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A PARAMETRIC
CHARACTERIZATION OF
INTEGRATED VECTOR
AUTOREGRESSIVE (VAR)
PROCESSES

LiSBETH LA COUR
Copenhagen Business School

This paper provides a polynomial factorization theorem that is then used to extend
the characterization parts of the parametric representation theorems of Johansen
(1992 Econometric Theor®, 188-202) for vector autoregressive processes inte-
grated of up to order.2\ characterization theorem is provided in the general case of
anl(d) processFor the discussion of the complicated polynomial cointegration
properties of such process#®e case of ah(3) process is considered as an example

1. INTRODUCTION

Research in the topic of cointegration is pastits first infaki¢lgereas the interest

at the beginning primarily was concentrated on processes integrated of order 1
(see e.g., Granger 1981, Granger and Weisd4.983 Engle and Grangei987)

the effort has more recently been concentrated on processes integrated of orders
higher than 1 and specifically d2) processes (seeg., Johansef1992 Granger

and Lee 1991 Engle and Yop1991;, Gregoir and Laroquel993) Also, Park

and Phillips (1989)Kitamura (1995) Chang and Phillips (1995pand Chang
(1996) are important papers in this ar€he present study is concerned only with

a minor—but not the least important—part of the analysis of higher order inte-
grated processeblsing a polynomial factorization theorem provided in the pa-
per, the approach in Johansen (1992) is extended to set up a specific theorem for
the parametric characterization of a vector autoregressive process integrated of
orderd. The special case of dri3) process is considered in the last part of the
paper
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2. THE BASIC MODEL

The basic model studied in this paper is fhdimensional vector autoregression
(VAR) of orderk with normal errors assumed to be independently and identically
distributed with mean zero and covariance magrjx

AgZi+ A Z g+ o FAZ k=&, t=12...T
& AL)Z = ¢ (1)

HereZ, is thep-dimensional vector process and #é& are the matriceép X p)

of coefficients The initial valuesZ_,.4,...,Z, are treated as fixed valuds is
possible to extend the model by allowing for deterministic terms on the right-
hand side of (1)but such extensions are not critical for the analysis in the fol-
lowing material and are therefore left out for expositional ease

Because economic time series almost always show some kind of trending be-
havior, some definitions concerning the time series properties of the series are
neededFollowing Johansen (1992) a nonstationary process will be calted
grated of order j 1(j), if the process transformed by the operatdbecomes
stationaryAl = (1 — L)IZ,, wherel'Z, = Z,_;) while the process transformed by
A1 still is nonstationaryA stationary process is often referred to asléb)
processAs indicated by the definition of integratipstationarity of this kind of
processes can always be obtained by appropriate differenéinthermorea
vector process is said to leintegratedf a linear combination of the series is
integrated of an order lower than the process it3¢i€ concept of cointegration
is very interesting from an econometric point of view because of the interpreta-
tion of cointegration relations as economic long-run or equilibrium relation-
ships In the case of cointegration a(1) process can be transformed to
stationarity in two different wayg1) AZ; and (2)w'Z; wherew is a(p X r)
matrix, r < p, such that stationary linear combinations (cointegration relations)
of the process exisfA superscript T means that the vector or matrix preceding it
is transposedl

If the process is integrated of an order higher thatihé possibility of cointe-
gration between differences and linear combinations of the process @higgshe-
nomenon is callethulticointegrationsee Granger and Le£991) orpolynomial
cointegration(see Engle and Ygd991) Hencel (2) processes can be transformed
to stationarity as follows(1) A?Z;, (2) w"AZ;, or (3) wlAZ; + wlZ,.

The parametric characterization of B) process is important because this
makes it possible to develop statistical tests to determine the order of integration
and knowledge of the integration and cointegration properties of a process is
extremely important for model formulation and inference

The basic assumption concerning the stochastic prpe@esassumption that
works throughout the papés as follows

Basic Assumption The roots oflA(z)| = 0 are either outside the unit disc or
equal to one
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This means for one thing that explosive processes and seasonally integrated
processes are not considered

3. A POLYNOMIAL FACTORIZATION THEOREM'

Before we turn to the discussion of the parametric characterization of integrated
processes it is convenient to set up a theorem for a certain factorization of a
polynomial matrix

THEOREM 1 Polynomial factorization theorerhet A(z) be a(p X p) poly-
nomial matrix of finite degree such thig(z)| = (1 — z)°d(z) where d z) has all
its roots outside the unit circjehen four(p X p) matrices Gz), T(z), B, and C
exist such thafi) |G(z)| has the same roots as that ofal; (ii) T(z) is a block
upper triangular matrix whose block diagonal matrices are diagonal and equal
to a monomial i1 — z) such that the determinant of(3) is equal to(1 — 2)5;
(iii) B and C are fulrank constant matricegiv) CA(z) = G(z2)T(z)B.

Proof of Theorem 1 The proof is made by inductigomut before the proof is
given some necessary notatfdas introduced

First notice that a polynomial mattiXA(z), always can be written in the fol-
lowing form:

A(z) = A1) + Al(2)(1 — 2).

Now, consider a sequence (indexed iByof matricesa;, i.e., («;);, with a; of
dimension(p X r;), 0 = r; = p and of full-column rank Now define other
sequences of matricé€;); of dimensiongp X R) by C, = (C;,_4, «; ) where

R =20l =ai(ea) % and(C); by C = (Ci,&1) whered;; , is defined
such thatC; is a(p X p) full-rank matrix There exist many possible choices for
(@), but for our purpose we define them by imposing some orthogonality con-
ditions Actually, it is not the sequencgy;); that is given rather it is another
sequence (calletkx(i)); with (i) of dimension((p — R_1) X r;) and of full
rank), but from which the matrice@y;); are easily founda; = C;_; , a (i), where
Ci—1, is the orthogonal complement @ _;. Furthermorewe associate to a
sequence of matrice§; the same kind of matrices denot&l and B;. A se-
quenceéj*, is also defined that is similar in structure to ﬂeequence but with
B;” exchanged wittB;. Notice thatB; B/ = 1,,. Finally, we define a(p — R) X

(p — R)) matrixK(C;,a(i + 1)) such thata;; 1, @1»2) = @1K(Ci, a(i + 1))
and a(p X p) block diagonal matrix<;. ,(«) whose upper block is an identity
matrix and whose lower block is equal K(C;, a(i + 1)). We also need to
introduce sequences of polynomial matridd®e need some recursive definitions
and start by the initializing equations

FO(A)(2) = A(2)

Ho(A)(2) = F°(A)1(2)Bo
Uo(A) = Iy,
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For stepj in the recursive relations we have (matrices with negative indices are
equal to zera)

FI(A)(2) = FI7H(A)1(2) = Hi—2(A) (2 Uj—o(A) ' GLF A (D)

- CT.Ei =
UJ- (A) _ (UJ Ol(a) j lF EA)(l)ﬁj >

H;(A)(2) = (H-1(A)(2), F'(AL(2)B)).

Back to the proafAs mentionedthe proof is made by inductigiut the in-
duction works a bit atypically in the sense that what we prove is that for a given
factorization structure developed fio= m (herei is the largest index of the’s
[or B’s] appearing in a given factorization) for which the theorem is not fulfilled
one can always (by extracting unit roots from the first factor) find a factorization
with the same structure far= m + j, j > 0 (but less than some upper limit
determined by the maximum possible number of unit roots in the process) for
which the theorem is fulfilledWhether the factorization theorem is fulfilled is
easily decided from the suggested factorization structure by checking the rank of
a certain matrixActually, what the induction offers is a procedure that describes
the move from the factorization structure suggested fom(assumed to violate
the theorem) to the same kind of factorization butifer m + 1. If the theorem
is valid fori = m + 1 we are doneOtherwise a violation implies that there are
still unit roots in the first factarWe know that there is an upper limit to the
number of unit roots of the kind of finite order VAR processes considered
this means that by further iterations of the factorization procedure all unit roots
can be removed from the first factor and the theorem will eventually be fulfilled
In summary reduced rank of a certain matrix for a given iteration in the factor-
ization procedure means that we need to continue with the procdtiteetually
the matrix of interest will have full rank such that the wanted factorization has
been derived and the procedure stops

Let us first assume that there are indeed unit roots in the polynomium such that
fori = 0 A(1) has reduced rank and we writé¢1) = «(0)3(0)T. We defineag =
a(0), Cy = ap andBy = B(0), By, = B . To obtain the desired factorization
structure we now pre- and postmultiply b§J andB,, respectivelyThese ma-
trices are constant matrices and do not change the roots of the polynomial matrix

CJ A(2)B,

0 O
B {<| CIF{ A BT
o & "FYA AT

I, 0
><(o %,41—a>

= Go(2)To(2).

I, 0\ N
=< >+CM&ﬂwm&umna—a

) + Cg(Ho(A)(2), FX(A)(2)B1) (1 - Z)}
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Postmultiplication of this equation BT gives the factorization of the theorem
andifa; TF1(A)(1) By is of full rank the resultis proved far= 1. Fori = 1 some
of the basic features of the factorization structure become,ddaamuch of the
complexity encountered for> 1 is still missing Thereforewe now assume that
a; "FX(A)(1)B; is of reduced rank such that there exi¢l) andj (1) for which
a; "FYA)(1)B1 = a(1)B(1)T and we give the factorization structure for 2.
First postmultiply byK;(8) and premultiply byK;(a) T, such that the last row and
column blocks of the preceding expression are split into twg/column blocks

I, COFNA(DBL CIFHADB:
Cl/A(zB,=4| 0 I, 0
0 0 0

Ir, 0
+ €I (M) (), FYAL(2)Bz) (1 - 2) (0 | (1_Z)>-
pP—=ro

We then simultaneously postmultiply by a triangular matrix the first factor of the
preceding right-hand-side expression and premultiply the second factor by its
inverse This triangular matrix has the following form

l, 0 —CJFHA(DB:

o 1, 0
0 O lo-R,
This operation gives
C{A(2)B,
l, CJFY(A@)BL O
=4/ 0 Ir, 0| + C{(Hi(A)(2), F2(A)(2)B2)(1 - 2)
0 0
It 0 CoFYAMB (1-2)
x| 0 I,1-2) 0
0 0 lp-r,(1—2)

B {<u1<A> CIF2(A) (1Bz

ST 2 3-V(1 —
0 &AW Bz> + €T (Hi(A@), F2(AL(2)35) (1 z)}

l, 0  CIFYAME-2)
x| 0 I, (1-2 0
0 0 |p7R1(1 - Z)Z
= G1(9)To(2).
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The determinant of the first factor evaluatedzat 1 equals the determinant of

@, "F?(A)(1)B5 such that when this latter matrix is of full rank all unit roots

have been removed from the first factBostmultiplication of the previous equa-

tion B;T gives the factorization of the theoremhich is then proved for = 2
Finally, we consider a general step in the inductidssume that foi = m

the matricesC/" A z)l_5> B obey the general factorization structure and that

d;TlFlJfl(A)(l),BJ+l has reduced rank fgr=0,1,...,m — 1. The important part

of the factorization structure assumed here is

CTADE = {(ui (A C-TF#l(A)(l)Bi;l)
J J 0 & IF AL

+ G (H;(A)(2), Fj+1(A)1(Z)/§j11)(1 - Z)} Ti(2), (2)

where Tj(z) is a block upper triangular matrix whose block dimensions are
(ry X r,) with (ry,r,) € {ro,...,r;, p — R}?and(u,v) €{0,...,j, j + 1}? the
diagonal submatrices are equal(o— z)"I,, or (1 — z)“llp_R’., the second-
upper block diagonal is equal to zerand the other submatrices indexed by
(u,v) (the last indej + 1 is associated to the dimensipn- R;) are polynomi-
als without a constant term and degfee— 1).

We now consider thenth factorization (at this staggust ignore the last
B:l , factory

Un-1(A)  Cp_1F™(A) (1)Bm>

T S —
Ch-1A(2)By 1 = {( 0 @n ' F™(A) (D) B

+ Ci-1(Hm-1(A)(2), F™(A)1(2) ) (1 — Z)} Tm-1(2).

We now postmultiply byK,(3) and premultiply byK(a)T.

From the definitions oK andK we see thaK,(a) TCh_1A(2) B 1 Kn(B) =
CIA(2)B,, i.e, the last block ofC,,,_, andB,,_, is split into two blocks Next,
observe that

K(Cm-1, @(M) @, TF™(A) (1) B K(B-1, B(M))
= K(Ci-1, @(m) Ta(m)B(m) TK(By,-1, B(mM))
= K(Cry1, (M) @, " @ma (M) B(M) "B, B K(By-1, B(M)
= (@m, @m+1) " @mBr(Bm> Bm+1)

(g)ee 0= (5 ol
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such that
Un-1(A) CIoiF™A(D)Bm  Cho1F™A(D)Bmsa
CITA(2)B, = 0 I, 0
0 0 0
+ Ch(Hm-1(A)(2), F™(A)1(2) Bm) (1 — 2)
I . 0 > . 3
(5 oy [T

~_[{ firstterm - . )
- {<unchange; *+ Cn(Hn-1(A)(2), F™(A)1(2) B,

F™(A)1(2) Braea) (1 — Z)} K Tn-1(2)Knn

first term B )
- {( Q + Ch(Hn(A)(2), F™A)1(2) Brms1) (1 — Z)}

unchange
X Ky ' T 1(2) Ky
={() + Ca(Hn(A)(2), F"(A)1(2) Brms 1) (1 — 2)}
g, O Uml(A)lcr-rl;lFm(A)(l)Berl)

x| o 1. 0
0 0 Ih-r,
g, O Un-1(A) *Ch-1F™(A) (1) B
x| 0 I, 0 )
0 0 lp-r,

X Kn:l-l—m—l(z)lzm
[(Uml(A) Ca-1F ™A (1) B, 0)

0 I, 0

m

0 0 0

+ Cr(Hn(A)(2), F™Y(A)(2) Brm1) (1 — 2) { X (4 factors)

U.(A) 0\ ]
- {( 0 0) + CT(Hm(A)(2), F™(A)(2) Bms1)(1 — z)}

X (4 factors)
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Un(A) 0\ .
- {( 0 0) + Ch(Ha(A) (@), F™ {A)(D)Bra

+ F™ L (A)1(2)Bmi1(1 — 2)(1 — Z)}

X (4 factors)
) {(um(m cnIFm“<A><1>Bm+l)
0 anaF™HAD)Bmi

+ Ch(Hm(A)(2), F ™ (A)1(2) Bmia) (1 — Z)}

IR, 0
X ( 0 lpr(l- z)> X (4 factors)

Now we consider the last 5 factors of the preceding equation
Ir,, 0 Un1(ACL1F™A(D)Bmi1
I, 0
(0 o )) 0o 1, 0
- —Z
Pt 0o o o,
X Kr;le,l(Z) KHm
lRy: 0 Un a(A'Ch1F™A)(D)Bmis
=1 0 |,m 0
Ip*Rm(l_Z)

: )
K (B, B()

-2(2) to Ir, . 0
< o5 o)
Rm-

0
0

| 0 Un 1(A) ch 1Fm(A)(1)B~5+1

1

- I, 0
0 lpr (1—2)
Tm-2(2) ty to
X 0 I, (1—-2" 0
0 0 o (1= 2™
m-2(2) ty to + Up1(A) 'Ch1F™(A) (D) Bmi1(1 — 2)™
- o 1a-zm 0
0 0 lp_r, (1 — 2)™1

_ Tm-1(2) t3 _T
- 0 |p_Rm(1 _ Z)erl - m(z)3
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with T;*(z) having the same structure &gz), but with the last columfrow of
dimensions corresponding 18, instead ofg;; 1. Thety block is simply the
upper right block ofT,,_1(z) of row dimensionR,,_;. Thet; andt, blocks are
simplyt, split into two columnsi.e., with 3., turned into( By, Bm.1). The block
tz is simply defined as the two upper right blocks in the previous matrix
Now evaluate the determinant ofCLA(z)B, at z = 1. For
i1 F™2(A) (1) Bms1 Of full rank postmultiplication of the equation bgT
means that the factorization theorem is prav@therwiseonly an iteration of the
factorization procedure (from= mtoi = m+ 1) has been describgolut we know
that one or more iterations similar in structure will eventually lead to the desired
factorization and the theorem is proved u

4. CHARACTERIZATION OF INTEGRATED VAR PROCESSES

Itis a well-known fact that for the kind of processes considered here the condition
for stationarity is|A(1)| # 0. Now with unit roots present in the proceseme
other characterization theorems are needed to describe the integeatitrgra-

tion, and polynomial cointegration properties of the procéss us start by re-
calling some well-known results—writtethowever with the notation of the
present paper

THEOREM 2 Parametric characterization of ar(1) processUnder the ba
sic assumptionthe necessary and sufficient conditions for the process Be
I (1) are that there exis (0) and8(0) matrices such that

A1) = a(0)B(0)T,
a; "FX(A)(1)B1 has full rank.

By a comparison of the present theorem with that oflttig representation
givenin Johansen (1992) or in la Cour (1995 easily seen that apart from pre-
and postmultiplication byp X p) full-rank matrices that leave the essential rank
condition unaffectedonly notational differences in the characterization part of
the theorem are preseirdence the proof from one of these sources will apply
and is not repeated hedote that in case of aln(1) series botlA Z; andB{ Z; are
stationarya property that is easily derived frofig(z) BT from the polynomial
factorization applied to thi(1) case

Now the theorem for the parametric characterizatio{®fprocesses is given

THEOREM 3 Parametric characterization of ar(2) processUnder the ba
sic assumptionthe necessary and sufficient conditions for the procedss Be
I(2) are that there exist (0), 8(0) matrices andx(1), 8(1) matrices such that

FOA D) =A1) = a(0)B(0)T,
ar"FHADBL = a(B)T,
@z "F2(A)(1)B5 has full rank.

Again by comparisons of notation the theorems are essentially identical
to those found in either Johansen (1992) or in la Cour (1982) the proof
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will not be repeated hereNote that 81A%Z,, B{AZ, and (BJZ, +
CdFY(A)(1)B5 B3AZ,) are stationarya property that is easily found from
T.(2)B;T of the polynomial factorization theorem for &(2) process

Now a general parametric characterization theorem for a process integrated of
orderd is given

THEOREM 4 Parametric characterization of an(dl) process Under the
basic assumptiarthe necessary and sufficient conditions for the process Z
be I(d) are that there exis&(0), 8(0) matrices ancx(j), B(j) matrices j= 1,
2,...,(d = 1) such that

FO(A)(D) = A1) = a(0)B(0)7,
a TFIADB =a(DB)T, | =1,...,(d= 1),
ag "F9(A)(1) B4 has full rank.

Proof of Theorem 4 To prove sufficiency we use the polynomial factorization
theorem Starting fromA(z)Z; = ¢; we pre- and postmultiphA(z) such that the
full-rank condition of Theorem 4 ensures the absence of unit roo®,in(z),
i.e, in the first factor of the right-hand-side expression in (2)jfer (d — 1):

Cd-1A(2)By-1BiT1Z = Gy-1(2) Ty-1(2)BiT1Z, = C{_1€:.

From all the reduced rank conditions of Theorem 4 we can stepwise build up the
partition of the coefficient matrix until the preceding equation that satisfies the
polynomial factorization theorem is reach&domT,_,(z) we see that in some
directions it is necessary to take differences of oiey make the process sta-
tionary, implying that the process is integrated of ordeuch that the sufficiency
part of the proof is completed

As forthe necessity part of the prgofe apply the polynomial factorization theo-
rem once moreKnowing that the process is integrated of ordémplies that it
cannot be integrated of a lower order such that the full-rank conditions of pro-
cesses integrated of a lower order will be violat€lis forces us to perform one
more iteration from the polynomial factorization that is valid for & — 1) pro-
cessThisleads to d;(z) factor that allows for differences of ordetof the process
i.e, Ty_1(2). For anl (d) process we know that it is sufficient to take differences
of orderdto make the process stationary such that we do not need another iteration
to find the polynomial factorization of and) processBut for the factorization
includingT,_,(2) we see that it is the full rank @fy TF 9(A) (1) B4 that makes the
factorization valig hence it proves that the conditions of the parametric charac-
terization theorem are indeed necessary conditions u

To give a complete description of the polynomial cointegration properties of
anl(d) process a close examination®f_, (z) B;T ; will suffice. Each row block
of which there ared + 1) when solved backwayadorresponds to a different
direction in theg-spacei.e., the space spanned I84, B1,...,84-1, Bq. In the
directions spanned k§, there is no cointegratigand onlydth order differences
of the process will be stationarin the directions spanned I8, the process
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cointegrates from(d) tol(d — 1), and(d — 1)th order differences will suffice to
make the process stationaPpr all the other directions polynomial cointegration
patterns existpatterns that become increasingly more complex each time we
consider a neyg with a lower subscripWithout actually writing down each row

of Ty_1(2)BiT; a more detailed discussion and interpretation of these properties
is difficult. What we will do here is to exemplify the discussion by the polynomial
cointegration properties of dii3) process that already gives a good indication of
the interpretation in the general case

4.1. An Example: The Characterization of an /(3) Process

First the parametric representation theorem df(@8hprocess is given (this is just
an application of Theorem 4 witth= 3).

THEOREM 5 Parametric characterization of an(3) processUnder the ba
sic assumptionthe necessary and sufficient conditions for the proceds Be
I (3) are that there exisk(0), 8(0) matrices « (1), (1) matricesanda(2), B8(2)
matrices such that

FO(A) (1) = A1) = «(0)B(O)T,

a;r "FH A DAL = a)BA)T,
a "FAA DB = a(2BQ,
as "F3(A)(1)B5 has full rank.

Now, by taking a close look af,(z) from the polynomial factorization theo-

rem which in this case is the relevant gmee find the following structure (to save
space we write (- z) asA):

Ta(2)

e, 0 ag 'FHADBz A ag TFHAD)Bs A + (ag "FAA(DBs — ag TFHA(D)BL a1 TFA(A)(1)B5) A

0 1,4 0 ap TFA(A)(1)Bs 4%
1o o I,, 82 0
0 o0 0 por, A

The interpretation of the cointegration and polynomial cointegration properties of
anl (3) process is based on this(z) postmultiplied byB;™ = (B0, B1, B2, B3) ™.
Transformed by this matrix produdhe process is stationaye start from the
bottom At the first level in the directions o there is no cointegration and
the difference operator must be applied three til¢she second levein the
subspace spanned By, cointegration is presenteducing the order of integra-
tion from 3 to 2 makingA? the sufficient operator to transform the process to sta-
tionarity. At the third leve] observe that normally by takirn®y combinations of the
process the order of integration will be reduced from 3, ioplying that the use

of A will lead to anl (1) processBut polynomial cointegration properties are
presentand thesé (1) series cointegrate in turn with certain othé&t) combina-
tions of the process33 A>Z, with coefficient matriceg|, , a; TF2(A)(1)B3).
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The most complex case appears at the fourth level inBhdirection Here
B4 Zis generallyl (2) but cointegrates witf83 AZ,, which is alsd (2), to anl (1)
process with coefficient matrixl, , ag TFX(A)(1)B3). This (1) process co-
integrates with othet (1) processesBs AZ, and 33 A%Z,, and the coefficient
matrices of these two terms are todsg' F1(A)(1)B5 andag "F2(A)(1)B5 —
a TFYHA)(1)B1 ar TF2(A)(1)B5 , respectivelywhich can be directly derived
from T,(z). The last of these coefficient matrices consists of two terms where the
last term in a sense “corrects for” the polynomial cointegration that took place at
the previous level

This type of “correcting for” interpretation is general in the sense that for an
I (d) process the more complex coefficient matrices of the polynomial coefficient
matrices contain similar kinds of terms that always contain the structure of the
coefficient matrices that works at the levels already consid®askd on thé(3)
example it is suggested that the way to proceed with the discussion and interpre-
tation in the general case of &) processd > 3, is again to start by looking at
the bottom rowthe row of dimensiori(p — Ry_1) X p), of the relevant matrix
By moving up the matrix block-row—wise for each of the dimensionx p), j =
(d—=1), (d—2),...,1, 0, the full structure will be revealed

5. CONCLUSION AND DISCUSSION

This paper sets up a polynomial factorization theorem that makes it easy to for-
mulate a parametric characterization theorem fot @) processthereby ex-
tending to the general case the parametric characterization theorefis and
I (2) processes provided in Johansen (1998E factorization theorem also pro-
vides a basis for the discussion and interpretation of the complicated cointegra-
tion and polynomial cointegration properties of processes integrated of orders
higher than 1The discussion of the relation between the polynomial cointegra-
tion coefficient matrices and the coefficient matrices of the basic VAR model is
exemplified in the study of ah(3) process

The paper does not include the corresponding moving average representation
(or Granger representation) of &fd) processSuch a representation is in prin-
ciple even in the general case easy to find but difficult to write up analytically
because it for one thing needs inversionaf{ 1) matricesAlso notice that to
compare the parametric characterization conditions of a finite VAR process as
studied in the present paper with other articles starting from the moving average
representation of an integrated process,(sgg, Gregoir and Laroquel993)
one has to consider conditions under which the factorization theorem works even
for infinite order VAR’s

Even though the paper does not contain any statements or propositions con-
cerning estimation and inferencelifd) processest is of interest to time series
econometricians because the characterization theorems are necessary first steps
in the ongoing process of developing the statistical analysis of integrated time
series
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NOTES

1. Suchafactorization has certain similarities with the Smith—McMillan decompositiopggee
Engle and Yo01991; Kailath, 1980)

2. 1thank an anonymous referee for suggesting this notation as an alternative to the one used in a
previous version of the papétis hoped that the present notation will make the reading of the proof
considerably easier

REFERENCES

Chang. (1996) Vector Autoregressions with Unknown Mixtures of |(@}) and |(2) Components
Discussion papeRice University

Chang Y. & P.C.B. Phillips (1995) Time series regression with mixtures of integrated processes
Econometric Theoril, 1033-1094

la Cour L. (1992) A Note on Parametric Representation of Integrated Vector Autoregressive (VAR)
ProcesseRResearch report 104nstitute of StatisticsUniversity of Copenhagen

Engle R.F. & C.W.J Granger (1987) Cointegration and error correcti@epresentatigrestimation
and testingEconometriceb5, 251-271

Engle R.F. & B.S. Yoo (1991) Cointegrated economic time seriés overview with new resultdn
R.F. Engle & CW.J Granger (ed3, Long-Run Economic Relationships, Readings in Cointegra-
tion, pp. 237—266 Oxford: Oxford University Press

GrangeyC.W.J (1981) Some properties of time series data and their use in econometric model spec-
ification. Journal of Econometric&6, 121-130

Grangey CW.J & T. Lee (1991) Multicointegrationin G.F. RohdesJr. & T.B. Fomby (edg, Ad-
vances in Econometrics: Cointegration, Spurious Regression and Unit,Ra@bt8, pp. 71-84
Greenwich ConnecticutJAl Press

GrangeyC.W.J & A .A. Weiss (1983) Time series analysis of error-correction modtels Karlin, T.
Amemiyag & L .A. Goodman (ed$, Studies in Econometrics, Time Series and Multivariate Statis-
tics, pp. 255-278 New York: Academic Press

Gregoir S. & G. Laroque (1993)Multivariate time seriesA polynomial error correction represen-
tation theoremEconometric Theor§, 329-342

Johanseys. (1992) Arepresentation of vector autoregressive processes integrated of.dtdeng-
metric Theoryg, 188—-202

Kailath, T. (1980)Linear SystemsEnglewood Cliffs New JerseyPrentice-Hall

Kitamura Y. (1995) Estimation of cointegrated systems with 1(2) proce€sesnometric Theor§1,
1-24

Park Y. & P.B.C. Phillips (1989) Statistical inference in regressions with integrated procdxse2
Econometric Theor$, 95-131

https://doi.org/10.1017/50266466698142020 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466698142020

