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FINITE-SAMPLE INSTRUMENTAL
VARIABLES INFERENCE USING
AN ASYMPTOTICALLY
PIVOTAL STATISTIC
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University of Groningen
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University of Amsterdam

We consider the K-statistileibergen’s(2002 Econometrica70, 1781-1803
adaptation of the Anderson—RubiAR) statistic in instrumental variables regres-
sion Whereas Kleibergef2002 especially analyzes the asymptotic behavior of
the statisticwe focus on finite-sample properties in a Gaussian framewihk
AR statistic then has af-distribution The finite-sample distribution of the
K-statistic is howevey affected by nuisance paramete¥§e consider two ex-
treme cases for the nuisance parametghich provide tight bounds for the exact
distribution The first case amounts to perfect identification—which is similar to
the asymptotic case—where the statistic hag-afistribution In the other ex-
treme case there is total underidentificati®ior the latter case we show how to
compute the exact distributioe thus provide tight bounds for exact con-
fidence sets based on the K-statist\symptotically the two bounds converge
except when there is a large number of redundant instruments

1. INTRODUCTION

Instrumental variables inference can be affected rather strongly by the quality
of the instrumentsEspecially in the presence of weak instruments usual infer-
ential procedures such as likelihood-based Wéikklihood ratiq and La-
grange multiplier tests may show considerable size distortiamsl the
performance of confidence sets may be abysmally gsee e.g., Nelson and
Startz 199Q Staiger and Stockl997 Zivot, Startz and Nelson1998 Haus-

man and Hahn1999. However an exact test in a Gaussian context has been
provided by Anderson and Rubi1949. The resulting Anderson—Rubi@R)
statistic is pivotal and has aR-distribution which does not depend on nui-
sance parameters and is not affected by the degree of underidentification
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However the AR statistic has a limiting chi-square distribution with a num-
ber of degrees of freedom that equals the number of instrumenis number
exceedsor equalsthe number of structural parametengich affects the power
of the test statisticAs has been shown by Kleiberg€2002) it is possible to
construct a statistigche K-statisti¢ with similar asymptotic pivotal properties
but with a limiting chi-square distribution that has a number of degrees of free-
dom equal to the number of structural paramet&€hais the K-statistic has an
asymptotic distribution with a minimal number of degrees of freedom without
being hampered by a poor performance close to points of underidentification
as is the case for the more traditional inference proceddigis conclusion
can be drawn with respect to the asymptotic behavior of the test staliltiber-
gen(2002 does not provide finite-sample evidenétere we do consider finite-
sample properties

Under Gaussianity the AR statistic has Bsdistribution and thus provides
an exact finite-sample testhe K-statistic has a finite-sample distribution that
depends on nuisance parametérshus does not provide an exact teBased
on the asymptotic pivotal behavjore, however expect the asymptotic distri-
bution to provide an accurate approximation of the exact finite-sample distri-
bution, but we do not know the degree of accuratyerefore we compute
bounds for the exact distribution of the K-statistic by assuming Gaussian dis-
tributions for the disturbances

We find on one extreme—provided by the case of perfect identification—an
F-distribution similar to the distribution of the AR statistialbeit with fewer
degrees of freedomOn the other extreme—provided by the case of total
underidentification—we find a distribution that is complicated analytically but
can be simulated easilyhat is both extreme distributions can be computed in
practice We show that these extreme cases provide tight baundsany prac-
tical cases the two bounds are very close indesdve might expect based on
the asymptotic pivotal property of the statistidowever in the case of many
redundant instrumentshe bounds may differ even asymptotically fact we
also compute the limiting distribution in this case by means of the many-
instruments asymptotics as described in BeKk&94). We find it to be differ-
ent from the large-sample chi-square distribution

The paper is organized as followls Section 2 we describe the model and
discuss the AR statisti@he K-statistic is briefly discussed in Section 3 along-
side the construction of its bounding distributior&ection 4 provides some
Monte Carlo computations

2. THE MODEL AND THE ANDERSON-RUBIN STATISTIC

Consider a classical instrumental variables regression model in a cross-section
context That is let

y=XB+e,
X =2ZII+V, (1)
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whereZ is ann X k matrix of full column rank that consists of the nonstochas-
tic instrumental variables and is n X m, which may contain endogenous in
addition to exogenous explanatory variabl€ke latter are assumed to be col-
umns ofZ also andm = k. If interest is restricted to those elements of the
parameter vectgs that relate to the endogenous explanatory varialhesin-
struments inZ might be separated into two partSor ease of exposition we
will not do this and consider the-vectorB as a wholeWe assume the rows of
(&,V) to be independently normally distributed with zero mear denote the
covariance matrix by.

Let in general for a matrit of full column rank the projection matrix be
denoted byP, = H(H'H)tH’. Consider the quantity

(y = XB)'Pz(y — XB)
(y—=XB)'(I,— P)(y— XB)’

AR(B) = (@)

Minimizing AR(B) over B provides the limited information maximum likeli-
hood estimatorHowever we are not concerned with estimation but with test-
ing. If the argument in2) equals the tru@, theny — X8 = ¢ and the numerator
and denominator of2) have independent chi-square distributions witAnd
n — k degrees of freedomespectivelySa when multiplied by(n — k)/k, AR(B)
has anF, ,— distribution An exact test of i§: 8 = B* is found by verifying
whether or not ARB*) has a small enougp-value in theFy ,_ distribution
The resulting test is exact and known from Anderson and R(849. Notice
that the AR-statistic has alR-distribution whether or not the model is identi-
fied. That is even ifII has a deficient column rank AR) will be distributed
as anFy ,_ random variableThis shows that it is a pivotal statistic

Although the AR-test is exact under Gaussianitynay have poor power if
the number of instruments exceeds the number of explanatory variabies
That is in the numerator of2), y — X8 is projected on the full space spanned
by Z. We know howevey that if 8 deviates from the true valu¢ghe mean of
y — XB is located in the subspace spannedZd. The problem is then that we
do not knowll. Still, the dimension of the space onto which we projeet X3
can be reduced in a way that preserves the pivotal property of the statistic
asymptotically

3. BOUNDING THE EXACT DISTRIBUTION OF THE K-STATISTIC

Consider a regression of the columns\wbn . That is let

V=cAN+W,
0-8

A= V’Z, (3)
o

&
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whereW is independent of and wherer,, , ando? denote the covariance bf
and e and the variance of the latterespectively ConsequentlyX — gA’ =
ZI1 + Wis like Z independent ot but has a smaller column dimensidh A
were known we could replace the projection matix in the numerator of2)
by Px, with

X(A) = Pz(X = (y = XB)A"). (4)

For the true value 0B, X(\) is stochastically independent ef Thus this ad-
aptation of the AR statistic would still be pivotal but now distributedhen
multiplied by (n — k)/m, asF, n_«. Of course A is unknown However Kleiber-
gen (2002 simply uses a consistent estimator othat is stochastically inde-
pendent ofZ’y andZ'X under the null wherg is specified This estimatar A,
is specified as in3) with oy, ando? replaced by

. X'(In = Pz)(y — XB)

O-V, e =

n—Kk
(y = XB)' (I, = P,)(y = XB)
A2
s = n—k . (5)
The resulting K-statistic is given by
(y = XB) Pxei(y — XB)
K(B) = y = XB)'Pxy(y — XB (©)

(y=XB) (In= P)(y = XB)/(n— k)’

Asymptotically it is distributed as a chi square withh degrees of freedom
Further discussions are given by Kleiberg@002.

The denominator of the K-statisti6) is given byé2, so it results from pro-
jecting the first column of the following matrix onto the space that is spanned
by its lastm columns

1 0\(gt -2
PZ(y’X) ° &82
_:8 Im

o1,

0V,e

P .

= (O7ZH) + PZ(85V) ‘ &82 . (7)
o1,

Theorem 1 states an alternative expression of the K-statistic that result§fyom
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THEOREM 1 An alternative expression of the K-statistic (6) is

&'Pxé&
K(B) = =5
v = T, 5 —1/2
X=Pz|\W—&— | +ZIIZ"%, (8)
0%

where the matrix &,W) is defined by

(5,W) = (i,wz;vl/?-‘),

&

with W as in (3) and
_ W,(In_ P;)&
Wer o n—k

Proof See the Appendix

5’(In_ Pz)é
n—-k

~2
3

If the matrix ITS,~Y2 from Theorem 1 were knowrthe distribution ofK(3)
could be simulatedbecause(&, W) can be simulatedas their elements are
independent standard normal distributétbwever the matrixITS,*2 is not
known Still we can distinguish between two extreme cases

THEOREM 2 WhenII = 0IT*, wherell* is a fixed finite k< m matrix and
0 is a scalar, K(8) is a stochastically decreasing function |éf, so its finite-
sample distribution moves to the left whighH increases. Hence, the finite-
sample distribution of KB) is bounded from above by the distribution that
results in the case of a zero value®tnd from below by the distribution that
results in the case of an infinite value |@f.

Proof See the Appendix

The bounds on the finite-sample distribution K{B) in Theorem 2 result
from extremal values of the nuisance parameters in the expression of the exact
finite-sample distribution oK(B). Hence they do not result from bounding
the statistic of interest directly afor examplein Sargan and Bhargava983.
Sargan and Bhargava983 obtain upper and lower bounds on the distribution
of their statistic of interest by constructing lower and upper bounds of the sta-
tistic itself using properties of ratios of quadratic fotriige obtain the bounds
in an entirely different manner and construct them from the finite-sample
distribution

The upper bound on the finite-sample distributionkdf3) results from the
extreme case of total underidentificatidin = 0. In this case the distribution
can be simulated easilyhe distribution depends only on the dimension param-
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etersk, m, andn. In the case of an infinite value &, which forms the lower
bound on the finite-sample distribution Kf 8), Px converges in probability to
P~i1, and so the distribution dk(8)/m converges td~y, n_.

The preceding discussion implies that we can compute bounds for the finite-
sample distribution of the K-statistic using simulatiddonservative tests or
confidence sets can be based on the critical value found for the distribution
simulated afil = 0. However if n is large thendy, , is small in probability
and the correlation betwegrnandX becomes negligibldn that case the bounds
are very closelndeed if n — oo, thenK(B) 2 2 (see Kleibergen2002.

Would this limit distribution also provide an accurate approximation if there
are many redundant instruments? To answer this question we consider the limit
distribution of K(B) for an asymptotic parameter sequence where the number
of instruments increases with the number of observatikfis— « > 0.

For the lower bound we found a finite-sample distribution giverFRy,_.
Clearly the lower bound converges toyé-distribution whether or not > 0.

For the upper boundvherell = 0, the results are summarized in Theorem 3

THEOREM 3 The limiting distribution of the K-statistic wheln = 0 and
k/n — a > 0is characterized by

(1-KkMK(B) 2 xé. 9)
Proof See the Appendix

If @« > 0 we thus find a simple difference between the asymptotic upper and
lower boundsThe difference is of ordek/n. These practical results are con-
firmed numerically in the next section

4. MONTE CARLO RESULTS

To determine the applicability of the bounds on the exact distributidf(g¥),
we construct the bounds fon = 1 and some values &fandn. Figures 1 and 2
show the lower and upper bounds on the exact distribution functi&( 6/m.
Figure 2 shows that there is a considerable difference between the lower and
upper bounds whekyn is large Figure 1 shows that whekyn gets smallerthe
difference decreases and becomes negligdsesxpectedrhe figures also con-
tain a limiting approximation of the upper bounkhstead of the asymptotic
approximationy?,/m, based on(15), we used the=,, ,_ distribution which is
more accurate in small samples and more convenientliecause it is also
used for the lower bound he figures show that this limiting approximation is
accurate even for small values of Hence it suffices to use critical values
from theF, ,—« distribution both as lower bound anbly multiplying them by
1/(1 — k/n), as upper bound of the exact critical values<giB)/m.
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0 1 2 3 4 5 6 7 8 9 10

Ficure 1. Lower bound(—) and upper bound- -) and limiting approximation of
upper bound(...) of the distribution function ofK(B)/m for n = 25 k = 5, and
m=1

0 2 4 6 8 10 12

FIGURE 2. Lower bound(—) and upper bound- -) and limiting approximation of
upper bound(...) of the distribution function oK (B)/m for n = 25 k = 10, and
m=1
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APPENDIX

Proof of Theorem 1. The second term i7) can be expressed as

L wa\ [ G
oS T a2 ~ 7T O O T a2
PZ(S’V) O = PZ(87W) T E
0 I 0 3¥? 0 Im
OA-S -1 0-\,/,8 0’80-\,/8
=P(&W)| \ o o, G2
0 e
B } o7t - YV; 1 0
= Pz(&,W) B 0 si? >
0 I

where the last equality follows from

—1/2
L 2w
W,s — O-V\I,s
&
2*1/2 6-20-Vg
= (TV,s 2 )
O, O,
A2
s2_ Je
g 2°
0-5
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Consequentlythe K-statisticK(3) is given by

8'Pgé
KB) = —3~
. — OWs _
X—PZ<W—§ — >+ZHEW1/2. u
s

Proof of Theorem 2. To prove thatk(8) is stochastically decreasing j8|, where
II = 6IT*, we first condition on(l,, — P2)(&,W). This does not affect the distribution of
P,(&,W). Let

H = (Z'2)V211 532,
u= (22?2,

U=(2'2)vV2Z2'(\W— &X),

>

W,

AD "
&

o

A=
We may regress on U so thatu = Uy + v, wherev is independent o). Next we also
condition onU and consider the numerator Kf 8) given by
&'Pgé& = (Uy +v)'P (Uy + ),

L =H6 + U.

Let Q be an orthogonah X m dimensional matrix such thaty is orthogonal to the last
m — 1 columns ofL(L'L)"Y/2Q, such that it has a positive inner product with the first
column (y'U’P_Uy)¥2. Furthermore le¢ = Q'(L'L)"¥?L'y, whose elements are in-
dependently normally distributethen

§'Pgé = (Uy + »)'L(L'L) ¥2QQ (L'L) ¥2L'(Uy + »)

= [Q(L'L) Y2 Uy + )] [Q (LL) 2L (Uy + ]
= (& + (y'U'PLUy)¥?)2 + %5?-

Consequentlywe only have to show thatonditional onU, (¢1 + (y'U’P_Uy)Y?)2
stochastically decreases @8 increasesHere we find an analogy with the noncentral
x? distribution that decreases as the noncentrality parameter decrBases only have
to prove that the nonrandom function

y'U'(HO + U){(HO + U) (HO + U)} "1 (HO + U)'Uy

decreases d#| increasesThis can be shown to hold true by considering the derivative
with respect t®, which completes the proof n
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Proof of Theorem 3. We use the following limitswhich can be easily verified
72 251, we >0, WPWk- 1,
8'P,5/k>1,  and W'P,&/k-0,

o)

XKk 251,

Furthermore

W'P,&/(k¥?) 2 N(O, 1),

(n— k26w ; 2 N(O,I1,),

S0

X'8/(k¥2) & N(O,(1— )7 ,).
Consequently

1-a)K(B) * Xa [
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