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Abstract In this paper, the structure efequivalence, which was introduced by Vershik
and which classifies group actions of the grotp= >, Z/r,Z, r, € N\ {1}, is
examined. This is an equivalence relation that naturally arises from looking at certain
sequences of-algebras. Vershik proved that if a sequemce- (rq, r»,...) does not
satisfy a super-rapid growth rate, then entropy is an invariant fquivalence. In this
paper, a strong converse of this is proven: for anyhich does satisfy this super-rapid
growth rate, we can find a zero entropy action in eveguivalence class.

1. Introduction

In this paper the restricted orbit equivalence theory developed by Kammeyer and Rudolph
is used to determine the role that entropy plays in classifyihgactions up tor
equivalence, wher&s = >, Z/r,Z, andr = (r1,r,...). Firstr equivalence is
defined, and is tied to isomorphism of decreasing sequencesatfebras. Then in

§1.2 some basic notions of restricted orbit equivalence (abbreviated r.o.e.) theory are
introduced.§2 of the paper is devoted to proving that r.o.e. theory applies to classifying
these systems. In other words, it is shown thatquivalence is a restricted orbit
equivalence. Vershik proved a sufficient condition on the growth ratefof entropy to

be an invariant for equivalence. I§3, r.o.e. theory is used to prove that if the converse

of this condition holds, then is entropy free, as well as reproving sufficiency.

1.1. r equivalence. Let (X, F, u) be a non-atomic Lebesgue probability space, and
let {T,},cc be a free measure-preserving ergodic group action on the space, where
G=)>7,7Z/r,Z andr, € N\ {1}. Setr = (r;,r2,...). Notice thatG is countable.

We take the discrete topology af, and sinceG is abelian, it is an amenable group.

Let G, = Y _,Z/r,Z. Setq; = #G; = [].,_,r.. Notice thatG = UG,. The central
example of aG action, which we call the Kronecker action, is the following.

Example.Let X = [[,2,Z/r,Z, n = Haar measure,f = Borel o-algebra and
(Tgx)n = (x4 + g1) Modr,. Since the action is rotation on a compact abelian group it
has discrete spectrum and entropy zero.
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Another example is the natural generalization of the Bernoulli action for this group.

Example.Let X = {0,...,n — 1}%, n be the Bernoulli measure oK given by a
probability vector(po, ..., p,—1) on then coordinates, letF be the Borelo-algebra,
andT be the shift. Notice that the partitioR into n sets at the identity is a generator
for this action, so

n—1
h(T) =h(T, P) == pilog p:.
i=0

There is a natural equivalence relation, which we eafuivalence, that arises when
considering group actions of this group.

Definition. SupposeT and S are two ) Z/r,Z actions. We sayl" is r equivalent to
S if there is a one-to-one measurable measure-preservinggma@ — Y such that
{#(Tex)}gec, = (Tgpx}eeq, fOr everyi. In this case, we writd" ~ S.

Dye’s theorem says that any two ergodicactions are orbit equivalent, sineg is
a countable discrete amenable group. However, this equivalence relation asks for more
than just orbit equivalence, since it asks to preserve &achbrbit. This equivalence
relation arises naturally from classifying certain decreasing sequenceslgiebras up
to isomorphism, which is an area first introduced by Vershik. The basic setup is as
follows: a sequence of non-atomicalgebrasF = Fy D F1--- is calledr-adic if the
fibers of 7, over 7,1 all containr, points of equal mass. Two of these sequences are
isomorphic if there is a one-to-one measure-preserving map between the two spaces that
takes thenth o-algebras to each other. If for eagshwe choose measurable sections of
F.|F.+1 this gives an action of;. Likewise, given anyG action such a sequence can be
defined by looking at the-algebras ofG, invariant sets. From the definitions it follows
that isomorphism betweenadic o-algebras is the same as the notionradquivalence
between twoG actions. A sequence is standard, which is terminology due to Vershik,
if it is isomorphic to the sequence of-algebras generated by th& invariant sets of
the Kronecker action. Vershik proves M1] that a certain entropy which he defines for
sequences af-algebras is an invariant for isomorphism of dyadic sequences, which is
the case whem, = 2 Vn. He also shows that for the case of Bernoulli dyadic actions,
the entropy that he defines coincides with the regular entropy. In the same volume of
the same journal Stepin proves that entropy is an invariant for dyadic equivalence of
dyadic actions and that Vershik’s entropy corresponds to the entropy of an arlgitrary
action [B1]. Later, Vershik shows in\f2] that in the case when does not grow too
fast, entropy is an invariant for the correspondingquivalence. A proof of this can
also be found in$2. In particular, this condition om encompasses the previous case
of dyadic equivalence. On the other hand, Vershik proved that there exist sequences
such that entropy is not an invariant forequivalence ¥3]. This naturally leads to the
problem of determining when entropy is an invariant.

1.2. Restricted orbit equivalence.This section provides a brief overview of some
basic definitions of restricted orbit equivalence theory. 8t F, 1) be a non-atomic
Lebesgue probability space and l6t= ) -, Z/r,Z. Let O C X x X be the orbit
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relation associated with some free, ergodic measure-prese6iagtion {T,},cc. In
other words,O = {(x, T,x) : x € X, g € G}.

Definition. A G arrangementr : O — G is any map that satisfies the following:

(1) Fora.ex andeveryg € G there is anx’ such that(x, x') = g. We write7'x = x'.
(2) ForallAe FandgeG,bothT¥A e Fandu(T¢A) = u(A).

(3) « satisfies the cocycle equatianix,, x3)a(xy, x2) = a(x1, x3).

Notice thata is a G arrangement iff there is a measure-preserving free ergGdic
action{T;‘} whose orbit relation i€) anda(x, Tgx) =g V(x, Tgx) € O.

Definition. FG(O) = {¢ : X — X | ¢ is one-to-one, measurable, and fera.e.
x, (x, ¢x) € O}. This is the full group ofO.

Definition. A G rearrangementof O is a pair(«, ¢) wherew is a G arrangement and
¢ € FG(O). We writeag (x, x') = a(px, px').

Notice thatTg“"’x = ¢‘1T;’¢x. Define a metric onFG(0O), called thestrong L1
distance given by ||¢1, ¢olls = u{x : p1x # ¢ox}. Setm(a, ¢) = ||¢, id|;. Since this
does not depend om, it can be written simply as:it(¢).

Now define a metric on the invertible elements®f as follows. Place an ordering
on the elements of; which respects the subgroup structure of the group. Let

' i 16y h—1(0.
d(f,h) = Z do(f(gi), h(g)) +do(f(gi), h (gl)),

2i+l

8i€G

whered, is the Q1 valued metric onG. Defineh”(¢) = a(x, T/ x) and notice that
this function is invertible. Let

o BIl = / A, id) dye

and
I vl = / A by

be theweak L, distanceon arrangements and dnG (), repectively. Sein®(«, ¢) =
l¢,id||%. This topology was introduced in HalmoBrgodic Theory[H].

For the last notion of distance, lef®? e G¢ be defined by f*%(g) =
a(Tgx, p(Tgx)). This gives rise to a partitionf®¢ of X with functions inG¢ as
the labels. LetD be a metric onM(G®) which induces the weak * topology. Define
the distribution distancebetween two rearrangements to be

(e, ), (B, ¥l = DALY * y (FPV)* ).

Remark. In the definition of distribution distance we can choo#e so that if
(e, §), (B, V)|« < 8 andi = [1/8], then there is a sk, u(B) > 1—§, and a measure-
preserving mapr : B — 7 B such that ifx € B andg € G; then fx“’¢(g) = ff);‘p(g).
Later it is shown thatr can be chosen so that it &; equivariant on a; invariant set.

Definition. A size is a functionm : {(a,¢)} — R* such that if we write
M (¢, V) GI=fm(oz¢>, ¢~1y) thenm satisfies the following three axioms.
(S
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Axiom 1. m, is a pseudometric o G(O).

AxioM 2. m lies betweem:® andm? in the following sense:
(1) Ve > 0,38 > 0 such that ifm*(«, ¢) < & thenm(a, ¢) < €;
(2) Ve > 0,38 > 0such that ifm(a, ¢) < 8, thenm®(«, ¢) < €.

Axiom 3. For everye > Othere is ad = (¢, a, ¢) > 0 such that if(8, ¥) is another
rearrangement andl (o, ¢), (8, V)|« < 8, thenm(8, ) < m(«a, ¢) + €.

Definition. @ is m-equivalentto g if there exists a sequende;} ¢ FG(O) such that
the following are true:

(1) {¢:} is m, cauchy;

(2) {¢; "} is mg cauchy;

) llagi, Bl — 0.

In this case, we writex ~ 8.
m
Remark.m® and m® are sizes which give rise to orbit equivalence and isomorphism,
respectively KR].
Define
hp(T%) = inf h(T?).
azﬁ

THEOREM. ([KR]) Given any sizen, either
Q) h,(T*)=0forall T or
(2) h,(T*) = h(T*) forall T.

In the first casen is called entropy free, and in the second casé called entropy
preserving. We also have the following result.

THEOREM. ([KR]) Whenm is entropy free, the zero entropy actions are a defiseet in
everym equivalence class.

The immediate goal is to show that there exists a size that correspondgtiovalence,
since then r.o.e. theory can be applied to determine whether a given sequence is entropy
free or entropy preservings$2.1 is devoted to proving that a certain function 6n
rearrangements is a size. Thergih2 the link between equivalence and the equivalence
relation generated by this size is established.

2. r equivalence is a restricted orbit equivalence .
2.1. Defining a size. Fix r = (r1,r2,...). RecallG;, =Y, _, Z/r,Z.

Definition. We say(«, ¢) is {G;}72, compatible onB C X if whenever(x, x") € O and

x,x" € B, thena(x,x") € G; & a¢(x,x’) € G; for all i.
Unless otherwise indicateds;} will mean {G,;}2;.
Definition. ¢, (o, ¢) = 1 — sugu(B) | («, ¢) is {G,;} compatible onB}.
Setm’ (a, ¢) = ¢, (@, ¢) + m°(a, §).

THEOREM. m” is a size.
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For convenience, onceis fixed we can drop the subscript. Leta, ¢) = m" («, ¢),
andc(a, ) = c.(a, ). Definecy (¢, ¥) = c(ap, p7 ). Let

Mo (@, ¥) = co(P, V) + 16, V5,
AXxIiOM 1. m, is a psuedometric o G(O).

Proof. (1) my(¢p, ¥) > 0 and if¢ = ¢ thenm, (¢, ¥) = 0. This is true by definition.

(2) ma(¢, ¥) = mqo (¥, ¢). First notice thate, (¢, ) = co (¥, ¢) since (g, p~1v)
is {G;} compatible on a seB iff (ay, ¥ 1¢) is {G;} compatible onB. Furthermore,
g, ¥I2 = |, ¢||¥ sincem® is a size.

(3) ma (P, V) < mu(,0) + ma(0, ). Sincem® is a size, it suffices to show that
Ca(@, V) < co(p,0) + co(0, ). Fix s > 0. Let A be a set for whichiae, ¢~16) is
{G,} compatible, with 1— A < c,(¢,0) + 8. Let B be a set on whiclied, 6~1) is
{G;} compatible, with 1- 4B < ¢, (0, V) + 8. Then(a¢, ¢~y ) is {G;} compatible on

AN B. Hence
ca(@,¥) = 1—u(ANB)=pn(A°UB)
< 1—puA+4+1—uB <cu(,0) 4+ (0, V) + 26.
Sinceé was arbitrary, the result follows. O
AXIOM 2.

(1) Ve > 0,38 > 0such that ifm'(a, ¢) < 8 thenm(a, ¢) < e.
(2) Ve > 0,38 > 0such that ifm(a, ¢) < § thenm®(a, ¢) < e.

Proof. (1) m® is weaker tham:?, so it suffices to show thait!(«, ¢) < § = c(a, ¢) < 8.
Notice that(a, ¢) is {G;} compatible on{x | ¢x = x}. Hencec(a, ¢) < 8.
(2) By definition,m%a, ¢) < m(a, ¢) < 6.

Axiom 3. Ve > 0 and («, ¢), 3§ > 0 such that if(8, ) is a rearrangement o®’ and
I(et, @), (B, )« < 8, thenm(B, ) < m(a, ) + €.

Sincem®(a, ¢) is a size, it suffices to show that given> 0 and(«, ¢), 38 so that if
(e, d), (B, V)|« < 8, thenc(B, ¥) < c(, ¢) + €. In order to do this some lemmas are
established.

Remarklf £* = f"" onG; then f* = fI'" onG;, wherea(x, x') = B(y. y) € Gi.

Remark Given anyi anda there exists a sdf such thatX = U,cg, T} F and{Tg“F}geG,.
are mutually disjoint. This follows from the fact that we can pick a measurable section
of the factor map associated to thealgebra ofG; invariant sets.

Definition. Fix arrangementso, ¢) and (8, ¢) on X. We say thatamap : X — X is
suitable with respect toG; on a setD if x is one-to-one, measure preservig, € D,
¢ = f5Y onG;, D is G; invariant, andvx € D andVg € G;, nT¢x = T nx.

LEMMA. Fix (a, ¢) and (8, ¥) on X. If |[(«, ¢), (B, V)|« < § < 1andi = [1/§], then
there exists a mag which is suitable with respect t6; on a setD of positive measure.
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Proof. Let X = Ugcq, T, Fy, where{T F{} are mutually disjoint, and( = U,cg, TgﬂF(,
where{TgﬂF;} are mutually disjoint. Since the distribution distance is less thathis
guarantees that there are séts F, C X such that:
(1) wuF, =pF, >0;
(2) F. andF, are contained in a single level of their respective towers;
(3) Vx € F, Vy € Fy, andvg € Gi, 1% () = {77 (g).
Definer : F, — F, to be any one-to-one measure-preserving map. Now define
ON D = Uyeq, TE(Fy) by nT8x = T{my Vg € G;. With this definition, we see that
uD > 0, D is G; invariant andr is G; equivariant onD. To see thatfx""‘” = f;c‘/’ on
G;, notice that forx € F, this is true by definition. Now apply the previous remark to
getvg € Gy,

F1ix(8) = f10 (8)-
Let | pc be any one-to-one measure-preserving map. O

LEMMA. Supposeda, ¢) and (B8, ¥) are rearrangements oX. If |(a, ¢), (B, ¥)|l« < &
< landi = [1/6], then there is a map which is suitable with respect tG; on a setD,
anduD > 1-6.

A

Proof. ConsiderIl; = {# : 7 is suitable with respect t@; on a setD of positive
measurg This set is non-empty by the previous lemma. We can put a partial ordering
on this set as follows: we say that < 7 if D1 C D, andw2|p, = 71|p,. Letn
with domain D be a maximal element of this collection. Suppesb < 1 —§. Then
uwD¢ > § and D¢ is G; invariant. By the same reasoning as in the previous lemma, we
can find a set of positive measure ) on whichr is suitable with respect tG;. This
extendsr, which contradicts maximality. HengeD > 1 — 6. O

Proof (Axiom 3). We show that given(e,¢) and ¢ > 0, 3§ > 0 such that
(e, @), (B, )l <8 = (B, ¥) < cla, ) te.

Pick I such thatu{x | a(x,¢x) € G;} > 1 —¢€/8. Let § = min(¢/8,1/(I + 1)),
and setE = {y | B(y,¥y) € G;}. Notice thatuE > 1 —¢/4, and ify,y" € E
thenB(y,y) € G; & Bv(y,y) € G, fori > I. Let B, be a set such that, ¢)
is {G;} compatible onB,, with 1 — uB, < c(«, ¢) + 8. Since|(a, ¢), (B, V)| < 8,
apply the previous lemma to get a mapwhich is suitable with respect t6; on a
setD,, anduD, > 1—§. SetB, = ENx(D, N B,). First show that ify, y’ € B,,
and 8(y,y") € G;, thengBy(y,y) € G; fori < I. Setnx = y andzx’ = y'.
Notice thata(x, ¢x) = B(y, ¥vy) and a(x’, px’) = B(Y', ¥y') sincex,x’ € D,. By
the equivariance ofr we havea(x,x’) = B(y,y’). Applying the cocycle equation
yields a¢ (x, x") = By (y,y’). Sincex,x’ € B, and«a(x, x") € G;, this implies that
BY(y,y) =ap(x,x’) € G;.

Now it suffices to show that if, y’ € By, andBy (v, y') € G; thenB(y, y") € G; for
all i < I. The problem in this direction is that does not commute witid#¥. But if
y' =T/"y for someg € G;, theny’ = T[y for somego € G;:

By, Y) = BWY ., Y)BWy, vy)B(y, ¥y).

All of the terms on the right-hand side aredry sincey, y’ € E. HenceB(y,y') = go €
G,. By the equivariance ofr on D, we have that(x, x") = gg, whererx = y and
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mx’ =y'. Again we have that(x, ¢x) = B(y, ¥y) anda(x’, ¢px’) = B(Y', ¥y'), SO we
apply the cocycle equation to obtain thap (x, x') = B (y, y) € G;. Now x, x’ € By,
andag¢(x, x’) € G; = a(x, x’) € G;. Hencef(y, y") € G;, which shows thatg, v) is
{G;} compatible onB,. Furthermore,

c(B,¥) < 1—uB,<1—pu(ENn(D:NB,))

< 1—/U§X+%+g+%<c(o{,¢)+e. U
2.2. Relating m and r equivalence.The first step in exhibiting the relation between
m'” equivalence and equivalence is the flattening lemma. This says that an arrangement
(o, ¢) can be altered by an elememt of FG(O) with m*(y) < c(a, ¢), so that
c(a, o) = 0. This will help prove a theorem that gives a characterizationn©df
equivalence. The link between” and r equivalence will arise as a corollary of this
theorem.

ChooseB to be a set so thate, ¢) is {G;} compatible onB, uB > 0. Define
N; = {x’ € B¢ | 3x € B such thatx(x, x') € G; and#ly € B such thatx(y, x') € G;_1}.
Notice that:

(1) {N;}, B are mutually disjoint;
(2) Bi=B Uj.zl Nj; is G; invariant;
(3) w(X\UZ,;B;) =0 (by ergodicity).

LEMMA. There exists a measurable functign: X — B with the property that if
x',y" € Ny anda(x', ') € G;, thenp(x") = p(y).

Proof. Let p(x) = x if x € B. Definep; : N; — B as follows. ConsideZ; = o-algebra
of G; invariant sets and let; : X — Y; be the associated factor map. Take a measurable
sectionp; such thatp; om;/y, € B. Let p; = p; om;/n,. Definep(x) = p;(x) if x € N;.
Now p is defined on a.a. ok with the desired property. d

FLATTENING LEMMA. If c(a, ¢) < 8 < 1, then3y € FG(O) such thatm®(y) < § and
c(a, ) = 0.

Proof. Sincec(«, ¢) > 1 — 8, we can choos& with u(B) > 1— 6 and(a, ¢) is {G;}
compatible onB. Let ¢/ (x) = x Vx € B. On B¢, partition eachV; into sets as follows.
Let p be the function from the previous lemma, fixand setox’ = x. Let

H;(x") = Gi \ {agyr(x,y) 1 y € Og, (x), y € Bi_1}

and let
H!(x") ={a(x,y) 1y € Ni, y € Og, (x)}.

Notice that #1;(x") = #H/(x’) and this defines a measurable partitBrof N; based on
the H;, H/ name ofx’. Define®’, : H/(x') — H;(x") to be a map with the following
properties:

(1) @, is one-to-one;

(2) @), is constant on elements @ (hencep(x') = p(y) = @, = @');

(3) @, only changes théth coordinate of any group element;
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(4) if g, h are in the sam&;_, coset then so aré’,(g), @', (h).
Now for x’ € p € P, if a(x, x') = g define

/
Y (x") = Ty o) TCIa)ti/(g)x = ng,(g)¢x'

This is measurable since we have a composition of measurable functions on measurable
sets. The proof that this is one-to-one and tHat, ¢v) = 0 is by induction on the sets
B;. The base case for our induction®g = B. ¢ is one-to-one orB, and(«, ¢v) IS
{G;} compatible onB since it was chosen that way. Now assume thatis one-to-one
on B; and («, ¢v) is {G;} compatible onB; for all j < i. It is necessary to show
these properties fapyr on B;. The (one-to-one)-ness proof breaks into four cases. Fix
x' € N;.
(1) y € N; anda(y, x") € G;_1. Sincepx’ = py = x we have thatd|, = /. But
y#x' = O (a(x, y) # PL(a(x, x') S0Py (x') # oY (y).
(2) y e N; anda(y,x’) € G; \ G;_1. Sincepx’ = py = x, we have that

o _ ra
Tor e = Tot wrn

Hencegy (x') # ¢ ().

() y e B;_;anda(x’,y) € G; \ G;_1. Notice thate(x’, y) € G; = a(x,y) € G; =
apy(x,y) € G; \ H;(x"). But apy(x,x’) = @i,(a(x,x’)) € H;(x"). Hence
ady(x, y) # agy(x, x').

(4) y € B anda(x’,y’) € G; \ G; for somej. Letx = px’ andy = py’. By the
cocycle equation we have(x, y) € G;\G;. Butx,y € B = a¢y (x, y) € G;\G;.
Henceagy (x', ') € G; \ G;.

Thusy is one-to-one orB;.

Also, (a, ¢yr) is {G;} compatible onB;. It suffices to show that ify, x’ € B; and
x' € O(y) thena(y, x') € Gij\Gj_1 = ady(y, x’) € Gj\Gj_1. Fixx' € N;, p(x') = x,
o(y") = y and consider four cases.

(1) y € N; anda(y', x") € G;_1. Pickk so thata(y’, x’) € G \ Gy_1.

ady(y, x') = P (a(x, x)PL(a(x, y) ™ € Gy.

Let g, = kth coordinate ofx(x, y'), andg; = kth coordinate ot (x, x"). Sinced)i,
acts as the identity on these coordinates and by hypotlg@g;’js1L # id, we have
agy (X', y") ¢ Gi.

(2) y € N; anda(y',x) € G; \ G;_1. Sincea(x,x’),a(x,y’) are in differentG,;_;
cosets,®, maps them to different cosets, henegy (y', x') € G; \ G;_1.

(3) y € B,y anda(y', x) € G;.

gy (y', x') = apy (x, x)ad ¥ (y', x) € G;.

Also, a¢yr(x,x’) = <I>£C,(ot(x,x’)) € Gi_1(x") andagpy¥(x,y) € G; \ Gi_1(x)).
Henceagy (', x') ¢ Gi-1.
(4) y' € B; anda(y’, x') € G;\ G;. Pickk such thawx(y’, x") € Gi \ Gi—1. Notice that

,))qu S a(x,y) =alx, x).

a(y',x) € Gy \ Gr-1 = a(y, x) € G\ Gy-1=>
apy(y,x) € Gi \ Gi1 = adpy (¥, x') € Gy \ G-1. O
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Definition. We saya ~ g if wheneverx € O(x'), a(x,x’) € G; < B(x,x') € G; for
everyi.

THEOREM. « ~ f & 3¢ € FG(O) such thatwg ~ B.

Proof. First it is shown that ifo ~ B then3¢p € FG(O) such thatx¢ ~ 8. Fix r and

m

let m = m". Since« is m-equivalent tog, there exists a sequende;} ¢ FG(O)
such that{¢;} is m-cauchy and|a¢;, 8] — 0. Choosep; so thatm(a¢,-,¢i‘l¢i+1) =
my (¢, $iy1) < 1/27+1. By induction it is shown that a sequence of reorderipgg can
be found such that

adry ~adpa ~ - Aoy Yy ~ -
with m(y,,, ¥,41) < 1/2"+1. For the base case of the induction, g¢et= id and findy,
so thatagy ~ agpy, andml(y) < 3. Sincec(agr, ¢; *¢2) < 1, the flattening lemma
gives ay, € FG(O) with m*(y) < 1 andagy ~agi2. Sety = i, which finishes
the base case. Now assume that there existsvith these properties for < k, and
show there existg/, with the desired properties. In order to apply the previous lemma
to this case notice that

1
Mo (Pr—1Yi—1, GxVk—1) = Mo (Pr—1, Pr) < 2%
Hencedy, € FG(O) such thatnl(Jy) < 1/2¢ and

adr—1¥i-1~ adp 1.
Setting v, = Vx_19; Yields a map with the desired properties.
CLAIM. 3¢ € FG(O) such thatm*(y;, ¥) — 0.

Proof. Let A; = {x : ¥; # id}. Then Y RimA; < % < oo. By the Borel-Cantelli
lemma u{x : x € A; for infinitely manyi's} = 0. Sety(x) = ¥,(x), where
n=nx) =max{i : x € A;}. This definesyr on almost all of X.  is one-to-
one sincey (x) = ¥ (y) = v¥,(x) = ¥, (y) for somen, which cannot happen since
eachy, is one-to-one. Furthermoreg; is onto because it is measure preserving. Thus
¥ € FG(O). Furthermoreuf{x | ¥; # ¢} — 0. O

The previous claim implies th@3y,,, By || — 0. Itis also clear thata¢, v, By, | =
lag,, Bl — 0. Hence|a¢,¥,, By¥|| — 0. This fact combined with the fact that
AP Yin ~ g, for all m, n shows thatwg,y, ~ By for all n. Settingg = ¢yt
implies thatag ~ B.

To show that if there igp € FG(O) such that ifa¢ ~ 8, thena ~ B, it suffices to

show that ifa ~ 8 thena ~ g, sincewa is m” equivalent tou¢. Find a setF such that
mr

X = Ugeg, T F and theT;F are mutually disjoint. Define;(x) = x if x € F and

¢i(Tgx) = Tg‘(x!T;,x)x and verify that the properties in the definition af equivalence

hold for this sequence.

(1) llegs, Bl — 0. It suffices to show that for every pair, x” such thaty’ € Og, (x)
andx € F, a¢;(x,x’) = B(x, x"). But

agi(x, x') = a(x, ¢ix’) = alx, Tg, nx) = B(x, x).
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(2) ca(@i, ;) =0Vi, j. Itis clear by construction that for all ¢,(id, ¢;) = 0.

() cp¢ o =0Vij. ¢ (x) =xif x € F andg; (T))x) = T:}X.Tﬁx)

h € G;. Again we havevi, B¢; 1~ 8. 0

x for

Let @ be an arrangement aXi associated witlT'* and letg be an arrangement an
associated withs?. Define OE(O,0’) = {¢ : X — Y | ¢ is one-to-one, measurable,
and¢pO = O’}. We obtain as a corollary from the previous theorem thatjuivalence
is the same as: equivalence for this:.

COROLLARY. a ~ B¢ for somep € OE(O,O') & T* ~ SE.

Proof. It suffices to show thaf™* ~ SP iff there is ag € OE(O, ©') such thatx ~ B¢.
(<) If 3¢ € OE(O, @) such thate ~ B¢, thena(x, x') € G; < B(¢x, px') € G;.
This implies that
{$T¢x}geq, = (SEPx)gec,
which tells us thafr® ~ N
(=) If T“TSf‘ then3¢ € OE(O,O") such that{¢pTx}eeq, = {S§¢x}g€G, for
all i. But this implies thatx(x, x') € G; & B(¢x, px’) € G; for all i, which implies
a~pBo. O
For a fixed sequence define

h(T?) = inf h(SP).
Sﬂ';T“

A consequence of the previous theorem is the following.
COROLLARY. h, . (T%) = h,,(T%).

In the case thaiw:” is entropy free or entropy preserving, we just sag entropy free
or entropy preserving, respectively.

3. Entropy
3.1. Introduction. This section gives a necessary and sufficient condition on the growth
rate ofr for entropy to be an invariant for equivalence. More specifically, it is shown

that

h(T) = h(T) VT @Z% <00

k=1 k
Vershik demonstrated that ¥ .-, log(r!)/Hy < oo, thenr is entropy preserving.
The equivalence lemma proves that this condition is equivalent to the convergence of
the previous growth rate condition, which is the one that Stepin us28&.is devoted to
reproving sufficiency, whilg3.3 is devoted to proving necessity.

EQUIVALENCE LEMMA.

< lo _ . log(ry!
Z 9% < oo |iff Z 90ri) < 00
=1 9k-1 =1 4k

https://doi.org/10.1017/50143385798117509 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798117509

Entropy andr equivalence 1149

Proof. (=) Notice thatr;! < r;* so

[e¢]

2. log(rih) - logr;* log
5 =3 > .

=1 4k =1 9k =1 k-

(«<) By Stirling’s formula we have that,! > (r;)* Y%+ so

>, (logr, logr Ioge> 2. log(ri!)
- — < — <
Z < 24, - Z

=1 \ 9rk-1 k-1 = 4k

But the second two terms in the first sum are summable, which tells us that the first term
in the sum must also be summable. O

3.2. Reproving sufficiency of Vershik’s entropy conditiohis section focuses on
reproving the following theorem using r.o.e. theory.

THEOREM. ([V3]) If > 72, logrii1/qr < oo, thenh, (T*) = h(T%) Ve.
The proof is by contradiction using a theorem from r.o.e. theory.nk.et m".

THEOREM. ([KR]) Letc¢ > 0 and 8 be any ordering such thai(7#) > 0. Suppose
h (TP) < h(TP) —c. Let(T*, P) be any Bernoulli process with(T%, P) = h(T?). For
anye > 03¢ € FG(O) such thatm(a, ¢) < € andh(T*?, P) < h(T%, P) — c.

This theorem is one of the building blocks used in proving thad either entropy
free or entropy preserving. This theorem says that, in particular, ifrttentropy
can be lowered for some arrangemeht then the regular entropy can be lowered
relative to a partition, by an element &G (O), on any Bernoulli process with equal
entropy. Pick the following Bernoulli process. Lét= h(T#). Pick m such that
h < logm. By the continuity of the function- Z;”:’l pi log p;, there is a probability
vector (po, ..., pm—1) on{0, ..., m — 1} such that— Z:.":’Ol pilog p; = h. Also assume
that eachp; > 0 by dropping to a smaller number of symbols if necessary. Let
X =1{0,...,m — 1}6, T* = shift map,« = Bernoulli measure with probability vector
(po, - .., pm—1), and P = partition at the identity intan sets. Notice thak(7T*, P) = h.

The contradiction hypothesis is thaf¢;} ¢ FG(O) such thatm(«, ¢;) — 0 and
h(T*% P) < h(T%, P) — c. A further reduction can be made by only considering a
specific type of element of the full group. The following lemma is needed to accomplish
this.

LEMMA. Suppose that < ¢, %, m%«a, ¢) < 82 andc(a, ¢) = 0. ThenIy € FG(O)
such thatm®(y) < 8, c(a, ¢) =0, and ifa(x, x') € G;, thena(x, x') = apy (x, x’).

Proof. If d(h%*?,id) < & thenh®*® =id on G;. Let B = {x € X : h%*® = id on G;}.

By Chebychev’s inequalityy B > 1—§. Furthermore, by applying the cocycle equation,
we can see thaB is G; invariant. Letyr = id on B. Definey, on B¢ as follows. Since
B¢ is G; invariant, build anx¢, G; tower with baseF to partition B¢, and defineyr

to be the identity onF. On the rest of the tower, it € F anda¢(x,x’) € G; let
apy(x, x") = a(x, x"). This map has the desired properties. O

Remark.Notice thath(T*?, P) = h(T%, ¢ P).
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Remarklf € < 1 andm(a, ¢) < €2, thenm®(a, ¢) < e.
Proof. Pick j = max(i | 2¢ < g;'}. Let E = {x | ¢T¢x = T¢x Vg € G;}. Notice
WE >1—¢/2 andVx € E

d(h id) < 279 < g

Hencem®(a, ¢) < €. O

The following proposition proves that it suffices to consider a sequghg¢esuch that
c(a, ;) =0 and ifa(x, x') € G; thenag; (x, x') = a(x, x').

PROPOSITION Supposed{¢;} C FG(O) such thatm(ea, ¢;) — 0 and h(T*%, P) <
h(T®, P)—c. Then given an® < € < 3, there exist$) € FG(O) such thatn(a, ¢) < €,
c(a, (]3) =0, h(T"“f’, P) < h(T*, P) —c+ ¢, and ife < qj_l anda(x, x") € Gj, then
a(x, x) = ap(x, x').

Proof. Pick § depending ore andm = #P such that:

(1) if Q, Q' are twom-set partitions withu(QAQ’) < 26, then

(T, Q) < h(T% Q) +¢€;

(2) 8§ < (e/2)%
Pick 8o < (8/2)2, and¢ € {¢;} such thatm(a, ¢) < 8. By the flattening lemma,
Iy € FG(O) such thatn!(y) < 8o andc(a, ¢) = 0. Also,

A

la, aprll < o, agpll + llad, ad ¥ |

8
< 80+§<8

Apply the previous lemma tou, ¢1) to producey’ € FG(O) such thatm'(y') < 6,
c(a, o’y =0, and ife < qj_l anda(x, x’) € Gj, thena(x, x') = apyyry’(x, x’). Set
é = ¢y’ and notice that

m@, ) < o, adll+ llag, apyll + lagy, apyy’|

DL
-+ - <e
0T 5T =€

IA

Also notice thati(@PAGP) < 8o + 8 < 25. Hence by the first remath(T“‘ia, P) <
h(T%, P) —c+e. O

THEOREM. If Y 72, l0grii1/qx < oo thenh, (T*) = h(T®) Ve.

Proof. Assumedc, 0 < ¢ < 1, and {¢;} C FG(O) such thatc(a,¢;) = O,
h(T*%, P) < h(T*, P)—c, and ifa(x, x') € G;, thenforalli > I, a¢;(x, x’) = a(x, x').
Pick i such that:

) Z,f‘;i+1logrk!/qk < ¢/8 (by the equivalence lemma);

(2) loggi/qi < c/8.

Sete = ¢/8, ¢ = ¢, h = h(T*, P), (@ P") = \/,, T¢P and (ag, P") =
Vea, 7¢? P. The collection of names of one of these partitions is denoted with curly
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brackets, i.e{(«, P")}. If p is an element of some partition, Igtbe the name of that
element. The Shannon-McMillan theore@W] says thadN such that: > N implies
that for all butc/8 of p¢ € (ag, P"),

Mpﬁ > 2—Gn(h—7c/8).

On the other hand, for all but/8 of p? € (a¢, P"),

up? < 27Gn(h=3¢/9
which will give the desired contradiction.
Create partitions inductively, where the Oth stage corresponds to a partition

Ti: {(a, P} — T,

which is fundamentally different from the partitions at the following stages.olet #T';
andT;(w;) = Ti(vy) if o = T¢w; for someg € G;. SetW; = maximum number of
words in any partition element df; and notice thaW; < ¢;. The first step is to create
a partition

Tivet {(@ P} > Tigq, pia = #4,
l:i+1(lz)i+1) = ()/1i+1’ s )/,l;,*l),
whereyj’lel = # of occurrences of ang, P') word belonging to thgth partition element
of I'; as the name of &; coset inw;,1. Let W;,; = the maximum number of words in
any partition element. Notice that:
1) ;i:l VjHl =Tritls
(2) Wiy < (g)"*(riz1), since inside anyG; coset inw;,; there are at mosG;
different arrangements of that coset in the same elemeit,ofvith r; ., different
places to make those choices, and at mpst! different ways of arranging the;
cosets inw; 1.
Assume that the partitions, on {(«, P¥)} have been created far< n with p, = #I',

;’k:‘f yjk = r, and the maximum number of words in any partition elemeri¥js Let

L, {(a, P}y — T, p,=#,,
fn(wn) = (y{lv MR ‘y[’;n—l)’

wherey" = # of occurrences of any, P"~1) word that belongs to thgth element of
I',_1 as the name of &,_; coset inw,. Again we have tha 1’7;‘11 Y/ = rn. Notice

that W, < (W,_1)"(r,!), by the same reasoning as in step 1. Hence

A

Wn = (q:')rHlmr" (ri+1!)rl+z---r,, e rn!

in (109qi /qi+> i 111097 /qx)

IA

2 (c/4).

IA

What does an atom afx¢, P") look like? By the previous reduction, inside ady
coset of an(a, P*) word, ¢ can only rotate th€w, P') name, since itx(x, x') € G;,
thenag (x, x') = a(x, x’). Furthermoreg can only rearrangé&, cosets inside 061
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cosets since(«, ¢) = 0. Hence any atom ofw¢, P") is a union of pieces of atoms of
(a, P™), all of whose names must belong to the same elemeht, offo eachpfl’ we can
assign a representatiyg, € (o, P") whose name belongs to this partition element such
that

wp? < (upn)W,.

(This assignment is independent of which atom we choose from the partition element.
If T,,(pn) = Tu(g,) thenup, = g, sinceT* is Bernoulli.)

By applying the Shannon—-McMillan theorem T with ¢ = ¢/8 IN such that for
n > N and for all butc/8 of p, € {(«, P")},

[ip, < 2 B=c/®),

This implies that for all but:/8 of p? € {(ag, P")},

pup? < 2-wnh=c/B=c/ _ p—aa(h=3¢/9)
o <

which gives the desired contradiction. O

3.3. Necessity of Vershik’s entropy conditionThe goal of this section is to prove the
following theorem.

THEOREM. If Y72 logris1/gx diverges, them is entropy free.

Some preliminary lemmas are established in order to prove thisA et the number
of n-tuples of non-negative integers that sunrto

COMBINATORIAL LEMMA. A = (’ﬁzl)
Proof. First count the number of-tuples of positive integers that add uprtoWe have
r objects and we want to plaege— 1 partition lines. The number of spaces for partition
lines isr — 1 and the number of partition linessis— 1, so the number of ways to choose
this is (/_}).

Now suppose we lef positions be 0. There ar((g) ways this can occur, and there

aren — j positions left which must sum te. Hence we ge(;’.)( ;fl) ways this can

r
n—

happen. The total number of vectors that can occur is given by

=R 0650070 i

TECHNICAL LEMMA. Supposéln, r € N such thatr < n andn > 22"% Then

(2] w2 2]
r - r ’

Proof. It suffices to show that

r rlogn r logn
log(1+ = =L
Og( + n) =2 G +n)  n 21+ /)
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which comes down to showing that

log(1+ r/n) - logn

r/n - 2j2
Now log(1+ x)/x <1 on [0, 00), so it suffices to show that
logn
1< 2z
But by assumption, log > 2/+2, O

The following theorem provides a tool for proving the entropy result.

THEOREM. ([KR]) Letc > 0. Suppose for some arrangemerdand some finite partitio®
there is a sequende;} with ¢; € FG(O), m" (a, ¢) — 0andh(T*%, P) < h(T%, P)—c.
Thenh,(T#) = 0 for all arrangementss.

This theorem states that if the regular entropy of a partition can be lowered by some
fixed positive amount along a sequence of full group elements whotsgze is tending
to 0, thenr is entropy free.

THEOREM. If Y72, logris1/Hy diverges, therir} is entropy free.

Proof. In order to apply the previous theorem, choose the Bernoulli process mentioned
in §1.2 for a, whereX = {0, 1}, T* = shift, 7 = Borel s-algebra,P = the partition

at the identity, andu is i.i.d. measure(3, ). Notice thath(T*, P) = 1. As usual,

m =m". We construct a sequen¢g;} C FG(O) with the following properties:

(1) if a(x,x) € G, for j <i, thena(x, x") = ag;(x, x');

(2) cla, ¢i) =0;

(3) h(T*®,P) < h(T®,P)—c=1—c.

The first two properties imply that(«, ¢;) — 0. Consider three cases:

(1) 3{k;} anda such that O< a < logry, /g, -1 < 1;

(2) 3{k;} such that logy, /q,—1 > 1;

(3) logri+a/qr — 0.

The construction of; is outlined for the first case. The construction does not change
in the second case. However, the third case requires an inductive argument to construct
¢; which will use the basic construction in the first case as the base case.

Case 13{k;} anda such that O< a < logry, /qr,—1 < 1.

Setc¢ = a/2. We constructp; by only rearranging one level of a tower. Let
i +1 = min{k; | k; > I}. Notice that 26" < ;.4 < 26/, Start constructings, far
enough out in the sequence so that the following conditions are met:

(1) qgi > 2[+2;
(2) 1/2*! < a/4;
(3) 109git1/qi+1 < a/4.

Find a setF so thatX = Ugeq,+1 Ty F and theTy F are mutually disjoint. Again,
let (a, P/) = Vyeq, T P, and (e, P/)} = collection of (o, P/) words. If each point
x € F is considered as the identity elementGh, ;, then theG; 1 orbit of x is really a
copy of the groupG;,1. The map will switch theG; cosets around ii7; ;1 depending
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on the (a, P'*1) name ofx, but inside theG; cosets it will not move points around.
This yields the first two properties listed. How dogs move the cosets around? Any
(o, PI*1) word is a string of lengthr, ., of (a, P') words. Choose an ordering on
the (o, P') words, {w) j?il, where eachbj". € {(a, P")}. Assign to each poink € F
a vector A;41(x) = (A1(x), ..., Az (x)), wherei;(x) = number of timesw; occurs
as the name of a&; coset in the(a, P'*Y) name ofx. The name of thenth G;
coset ofx means the mapP’ : G; — {0,1}, where(0,0,0,...) is identified with
To....0.m)(x). Now ¢; moves theG; cosets around in th€;, orbit of x as follows. Set
Jjm,x)=min{j :m+1< Z{Zl X (x)}. Now define thelwg;, P*1) name ofx, which
is a map

PTG x Z/ri1Z — {0, 1)
with the following formula:

P, m) = wh, o (h)

sincezI)j".(m,X) : G; — {0, 1}. Notice the only important property that this assignment has
is that any two points in the base with the samg; vector will now have the same
(a¢p;, PI*1) name. Any similar assignment with the same property will also work. If
n; = number of(a¢,, P/) words, then

. logn; logn;
h(Ttwl’ P) < .Ilm ﬂ < %

J—>0 gj qi+1
In order to obtain property 3 it suffices to show that #pg1/¢;+1 < 1 — ¢. Notice
that n;.1 < (number of differentA; . 1(x) that can occug 1. Apply the combinatorial

lemma withr = riy1, n = n; = 2% and A = number of differentA;1(x) that can

occur, to obtain
(ri+1 +ni — 1>
Niy1 = qi+1-
n—1

In order to put an estimate om;.; apply the technical lemma with = r;;; and
n =n; = 2% to obtain

CoTNitTia - . Ni+riv1
|:1+ ni :| < n;i+1/2+ ( ni > )
Fiy1 Fiy1
Hence

rigr+mni —1
Niy1 = i —1 qgi+1
1

(by combinatorial lemma)

Fig1+ 1 riva[l 4 ni/rizal
= gi+1 = qi+1

riq1 rig1

rol+ /i ni+riv1
< rall 4 {71 +l Git1 (by Stirling’s formula)

i Ni+riy1
rig1 ni it
< |: : :| |: l ] )" giga

(by technical lemma)
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This estimate yields the desired entropy calculation since

logn;
h(T‘w’, P) < gni+1
qi+1

log([n; /i) (n; ripa/2%t
< g 771/r1+1] (mi) 611-&-1)
N qi+1
< 1- logrit1 '1 l0ggit+1
- Gi 2i+1 Gi+1

a a

< 1- - +-=1-c.
=< a+ ! + 2 c

Case 23{k;} such that logy, /i, -1 > 1.

Setc = 1. Pick I so that 2¢; < § and logg;11/g141 < 3, and set + 1 = min{k; |
k; > I}. Constructp; by altering theG; cosets inG, 1 in the same way as in case 1. As
the construction op; does not differ, it is only necessary to check the entropy property.
Apply the combinatorial lemma ta = n; = 2% andr = r;;1 to get an estimate on
ni+1 = number of(a¢;, P'*1) words. In this case, notice that., > ;. Thus

rigi+n —1 rit1 + i
Ni+1 = gi+1 = qi+1
ni—1 iyl

2}",'
+1 2
( Giv1 < 27qi
rit1

by using Stirlings formula for the last inequality. Hence

lo i 2 lo i 1 1
W(ret, py < 290 £ 109 2 2 g

qgiv1 g qi+1 8 8

Case 3logrii1/qx — O.

Let 0 < 3¢ < ¢ <  and picki with:
1) [T +2h <1+¢
(2) i >2"3
(3) X roii1l094gk/qr < €. (Thisis possible since lag /g < k/2F which is summable.)
Pick j depending on such that:
(1) ¢+3e <Y}, 1109r:1/qx (since the sum diverges);
(2) e > 292 Vk, i <k < j. (If this were not true them (7%, P) < logn/qr < %
which proves this case.)

The idea is to construes; by rearrangingj — i successive towers instead of just one
as in the previous cases. Cregteinductively. The first step has already been outlined
in case 1, i.e. over each point in the base offa; tower the map moves;; cosets
around so that every point with the same,; vector has the sam@¢;, P'™%) name.
Assumek steps have been completed in the constructiop;dbr i < k < j. Now we
need to complete thie+1 step in the construction @f. Build a7“ tower of heightgy.1
that covers the whole space. Appby to this tower. This will only move points around
inside eachG, coset. Call the base of this altered tow®r, ;. To any pointx € Fy,1,
assign a vecton ., based on theop;, PX) names that are seen in the ; different G,
cosets sitting overx in the altered tower. Let 1(x) = (A7 (x), ..., A5 (x)), where
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= #P* words ofag;, A**1(x) = number of times theth (a¢;, P*) word appeared as
the name of & coset in the altered tower over and)_’* | A’;“(x) = rir1. Move Gy
cosets around in the copy 6f; ;1 sitting over each point in the base, so that any two
points with the same\;,; vector have the sam@¢;, P¥*1) name. This construction
again givesn(a, ¢;) — 0. It suffices to show that log/g; < 1 — ¢, since this implies
property 3. To do this, we need an estimatepn Notice thatn;,; < (number of
different A1 vectors that can occup),1. Applying the combinatorial lemma with
e = n andryy1 = r yields

Tepr + 1 — 1
Myl < < oL )Qk+1 Vi<k<j
k41

Furthermore, since..1 < e and e > 2%/2 > 22°* applying the technical lemma
with n = n, andr = riy1 gives

Tt 10k 1 i1k
[”k + 1} < [m‘ ] Vk, i<k<].
Fr+1 Te41

We know that whenever < k < j,

Frgalne /i1 + 1]
Nk+1 = Gr+1
Tk4+1

Nk Fe+1+1k
Tk+1 Nk
= <_+ ) <— + 1) qk+1
Nk Tr+1

Fk+1
Nk ripa /260
=< <— N qk+1
Te4+1

n;k+1<1+1/2k+1> q

(by Stirling’s formula)

(by Technical Lemma)

k+1
= Tk+1 = :
Tet1

Thus we obtain an estimate fgf in terms ofy; = 2%. Let Ry ; = ]_[{:k+l r(14+ 271,

Ry

”(Hk l+lqk q;)
:krr
Hk i1l

142k R
20 Tlhcisa0 )(Hk —it+1 qk”‘b)

nj =

- l_L Tt
Hk ir1?
If we take logs and divide by; then
09T dc"a) f i-t:1(1+27)l0gg, | logg,
qj k=it+1 qk qj
< 1+o Z ogar _,
k=i+1
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Hence

h(T*", P) < <1l+e+2e—
qj k=iz1 9k-1

< 14+3—(c+3)=1—c.

logn; J logry
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