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We use a Poisson imbedding technique to investigate the possibilities of generaliz-
ing some pathwise and stochastic monotonicity results fronMfd/k queues to
systems with monotone failure rate service time distributfogichotomy between

the decreasing failure rat@®FR) and the increasing failure ratéFR) cases is
revealedIn the DFR casgwe achieve that the number of customers in the systems

is stochastically increasing if itis idle at timeWhereas in the IFR castnere is an
alternating character that renders a bound between two identical systems that have
differentinitial conditionsWe also explore how our methods work in a comparison
between systems with different numbers of stations but the same maximal capacity

1. INTRODUCTION

Consider two standarbl/M/k queuing systems with the same arrival and service
intensities but different initial conditionsLet Y; andY;’ denote the number of cus-
tomers in the systeno be referred to as the first and second)atgimet = 0, and

let A andA’ denote their respective initial distributiari§ A is stochastically domi-
nated by\’, A 2 X for short then it is easy to produce a couplingf= (Y;)g and

Y’ = (Y{)$ such that

Y, =Y/ forallt=0. (1)

In fact, this holds for a wide class of systenad least wherY, = 0; we shall return
to that aspect latebut, for now, we remain in theM/M/k setting
If Yo =0, then

Y; is stochastically increasing in (2)
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2 T. Lindvall

To prove that well-known monotonicity resuibhequality (1) comes into uset is
probably less known that ify = 0, then

E[Y,]is concave irt. 3)

For that resulta careful coupling and further theory are necessting reader is
referred to Lindvall2, Sect V.4] for all the details concernin@®) and(3). Also, a
few hints are given in Section, 2vhere we recall the theory for monotonicity of
Markov processes that sustaif@s and(3) and a generalization in this article

Our main topic is the followinglf we rather consider twdv/G/k queuing
systemswhereG is a distribution with monotone failure ratis it then possible to
achieve(2) and possibly3)? In the theory we rely arwe need an inequality that is
sharper tharil) for our analysis

It turns out that there is a dichotomy G has a decreasing failure rateFR)
function then(1) and(2) can always be achieveth contrastour methods give us
no hope that2) holds in general if5 has an increasing failure ratg-R) function
In the latter case it is the possibility to obtain boundsYor- Y, that is interesting
If k=1Yy =i, andYy =0, then

0=Y/—-Y,=i}{ forallt=0. (4)

There is a similar dichotomy in renewal theory when the life-length distribution
involved is of the DFR or IFR typécf. Lindvall [2, Sects V.22 and \23]).

We finish by noting a number of observations on another tapaenely com-
parisons between systems with different numbers of service staiessme now
that the second system hksstations where&k < k’. For a comparison between
M/M/k andM/M/k" queuing systemdghe natural condition is the following

ké = k's", (5)

whered andé’ are the service intensities in the first and second sygtespectively
Equality (5) means that the intensity for finishing a service is the same in the two
systems if all stations are bustturns out that if the initial conditions are the same
then (1) can be achievedhat speaks in favor of the principle to use fewer but
quicker stations

Is that principle valid in general? For our analysissume that the service time
distributions in the two systems have failure rate functiomsdr’, respectively
(beware of the notation’!), such that

kr(x) = k'r’(x) forx>0, (6)

which is a natural generalization ). It turns out that our methods falil in the
attempt to obtain interesting results under conditién The concluding section
contains a number of reflections on that

Considerable attention has been paid to the comparisons of g(eEusmyan
[4, Chaps 5 and § and Wolff [6, Chap 11]). Pathwise methods and stochastic
monotonicity of imbedded Markov chains often come into. & a result in the
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spirit of this article see for example Stoyan[4, Thm. 6.2.3], which proves that if
we compare twdk-station systems that are idle at time 0 and where the services are
slower in the second systerthen we have stochastic domination for the queue
lengths at any timeThe strand of theory leading to this result is related to oars
certain respects

Imbedding in Poisson processes is a versatile metbfteh efficient and simple
to use Since we limit ourselves to service times with densijtves are able to use a
Poisson process in the first quadrant to govern the completions of servicettiaes
is crucial in our study

The plan is as followsAfter the Markov process domination results in Sec-
tion 2, the Poisson imbedding to be used is presented in SectiOnBanalyses of
the DFR and IFR service time cases are in Sections 4 are$pectivelyThe com-
parisons of systems with different numbers of stations are carried out in Sections 6
and 7 The brief Section 6 presents a suitable couplingylgh1/k andM/M/k’ pro-
cesseswhereas the DFR and IFR cases are discussed in Section 7

2. STOCHASTIC MONOTONICITY OF MARKOV PROCESSES

We refer to Lindvall[2, Sect IV.3] or Lindvall [3, Sect 2] for detailed accounts of
stochastic monotonicity of Markov processhere we make a brief recollection of
the aspects relevant for.us

Let (E, &) be a measurable spad&e endowE with a partial ordering<. A
real-valued functiori on E is increasing if

x<y="f(x)=f(y).

For probability measureg8 andP’ on (E, £), P is stochastically dominated B if
ffdPs ffdP’ for all increasing and bounded measurable functioos E.

We write thatP 2 P’. For random elementéandY’ in E, the meaning of(2 Y'is
the obvious oneéWe say that a procesy¥;)g with E as state space is stochastically
increasing ifYy 2 Y; wheneves = t.

Now, suppose that there is a minorizing elemain E:

a<x forallxe E. (7)
Let (P,)g be a semigroup of transition probabilities with the following property
For every distributionu on (E, £), there exists a
coupling(X, X") of Markov processeX = (X;)¢ and

X' = (X{)g governed by(P,)y, with X, = aandX Z (8)
such thatX; < X/ forallt=0.
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If (8) is satisfiedthen a simple application of the Markov property renders
(X;)g is stochastically increasing X, = a. 9)

It follows immediately that ifg is an increasing measurable function Bnthen
(g(X;))g is stochastically increasing

We now have sulfficient background for statemé&)ton M/M/k queuesin-
deed (8) is satisfied for any birth and death proce$s prove thatuse a Doeblin
coupling Let X, = 0 andX} L K, and letX; andX; evolve independently until they
meet After that let X, and X! coincide Obviously X; = X{ for all t = 0 since birth
and death processes have skip-free paths

Let us return to the general theoWe say that

the real-valued proceds= (Y;)g has stochastically
decreasing incrementsYf,. — VY, is stochastically (20)
decreasing it for everye > 0.

In short (Y;)g has the stochastically decreasing increméai3l) property If so, it
is immediate thaE[Y;] is concave ir.
Now, assume

The pathwise domination i(8) holds for any initial

valuesx andx’ of (X;)g and(X{)g such thak < x'. (11)

Letg: E — R and assume further that

the coupling of( X;)g and(X{)¢ is such that
g(x") —g(x) = g(X;) — g(X,) forall e > 0, (12)
whenevex < x'.

Under(11) and(12), we have
g(X,), t = 0, has the SDI property X, = a. (13)

We return to theM/M/k queue For g(x) = x, one mayindeed produce a coupling
satisfying(11) and(12). Hence (13) holds if X, = 0, and we have explained the
background of3).

For our analysis of thi/G/k queugwith G of DFR type the choice ok and
< becomes crucial

3. POISSON IMBEDDING

Recall that a Poisson proce&ssay in R2 with expectation measureis a point
process such that
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(i) £(B) 2 Poi(¢(B)) for B € R2
(ii) &€(B,),£&(By),...,£(B,) are independent for any class

S 14
of disjoint sets3,,B,,...,B, € RA. (14)

Herg € is the Lebesgue measure BA andR? is the class of Borel sets [R2. Let
H be a distribution or0, o) with failure rate functiorp. Set

B={(xy);x>0,y=0,y=p(x)}
and
B, ={(x,y) €B;x=t} fort>0.
Define the random variabl& by
Z=inf{t>0;£(B) =1}

(i.e., thex coordinate for the first Poisson point under the cumg (x)), x > 0). We
haveZ 2 H because for any > 0, it holds that

P(Z>x) =P(£(By) = 0)
= exp(—€(B,)) = exp(— fxp(s) ds>,

which equaldH(x), as is well known
Now, let H,,...,H, be life-length distributions with failure rate functions
pl(X),...,pn(X), x > 0. With

-1 i
B;={(x,y);x>o,y20,lei(><)<yS lei(x)} (15)

and
B =1{(x,y) EBj;x=t}, t>0,

for 1=j=n,we can use the above method to produce independent varigbles Z,,
by
Z; =inf{t>0; £(B;) = 1},

due to(14) (ii). This will be crucial to us

Note that once mifZ,,..., Z,) has been observede may delete the strifpne
of By, ..., B,) where the first Poisson point o, B; appearedAlso, note that the
restriction of ¢ to (min(Z,,...,Z,),0) X R, with a shift of the zero point to
min(Z,,...,Z,), is a Poisson process with expectation measure O@n) X R .
This new Poisson process is independent of(@ip..., Z,,).

For accounts of several uses of Poisson imbeddseg Lindvall[2, Sects
V.4-\.6].
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4. THE DFR CASE

Let the service time distribution a®,o0) for this and the following section be de-
noted byG and its failure rate function bg. To avoid some trite technicaliticg/e
shall restrict our attention to service time distributions with unbounded sugpatt
is automatic in the DFR case

Suppose a service has gone on &time units The term “attained service
time” for a is acceptedbut we shall use “age” for convenience and say that a
customer “is of ag&”; this makes it possible to ustr example the quick term
“age configuratiori Note that for a customer of aga the failure rate of her
remaining service time is

r@a+x), x>0, (16)

which we denote by,(x).

A state space for aM/G/k system has to grasp two thingde number of
customers and the age configuration of those at serWeewill denote a configu-
ration of ages by

a=[a;,ay,...,a,]

when there ara customersn <k, at serviceFor this sectionwe use the convention
that

the enumeration,, a,, ..., a, of the configuratiora of
ages in thdirst system is always done such that (17)
a;=ap < -+ =ap;
that is we put the label 1 on the youngest custontiee label 2 on the second youn-
gest ..., and the labehon the oldest of tha customers at service in the first system
We avoid the set notaticn} for these configurations in order to allow multiple

entries of equal agebut we shall not hesitate to use standard operations farfeets
example

[ai,...,a,]\[a;] = [az,...,a4]
and
[as,...a,]U[b] =[a,,...,a,,b].

Let.A be the class of possible age configuratioms denote that of an idle system by
¢. As state space for each of the two systems to be compardhoose

E={(i,a;i€Z,,ac A, #a=i0Kk}.
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The partial ordering< on E is defined as followsfor (i,a) and(i’,a’), where
a,a € Aanda=(a,,...,a,), let

(,ba<(i,a)

exactly when
(18)

. .,
=1

and

an=2an l=m=n,
for some enumeratioay,...a;,
of the ages in the second system

Throughout this sectigrwe shall only encounter pairs of states satisfying) <
(i’,a"). We assume that the agesahare enumerated according to the matching
requirement of(18); of course if n < n’, then there ar@’ — n customers in the
second system whose labels- 1,...,n" are irrelevant

We let the number of customers at titree 0 be denoted by, andY, for the two
systems X; = (Y;, A;) andX{ = (Y, A}), whereA, and A; are the respective age
configurations at = 0.

We assumgeto begin with that the customer arrival process is determinjstic
with arrivals at time points;, ] = 1, such that

0<s5 <s<---
and (19)
§ — o0 asj— co.

For the crucial definition§20) and(21), we have in mind that the stations in the two
systems are numbergfiom 1 tok, and that a customer with labgis served at
stationj. Since a customer may get a new label agaime point or when a service
is completedshe may also change station during her senHmvever that is of no
significance

Leta=[a,,...,a,] anda’ =[aj,...,a, ] € A. Set for x > 0,

pi(X) =ra(x), 1l=j=n,
(X)=0, n+l=j=k
Pj J (20)
pi(x) =ry(x), l=j=n
pi(x) =0, nN+1l=j=Kk,

and

pi"(x) = max(p;(x),p{(x)), l=j=k
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Recall¢é from Section 31In order to us€15) and the subsequent commerusfine
subsets of(x, y); x> 0,y = 0} as follows for 1 =j < k:

i-1 i
B = {ler?(x) =y< %pr’%(x)},

j—1 i-1
B = {2 pa(X) =y < 3 pn(X) + Pj(X)}’ (1)
i=1 i=1
and
j—1 i—-1
B/ = {2 pa(X) =y < 23 pn(X) + Pj'(x)}-
i=1 i=1
The setdB;;, By, andBj;, for 1=j = kandt > 0, are

Bt =1{(x,y) EB; x=1}

and so on
Now, take(ig, ag) and(i4, ap) such thatiy, ag) < (ig, ap); they will be the initial
states of X;)g and(X{)g , respectivelyWe shall prove that

X< X{ forallt=0. (22)

To that endwe observefirst, that we need to pay attention only to the jump points
(arrivals and times for completed servicd®causgobviously the inequality is
retained between such time points

Note that ifa = [a,...,a,] anda’ = [a4,...,a, ] are such thah = n’ and
am = ap, for m = n, then the set® andB; are equal foj = n sincer(x),x > 0,
is decreasing

To prove(22), seta anda’ preceding20) to equalay anday, respectivelylLet

o =inf{t>0; £(U5B;) =1} (23)
and
o® = min(o,s,).

Itturns out that there are four possibilitigs —(iv)) for jumps where(i)—(iii ) appear
wheno® < s;, and(iv) wheno® = s;. Now,

locate the statiopsuch that (B;;,) = 1. (24)
(i) £(Bj,) =1, £(B|,) = 1: finished service in both systems
We set
Y, =io—1,
Y. =i4—1
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and
A, =lagto,...,80, + o]\[ag + o],
A =lay+o,...,a5, + a-]\[abj +a].
(i) €(Bj,) =1, £(B/,) = 0: finished service in the first but not in the second

system
We set
Y, =lio—1,
Y, =i}
and

A, =lagto,...,a0, + o]\[ag + o],
A, =[ay +o,...,a5, +o].
(iii) £(Bj,) =0, £(Bj,) = 1: finished service in the second but not in the first

system
We set
Y, =i,
Y{=is—1
and
A, =[lapto,...,80, + 0],
A, =laynto,...,8y,y + o]\[ag + o].
(iv) We set
Ys, =g+ 1,
Y, =ig+1
and
[@01+ Sp,-..r80n T S ] U 0] if n<k
Aslz{[a01+sl,...,a0n+sl] if n=k
. [l[aoat sy, 800 + 5] ULO] if 0" <K
Aslz{[agﬁsl,...,agn,ml] if n' = k.

It is easy to check thaty, o, A, o) < (Y,o, Al o) in all four casegi)—(iv); note that
(i) may appear only i < n’, and then it is a station with a number greater than
that completes a service
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For 0=t < ¢°, we defineX; andX/ as follows
Y = o,
Y =g (25)
and
A =laps+1t,...,80, + 1],
Al =[ap, +t,...,a5, +t].

We content ourselves with a sketch of how to proceed in the productiéyesfd X/
fort> ¢ 0:

(i) Relabel the customersnumerate the ages &,o andA o
according ta(17) and the comment aft€i8).
(i) Makeo to a zero pointconsidef¢ restricted to( o % c0) X
[0,00) with that new zero point (26)
(i) Seta and a’ preceding(20) to equalA,o and Ao re-
spectively update(20) and(21) accordingly and carry out
(23)—(25).

Repeated use @26) yields(X;)g and(X;)¢ satisfying(22).

A standard construction of a probability space is now made in order to allow
random initial values and arrival procesisat is carried out in such a way that the
arrival process satisfi€49) as. and is independent of the service timé& omit the
details of that construction

Note that if the first system is idle at timetben its initial stat€0, ¢) is trivially
dominated by any initial stat@’,a’) of the second system

It is due time to sum up our findings so far

THEOREM 1: Suppose the arrival process satisfies (19) a.s. and is independent of the
initial values X and X, as well as the service times of the two systems. Further,
suppose that

Xo < Xo,

which holds if the first system is idle at time 0. Then, in the DFR case, there exists a
coupling((X,)g’, (X{)g) such that

X, <X/ forallt=0.

Proor: Indeedthe proofis complete alreadyut in order to point out exactly where
the DFR condition comes jmecall the comment betwed2) and (23) and that
preceding25). u
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CoroLLARY 1: Suppose the arrival process and the failure rate function r allow the
existence of a stationary version. Then, if the first system is idle at time 0 and the
second one is stationary, we have

X, 27 forallt=0,

wheresr is the distribution of X.

Proor: The theorem yields thaX, 2 X{ for all t = 0. However X; has the same
distributions for all t = 0. u

CorOLLARY 2: Suppose that the first system isidle attime 0. Then, in the DFR case,
Y, =Y/ forallt=0

regardless of the initial valuegY

Proor: Use the fact thati,a) < (i’,a’) impliesi < i'. L

Corollary 2 should be seen as a natural example of what could be read directly
from the theoremHowever this result holds for any service distributicas long as
the services are independent of the initial values and the arrival prdaepsove
that we use a coupling as followket the arrivals be the same for the two systems
as earlierFor each arrivallet the service times be identical for the two customers
(one in the first systeqrone in the second systerthat turn up at that time point
Then it is a matter of a straightforward but careful study of the paths to prove that
Y, = Y{ for all t = 0 if Y, = 0. For thaf one splits the time range into the intervals
[0,9),[S1,),...,Wheres,i =1,2,..., are the arrival time pointand one considers
the number of customers and the residual service timese convenient than the
ages of the customers at servicie those time intervalssuccessively

Remarks:

1. We made assumptiofi9) for conveniencgalsq it suffices for theM/G/k
results to follow However our methods work for any sequenc), such
thats — oo asj — oo; hencewe may allow batch arrivals

We could do without our special definition of age configurations if we
are restricted to arrival processes satisfyit®; but such a restriction would
be unfortunate

2. The conditionXy, < X4 may be weakened t¥, 2 X4, due to Strassen’s
theorem on stochastic dominati¢ef. Lindvall [2, Sect IV.1]).

3. Svenssom5] has demonstrated that Poisson imbedding works well for sim-
ulations of processes at least as complicated as the one we stidiedhat
our proof of Theorem 1 is carried out in terms of an algorithm which could
be used as a base for a simulation program

4. The word “failure” is of course peculiar in a number of contexts where the
term “failure rate” is usegdbut it and the abbreviations DFR and IFR are so
well established that we employ them here.too
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For the rest of this sectigmssume that the customers arrive according to a
Poisson process dif,c0). We then have aiM/G/k system and the purpose is to
reveal its monotonicity propertie®/e observe thaX, t = 0, is a Markov process
hencethe theory of Section 2 is at our dispos@ince Theorem 1 tells us th@) is
satisfied we obtain the following result fron®).

THEOREM 2: Inthe DFR case, we have that X stochastically increasing in tif the
system is idle at time 0. In particular, ¥ stochastically increasing in t under that

condition.
Proor: The latter result follows from the fact thaj:E — Z, defined by
g(i,a) =i is increasing [ |
Remarks:

1. The reader is referred to LindvdR, Sect IV, Thm. 9.3], which supports a
generalization of Theorem hdeed if Dg is the state space fg¢iX;)g and
¢ : Dg — Ris increasing in the obvious sensleen

(6, X) is stochastically increasing in (27)

where(6,x)(-) = x(t + -) defines the shift);, of x = (x(s))ery € Dg. Of
course (27) is under the condition that the system is idle at time O

2. Recall(12) and(13). The concavity in(3) follows easily if we can prove that
(Y;)3 has the SDI propertyand it hasIindeed the birth and death intensities
of anM/M/k system are such that we can produce a coupling satisfying

Y/ — Y, is decreasing in (28)

if Yo = Yg. However that does not hold in the DFR casd least with the
coupling we have producedhich seems to be a natural offdne explana-
tion is obvious If a; anda/ are the ages of two matched customevkich
means thag; = a/, then the customer in the first system may complete
service at some instariut that does not occur for the matched customer in
the second systerflence the topic of “stochastic concavity” for av/G/k
systemidle at time 0 and withG of DFR type is left open

5. THE IFR CASE

Now, letr be increasingRecall the assumption that the service time distribu@on
has unbounded suppoih the IFR casgthat holds if and only it is bounded on
finite intervals

It is suitable to change the principle of labeling of customeosy, that is done
in decreasing order of agexcept for this modificationthe machinery of Section 4
is left intact

If the key word for the DFR case was “monotonigityis now “alternation” A
reader familiar with recent renewal theory is not surprised by ttiisLindvall
[2, Sect V.5]). Indeed if N; andN/, t = 0, are the numbers of renewals|[i\ t ] for
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a zero-delayed andor example a stationary renewal processspectivelythen if
the life-length distributiort- is of DFR type we can produce a coupling such that

N; — N/ is increasing irt.
That is not at all possible in the IFR castowever there we can achieve
N; — N/ equals 0 or 1 fot = 0.

This motivates us to find bounds f¥f — V;, t = 0. To that endlet us concentrate on
the case where the first system is idle at timpéo0 clarity.

For the main result of this sectiplet k = 1: the single-server cas@/e simplify
notation toa anda’ for the ages of the customers in the first and second sysiéms
busy One aim is to prove that; — Y, = 0 for all t = 0. In the following we pay
attention to the jumps ofX;)g and (X{)g only at the time points of completed
servicesan arrival does not affecl; — Y;)g.

Now, consider the following types of state ff andX/:

First System Second System

1 G,a) i+1a) i=la=a
2 (i,a) (i+1a) i=la>a
3 09 (La")
and

@ (j,0 (j+10 =1 29)
5 O¢) (1,0
® (ja (1,0 =1
(7 09 (0,9)
® (1a) (1,0
© (.0 (i+2a) =1

(10 (0,9) (2,a)

The proces¥; — Y;, t = 0, makes jumpst 1. Supposenow, that we have reached a
state where’' =i + 1[i.e,, of type(1), (2), or (3)]. We find that at a time point where
a service is completethe transitions are

From To

1 (4),(5),(6),0r(8)
2 (4),(5),(9,o0r(10
@ @

(30)
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However all of states of typg4)—(10) are such that a jump to a state of type
(i, i — 1) is impossible

Now, supposeX, = (0,¢) and X{ = (i, ap). With an analysis similar to but
easier than that usin@9) and(30) to proveY; — Y; = 0, we find thatY; — Y; = i}
forallt=0.

TaeoreM 3: For single-server systems, there exists a couplig)g, (X{)g) in
the IFR case such that

0=Y/—-Y,=Y{ forallt=0
if the first system is idle at time 0.

Proor: The resultisimmediatérom the preceding arguments and a randomization
of iy, ap, and(s)7. [ ]

Remarks:

1. We have not come to grips with the cdse 2, but believe that the theorem
is valid in general

2. The case with infinitely many stationand hence no waiting linegs eas-
ier to handle because we are always able to match arriving customers im-
mediately in an obvious wayA moment’s thought convinces the reader
that Theorems 1-3 hol&he finds that the infinitely many-server case is
also conceptually simplewe can used as state space and concentrate on
the processes; andA;, t = 0.

6. COMPARING M/M/k AND M/M/k’'

Now, we havek andk’ stations in the first and second systemespectivelywhere
k < k’. A first glance at the problem of comparing the efficiency of the systems
under some natural conditiomakes the smaller but quicker system appeabirgce
we disapprove of idle stations
Letk =1 and suppose that

B Z B/Kk, (31)

whereB andB’ are typical service times in the first and second sysierspec-

tively. (Let BandB’ have that meaning throughouthen in the Gl/G/- caseone

can prove pathwise domination of the queue length processes if both systems are idle
at time 0(cf. Asmusseri1, Chap XI, Thm. 1.2]).

Howeverthe single-server case is an exceptibhe server is busy to a maximal
extent If k = 2, one should not hope for strong domination results under general
conditions

WOolff [6, p. 258] hints after an examination of the cake- 1 andk’ = 2, that “it
is easy to generalise the number of servers” in ¥#hd/1/- case and mentions a
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stochastic domination result fke= 2. The coupling we shall presentis a special case
of Lindvall [2, Sect V.4, (4.19)].

Recall condition4): ké = k’6’, whered andé’ are the service intensitieket
the Poisson process of arrivals have intengityhen (Y;)g and(Y; )¢ are birth and
death processegespectivelywith birth intensities3; = g/ = g for all i = 0, and
death intensitie§; = (k Ji)é ands; = (k’ Oi)é&’ fori = 1. We note thad; = §, for
alli =1, ands/ < §; for 1 =i =k, due to(4).

Now, let (V;,Y{), t = 0, be governed by the following intensity table

From To with Intensity

(i,j) (+1j+1) B for0=i=j,
(i-1j) ) (32)
(i,j—-1) ot forl=i<j,

(,i)y (—1i—-1) &
(i—-1i) & — &8/ fori=1.

The transition intensities from statésj ) such that > j are omitteclthey are irrel-
evant hereFor any initial values such that < Yy, the intensities i1i32) work to the
effect thaty; = Y{ for all t; no jumps to the set of stat¢d, j); i > j} ever take place

7. FURTHER OBSERVATIONS: k < k'

Now, recall condition(5), kr(x) = k'r’(x), x > 0, for the failure rate functions
andr’ to be used nowTo begin consider the DFR cas&uppose that the arrival
process is Poisson with intensigy> 0. The traffic intensities of the systems are

BE[B]/k and BE[B']/K, (33)
respectivelyFor a comparisgrnput R(x) = fir(s)dsandR'(x) = [, r'(s) dsand
a = k/k'. Recall thatP(B > x) = e R for x = 0. We get

E[B'] = fOOO]P’(B’ > Xx) dx

oo

=J e "™ dx
0
oo

=f e *RX dx
(0]

o
> f e R(ax) dX
o]

= (1/a) fm e R™ dx
= (1/a)E[B] (34)
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sinceRis concaveEquality holds if and only if is constanta case we exclude for
now. From (34), concerning the traffic intensitiesre deduce that

BE[B]/k < BE[B']/K (35)

which speaks in favor of the first systeRecall that aiM/G/ - system is stabléhas
a stationary distributionif and only if the traffic intensity is less than(&f. Asmus-
sen[1, Sect X1.2]). This means that for certain values@fthe first system is stable
while the second one is not

In the IFR casgthe inequality in(34) is reversed and so is the one(Bb); this
speaks in favor of the second system

We are now interested in whether the methods of Sections 4 and 5 yield any
domination results that support these observatiblasvever we should not be op-
timistic because the traffic intensities concern expectations whose comparisons seem
hard to read off the paths

We omit the details concerning the necessary modification of the setup in Sec-
tion 4. However note that the matching idea underlyi(®{) is not relevant now\Ve
redefine the setB;,1 =j =k, andB/,1=j =k’, as follows

-1 j
&={§pﬁm5y<§pdm}

-1 j
ﬂ={2pdm5y<2pdw} (36)
i=1 i=1
and the set8;; andB}; accordingly To make(23)—(26) work, let
k Kk’
B*=UBulUB (37)
j=1 1

and
B = {(x,y) € B*; x=t}.
Now, o is defined by
o = inf{t; £(Bf) = 1. (38)

Then we usg24)—(26) in an obvious waynote that services can be completed at the
same time at stations with different numbers in the two systems
Now, consider the DFR caswith k =1 andk’ = 2. We assume that

C, 0<x=1
r(x) =

39
c, xX>1 (39)

whereCis very large angdis very smallLetio=1iy=1andagy,; = ap,; = 1.1. Itis quite
clear how the two systems react to an intense stream of custpiméng first ong
they queue for a long timavhereas in the second artbey are rapidly served by
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station 2 This means tha¥; — Y/ grows large to begin withwe realize that it is
impossible to suppoyrby a simple pathwise inequaljtshat the first system is more
efficient than the second one

Our coupling reveals nothing of interest in the IFR cdsewever we remind
about the possibility of using Poisson imbedding for simulati@ngrogram based
on (35)—(37) would be rather simple to write and well suited for comparisons of
systems with different numbers of stations
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