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Abstract We give a general construction of the motivic path space based at tangential basepoints,
extending previous works of P. Deligne, A. B. Goncharov and M. Levine, which were limited to ordinary
basepoints or to specific varieties. Given a smooth variety over a field endowed with a simple normal
crossings divisor, we encode its tangential basepoints using the language of logarithmic geometry. Building
on the recent construction by F. Binda, D. Park and P. A. @stvaer of a stable co-category of Al-invariant
logarithmic motives and its comparison with the usual category of motives, we define in a functorial
manner the associated motivic pointed path spaces. In the presence of a motivic ¢-structure, truncating
yields the motivic fundamental groupoid. In general, we construct Betti and de Rham realization functors
for logarithmic motives (linearizing the construction of F. Binda, D. Park and P. A. Ostveer for the Betti
case) and we show that the periods of the motivic fundamental groupoid are given by regularized iterated
integration of logarithmic differential 1-forms, thus yielding a general version of Chen’s theorem with
tangential basepoints.
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1. Introduction

Let U be a smooth scheme of finite type over k a subfield of C, and x,y be rational points
on U. Denote by 7™ (U(C),z,y) the prounipotent completion of the fundamental torsor
of U(C) at z,y. P. Deligne conjectured in [Del89] the existence of a motivic incarnation of
(U (C),x,y), and in joint work with A. B. Goncharov, he showed in [DG05, Subsection
3.12] that O(m™(U(C),x,y)) arises as the degree-zero homology of the Betti realization
of an algebra object in Voevodsky’s triangulated category of mixed motives called the
motivic pointed path space of U based at x,y. In the presence of a motivic
t-structure (for instance if U is of mixed Tate type over a field satisfying Beilinson—
Soulé’s conjecture), this construction yields the motivic fundamental torsor 7" (U,z,y)
whose Betti realization is 7" (U (C),z,y).

However, many interesting varieties have no rational points, or more generally no section
over their base scheme, as is the case for the moduli spaces of curves of genus g with n
marked points M ,, viewed as Z-schemes. In this situation, one must replace rational
basepoints by tangential basepoints, that is, points on a smooth compactification with
simple normal crossings divisor, equipped with a nonzero tangent vector normal to each
component of the divisor. In certain specific cases, most notably for Mg 4 ~ P\ {0,1,00},
Deligne and Goncharov established [DG05, Theorem 4.4] the existence of the motivic
fundamental torsor at tangential basepoints whose realizations were previously defined in
[Del89]. However, their proof is transcendental in nature and does not provide an explicit
construction.

In this article we generalize this work by giving a construction of the motivic pointed
path space based at tangential basepoints on any smooth scheme over a field endowed
with a simple normal crossings divisor. More specifically, let DA(k,A) be the stable
oo-category of motives over a field k with A coeflicients as defined by J. Ayoub [AGV22],
D.-C. Cisinski and F. Déglise [CD19] and others, and Rg,Rqr its Betti and de Rham
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realization functors (with A =Q, k C C and A =k, k of characteristic 0 respectively). The
main theorem we will prove is the following:

Theorem 1.0.1 (Definition 4.2.1 Theorems 5.2.11, 5.3.6, 5.5.10). Let X be a smooth
scheme of finite type over an arbitrary field k, endowed with a simple normal crossings
divisor D and let x,y be tangential basepoints for the pair (X,D) (definition 2.1.1).

e We construct a commutative algebra object Py (X \ D) € DA(k,A), the motivic
pointed path space of X\D based at x,y, such that the family {, Py (X \
D)}x,y has the structure dual to that of a groupoid, in the sense of theorem 4.1.9.

e IfkCC and A=Q, its Betli realization satisfies

H’(Rp Py (X \ D)) ~ O(z*(X(C)\ D(C).x,y))

which is the prounipotent completion of the fundamental torsor of X(C)\ D(C) at
X,y in the sense of definition 5.2.35.
e Ifk is of characteristic 0, and A =k, its de Rham realization is described by

RdeP’;(X\D) ~ xBaryRF(X,QX/k(logD)),

the bar construction on the logarithmic de Rham complex of (X, D) pointed at x,y
in the sense of definition 5.3.1.
e The periods associated with the comparison isomorphism

HY(Rp, Py (X \ D)) @g C ~ H*(Rar, Py (X \ D)) @3, C (1)

are given by regularized iterated integration of forms with logarithmic poles along
D in the sense of definition 5.5.8.

Remark 1.0.2. The isomorphism (1) is a version with tangential basepoints of K.
T. Chen’s theorem on iterated integrals [Che77, Theorem 2.6.1]. To the best of our
knowledge, this general form is new, and the case of a curve appeared in [BGF25].

In the presence of a motivic t¢-structure, the motivic fundamental torsor of X\ D
at x,y is defined by:

(X \D,x,y) = Spec(H?nOt(xP;"(X\D))),
the affine scheme associated with the algebra HY,; (,Py"(X '\ D)), where the functor Hj

mot mot

is the O-truncation functor associated with the motivic ¢-structure.
We remind the reader that such a t-structure exists for mixed Tate motives, when &
satisfies Beilinson—Soulé’s conjecture, which is known when £ is a finite field, a number
field, a field of rational functions on a curve of genus 0 over a number field, and filtered

colimits of such fields [DG05, 1.6].

Remark 1.0.3. If we take (X,D) = (%,{0,1,00}) and x,y any tangential basepoints,
this gives a complete definition of 7" (I% \ {0,1,00},x,y) in the category of mixed Tate
motives over Q. When x,y € {(0, = % o) (L & % )5 (00, & %}m)} with z the standard
coordinate around 0, it is natural from the definition to view this object in the category
of mixed Tate motives over Z. In general, we hope that our results can be generalized

over any base scheme.
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Another definition of the motivic fundamental torsor at tangential basepoints can be
found in M. Levine’s [Lev07] in the case of curves of mixed Tate type via his definition
of motivic tubular neighbourhoods. We expect this construction to be equivalent to ours.

At the same level of generality as our theorem 1.0.1, Hain proved in [Hai87b] the
existence of an ind-Hodge structure on O(x}™(X(C)\ D(C),x)), unconditionally by
obtaining it as a limit Hodge structure after degenerating a family of ordinary rational
points of X \ D into the tangential basepoint x. Although we do not compute the Hodge
realization of the motivic pointed path space of X \ D at x, we hope that it coincides with
Hain’s, thus extending in a natural way his construction for ordinary basepoints [Hai87a].

1.1. The case of ordinary basepoints

Let us recall the classical construction of the motivic fundamental group (we restrict to
a single basepoint to simplify). For U a smooth scheme of finite type over a field &, and
x € U(k), Z. J. Wojtkowiak [Woj93] defines the cosimplicial loop space at z, defined by
analogy with classical topology as the pullback of cosimplicial schemes

U —— UAl
[
x —2% L UxU.

Deligne and Goncharov define the motivic pointed path space of U at z, denoted by
LPTU, as the motivic complex associated with the simplicial motive h(,P3U), with A the
cohomological motive functor. It is isomorphic to the bar construction of the commutative
algebra object h(U) augmented by the point h(z): h(U) — h(x). When U is of mixed
Tate type over a field satisfying Beilinson—Soulé’s conjecture, the motivic fundamental
group is defined by

O(r"(U,x)) := HC

mot

(P30

Its Betti realization is identified via Beilinson’s theorem [Gon01, Theorem 4.1][DGO5,
Proposition 3.4] which shows that when k C C there is a natural isomorphism of Hopf
algebras over Q

Hp(,P2U) =~ colim(Q[m (U(C),x)]/I"*1)Y = O(m™ (U, ),

where I is the kernel of the map Q[m(U(C),z)] — Q sending every element of the
fundamental group to 1, and where the left cohomology group is computed by taking
the cohomology of the double complex induced by the cosimplicial structure.

Its de Rham realization is described by the bar construction [EL11, Section 1.2] on
the augmented (by evaluation at x) commutative differential graded algebra of regular
differential forms on U denoted by €/, when £ is of characteristic 0. If we suppose U
to be affine to simplify, then there is a canonical isomorphism of Hopf algebras over k

Hig (,PoU) ~ H(,Bar, (Qy/(U)))
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where ,Bar, (g, (U)) is the differential graded Hopf algebra whose elements are denoted
by

[w1|... |Wk], w; € QU/k(U>

The Betti-de Rham comparison theorem for the motivic fundamental group is then
obtained via K. T. Chen’s theorem [Che77, Theorem 2.6.1] which states that there is a
natural isomorphism of Hopf algebras over C:

HO (Bar, (i (U)) @x C == colim(Clmy (U (C), )}/ T*1) .

Every class in H?(,Bar, (Qu/x(U))) ®; C is represented by elements [w1 |... |wi] where w;
is a 1-form [BGF25, Lemma 3.263], and the pairing underlying this theorem is induced
by the iterated integration of 1-forms

Y& [wi]. .. |wk] n—>/w1...wk,
¥
where 7 is a smooth loop on U based at z.

1.2. The case of tangential basepoints

In the case of a tangential basepoint x on X a smooth scheme of finite type over k& endowed
with a simple normal crossings divisor D, this method fails overall. Indeed, since x cannot
be defined by a geometric morphism * — X \ D, it is impossible a priori to define the
cosimplicial path space based at x, or the augmentation on Qx )\ p(c) associated with
x in such a straightforward way.

In the topological setting, Deligne explains in [Del89] how tangential basepoints can be
viewed as ordinary points. For instance, for X a smooth curve over k£ C C endowed with
D :={z} and x := (z,v) a tangential basepoint at z, let X’ be the gluing of Bl: X (C)
the real-oriented blow-up of X (C) at z with BIfT,X(C) the real-oriented blow-up of
the tangent space at 0 along the infinitesimal unit circles. The picture representing this
construction is:

The topological space X’ has the homotopy type of X(C)\ D(C), so Deligne defines
the fundamental group of X (C)\ D(C) at x as

1 (XI,U)
where the tangential basepoint x is viewed as the point
v e BIFT, X (C)\ S* ~ T, X(C)\ {0}.

This point of view, as well as similar approaches in the étale and crystalline contexts,
allows Deligne to construct the expected realizations of the motivic fundamental group
at a tangential basepoint in [Del89].

1.3. Content of the paper

Our construction is inspired by Deligne’s Betti picture (Figure 1) for tangential base-
points, and it allows us to apply the cosimplicial loop space/bar construction approach in
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BIET, X (C)

BIE X (C)

Figure 1. The topological space X'

the setting of tangential basepoints. The main tools we will use are logarithmic geometry
and the theory of motives for logarithmic schemes, as developed in the recent work of
F. Binda, P. A. Ostveer and D. Park [BP©¥22, Par22, BP()25]. Moreover, we adopt the
guiding principle that the motivic fundamental torsor should be functorial with respect
to the datum (X,x,y). The details of this functoriality are subtle and will be described
later (see definition 2.1.9).

Logarithmic geometry, developed under the influence of J.-M. Fontaine and L. Illusie,
and further formulated by K. Kato [Kat89], is a variant of classical algebraic geometry
designed to formalize the notion of ‘algebraic varieties with boundaries’. A log scheme is
the datum (X,Mx) of a scheme X and of a sheaf of monoids (for the Zariski topology in
our case) Mx endowed with a morphism of sheaves in monoids ax : Mx — Ox inducing
an isomorphism ay'(0%) ~ O%. For instance any scheme X is endowed with a trivial
log scheme structure, i.e. My := O%. A classical family of examples of non-trivial log
structures is given by the datum of pairs (X,D) where X is a regular scheme endowed
with D a simple normal crossings divisor, so that the log structure is given on X by
Mx := j*O)X(\D where j: X\ D — X. We call these log schemes divisorial log schemes
[Oguls, T11.1.6.1].

By the work of Kato and C. Nakayama in [KN99], we know that classical cohomology
theories are extended to log schemes (e.g. log Betti, log de Rham, log étale cohomologies).
These extensions compute the same groups as their classical counterparts when applied to
a scheme with trivial log structure. The log Betti, log de Rham and log étale cohomologies
with torsion coefficients prime to the characteristic of the base field, have the expected
property that for (X, D) a divisorial log scheme, the log cohomology of (X,D) computes
the classical cohomology of X \ D (this is true for a more general class of logarithmic
schemes: log smooth schemes over a field).

Specifically, for any log scheme X the log de Rham cohomology of X is computed
via the log de Rham complex Qx which is nothing but the complex of forms on X
with logarithmic poles at D in the case of a divisorial log scheme (X,D). The log Betti
cohomology of X is given by the singular cohomology of the Kato—Nakayama space
associated with X, which is the real-oriented blow-up of X (C) along D(C) in the case of
(X, D).
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These cohomology theories are encompassed within a logarithmic motivic homotopy
theory. We recall this theory in detail in section 3. In particular, there is a stable
oo-category of Al-invariant log motives over a field k with coefficients A denoted by
DAE(k,A) constructed by Park [Par22], equivalent to the category DA(k,A). In this
category, we have the cohomological motive h(X) of X a (fine saturated) log scheme of
finite type over k.

In the category DA'E(k,A), there is an equivalence

h(0'°) =~ h(A',{0}) (2)

(corollary 3.2.3) where 0°¢ is the log scheme obtained by restricting the log structure of
(A',{0}) on 0. This phenomenon, when viewed in Betti realization is just a reflection of
the topological retractibility of the real-oriented blow-up of C at 0 on its infinitesimal
unit circle, since the Kato-Nakayama space of 0'°% is S'. This can be related to Deligne’s
trick to view tangential basepoints as ordinary points: for X a smooth curve over k,
D C X a finite set of closed points, and for = € D(k), let us endow T,X with the
log scheme structure (T,X,{0}). The log scheme 0'°% obtained by restriction of the log
structure of (T, X,{0}) to 0 is canonically isomorphic to the log scheme z'°¢ obtained by
restriction of the log structure of (X,D) to x. Hence there is a diagram of logarithmic
schemes

rl8 —— (T, X,{0})

l

(X.D)

This diagram is a logarithmic geometric version of the figure 1. Take a tangential basepoint
x:= (x,v) at z. By (2), there is a sequence of morphisms

h(X,D) — h(2'%%) = h(T, X, {0}) ~ h(T, X\ {0}) 22 h(x) ~ A.

This defines an augmentation on the commutative algebra object h(X, D) associated with
x, denoted by h(x). Note in particular that the log scheme (T,X,{0}) has the property
that the set of morphisms of log schemes

*— (T, X,{0})

is in bijection with the set of rational points of T, X \ {0} i.e. with the set of tangential
basepoints at z, since a morphism from the point with trivial log structure to any log
scheme lands on the locus of points where the log structure is trivial.

Motivated by this example, in section 2 we define, for any divisorial log scheme (X, D)
and = € X(k), in a functorial manner, a log scheme N'°8(X, D) (definition 2.1.4) whose
underlying scheme is isomorphic to the normal space of X to D at x and such that the set
of its logarithmic rational points (i.e. morphisms of log schemes Spec(k) — N°8(X D))
is in bijection with the set of tangential basepoints at z.
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We deduce from this that the category of tangentially pointed divisorial log schemes
is equivalent to the category of pointed diagrams that is the category of diagrams of the
shape

*
mlog < N;og (X’

l

(X,D)

D)

Once again by a consequence of (2) (see corollary 3.2.5), each pointed diagram defines
an augmentation in a functorial way; in section 3 we show that the cohomological motive
functor defines a contravariant functor from the category whose objects are divisorial log
schemes over k with the datum of a tangential basepoint (X,D,x) to the oco-category
CAlg(DA"8(k,A))/? (definition 3.3.5).

This allows us to define in section 4, after complements on the bar construction in an
oo-categorical context, via theorem 4.1.9 and definition 4.2.1 the motivic pointed path
space in a similar way as the case of ordinary basepoints:

Definition 1.3.1. The motivic pointed path space is defined as
Py (X\ D) i= 0 Bary(y) (M(X, D)) := A@p(x. p) A € CAlg(DAE(k, A)).

We show in theorem 4.1.9 that the family {, Py’ (X \ D)} is endowed with the structure
of a homotopy Hopf algebroid. In particular, ,P?(X \ D) is a Hopf algebra for all
augmentations x.

In section 5, we check that the Betti and de Rham realizations of the motivic pointed
path space yield the expected theorems 1.3.2 and 1.3.3. Using the formalism of B.
Drew in [Drel8], we build the Betti and de Rham realization functors Rp,Rqr from
DAE(k,Q) and DA (k,k), and we check the expected property of the Betti fundamental

group.

Theorem 1.3.2 (Theorem 5.2.11). Let (X,D) be a divisorial log scheme and x,y be
tangential basepoints of (X,D). There is a natural equivalence of algebras

H’(Rp Py (X \ D))) ~ O(m" (X(C) \ D(C),x.y))-

On the de Rham side, we show that the de Rham realization of the motivic pointed
path space is

xBary RI'(X,Q(x p)/k)-

The augmentations needed to define the bar construction can be viewed via the
interpretation of tangential basepoints as virtual morphisms, an extension of the available
morphisms between log schemes (a notion defined by N. L. Howell in [How17]). This
interpretation developed by C. Dupont, E. Panzer and B. Pym in [DPP23] is compared
to the preceding in section 2. Using this comparison, and results from [DPP23] we compute
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the Betti-de Rham comparison theorem applied to the motivic pointed path space, and
compute the resulting periods:

Theorem 1.3.3 (Theorem 5.5.10). The Betti-de Rham comparison isomorphism applied
to Py (X \ D) is induced by the pairing

Q1 (X(C)\ D(C),x,y)] @g H (xBary (Q(x, p)/x(X))) = C

given by
¥
where the integral sign is the regularized iterated integral of wy,...,wr along 7.

This generalizes Chen’s theorem to forms with log poles. When X = (P}, {0,1,00}), this
recovers the regularization of multiple zeta values described in [BGF25, Section 3.8.5].

1.4. Remarks and relations with other works

Virtual logarithmic geometry was defined by N. L. Howell in [Howl7] and later
reformulated by G. Shuklin in [Shu22], with already the wish to show that it is integrated
in a motivic formalism. In particular, Shuklin is able to define in a functorial way the
motive of a wvirtual logarithmic scheme in Voevodsky’s category of étale motives. It is
possible to define the motivic pointed path space in this context using the correspondence
between tangential basepoints and virtual points mentioned earlier. The Betti realization
yields the correct object, but we do not know how to compute its de Rham realization.
It is unclear if Binda, Park and Ostveer’s definition of the motive of a log scheme
coincide with Shuklin’s so we cannot prove that such a construction would be equivalent
to ours.

Nevertheless, if a category of log motives with virtual morphisms were to be constructed,
it would simplify greatly the constructions in the present article, since the construction
for rational points would be transposed directly.

Notations and conventions

We follow Ogus’ reference book [Ogul8] regarding most logarithmic geometry notations
except for the Kato-Nakayama space of a log-scheme X that we denote by XXN. We

only consider log schemes with Zariski log structures. We denote by Aynr := (A" =
Spec(klty, -+ ,tr],{t1---t, =0}). We also let xn- denote the log structure of Ay restricted
to 0 € A".

To simplify the notations, we will often refer to a divisorial log scheme (X, D) simply
by ‘X’, so that although we described the motivic pointed path space as Py (X \ D)’
in the introduction, we will denote it by L Py"X’. Note that since the motives of X and
X\ D coincide, this is consistent.

For all oco-categorical notations, unless specified otherwise, we refer to Lurie’s foun-
dational articles [Lur09] and [Lurl7]. Note that for € an oo-category, and X an
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object of G, we denote by e/X (resp. G//X) the category of objects under X (resp.
twice under X), that is endowed with a morphism (resp. two morphisms) from X.
We will also denote by curved letters € the oo-categories and bold letters C the
1-categories.
Finally, we will use the following notations, where S is a Noetherian scheme (or fs
log-scheme when it makes sense) of finite Krull dimension:
Cat; the 1-category of small categories
Catoo the oco-category of co-categories
A a commutative ring
Schg the category of separated Noetherian schemes over S of
finite Krull dimension
ISchg | the category of separated Noetherian fs log schemes over S
of finite Krull dimension
Smg the category of smooth schemes of finite type over S
ISmg | the category of log smooth log schemes of finite type over S
Modp | the co-category of chain complexes of A-modules
Spc the oco-category of spaces
Spt the oco-category of spectra
8h¢(C,V) | the co-category of t-sheaves with values in the co-category V

2. Tangential basepoints in log geometry

In the first subsection of this section, we describe a logarithmic geometric point of view
on tangential basepoints. We define the logarithmic normal space at a rational point of a
smooth scheme over a field & endowed with a simple normal crossings divisor, such that its
logarithmic rational points are tangential basepoints, and we use it to translate Deligne’s
approach 1 in this context via the notion of pointed diagrams defined in definition 2.1.12.
In particular, this point of view helps us describe the functoriality of tangential basepoints.
Pointed diagrams will allow us to define motivic tangential basepoints in the next section.
In the second subsection we connect this point of view with the approach of Dupont,
Panzer and Pym in [DPP24, DPP23]. Namely we prove that the category of pointed
diagrams is equivalent to the category of virtually pointed divisorial log schemes. This
will help us compute the realizations of the motivic pointed path space in the last section
of this article.

2.1. The log normal space and pointed diagrams

2.1.1. The log normal space at a point. We recall the classical definition of
tangential basepoints. For a pair (X,D) given by a smooth scheme X over k endowed
with a simple normal crossings divisor D = Ul D, with D, its irreducible components, X
decomposes into

X=X,uX,U---UX;U---

)
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where X ; is the locus of intersection of exactly j irreducible components of D. For z € X ;,
the normal space to D at z is defined as the k-vector space

where T, X, T, X, are the tangent (k-vector) spaces of X X; at =
For each D, containing z, we let

N.(X,D;) :== T, X/T, D,
so that there is a decomposition

N.(X,D) = PN.(X.D)).

The definition of tangential basepoints we use is the following from [Del89]:

Definition 2.1.1. A tangential basepoint of (X, D) is the datum (z,v) of a rational point
x € X(k) and a vector v € N, (X,D) such that its projection on N, (X,D,) for each D,
containing z is nonvanishing. We denote this tangential basepoint by x := (,v).

Note that there is a unique tangential basepoint at a rational point z of X \ D; it is
(2,0). A tangential basepoint at a point lying on a single irreducible component of D is
the same thing as the datum of a nonzero normal vector to this component at this point.

We describe a logarithmic translation of this definition. Let Divj be the category of
divisorial log schemes over k. This is nothing but the category of log schemes (X, D) with
X a smooth scheme over k£ with a simple normal crossings divisor D, whose morphisms
f:(X,D)— (Y,E) are given by morphisms of k-schemes f: X — Y that satisfy f~*(E) C
D. To simplify, we will often denote by X the whole datum of (X,D) € Divy,. Recall that
by [BP022, A.5.10], the category Divy is equivalent to the category of log smooth log
schemes whose underlying scheme is smooth over k.

Let X € Divy, and z : Spec(k) — X a rational point. We denote by

z'o8 .= (Spec(k),Mx|.)

the log scheme whose underlying scheme is Spec(k) with the log structure pulled back
from X via .

Remark 2.1.2. Note that the structure monoid My |, # Mx , in general. Indeed, if we
let B denote the composition Mx , — Ox ; — k, then by definition M x|, is obtained as
the pushout of the diagram

Bk )~ 0%, — kX

It is proved in [DPP24, Theorem 3.5] that for X := (X,D) € Divy, and x € X (k), there
is a bijection between the set of tangential basepoints at z and the set of group morphisms

(Mx|y)8® —
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which restrict to the identity on £*. In coordinates, if we let z1,...,2; be local coordinates
of D at z, then there is a (non-canonical) isomorphism

Mx |z :kxac?nx?l

and the datum of a morphism (Mx|,)8 — k* which restricts to the identity on k* is
equivalent to the data of Aq,...,A\; € £, where \; is the image of z;. This datum is
associated to the tangential basepoint
6 )
xr

0
(+5m o,

This monoid is related to the schematic normal space in the following way:

ey

T

Lemma 2.1.3. There is a canonical isomorphism of schemes over k
N (X,D) = Spec(k[Mx 2] @kpex k)
where N (X,D) is seen as the affine space associated with (3).
Proof. The normal space is defined by
No (X, D) := Spec(Sym((ToX/To X;)")),
and the k-algebra k[Mx|.] ®xp=1 K is identified with
klzq,. ..,z ]

where z1,...,2; is any choice of local coordinates of D at z. There is a morphism of
schemes over k

N, (X, D) — Spec(k[Mx 2] @kpex) k)
defined by the morphism of k-algebras
k[MX|z] ®k[k><] k— Sym(TzX/Tsz)v

which associates to x; the element du;|, € (T;X/T;X;)Y. Note that this construction
does not depend on the choice of coordinates we made since another choice {z}} would
satisfy o} = \jz; in Mx|, with A; € k*. The normal space satisfies

N.(X,D) =~ Spec(k[dz1 s, .., dz;|.]) ~ AL,
so that we indeed defined an isomorphism. O
This lemma motivates the following definition:

Definition 2.1.4. For (X,D) € Divy, and = € X (k), we call log normal space to D at
z the log scheme N!°8(X D) € 1Sch;, whose underlying scheme is defined by

N#(X, D) := Spec(k[Mx|s] @xpx k),
and whose log structure is induced by the morphism of monoids

MX'x —>/€[Mx‘ ]—)k’[MX| }@k kx]k.
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Remark 2.1.5. From the description given in the proof of lemma 2.1.3, we see that the
log structure induced on N, (X, D) is a divisorial log structure given by

dzily...dzjl, =0.
The log scheme obtained is simply Ay;. Hence, note that N'°8(X, D) € Divy,.
Example 2.1.6. e Tor (X,D)=Ayn,z=0¢€A!, then
N#(X,D) = A
e For (X,D)=Anz, z = (1,0), then
N#(X,D) = An.
e Forany (X,D),if z € X\ D,
NPE(X.D) = *.

The constructions x'°¢ and N!°8(X D) are related by a functorial (strict) closed
immersion of log schemes over &

218 < N'°¢(X D)

defined as follows: its underlying morphism of schemes is given by the morphism of k-
algebras

k[Mx o] @pppex) b — K
coming from the morphism of monoids defining the log structure on z'°%
Mx|e — K,
and the morphism of log structures is described by

Mx |, == Mxl|.

| |

k[M)dm] ®k[k><] k— k

which shows that the morphism of log schemes thus defined is strict.

The log scheme N'°8(X D) is the correct logarithmic version of the schematic normal
space to D at x associated with the normal space (3). In this direction, we show that the
set of morphisms from the log scheme Spec(k) with trivial log structure to the log normal
space to D at z are in canonical bijection with the set of tangential basepoints of (X,D)
at z.

Lemma 2.1.7. For (X,D) € Divy, and x € X(k), there is a bijection between the set of
tangential basepoints at x and the set of logarithmic rational points of N'°8(X, D), that is
the set of morphisms of logarithmic schemes

Spec(k) — N'8(X D).
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Proof. For X an fs log scheme, we denote by dX the boundary of X, i.e. the closed
subscheme of X such that for z € X,z € 9X if and only if Mx . # O% . It is the locus
of points at which the log structure is non-trivial. For Y a log scheme with trivial log
structure, any morphism Y — X to an fs log scheme lands in the open locus of points
with trivial log structure X \ 0X. Thus there is a bijection between the set of logarithmic
rational point of N'°8(X, D) and the set of rational points of Mfg(gg)\aﬁfg(g,g).

To identify the open locus with trivial log strucure of the log normal space to D at =,
note that it is the open subset on which any function m € M x|, is inverted. Hence it is
simply described as the spectrum of the localization of k[Mx |,] @x,x] Kk at these elements
(or at a set of generators of Mx|,). Therefore the open locus is

Spec(k[(Mx|2)8P] @upex) k)-
A rational point of this scheme is given in a unique way by a group morphism
(Mx|[z)® — K~
which restricts to the identity on k*. By the discussion above definition 2.1.4, this is what

we wanted to prove. O

Remark 2.1.8. If welet N, (X,D,) := Spec(Sym(T,X/T,D;)") there is a decomposition
=[[N.(X. D),

so that the log structure is obtained via the product

Since the locus with non-trivial log structure of (N, (X,D,),0) is reduced to the point {0},

this point of view explains in another way that a logarithmic rational point of N'°&(X, D)

is the same thing as a tangential basepoint at x: it is the datum of a vector v € N, (X, D)
whose projection on each N, (X,D;) does not vanish.

2.1.2. The functoriality of tangential basepoints. Since the construction
Nl°g( X, D) is functorial, it allows us to describe the functoriality for tangential basepoints.

Definition 2.1.9. A morphism f: (X,D) — (Y,E) of divisorial log schemes over k
satisfies f(x) =y, with x and y tangential basepoints on (X,D) and (Y, E) respectively
if f(x) =1y, and if the induced morphism of log schemes N°¢(X D) — NL"g (Y, E) satisfies
the condition that the following diagram commutes:

Spec(k
N'g(X,D) —— Nlg(V,E)

where the morphisms from Spec(k) are the log rational points associated with x and y
by the lemma 2.1.7.
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In a simple case, suppose (X,D) = (A",z1...2; =0), Y, E) = (A™y1...yr =0) and let
f:(X,D) — (Y,E) be a morphism of divisorial log schemes such that f(0) = 0. There are
monomials in the coordinates x1,...,x; denoted by Mj,...,My € K|z1,...,z;]| such that

f*yz = Mi(.’li‘l,.. . ,Z‘j).

If we let

0
Foi N —

0
0= <O,)\1
0 jaxj

6.’171

y

be a tangential basepoint of (X, D) at 0, then it is easy to see that the tangential basepoint
defined by the composition

Spec(k)

|

lo, 1o,
Npe(X,D) —— N22(Y,E)

is

f(0) := (O7M1()\1,...,)\j)88

0
+~~~+Mk(>\17-"’/\j)
Y1

0 Ay

)

Remark 2.1.10. Note that in general, for f: (X,D) — (Y,E) and x := (z,t) a tangential
basepoint on (X,D), then f(x) # (f(x),df.(t)). For instance if f: (A%0) — (AL0) is
defined by f(x) = 2™ with n > 2, then dfy(t) = 0 while if ¢t = \d,|o, then f(0) =
(0,A™0z0)-

Remark 2.1.11. This functoriality seems to be aligned with, and was partly inspired
by the point of view which consists in viewing tangential basepoints via morphisms
Spec(k((x))) = X, see for instance [Pet21, Lemma 10.1]. We will see in the next subsection
another motivation for this functoriality.

2.1.3. The category of pointed diagrams. Let us now define the category of
pointed diagrams which will be our framework when we define motivic tangential
basepoints in subsection 3.3. Note that the diagram of log schemes over k

2\%8 s N5 (X, D)

j (4)

X

is functorial with respect to morphisms of divisorial log schemes over k.
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Definition 2.1.12. We call the category of pointed diagrams the category whose
objects are diagrams of log schemes over k of the form

Spec(k)

B

219 — NI°%(X, D)

|

X

where (X, D) € Divy, and x : Spec(k) — N°8( X D) is a tangential basepoint at a rational
point z. To simplify, we denote such diagrams by (X, D,x).

A morphism of pointed diagrams (X,D,x) — (Y, E.,y) is a morphism of diagrams
of log schemes over k given by a morphism of divisorial log schemes f : (X,D) —
(Y,E) sending = to y, the induced morphism of log schemes z'°8 — y'°% the induced
morphism N8(X,D) — N°&(Y,E) and the identity on Spec(k). In particular the

diagram
Spec(k
Nlg(X D) Nlog(Y E)

must commute, which just means that f(x)=1y.

Hence, it is clear that the category of pointed diagrams is equivalent to the category
of tangentially pointed smooth schemes over k with simple normal crossings divisor, that
is the category whose objects are the datum of a divisorial log scheme (X, D) over k and
a tangential basepoint for (X, D), and whose morphisms are morphisms of divisorial log
schemes over k£ which are compatible with the fixed tangential basepoints in the sense
described above. The reason why we focus on the category of pointed diagrams lies in the
fact that pointed diagrams are a higher dimensional and functorial analogue of Deligne’s
gluing procedure to view tangential basepoints as points. Indeed if we apply the Kato—-
Nakayama space functor to the diagram (4) with X := (X,D) a smooth curve over k, we
get

St BIjC

l

BI} X (C)

where, as in the introduction of this article, BI® stands for the real-oriented blow-up.
Deligne’s picture is simply the topological pushout of this diagram.
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2.2. Virtual points

Now we connect our approach of tangential basepoints via logarithmic geometry to
the point of view developed in [DPP24], based on the notion of wvirtual morphisms
of log schemes first defined in [Howl7] and [Shu22]. This class of maps between log
schemes enlarge the class of classical morphisms of logarithmic schemes and introduces
for instance, maps from a log scheme with trivial log structure which do not land in the
locus of points with trivial log structure (see the proof of lemma 2.1.7). This, as we will
see is the case for virtual points.

Definition 2.2.1 [DPP24, Definition 2.6]. Let X,Y € 1Sch,. A virtual morphism
X =Y is a pair (¢, #") consisting of a morphism of schemes ¢:X —Y, and a morphism
¢ = o MEP — MBP of sheaves of groups, making the following diagram commute:

¢ﬁ
6710y —— 0%

I

-1 [
o7 T

We denote by V1Schy the category of fs log schemes with virtual morphisms between
them.

A morphism of log schemes induces in a unique way a virtual morphism of log schemes
so that 1Schy is a subcategory of VISchy. In order to distinguish morphisms in 1Schy
from those in V1Schy we call the former ordinary morphisms of log schemes.

Definition 2.2.2. We let Divz*/ be the category of virtually pointed divisorial log
schemes over k. It is the category of divisorial log schemes (X, D) with a virtual morphism
Spec(k) — (X,D) and in which the morphisms are ordinary morphisms of log schemes
commuting with the fixed virtual points.

We can relate the category of pointed diagrams and the category of virtually pointed
divisorial log schemes over k:

Theorem 2.2.3 [DPP24, Theorem 3.5]. For X € Divy, there is a bijection between
tangential basepoints of X and virtual points of X.

Hence, tangential basepoints can be described by both virtual morphisms on divisorial
log schemes over k£ and pointed diagrams. Nevertheless, pointed diagrams offer the
advantage of being constructed using ordinary morphisms only, which is what we will
need to work in a log motivic category. We have the functorial version of the theorem
2.2.3:

/

Proposition 2.2.4. The category Din* is equivalent to the category of pointed

diagrams.

Proof. The proof of [DPP24, Theorem 3.5] is based on the fact that the datum of a
pointed diagram (X, D,x), and of a virtual morphism Spec(k) — (X, D) landing on z are
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both equivalent in a natural way to morphisms of groups Mx|8? — k* that restrict to
the identity on k*. O

Based on the previous proposition, we will simply denote by the thick letter x the
equivalent datum of:

e a tangential basepoint at = € X (k),
e a pointed diagram (X, D,x),
e a virtual morphism Spec(k) — X.

There is a last (partial) representation of tangential basepoints when k C C. If x : x —
X is a virtual point, then, since the Kato—Nakayama space construction is functorial
with respect to virtual morphisms [DPP24, Proposition 4.2], this datum determines a
point on XXN. More precisely since XXN is the real-oriented blow-up of X along D,
this determines a point of (S')? where j is the number of irreducible components of D
at 2. Each coordinate of (S!)/ determines a direction normal to one of the irreducible
components of D.

Example 2.2.5. If X = Ay with coordinate t, if the image of a virtual point x is the
origin, then it is determined by a constant A € k*. The associated tangential basepoint
S (x,)\%‘x), and its associated point on AI{I{N is given by the coordinate I—/\‘ on the

infinitesimal unit circle at 0

In the previous example, we note that two virtual morphisms determined by two
constants A\,a\ where a is a strictly positive constant have the same associated point
on the Kato—Nakayama space. Hence a point on the Kato—Nakayama is not as such
equivalent to the datum of a tangential basepoint. This is actually related to a classical
fact in the theory of the fundamental group. The Betti side of the Hodge structure on the
prounipotent completion of the fundamental group only sees the direction of the tangential
basepoints, since a change of parametrization of any path based at a tangential basepoint
can change the tangent vector by multiplication by an arbitrary strictly positive constant.
In section 5.3, we will recall from [DPP23, Section 8.4] how the structure of manifold
with log corners of the Kato—Nakayama space allows to complete this approach so
that the missing datum is encoded in the manifold with log corners version of virtual
morphisms.

3. Log motives and motivic tangential basepoints

In this section, after a brief reminder of the constructions of different oco-categories of
log motives as stated in [BP()22], and the properties of their Al-invariant versions,
introduced in [Par22], we explain how log-cdh-descent allows us to define motivic
tangential basepoints. These are the augmentations of the cohomological motive of a
divisorial log scheme associated with a tangential basepoint. This will lie at the heart of
our definition of the motivic pointed path space in the next section. In the first two
subsections we simply recall what is defined in [Par22, Par24a, Par24b]. In the last
subsection 3.3, we define the motivic tangential basepoints and we spend some time
to ensure that our construction is functorial as expected. In this section, k is a fixed field.
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3.1. Log motivic categories

Definition 3.1.1 [CD19, Definition 1.4.2]. Let C be a (1-)category with P a class
of morphisms which contains all isomorphisms and which is stable by pullback.
A P-premotivic co-category over C is a functor

T:N(C)°P — CAlg(Pr")
such that

o Forall fe®, f*:=T(f) has a left adjoint f;,
e for every cartesian square

e
s
s 2= S
the natural transformation
fig™ — g fy
is an equivalence,
e for every morphism f € P, the P-projection

(D)@ f (=)= fil-)@ (=)
is an equivalence.
Definition 3.1.2. For T any P-premotivic oo-category over C, and for S € C we let
Mg :P/S — T(5)

be the homological motive functor where we denote by P/S the full subcategory of
C/S with objects the morphisms X — S € P. We also denote by

hs : (C/S)°? — T(S)
the cohomological motive functor. They are defined for f: X — S € P by
Ms(X) = fﬁf*]-S

and for f € C/S, if we let f,. denote a right adjoint of f* (which exists since f* is colimit
preserving by hypothesis) by

hs(X) = fif"1s,
where 15 € T(S) is the unit for the monoidal structure.
These two constructions are dual to each other in the sense that
hs(X) ~ Map(Mg(X),1s).

Remark 3.1.3. When S = Spec(k), for k a field, and the context is clear we will drop
the S in the notations hg, Mg.
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Let us give the definitions leading to the premotivic co-categories with which we will
work.

Definition 3.1.4. e Let sét be the strict étale topology on 1Smg, that is the
Grothendieck topology generated by strict étale morphisms.
e Let sNis be the strict Nisnevich topology on 1Smg, that is the Grothendieck
topology generated by covers of the form (p:Y — X,j: X’ — X) where p and j
appear in a cartesian square

Y — Y
J
L7k
X <4 o x
where j is an open immersion and p is a strict étale morphism inducing an
isomorphism

p HX\X)~ X\ X"

e Let dNis (resp. dét) be the dividing Nisnevich topology (resp. the dividing
étale topology) on 1Smyg, that is the Grothendieck topology generated by sNis
(resp. sét) and dividing covers, that is log étale, proper monomorphisms p: Y — X.

e Let verg be the family of open immersions U — V such that U\ dsU — V' \ dgV is
an isomorphism, where dg defines the vertical boundary over S, i.e. the points with
an open neighbourhood on which the structure morphism to S admits a Zariski
local vertical chart [Ogul8, Definition 1.4.3.1].

The strict étale and Nisnevich topology are natural log versions of the classical étale
and Nisnevich topology on Smg and the dividing topology encompasses log blow-ups.
When § has trivial log structure, the verg topology is generated by open immersions
U\9U — U so that sheaves in this topology are canonically equivalent to presheaves on
Sms.

Definition 3.1.5 [Robl12, Remark 4.12]. Let € be a presentable symmetric monoidal
oo-category, and X an object of €. The stabilization Stabx (€) of € by X is defined as

lim(--- € 2% ¢ £ @) ~ colim(€ =5 € 255 @),

where Qx := Map(X,—) is the internal mapping space, where ¥ x = —® X and where the
limit is taken in Cat. and the colimit in Prb.

The recent work of Park culminated in [Par24b], where he managed to extend the
classical six-functor formalism derived from the Sm-premotivic co-category

Sch — DA(—,A) := Stabg,, /1 (La18hyis(Sm_,Mody)),

where G, /1 := cofib(Mg(*) EN Mg (G,,)) and Ly: denotes the Al localization, into a
full six-functor formalism derived from a 1Sm-premotivic oo-category over 1Sch. This
structure will be the main framework for our constructions.
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Definition 3.1.6 [Par22, Definition 2.5.5]. The 1Sm-premotivic co-category of motivic
sheaves on 1Sch with coefficients in A is defined by (the ® highlights the symmetric
monoidal structure)

DAE(—,A)® := Stabguos /; (L1 LyerShanis(1Sm_, Mod, ))® € CAlg(Pr")

and the ISm-premotivic stable homotopy oco-category of motivic sheaves by

Sﬂ{log(*)@) = StabGlr?Lg/l(LAl ]'_JVMSh(ﬂ\nS(lSIIl_,Spt))® c CAlg(fPrL)

where G /1 := cofib(Mg(*) N Ms(Glo8)) € Lyi LyerShanis(ISm_,Mod, ), with Go% :=
(P1,{0,00}).

From [Par22, Construction 2.5.4], when S € Sch, there is a natural adjunction
A:Smg 7/ 1Smg :w

defined by A(X) = (X,0%) for X € Smg and w(X) = X \ 90X for X €1Smg. It is easy to
see that since the induced functor

A*: Psh(1Smg, Mody) — Psh(Smg, Mody)
satisfies \*yx =~ y,,(x) where y denotes the Yoneda functor, so that it induces a functor

Ao DANE(S,A) = DA(S,A)
Ms(X) — Ms(X\aX)

Proposition 3.1.7 [Par22, Construction 2.5.4]. The functor \* is an equivalence
A DAE(S,A) =5 DA(S,A).

Remark 3.1.8. This is straightforward once we know that w trivializes dividing and ver
covers, and sends G°¢ to G,y,.

We keep separate notations DA and DA even on log schemes with trivial log
structures to distinguish the realization functors on each of these categories, see section 6.
We will also refer to the étale version of the previous construction in the case of rational
coefficients:

Definition 3.1.9. For S € 1Sch, the co-category of étale motivic sheaves on 1ISmg with
Q coefficients is defined by

DAIE(S,Q)% = StabGlgg/l(LAl LyerShgs (ISm_, Modg))® € CAlg(Pr").
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When S € Sch, the same proof as the proposition 3.1.7 gives the same result in this
context, so that there is a commutative diagram in CAlg(Pr®)

DAE(S,Q) — DALE(S,Q)

| I

DA(S,Q) —“— DA(S,Q)
with the functor induced by the étale sheafification on the horizontal arrows.

Remark 3.1.10. Since the category of étale log motives is not defined in Park’s work
and for the sake of generality, we will work mainly in DAlog(S,A), and go to Dﬂgg(S’,Q)
only to define the motivic fundamental groupoid in the mixed Tate case (see subsection
4.3). One should keep in mind that the definitions we make should work exactly the same
in DALE(S,Q), so that the rest of the ideas developed in this article work when DA is
replaced with Dflgg. Note that we took Q coefficients to avoid introducing hypersheaves,
hence to simplify the exposition. With more general coefficients, the right definition would
involve étale hypersheaves rather than étale sheaves, and these definitions do not coincide
in general. They do however with Q coefficients, see [BP0)25, Remark 2.6.3] (note that
the same argument works with the étale topology instead of the strict étale topology).

3.2. log-cdh-descent for log motives

For S € 1Sch, in [Par24a], Park shows that DA% 5(S,A) satisfies a log version of
cdh-descent:

Definition 3.2.1. A commutative square of log-schemes over S

-/
K3

AR e

b

7 —t X

is a log-cdh distinguished square if it is a cartesian square, i is a strict closed immersion,
p is proper, and the induced morphism p~*(X \i(Z)) — X \ i(Z) is an isomorphism.

Proposition 3.2.2 [Par24a, Corollary 3.6.8]. For any log-cdh distinguished square as in
definition 7.1, the commutative square of functors

id — pyp*

Ll

148" — ¢xq”
with q :=10p’, is cartesian.

From this proposition, if we denote by f: X — S, g: X' — S, h: Z' — S the structure
morphisms, knowing that the pushforward and the pullback along a log smooth morphism
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are right adjoints, and hence preserve cartesian squares, the following square is cartesian:

[t —— (foi)(foi)

| l

gxg" —— > h.h*
Evaluating at 1g, we thus have that the square

hs(X) e hs(Z)

| |

hs(X'") —— hs(Z')
is cartesian. This implies the following in the case where S = Spec(k):

Corollary 3.2.3. The inclusion of the boundary of Ay induces an equivalence in
DAE(k,A)

Proof. We apply the previous discussion to the following log-cdh square:

./
KN 71*} AN
J/pl J/p
« —— Al

with ¢ the inclusion of the zero point, and p the morphism forgetting the log structure.
Therefore we see that the square

h(AY) —— h(x)

| |

h(AN) —_— h(*N)

is cartesian (and cocartesian by stability of DA'8(k,A)). Since the top arrow is an
equivalence, the lemma is proved. O

It is not clear in general that the functor A satisfies Kiinneth’s isomorphism. It obviously
does on log smooth log schemes over k since h is the dual of M, but we will need it for
the log point #yn+m = *yn X *ym which is non-log-smooth on k. This is the content of
the following lemma.

Lemma 3.2.4. Let n,m be two nonnegative integers. The natural morphism
h(*Nn) X h(*Nm) — h(*Nn+m)

is an isomorphism.
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Proof. Let us consider the following cartesian square:

P2
*Nn,+m, e *Nrn

lpl ) sz

*Nn 41> *.

The classical proof of Kiinneth’s isomorphism in the context of a six functors formalism
(see [Sch22, Theorem 1.2]) relies on the projection formulae for the pushforwards

(P1)«((5)@pi(=)) = (p1)-(m) @ (=)

and

(f)(() e fi(=) = (f)(-) (=)

and on the base change isomorphism

J1 (f2)x = (p1)«D5-

Since all of the maps in the cartesian square are proper (i.e. their underlying morphism
of schemes is proper), the three previous isomorphisms hold by [Par24a, Corollary 3.7.6,
Theorem 3.7.8, Theorem 1.2.2]. O

Corollary 3.2.5. Let (X,D) € Divy,, and v € X(k), the natural closed immersion z'°% —
N°g(X D) induces a natural equivalence

h(NZ#(X,D)) = h('°%)

Proof. By the description of the log normal space given after the definition 2.1.4, we
know that N°2(X D)~ Ay; and 2!°% ~ %y, so that this corollary reduces to the corollary
3.2.3 thanks to the previous lemma. O

3.3. Motivic tangential basepoints

We can now build a functor
Div}*/ %" — CAlg(DA" (k,A))/*

allowing an extension of the classical construction of the augmentation h(X) — A
associated to a point € X (k) to the case of tangential basepoints and thus enhancing
the functor induced by the cohomological motive functor at the level of arrows

Arr(Dive®) — Arr(CAlg(DAE(k,A))) := CAlg(DAE (k,A))A01.
Definition 3.3.1. We let
e A[l] be the category

e AJ2] be the category
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e AJ2] be the category
* —— ok —— %

—
e A[3] be the category

* * * *.

Remark 3.3.2. There is a sequence of functors

All] — A2] << AJ2]
where the first morphism is the 1-face map and the second contracts the middle morphism.

The category Divz*/, viewed as the category of pointed diagrams (proposition 2.2.4), is

a subcategory of Diva[?’]
motive functor

, so that there is a natural functor induced by the cohomological

Div}"/ % — Div}, PP — CAlg(DA"E (k,A)) 2.
Since the image of this composition lands in D.A°® (k,A)&E]7 there is an induced morphism
Div}*/ % = CAlg(DAYS (k,A)) >
by the following lemma:

Lemma 3.3.3. The functor

CAlg(DA™E (k, )22 5 CAlg(DASE (k,A))A)
— —
induced by the inclusion A[3] — A[2] is fully faithful.
— — —
Proof. The functor A[3] — A[2] is the 1-categorical localization of the category A[3] by
the middle morphism. Note that this is given by the pushout of the following diagram

—

All] —— A[3]
]2

All

where the horizontal morphism selects the middle morphism and A[1]™ is the groupoid
associated to A[l].

The category A[2] is still the pushout of this diagram in Cat., after application of
the nerve functor. This is not straightforward since the nerve functor does not preserve
pushouts in general, see [HORR24, Figure 1.1] for a counterexample, but it can be checked
by computing the pushout explicitly.

More precisely, if we denote by € the pushout of the diagram above, there is a canonical
arrow C — AJ[2]. Note that the objects of € are given by the pushouts of objects of the
categories involved in the diagram, as can be checked by applying the homotopy category
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functor ho(—) to it (note that as a left adjoint to the nerve functor it preserves colimits).
—

Now, since the functor A[1] — A[3] is fully faithful, we can describe all the mapping spaces
of € using [HRS25, Theorem 0.1] which are all straightforwardly shown to be weakly

equivalent to the corresponding mapping space in A[2] (they are actually homeomorphic

since they are reduced to a point, or empty). Hence the functor € — A[2] is an equivalence

of co-categories.
—_— —

This shows that, as co-categories, A[2] is the Dwyer-Kan localization of A[3] along
the middle morphism, see [Lan21, Proposition 2.4.8]. The lemma now comes from the
universal property of localization [Lan21, Definition 2.4.2]. O

Hence, the cohomological motive functor defines a functor after composing with the
sequence from remark 3.3.2:

Div?*/ " 5 CAlg(DAYE(k, A)) A2
~ CAlg(DAE(k,A))AL
— CAlg(DA"E(k,A))AM ~ Arr(CAlg(DAE(E,A))).
Since CAlg(DA"E(k,A))/ is the faithful subcategory of Arr(CAlg(DAE(k,A))) consist-
ing of arrows whose codomain is A, and since this category is obtained as a fibre product

of CAlg(DA"8(k,A))AM and the point category on CAlg(DA8(k,A)), this defines a
functor

Div}*/ % — CAlg(DAE(k,A))/A.

Remark 3.3.4. Note that this construction is in fact defined only up to homotopy. More

precisely, it depends on a choice of a quasi-inverse A[2] — A[2] to the contraction of the
middle morphism. Two different choices lead to homotopy equivalent constructions.

Definition 3.3.5. We call motivic tangential augmentation (or motivic tangential
basepoint) functor the functor

Div}*/ P CAlg(DAE(k,A))/A
h(2'°8) «— h(N°8(X, D)) — h(x) = A
(X,D,x) T

h(X)

given by the composition of the sequence of arrows on the right. We denote by
h(x): h(X) — A the resulting arrow.

Remark 3.3.6. In a more direct fashion, from a diagram

h(@'°8) +—— h(NP8(X,D)) — h(x) =A

h(X)
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by a choice of homotopy inverse of the central equivalence, we get a diagram

h(z'®) —~— h(N°8(X D)) —— h(x) =A

I

h(X)
that we compose to get an augmentation h(X) — A.

This construction actually works in the same way in any ‘category of log motives’ in
which the cohomological motives of the standard log point and of Ay are equivalent, and
in which Kiinneth’s isomorphism holds for the cohomological motives of products of the
log point.

Remark 3.3.7. Note that if x is just given by a rational point = € X (k)\ D(k), then the
motivic augmentation defined by x is the classical augmentation h(z). Indeed the pointed
diagram associated with x is

*
H
* *
im
X
so that the morphism
A
H
A A
h(x)T
h(X)

is the expected one.

4. The motivic fundamental group

In this section, we describe in detail properties of the bar construction in an co-categorical
context, and we use it to construct the motivic pointed path space based at tangential
basepoints. In particular, we highlight the resulting homotopy Hopf algebroid structure of
the datum of the motivic pointed path spaces based at tangential basepoints. We compare
this construction with Wojtkowiak’s approach [Woj93] recalled in the introduction, which
will be useful to compute the realizations of the motivic pointed path space in the next
section. We end this section with the mixed Tate case which leads to the definition of the
motivic fundamental torsor at tangential basepoints. The key points of this section are
the theorem 4.1.9, definition 4.2.1 and proposition 4.2.7. In this section, k is still a fixed
field.
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4.1. The bar construction

Let us first summarize facts about the bar construction. In this section, nothing is new
except the description of the homotopy Hopf algebroid structure in an oo-categorical
context. The main reference here is [Lurl7, Sections 4.4.2, 5.2.2].

Let C be a cocomplete symmetric monoidal co-category such that the tensor product
® : € x € — € commutes with colimits in each variable.

Proposition 4.1.1 [Lurl7, Construction 4.4.2.7, Example 4.4.2.11]. For A € CAlg(C),
M,N € Mod4 (@), there is a canonical simplicial diagram Bara(M,N)e in Mod(C)
informally given by:

—
— —
- MRARARN T—— MRARIN ——= M QN

such that its colimit is the relative tensor product of M and N over A:
M ®4 N :=Bary(M,N) := colimpBar g (M,N),.
It is the bar construction of A on M and N.
Degreewise Bar4(M,N),, ~ M ® A" ® N with face maps induced by the product

ARA —— A
and the actions on M and N
M®A —— M, AN —— A.
The degeneracies are given by the unit map
1— A

For A € CAlg(C@), the relative tensor product over A endows the category Mod4(C)
with a symmetric monoidal co-category structure [Lur09, Theorem 4.5.2.1].

We will apply the relative tensor product in a more restrictive case, that is when
A is a biaugmented commutative algebra object in € with augmentations (i.e. algebra

morphisms) A #& 1. We denote by 1.,1, the unit element of C® viewed as
commutative A-algebras through the maps z and y.

Definition 4.1.2. We call bar construction of A based at x and y the object
«Bary(A) :=Bary(1,,1;) € Moda(C).

Remark 4.1.3. The choice for the order of the entries is a convention explained in
remark 4.2.2.

We recall that this object comes with a natural structure of commutative A-algebra
object in C. Indeed, by applying [Lurl7, Proposition 3.2.4.7, Corollary 3.2.4.8] to
Mod4(€), we see that CAlg,(C) = CAlg(Moda(€)) has coproducts and that these
coproducts coincide with iterated relative tensor products.
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In particular,
Bary(A)=1,®41, =1,41, € CAlg4(C).
This way, it is easy to see that the bar construction defines a functor
Bar : CAlg(€)//* — CAlg(€)
Note that the A-algebra structure is defined by the map ,V, described by
«Bary (4) ©4 »Bary (4) = (1, ©41:) ®4 (1, ©4 1)
~(1y,®a1y)®a (1, ®a1,)
—1,®41,
= Bary (4)
and by the natural map
oMy 1= A= 1,1,

Let us recall the definition of a homotopy Hopf algebra in an oco-category in the
sense of [Erg22, Definition 4.0.1, Corollary 4.1.4], which is a bialgebra with a homotopy
antipode. We remind the reader that the category of bialgebra objects in C is defined to
be Alg(CAlg(C)°P).

Definition 4.1.4. A homotopy Hopf algebra object H € C is a bialgebra object endowed
with a map

s:H—H

such that H is a Hopf algebra in the homotopy category of C with antipode s.
We now prove a general structure result for the bar construction:

Theorem 4.1.5. The datum of the objects and morphisms {Bary(A)}s,, for all
augmentations x,y of A is enhanced into a homotopy Hopf algebroid, i.e.

e For all augmentations z, ,Bar,(A) has the structure of a homotopy Hopf algebra
in C.
e For three augmentations x,y,z, there is a deconcatenation map

AY : Bar,(A) —» ,Bar,(4)® ,Bar,(A)

xT

which is the coproduct on ,Bar,(A) when z=y=z.
e For all augmentations x,y, there is an involution

#8y : yBary(A) — ,Bary(4)

which is the homotopy antipode of ,Bar,(A) when z=1y.
o If welet e, : zBar,(A) — 1 denote the counit of ,Bar,(A) for all augmentations
z, then the morphisms

{xvyu znyvangSyver}ryy,Z
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satisfy the homotopy counit, coinverse and coassociativity axioms which respec-
tively state that in the homotopy category ho(C)
- (e®ld)o, Ay =1d and (Id®e;)o Ay =1d,
2Vyo(yse®Id)o zA; = Ny o€y and yVyo(Id® zsy)0 IA; = 27y O €,
~ for z,y,2,t four augmentations of A, (,Af ®1d)o A} = (Id® ,AY)o Af.

This theorem shows that the data of the pointed bar constructions of A, taken over
all augmentations of A, carries a structure dual to that of a groupoid in the homotopy
category of €. Here, by a groupoid structure we mean the one carried for instance by
the system of pointed path spaces of a topological space X: namely, the collection of all
pointed path spaces of X, together with the associative composition of paths, the existence
of inverse paths, and the unit path at each point of X. It is in this sense that we will
interpret and work with the notion of a homotopy Hopf algebroid in the following sections.
In particular, in subsection 4.3 we will define the motivic analogue of the fundamental
groupoid in the presence of a motivic ¢-structure.

Note that we have defined the structure of a homotopy Hopf algebroid only in a weak
homotopical sense. In an co-categorical framework, one would usually formalize such a
structure by verifying all possible higher coherences, so our notion is not as rigorous as
it could be in that setting. However, lifting this definition to an oco-categorical level lies
beyond the scope of this article, as we only require the structure to be well defined in the
homotopy category of C.

The rest of this subsection is dedicated to the proof of theorem 4.1.5. This proof consists
in the lemmas 4.1.6, 4.1.7, 4.1.8, 4.1.9 and 4.1.10.

Let us first describe the oo-categorical structure of bialgebra that completes the
structure of commutative algebra object of the pointed bar construction:

Lemma 4.1.6. Let A € CAlg(C). For each augmentation x: A — 1, ,Bar,(A) has a
natural associative bialgebra structure.

The complete and careful proof of this fact is [Lurl7, Theorem 5.2.2.17], where the bar
construction is enhanced into a functor

Bar : CAlg/* (€)°P — Alg(C°P)

which shows that the bar construction over a single augmentation has a natural coalgebra
structure. The commutative algebra and coalgebra structures are compatible since the
commutative algebra structure can be directly derived from the previous functor: Since

CAlg/* (CAlg(C)) ~ CAlg’* (@)

[Lurl7, Corollary 2.4.3.10], we can apply the bar construction directly in CAlg(C) which
gives a functor

Bar’ : CAlg/*(€) ~ CAlg/* (CAlg(€))°" — Alg(CAlg(C)°P).

Since the forgetful functor CAlg(C) — € commutes with colimits of simplicial diagrams
[Lurl7, Corollary 3.2.3.2], we have that Bar = Bar’.
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The coproduct inducing the bialgebra structure of the bar construction can be derived
from the more general deconcatenation map:

Lemma 4.1.7. Suppose A has three augmentations x,y,z. Then there is a natural
deconcatenation map in CAlg(Mod 4(C))

AY : ;Bar,(A) —— ,Bar,(A)® ;Bar,(A4)

x

Proof. The map is built as follows:

Bar.(4)=1.®41,
~1,®1A4A®41;
=1, ®41,®41,
~(1.®a1,) @1 (1,®a1,)
=,Bar,(A) ®,Bary(A).

Note that the line 4 uses both the associativity and commutativity of the relative tensor
product and a change of base algebra [Lurl7, Section 4.5.3]. O

Over a single augmentation z, the deconcatenation map is the coproduct map on the
bar construction of A over z. Note that there is as well a canonical augmentation given
by the natural morphism

€x:1,Ual, —1,.
We can readily prove the counit axiom:

Lemma 4.1.8. For x,y augmentations of A, the following equality
(ey®1d)o ,AY =1d
and
(Id®ez)o Ay =1d
hold in the homotopy category of C.
Proof. Let us treat the first case, as the second one is similar. The composition is

1,041, ¥1,®4 AR 1,
—1,841,8®41,
~(1y,®aly) @ (1, ®a1y)
—1,®(1y;®a1s)
~1,041,

This morphism is given by the canonical morphism

1, 1,841,
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and by the morphism on the left component
1,—-1,®41,—1,
which is the identity by the algebra structure of 1, ® 4 1,. O
Let us now consider the involution
28yt pBary(4)=1,®41, > 1,®41, = ,Bar,(A)

exchanging the two augmentations. Then, we can check the coinverse axiom. This proves
in particular that ,Bar,(A) is a homotopy Hopf algebra for all augmentations z of A.

Lemma 4.1.9. The commutative algebras ;Bar,(A), Bary(A) and ,Bar,(A) equipped
with the deconcatenation ,AY, product ;V,, unit zn, :1 — ;Bary(A), counit €, :
«Bargy(A) — 1 and involution s, fit in the homotopy commutative diagrams:

yBar;(A) ® ;Bary(A) —— ,Bar,(A) ® ,Bar,(A)

e .

«Bar,(A) 1 -Bary(A)

and

+Bar,(A) 1 yBar;(A)

S _

yBar;(A) ® ;Bary(A) —— ,Bar,(A)® ,Bar,(A)

Proof. We only prove the lemma in the upper diagram since the other case works in the
same way. The upper composition can be described by the sequence
]-a: XA 1z =~ ]-a: XA A®A 1:v
=1, ®41,®41,
~(1,®41y)®@ (1, ®a1y)
= (ly ®aly)® (ly ®aly)
—1,®a1,
where the last arrow is identified with the componentwise product. Note that this last
arrow can be described by the change of base ring equivalence [Lurl7, 4.5.3]:
(ly ®a lm)®(1y ®a lm) ~ ly Ra (11; ®a 11) — 1y®A 1,
where the last arrow is induced by the product on 1,. Then the full composition is
homotopic to the composition
—1,®41,®a1,
—1,®41,
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where the last arrow is again induced by the product on 1,. This is itself identified with

the map
1,041, — 1,
~ A ®al,
— 1y ®al,
and this composition is homotopic to yn; o€;. O

Finally it remains to check the coassociativity axiom:

Lemma 4.1.10. Let z,y,2,t four augmentations of A. Then the equality
(,Af ®Id)o  Af = (Id® ,AY)o A
holds in the homotopy category of C.

Proof. The lemma is proved by checking that the two compositions are described (up to
associativity of the tensor product) by the composition

1041, 21,04 A®AA®AL, 51,041, ®41,®41,

and then two successive changes of base algebras. O

Remark 4.1.11. In their recent work, I. Dan-Cohen and A. Horev proved that [DCH22,
Corollary 8.4.3] the deconcatenation maps from lemma 4.1.7 endow ;Bar,(A) with a left
(resp. right) coalgebra structure under the coaction of ,Bar,(A) (resp. ,Bary(A)). This
lifts part of the structure described above oco-categorically.

Remark 4.1.12. Since it is defined as the colimit of a simplicial object in €, the bar
construction is a filtered object in € [Lurl7, Remark 1.2.4.2]. The filtration is given by
the geometric realization of skeletons that we denote for n € N by

Bar<,, := colima sk, Bar,.

In a 1-categorical context, ,Bar,(A) has a structure of filtered Hopf algebra since the
operations we introduced are compatible with the filtration, see [Woj93], [BGF25, Section
3.5] for a full description. Furthermore, ,Bar,(A) has the structure of a filtered comodule
under the coactions of ;Bar;(A) and ,Bar,(A). We do not know if such a result can be
extended to an oco-categorical context, but we will not need it in the rest of this paper,
since we will only describe the filtered structure at the level of realizations.

Example 4.1.13. Let us detail the construction in the classical case of a commutative
differential graded algebra A, viewed as an object of the co-category of chain complexes
over a field K, endowed with two augmentations z,y : A — K, since this will come in
handy in the computation of the realizations of the motivic fundamental groupoid. By
[Ara23, Corollary 3.13], the geometric realization of a simplicial object X, in Modg is
given by the total complex associated with the bicomplex M(X,) where M is the Moore
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complex functor. Hence,
+Bary(4) = Tot (M(Bara (L. 1,).) )

If we use cohomological conventions, then

Baj(A)~ @ P A w--wAl
(p,q) i1+:+ig=p
p—q=n

Hence, a degree n element of the bar complex is denoted by

[wil- - |wg], with w; € A, and Zdeg(wi) =n-+gq.

In this construction, the filtration on the bar complex is interpreted as the classical length
filtration, that is ,Bar,(A)<k is the subcomplex spanned by elements of the form given
above, with ¢ < k.

4.2. The motivic pointed path space based at tangential basepoints

We now have all the tools in hand to build the motivic pointed path space based at
tangential basepoints. Let X € Divy, x,y two tangential basepoints of X and h(x),h(y) :
h(X) — A the corresponding motivic tangential augmentations. Then h(X) has the
structure of a biaugmented commutative algebra object in DA'E(k,A). We can then
apply the bar construction to this datum.

Definition 4.2.1. We call the motivic pointed path space of X based at x and y the
commutative algebra object

Py X = h(ly) ®nx) h(1x) = n(x)Baryy) (h(X))
This determines a functor
Div}*// — CAlg(DA" (k,A))

Remark 4.2.2. We chose to put h(1ly) before h(1x) in the tensor product to define
the motivic path space from x to y in order to follow the convention chosen in [DGO5,
BGF25].

By the results of the previous subsection, the motivic based path spaces are a highly
structured algebra in DAlog(k‘,A). Precisely, it is a straightforward consequence of theorem
4.1.9 that the following proposition holds:

Proposition 4.2.3. The family {, Py X}xy for all tangential basepoints x,y has the
structure of a homotopy Hopf algebroid in DAE(k,A).

Remark 4.2.4. We draw inspiration from [DCS22], [Spil0], and [Iwa20], where respec-
tively 1. Dan-Cohen and T. Schlank, M. Spitzweck, and I. Iwanari defined the motivic
fundamental group in an oo-categorical/model theoretic context.
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4.2.1. The cosimplicial pointed path space. When x,y are ordinary basepoints,
as mentioned in the introduction of this article, the definition of the motivic pointed path
space in the case of ordinary basepoints as explained by Deligne and Goncharov in [DG05]
or by Levine and H. Esnault in [EL11] relies on a translation to the language of algebraic
geometry, due to Wojtkowiak in [Woj93], of the topological definition of the pointed path
space. We generalize this definition in our context, since we will need it to compute the
realization of the motivic pointed path space in the next section:
For X €1Schy let us consider the cosimplicial log scheme given by

x0A .= x A0l
For n € N,
(xahr = JT X=XxXx"xX,
seA[1],

the ¢-th coface map for 0 <7 <mn+1 is given by
(0. s iy oy Tpg1) = (TOs -, T4, T4, Tig 15+, g1
and the i-th codegeneracy map for 0 <¢ <n—1 by the projection
Xi+1 % X Xxn—i —>Xi+1 XXn_i.
Remark 4.2.5. X% comes equipped with a map
X0 x0A0 = X x X

induced by the inclusion OA[1] C A[l], where the right term is the constant cosimplicial
log scheme. This map is degreewise the projection on the first and last factor.

Definition 4.2.6. For x,y two tangential basepoints on X € Divy, we call cosimplicial
path space of X based at x,y the cosimplicial object of Y1Schy defined by the pullback

PyX —— xlodl

Lo
Spec(k) L5 X x X

Let us explain how this fibre product is defined in the category of cosimplicial diagrams
of log schemes with virtual morphisms between them. Its n-cosimplices are X", the
degeneracies are all the projections X™ — X"~ !, and the cofaces are the same as the ones
in the upper description, except for the 0-th and the (n+1)-th, defined by the product of
the virtual point y with the identity of X™*! and by the product of the identity of X"+!
with the virtual point x.

Since we cannot view this object in a log motivic formalism in a canonical way (there
is no category of virtual log motives) we cannot compare the bar construction of h(X)
based at x,y with a simplicial motive associated with the cosimplicial path space based at
X,y, as in the case with ordinary basepoints. Nevertheless we can check that our definition
coincides with the latter in the case with ordinary basepoints.
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Proposition 4.2.7. When x,y are rational points of X\ D, there is a natural equivalence
in CAlg(DAE(k,A)):

xPy' X =~ colimah(, P X).

Proof. Once we check that the motivic augmentations associated with x,y are the usual
augmentation associated with the corresponding rational points z,y which is done in
remark 3.3.7, this is a classical fact, proved in [Iwa20, Theorem A.7] for instance, or see
the same proof applied in the Betti case in the discussion following theorem 5.2.11. [

4.3. The motivic fundamental groupoid at tangential basepoints

We can now define the motivic fundamental groupoid based at tangential basepoints.
Although we work in the context of mixed Tate motives, what follows works in a similar
fashion in the general case of the existence of a motivic ¢-structure.

Recall that the triangulated category of mixed Tate motives over a field % is classically
defined to be the smallest triangulated full subcategory of the triangulated category of
mixed motives @ la Voevodsky DM(k,Q) [Voe00] generated by the Tate objects Q(n) for
n € Z. In the language of co-categories, the right definition is (see [Iwa20, Section 6.2] for
details):

Definition 4.3.1. Let DM(k,Q) be the stable co-category of mixed motives over k with
Q coefficients (see for instance [Iwa20, Par22] for a definition). Then we let DMTgp, (k,Q)
be the smallest stable subcategory of DM(k,Q) generated by the Tate objects Q(n). The
stable oo-category of mixed Tate motives over k is the full subcategory of DM(k,Q)
defined by

DMT(k,Q) := IndDMT g (£, Q).

Suppose now that k satisfies the Beilinson—Soulé vanishing conjecture, DMT(k,Q)
and DMTgm (k,Q) come with a t-structure [Lev93], [Iwal4, Section 7] (defined on the
homotopy categories see [Lurl7, Definition 1.2.1.4]). The heart of DMTyy, (£,Q) is the
neutral tannakian (1-)category of mixed Tate motives over k, denoted by MT(k,Q).
There is a 0-cohomology functor

H(]

mot

The heart of the t-structure on DMT(k,Q) is IndMT(k,Q) and the corresponding 0-
cohomology functor DMT(k,Q) is the indization of HY,.

Recall as well from [CD19, Theorem 16.2.18, Theorem 16.1.4] that there is an
equivalence of symmetric monoidal co-categories

DAt(ka)® = DM(k7Q)®
so that DMT(k,Q) can be viewed as a full subcategory of DA¢ (k,Q).

: DM Tgm (k,Q) — MT (£,Q).

Definition 4.3.2. We say that a log smooth log scheme X over & is of mixed Tate type
if MEH(X) e DMI(k,Q).
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If X € Divy, then the structure of homotopy Hopf algebroid of the family of motivic
path spaces at tangential basepoint is preserved after étale localization, i.e. after applying
the functor induced by étale sheafification. Furthermore, for x,y tangential basepoints on
X, the motivic path space based at x,y is an element of DMT(k,Q) by definition. We now
show that taking its 0-th cohomology group carries the whole structure to IndMT(k,Q):

Theorem 4.3.3. The family of objects {H,,((,P7'X)*)}xy of IndMT(k,Q) has the
structure of a Hopf algebroid deduced from the structure of theorem 4.1.5, i.e. the
corresponding family in the opposite category IndMT (k,Q)°P has a structure of a

groupoid.

Proof. The only potential obstruction to this lies in the fact that the functor HY . is
not symmetric monoidal. Let us show that for x,x’,y,y’ tangential basepoints on X it
satisfies

ngot((xP;n’ )t®(yP;TEX)t) ZH?not((xP;n; )t)®H(r)not((yP;n’X)t)

This naturally implies the theorem. We know from [Big07, Example 3.3.2] that the -
structure on DMTem (k,Q) is compatible with the tensor structure, which implies that
the family of cohomology functors H?, , satisfies the Kiinneth formula.

It is now clear that it suffices to show that for x,y tangential baspoints on X, the
cohomology in negative degrees of P X is zero. It suffices to check this for the filtered
pieces Py X<,. We only need to check that the Betti realization of this motive is
concentrated in nonpositive degree because the Betti realization of mixed Tate motives is
conservative, see [DG05, Proposition 2.14] (the fully faithfulness of the Hodge realization
implies its conservativity, and hence the conservativity of the Betti realization). This is
trivial from the description at the end of section 5.2. O

From this, we are able to give the following definition of the motivic fundamental
groupoid at tangential basepoints:

Definition 4.3.4. Let X € Divy, with tangential basepoints x,y, and suppose X is of
mixed Tate type. Then the motivic fundamental torsor at x,y is defined by

T (X,x,y) := Spec H), o ((, Py’ X)*) € ProMT(k,Q) — Sch

mot

Where ProMT (k,Q) — Sch is the opposite of the category of commutative algebra objects
in IndMT(k,Q).

The following proposition is trivial from proposition 4.2.3

Proposition 4.3.5. The family of the motivic fundamental torsors ©7*(X,x,y) for all
tangential basepoints x,y of X, equipped with the dual morphisms of the morphisms
constructed in theorem 4.1.9, has the structure of a groupoid.

Precisely, for x,y,z three tangential basepoints of X, there is an operation of composition
of paths

' (X,y,2) x 7" (X, xy) = 77" (X, x,2)
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which is associative in the obvious sense, an isomorphism of inversion of paths
(X xy) = (X,y ),
which yields an inverse for the composition of paths, and each
(X, x) == 7" (X, x,%)

has the structure of a pro-MT(k,Q) group scheme. All these data satisfy the axioms dual
to the axioms given in theorem 4.1.9.

We call the family {7{"(X,x,y)}x,y equipped with the operations described above the
motivic fundamental groupoid at tangential basepoints.

Remark 4.3.6. In particular, for all x,y tangential basepoints of X, 77*(X,x,y) is
endowed with a left (resp. right) action of 77*(X,x) (resp. 77" (X,y)).

5. Realizations

In this last section, we show that the degree zero cohomology of the Betti and de
Rham realizations of the motivic pointed path space recover the expected Betti-de
Rham theory of the prounipotent completion of the fundamental torsor at tangential
basepoints. To do so, in the first subsection we explain how to build realization functors for
Al-invariant log motives. An approach to do this in an co-categorical context is to employ
the language of mixed Weil cohomology theories. We follow and adapt Drew’s work in
[Drel8]. We compute the Betti (resp. the de Rham) realization functor, and we compute
the realizations of the motivic pointed path space in the second subsection (resp. the
third). In both cases we find explicit complexes representing this realization. We navigate
between the different approaches of tangential basepoints explained in subsection 2.2, and
between oo and 1-categories according to our needs. In the last subsection, we compute
the periods of the motivic fundamental groupoid via the notion of reqularized iterated
integrals, adapted from regularized integration as defined in [DPP23].

5.1. Realization functors

In this subsection, k is a field of characteristic 0. We can naturally generalize the definition
of mixed Weil theories given in [Drel8] to a log geometric context:

Definition 5.1.1. A A-linear log mixed Weil theory over k is a symmetric monoidal
functor T'® : 1Sm;” X Mod% such that if we let T' be the underlying functor of
oo-categories, the following conditions are satisfied:

e T has its values in Perf(A), the sub-oco-category of bounded complexes of finite
projective modules.

e TI'is a Modp-valued dNis-sheaf.
P :1Smy, — Mody’ is Al-invariant and ver-invariant.

e T sends cofib(1 — G!9%) to a ®-invertible object.

Furthermore, we say that a log mixed Weil theory is an étale log mixed Weil theory if it
is as well a strict étale sheaf.
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Log mixed Weil theories, modelling log cohomology theories, are the starting point to
build realization functors. We prove a logarithmic version of the theorem 3.7 in [Drel8].
Note that it is a log and A-linear version of [Rob15, Theorem 2.9]:

Proposition 5.1.2. The homological motive functor induces a homotopy equivalence of
Kan complezes
1 ~
LT ¥ (DAE(k, M), Mod ) = Fung s, ear ) (NASME ), Mody ) pros.
The subscript P8 means the subcomplex generated by the functors I' such that I'"°P
satisfies the three last points of definition 5.1.1.

Remark 5.1.3. The proposition means that the category DA'°8(k,A) has the universal
property that any functor defined from the category of log smooth schemes over k to the
category of perfect complexes of A-modules which satisfies d Nis-descent, which trivializes
Al ver-covers and G!°8 /1 factorizes by it. We will use this fact as follows: from a log mixed
Weil theory T, since Perf(A) is the sub-oo-category of dualizable objects in Mody, we
can consider the functor

(T°")Y : 1Smy £ Perf(A)P 5 Perf(A) < Mod,.
which has the property P'°® so that it induces a realization functor
R® : DAPE(E,A)® — Modf
satisfying for X € 1Smy,
R(M(X))~T(X)".

In order to prove the proposition 5.1.2, we first prove the following, based on scattered
remarks in [Drel8] (see for instance the proof of proposition 3.14):

Lemma 5.1.4. For S € 1Sch, there is a canonical equivalence
DAE(S,A) ~ SH'*5(S) @ Mod,,
where the tensor product is taken in Prv.

Proof. By [Drel8, Proposition 2.4 (1)], we have the natural equivalence (note that
hypersheaves and sheaves coincide here by [BP()25, Remark 2.4.7])

SthiS(lSms,MOdA) ~ Sthis(ISms,SpC) X MOdA.

Now, the tensor product of presentable categories commutes with small colimits separately
in each variable by [Lurl7, 4.8.1.24], and the inclusion Prl, C Prl preserves small
colimits. Therefore, since localization of stable presentable co-categories are cofibres in
Prly (Verdier quotients see [BGT13, Proposition 5.6]), the localization commutes with
tensor product with Mody:

L1 LyerShanis (ISms, MOdA) (LAl LyerShygnis (lsms,SpC)) ® Modp

(LAl LverSthis (ISmS, SpC* )) @ Modp

~
~
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where the last equivalence follows from the fact that Mod, is pointed, see [Drel8,
Definition 3.1 (4)].

Using again the fact that the tensor product in Pr" commutes with small colimits, we
have the following natural equivalences:

DA E (S,A) =~ COlimEﬁlog/l L1 Lyer8hanis (ISmg,Mod, )
~ (COlimEPIOg/lLAl LyerShanis(1Smg,8pc,, ) @ Moda
~  8H'E(S)®Mod,

which concludes the proof. O

Let us now check the log version of [Robl5, Theorem 2.39], already proven for the
category log8H in [BP(25].

Lemma 5.1.5. The homological motive functor induces an equivalence of co-categories
Map a (et @) (8H % (k)®, Modf) = Mape aear ) (NASM) *  Mod ) pro

Proof. Following [Rob15, Theorem 2.39], the proof is exactly the same; the Yoneda
lemma combined with the universal property of localization in Pr™ [Lur09, 5.5.4.20]
and the application of [Robl5, Proposition 2.9] for X = cofib(1 — G!98). We refer to
[Robl5] for the discussion regarding the monoidal structures, since the construction is
similar. O

We can now prove proposition 5.1.2. The proof in [Drel8, Theorem 3.7] is directly
adaptable:

Proof of proposition 5.1.2. The adjunction CAlg(Pr>®) = CAlg(‘J’rL’@’)MOd%/ given
by —® Moda and the forgetful functor, together with the equivalence of lemma 5.1.4
show that there is a homotopy commutative diagram

Map 1 per.oye0af s (DA"E(k,A)®,D®)

~ MaPCAlg(eat;)(N(lsmk)x,®®)Plog

Mapcmg(?ru ®) (Sﬂlog (k) ®, rD@)

Since the bottom arrow is a homotopy equivalence by lemma 5.1.5, this diagram readily
gives the result. O
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Remark 5.1.6. In the previous proposition, the dividing Nisnevich topology can be
straightforwardly replaced by the dividing étale topology, inducing an equivalence

Map DALE (k, )2, Modf) = Mape arg(ear ) (N(1Smy)  Mody ) pros

CAlg(PrLs@)Modf/ (

Where we added strict étale descent in the subscript. Note that this equivalence is
compatible with the previous construction through the étale sheafification functor, that
is the following diagram commutes:

1 ~
MapCAlg(?rL@)Mod?/ (‘D.Aé(;g (k,A)®,MOd?§) — MapCAlg(eat; ) (N(lSmk) X ’MOd%)Pléotg

! |

MaPCAlg(?rL@)Mod%/(Dﬂlog(k,A)(@,Mod%) — Mapg g ears, ) (N (1Smy) X Mody ) pros

This means that any étale log mixed Weil theory I gives rise to compatible realizations

that we denote by the same name R : D.AI(Z%)(]C,A) — Mody.

There is also a natural compatibility between log mixed Weil theories and mixed Weil
theories: It is easy to see that the functor A from the adjunction

A:Smy 7/ 1Smy :w

defined in subsection 3.1 exchanges log mixed Weil theories and mixed Weil theories.
The induced equivalence

A*: DAE(k,A) = DA(K,A)
defined by \*(M (X)) ~ M (X \ 0X) fits into the following commutative diagram

Map (DAE(k, A)®, Mod) —== Mapcy 1, ear ) (N(1Smy ), ModF) pros

! I

(DA(K,A)®,ModR) —— Mapgy, earx)(N(Smy)*,Mod})p

®
CAlg(Prl:®)Medy/

MapCAlg(ﬂ’er ®)Modg /
where the bottom equivalence (and the subscript) is described in [Drel8, Theorem 3.7].

We add a useful fact, which will allow us to compute the realization of the cohomological
motives of the log point *y which is a non log smooth log scheme over k: Let T' be
a log mixed Weil theory, and R a realization functor associated with I'. Since k is
of characteristic 0, compact objects in DAlog(k‘,A) are dualizable so that since R is
symmetric monoidal, for all X € 1Smy,

R(h(X))

1R RR
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This property can be generalized a little bit: Suppose T is defined as a functor 1Sch}” —
Mody. And suppose it is such that the inclusion #*n < Ay induces an equivalence

I'(An) = T(*n)
In this setting,
Lemma 5.1.7.

R(A(+n)) ~ T (+n)
Proof. h(xy) is identified as the pushout of the diagram

h(A') —— h(Ay)

|

h(x)

by the discussion following proposition 3.2.2. This stays true after applying R, since it
is a colimit preserving functor. Since the following diagram is a pushout diagram by

hypothesis,
I'(A') —— T'(Ay)
() —— I'(xn)
the claim is proved. O

5.2. The Betti/Kato—Nakayama realization

We can now define the Betti fundamental groupoid at tangential basepoints, and after
having defined the Betti realization for log motives, compare the Betti realization of
the motivic fundamental groupoid based at tangential basepoints with the classical
prounipotent completion of the fundamental groupoid at tangential basepoints. We
achieve this in the theorem 5.2.11. In this part, we suppose k£ C C.

5.2.1. The topological fundamental groupoid at tangential basepoints. We
first define the torsor of homotopy classes of paths based at tangential basepoints on a
general smooth scheme over k with a simple normal crossings divisor. The definition is a
higher dimensional version of what is done in [BGF25, Section 3.8] in the case of smooth
projective curves minus a finite number of points.

Definition 5.2.1. Let (X, D) € Divy with x:= (z,v),y := (y,w) be tangential basepoints.
The path space of X (C)\ D(C) based at x,y is the space of smooth maps 7 : [0,1] — X (C)
such that:

e ~ sends the open interval (0,1) to X(C)\ D(C),

e 7(0) =z and y(1) =y,
e +(0)=vand v/(1) =—w.

We will call such paths smooth paths of X(C)\ D(C) based at x,y.

https://doi.org/10.1017/5147474802610173X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802610173X

The Motivic Fundamental Groupoid at Tangential Basepoints 2111

The definition of homotopies of paths is adapted to the tangential datum, by
generalizing the definition given in [BGF25, 3.8.3]:

Definition 5.2.2. Let 71,72 be two smooth paths of X(C)\ D(C) based at tangential
basepoints x,y. A homotopy between v, and 7, is a smooth map

H:[0,1] x [0,1] = X (C)

such that:
o Vte[0,1],H(t,0) =~ (t) and H(t,1) =2(t),
o Vsel0,1], H(0,s) =2 and H(1,s) =y,
e Vse0,1], 22(0,5) =v and %L (1,s) = —w,
e Vse[0,1],vt € (0,1), H(s,t) € X(C)\ D(C).

We can define the torsor of homotopy classes of paths in this situation:

Definition 5.2.3. We call torsor of homotopy classes of paths of X (C)\D(C)
based at x,y the quotient of the path space of X(C)\ D(C) based at x,y by the
equivalence relation generated by homotopies between paths.

As in the classical case, the data of all the torsors of homotopy classes of paths based
at tangential basepoints has a structure of a groupoid. We do not describe precisely the
operations involved as they are similar to the case of ordinary basepoints. Nevertheless,
the product of homotopy classes of paths is carefully defined in [BGF25, Definition 3.357]
in the case of P}, \ {0,1,00}. In higher dimension, the definition of composition can be
deduced from the former by viewing X (C) locally as a product of A}. Recall that for
y1 (resp. 72) a smooth path of P{\{0,1,00} based at tangential basepoints (x,u),(y,v)
(resp. (y,v),(z,w)), the composition of classes [y1][y2] is defined locally around y by the
following picture:

Topological composition of paths Continuous path representing [y172]

Figure 2.

If we take v to be any smoothing of the second composed path, then

Mlle] =[]
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5.2.2. The Betti fundamental groupoid at tangential basepoints. We now
define the Betti fundamental groupoid, and we compute the Betti realization of the
motivic fundamental torsor at tangential basepoints. Let X € Divy, endowed with
tangential basepoints x,y. Recall from section 2 that x and y induce points on the Kato—
Nakayama topological space X¥N. Although as we explained, there is not an equivalence
between tangential basepoints and points on X XN we will still denote by the same letter
%,y the associated points.

The log Betti cohomology of X is by definition RT'(X*N,Q) € CAlg(Modg) where Q is
the constant sheaf with value Q, and RI" denotes the derived functor of the global section
functor. It is endowed with augmentations defined by the points x,y € X¥N. Note that
what follows works in the same way if Q is replaced by Z.

Definition 5.2.4. The Betti path space of X based at x,y is defined by
<Py X = xBar, RT'(X"N,Q) € CAlg(Modyg).
The Betti fundamental torsor at x,y of X is defined by
(X, x,y) 1= SpecH(, P} X).

Remark 5.2.5. As before, it follows from theorem 4.1.9, that the family {xPEX}x,y
is endowed with the structure of a homotopy Hopf algebroid, so that the family
{mB(X,x,¥)}xy has the structure of a groupoid. We call it the Betti fundamental
groupoid.

Similarly to the classical setting, the Betti fundamental torsor is compared to the
prounipotent completion of the fundamental torsor of XXN the main tool being
Beilinson’s theorem. The comparison that we prove is the following:

Proposition 5.2.6. There is a natural isomorphism of groupoids given by isomorphisms
(X, xy) = m"(X(C)\ D(C),x,y)
for x,y all tangential basepoints of X.

Proof. First, let us apply Beilinson’s theorem [DGO05, Proposition 3.4] to X¥N. This
theorem is proved by Deligne and Goncharov in the context of a locally path connected,
locally simply connected topological space Y such that its first homotopy group is of
finite type, and such that the functor Rp, for p: Y™ x Y™ — Y™ commutes with fibres
for constant sheaves. Since XXV is a manifold with boundaries [KN99, Remark 1.5.1] with
the homotopy type of a complex algebraic variety, and as such is a paracompact locally
contractible space with a finitely generated fundamental group, we can use Beilinson’s
theorem to see that there is a natural isomorphism of schemes

(X x,y) = m (XN xy).

We need to compare the prounipotent completion of the fundamental torsor of XXN
and of X(C)\ D(C). Note that if z,y € X(k)\ D(k), then it is straightforward that we
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have
B un KN un
™ (vavy) = (X ,x,y) =m (X(C) \Q(C)g&y)

since XX¥N and X(C)\ D(C) are homotopy equivalent. This result is still true for
tangential basepoints, as we show in the following lemma concluding the proof of this
proposition. 0

Lemma 5.2.7. For all tangential basepoints x,y on X, there is a natural isomorphism
m(X(C)\D(C),xy) = m (X" x.y)

Proof. The morphism is given by continuation of paths: for v : (0,1) - X(C) a smooth
path of X(C)\ D(C) from x to y, we can consider the path 7:[0,1] — XN such that
Meo,1) =7 n(0) =x,n(1) =y.

To show that this defines an isomorphism between the homotopy groups, we first see
that by continuation of homotopies between paths in the same fashion, this operation
trivially defines a morphism, 71 (X (C)\ D(C),x,y) — m1 (XXN,x,y). We now exhibit this
morphism as a composition of isomorphisms:

Let nx : (0,1) — X(C) (resp. ny) be any smooth path from x (resp. y) to any point
denoted by 2’ (resp. y') that we suppose to be in X(C)\ D(C).

The morphism we define is given by the following diagram

71 (X(C)\ D(C),x,y)"—m, (X(C)\ D(C),a",)

s

(X Nyxa}’) T 7T1(XKN z'y')

where the middle isomorphism
h: 7T1 ( )\D( )’ /’yl) Aﬁl(XKvi/ayl)

is induced by the homotopy equivalence X (C)\ D(C) < XXN. The reason that this
composition is the continuation of path is simple: take v any smooth path of X (C)\ D(C)
from x to y. The definition of the composition of homotopy classes of smooth paths of
X(C)\ D(C) based at tangential basepoints shows that [ '][v][ny] is represented by a
smooth path A which locally around z and y looks like picture (5.2.1) and keeps the paths
involved unchanged outside of these local pictures. Hence h([\]) = [\], so that the image
of v by the composition of morphisms we are studying is the class represented by nix)\mfl
which around z and y looks like (5.2.1) and similarly keeps everything unchanged outside.
It is clear that this path is just homotopic to the continuation of ~. O

Hence, the proposition 5.2.6 is proved. This result will be at the center of the
computation of the Betti realization of the motivic pointed path space with tangential
basepoints. In order to identify this realization, let us first build the Betti realization
functor of Q-linear log motives.
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5.2.3. The Betti realization functor. The Betti realization we obtain is close to the
construction for the log motivic homotopy category in [BP?)25]. We prove the following;:

Proposition 5.2.8. There exists a Q-linear Betti realization functor
R : DA (k,Q)® — Mod§
such that for X € 1Smy, there is a natural equivalence

Rp(h(X)) ~ RI(X*Y,Q)

and such that the following diagram commutes:
DAE(k,Q)® —— DAK,Q)®

R

®
RB

®
Mon

The functor Rp on the right is the classical Betti realization functor as defined in
[Ayo10].

In order to show this, we apply the results of subsection 5.1 to the log mixed Weil
theory over k

g : 1SmZ* — Modf
defined as follows:

Definition 5.2.9. The log Betti Modg-valued log mixed Weil theory over % is the
symmetric monoidal functor

ry @ 1Sm%P* — Modg.
defined as the composition of symmetric monoidal functors

1ISm" ﬂ SpcoP* w) Modg.

Note that up to a canonical equivalence, this functor sends X € 1Smy, to C*(X XN Q) the
singular cochain complex of XXN. Hence, it takes values in Perf(Q) the sub-co-category
of perfect complexes of Q-modules, since the term in each degree of the singular cochain
complex is a free Q-module, and X¥YN has the homotopy type of a finite dimensional
CW-complex.

Proof of proposition 5.2.8. The functor (—)XY is symmetric monoidal, satisfies dNis-

descent and sends G2 to a space homotopically equivalent to S*. It is as well ver-invariant
since XXN and X (C)\ D(C) are homotopically equivalent [BP()22, Proposition A.9.2].
Since RI'(—,Q) is symmetric monoidal, so is I'g. Thus it is a dNis-sheaf, ver-invariant,
it sends G!°¢ on a ®-invertible object, and it is trivially A'-invariant. Hence, 'y is a
Modg-valued log mixed Weil theory, from which the proposition follows. O
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Remark 5.2.10. Note that since *%N and AgN are homotopically equivalent, the
morphism
I'(An) = ()

is an equivalence.

5.2.4. Computation of the Betti realization of the motivic fundamental
groupoid. Now that the Betti realization functor is built, we can get back to the
motivic fundamental group. We will show the following:

Theorem 5.2.11. Let X € Divy and x,y tangential basepoints on X. There is a natural
equivalence of algebras

H’(Rp (, Py X)) = O(ri™(X(C)\ D(C).xy)).

In particular, when X is such that M(X) is a mized Tate motive, and when k satisfies
Beilinson-Soulé’s conjecture, there is a natural isomorphism of groupoids induced by

Rpmi" (X, x,y) ~ m"(X(C)\ D(C),xy).

Proof. By the proposition 5.2.6, we only need to show that there is a natural equivalence
in CAlg(Modg )

Rp(,Py'X)~ PUX.
Since Rg is colimit preserving, it commutes with the bar construction, hence

Rp(Py'X) ~ R, (x)Barg, ) RD(X*N,Q).

Recall that up to homotopy equivalence, h(x) : h(X) — Q is defined by the choice of a
homotopy inverse of

h(NZE(X, D)) — h(z'°%).
The realization of this morphism is
C* (N2 X, DYKN. Q) = C* ((2'°%)KN, Q)
(see lemma 5.1.7 and remark 5.2.10) induced by the embedding
(£1°%)KN <y Nlog(x, D)KN

A natural homotopy inverse to this morphism is the map induced by the retraction of
the real blow-up of C? along its axes on the product of infinitesimal spheres at the origin
(S1)¢. Therefore, the augmentation Rg(h(x)) is up to homotopy the map obtained from
the sequence

* = NPE(X, D)N — (51)" — XN
by applying C*(—,Q). The composition of these maps is just the point

* — X KN
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defined by rir € §° = (2'°8)KN_The theorem is proved. O

Remark 5.2.12. We remind the reader that the ring of functions of the prounipotent
completion of the torsor of paths from x to y on X(C)\ D(C) is defined by
O(m™(X(C)\ D(C),x,y)) := colim(Q[m (X (C) \ D(C),x,y)]/J"+)"

where J" =Q[m (X (C)\ D(C),x,y)]I™ where the product is obtained from the right action
of Q[r1(X(C)\ D(C),x)] restricted to I" where I is the augmentation ideal.

We identified the Betti realization of the motivic pointed path space. Let us now relate
it to the cosimplicial path space construction. Passing to the Betti cohomology allows
us to bypass the limitations of proposition 4.2.7. Indeed, we can see that the Betti path
space can be classically extracted from the cosimplicial space

xp;xKN (XKN)[O,l]
| oo
x —TEy YKN KN

after applying the functor RI'(—,Q) and taking the colimit on the simplicial diagram
thereby obtained. Let us explain this point further. It is easy to see that

XPEX ~ Q ®1"B(X)®1"B(X) I'y (X) ~ Q@RF(XKN,@)®RF(XKN7Q) RF(XKN7@)
Since RT(XXN, Q) ~ colimp RT (X K¥N)[%1 Q), we see that
XPEX ~ COlimA@ ®RI‘(XKN7@)®RF(XKN7@) RF((XKN)[O’ 1],@).
It is now straightforward to see that the simplicial objects T'p(PjX KN.Q) and
Q®rr(xx~ Q)oRI(XEN Q) RL((XXN)01 Q) are weakly equivalent, so that
<Py X ~ colimaT's(, Py X N, Q).
By [Ara23, Corollary 3.13], we see that there is a natural quasi-isomorphism
By o KN
xPy X = Tot RT'(,P5 X, Q).
The previous quasi-isomorphism has a filtered version:
<Py X<n ~TotRT(, Py XEN.Q),

where the object xP§X IS(E is the diagram obtained from xP§X KNy restriction to the
sets of cardinality < n. Based on this result, we will now describe in a closer way to
the classical point of view, the Betti realization of the filtered pieces of the path space
based at tangential basepoints. This will be useful to compute the periods of the motivic
fundamental groupoid. The main reference here is [BGF25, Section 3], see also [EL23,
EL21].

Definition 5.2.13. Let n be a non-negative integer, and let X,y be two tangential points
on X, a divisorial log scheme over k. For 0 <i <n, we denote by Y; the image in X" of
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the i-th coface map (which is a virtual morphism of log schemes when i = 0,n) of the
cosimplicial based path space xPy X
o X X,
Note that (‘iz” is an immersion of schemes, so that we can endow Y; with the log structure
induced by the isomorphisms X"~ ! ~ Y. It comes equipped with a virtual morphism
Y, — X"

Remark 5.2.14. The scheme Y; can be described explicitly. If we write X™ in coordinates
(®1,...,2y), then Y; is

o {xy=y}ifi=0,

° {xileurl} 1f0<’L<TL,

o {z,=z}ifi=n.

Naturally, the virtual morphism Y; — X" is
e The product of the virtual point y and the identity on X"~ ! if { = 0.

e The ordinary morphism of log schemes induced by the i-th coface of Py X.
e The product of the identity on X"~ and the virtual point x if i = n.

ForIC{0,...,n}, welet Y1 =, Y;. If we denote by I° := A™\ I, there are isomorphisms

I¢|—1
Vi o~ X1

obtained by deleting redundant coordinates, which induces a log structure on Y.
For i € N, we define
= ] w

1C{0,...,n}, |1|=i
and we denote by (X™,Y*®) the family thus defined. Note that for ¢ > 0, there are 7 natural

morphisms

Y? : Yzfl
—
given by the diagram for IC {0,...,n}, and k€1

[r°]—-1

. |

Yivgey —— XIO\{RDH-1 = xI1°

i ———— X

where the right morphism is the k-th coface of <Py X.

These morphisms endow (X™,Y*) with a natural structure of an augmented symmetric
semi-simplicial object in YDivy, that is a diagram in YDiv; indexed by the category of
finite sets, with injective morphisms between them (see [CGP21, Section 3]).

Definition 5.2.15. We let I'g(X™,Y*) be the complex in Modg associated with the
augmented symmetric semi-simplicial variety with log corners (X™Y*®) after applying
ry.
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Remark 5.2.16. If we denote by Y :=U,Y;, then it is a classical fact (see [DGO05]) that
the complex I'g(X™ Y®) is closely related to the relative Betti cohomology of the pair
(X™Y), that we denote by I'g(X™,Y"). More precisely, there is a fibre sequence

Qy,, [Fn—1] = Tp(X"Y) = T5(X"Y"),

where Yan 1= Njeqo,...,n} Yi- Note that it is either a point if x =y, or the empty set if
X # y. Hence the fibre sequence induces an isomorphism

Ig(X™Y)~Tp(X"Y*®)
when x # y.

In general, the complex I'g(X"™,Y®) is used to compute the filtered pieces of the bar
construction. Indeed, with [BGF25, 3.297, Lemma 3.298] we know that there are natural
quasi-isomorphisms of complexes

<Py X<n ~Tp(, Py X<y) ~Tp(X",Y*)[n].

The quasi-isomorphisms can be described this way: The complex I'g(X™ Y *) can be
represented by the total complex of the double complex

b o, (5)
1C{0,...,n},|I|=e

where the horizontal differentials are given by the semi-simplicial structure of (X™,Y*)
(see a full description in [BGF25, A.8.3)).
The complex I'p(, Py X<,) is obtained as the total complex of the double complex

C*(PSXEY) (6)

where the horizontal differentials are given by the cosimplicial structure of ,Pj X KN,
The complexes (5) and (6) are isomorphic up to a shift of degree n, and the isomorphism
is given explicitly in degree k by:

@Ogign Ck+i((XKN)i5Q) — @Ogign @IQ{O,.H,TL},lIl:i Ck+n_i(}/IKNaQ)
(wi)o<i<n = (wr)ican
where (wr) is defined by
o (—1)"le(1%)w; if I={0,...,i}
! 0 else

where we let ¢(I) := [],c;(—1)", and where w; = wje|_1 as a cochain on (XKEN)IE=1 g

viewed as a cochain on Y{XN.

Remark 5.2.17. The signs appearing above are conventions, and they are constrained
by the signs chosen for the differentials of the complexes involved. We followed here the
conventions from [BGF25].

Using this representation, the isomorphism given by the Beilinson lemma is classically
described as follows:
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For i € N, let us denote by
A= {(ty,...,t;) ERL0O<t; < <ty <1} (7)

the standard i-simplex. Let 7 : [0,1] — XN be a continuous path based at x,y. It induces
a singular chain

Onit A’ — (X KNy
(t1,..oti) = (v(t1), ()
Moreover, for I C {0,...,n}, 04 j1c|—1 defines a map
o1 A1 Ly (X KNYI9=1 o y RN
Proposition 5.2.18 [DG05, Example 3.8],[BGF25, Section 3.6.4]. The isomorphism
RE (xPy X) <n = (Qlm (XN x,y)]/ T )Y

where J is defined as in Remark 5.2.12, is dual to the map obtained via

m(X,xy) — o (FB(X"ZY°))")V

I(JI|4+1) n(n—1

Yy — ((—1) 2 (—1) 2 €(IC)UW,I)IQ[TL]-

Remark 5.2.19. The signs are again conventions fixed in a coherent way with the
conventions chosen above.

5.3. The de Rham realization

5.3.1. The de Rham fundamental groupoid at tangential basepoints. = We now
give a definition of the de Rham fundamental torsor at tangential basepoints, and compare
it with the de Rham realization of the motivic pointed path space based at tangential
basepoints. We suppose k of characteristic 0 in this section. Let us take again X € Divy,
with tangential basepoints x,y. We will emphasize the point of view, taken from section
2, on x,y as virtual morphisms * — X.

Recall that the sheaf of log de Rham differentials Q% Jk is functorial with respect to
virtual morphism with reduced source [DPP24, Lemma 5.9]. Therefore the log de Rham
cohomology RI'(X,Qx/;) € CAlg(Mody) comes with canonical augmentations defined by
functoriality

RI(X,Qx/1) =5 k.
Definition 5.3.1. The de Rham path space of X based at x,y is defined by
<PyX =y Bary RI'(X,Qx/;,) € Mody.
The de Rham fundamental torsor at x,y of X is defined by
(X, x,y) = SpecHO(ngRX).

Remark 5.3.2. As before, it follows from theorem 4.1.9, that the family {,P{" X}, y
is endowed with the structure of a homotopy Hopf algebroid, so that the family
{m{®(X,x,y)}x,y has the structure of a groupoid. We call it the de Rham fundamental
groupoid.
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5.3.2. The de Rham realization functor. =~ We can now move to the identification of
the de Rham realization of the motivic pointed path space based at tangential basepoints.
Let us first build the log de Rham realization functor.

Proposition 5.3.3. There exists a log de Rham realization functor
RE; : DAE(k,k)® — Mody

such that for X € 1Smy, there is a natural equivalence
Rar(h(X)) ~ RI'(X,Qx )

and such that the following diagram commutes:

DAY (k,k)® —— DA(k,k)®

Rin
Rin

Mod%

Definition 5.3.4. The log de Rham Modg-valued log mixed Weil theory over k is the
symmetric monoidal functor

réy : 1Sm»* — Mody
X = RI(X,Qx)

This indeed defines a symmetric monoidal co-functor: from [BGT14, Proposition 3.5],
we see that it suffices to show that the functor of 1-categories

r : ISm® — D(Mody)

where RI'(—,Q2_ ;) denotes by an abuse of notation a symmetric monoidal resolution of
complexes of sheaves functor (e.g. the Thom-Whitney normalization of the Godement
resolution [Azn87]) is such that

e it is lax symmetric monoidal,
o k — I'(Spec(k)) is a quasi-isomorphism,
e T(X)®T(Y)—T(X xY) is a quasi-isomorphism for all X,V € 1Smy,.

These conditions are straightforward properties of the log de Rham cohomology. The
proposition cited above defines a symmetric monoidal functor of co-categories.

Proof of proposition 5.3.3. The functor T'yr is ver-invariant by [Ogul8, Proposition
V.4.2.5], hence it satisfies dNis-descent (w: X +— X \ 90X sends dNis covers to Nis
covers) since the classical de Rham cohomology satisfies Nisnevich descent. Moreover,
Tyr(G8) ~ Tyr(G,,) so that it sends G°¢/1 on a ®-invertible object, and naturally

FdR(Al) ~k.
Finally, it takes values in Perf(k) since the de Rham cohomology has finite dimension.
O

https://doi.org/10.1017/5147474802610173X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802610173X

The Motivic Fundamental Groupoid at Tangential Basepoints 2121

Remark 5.3.5. Since the log de Rham cohomology of the log point *y and of the log
scheme Ay are computed by applying the functor of global sections of the corresponding
log de Rham complexes, it is easy to see that the morphism

Lyr(An) = Tar(*n)

is an equivalence.

5.3.3. Computation of the de Rham realization of the motivic fundamental
groupoid. Let us now compute the realization of the motivic pointed path space:

Theorem 5.3.6. Let X € Divy. For x,y tangential basepoints on X, there is a natural
equivalence

Rar( Py X) ~  PyRX.

In particular, when X is such that M(X) is a mized Tate motive, there is a natural
isomorphism of groupoids induced by

RdRﬂ—’in(Xu)gy) = 7T(11R(XaX7Y)'

Proof. Once again, using the fact that Rqr is colimit preserving, it commutes with the
bar construction, so that

RdR(xP;nX) = RdR(X)BaerR(y)RF(X7QX/k)'

Now, the morphism Rgg(x) (similarly for Rgr(y)) is defined after the choice of a
homotopy inverse to the equivalence

RI(NY8(X, D), Qyon . py i) = R (@'%, Qron 1)

Such a homotopy equivalence is found by functoriality applied to the virtual retraction

NY8(X,D) — a'°8

which is defined trivially on the underlying schemes, and by the obvious morphism of
sheaves in monoids
Mx | = Myos x, )

(note that this is indeed a retraction of the natural morphism —'°% — N'°8(X D)) so that
the composition

x = Nlos(X D) — z'°¢ & X

is nothing but the virtual morphism defining h(x),h(y). This concludes the proof. O
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Arguing as in the previous subsection, we see that the de Rham path space can be
canonically obtained from the cosimplicial log scheme introduced in subsubsection 4.2.1

PyX —— x01
|2l
x —Y o X x X
after applying the functor RI'(—,€2_ ;) and taking the associated total complex.

As in the Betti case, we can go a little further and give a more detailed description of
the de Rham fundamental groupoid after extension of the scalar to C. In order to compute
the periods of the motivic fundamental groupoid in the next sections, we interpret the de
Rham fundamental groupoid via the de Rham theory of manifolds with log corners.

Recall from [DPP23] that a manifold with log corners (X,My) is a manifold with corners
Y endowed with a positive log structure (this notion is developed in [GM15]): a sheaf
of monoids My on ¥ and a morphism a: My — (3;0’— where (3 220 s the sheaf of
non-negative smooth functions on X, with the property that it mducee an isomorphism
a (€70 I e Y. We furthermore ask X to be locally isomorphic (as a manifold
with corners equipped with a positive log structure) to an open subset of the standard
corner [0)* x [0,00)".

The latter is defined by the underlying manifold with corners {0}* x [0,00)" C [0,00)"*+*
equipped with the sheaf

M[O)kx[(loo)n = GFg;?,jN tgrll\l...rg
where the r; are coordinates on [0,00)" and the t; are formal ‘phantom’ coordinates
evaluated to 0 in G[ . See [DPP23, Section 3.2] for details. A manifold with log
corners is locally obtamed as the restriction at a closed submanifold with corners of the
manifold with log corners [0,00)™ for a non-negative integer n (e.g. [0) x [0,00) is obtained
as the restriction of the positive log structure [0,00)? on the line r; = 0. The coordinate
r1 is turned into the phantom coordinate 7).

Example 5.3.7. e The manifold with corners [0,00) with coordinate r is equipped
with the structure of a manifold with log corners via the positive log structure
. @:>0, N >0
Croee)™ 7 Co.) -

e The Kato—Nakayama space of the log scheme Ay is the oriented real blow-up of
R? at 0. It is then endowed with the structure of a manifold with log corners
St x [0,00) where S! is endowed with the trivial positive log structure.

In general, for X € Divy, XX¥N has the structure of a manifold with log corners [DPP23,
Proposition 8.4], and virtual points * — X define virtual points of X¥N_ that is virtual
morphisms in the sense of [DPP23, Definition 4.1] (the definition is similar to definition
2.2.1). Such a virtual point keeps track of the whole datum of the tangential basepoint,
not only its direction, so that when X is defined over C, there is a bijection between
tangential basepoints of X and virtual points of XX~ [DPP23, Proposition 8.8]. Hence,
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this fills the gap between tangential basepoints on X, and points on XXN explained at
the end of subsection 2.2.

Example 5.3.8. A virtual morphism from the point to Ay™~ landing on the infinitesimal
unit circle at 0 is the same as the choice of a direction u and of the pullback of the phantom
coordinate ¢ associated with r =0 in €3>~ ~ R . The last datum allows to differentiate
between tangential basepoints induced by A or a\ for a a strictly positive constant, see
example 2.2.5.

A manifold with log corners ¥ is endowed with a de Rham complex of logarithmic
differential forms Ay, functorial with respect to virtual morphisms [DPP23, Section
6.2], which adds to the complex of classical differential forms, formal logarithmic
differential forms dlog(r;),dlog(¢;). This construction is similar to the construction of
the algebraic logarithmic de Rham complex so that for X € Divy there are canonical
quasi-isomorphisms, see [DPP23, Sections 8.5,6]:

RI(X,Qx/x) @k C ~ RT(XX N A xun) @r C = A(XEN) @5 C

where we denoted by A(X) :=T'(X,Ayx). In particular, for x,y tangential basepoints on
X, the de Rham path space based at x,y satisfies

<PIFX ®), C ~ «Bary (A(X*N) ®: C,

where x,y are viewed as virtual morphisms * — X KN,

Note that A(XXN) is a commutative differential graded algebra, so that we can use the
description from example 4.1.13: yBary (A(XXY)) is interpreted as a complex of formal
iterated integrals; its elements are denoted by

[wil... |wk] = w1 ® - @wg, w; € A™ (XEN)

in degree ), n; —k, and the differentials are described for instance in [BGF25, 3.250].
The equivalence above can be refined at the filtered level:

ngRXSn ®p C ~ xBary (.A(XKN))Sn Qg C.

The complex on the right is the subcomplex xBary (A(XXN)) @k C spanned by elements
[wi]. .. |wg] with k& < n. As before, we can see that there is an isomorphism of complexes

xBary (A(X*N)) <, ~ TotA(, Py XEN).
We will use in the following subsections the description of this isomorphism in [BGF25,
3.284] that we specialize into the following:
Lemma 5.3.9. The isomorphism is given by
«Bary (A(X¥N)) <, —  TotA(xPyXEN)
Wiyee. Wk — (wg)ogign

where

K2

o = (—1)2(k=i)deg(wi) pr gy, A Apriwy ifi=k
710 else.
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Remark 5.3.10. For [w1]... |wi] € xBary (A(X®N)) <, with k <n and deg(w;) = 1, we see
that the outcome of the previous isomorphism is (—1) s priwi A--- Apriws in position

k.

5.4. The comparison isomorphism

We now describe the Betti-de Rham comparison isomorphism applied to the motivic
pointed path space based at tangential basepoints. This will allow us in the next
subsection to compute the periods of the motivic fundamental groupoid at tangential
basepoints. Let us remind that the log Betti and log de Rham cohomologies are, as in the
classical setting, compared in a canonical way by the work of Kato and Nakayama [KN99].
Namely, for X an ideally log smooth log scheme over k, there is a natural isomorphism

H*(X,Qx/) ® C~H*(X*N,C).

Remark 5.4.1. The definition of ideally log smooth log schemes over a field k, as given
in [Ogul8], characterizes log schemes étale locally modelled on Spec(k[P]/(X)) where P
is an fs monoid, and (X) is the ideal of k[P] generated by an ideal ¥ of P. This definition
includes in particular the standard log point xy ~ Spec(k[N]/(NT)).

The comparison theorem refines into:

Theorem 5.4.2. For A a subring of C, there is an equivalence of symmetric monoidal
oco-functors

R ®gC ~ Rz @ C

Proof. By the result of lemma 5.1.5, to prove the theorem it suffices to compare the
associated log mixed Weil theories. Note that by the construction of these functors and
after [BGT14, Proposition 3.5], we only need to compare the associated functors of 1-
categories

1Sm; "7 — C(Mod,)®.

The log Betti-log de Rham comparison theorem [KN99, 0.2] gives a weak equivalence of
lax monoidal functors

RI((-)*N,Q)@C~RI(—Q_;)@C
which directly shows the expected result. O
It then suffices to apply the Betti-de Rham comparison to the motivic pointed path

space to see that for X € Divy, and x,y tangential basepoints on X, there are natural
isomorphisms of schemes compatible with the groupoid structure

i (XEN xy) xgC ~ (X, x,y) xqC ~ 7R (X,x,y) x; C.

The only thing that needs to be checked is that the Betti and de Rham realizations of the
motivic augmentations associated with x and y are naturally isomorphic. This is trivial
using remark 5.4.1 and lemma 5.1.7.
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This result can be refined by applying the Betti-de Rham comparison to the filtered
pieces of the motivic pointed path space to obtain an isomorphism of k-algebras for all
neN

O(Wllg(Xv)(?y))Sn @C =~ O(W?R(X,X,y))gn ®C

Recall now that for ¥ a manifold with log corners (see the end of subsection 5.3), its de
Rham and singular cohomologies are compared via a log Poincaré lemma. Namely, the
canonical inclusion of complex of sheaves X

R—As

is a quasi-isomorphism, see [DPP23, Corollary 6.9]. This is compatible with the algebraic
log de Rham, log Betti comparison theorem in the sense that for X € Divy, the
comparison isomorphism between its log de Rham and log Betti cohomologies is given
after tensoring by C the quasi-isomorphism

C*(XEN R) ~ A(XEN)

in a natural way. From the descriptions at the end of the last two sections, we see that the
filtered comparison isomorphism applied to the motivic path space based at x,y is given
after tensoring by C and taking the 0-th homology on the following quasi-isomorphism
of complexes:

TotC*(, P3 XEN R) ~ TotA(, Py XEN).

5.5. Periods of the motivic fundamental groupoid

With the previous interpretation of the comparison isomorphism, we can now compute
the periods of the motivic fundamental groupoid at tangential basepoints via reqularized
integration. This will allow us to prove in general a variant of Chen’s theorem (see theorem
5.5.10) for tangential basepoints relating the prounipotent completion of the fundamental
group with the right notion of iterated integrals. In this last subsection, k C C.

5.5.1. Regularized integration. Let us first recall some facts on regularized
integrals introduced in full generality in [DPP23]. We refer the reader to the introduction
to positive log geometry at the end of subsection 5.3.

For ¥ a manifold with log corners and for i > 0, we denote by 9'X, and we call i-th
boundary of ¥ the manifold with log corners described locally by iterating on the following

8(10,00)" x [0)*) = |_][0,00)" " x [0) x [0,00)" " x [0)*.
i=0
We omit the i in the notation 0% when i =1, and we let 9°% :=X.
If ¢ > 0, there are i natural ordinary morphisms of manifolds with log corners
—

1340 VERESTRNNG Lk )
—
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This way, the family (3,0°Y) defines an augmented symmetric semi-simplicial manifold
with log corners, as defined in the discussion introducing the definition 5.2.15.

Example 5.5.1. The topological n-simplex A" (with the model described in 7) is
endowed with the structure of a manifold with corners hence of a manifold with log
corners. Recall that one needs to be careful in the choice of the associated positive
log structure. It is not true in general that, when equipped with the trivial positive
log structure G;O’>O, a manifold with corners ¥ is a manifold with log corners. We can
instead use [DPP23, Section 3.2.3] where the choice consists in pulling back the positive
log structures on each local chart U — [0,00)™.

e When n =2, the boundary of A% can be described in a simple way as the disjoint
union of its faces, each isomorphic as manifold with log corners to A® x [0). The
picture in this case is:

A

A? OA? 02 A2

The second boundary 8?A? is a disjoint union of two copies of each vertex of A?
endowed with the positive log structure [0)2. The two rightmost morphisms are
the natural immersion, and the morphism deduced via the action of the symmetric
group G, with exchanges copies of the same vertex. Note that 9*A? is empty for
> 2.

e In general, 3A™ is a disjoint union of i! copies of each (n —i)-dimensional face in
A" and there is an action of the symmetric group &; permuting them.

For ¥ a manifold with log corners, we can consider the associated basic manifold with
log corners ¥*# defined locally by the property that

([0,00)™ x [0)F)P25 .= [0,00)".

In other words, the underlying manifolds with log corners of ¥ and its basic version are
the same, and the positive log structure of X2 is obtained from the original on ¥ by
restricting to the submonoid of functions whose germ at each point of ¥ is not sent to
zero by the germ of the morphism My, — G%O’ZO. There is a morphism of manifolds with
log corners

5 — pbes

induced by the inclusion Mygpbas < My;. We say that ¥ is basic if 3P3 ~ 3.

In [BGF25, Section 3.8.6], the definition of the regularized integral of a differential
form on the projective line with logarithmic poles at {0,1,00} is based on the choice
of tangential basepoints at these points. Indeed, it is defined [BGF25, Definition 3.364]
as the residue of a logarithmic asymptotic expansion of the integral along a path whose
starting and endpoints converge to removed points in the direction prescribed by the
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tangential datum. In higher dimension, the full definition appears in [DPP23]. The choice
of tangential basepoints at a finite set of points is replaced by the definition of the
reqularization of a manifold with log corners. Although this definition, and the definition
of regularized integration work in a very general setting, we focus on the case of ¥ = A",

Definition 5.5.2. A nondegenerate regularization on A™ is defined as a positive section
of the normal bundle of the immersion of the underlying manifold with corners

OA" = A™.

This can be viewed as the datum of a family of tangential basepoints on the boundary.
Tangential basepoints in this setting are defined in a similar way as in the algebraic
setting, by the data of a point and of a positive normal vector at this point (outside the
boundary it is just a point), see [DPP23, Definition 4.8] for details.

By [DPP23, Proposition 4.9], we know that there is still a bijection between tangential
basepoints on a basic manifold with log corners, and virtual morphisms from the point,
equipped with the trivial positive log structure.

Example 5.5.3. e A virtual morphism
* — [0,00)

to 0 is determined by the pullback A € R of the coordinate r € [0,00). As in the
algebraic case, this is associated to the normal vector A9, |o.
e More generally, a virtual morphism

[0,00) — [0,00)?

which identifies the underlying manifold with corners [0,00) with the component
r9 = 0 of the boundary of [0,00)? (where we let (r1,72) be coordinates for [0,00)?)
is the same thing as a family of tangential basepoints on the component ro = 0,
determined by the pullback of 7o on Mg ). Note that this datum is equivalent
to the datum of a virtual morphism

[0,00) == ([0,00) x [0))"** = [0,00) x [0),

which is a section of the morphism [0,00) x [0) — ([0,00) x [0))P25 and where the
tangential datum is now given by the pullback of the phantom coordinate ts.

In the same fashion as this last example, if we let 0; A™ be the i-th face of A™ with the
induced positive log structure, a family of positive normal vectors to 9;A™ in A" is the
same as the datum of a section

(0:A™)P* — ;A"

to the morphism 9;A™ — (9;A™)P2 the normal vector being determined by the pullback
of the coordinate vanishing on the face 9;A™ to Mg, An)bas (tig1—t; if0<i<n, top—1if
i=0and t, if i =n).
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Therefore, there is a commutative diagram of manifolds with log corners

A" —— OA™

H |

(An)bas (8An)bas’

More generally, it is explained in [DPP23, Proposition 7.4], that the datum of a
nondegenerate regularization s of A" induces, by pulling back s along all the k different
immersions 9¥A™ < A" a family of positive normal vectors on to 9*A™, and hence a
section

(6kAn)bas N akrAn

The data of these sections for k € N induces in a unique way a structure of augmented sym-
metric simplicial manifold with log corners, with virtual morphisms, ((A™)b25 (9®A™)Pas)
(note that the operation —P2 is not functorial, see for instance the inclusion [0) < [0,00)),
and a morphism of augmented symmetric semi-simplicial manifolds with log corners

s: ((An)bas’(aoAn)bas) N (An,aoAn)

We refer the reader to [DPP23, Subsection 7.1] for details. Note that we will not need to
describe explicitly the structure of augmented symmetric semi-simplicial manifolds with
log corners of ((A™)bas (§* Am)bas),

Definition 5.5.4. Let us consider the section of the normal bundle of the immersion
OA"™ — A" obtained as

on 01 A",

Ie
® *aTl|alm

(321 - 8t?+1)|%" on %’ﬂ if0<7,<n7

o n
B, on 0, A".

A"
We denote by
s: ((An)bas’(aoAn)bas) N (AnjaoAn)

the induced morphism of augmented symmetric semi-simplicial manifolds with log corners
where we made implicit the structure of augmented symmetric semi-simplicial manifold
with log corners of ((A™)Pas (9A™)Pas).

With this regularization at hand, for w € A™(A™) a logarithmic differential form on A™,
the regularized integral of w on A™ denoted by

/ w
(A™,s)

is defined as the classical integral of the cohomology class [s*w] in

Hijg ((A™)",(9°A™)"*) ~ Hijp (A™,0°A")

https://doi.org/10.1017/5147474802610173X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802610173X

The Motivic Fundamental Groupoid at Tangential Basepoints 2129

on A". More generally, for (X,Y*®) an augmented symmetric semi-simplicial manifold
with log corners, and w € A" (X) a logarithmic differential form of degree n vanishing on
Y if there is a morphism

0 ((A"), (07 A" 5) = (X,Y*)

of symmetric semi-simplicial manifolds with log corners, then the regularized integral of

w on ¢ is defined by
/w::/ o*w.
¢ (Am,s)

By functoriality of the Betti-de Rham comparison theorem for manifolds with log corners
(see the end of the subsection 5.4), we have

(62 [A], w]) = / o',

(A™,s)

via the pairing
H9"8 (X V) @ Hig(X,Y*) = R

see [DPP23, Proposition 8.11].

5.5.2. Regularized iterated integration. Let us now compute the periods of the
motivic fundamental groupoid in terms of regularized iterated integrals. We first define
this notion in definition 5.5.8. Let X € Divy and x,y tangential basepoints on X.

Let v: (0,1) — X(C)\ D(C) be a smooth path of X(C)\ D(C) based at the tangential
basepoints x,y (definition 5.2.3). Recall that since v can be continuously extended to a
map [0,1] — XXN we can define a continuous map

Onyi A — (X KNy
for i € N as in the discussion following remark 5.2.17.

Remark 5.5.5. Since « is smooth, it induces a morphism of manifolds with corners
[0,1] = X®N. In coordinates, locally around x or y, X¥N ~ (R} x §1)P x (R%)? so that
locally around 0 for instance, y(t) = (r1(t),01(t),...,rp(t),05(t), 71 (t),...,2,(t)) and r;
satisfies r;(t) ~q tA; with A; > 0. Therefore, using the condition specified in the discussion
following [DPP23, Definition 3.14], we see that 7 is uniquely lifted into an ordinary
morphism of manifolds with log corners

0,1] — X KN,

More generally the following lemma is proven in the same fashion working locally in
coordinates:

Lemma 5.5.6. For i€ N and under the hypotheses on vy, the map o~ ; has the structure
of an ordinary morphism of manifolds with log corners.
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The following proposition will allow us to define regularized iterated integration.
Recall that we defined at the end of subsection 5.2 an augmented symmetric semi-
simplicial object in VDiv} denoted by (X*Y*®). Since the Kato-Nakayama space is
functorial with respect to virtual morphisms, this defines an augmented symmetric

semi-simplicial manifold with log corners (with virtual morphisms between the objects)
((XFR)E, (ye)KH).

Proposition 5.5.7. For v defined as above, 043 defines an ordinary morphism of
augmented symmetric semi-simplicial manifolds with log corners

(Ak,(a'Ak)bas;S) N ((XKN)]“7(Y°)KN).

First, note that since for 0 < ¢ < k, the i-th face of the standard k-simplex is given
by

o {ti=1}ifi=0
° {t12t1+1}1f0<2<k‘
o {ty=0}ifi=k
we remark that o, j induces a morphism of manifolds with corners
(0.) oy an 2 QA" = VI,

This map induces a morphism of manifolds with log corners by the following identification

(8iAk)bas ~ Ak—l

l(aw,k)‘@iAk J{"’%k—l

}/iKN ~ (XKN)kfl

Iterating this construction, we see that for I = (i1,...,i;) C [k] with i1 <--- <1k, oy
induces by restriction a morphism of manifolds with log corners

(81'1 - 6ikAk)baS — }/IKN

identified with the morphism o, j—;.
Therefore, there is a diagram of manifold with log corners

(XKN)k (Y1EN € (y2)KN — (Y3)KN

| | T

k 1 Ak\bas < 2 A k\bas 3 A k\bas
AP — (9TA") <;((‘)A) «—— (9°A%)

such that the underlying diagram of manifolds with corners commutes. Let us prove
the proposition 5.5.7.

Proof. We can work by induction on k. When k = 0 nothing needs to be done.
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Suppose that the statement is true for £k —1 > 0. Then we only need to show that the
following square of manifolds with log corners commutes

(Xk)KN (Yl)KN

[ [

Ak: (81 Ak)bas.
We work on each face separately, we wish to show that for 0 < ¢ <k, the diagram

(Xk)KN }/iKN

f [

Ak (a,'Ak)baS.

commutes. Note that by the so-called ‘continuity principle’ [DPP23, Proposition 4.3], we

only need to check that for each section of M x«x~ pulled back to the zero function in
G(X),ZO

(O Ak ybas by the down-left composition

f . (8¢Ak)bas N Ak N (Xk)KN7
its pull back in Mg, axyras by f and by the upper right composition
g: (aiAk:)bas N Yz N (Xk)KN

coincide. The rest of the sections behave according to the morphism of manifolds with
corners structure.

e If0<i<k, by working locally in coordinates we see that no sections of M xryxn
are pulled back to the zero section by f.
o Ifi=k, then (9;A%)P* = {t; = 0} so that 0., ; when restricted is the morphism

(t1 = 0,2, ... tk) = (x,7(t2), ..,y (tk))-

In coordinates, close to {x} x (X*~1)XN (we use the same coordinates as in the
remark 5.5.5), we can write in a neighbourhood of t; =0

O'%}C(tl, cee ,tk) = (7“1(751),61(“), .. .,Tp(t1)79p(t1>,.’1711(t1>,.. . ,m;(tl),’y(tg),...,v(tk))

we then see clearly that the only coordinates pulled back on the zero section are
T1,--3Tp-

Let \; := x*r;. On one hand we see that afy,kri = \;, which readily shows
that ¢g*r; = A;. On the other hand, since ~y is a path based at the tangential
basepoint x at zero, we have that 7{(0) = ;. The pullback of r; in My,x~x by
the morphism Y; — (X*)XN is r,(¢;), and the pullback of 7;(t;) by the virtual
morphism (9; AF)Pas — AF in My, akypas is 7(0) since this morphism is determined
by the virtual morphism 0;,—g by the choice of the section of the normal bundle.
Hence the result.

o If 7}(0) the situation is the same as the previous one.
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We can then make the following definition:

Definition 5.5.8. Let X € Divy, x,y tangential basepoints on X, and 7: (0,1) — X(C)\
D(C) a smooth path of X(C)\ D(C) based at x,y. Let wy, ...,wy, be logarithmic differential
1-forms. We define

/wl...wk 2:/
¥ o

priwi A--- Apriwg = / o, (priwi A« Aprywe)

v,k (Akvs)
the regularized iterated integral of wy,...,w; along 7.
Remark 5.5.9. When wy,...,w;, are smooth forms of the manifold with corners X¥N

(for instance for smooth algebraic forms), we know from [DPP23, Proposition 7.2] that
this definition coincides with the usual definition of iterated integral introduced by Chen,
see [Che77]. This is true in particular when x,y are rational basepoints of X \ D.

5.5.3. The periods of the motivic fundamental groupoid. We are now able to
completely determine the periods of the motivic fundamental groupoid with tangential
basepoints:

Theorem 5.5.10. The isomorphism of algebras
O(m1 (X, %,¥)) <n ©0 C = O(n{™ (X, %)) <n @ C
1s induced by the pairing

Clm(X(C)\ D(C),x,y)] @r H? (xBary (A(X*Y)))  — C
YO wr]... |wk] — f7w1~--wk

Proof. We can suppose X to be connected and we know that in this case every class
in H(xBary (A(X*N))) is represented by elements of the form [w;|---|wi] where the w;
are 1-forms by similar arguments as [BGF25, Lemma 3.263]. We have seen in subsection
5.4 (joined with the results at the end of subsections 5.3 and 5.2) that the comparison
isomorphism applied to the filtered pieces of the fundamental groupoid with tangential
basepoints is described by the following sequence of isomorphisms (where the upper terms
are defined similarly as their Betti counterpart from the end of subsection 5.2):

]-‘Sing(xPyXlg(ylj) — FSiIlg((XKN)na(Y.)KN)

d ]

sBary (A(XTN) < —— APy XEN) <y —=— A((XEN)", (Y*)5)

For [wy,...,w;] € xBary(A(XXN)),,, with w;l-forms, its image in A(xPngj) is

(wh)o<i<n where
wi= {
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which is sent to (w{)icpn) in A((XEN), (V)EN) ~ Dgipe (XEN)™, (Y *)KN), where

k(k—1)

, {(_1)n1“|6<10)(_1) T priwg A Aprjwy, ifI={k+1,...,n} = [k

wI =
0 else.

Note that the form priw; A--- Aprjwy restricts to 0 on Y1,
After the description of the isomorphism

Clm (X(C)\ D(C),x,y)]/ 1" = P (XTF)", (Y*)N),

the pairing applied to [y] and [w]... |ws] is

11 +1) n(n=1) e
(=1 |[k]j|(|[k]c(\:11)) : (6(114))(7%1)1’@[71]7(WDIQ”]>
- (1) M ) 2 (k) o e )

LK) (U [K] €] +1) k(k—1

= (=) (=D e([k]) (= D)™ Fle([k]) (—1) 5 (o priws A+ Apriwr)

Note that the signs cancel so that we are left with

n(n—1)
2

(04, ks PrIWL A== AL W)

By proposition 5.5.7, the map o, has a structure of a morphism of augmented
symmetric semi-simplicial manifolds with log corners so that

(0, ks PrIW1 A -+ APTWi) :/wl...wk.
¥
O

Remark 5.5.11. If we apply [DPP23, Example 7.12], we can see that for w an algebraic
1-form of P{\ {0,1,00} with logarithmic poles at 0, 1 or oo, then the regularized integral
of w along the straight path from 0 to 1 denoted by dch yields the same result as the
regularization process defined in [BGF25, Section 3.8], which consists in introducing the
restricted path dch,, : [n,1—n] — PL(C)\ {0,1,00} for n € (0,1/2) and taking the residue
of the logarithmic expansion of the function

n— w.
dch,,

More generally it is possible to prove that the regularized iterated integral

/ Wwi...WE
dch
dz

when w; € {l_z,%} yields the correct value of the corresponding regularized multiple
zeta value as defined in [BGF25, Section 1.7].

Acknowledgements This article was written during my PhD at the IMAG in
Montpellier with the support of the ANR Cyclades (Projet ANR-23-CE40-0011). I would
like to thank my advisor, Clément Dupont, for his constant guidance and support
throughout the writing process, as well as for his careful and precise comments, which
allowed me to bring this article to its current form. My warmest thanks go to Swann

https://doi.org/10.1017/5147474802610173X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802610173X

2134

S. Tur-Dorvault

Tubach for countless discussions on motives and six-functor formalisms, to Nikola Tomic
for answering numerous questions on oo-categories, and to Ulysse Mounoud for our
wide-ranging discussions on algebraic geometry. I also benefited from conversations with
Federico Binda, Damien Calaque, Joost Nuiten and Doosung Park.

Competing interests. None declared.

Data availability statement. No data was generated or used as part of this paper.

References
[AGV22] AvouB J, GALLAUER M AND VEZZANI A (2022) The six-functor formalism for rigid
analytic motives. ForumMath. Sigma 10, 182 (English), Id/No e61.
[Ara23] ARAKAwA K (2023) Homotopy Limits and Homotopy Colimits of Chain Complezes,
Preprint, arXiv:2310.00201 [math.AT].
[Ayol0] AvouB J (2010) Notes on Grothendieck’s operations and Betti realizations.
J. Inst.Math. Jussieu 9(2), 225—263 (French).
[Azn87] NAVARRO AZNAR V (1987) Sur la théorie de Hodge—Deligne. Inventiones Mathemat-
icae 90(76), 11-67.
[BGF25] IaNacio Burcos Gin J AND FRESAN J, Multiple zeta values: from numbers to
motives, Available online at http://javier.fresan.perso.math.cnrs.fr/mzv.pdf, 2025.
[BGT13] BLUMBERG AJ, GEPNER D AND TABUADA G (2013) A universal characterization of
higher algebraic K-theory. Geom. Topol. 17(2), 733-838 (English).
[BGT14] BLUMBERG AJ, GEPNER D AND TABUADA G (2014) Uniqueness of the multiplicative
cyclotomic trace. Adv. Math. 260, 191-232 (English).
[Big07] BIGLARI S (2007) A Kiinneth formula in tensor triangulated categories. J. Pure Appl.
Algebra 210(3), 645-650 (English).
[BP®22] BiNDA F, PARK D AND ARNE OsTvaR P (2022) Triangulated categories of
logarithmic motives over a field. Astérisque 433, Paris: Société Mathématique de
France (SMF) (English).
[BP®25] BINDA F, PARK D AND ARNE OsTveeR P (2025) Logarithmic motivic homotopy
theory, Preprint, arXiv:2303.02729 [math.AG].
[CD19] Cisinskl D-C AND DEGLISE F (2019) Triangulated Categories of Mized Motives,
Springer Monogr. Math. Cham: Springer (English).
[CGP21] CHAN M, GALATIUS S AND PAYNE S (2021) Tropical curves, graph complexes, and
top weight cohomology of M. J. Am.Math. Soc. 34(2), 565-594 (English).
[Che77] CHEN K-T (1977) Iterated path integrals. Bull. Am.Math. Soc. 83, 831-879 (English).
[DCH22] DAN-COHEN I AND HOREV A (2022) Relative tensor products and Koszul duality in
monoidal oo -categories, Preprint, arXiv:2210.11861 [math.AG].
[DCS22] DAN-COHEN I AND SCHLANK TM (2022) Rational motivic path spaces and Kim’s
relative unipotent section conjecture. Rend. Semin. Mat. Univ. Padova 148, 117-172
(English).
[Del89] DELIGNE P (1989) Le groupe fondamental de la droite projective moins trois points.
(Fundamental group of the straight line minus three points), Galois groups over Q,
Proc. Workshop, Berkeley/CA (USA) 1987, Publ., Math. Sci. Res. Inst. 16, 79-297.
[DGO5] DELIGNE P AND GONCHAROV AB (2005) Mixed Tate motivic fundamental groups.
Ann. Sci. Ec. Norm. Supér. (4) 38(1), 1-56 (French).
[DPP23] DupoNT C, PANZER E AND PyMm B (2023) Regularized integrals and manifolds with

log corners, Preprint, arXiv:2312.17720 [math.DG].

https://doi.org/10.1017/5147474802610173X Published online by Cambridge University Press


https://arxiv.org/abs/2310.00201
http://javier.fresan.perso.math.cnrs.fr/mzv.pdf
https://arxiv.org/abs/2303.02729
https://arxiv.org/abs/2210.11861
https://arxiv.org/abs/2312.17720
https://doi.org/10.1017/S147474802610173X

[DPP24]

[Drel8]
[EL11]

[EL21]

[EL23]
[Erg22]
[GM15]
[Gon01]

[Hai87a)

[Hai87b]

[HORR24]

[How17]

[HRS25)
[ITwald]
[Iwa20]

[Kat89)

[KN99)]

[Lan21]

[Lev93)

[Lev07]
[Lur09]

The Motivic Fundamental Groupoid at Tangential Basepoints 2135

DupoNT C, PANZER E AND Pym B (2024) Logarithmic morphisms, tangential
basepoints, and little disks, Preprint, arXiv:2408.13108 [math.AG].

DREW B (2018) Motivic Hodge modules, Preprint, arXiv:1801.10129 [math.AG].
EsNauLT H AND LEVINE M (2011) Tate motives and the fundamental group, Cycles,
motives and Shimura varieties. Proceedings of the international colloquium, Mumbai,
India, January 3-12, 2008, New Delhi: Narosa Publishing House/Published for the
Tata Institute of Fundamental Research, pp. 265-392 (English).

ENRIQUEZ B AND LECOMTE F (2021) On the homological interpretation of the
prounipotent completion of the fundamental group, Preprint, arXiv:2105.01338
[math.AT].

ENRIQUEZ B AND LECOMTE F (2023) Natural transformations relating homotopy and
singular homology functors, Preprint, arXiv:2301.01157 [math.AT].

ErGcuUs A (2022) Hopf algebras and Hopf-Galois extensions in oco-categories, Ph.D.
thesis, EPFL, Lausanne.

GILLAM WD AND MoLcHO S (2015) Log differentiable spaces and manifolds with
corners, Preprint, arXiv:1507.06752 [math.DG].

GONCHAROV AB (2001) Multiple polylogarithms and mized Tate motives, Preprint,
arXiv:math/0103059 [math.AG].

HAIN RM (1987) The de Rham homotopy theory of complex algebraic varieties. 1.
K-Theory 1(3), 271-324 (English).

Hain RM (1987) The de Rham homotopy theory of complex algebraic varieties. II.
K-Theory 1(5), 481-497 (English).

HACKNEY P, OzZORNOVA V, RIEHL E AND ROVELLI M (2024) Pushouts of Dwyer
maps are (0o,1)-categorical. Algebr. Geom. Topol. 24(4), 2171-2183 (English).
HowEgLL NL (2017) Motives of log schemes, Available online at https://scholarsbank.
uoregon.edu/server/api/core/bitstreams/05cb1124-f1cf-4da4-9015-abd57d198fe7/
content.

HAINE PJ, RAMzI M AND STEINEBRUNNER J (2025) Fully faithful functors and
pushouts of oo-categories, Preprint, arXiv:2503.03916 [math.CT).

IWANARI I (2014) Bar construction and Tannakization. Publ. Res. Inst. Math. Sci.
50(3), 515-568 (English).

IwaNARI I (2020) Motivic rational homotopy type. High. Struct. 4(2), 57-133
(English).

Kato K (1989) Logarithmic structures of Fontaine-Illusie, Algebraic analysis,
geometry, and number theory: proceedings of the JAMI inaugural conference, held at
Baltimore, MD, USA, May 16-19, 1988, Baltimore: Johns Hopkins University Press,
pp. 191-224 (English).

KaTo K AND NakavyaMA C (1999) log Betti cohomology, log étale cohomology, and
log de Rham cohomology of log schemes over C. Kodai Math. J. 22(2), 161-186
(English).

LAND M (2021) Introduction to Infinity-categories, Compact Textb. Math., Cham:
Birkhéuser (English).

LEVINE M (1993) Tate motives and the vanishing conjectures for algebraic K -theory,
Algebraic K-theory and algebraic topology. Proceedings of the NATO Advanced
Study Institute, Lake Louise, Alberta, Canada, December 12-16, 1991, Dordrecht:
Kluwer Academic Publishers, pp. 167-188 (English).

LEVINE M (2007) Motivic tubular neighborhoods. Doc. Math. 12, 71-146 (English).
Lurie J (2009) Higher Topos Theory, Ann. Math. Stud., vol. 170, Princeton, NJ:
Princeton University Press (English).

https://doi.org/10.1017/5147474802610173X Published online by Cambridge University Press


https://arxiv.org/abs/2408.13108
https://arxiv.org/abs/1801.10129
https://arxiv.org/abs/2105.01338
https://arxiv.org/abs/2301.01157
https://arxiv.org/abs/1507.06752
https://arxiv.org/abs/math/0103059
https://scholarsbank.uoregon.edu/server/api/core/bitstreams/05cb1124-f1cf-4da4-9015-abd57d198fe7/content
https://arxiv.org/abs/2503.03916
https://doi.org/10.1017/S147474802610173X

2136
[Lurl?7]
[Oguls]
[Par22]
[Par24a]
[Par24b]
[Pet21]
[Rob12]
[Rob15]

[Sch22]
[Shu22]

[Spil0]

[Voe00]

[Woj93]

S. Tur-Dorvault

LURIE J (09 2017) Higher  algebra, Available online at
https://www.math.ias.edu/ lurie/.

OaGus A (2018) Lectures on Logarithmic Algebraic Geometry, Camb. Stud. Adv.
Math., vol. 178, Cambridge: Cambridge University Press (English).

PArx D (2022) Al-homotopy theory of log schemes, Preprint, arXiv:2205.14750
[math.AG].

PARK D (2024) Log motivic exceptional direct image functors, Preprint,
arXiv:2403.06692 [math.AG].

PARK D (2024) Motivic siz-functor formalism for log schemes, Preprint,
arXiv:2403.07645 [math.AG].

PETROV A (2021) Ungversality of the Galois action on the fundamental group of
P\ {0,1,00}, Preprint, arXiv:2109.09301 [math.NT].

RoBALO M (2012) Noncommutative Motives I: A Universal Characterization of the
Motivic Stable Homotopy Theory of Schemes, Preprint, arXiv:1206.3645 [math.AG].
RoBALO M (2015) K-theory and the bridge from motives to noncommutative motives.
Adv. Math. 269, 399-550 (English).

ScHOLZE P (2026) Siz-functor formalisms, Preprint, arXiv:2510.26269 [math.AG].
SHUKLIN G (2022) A Voevodsky motive associated to a log scheme, Preprint,
arXiv:2209.03720 [math.AG].

SPITZWECK M (2010) Derived Fundamental Groups for Tate Motives, Preprint,
arXiv:1005.2670 [math.AG].

VOEVODSKY V (2000) Triangulated Categories of Motives over a Field, Cycles,
transfers, and motivic homology theories, Princeton, NJ: Princeton University Press,
188-238 (English).

WOJTKOWIAK Z (1993) Cosimplicial objects in algebraic geometry, Algebraic K-
theory and algebraic topology. Proceedings of the NATO Advanced Study Institute,
Lake Louise, Alberta, Canada, December 12-16, 1991, Dordrecht: Kluwer Academic
Publishers, pp. 287-327 (English).

https://doi.org/10.1017/5147474802610173X Published online by Cambridge University Press


https://www.math.ias.edu/~lurie/
https://arxiv.org/abs/2205.14750
https://arxiv.org/abs/2403.06692
https://arxiv.org/abs/2403.07645
https://arxiv.org/abs/2109.09301
https://arxiv.org/abs/1206.3645
https://arxiv.org/abs/2510.26269
https://arxiv.org/abs/2209.03720
https://arxiv.org/abs/1005.2670
https://doi.org/10.1017/S147474802610173X

	1 Introduction
	1.1 The case of ordinary basepoints
	1.2 The case of tangential basepoints
	1.3 Content of the paper
	1.4 Remarks and relations with other works

	2 Tangential basepoints in log geometry
	2.1 The log normal space and pointed diagrams
	2.1.1 The log normal space at a point
	2.1.2 The functoriality of tangential basepoints
	2.1.3 The category of pointed diagrams

	2.2 Virtual points

	3 Log motives and motivic tangential basepoints
	3.1 Log motivic categories
	3.2 log-cdh-descent for log motives
	3.3 Motivic tangential basepoints

	4 The motivic fundamental group
	4.1 The bar construction
	4.2 The motivic pointed path space based at tangential basepoints
	4.2.1 The cosimplicial pointed path space

	4.3 The motivic fundamental groupoid at tangential basepoints

	5 Realizations
	5.1 Realization functors
	5.2 The Betti/Kato–Nakayama realization
	5.2.1 The topological fundamental groupoid at tangential basepoints
	5.2.2 The Betti fundamental groupoid at tangential basepoints
	5.2.3 The Betti realization functor
	5.2.4 Computation of the Betti realization of the motivic fundamental groupoid

	5.3 The de Rham realization
	5.3.1 The de Rham fundamental groupoid at tangential basepoints
	5.3.2 The de Rham realization functor
	5.3.3 Computation of the de Rham realization of the motivic fundamental groupoid

	5.4 The comparison isomorphism
	5.5 Periods of the motivic fundamental groupoid
	5.5.1 Regularized integration
	5.5.2 Regularized iterated integration
	5.5.3 The periods of the motivic fundamental groupoid


	References

