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Abstract. We prove that for a wide family of non-uniformly hyperbolic maps and
hyperbolic potentials we have equilibrium stability, i.e. the equilibrium states depend
continuously on the dynamics and the potential. For this we deduce that the topological
pressure is continuous as a function of the dynamics and the potential. We also prove
the existence of finitely many ergodic equilibrium states for non-uniformly hyperbolic
skew products and hyperbolic Holder continuous potentials. Finally, we show that these
equilibrium states vary continuously in the weak™ topology within such systems.
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1. Introduction
The study of probability measures, which remain invariant under the action of a dynamical
system, provides relevant information about the topological behavior of its orbits. For
instance, Poincaré’s recurrence theorem states that the orbit of almost every point with
respect to any invariant probability measure returns arbitrarily close to its initial state.
When the dynamics has more than one invariant probability measure, an efficient way
to choose an interesting one is to select those maximizing the free energy of the system,
which are called equilibrium states.

More formally, given a continuous map 7 : X — X defined on a compact metric space
X and a continuous potential ¢ : X — R, we say that a T-invariant probability measure
w on the Borel sets of X is an equilibrium state for (T, ¢) if it satisfies the following
variational principle:

)+ [oau= sip fn(m+ [oan)
nePr(X)
where Pr (M) denotes the set of T-invariant probability measures on the Borel sets of X,
which we always consider endowed with weak* topology.

The theory of equilibrium states was initiated by Sinai, Ruelle, and Bowen (SRB) in
the 1970s through the application of techniques and results from statistical mechanics
to smooth dynamical systems. In the pioneering work [29], Sinai studied the problem
of existence and finiteness of equilibrium state for Anosov diffeomorphisms and Holder
continuous potentials. This strategy was extended by Ruelle and Bowen in [8, 25, 26] to
the theory of uniformly hyperbolic (Axiom A) dynamical systems.

In the non-uniformly hyperbolic setting in dimensions greater than one, several
advances were obtained by Sarig (see [27, 28]) and Buzzi [11], who studied countable
Markov shifts, and Buzzi, Paccaut, and Schmitt [10], who studied piecewise expanding
maps. Arbieto, Matheus, and Oliveira [6], Oliveira and Viana [20], and Varandas and
Viana [30] studied certain classes of non-uniformly expanding maps.

The problem of existence and finiteness of equilibrium states for partially hyperbolic
systems has been fraught with greater challenges. In [9], Buzzi ef al obtained the
uniqueness of the maximal entropy measure for partially hyperbolic maps derived from
Anosov. Climenhaga, Fisher, and Thompson in [14, 15] addressed the question of the
existence and uniqueness of equilibrium states for Bonatti—Viana diffeomorphisms and
Maiié diffeomorphisms for suitable classes of potentials. Castro and Nascimento in [12]
showed the uniqueness of the maximal entropy measure for partially hyperbolic attractors
semi-conjugated to non-uniformly expanding maps. For a family of partially hyperbolic
horseshoes introduced by Diaz et al in [17], the existence of equilibrium states for any
continuous potential was proved by Leplaideur, Oliveira, and Rios in [19]. Later, Rios and
Siqueira [24] proved the uniqueness of equilibrium states for a class of Holder continuous
potentials with small variation, which do not depend on the stable direction. Recently,
Ramos and Siqueira [22] extended this result to a broader class of Holder continuous
potentials.

Once we have established the existence and finiteness of equilibrium states, a natural
question that arises is how do the equilibrium states vary with the underlying dynamics
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and the potential? Actually, one of the main goals in the field of dynamical systems is to
understand how the behavior of the system changes under perturbations of the underlying
dynamics. The concept of structural stability was introduced by Andronov and Potryagin
[4] and states that the whole orbit structure remains unchanged under small perturbations.
Nevertheless, structural stability has been proved to be a concept that is too strong in
the sense that many relevant models are not structurally stable, whereas some of the
properties of their dynamics remain unchanged after small perturbations. Motivated by
this, Alves and Viana introduced in [3] the notion of statistical stability, which expresses
the persistence of statistical properties in terms of the continuity of the physical measure.
In the aforementioned work, Alves and Viana considered a robust class of maps with non-
uniform expansion and proved that the referent (unique) SRB measure varies continuously
with the dynamics in the L'-norm.

In the present work, we introduce the concept of equilibrium stability, meaning the
persistence of the equilibrium states under small perturbations of the underlying dynamics
and the potentials. In [30], Varandas and Viana proved statistical stability for a class of
non-uniformly expanding local homeomorphisms on compact manifolds. Moreover, they
show that if the topological pressure function depends continuously on such systems, then
equilibrium stability holds for Holder continuous potentials without a very large variation.
The subsequent works [7, 13] by Bomfim, Castro, and Varandas studied the continuity and
even differentiability of several thermodynamical quantities for certain classes of non-
uniformly expanding dynamical systems and potentials with small variation. Here we
consider a family of non-uniformly expanding maps and hyperbolic potentials and prove
that the topological pressure varies continuously within this family. This enables us to
derive that this family is equilibrium stable.

We also consider skew products over non-uniformly expanding maps with uniform
contraction on the fiber. For this kind of system, Ramos and Viana in [23] showed the
existence of finitely many ergodic equilibrium states for hyperbolic potentials that do not
depend on the stable direction. Here we give a sufficient condition on the fiber dynamic
to enlarge the class of potentials for which there exists finiteness. We use the strategy of
Ramos and Siqueira [22] to prove that the independence of the stable direction required
in [23] is not necessary. We prove that given a hyperbolic Holder continuous potential
we can construct a homologous potential that is still hyperbolic and Holder continuous,
but does not depend on the stable direction. This allows us to prove the finiteness of
equilibrium states. Finally, we obtain equilibrium stability for a family of skew products
and hyperbolic potentials. We believe that these results can be an important step towards
understanding the more difficult class of partially hyperbolic diffeomorphisms with a non-
uniformly expanding central direction and a uniformly contracting direction.

This work is organized as follows. In §2 we define the equilibrium stability and precisely
state our main results. In §3 we recall the definition of relative pressure and some classical
results in functional analysis. In §4 we show the continuity of the topological pressure as a
function of the base dynamics and the potential. From this result we derive the stability of
equilibrium states associated to non-uniformly expanding maps and hyperbolic potentials.
In §5 we prove the existence of finitely many ergodic equilibrium states and we extend the
equilibrium stability obtained for the base dynamics to the skew product. We also prove
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the continuity of the topological pressure function. Finally, in §6 we describe some classes
of examples which satisfy our results.

2. Statement of results

Let M be a compact Riemannian manifold and F a family of C! local diffeomorphisms
f:M — M. Given o > 0, consider C*(M) the space of Holder continuous potentials
¢ : M — R endowed with the seminorm

Pl = sup lp(x) — @(y)]
“ x#y d(x, Y)a

and the norm
lelle = llello + l¢le,

where || |0 denotes the sup norm in C O(M). We shall always consider F x C*(M)
endowed with the product topology. Assume that H is a subset of F x C%(M) such that
each (f, ¢) € H has a unique equilibrium state p r,4. We say that H is equilibrium stable
if the function assigning to each (f, ¢) € H of its unique equilibrium state 1 ¢ € Pr(M)
is continuous.

2.1.  Non-uniform expansion. Given ¢ > 0, define ¥.(f) as the set of points x € M
where f is non-uniformly expanding, i.e.

n—1

1 )
lim sup — 3 " log || Df (/)7 < —c. (1)
i=0

n——+00

We say that ¢ : M — R continuous is a c-hyperbolic potential for f if the topological
pressure of ¢ (with respect to f) is equal to the relative pressure of ¢ on the set X.(f);
for the definition of topological pressure relative to a set, see §3. Proposition 3.1 gives, in
particular, that the set of c-hyperbolic potentials for f is an open subset of C*(M). The
existence of only finitely many ergodic equilibrium states for (f, ¢) with c-hyperbolic ¢
was established in [23, Theorem 2]. In addition, under the assumption that

{f7"(x)}n>0 isdensein M forallx € M, (%)

the uniqueness of the equilibrium state is also established. Clearly, condition (x) holds
whenever f is strongly topologically mixing, i.e. if for every open set U C M there is
some N € N such that fV(U) = M. Given ¢ > 0, define

He ={(f, ) € F x C*(M) : ¢ is c-hyperbolic and (*) holds for f}.

In our first result we obtain the continuous dependence of the equilibrium states over the
elements in the family #..

THEOREM A. The family H, is equilibrium stable.

As a byproduct of our method to prove Theorem A, we obtain, in Corollary 4.3, the
continuity of the topological pressure within the family ..
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2.2.  Uniformly expanding maps. Theorem A has a simple but interesting consequence
for uniformly expanding maps. Letting £ C F be the set of uniformly expanding maps,
for each f € £ we have X.(f) = M for suitable (locally constant) choices of ¢ > 0 and
the norm in M. Moreover, it is well-known from the classical theory that each (f, ¢) €
&€ x C*(M) has a unique equilibrium state (4 and (x) holds for all f € £. The next
result is then an immediate consequence of Theorem A.

COROLLARY B. We have that £ x C*(M) 3 (f, ¢) —> w1, € Pr(M) is continuous.

Although not explicitly stated anywhere in the literature, to the best of the authors’
knowledge, we believe that Corollary B can probably be considered a folklore result by
experts in the field.

2.3. Skew-product maps. In the second part of this work, we study skew products over
non-uniformly expanding maps. Let N be a compact metric space with a distance dy and
let g: M x N — N be a continuous map, which is a uniform contraction on N, i.e. there
exists 0 < A < 1 such that for all x € M and all y;, y» € N we have

dn(g(x, y1), g(x, ¥2)) < Adn(y1, y2). ()

We assume that there exists some yg € N such that g(x, yp) = yo for every x € M. We
define a family S of skew-product maps F : M x N — M x N such that

F(x, y)=(f(x), g(x, y)

for all (x, y) € M x N, where the base dynamics f : M — M belongs to F and the fiber
dynamics g : M x N — N satisfies (2). For notational simplicity, we shall denote the base
dynamics of F by br.

Given ¢ >0 and F € S we say that a continuous function ¢ : M x N - R is a c-
hyperbolic potential for F if the topological pressure of the system (F, ¢) is equal to
the relative pressure on the set X.(f) x N. Our second main result states the finiteness of
equilibrium states for skew products with respect to hyperbolic potentials.

THEOREM C. Let F € S and ¢ : M x N — R be a Hélder continuous and c-hyperbolic
potential for F, for some c > 0. Then there exists a finite number of ergodic equilibrium
states for (F, ¢).

We point out that if the fiber N can be decomposed as a finitely union N =N; U - - - U
N, of pairwise disjoint compact sets N1, . .., Ny, then the condition g(x, yp) = yo for all
X € M can be replaced by g;(x, y;) =y; forallx € M andsome y; e N;,i=1,...,n.In
fact, because M x N is a product space and N = N; U - - - U N,, we may define n fiber
dynamics g; : M x N; — N; by gi(x, y) =g(x,y) when y € N;, foreachi =1, ..., n.
See Example 6.3.

The conditions on the fiber dynamics allow us to enlarge the class of potentials
considered in [23, Theorem 3], where the independence of the stable direction on the
potential was required.

Given ¢ > 0, consider

Ge={(F,$) €S x C*(M x N): ¢ is c-hyperbolic and (x) holds for bp}.
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It easily follows from Lemma 5.3 below that each F € S with (x) holding for bp
necessarily has a unique equilibrium state. Our next result establishes the continuity of
such equilibria within this family.

THEOREM D. The set G, is equilibrium stable.

3. Preliminaries

To make this work self-contained, we present here some basic definitions and results that
will be used in the following sections. We start by defining relative pressure through the
notion of dynamic balls. This is the approach from dimension theory and is very useful in
computing the topological pressure of non-compact sets.

3.1. Topological pressure. Let X be a compact metric space. Consider T : X — X and
¢ : X — R both continuous. Given § > 0, n € N and x € X, consider the dynamic ball

Bs(x,n)={y e X :d(T?(x), T'(y)) <8, for0< j <n}.
Consider for each N e N
Fn={Bs(x,n):x € Xandn > N}.
Given A C X denote by Fy(A) the finite or countable families of elements in Fy that
cover A. Define forn e N
S$u () = $() + ST () + -+ ¢(T" (x)).

and

Rusp(x) = sup  S$,¢(y).
yEBs(x,n)

Given a T -invariant set A C X, not necessarily compact, define for each y > 0

mT(¢7 A, 8’ Na V) = inf { Z g—VVH‘Rn.W(X)}'

USTNII . Gomrett
Define
mr (¢, A, 8, y)= lim mr(p, A, 8, N,y),
N—+o00
and

Pr(¢, A, 8)=inf{y >0 |mr(d, A, 8, y) =0}
Finally, define the relative pressure of ¢ on A as
Pr(¢. A) = gl_r)r%) Pr(¢. A, ).
The topological pressure of ¢ is, by definition, Pr (¢, X) and it satisfies
Pr(¢) =sup{Pr(¢, A), Pr(¢, A}, 3)

where A€ denotes the complement of the set A on M. We refer the reader to [21] for the
proof of (3) and for additional properties of the pressure. See also [32, Theorem 4.1] for a
proof of the fact that

Pr(¢)=sup {hn(T)+/¢d'7}- “)

nePr(X)
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Consider C%(X) the space of continuous functions from X to R, endowed with the
supremum norm.

PROPOSITION 3.1. Let A C X be a T-invariant set and ¢ € CO(X). If Pr(¢, A€) <
Pr(¢, A) = Pr(¢), then there exists ¢ > 0 such that for each ¥ € CO(X) with | — ¢|| <
¢ we have Pr(y, A°) < Pr(y, A) = Pr(y).

Proof. Let ¢ € CO(X) satisfy Pr(¢, A¢) < Pr(¢, A) = Pr(¢). Fix g4 > 0 such that
Pr(¢, A°) < Pr(¢) — &4. Recalling that the topological pressure depends continuously
on the potential ¢ € CO%X) (see e.g. [31, Proposition 10.3.6]), given 0 < & < &4 we can
find ¢ > 0 such that for any ¥ € C%(X) with ||/ — ¢|| < ¢ we have Pr (/) > Pr(¢) — .
For every y € R we have

mr (Y, A, 8, N, y)=_inf o~ VR s Y (x)
rw v) uc]—‘N(Af){ Z
Bs(x,n)eld

< inf { Z e YnHintRy s (x) }
UCFN (A Bs(x,n)eld

=mr(p, A, 8, N,y —¢),
and, therefore,
Pr(y, A) < Pr(¢p, A) —¢ < Pr(¢) —eg — ¢ < Pr(¢p) —e < Pr(y).
Hence, for any ¢ € C%(X) with || — ¢|| < ¢ we have
Pr(y, A°) < Pr(y, A) = Pr(¥),

which gives the desired conclusion. O

Now we introduce the definition of hyperbolic potentials. Let M be a compact
Riemannian manifold and let f: M — M be a local C! diffeomorphism. Consider the
set X.(f) asin §2.1. We say that ¢ : M — R continuous is a c-hyperbolic potential for f
if

Pp(, (Zc(f))) < Pr(d, Zc(f) = Pr(@).

Proposition 3.1 gives, in particular, that the hyperbolic potentials form an open class in the
CY-topology.

3.2. Cones. We will also use a few tools from classic functional analysis that we present
here. Let E be a Banach space over K =R or C. We say that a closed and convex set
{0} #C C E isaconein E if:
(i) forallA>0:1C CC;
(i) CnN(-C)={0}.
A cone C defines a partial order in E through the relation
x<y<=y—xeC.
We say that a cone C C E is normal if

thereexists y e R:0<x <y = |lx|| < ¥yl
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Assume that E is a Banach space partially ordered by a normal cone C with non-empty
interior and 7 : E — E is abounded linear operator. We say that T is positive (with respect
to C) if T(C) C C. Note that if T is positive, then 7 (x) < T'(y) whenever x < y. The
spectral radius of T is defined by

F(T) = lim YT,

The dual space of E is defined by
E* ={x*: E — K| x* is linear and bounded}

and the dual operator of T is T* : E* — E* defined for all x* € E* and all y € E by

T*(x*)(y) = x"(T ().
Given x* € E*\{0} and ¢ € R, we define the real hyperplane

H=Hx" c)={y e E|Rx"(y) =c},

where Ra denotes the real part of a € C. We say that H separates the sets Eq, E; C E if

sup Rx*(y) <c < inf Rx*(z).
yeE; z€Ey
Given a cone C C E, we say that x* € E* is a positive functional (with respect to C) if
Rx*(w) > 0 for all w € C. The dual cone C* is the cone given by all positive functionals.

A classical result due to Mazur can be stated as follows: let E be a Banach space
and C C E a convex set with non-empty interior. If C1 # 0 is a convex set such that C1 N
int(C) = 0, then there exists a closed real hyperplane that separates C and C1. For a proof,
see e.g. [16, Proposition 7.12].

We end this section with a useful corollary from Mazur’s theorem. This is somewhat of
a folklore result, but for the sake of completeness we present its proof here.

LEMMA 3.2. Let E be a Banach space partially ordered by a normal cone C with non-
empty interior. Let T be a positive-bounded operator on E. Then the spectral radius of T
is an eigenvalue of the adjoint T*, associated to an eigenfunctional x* € C*.

Proof. Defining Eg = {r(T)x — Tx : x € E}, we start by showing that Ey N int(C) = ¢.
Assume by contradiction that Eg N int(C) # @. This means that there exist x € E and y €
int(C) such that y = r(T)x — Tx. Thus, there exists § > 0 such that y — §(—x) € int(C) C
C,and so y > §(—x). Using that T (—x) = r(T)(—x) + y, we easily deduce that

T(—x) = (r(T) + 8)(—x).
By linearity and positivity of 7', we obtain for alln € N
T"(=x) = (r(T) + 8)" (—x).

On the other hand, since we are assuming the cone C with non-empty interior, there must
be a € C and & > 0 such that a + §’(—x) > 0. Taking K = 1/§’ we obtain Ka —x >0
and

T"(—x) + (r(T) + 8)"(Ka) = (r(T) + 8)"(—x + Ka) = 0.
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Since C is a normal cone, by definition there is y > 0 such that
YIT"(=x) + [r(T) + 81" Kal = |[r(T) + 81" (—x + Ka)|.

It easily follows that for all odd n € N we have

Jy I = xIIT" = [r(T) + 811 Ka — x|l — ylIKal,
taking a limit in n we obtain »(7) > r(T) + §, which is absurd. Hence, we must have
EoNint(C) = 4.
Now since Eg and C are convex sets (E is actually a vectorial subspace of E), Mazur’s
theorem guarantees the existence of a closed real hyperplane separating them. This means
that there exist ¢ € R and a non-trivial continuous linear functional x* € E* such that

sup Rx*(x) <c¢ < inf Rx*(y).
xeE yeC
Since 0 belongs to both Eg and C we must have ¢ = 0. Moreover, as Ej is a vectorial
subspace of E we necessarily have x*(x) =0 for all x € Ey. This implies that for all
x € E we have

x*(r(T)x — Tx) =0,

which is equivalent to
T*x*(x) =r(T)x*(x).

This gives, in particular, that the spectral radius of T is an eigenvalue of T*. Moreover,
since Rx*(y) > 0 for all y € C, and so we have x* € C*. O

3.3. Hpyperbolic times. Consider f € F and X.(f) as in §2.1. In order to explore the
non-uniform expansion on the set ¥.(f) we use the following concept introduced in [1]
and generalized in [2]. We say that n is a hyperbolic time for x if

n—1

]_[ IDF(f N~ <e % foralll <k <n.

j=n—k

Observe that as we are assuming maps with no critical/singular sets, the definition of
hyperbolic times given in [2, Definition 5.1] reduces to the definition we present here.
Condition (1) of non-uniform expansion is enough to guarantee the existence of infinitely
many hyperbolic times for the points in X.(f). For a proof of the next result see [2,
Lemma 5.4].

LEMMA 3.3. Each x € £.(f) has infinitely many hyperbolic times.

The next result shows that the iterates of a map at hyperbolic times behave locally as
uniformly expanding maps. We refer the reader to [2, Lemma 5.2] for the proof of the first
item and [2, Corollary 5.3] for the second one, with ¢ playing the role of log |det Df| in
the latter case.

LEMMA 3.4. There exist K, 81 > 0 such that for every 0 < & <31 and every hyperbolic
time n for x € M the dynamic ball B (x, n) is mapped diffeomorphically under " onto the
ball B(f"(x), €). Moreover, for all Hlder continuous potentials ¢ and all y, 7 € Bs(x, n)
we have
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() d(f ), 7)) < e~ (), f1(2)) foreach 1 < j <n;
(11) I/K E gS"¢(y)_Sn¢(Z) E K

Remark 3.5. The constant §; > 0 in the previous lemma can be taken uniform in a
neighborhood of f € F. Actually, §; is obtained as the conclusion of the Claim in the
proof of [2, Lemma 5.2] with 0 = e~ /2 where the only requirement is that

IDF )~ < e IDF @, 5)
for any 1 < j <n and any y in the ball of radius 28;¢~%//* around f"~/(x). In our
situation, where f is a local diffeomorphism on a compact manifold, we can clearly choose
81 > 0 sufficiently small so that

IDf )~ < e IDfF@7
whenever d(y, z) < 2681. This choice of §; is naturally sufficient for (5) to hold and can be
taken uniform in a neighborhood of f in the c! topology.

3.4. The reference measure. Let C°(M) be the space of continuous functions
¢ : M — R endowed with the sup norm. Fix ¢ > 0 and define for (f, ¢) € H, the transfer
operator

Lpy:COM)— CO(M),
associating to each ¢ € C 0(M) the continuous function Lr(p): M — R defined by

Ligpx) = > Dp(y).
yef~tx)
We clearly have that L4 is a bounded linear operator. Moreover, considering cO(M)
ordered by the cone C of non-negative functions, we have that £ 7,4 is a positive operator.
For each n € N, we have

Loy =Y 0y,

yefTx)
where S, ¢ denotes the Birkhoff sum
n—1
Sup(X) =Y (£ (x)).
j=0

Using that ||£’} ® | = ||£'} ¢1|| for all n > 1, we can easily deduce that the spectral radius
Ay of Ly satisfies
deg(f)e™? < hpg < deg(f)e™P?. ©)

As we are considering L4 : cO%(M) = CO(m), by the Riesz—Markov theorem, we may
think of its dual operator /.3*}’ 6" P(M) — IP(M). Moreover, we have

/qodﬂf?,w:/ﬁf,gb(w) dn,

for every ¢ € C%(M) and every n € P(M). It follows from Lemma 3.2 that for each
(f, ¢) € H, there exists a probability measure v, 4 satisfying

Ligvie =A1evres
where A 7,4 is the spectral radius of L 4.
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The next result gives a Gibbs property for the measure vy,4 at hyperbolic times. Our
proof follows closely the proof of [23, Proposition 5.2], where similar conclusions hold
for the spectral radius A 1,4 and the respective eigenmeasure vy, .

LEMMA 3.6. Given (f, ¢) € H. and assuming L”}’d)v = Av for some ). € Randv € P(M),
then supp(v) = M. Moreover; for all ¢ < &1 there exists C = C(¢) > 0 such that if n is a
hyperbolic time for x € M, then

L v(Bexin)
~exp(Spe(y) —nlogi) —

forall y € B;(x, n).

Proof. Since v is an eigenmeasure associated to A, it follows that if A is a Borel set
such that f|4 is injective, then for any sequence {y}s in C O(M) that converges to the
characteristic function x4 of A for v almost every point we have

(e ) = Liv(e ) = /M Ly(e™ ) dv =5 v(f(A)).
As the first member converges to f N re~?® dv, we conclude that
V(f(A) = /A re™? dv.
In particular, if £¥|4 is injective it follows that
v(FkA)) = /A Aee=5k9 gy,

Let U C M be an arbitrary open set. From the density of the pre-orbit {f~"(x)},>0
for every point x € M we have the inclusion M C | J;oy f¥(U). Since each f* is a
local homeomorphism we can decompose U into subsets V;(k) C U such that f k|Vi(k)
is injective. Using the fact that v is an eigenmeasure, we deduce that

I=v(M) <) (W) < ZZfV Ae=S000 gy)
k ki

i (k)

< Z Ak Z sup (eS¢ u(V; (k).
& i xeVitb)
Hence, there exists some V;(k) C U such that v(U) > v(V;(k)) > 0. Thus, we have
supp(v) = M.

Consider now x € M and n € N a hyperbolic time for x. Since f” maps the hyperbolic
dynamic ball B;(x, n) homeomorphically onto the ball B(f"(x), ¢€), it follows that there

exists a uniform constant y, > 0 depending on the radius ¢ of the ball such that

Ye < V(B(f"(x), ) = v(f"(Be(x, n))) = / Ae=51%@ gy < 1.
B (x,n)

Using the Holder continuity of the potential ¢, we apply the distortion control on
hyperbolic times (Lemma 3.4) to obtain

0 —Supin € P —Spp ()41 log A
Vgsz(m?»e " ydeSKe nPIT8 2y (B (x, n))

<K / Me S gy < K.
B (x,n)
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Hence, there exists C = C(g) > 0 such that

oot V(Bexim)
= exp(S,¢(y) —nlogh) —

forall y € B:(x, n). O

LEMMA 3.7. For each (f, ¢) € He we have Ay =eP7 P and this is the only real
eigenvalue of C’} o

Proof. The fact that A ¢ = eP7® has been proved in [23, Proposition 5.1]. Assume now
that L gV =MV for some A € R and v € P(M). As every point x € X.(f) has infinitely
many hyperbohc times, for ¢ > 0 small we can fix N > 1 sufficiently large such that

z(HclJ U Bx,m,

n>N xeH,

where H, denotes the set of points that have n as a hyperbolic time. Using the fact that
each f"(B¢(x, n)) isthe ball B(f"(x), ¢) in M and Besicovitch’s covering lemma, it is not
difficult to see that there exists a countable family F,, C H, such that every point x € H,
is covered by at most d = dim(M) dynamical balls B, (x, n) with x € F;,. Hence,

Fn={B:(x,n):x € F,andn > N}

is a countable open covering of X.(f) by hyperbolic dynamic balls with a diameter less
than ¢ > 0.

Take now any y > log 1. Recalling the definition of relative pressure given in §3 we
apply Lemma 3.6 to each element in F to deduce that for some C =C(e) > 0 we have

SO ek tRLom
B:(x,n)eFy

Hence,

Z e VTR () o & Z e~ (r=loghn G p—(y—logHN
Be(x,n)eFN n>N

Taking the limit in N we obtain
m}‘(¢» EC(f)7 g, )’) = hm mf(¢v EC(f)7 &, Nv 7/) = 0
N—+o00
As this holds for arbitrary ¢ > 0 and y > log A we necessarily have

Pr(¢, Xc(f)) <log .

Now, since ¢ is a hyperbolic potential and A ¢ is the spectral radius of L’}’ o We obtain

logh <loghysg = Pr(¢) = Pr(¢, Xc(f)) <loga,

thus having proved the result. O
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4. Equilibrium stability

In this section we finish the proof of Theorem A. Let B(C*(M)) be the space of bounded
linear maps from C*(M) to C¥(M), considering the norm || |, in the first space and
I llo in the second space. As we have the functions f and ¢ Holder continuous for
(f, ¢) € H,, one easily sees that

Ly (C*(M)) C C*(M).

We introduce a map
r:H. — B(C*(M)),

assigning to each (f, ¢) € H, the restriction of L, to C*(M). In the next result, we shall
deduce the continuity of I', which obviously implies the weaker pointwise convergence:
for any v € C*(M) we have Ly, 4, () converging to L4 () in the C%-norm. This
pointwise convergence is actually what we need for what comes next. However, as the
proof of this statement is essentially the same as the weaker pointwise convergence, we
leave this stronger version here.

LEMMA 4.1. We have that T is continuous.

Proof. Given (f, ¢) € H., let (f,, ¢n)n be an arbitrary sequence in H, converging to
(f, ¢). Foreach x e M and i =1, ..., deg(f) denote by y; the preimage of x under
f. Since deg(f,) =deg(f) for all n € N, it follows that there exists a unique point y; ,,
preimage of x under f;,, in a neighborhood of y; for every i =1, ..., deg(f). We point
out that the sequence (y; ), converges to y; when n goes to infinity. In fact, let z be an
accumulation point of (y; ,),. From the uniform convergence of (f,), to f we have that
the sequence (f, (yi.n))n converges to f(z). Since f,(y;.») = x for all n, we conclude that
Z=Yi.
By definition of the operator norm in B(C%(M)), we have

ILsp — Lfg,ll= sup [1Lrg (@) — L, ¢, (@llo
lelle<1

deg(f)

= sup sup Y [e?OPp(y;) — e”Oing(y )|
lolle<1 xeM i=1

deg(f)
< sup sup Z |(p(yi)||e¢(yi)_e¢n()’f,n)|
lele<l xeM ;=
deg(f)

+ sup sup Y [0 lp(yi) — o (yin)l.
lpla<l xeM
Since (y; n)n converges to y; and (¢,), converges uniformly to ¢ we have that each term
in the last inequality converges uniformly to zero for all ¢ € C' (M) with |||, < 1. O

Let now (f,, ¢n)n be a sequence in H, converging to (f, ¢) € H.. For notational
simplicity, for each n > 0 let A, be the spectral radius of L, 4, and A be the spectral
radius of Ly 4. In the next result we use, in particular, the continuity of I' to prove the
convergence of the spectral radius.
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LEMMA 4.2. The sequence (Ay), converges to A.
Proof. By (6) we have, foralln > 1,
deg(f)e™ P < 1y < deg(fn)e™™P .

In particular, the convergence of (f;,, ¢,) to (f, ¢) implies that the sequence (4,), admits
some accumulation point A € R satisfying

deg(f)ei“f“” <A< deg(f)esuw'

Now we prove that A coincides with A. By Lemma 3.7 it is enough to show that A is
an eigenvalue of E’]‘c‘ e Taking subsequences, if necessary, we may assume that there is
v € P(M) such that

vnﬁ)v and A, —> A.

Let us show that E?¢(U) = Av. Since C*(M) is dense in CO(M), it is enough to see that

% oM@ =Av(y)  forall € C*(M).

Using the continuity of I" and v, and the fact that v, — v, we may deduce for each
v e C(M)

L5 W) =v(Lrg ()
=o( tim, 25,0, )
= lim v(Ly, 4, (¥))
= lim v,y (Ly,., (V)
= Tim £, 5, )W)
= nEToo Aavn (Y)
=1 (y).
As Lemma 3.7 assures that A is the only eigenvalue of E’}’ o We necessarily have A = A. O

Recalling that Py(¢) =log A, as a consequence of the previous result we obtain the
continuity of the topological pressure on the set ..

COROLLARY 4.3. The function

H. — R
(fs &) —> Pr(9)

s continuous.

Now we are able to prove the equilibrium stability of the family H.. Consider, as
before, (f,, ¢n)n a sequence in H. converging to (f, ¢) € H,. For each n € N, let u,
be an equilibrium state for ( f;,, ¢,). We are going to show that any accumulation point 11q
of the sequence (u,,), is an equilibrium state for (f, ¢). We start with the invariance.

LEMMA 4.4. The accumulation point g is an f-invariant measure.
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Proof. Since each u, is f,-invariant, for any continuous function ¢ : M — R we have
[(pofndunzftpd,un —>/g0d,u0 when n — +o0.
Hence, to verify the f-invariance of p it suffices to prove that
/(pofnd,un—>/goofduo when n — +o0.
For each n € N, we may write the inequality

=

‘/¢Ofndﬂn_/¢ofdﬂo /(ﬂOfndun—/fﬂOfdun

+V¢0fdun—/<ﬂ0fduo

Combining the convergence of f;, to f and the fact that 1t is an accumulation point of the
sequence (y),, we have that each term in the sum above is close to zero for n sufficiently
large. This implies that g is f-invariant. O

Now take §; > 0 as Lemma 3.4. Consider P a finite partition of M with a diameter
smaller than 81 /2 with uo(dP) = 0. For all n > 0 and all m > 1 define the partition P}, by

Pr={Pr="PyN---Nf " (P, ;P eP,0<j<m—1}.

Given x € M, define also P;;(x) as the element P;} € P;’ such that x € P. Note that, by
definition, the sequence { P} (x)},,>1 is non-increasing in m, meaning that

Ph. 1 (x) C Ph(x) forallm=>1.

LEMMA 4.5. Forall x € Z.(f,) and all n > 0 the diameter of P))(x) goes to zero when m
goes to infinity.

Proof. Tt follows from Lemma 3.4 that if m = m(x, n) is a hyperbolic time for x € X.( fy),
then diam(P)! (x)) < e~ "4;. Since every point x € X.( f,) has infinitely many hyperbolic
times we conclude that diam(P)} (x)) — 0 when m goes to infinity for every x € X.(f,)
and all n > 0. O

Now we are ready to finish the proof of Theorem A. By [23, Lemma 4.3] we have
wUn(Ze(fn)) =1 forall n > 1. Then Lemma 4.5 gives that P is a generating partition for
all (fy, (n)- As a straightforward application of [5, Theorem 11] and Kolmogorov—Sinai’s
theorem we have

lim sup Ay, (fn) < hpu(f). @)

n— oo

Using the continuity of the topological pressure (Corollary 4.3) and the fact that u, is an
equilibrium state for (f;, ¢,), we obtain

Pr(¢)= lim Py (¢)= ggloo<hﬂn<fn)+ f ¢ dun) <o+ [ ¢ do.

This clearly implies that 11 is an equilibrium state for ( f, ¢). In the last inequality we have
used that 1, converges to 4 in the weak* topology and converges ¢, to ¢ in the C%-norm.
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5. Skew products
In this section we prove the existence of finitely many ergodic equilibrium states for skew
products with respect to hyperbolic Holder continuous potentials and their stability, namely
Theorems C and D. We point out that Theorem C enlarges the class of potentials considered
in [23], where it is also required that the potential does not depend on the stable direction.
Here we prove that this condition is not necessary.

First we extend the definition of hyperbolic potentials for skew products. Let F : M x
N — M x N be the skew product defined in §2. Recall that a continuous function ¢ :
M x N — R s a c-hyperbolic potential for F if

Pp(g, (Zc(f)) x N) < Pp(¢, Zc(f) x N) = Pr(¢9),

where X.(f) as in §2.1. In the next result we show that for every Holder continuous
potential, which is hyperbolic for F, it is possible to construct a potential homologous
to it that does not depend on the stable direction and remains hyperbolic for F. We say
that two potentials ¢, ¢ : M x N — R are homologous if there is a continuous function
u:Mx N— Rsuchthat¢ =¢ —u +uo F;

PROPOSITION 5.1. Let ¢ : M x N — R be a Holder continuous potential. There exists a
Holder continuous potential ¢ : M x N — R not depending on the stable direction such
that:

() ¢ is homologous to ¢;

(i) if ¢ is c-hyperbolic, then ¢ is c-hyperbolic;

(iii) Pr(¢) = Pr(9);

@iv) (F, ¢) and (F, ¢) have the same equilibrium states.

Proof. Let yp € N be the fixed point of the fiber dynamics. Define a function u : M x
N — R by

o
u(x,y) =y (¢po F/(x,y) —¢oFl(x, y).
Jj=0
Since (x, y) and (x, yg) are in the same stable direction, for every (x, y) € M x N and all
Jj > 0 we have
d(F/(x,y), F/(x, y0)) <A,

where A is the contraction rate of the fiber dynamics (see §2). Using the last inequality and
the 6-Holder continuity of ¢ we obtain

u(x, y) =) ¢oFl(x,y)—¢oFl(x,y)

j=0

<C Y d(F/(x,y), F/(x, y0)’
j=0

o0
<C Z 297
=0

Thus, it follows that u is well-defined and is a continuous function.
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Defining the potential ¢ : M x N — R by ¢ :=¢ —u+u o F we have that ¢ is a
continuous function homologous to ¢. Moreover, we can write

d(x, ) =¢(x,y) —ulx,y) +uoF(x,y)

=¢(x, ) =Y doF/(x,y)—¢oF/(x,y)

j=0

+ > ¢ FIt(x, y) — ¢ o FI(f(x), y0)

j=0

=¢(x, y0) + Y _ b o FIt(x, yo) — ¢ o FI(f(x), yo)

j=0

which implies that ¢ does not depend on the stable direction.
Since we are assuming that g(x, yo) = yo for every x € M, from the last equality we
obtain

GCx, ) =¢(x, y0) + Y _ b o FIH(x, y0) — ¢ o FI(f(x), y0)

j=0

=¢(x, y0) + Y _ ¢ o FI(f(x), gx(30) — ¢ o F/(f(x), y0)

j=0
= ¢(x, yo). (8)

This gives, in particular, that ¢ is Holder continuous and is a c-hyperbolic potential if ¢ is
c-hyperbolic.

The third item is a consequence of (4) and the fact that ¢ and ¢ have the same integral
with respect to any F-invariant probability measure. The fourth item is a consequence of
the third. O

Let ¢ : M x N — R be a c-hyperbolic Holder continuous potential for F. According
to Proposition 5.1 there exists a Holder continuous potential ¢ : M x N — R that is
homologous to ¢ and not depending on the stable direction. Fixing any point z € N, the
potential ¢ induces a Holder continuous potential ¢ : M — R given by

P(x) = ¢(x, 2). )

This means that considering 7 : M x N — M the natural projection onto M defined by
w(x,y) =x forevery (x, y) € M x N, we have

d=gpor. (10)

Moreover, m is a continuous semi-conjugacy between F and f. Using (4) it is
straightforward to check that

Ps(9) < Pr(o). Y

Now we are going to prove that there exists a bijection between the sets of equilibrium
states for (F, ¢) and for (f, ¢). For this we will use the following result due to Ledrappier
and Walters, the proof can be found in [18].
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THEOREM 5.2. (Ledrappler—Walters formula) Let X, X be compact metric spaces and
letT:X —> X, T:X— X, 7:X— X be continuous maps such that 7 is surjective and
#oT =T o Then

sup  hp(T) = hy(T) + / hiop(T, 771 () d(y).
5T fA=JL

LEMMA 5.3. If u e Pr(M) is ergodic, then there exists a unique ergodic measure fi €

Pr(M x N) such that u = 7, i. Moreover, i is an equilibrium state for (f, ¢) if and only

if b is an equilibrium state for (F, ¢).

Proof. Given p e P (M) the existence of ji € Pr(M x N) such that u=mji is a
classical result that we sketch as follows. Consider the functional

L(hon):/hd,u,

defined on the closed subspace of observables in CY9(M x N) that are constant on fibers
of the skew product. By the Hahn—Banach theorem we can can extend L to CO(M x N).
Since L is positive and L(1) = 1 it can be identified with a probability measure v € P(M x
N). Consider an accumulation point
1 ng—1
A= lim — (F/)yv.
Y,

k—o0 ny <4
j=0

Using the semi-conjugacy f o w = o F and the definition of L we have

1 ng—1 1 ni—1
mifi = lim ;‘) my(F)w = lim — Z(ffm*v
j: :
nip—1
— lim — J
iy S
=
1 ni—1
= 1 —_— J =
Jim Z;)(f )il = I
j:

The uniqueness of fi is a consequence of the contraction on the fibers. In fact, suppose that
f1 and fip are ergodic measures that satisfy

Tafl] = [4 = T fL2.

Let B, (F) and By, (F) be the ergodic basins of ji1 and [i5, respectively. From the uniform
contraction on fibers and the ergodicity of [i1, (2, there are Borel sets Aj, Ay C M with
A1 N Ay =) such that

B (F)=A1 xN and Bj,(F)=Az xN.

On the other hand, since p is ergodic and the sets w (B, (F)), (B, (F)) are f-invariant,
it follows that
w(m (By, (F))) = p(m (B, (F))) = 1.
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Thus, we have
(B, (F)) N (Bp, (F)) #Y

and, by the definition of 7z, we obtain that A; N A, # (. This gives (i = fip.

Now we prove the second part of the lemma. First observe that the uniform contraction
of g on the fibers gives hp(F, 7 1(x)) =0 for every x € M. Then, by the Ledrappier—
Walters formula we obtain

hp(F) =hu(f) (12)

forany u € Pr(M) and i € Pr(M x N) such that 7, i = . It follows from (4) and (11)
that

Pr(p) < Pr(9)
=s1)17p{hﬁ(F)+/d3dﬁ}
< sup {hn(f)+/ht0p(F,7T_l(x)) dn(x)+/<pdn}
< Prpn.
Thus, we must have
Pr(9) = Pr(9). (13)

Assume now that u is an ergodic equilibrium state for (f, ¢). Using (4), (10), (12), (13),
and the fact that 7, i = u, we obtain

PF<¢'>>=Pf<<p)=hu<f)+/¢du=h,1(F>+/¢'>dﬁ.

This shows that /i is an equilibrium state for (F, ¢), and so an equilibrium state for (F, ¢),
by Proposition 5.1.

Finally, assume that /i is an equilibrium state for (F, ¢). Using again (4), (10), (12),
(13), and the fact that 7t = u, we obtain

Pr@) = Pr@) =ha(F)+ [ Gdi=hu() + [ v du,
thus finishing the proof of the result. O

LEMMA 5.4. If ¢ is a c-hyperbolic potential for F, then ¢ is a c-hyperbolic potential
for f.

Proof. First observe that by Proposition 5.1, we have that ¢ = ¢ o 7 is also a c-hyperbolic
potential for F. As F contracts on fibers, for each § > 0 and each (x, z) € M x N we have

Bf (x,n) =7 (Bf ((x. 2). m)),

where the superscripts indicate the dynamics with respect to which we take the dynamic
balls. Recalling the definition of relative topological pressure given in §3, for all § > 0,
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neNand (x, z) € M x N we have
Rus¢(x, 2) = sup Snp(y, w)
(v.w)eBf ((x.2).n)

= sup Su(@p om)(y, w)
(v, w)eBf ((x,2),n)

= sup Snep(y)
yem(Bf ((x.2).n))

= sup Sue(y)
yeBBf(x,n)

= Rn,éﬁo(x)'

Hence, for each N € N and y > 0 we have

m (@, (Ze()), 8, N, j) =mp@, (Ec(f)° x N, 8, N, j)

and
my(@. (Zc(f). 8. N, ) =mp@. (Ze(f) x N, 8, N, j).
This yields B
Pr(p, (Zc())) = Pr(®, (Zc(f) x N)
and
Pr(g, Te(f) = Pr(®, Zc(f) x N).
Therefore,

Pr(@, (Zc())) = Pp(g, (Zc(f)) x N) < Pr(¢, Bc(f) x N) = Pr(g, Zc(f)),

and using (13), we obtain

Pr(g, (Be())) < Pr(@, Ze(f)) = Pr(¢, Te(f) x N) = Pr(¢) = Pr(9).
This shows that ¢ is a c-hyperbolic potential. O

The existence and finiteness of equilibrium states for the base dynamics f were
obtained in [23]. Combining this fact with Lemma 5.3 we conclude that there exist finitely
many ergodic equilibrium states for (F, ¢). Since ¢ is homologous to the initial potential
¢ we have completed the proof of Theorem C.

Now we are able to prove Theorem D. Given (Fp, ¢g) € G., consider a sequence
(Fy, ¢n)n in G, converging to (Fy, ¢p) in the C 1-topology. Let fi, be an equilibrium state
of (Fy, ¢,). We are going to show that every accumulation point f of the sequence (fi,),
is an equilibrium state for (Fp, ¢p).

For eachn > 0, let q_bn be the potential associated to ¢, by Proposition 5.1, and let ¢, be
the potential on M induced by ¢,,. It follows from Lemma 5.4 that ¢, is c-hyperbolic (with
respect to f), and this means that (f,,, ¢,) € H, for all n > 0. Moreover, using (8) and (9),
we have that the C!-convergence of (F,, ¢,) to (Fp, ¢o) implies the C!-convergence of
(fn» @n) to (fo, ®0)-

For each n € N consider w, = w4fi,. From Lemma 5.3 we have that u, is an
equilibrium state for ( f;,, ¢,,). Since the projection 7 is continuous, if [ is an accumulation
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point of the sequence (it;),, then u = m,ft is an accumulation point of (u,),. By the
equilibrium stability given by Theorem A, we have that p is an equilibrium state for
(fo, ¢o0). Hence, applying Lemma 5.3 again we have that i is an equilibrium state for
(Fo, ¢o). This concludes the proof of Theorem D.

We finish this section by deducing the continuity of the topological pressure on the
set Ge.

COROLLARY 5.5. The function
G — R
(F, ¢) —> Pr(9)

is continuous.

Proof. As before, given (F, ¢) € G, consider the induced (f, ¢) € H,. Using (8) and (9)
it follows that if (F, ¢) varies continuously in G, then (f, ¢) also varies continuously in
H... Considering ¢ given by Proposition 5.1, we have P (@) = Pr (¢). It follows from (13)
that Pr(¢) = Pr(¢). Hence, by Corollary 4.3 we have Py (¢) varying continuously in the
C!-topology within #,., then P (¢) varies continuously within G, as well. O

6. Applications

In this section we present some classes of systems that satisfy our results. We begin
describing a robust class of non-uniformly expanding maps studied by Alves, Bonatti,
and Viana [2], Arbieto, Matheus, and Oliveira [6], Oliveira and Viana [20], and Varandas
and Viana [30].

Example 6.1. Let M be a compact manifold and let f: M — M be a C! local
diffeomorphism. Fixing § > 0 small and o < 1, consider a covering P = {Py, ..., Py,
Pyi1, ..., Pg} of M by domains of injectivity for f and aregion A C M satisfying:
(H1) ||Df_1(x)|| <1434, forevery x € A;
(H2) |Df~'(x)| <o, for every x € M\A;
(H3) A can be covered by g elements of the partition P with ¢ < deg(f).
The previous authors showed that there exists a constant ¢ > 0 and a set H C M such that
for every x € H we have
1 n—1 .
limsup — » " log [ Df (f7(x) ™" < —.
n—+oo N izo

Moreover, if ¢ : M — R is a Holder continuous potential with small variation, i.e.

sup ¢ — inf ¢ < logdeg(f) —loggq,
then the relative pressure P (¢, H) satisfies

Py(¢p, HY) < Py(¢, H) = Pr(¢)
and, thus, ¢ is c-hyperbolic for f.

Let F be the class of C! local diffeomorphisms satisfying the conditions (H1)-(H3) and
assume that for every f € F and x € M the set { f 7" (x)},>0 is dense in M. Consider the
family

H={(f,¢): feFand¢p: M — Ris C' with small variation}.
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Since the constant ¢ > 0 is uniform in the class F we can apply Theorem A to conclude
that the family H is equilibrium stable.

An interesting and more specific case of application of Theorem A is the family of
intermittent maps described in the next example. This can be seen as a particular case of
the previous example.

Example 6.2. Fix some positive constant « € (0, 1) and define on S' the local
diffeomorphism

1
20
x =221 -0t ifl <x <1

x(1+2%x%) if0<x<
fa(x)z 1
2

Since fy is strongly mixing (for each open set U there exists N € N such that fofv )=
M), then for every f, and x € S! the set {f, " (x)}u>0 is dense in S'. Let F be the class of
C! local diffeomorphisms { f,, }ac(0,1) and consider the family

H={(f¢): feFand¢:S' — Ris C! with small variation}.

Hence, the family 7 satisfies the hypotheses of Theorem A and, therefore, H is
equilibrium stable.

Now we present a class of maps and potentials for which the techniques used to prove
Theorems C and D can be applied. This is a family of partially hyperbolic horseshoes
whose dynamics is given by a step skew product over a horseshoe. This class of maps
was defined in [17] and has been studied in [19, 22, 24]. Here we obtain the equilibrium
stability of this family.

Example 6.3. Consider the cube R = [0, 1] x [0, 1] x [0, 1] C R3 and the paralellepipeds
Ro=1[0,1] x [0,1] x [0,1/6] and R; =[O0, 1] x [0, 1] x [5/6, 1].
Consider a map defined for (x, y, z) € Rp as
Fo(x, y, 2) = (px, f(y), B2),

where 0 < p < 1/3, 8 > 6, and

1
—(1=1/y)e "
Consider also a map defined for (x, y, z) € Ry as

Fi(x,y,29) =G —px,0(1 = y), Bi(z — 2)).

where 0 < o < 1/3 and 3 < 81 < 4. We define the horseshoe map F on R as

f(y)=1

Flr,=Fo, Flgr, =F1,

with R\ (Rop U R;) being mapped injectively outside R.

In [17], it was proved that the non-wandering set of F is partially hyperbolic when
we consider fixed parameters satisfying the conditions above. In [24], the map F~! was
considered and it was proved that it can be written as a skew product whose base dynamics,
denoted by G, is strongly topologically mixing and non-uniformly expanding. Moreover,
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the fiber dynamics is a uniform contraction. Consider 2 the maximal invariant set for F~!
on the cube R.
We say that a Holder continuous potential ¢ : Ry U R; — R has small variation if

1 1 5
suqu—inf¢<%, where w = +2\/_. (14)

Let S be the family of horseshoes described above and note that it depends on the
parameters p, 8, 81, and o. Considering the family

G={(F',¢): FeSand ¢ : Q2 — Ris C! and satisfies (14)}.

We are going to verify that G is equilibrium stable. Let (Fn_l, én)n be a sequence in G
converging to (£, ! o) in the C I_topology. By Lemma 5.4, for each n > 0 the potential
¢, induces a potential ¢, that is hyperbolic with respect to the base dynamics G,,.
Moreover, the C! convergence of (Fn_l, ¢n) to (Fy ], ¢o) implies the C 1 convergence
of (Gn, ¢n) 0 (Go, ¢0).

Consider ji, the equilibrium state for (F, 1 ¢n). From Lemma 5.3 we know that the
push-forward p, = 7 [i, is an equilibrium state for (G, ¢,) for every n > 1. Hence, if i
is an accumulation point of the sequence (fi,),, then u = m, i is an accumulation point of
(tn)n- Since the base dynamics G, is strongly mixing and non-uniformly expanding and
the potential ¢, is hyperbolic, it follows from Theorem A that u is an equilibrium state
for (Go, ¢o). Hence, applying Lemma 5.3 again we have that t is an equilibrium state for
(Fy ', ¢0)-

Now define the family

G={(F,¢): FeSand ¢ : Q2 — Ris C! and satisfies (14)}.

Since each F € S is a diffeomorphism, the set of equilibrium states for (F, ¢) € G
coincides with that for (F - ¢) € G. Thus, G is equilibrium stable as well.
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