be interested in the case when P is connected with the topological
pressure of ¢.

Definition. We say that ¢ : X — R is a potential of weak bounded variation (WBV) if
there exists a sequence of positive numbers {C,} satisfying lim,—, oo (1/7) log C, = 0 and
foralln > 1,and all X;,_;, € \//_o T "0,

SupXEXil...in €xXp ( ZZ;(I) ¢(Thx))

infeex;, , exp(Xh_g¢(T"x))

Definition. If (T, X, Q) satisfies the Markov property (int(cl(int X;) Ncl(intT X)) # @
implies cl(int7X;) D cl(intX;)), then we say that (7, X, Q) is a Markov system.
If X; € Q satisfies cl(T'(int X;)) = X, then X; is called a full cylinder. If Q consists
of full cylinders, then (T, X, Q) is called a Bernoulli system.

<

Let (T, X, Q) be a Markov system. Then by the generating property for Q, for each
i = (i1...ip) € I" with int(T X;,) D intX;,, there is the unique point x (i) satisfying
v;x(i) = x(i) € cl(intX;). For a potential ¢ of WBYV, we define the partition function
Zy(¢) by

n—1
¢T’l(x@)}.
=0

h=

Zn($) = > exp [
i:li|=n.int(T X;,)Dint X;,

We recall that under the next two conditions there exists the limit Pop (T, ¢) := lim, oo
(1/n)log Z,(¢) € (—o0, oo] which is called the fopological pressure for ¢ (see [20]).
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The first condition gives a nice countable-state symbolic dynamics similar to sofic
shifts [15].

(Finite range structure, FRS). U = {int(T" X;,..;,) | YXi, i,, Yn > 0} consists of finitely

many open subsets Uy, ..., Uy of X.
(Transitivity). int X = U1}<V=1 Upand foralll € {1,2,..., N}, there exists 0 < §; < 00
such that foreach k € {1, 2, ..., N}, Uy contains an interior of a cylinder X ®:)(s;) of rank

s; such that 7% (int X %D (s)) = U;.

Definition. We say that a Borel probability measure v on X is an f-conformal measure if
dwT)|x,/dv]x; = flx, and v(UiE[ 8X,~) = 0. In particular, if f = ||[DT|*® then v is
called an s-conformal measure.

Remark D. If —log|| DT || is of WBY, then s-conformal measures are weak Gibbs measures
for —slog|| DT || with 0.

Definition. We say that Sy = {x € X | (1/n) Y425 ¢T*(x) — Pop(T,¢)} is an
indifferent set with respect to ¢. If a periodic point xp is contained in Sy then we say
that x is a generalized indifferent periodic point with respect to ¢.

Remark E. If ¢ = —slog||DT| and s is a zero of (BE): Py, (T, —slog||DT|)) = 0,
then Sy is just the set of points with non-positive Lyapunov exponent (i.e., for all
x € Sp,limy_00(1/n)log| DT"(x)|| < 0). In particular, if T is piecewise conformal
then Sy is the set of points with zero Lyapunov exponent.

Let By C X be a union of cylinders X; of rank one, where the index i belongs
to a subset of I and define the stopping time over B;, R : X — N U {oo} by
R(x) := inf{n > 0 | T"x € Bj} 4+ 1. Then we define the jump transformation
associated to By, T* : U2 {R(x) = n} — X by T*x = TRWx Define X* :=
X\UpoT* ’"(ﬂnzO{R(x) > n}) and Q* := {X;}ies+, where I* := |52 {(i1 .. .in) €
I" | Xi,.i, € {R(x) = n}}. Then it is easy to see that (T*, X*, 0* = {X;}ies+) is a
piecewise CC-invertible Markov system with FRS, where X* is not necessarily compact.

Definition. We say that a piecewise CC-invertible system satisfies local exponential
instability with respect to By if

n—1
lim —log[sup{dlamy ‘ Y e \/ T (Q* )”

n—oo

h=0
Definition. We say that ¢ satisfies the local bounded distortion (LBD) with respect to B
if there exists & > 0 such that for all i = (iy...i;)) € I*, there exists 0 < Ly(i) < oo
satisfying

¢ (v; (%)) — p(W; V)| < Lp(D)d(x, )" (forallx,y € X)

and
lil—1

sup Z Ly(ijt1-.. 1)) < oo.

iel* j

We define ¢* : |22, {R(x) = n} — Rby ¢*(x) = k"' ¢Th(x). Then, the
LBD property for ¢ allows one to establish equi-Holder continuity of {¢* o v; | i € I*}.
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If we assume further local exponential instability of (T, X, Q), then summability of
variations of ¢* follows so that there exists

1
Piop(T*, ¢*) := lim —log Z,(¢*) € (—o0, oa].
n—oon
In particular, Pop(T*, ¢*) < oo holds if
| £=1]| := sup E exp[¢™ o v (x)] < oo.

xeX jer*

Definition. We say that a piecewise C!-invertible system is locally uniformly expanding
with respect to By if T* associated to Bj is piecewise uniformly expanding
(i.e., Supiel* SupxeT*XL ||DUl_(x)|| < 1)

In the next section, we shall use piecewise uniformly expanding jump systems
(T*, X*, 0*) for which Bj consists of full cylinders so that (T*, X*, Q*) are Bernoulli.

2. Main results
The first theorem allows us to associate subexponential instability of the system (7', X, Q)
with weak Gibbsianness of physical reference measures.

THEOREM 1. (Subexponential instability and weak Gibbsianness) Let (T, X, Q) be a

piecewise Cl-invertible transitive FRS Markov system. Suppose that —log||DT|| is a

potential of WBV and there exists a weak Gibbs measure v for —s log|| DT || (with 0) for

azero s > 0 of (BE): Pop(T, —slog||DT||) = 0. Assume further either of the next two

conditions.

(1-1) There exists xo € X with T9xq = xq satisfying ZZ;(I) log||DT(Thxo)|| =0.

(1-2) (T, X, Q) is a piecewise conformal system and there exists xo € X which satisfies
lim, .00 (1/n) logl| DT" (xo) || = 0.

Then both instabilities of (T, X, Q) and (T, X, Q; v) are subexponential.

Remark F. The periodic points in (1-1) are generalized indifferent periodic points with
respect to —s log|| DT || for all zeros s > 0 of (BE).
We need the next two lemmas for the proof of Theorem 1.

LEMMA 1.1. If v is a weak Gibbs measure for ¢ satisfying Piop(T, ) < 00 with
—Pop(T, @) and Sy # 9, then the instability of (T, X, Q; v) is subexponential.

LEMMA 1.2. Let (T, X, Q) be a piecewise conformal FRS Markov system. If —log|| DT ||
satisfies the WBYV property, then (1.2-a) and (1.2-b) are equivalent:

(1.2-a) v is a weak geometric measure with exponent s > 0,

(1.2-b) v is a weak Gibbs measure for —s log||DT || (s > 0) with 0.

Let (X, o) be a countable Markov shift which is a symbolic dynamics of (T, X, Q),
that is, there exists a uniformly continuous map 7 : ¥ — X defined by

o0

wiriy...) = [ eMT/(intX;;,,)) (- 9)

J=0
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which satisfies T o 7 = 7w o 0. M7 (X) denotes the set of all T-invariant Borel probability
measure on X and M, (X) denotes the set of all o-invariant Borel probability measures
on ¥. We remark that for m € M, (X) its pushforward w,m := mm~! is contained in
M7 (X). Define M7 (X) := {m € Mr(X) | there exists m € My (X) such that m = m,m}.
Now we come to state the second theorem, which gives fundamental results to solve our
problems (P-1)—(P-3), that is, the existence of both an s-conformal measure v for a unique
zero of (BE)* and a T-invariant ergodic probability measure u equivalent to v, and a
characterization of the smallest zero of (BE) in terms of thermodynamic formalism.

THEOREM 2. Let (T, X, Q) be a piecewise Cliinvertible transitive FRS Markov system

and let —log|| DT || be of WBV. Suppose that there exists By a union of full cylinders with

respect to which (T, X, Q) is locally uniformly expanding and —log||DT || satisfies LBD.

Then we have the following facts.

(2-1) If there exists so > 0 satisfying 0 < Peop(T™, —solog||[DT*||) < oo, then there exist
a unique zero s (>50) of (BE)*: Pop(T*, —slog||DT*||) = 0 and s is a zero of (BE):
Pop(T, —slog||DT ||) = 0. There exists an s-conformal measure v supported on X*
which is a weak Gibbs measure for —s log|| DT || with 0.

(2-2) If v satisfies log|DT*|| € L'(v), R € L'(v) and H,(Q*) < oo, then there exists
a T-invariant ergodic probability measure | which is equivalent to v and satisfies
s = hu(T)/ [y log DT || dpu(>0).

(2-3) Assume further that the marginal set (),o{R(x) > n} consists of countably many
periodic points satisfying (1-1). Then the_unique zero s > 0 of (BE)* coincides with
the smallest zero of (BE) and it attains the following supremum.

hin (T)

- meMT(X),0</ log||DT || dm <oo}.
T logll DT || dm Mt

s:sup{

Remark G. Under the assumptions in (2-3), i obtained in (2-2) is an equilibrium state for
—slog|| DT (cf. [19]).
We define

W(T) :={f : X — R f satisfies WBV and Pop(T, f) < 00}.

For the proof of Theorem 2, we need a sequence of lemmas. The first lemma, which is
used for proving (2-1), follows from [20, Theorem 4].

LEMMA 2.1. (cf. [20, Lemma 7]) Let (T, X, Q) be a piecewise C°-invertible transitive
FRS Markov system and let ¢ € W(T). Suppose that there exists Bi, a union of full
cylinders with respect to which (T, X, Q) satisfies local exponential instability, and ¢
satisfies local bounded distortion. If || Ly« 1|| < oo and Pop(T*, ¢*) € [0, 00), then there
exists a Borel probability measure v on X supported on int X* satisfying

dvT
dv |y,

= exp[Piop(T, @) — @] (foralli € I)

and v( Uier 8X,-) = 0. In particular, if Pop(T*, ¢*) = 0 then Piop(T, ¢) = 0 and so v is
an exp[—¢]-conformal measure.
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LEMMA 2.2. s — Pyop(T*, —slog||DT*||) is a strictly decreasing continuous function
on (sg, 00) and there exists a unique zero of (BE)*.

LEMMA 2.3. If the s-conformal measure v obtained in (2-1) satisfies log|| DT*|| € L' (v)
and H,(Q*) < oo, then there exists a T*-invariant exact probability measure p*
equivalent to v which is a unique equilibrium state for —slog||DT*|| satisfying s =
hy (T)/ [y logl DT* || dpu*

The last lemma, which is used for proving (2-3), follows from [3, Theorem 2.4].

LEMMA 2.4. (Variational principle) Let (T, X, Q) be a piecewise C'-invertible transitive
FRS Markov system. Let —log|| DT || be a potential of WBV. Then

Pop(T, —s log|| DT ||) = sup {hm(cr) — s/ log||DT or||dm | m € My (X)
)

and either hy;(0) < 00 or /

log||DT o || dm < oo is satisﬁed}.
b

The third theorem gives a characterization of physical reference measures which
directly reflect subexponential instability upon the statistical properties of the system.
Under piecewise conformality it can be represented in terms of a geometric quantity. For a
Borel probability measure m, we denote the distribution of the stopping time R associated
tom by F,(n) == m({x € X | R(x) < n})(Vn > 1) and the second moment of R with
respect to m by E, (R?) = [y. R?dm.

THEOREM 3. Under the assumptions in Theorem 2, the periodic point xq satisfying (1-1)
causes the following phenomena for the s-conformal measure v with the smallest zero s of
(BE) and

o (T)
fX log||DT || dm
_ hu(T)

[y log| DT | dp

for an equilibrium state u for —s log|| DT || equivalent to v:

s:sup{ meMT(X),0</ 10g||DT||dm<oo}
X

(3-1) non-Gibbsianness of v in the sense of Bowen,

(3-2) subexponential instability of (T, X, Q; v),

(3-3) a powerlike tail of the distribution of the stopping time R associated to v, i.e.,
1—F,(n)=v({{x € X| R(x) > n}) > s, withlim,_,»(1/n) logs, = 0.

In particular, if (T, X, Q) is a piecewise conformal system, then s = dimyg X.

By applying Theorem 3.1 in [16, 17] we have the next results.

COROLLARY 1. Statistical properties for (T, ) can be described in terms of statistics of

the stopping time R as follows.

(1) (A criterion of finiteness of 1) ZZOZ1 V({R > n}) < oo ifand only if n(X) < oc.

(2)  (Singularity of du/dv) If v({R > n}) = n"%(a > 1), then dp/dv|r=p) =~ n and
d,u,/dv|ngO{R>n} = CoQ.
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(3) (The central limit theorem, CLT) EV(RZ) = ZZOZI UW{R > n}). If v({R > n}) =
n~%a > 1), then p({R > n}) ~ n=@D and so E,(R?) ~ Y00 n=@D,
If E,(R?) < 00 then the CLT holds for f € L™ (u) satisfying LBD.

For the proof of Theorem 3, we need the next four lemmas. The first result follows
immediately from the definition of Bowen’s Gibbs property.

LEMMA 3.1. (Characterization of non-Gibbsianness)

(1)  Suppose that a potential ¢ with Pp(T, ¢) < oo admits a generalized indifferent
periodic point. Then Pop(T, $) < sup,.x ¢ (x) and there is no Borel probability
measure which is Gibbs for ¢.

(i)  Suppose that there exists a fixed point xo such that there exist a > 0 and b > 0
satisfying

v(Xi...i, (x0)) = exp[—(na + blogn)].

Then there is no potential function ¢ with respect to which v is a Gibbs measure.

LEMMA 3.2. If m is a weak geometric measure with exponent s > 0 which is quasi-
hyperbolic, then m is exact-dimensional and for m-a.e. x € X,

_ oy Jogm (X i, (%)
dm(x) = dpm(x, Q) == nhﬁrgo log diam X;,_;, (x) =3

LEMMA 3.3. If (T, X, Q) is a piecewise conformal Markov system and —log|| DT|| is a
potential of WBYV, then m is quasi-hyperbolic if and only if m is hyperbolic (i.e., m-a.e.,
x € X lim,—, o (1/n)log||DT" (x)] > 0).

LEMMA 3.4. Let (T, X, Q) be a piecewise conformal Markov system satisfying the locally
uniformly expanding property with respect to a subset By which is a union of elements
of Q. If m is a T-invariant ergodic probability measure which satisfies m( MysofR >
n}) = 0andlog||DT| € L'(m), thenm is a hyperbolic measure. -

Remark H. Recall the fact in Remark F. Then, by [20, Proposition 4] we see that a
generalized indifferent periodic point xq is contained in the marginal set (. o{R(x) > n}.
Since U?‘;O T*~J{ all generalized indifferent periodic points with respect_ to ¢} C Sy,
if the marginal set (1), o{R(x) > n} consists of generalized indifferent periodic points
with respect to ¢, then X\X* C S4. We can easily see that Sy is a full measure set with
respect to any ergodic equilibrium state m for ¢ with zero entropy satisfying ¢ € L!(m).
For example, the Dirac measure supported on the generalized indifferent periodic orbit is
such an equilibrium state.

Finally, we shall associate failure of differentiability of pressure functions to the
existence of generalized indifferent periodic points with respect to potentials.

We denote

Wi(T) == {f e W(T) | Var,(f) - 0 (n - oo)}.

First we show that the well-known characterization of equilibrium states as tangent
functionals still holds in our situation (cf. [5]).
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LEMMA 4.1. (Tangent property) Let m be an equilibrium state for ¢ € Wi (T') satisfying
m € M7 (X). Then for all y € Wi (T),

Pop(T, ¢ +¥) — Pop(T, ) = /dem,

that is, m is a tangent functional of Piop(T, ) : Wi (T') — Rat ¢.

By Remark G, u obtained in Theorem 2 is an ergodic equilibrium state supported on
X* satisfying ,u( Uies 90X i) = 0. On the other hand, by Remark H the Dirac measure
(1/9) ZZ;(I) 871, supported on the indifferent periodic orbit {xo, Txo. ..., T4 'xo} C Sy
gives another ergodic equilibrium state for ¢. Both of them are contained in M7 (X).
LEMMA 4.2. If Piop(T, 0) < oo, then C(X) C Wi(T).

Definition. We say that Pop(T,-) : Wi(T) — R is differentiable at ¢ € W, (T) if the
limit

OPtop(T’ ¢ + tf) - Ptop(Ta ¢)
t

lim[_)
exists for all f € C(X).

THEOREM 4. (Non-differentiability of the pressure function) Let (T, X, Q) be a piece-
wise CO-invertible Markov system with Pop(T,0) < oo and let ¢ € Wi(T) admit
a generalized indifferent periodic point. Assume further that (T, X, Q) satisfies local
exponential instability and ¢ satisfies LBD with respect to By which is a union of full
cylinders. If the explPuop(T, ¢) — ¢l-conformal measure v supported on X* satisfies
¢*, R € L'(v) and H,(Q*) < oo, then Pop(T,-) : Wi(T) — R is non-differentiable
at ¢.

In the end of this section, we shall discuss how the differentiability of pressure functions
is related to the multifractal problem (cf. [9]). Let (T, X, Q) be a piecewise conformal
transitive FRS Markov system which is locally uniformly expanding. Let ¢ € Wi (T)
with Piop (T, ¢) = 0 be a non-positive function satisfying LBD with respect to a union of
full cylinders By. If Pop(T*, ¢*) > 0, then by [21, Lemma 12] for all 0 < g < 1 with
L4411l < 00, 17(g) > O satisfying the equation Piop(T*, g¢* — t(g) log||DT*||) = 0.
By Lemma 2.1, 7(q) satisfies Piop(T,g¢ — t(g)log|DT|) = 0. Since Pp(T,.) :
W(T) — Ris a convex function,  (q) is a convex function so that there exist right and left
derivatives ¢’ (g) and tﬂr (g) for 0 < g < 1. Now, we specify first-order phase transition
points at which #(g) is non-differentiable for piecewise conformal finite Markov systems
as follows.

PROPOSITION 5.1. If there exist two different ergodic hyperbolic equilibrium states
wi € Mr(X) and p2 € Mr(X) for q¢ — t(g)log|DT| € Wi(T) with
w1(@)/(uiogl DT ) #  pa(P)/(n2(logl|DT|)), then g is the first-order phase
transition point.

It follows from Theorem 4 that Pop (T, -) is not differentiable at g¢ — #(g) log|| DT ||
with g € (0, 1) if g¢p — 1(q) log|| DT || admits an indifferent periodic point xg.
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Remark I. Under inf,cx || DT (x)|| > 1, xo is an indifferent periodic point with respect
to g¢p — t(q)log|DT| with ¢ € (0,1) if and only if xo is an indifferent periodic
point with respect to ¢ with zero Lyapunov exponent. In particular, if the marginal set
(y>0{R(x) > n} consists of periodic points with zero Lyapunov exponent, then any
indifferent periodic point for ¢ is a periodic point with zero Lyapunov exponent.

By Remark I, although the Dirac measure (1/p) Z,’l’;& S7hy, supported on the
generalized indifferent periodic orbit with respect to ¢ satisfying (1-1) is an equilibrium
state for g¢ — t(q)log||DT]||, it is not hyperbolic. The next result relates the first-
order phase transition point to generalized indifferent periodic points with respect to
qop —t(q)log||DT]|. Let {X,-}l.l‘i1 (M < o0) be a sequence of cylinders of rank one and
foreachi = 1,..., M we denote A;11 := cl(int X;41). Let I'p := X and for eachi > 1
define inductively ;11 = (,2o 77" (I N AS, )(C Th).

LEMMA 5.1. (cf. [20, Theorem 8]) Let (T, X, Q) satisfy local exponential instability and
qo —t(q)log|| DT || satisfy LBD with respect to By = {Xi},M | (M < 00). Suppose that the

Borel probability measure vr;na, ., on I'i N A; 11 obtained in Lemma 2.1 satisfies

i+1

HUl"iﬂAH_] (Ql—',‘ﬂAH,l) < o0, RF,‘QAH,I dVl“,ﬂA,-H < 00.
FiNA;j4+1
If ﬂlﬂil I'; consists of indifferent periodic points with respect to q¢ — t(q)log|| DT ||,
then there exists a sequence of ergodic hyperbolic equilibrium states: {p,,-}l."i | Which are
mutually singular.

3.  Proofs

Proof of Lemma 1.1. Let x € Sy. Then v(X;, ;,(x)) = s, (for all n > 1), where
sn= K, lexp| ZZ;(]) ¢T"(x) — nPop(T, ¢)] and {K,},=1 is the weak Gibbs sequence.
Since lim;,_, »,(1/n) logs, = 0, the subexponential instability of (7, X, Q; v) is caused
by x. O

Proof of Lemma 1.2. First, we note that

inf  |DT"(w)|~" min{diam U} < diam X;, _;, (x)
wEX,']min X Ueld

< sup |IDT"(w)|I"".

wEX,‘lmin (x)

Then, by the WBV property for —log|| DT ||, we have the following inequalities,

n—1
-1 h . . . L
Cexp [};}(—logHDT(T x)||):| lr]ngl[l/l{{dlam U} < diam X;, _;, (x)
n—1
< Cyexp [Z(—loguDT(Thx)n)] )
h=0
Hence, we can obtain the desired fact immediately. O
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Proof of Theorem 1. Since xo € S _siogipr| in both cases (1-1) and (1-2), the
subexponential instability of (7, X, Q; v) follows from Lemma 1.1. Suppose (1-1). Then,
it follows the inequalities (2) that

diam X;, _;, (xo) = C, ' min{diam U},
Ueld
which implies subexponential instability of (7, X, Q). Suppose (1-2). Then, the weak
geometric property for v obtained by Lemma 1.2 allows us to see that

(diam X;, _;, (x))° = W, 'w(X;, i, (x0))

n—1
> w, 'K, exp[Z(—s lognDT(Thxo)n)] = Su.
h=0
where {K,},>1 is the weak Gibbs sequence for v. Since lim,—o(1/n)logs, = O,
subexponential instability of (7, X, Q) is valid. O

In order to prove Theorem 2, we recall basic results on jump transformations and
induced transformations. We shall consider the induced map T, over B; defined
by Tpx = TRB )y, where Rp,(x) = infln = 1 | T"x € Bj}. Define
Bi* := B\ Uj_o TB_lm(ﬂZil{RB] (x) > n}) and Qp, = {Xiliety, , where Ip, =
Unzi{Gr-.in) € I" | Xiy.i, C {Rp,(x) = n}}. Then, (Tp,, Bf, OB, = {Xi}icls)
is a piecewise CC-invertible Markov system with FRS, where B is not necessarily
compact. For a given ¢ : X — R, we define ¢p, : UZi1{RB|(x) = n} - R by

R —1
¢B,(x) = hi})(x) @#T"(x). Then, we can easily verify the following facts.
SUBLEMMA A. [20] Suppose that By consists of full cylinders. Then
(1)  Rp =RoT|p,
(i) T|B| o T, =T*OT|B|,
(i) ¢p, —sRp = (@ —sR)oT|p + (¢ —¢oTp),
(V) Pop(Ts,. ¢}5)) = Puop(T*, ¢* — sR).

Let m be a T -invariant probability measure on X satisfying m(B1) > 0. Then, it is well
known that B] C U?io T~/ B; (mod m) and m(B;) = m(Bf‘). Furthermore, m|p, /m(B1)
is a T, -invariant probability measure on Bj. In particular, if By consists of full cylinders
then by Sublemma A we have the next fact.

SUBLEMMA B. [20, Lemma 5] m* := mp, (T|p, Y=l is a T*-invariant probability
measure on X*. If m is ergodic, then both mg, and m* are ergodic and by Kac’s formula

/ Rp, dmsp, =/ Rdm* =m(B) "' = m* (X"~ L.
By X*

On the other hand, suppose that there exists a non-atomic non-singular probability
measure v on X which satisfies dvT |y, /dv|x; > 0 for v(X;) > 0 and v(ﬂn>0{R(x) >
n}) = 0. If u* is a T*-invariant ergodic probability measure u* on X* equi;alent to v,
then the next formula [11] gives a o-finite T-invariant ergodic measure on X equivalent
to v. For a measurable subset E with respect to v

W(E) =) p*({R() > n}NT™"E). 3)
n=0
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Proof of Lemma 2.2. We recall that equi-Holder continuity of {—slog|DT* o
vill | i € [I*} and exponential instability for (7%, X*, Q*) allow us to establish
Y o2 Var,(T*, —slog||DT*||) < oo and hence || £_; log)pT*| 1]l < oo fors > sq (see [20,
Theorem 3]). By applying Walters’s argument in [13], we can show the existence of
a unique equilibrium state for —slog||DT*||. Then, the strictly decreasing property of
Piop(T*, —s log||DT*||) on (so, 00) follows from infycx+ | DT*(x)|| > 1. By continuity
of s = Pop(T*, —slog||DT*||), established in [21, Proposition 2], we have a unique zero
of (BE)*. ]

Proof of Lemma 2.3. As we have observed in the proof of Lemma 2.2, there exists a unique
equilibrium state u* for —s log|| DT *|| in the sense of P. Walters which is equivalent to v.
Then, our assumptions allow us to see that 0 = h;+(T*) — s fx* log||DT*|| du*. O

Proof of Lemma 2.4. First, we remark that Var,(—log||DT|) — 0 asn — oo. This
fact allows us to see that —s log||DT o m|| is a continuous function on ¥ satisfying the
WBYV property and Piop(T, —s log||DT||) = Prop(o, —s log||DT o m||). Then, the desired
result follows from the variational principle for countable Markov shifts proved in [3,
Theorem 2.4]. O

Proof of Theorem 2. (2-1) follows from Lemmas 2.1-2.2 and (2-2) follows from

Sublemma B, the formula (3) and Lemma 2.3. Define

= hiw (o)

8 :=sup —
[5 1og| DT o || dm

‘ m e M(,(E),/ log||DT om| dm > 0
)

and either Az (0) < o0 or / log||DT o || dm < ocois satisﬁed}.
b

For proving (2-3), first we show that for all 0 < s < &, Pop(T, —s log||DT])) > 0.
Fore :=§ —s > 0, we have m € M,(X), which satisfies fz log||DT o | dm > 0,
either hz (o) < 0o or 5 log| DT o | dm < oo and hy(0)/ [x log| DT o 7| dim > & —
€ =5 > 0. Hence, hiz(0) — s [, log||DT o 7|l dm > 0 and so

Piop(T, —s log||DT'||) > h(0) — s/ log|| DT o | dm > 0.
)

Next, show that for all s > 3, Piop(T, —slog||DT ||) = 0. Suppose Pop(T, —s log||DT||)
# 0. Since there exists xg, a periodic point with period ¢ satisfying (1-1), we have

144
Pup(T, —slog| DT ) = — > (=slog| DT(T"x0)|) =0,
h=0

which implies Pyop(T', —s log||DT||) > 0. Then, by Lemma 2.4 we have that for all € > 0,
there exists m € My (X) satisfying either sz (o) < oo or fz log||DT o || dm < oo and

hy (o) — s/ log|| DT o m||dm > Piop(T, —slog||DT|)) — €.
b
In particular, for 0 < €9 < Piop(T, —s log|| DT ||), we have m € M, (X) satisfying

hi(o) — s/ log||DT o m||dm > Piop(T, —slog|DT||) — € > 0. 4)
b
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We recall that m := m,m(= mmx ') € M7(X) is supported on 7 (). If m(B;) > 0, then,
by Sublemmas A and B,

log|| DT || dm
/ log|DT*| dm* :/ log||DTg, || dmp, = M > 0,
X B m(By)

so that hz(0)/ [y log| DT o w||dm > s and hence § > s. If m(B;) = 0, then
m(Us2{R(x) = n}) = 0 because {R(x) = n} C T-""VB; forn > 2. Since
X = U2 {R(x) = n} U,50{R(x) > n} we have m(ﬂnzo{R(x) > n}) = 1, which
implies that m is supported on the periodic orbits satisfying (1-1). From this fact, we see
that [y log| DT o m||dm = [y log||DT|dm = 0. Hence, if hz(c) > 0 then for all
s' €R,

Piop(T, —s"10g| DT ||) = hz(o) — S'/ log||DT o || dm > 0,
z

which contradicts the existence of a zero of (BE) in (2-1). Hence, we have hy (o) = 0
and hz (o) — s fz log|| DT o m|| dm = 0, which gives a contradiction to the inequality (4).
From these observations, Piop(T, —slog|| DT |) > 0 implies s < § and we can conclude
that § is the smallest zero of (BE). Note that the T -invariant ergodic probability measure 1
obtained in (2-2) equivalent to v satisfies (| J;c; 8X;) = 0. Hence, 7*11 € My (%) and
p = m(T*u) € Mr(X). Since s = h, (T)/[y log|| DT || dp = hap(0)/ [ logl|DT o
7 || dv* u for the unique zero s > 0 of (BE)*, we have s < §. On the other hand, since
§ is the smallest zero of (BE) and by (2-1) the unique zero s > 0 of (BE)* satisfies
Pop(T, —slog||DT ) = 0, we can establish s > §. We denote

5 := sup {L me Mr(X),0 < / log|| DT || dm < oo}
[y log| DT || dm ’ x

Finally, it follows from the inequalities s = hu(T)/fx log|DT||du < 8 < & that

s = 8 = § for the unique zero s > 0 of (BE)*. We thus complete the proof. a

Proof of Lemma 3.2. d,,(x, Q) = s follows immediately from the weak geometric
property of m. By the generating property of Q, for each n > 1 we can choose
rm > 0and k > 0 such that X;; ;,(x) D B(x,7n) D Xij.ininy1.inss (X).  Since
lim;, 0 log diam X;, ., (x)/logdiam X;,_;, (x) = 1, if diu(x, Q) exists then d;,(x)
exists, so that d,, (x, Q) = d, (x). O

Proof of Lemma 3.3. By the inequalities (2) we have o (x) := lim,— o0 (1/n) logo,(x) =
—limy— 00 (1/n) log|[ DT" (x)]|. o

Proof of Lemma 3.4. First, we recall that m(ﬂnzO{R > n}) = 0 implies m(By) >
0as 1 = m(UjZifR = n}) < Yp2,m({R > n} N T "Bj). Hence, by
Sublemmas A and B m-a.e. x € X lim,_, o (1/n)log||DT" (x)|| = fx log|| DT ||dm =
m(Bl)fB1 log||DTg, ||dmp, = m(Bi) [y. log| DT*||dm*. The desired result follows
from the uniformly expanding property of 7*. a

Proof of Theorem 3. (3-1) follows from Lemma 3.1 and (3-2) follows from Theorem 1.
(3-3) follows from Remark H, that is,

K <v(Xi i, (x0) <v({x € X | R(x) > n}),

n
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where {K,},>1 is the weak Gibbs sequence for v. Hence, we can take s, = K,,. Since u
satisfies the assumptions of Lemma 3.4, u is hyperbolic and hence v is a (quasi-)hyperbolic
weak geometric measure with exponent s = hu(T)/fx log||DT||di > 0. Hence, it
follows from Lemma 3.2 that d,(x) = dy(x, Q) = s v-ae. x € X and s < dimy X.
For establishing an upper bound of dimg X, we first note that for eachn > 1,

n—1 o0
U v(f.---f,»(X):X\(UT*_m<ﬂ{R>j}>>.
(iy-iy) €l m=0 =0

This equality shows that { Ug, i yer Vii,.i (X},
countable covers of X*. Since

V(i,..i,)(X) C B(x, diamf{vg, i )(X)})

Sy isa nested sequence consisting of

for some x € v, i) (X) the s-dimensional Hausdorff measure of X*, H,(X™) satisfies

Hy(X*) < Y @diam{v;,_;, (X)})*.
Qi el™
Secondly, we recall that by summable variation of —log|| DT *|| the s-conformal measure v
on X (supported on X*) which is a weak geometric measure with exponent s is a geometric
measure with exponent s associated to (7%, X*, 0*). Hence, there exists 1 < W < oo
such that
Hy(X*) <2°W > w(v,.i, (X)) < oo,
(iyomiy) €T

which implies s > dimg X*. Since the marginal set (), ,{R(x) > n} is a countable set,
X\ X* is also a countable set, so that dimy X = dimy X *. We thus complete the proof. O

Proof of Lemma 4.1. We remark that for ¢, ¥ € Wi (T) both 7*¢ and 7*(¢ + ) are
continuous functions on ¥ satisfying the WBV property. Hence, it suffices to apply the
variational principle for countable Markov shifts proved in [3, Theorem 2.4]. O

Proof of Theorem 4. Suppose that m, my € My (X) with m; # my are equilibrium states
for ¢. Then, by Lemma 4.1, we see that for all > O and all /' € C(X)

Ptop(Ta ¢ + tf) - Ptcvp(T’ ¢) - Ptcvp(Ta ¢ + t(_f)) - Ptcvp(Ta ¢)

t > mi(f) > - (=12
and we can establish forall f € C(X) andi =1, 2
lim, 10 Piop(T, ¢ + tft) — Piop(T, ¢) > m; (f)
> im0 Prop(T, ¢ + t(—J;)) — Piop(T, ¢).
If Pyop(T, .) is differentiable at ¢, then we have a contradiction to m # m;. O

Proof of Proposition 5.1. Define P(q) := Pwop(T, q¢ — t(g)log|| DT||). Then, Pﬁr(q) =
P’_(g) = 0 because of P(¢) = 0. By Lemma 4.1, we can establish the next fact.

SUBLEMMA C. Let n € M7 (X) be an equilibrium state for q¢p — t(q) log||DT || with
u(log||DT) # 0. Then we have t’ (q) < j1(¢)/n(log|| DT ||) < t', (¢).

The desired result follows from Sublemma C. O
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