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Abstract. In this paper, the structure ofr equivalence, which was introduced by Vershik
and which classifies group actions of the groupG = ∑∞

n=1 Z/rnZ, rn ∈ N \ {1}, is
examined. This is an equivalence relation that naturally arises from looking at certain
sequences ofσ -algebras. Vershik proved that if a sequencer = (r1, r2, . . .) does not
satisfy a super-rapid growth rate, then entropy is an invariant forr equivalence. In this
paper, a strong converse of this is proven: for anyr which does satisfy this super-rapid
growth rate, we can find a zero entropy action in everyr equivalence class.

1. Introduction
In this paper the restricted orbit equivalence theory developed by Kammeyer and Rudolph
is used to determine the role that entropy plays in classifyingG actions up tor
equivalence, whereG = ∑∞

n=1 Z/rnZ, and r = (r1, r2, . . .). First r equivalence is
defined, and is tied to isomorphism of decreasing sequences ofσ -algebras. Then in
§1.2 some basic notions of restricted orbit equivalence (abbreviated r.o.e.) theory are
introduced.§2 of the paper is devoted to proving that r.o.e. theory applies to classifying
these systems. In other words, it is shown thatr equivalence is a restricted orbit
equivalence. Vershik proved a sufficient condition on the growth rate ofr for entropy to
be an invariant forr equivalence. In§3, r.o.e. theory is used to prove that if the converse
of this condition holds, thenr is entropy free, as well as reproving sufficiency.

1.1. r equivalence. Let (X,F, µ) be a non-atomic Lebesgue probability space, and
let {Tg}g∈G be a free measure-preserving ergodic group action on the space, where
G = ∑∞

n=1 Z/rnZ and rn ∈ N \ {1}. Set r = (r1, r2, . . .). Notice thatG is countable.
We take the discrete topology onG, and sinceG is abelian, it is an amenable group.
Let Gi = ∑i

n=1 Z/rnZ. Setqi = #Gi = ∏i
n=1 rn. Notice thatG = ∪Gi . The central

example of aG action, which we call the Kronecker action, is the following.

Example. Let X = ∏∞
n=1 Z/rnZ, µ = Haar measure,F = Borel σ -algebra and

(Tgx)n = (xn + gn) mod rn. Since the action is rotation on a compact abelian group it
has discrete spectrum and entropy zero.
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1140 D. Heicklen

Another example is the natural generalization of the Bernoulli action for this group.

Example.Let X = {0, . . . , n − 1}G, µ be the Bernoulli measure onX given by a
probability vector(p0, . . . , pn−1) on then coordinates, letF be the Borelσ -algebra,
andT be the shift. Notice that the partitionP0 into n sets at the identity is a generator
for this action, so

h(T ) = h(T , P ) = −
n−1∑
i=0

pi logpi.

There is a natural equivalence relation, which we callr equivalence, that arises when
considering group actions of this group.

Definition. SupposeT and S are two
∑

Z/rnZ actions. We sayT is r equivalent to
S if there is a one-to-one measurable measure-preserving mapφ : X → Y such that
{φ(Tgx)}g∈Gi

= {Tgφx}g∈Gi
for every i. In this case, we writeT ∼

r
S.

Dye’s theorem says that any two ergodicG actions are orbit equivalent, sinceG is
a countable discrete amenable group. However, this equivalence relation asks for more
than just orbit equivalence, since it asks to preserve eachGi orbit. This equivalence
relation arises naturally from classifying certain decreasing sequences ofσ -algebras up
to isomorphism, which is an area first introduced by Vershik. The basic setup is as
follows: a sequence of non-atomicσ -algebrasF = F0 ⊃ F1 · · · is calledr-adic if the
fibers ofFn overFn+1 all containrn points of equal mass. Two of these sequences are
isomorphic if there is a one-to-one measure-preserving map between the two spaces that
takes thenth σ -algebras to each other. If for eachn we choose measurable sections of
Fn|Fn+1 this gives an action ofG. Likewise, given anyG action such a sequence can be
defined by looking at theσ -algebras ofGn invariant sets. From the definitions it follows
that isomorphism betweenr-adic σ -algebras is the same as the notion ofr equivalence
between twoG actions. A sequence is standard, which is terminology due to Vershik,
if it is isomorphic to the sequence ofσ -algebras generated by theGi invariant sets of
the Kronecker action. Vershik proves in [V1] that a certain entropy which he defines for
sequences ofσ -algebras is an invariant for isomorphism of dyadic sequences, which is
the case whenrn = 2 ∀n. He also shows that for the case of Bernoulli dyadic actions,
the entropy that he defines coincides with the regular entropy. In the same volume of
the same journal Stepin proves that entropy is an invariant for dyadic equivalence of
dyadic actions and that Vershik’s entropy corresponds to the entropy of an arbitraryG

action [S1]. Later, Vershik shows in [V2] that in the case whenr does not grow too
fast, entropy is an invariant for the correspondingr equivalence. A proof of this can
also be found in [S2]. In particular, this condition onr encompasses the previous case
of dyadic equivalence. On the other hand, Vershik proved that there exist sequencesr

such that entropy is not an invariant forr equivalence [V3]. This naturally leads to the
problem of determining when entropy is an invariant.

1.2. Restricted orbit equivalence.This section provides a brief overview of some
basic definitions of restricted orbit equivalence theory. Let(X,F, µ) be a non-atomic
Lebesgue probability space and letG = ∑∞

n=1 Z/rnZ. Let O ⊂ X × X be the orbit
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relation associated with some free, ergodic measure-preservingG action {Tg}g∈G. In
other words,O = {(x, Tgx) : x ∈ X, g ∈ G}.
Definition. A G arrangementα : O → G is any map that satisfies the following:
(1) For a.e.x and everyg ∈ G there is anx ′ such thatα(x, x ′) = g. We writeT αg x = x ′.
(2) For allA ∈ F andg ∈ G, bothT αg A ∈ F andµ(T αg A) = µ(A).
(3) α satisfies the cocycle equationα(x2, x3)α(x1, x2) = α(x1, x3).

Notice thatα is a G arrangement iff there is a measure-preserving free ergodicG

action{T αg } whose orbit relation isO andα(x, T αg x) = g ∀(x, T αg x) ∈ O.

Definition. FG(O) = {φ : X → X | φ is one-to-one, measurable, and forµ a.e.
x, (x, φx) ∈ O}. This is the full group ofO.

Definition. A G rearrangementof O is a pair(α, φ) whereα is aG arrangement and
φ ∈ FG(O). We writeαφ(x, x ′) = α(φx, φx ′).

Notice thatT αφg x = φ−1T αg φx. Define a metric onFG(O), called thestrong L1

distance, given by‖φ1, φ2‖s = µ{x : φ1x 6= φ2x}. Setm1(α, φ) = ‖φ, id‖s . Since this
does not depend onα, it can be written simply asm1(φ).

Now define a metric on the invertible elements ofGG as follows. Place an ordering
on the elements ofG which respects the subgroup structure of the group. Let

d(f, h) =
∑
gi∈G

d0(f (gi), h(gi))+ d0(f
−1(gi), h

−1(gi))

2i+1
,

whered0 is the 0,1 valued metric onG. Definehα,βx (g) = α(x, T
β
g x) and notice that

this function is invertible. Let

‖α, β‖ =
∫
d(hα,βx , id) dµ

and

‖φ,ψ‖αw =
∫
d(hα,αφx , hα,αψx ) dµ

be theweakL1 distanceon arrangements and onFG(O), repectively. Setm0(α, φ) =
‖φ, id‖αw. This topology was introduced in Halmos’Ergodic Theory[H].

For the last notion of distance, letf α,φx ∈ GG be defined byf α,φx (g) =
α(T αg x, φ(T

α
g x)). This gives rise to a partitionf α,φ of X with functions inGG as

the labels. LetD be a metric onM(GG) which induces the weak * topology. Define
the distribution distancebetween two rearrangements to be

‖(α, φ), (β, ψ)‖∗ = D((f α,φ)∗µ, (f β,ψ)∗µ).

Remark. In the definition of distribution distance we can chooseD so that if
‖(α, φ), (β, ψ)‖∗ < δ andi = [1/δ], then there is a setB, µ(B) > 1−δ, and a measure-
preserving mapπ : B → πB such that ifx ∈ B andg ∈ Gi thenf α,φx (g) = f

β,ψ
πx (g).

Later it is shown thatπ can be chosen so that it isGi equivariant on aGi invariant set.

Definition. A size is a function m : {(α, φ)} → R+ such that if we write
mα(φ,ψ)=

def
m(αφ, φ−1ψ) thenm satisfies the following three axioms.
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AXIOM 1. mα is a pseudometric onFG(O).
AXIOM 2. m lies betweenm0 andm1 in the following sense:
(1) ∀ε > 0, ∃δ > 0 such that ifm1(α, φ) < δ thenm(α, φ) < ε;
(2) ∀ε > 0, ∃δ > 0 such that ifm(α, φ) < δ, thenm0(α, φ) < ε.

AXIOM 3. For everyε > 0 there is aδ = δ(ε, α, φ) > 0 such that if(β, ψ) is another
rearrangement and‖(α, φ), (β, ψ)‖∗ < δ, thenm(β,ψ) < m(α, φ)+ ε.

Definition. α is m-equivalentto β if there exists a sequence{φi} ⊂ FG(O) such that
the following are true:
(1) {φi} is mα cauchy;
(2) {φ−1

i } is mβ cauchy;
(3) ‖αφi, β‖ → 0.
In this case, we writeα∼

m
β.

Remark.m0 andm1 are sizes which give rise to orbit equivalence and isomorphism,
respectively [KR ].

Define
hm(T

α) = inf
α∼

m
β
h(T β).

THEOREM. ([KR ]) Given any sizem, either
(1) hm(T

α) = 0 for all T or
(2) hm(T

α) = h(T α) for all T .

In the first casem is called entropy free, and in the second casem is called entropy
preserving. We also have the following result.

THEOREM. ([KR ]) Whenm is entropy free, the zero entropy actions are a denseGδ set in
everym equivalence class.

The immediate goal is to show that there exists a size that corresponds tor equivalence,
since then r.o.e. theory can be applied to determine whether a given sequence is entropy
free or entropy preserving.§2.1 is devoted to proving that a certain function onG
rearrangements is a size. Then in§2.2 the link betweenr equivalence and the equivalence
relation generated by this size is established.

2. r equivalence is a restricted orbit equivalence
2.1. Defining a size. Fix r = (r1, r2, . . .). RecallGi = ∑i

n=1 Z/rnZ.

Definition. We say(α, φ) is {Gi}∞i=1 compatible onB ⊂ X if whenever(x, x ′) ∈ O and
x, x ′ ∈ B, thenα(x, x ′) ∈ Gi ⇔ αφ(x, x ′) ∈ Gi for all i.

Unless otherwise indicated{Gi} will mean {Gi}∞i=1.

Definition. cr(α, φ) = 1 − sup{µ(B) | (α, φ) is {Gi} compatible onB}.
Setmr(α, φ) = cr(α, φ)+m0(α, φ).

THEOREM. mr is a size.
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For convenience, oncer is fixed we can drop the subscript. Letm(α, φ) = mr(α, φ),
andc(α, φ) = cr(α, φ). Definecα(φ, ψ) = c(αφ, φ−1ψ). Let

mα(φ,ψ) = cα(φ, ψ)+ ‖φ,ψ‖αw.

AXIOM 1. mα is a psuedometric onFG(O).
Proof. (1) mα(φ,ψ) ≥ 0 and ifφ = ψ thenmα(φ,ψ) = 0. This is true by definition.

(2) mα(φ,ψ) = mα(ψ, φ). First notice thatcα(φ, ψ) = cα(ψ, φ) since(αφ, φ−1ψ)

is {Gi} compatible on a setB iff (αψ,ψ−1φ) is {Gi} compatible onB. Furthermore,
‖φ,ψ‖wα = ‖ψ, φ‖wα sincem0 is a size.

(3) mα(φ,ψ) ≤ mα(φ, θ) + mα(θ, ψ). Sincem0 is a size, it suffices to show that
cα(φ, ψ) ≤ cα(φ, θ) + cα(θ, ψ). Fix δ > 0. Let A be a set for which(αφ, φ−1θ) is
{Gi} compatible, with 1− µA < cα(φ, θ) + δ. Let B be a set on which(αθ, θ−1ψ) is
{Gi} compatible, with 1−µB < cα(θ, ψ)+ δ. Then(αφ, φ−1ψ) is {Gi} compatible on
A ∩ B. Hence

cα(φ, ψ) ≤ 1 − µ(A ∩ B) = µ(Ac ∪ Bc)
≤ 1 − µA+ 1 − µB ≤ cα(φ, θ)+ cα(θ, ψ)+ 2δ.

Sinceδ was arbitrary, the result follows. �

AXIOM 2.
(1) ∀ε > 0, ∃δ > 0 such that ifm1(α, φ) < δ thenm(α, φ) < ε.
(2) ∀ε > 0, ∃δ > 0 such that ifm(α, φ) < δ thenm0(α, φ) < ε.

Proof. (1)m0 is weaker thanm1, so it suffices to show thatm1(α, φ) < δ ⇒ c(α, φ) < δ.
Notice that(α, φ) is {Gi} compatible on{x | φx = x}. Hencec(α, φ) < δ.

(2) By definition,m0(α, φ) 6 m(α, φ) < δ.

AXIOM 3. ∀ε > 0 and (α, φ), ∃δ > 0 such that if(β, ψ) is a rearrangement onO′ and
‖(α, φ), (β, ψ)‖∗ < δ, thenm(β,ψ) < m(α, φ)+ ε.

Sincem0(α, φ) is a size, it suffices to show that givenε > 0 and(α, φ), ∃δ so that if
‖(α, φ), (β, ψ)‖∗ < δ, thenc(β, ψ) < c(α, φ)+ ε. In order to do this some lemmas are
established.

Remark.If f α,φx = f
β,ψ
y onGi thenf α,φx ′ = f

β,ψ

y ′ onGi , whereα(x, x ′) = β(y, y ′) ∈ Gi .

Remark.Given anyi andα there exists a setF such thatX = ∪g∈Gi
T αg F and{T αg F }g∈Gi

are mutually disjoint. This follows from the fact that we can pick a measurable section
of the factor map associated to theσ -algebra ofGi invariant sets.

Definition. Fix arrangements(α, φ) and(β, ψ) onX. We say that a mapπ : X → X is
suitablewith respect toGi on a setD if π is one-to-one, measure preserving,∀x ∈ D,
f
α,φ
x = f

β,ψ
πx onGi , D is Gi invariant, and∀x ∈ D and∀g ∈ Gi , πT αg x = T

β
g πx.

LEMMA. Fix (α, φ) and (β, ψ) onX. If ‖(α, φ), (β, ψ)‖∗ < δ < 1 and i = [1/δ], then
there exists a mapπ which is suitable with respect toGi on a setD of positive measure.
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Proof. Let X = ∪g∈Gi
T αg F

′
x , where{T αg F ′

x} are mutually disjoint, andX = ∪g∈Gi
T
β
g F

′
y ,

where{T βg F ′
y} are mutually disjoint. Since the distribution distance is less thanδ, this

guarantees that there are setsFx, Fy ⊂ X such that:
(1) µFx = µFy > 0;
(2) Fx andFy are contained in a single level of their respective towers;
(3) ∀x ∈ Fx , ∀y ∈ Fy , and∀g ∈ Gi , f

α,αφ
x (g) = f

β,βψ
y (g).

Define π : Fx → Fy to be any one-to-one measure-preserving map. Now defineπ

on D = ∪g∈Gi
T αg (Fx) by πT αg x = T

β
g πy ∀g ∈ Gi . With this definition, we see that

µD > 0, D is Gi invariant andπ is Gi equivariant onD. To see thatf α,φx = f
β,ψ
πx on

Gi , notice that forx ∈ Fx this is true by definition. Now apply the previous remark to
get ∀g ∈ Gi ,

f
α,φ

T αg x
(g) = f

β,ψ

T
β
g πx

(g).

Let π |Dc be any one-to-one measure-preserving map. �
LEMMA. Suppose(α, φ) and (β, ψ) are rearrangements onX. If ‖(α, φ), (β, ψ)‖∗ < δ

< 1 and i = [1/δ], then there is a mapπ which is suitable with respect toGi on a setD,
andµD > 1 − δ.

Proof. Consider5i = {π̂ : π̂ is suitable with respect toGi on a setD of positive
measure}. This set is non-empty by the previous lemma. We can put a partial ordering
on this set as follows: we say thatπ̂1 < π̂2 if D1 ⊂ D2 and π̂2|D1 = π̂1|D1. Let π
with domainD be a maximal element of this collection. SupposeµD ≤ 1 − δ. Then
µDc ≥ δ andDc is Gi invariant. By the same reasoning as in the previous lemma, we
can find a set of positive measure inDc on whichπ is suitable with respect toGi . This
extendsπ , which contradicts maximality. HenceµD > 1 − δ. �
Proof (Axiom 3). We show that given(α, φ) and ε > 0, ∃δ > 0 such that
‖(α, φ), (β, ψ)‖∗ < δ ⇒ c(β, ψ) < c(α, φ)+ ε.

Pick I such thatµ{x | α(x, φx) ∈ GI } > 1 − ε/8. Let δ = min(ε/8,1/(I + 1)),
and setE = {y | β(y, ψy) ∈ GI }. Notice thatµE > 1 − ε/4, and if y, y ′ ∈ E

then β(y, y ′) ∈ Gi ⇔ βψ(y, y ′) ∈ Gi for i ≥ I . Let B̃x be a set such that(α, φ)
is {Gi} compatible onB̃x , with 1 − µB̃x < c(α, φ) + δ. Since‖(α, φ), (β, ψ)‖∗ < δ,
apply the previous lemma to get a mapπ which is suitable with respect toGI on a
setDx , andµDx > 1 − δ. SetBy = E ∩ π(Dx ∩ B̃x). First show that ify, y ′ ∈ By ,
and β(y, y ′) ∈ Gi , then βψ(y, y ′) ∈ Gi for i ≤ I . Set πx = y and πx ′ = y ′.
Notice thatα(x, φx) = β(y, ψy) and α(x ′, φx ′) = β(y ′, ψy ′) since x, x ′ ∈ Dx . By
the equivariance ofπ we haveα(x, x ′) = β(y, y ′). Applying the cocycle equation
yields αφ(x, x ′) = βψ(y, y ′). Sincex, x ′ ∈ Bx and α(x, x ′) ∈ Gi , this implies that
βψ(y, y ′) = αφ(x, x ′) ∈ Gi .

Now it suffices to show that ify, y ′ ∈ By , andβψ(y, y ′) ∈ Gi thenβ(y, y ′) ∈ Gi for
all i ≤ I . The problem in this direction is thatπ does not commute withT βψ . But if
y ′ = T

βψ
g y for someg ∈ Gi , theny ′ = T

β
g0y for someg0 ∈ GI :

β(y, y ′) = β(ψy ′, y ′)β(ψy,ψy ′)β(y, ψy).

All of the terms on the right-hand side are inGI sincey, y ′ ∈ E. Henceβ(y, y ′) = g0 ∈
GI . By the equivariance ofπ on Dx we have thatα(x, x ′) = g0, whereπx = y and
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πx ′ = y ′. Again we have thatα(x, φx) = β(y, ψy) andα(x ′, φx ′) = β(y ′, ψy ′), so we
apply the cocycle equation to obtain thatαφ(x, x ′) = βψ(y, y ′) ∈ Gi . Now x, x ′ ∈ B̃x ,
andαφ(x, x ′) ∈ Gi ⇒ α(x, x ′) ∈ Gi . Henceβ(y, y ′) ∈ Gi , which shows that(β, ψ) is
{Gi} compatible onBy . Furthermore,

c(β, ψ) ≤ 1 − µBy ≤ 1 − µ(E ∩ π(Dx ∩ B̃x))
< 1 − µB̃x + ε

4
+ ε

8
+ ε

8
< c(α, φ)+ ε. �

2.2. Relating m and r equivalence.The first step in exhibiting the relation between
mr equivalence andr equivalence is the flattening lemma. This says that an arrangement
(α, φ) can be altered by an elementψ of FG(O) with m1(ψ) ≤ c(α, φ), so that
c(α, φψ) = 0. This will help prove a theorem that gives a characterization ofmr

equivalence. The link betweenmr and r equivalence will arise as a corollary of this
theorem.

ChooseB to be a set so that(α, φ) is {Gi} compatible onB, µB > 0. Define
Ni = {x ′ ∈ Bc | ∃x ∈ B such thatα(x, x ′) ∈ Gi and@y ∈ B such thatα(y, x ′) ∈ Gi−1}.
Notice that:
(1) {Ni}, B are mutually disjoint;
(2) Bi = B ∪ij=1 Nj is Gi invariant;
(3) µ(X \ ∪∞

i=1Bi) = 0 (by ergodicity).

LEMMA. There exists a measurable functionρ : X → B with the property that if
x ′, y ′ ∈ Ni andα(x ′, y ′) ∈ Gi , thenρ(x ′) = ρ(y ′).

Proof. Let ρ(x) = x if x ∈ B. Defineρi : Ni → B as follows. ConsiderIi = σ -algebra
of Gi invariant sets and letπi : X → Yi be the associated factor map. Take a measurable
sectionρ̂i such thatρ̂i ◦ πi/Ni ∈ B. Let ρi = ρ̂i ◦ πi/Ni . Defineρ(x) = ρi(x) if x ∈ Ni .
Now ρ is defined on a.a. ofX with the desired property. �

FLATTENING LEMMA. If c(α, φ) < δ < 1, then∃ψ ∈ FG(O) such thatm1(ψ) < δ and
c(α, φψ) = 0.

Proof. Sincec(α, φ) > 1 − δ, we can chooseB with µ(B) > 1 − δ and (α, φ) is {Gi}
compatible onB. Let ψ(x) = x ∀x ∈ B. OnBc, partition eachNi into sets as follows.
Let ρ be the function from the previous lemma, fixx ′ and setρx ′ = x. Let

Hi(x
′) = Gi \ {αφψ(x, y) : y ∈ OGi

(x), y ∈ Bi−1}
and let

H ′
i (x

′) = {α(x, y) : y ∈ Ni, y ∈ OGi
(x)}.

Notice that #Hi(x ′) = #H ′
i (x

′) and this defines a measurable partitionP of Ni based on
theHi,H ′

i name ofx ′. Define8i
x ′ : H ′

i (x
′) → Hi(x

′) to be a map with the following
properties:
(1) 8i

x ′ is one-to-one;
(2) 8i

x ′ is constant on elements ofP (henceρ(x ′) = ρ(y) ⇒ 8i
x ′ = 8i

y);
(3) 8i

x ′ only changes theith coordinate of any group element;
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(4) if g, h are in the sameGi−1 coset then so are8i
x ′(g),8

i
x ′(h).

Now for x ′ ∈ p ∈ P, if α(x, x ′) = g define

φψ(x ′) = T αα(x,φx)T
α

8i
x′ (g)

x = T α
8i
x′ (g)

φx.

This is measurable since we have a composition of measurable functions on measurable
sets. The proof that this is one-to-one and thatc(α, φψ) = 0 is by induction on the sets
Bi . The base case for our induction isB0 = B. φψ is one-to-one onB, and(α, φψ) is
{Gi} compatible onB since it was chosen that way. Now assume thatφψ is one-to-one
on Bj and (α, φψ) is {Gi} compatible onBj for all j < i. It is necessary to show
these properties forφψ on Bi . The (one-to-one)-ness proof breaks into four cases. Fix
x ′ ∈ Ni .
(1) y ∈ Ni andα(y, x ′) ∈ Gi−1. Sinceρx ′ = ρy = x we have that8i

x ′ = 8i
y . But

y 6= x ′ ⇒ 8i
x ′(α(x, y)) 6= 8i

x ′(α(x, x ′)) soφψ(x ′) 6= φψ(y).
(2) y ∈ Ni andα(y, x ′) ∈ Gi \Gi−1. Sinceρx ′ = ρy = x, we have that

T α
8i
x′ (α(x,y))

φx = T α
8i
x′ (α(x,x

′))φx ⇔ α(x, y) = α(x, x ′).

Henceφψ(x ′) 6= φψ(y).
(3) y ∈ Bi−1 andα(x ′, y) ∈ Gi \Gi−1. Notice thatα(x ′, y) ∈ Gi ⇒ α(x, y) ∈ Gi ⇒

αφψ(x, y) ∈ Gi \ Hi(x ′). But αφψ(x, x ′) = 8i
x ′(α(x, x ′)) ∈ Hi(x

′). Hence
αφψ(x, y) 6= αφψ(x, x ′).

(4) y ∈ Bi and α(x ′, y ′) ∈ Gj \ Gi for somej . Let x = ρx ′ and y = ρy ′. By the
cocycle equation we haveα(x, y) ∈ Gj \Gi . But x, y ∈ B ⇒ αφψ(x, y) ∈ Gj \Gi .
Henceαφψ(x ′, y ′) ∈ Gj \Gi .

Thusψ is one-to-one onBi .
Also, (α, φψ) is {Gi} compatible onBi . It suffices to show that ify, x ′ ∈ Bi and

x ′ ∈ O(y) thenα(y, x ′) ∈ Gj \Gj−1 ⇒ αφψ(y, x ′) ∈ Gj \Gj−1. Fix x ′ ∈ Ni , ρ(x ′) = x,
ρ(y ′) = y and consider four cases.
(1) y ′ ∈ Ni andα(y ′, x ′) ∈ Gi−1. Pick k so thatα(y ′, x ′) ∈ Gk \Gk−1.

αφψ(y, x ′) = 8i
x ′(α(x, x

′))8i
x ′(α(x, y

′))−1 ∈ Gk.

Let g′
k = kth coordinate ofα(x, y ′), andgk = kth coordinate ofα(x, x ′). Since8i

x ′

acts as the identity on these coordinates and by hypothesisg′
kg

−1
k 6= id, we have

αφψ(x ′, y ′) /∈ Gk.
(2) y ′ ∈ Ni and α(y ′, x ′) ∈ Gi \ Gi−1. Sinceα(x, x ′), α(x, y ′) are in differentGi−1

cosets,8i
x ′ maps them to different cosets, henceαφψ(y ′, x ′) ∈ Gi \Gi−1.

(3) y ′ ∈ Bi−1 andα(y ′, x ′) ∈ Gi .

αφψ(y ′, x ′) = αφψ(x, x ′)αφψ(y ′, x) ∈ Gi.

Also, αφψ(x, x ′) = 8i
x ′(α(x, x ′)) ∈ Gi−1(x

′) and αφψ(x, y ′) ∈ Gi \ Gi−1(x
′).

Henceαφψ(y ′, x ′) /∈ Gi−1.
(4) y ′ ∈ Bi andα(y ′, x ′) ∈ Gj \Gi . Pick k such thatα(y ′, x ′) ∈ Gk \Gk−1. Notice that

α(y ′, x ′) ∈ Gk \Gk−1 ⇒ α(y, x) ∈ Gk \Gk−1 ⇒
αφψ(y, x) ∈ Gk \Gk−1 ⇒ αφψ(y ′, x ′) ∈ Gk \Gk−1. �
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Definition. We sayα
r
∼β if wheneverx ∈ O(x ′), α(x, x ′) ∈ Gi ⇔ β(x, x ′) ∈ Gi for

every i.

THEOREM. α ∼
mr
β ⇔ ∃φ ∈ FG(O) such thatαφ

r
∼β.

Proof. First it is shown that ifα ∼
mr
β then ∃φ ∈ FG(O) such thatαφ

r
∼β. Fix r and

let m = mr . Sinceα is m-equivalent toβ, there exists a sequence{φi} ⊂ FG(O)
such that{φi} is m-cauchy and‖αφi, β‖ → 0. Chooseφi so thatm(αφi, φ

−1
i φi+1) =

mα(φi, φi+1) < 1/2i+1. By induction it is shown that a sequence of reorderings{ψi} can
be found such that

αφ1ψ1
r
∼αφ2ψ2

r
∼ · · · r∼αφnψn r

∼ · · ·
with m1(ψn, ψn+1) < 1/2n+1. For the base case of the induction, setψ1 = id and findψ2

so thatαφ1
r
∼αφ2ψ2 andm1(ψ2) <

1
4. Sincec(αφ1, φ

−1
1 φ2) <

1
4, the flattening lemma

gives aψ̂2 ∈ FG(O) with m1(ψ̂2) <
1
4 andαφ1

r
∼αφ2ψ̂2. Setψ2 = ψ̂2, which finishes

the base case. Now assume that there existsψn with these properties forn < k, and
show there existsψk with the desired properties. In order to apply the previous lemma
to this case notice that

mα(φk−1ψk−1, φkψk−1) = mα(φk−1, φk) <
1

2k
.

Hence∃ψ̂k ∈ FG(O) such thatm1(ψ̂k) < 1/2k and

αφk−1ψk−1
r
∼αφkψk−1ψ̂k.

Settingψk = ψk−1ψ̂k yields a map with the desired properties.

CLAIM . ∃ψ ∈ FG(O) such thatm1(ψi, ψ) → 0.

Proof. Let Ai = {x : ψ̂i 6= id}. Then
∑∞

i=1µAi <
1
2 < ∞. By the Borel–Cantelli

lemma µ{x : x ∈ Ai for infinitely many i’s} = 0. Set ψ(x) = ψn(x), where
n = n(x) = max{i : x ∈ Ai}. This definesψ on almost all ofX. ψ is one-to-
one sinceψ(x) = ψ(y) ⇒ ψn(x) = ψn(y) for somen, which cannot happen since
eachψn is one-to-one. Furthermore,ψ is onto because it is measure preserving. Thus
ψ ∈ FG(O). Furthermore,µ{x | ψi 6= ψ} → 0. �

The previous claim implies that‖βψn, βψ‖ → 0. It is also clear that‖αφnψn, βψn‖ =
‖αφn, β‖ → 0. Hence‖αφnψn, βψ‖ → 0. This fact combined with the fact that
αφnψn

r
∼αφmψm for all m, n shows thatαφnψn

r
∼βψ for all n. Settingφ = φ1ψ

−1

implies thatαφ
r
∼β.

To show that if there isφ ∈ FG(O) such that ifαφ
r
∼β, thenα ∼

mr
β, it suffices to

show that ifα
r
∼β thenα ∼

mr
β, sinceα is mr equivalent toαφ. Find a setF such that

X = ∪g∈Gi
T αg F and theT αg F are mutually disjoint. Defineφi(x) = x if x ∈ F and

φi(T
α
g x) = T αβ(x,T αg x)

x and verify that the properties in the definition ofm equivalence
hold for this sequence.
(1) ‖αφi, β‖ → 0. It suffices to show that for every pairx, x ′ such thatx ′ ∈ OGi

(x)

andx ∈ F , αφi(x, x ′) = β(x, x ′). But

αφi(x, x
′) = α(x, φix

′) = α(x, T αβ(x,x ′)x) = β(x, x ′).
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(2) cα(φi, φj ) = 0 ∀i, j . It is clear by construction that for alli, cα(id, φi) = 0.
(3) cβ(φ

−1
i , φ

−1
j ) = 0 ∀i, j . φ−1

i (x) = x if x ∈ F and φ−1
i (T

β

h x) = T
β

α(x,T
β

h x)
x for

h ∈ Gi . Again we have∀i, βφ−1
i

r
∼β. �

Let α be an arrangement onX associated withT α and letβ be an arrangement onY
associated withSβ . DefineOE(O,O′) = {φ : X → Y | φ is one-to-one, measurable,
andφO = O′}. We obtain as a corollary from the previous theorem thatr equivalence
is the same asm equivalence for thism.

COROLLARY. α ∼
mr
βφ for someφ ∈ OE(O,O′) ⇔ T α ∼

r
Sβ .

Proof. It suffices to show thatT α ∼
r
Sβ iff there is aφ ∈ OE(O,O′) such thatα

r
∼βφ.

(⇐) If ∃φ ∈ OE(O,O′) such thatα
r
∼βφ, thenα(x, x ′) ∈ Gi ⇔ β(φx, φx ′) ∈ Gi .

This implies that
{φT αg x}g∈Gi

= {Sβg φx}g∈Gi

which tells us thatT α ∼
r
Sβ .

(⇒) If T α ∼
r
Sβ then ∃φ ∈ OE(O,O′) such that{φT αg x}g∈Gi

= {Sβg φx}g∈Gi
for

all i. But this implies thatα(x, x ′) ∈ Gi ⇔ β(φx, φx ′) ∈ Gi for all i, which implies
α

r
∼βφ. �
For a fixed sequencer define

hr(T
β) = inf

Sβ ∼

r
T α
h(Sβ).

A consequence of the previous theorem is the following.

COROLLARY. hr(T α) = hmr (T
α).

In the case thatmr is entropy free or entropy preserving, we just sayr is entropy free
or entropy preserving, respectively.

3. Entropy
3.1. Introduction. This section gives a necessary and sufficient condition on the growth
rate ofr for entropy to be an invariant forr equivalence. More specifically, it is shown
that

hr(T ) = h(T ) ∀T ⇔
∞∑
k=1

logrk+1

Hk
< ∞.

Vershik demonstrated that if
∑∞

k=1 log(rk!)/Hk < ∞, then r is entropy preserving.
The equivalence lemma proves that this condition is equivalent to the convergence of
the previous growth rate condition, which is the one that Stepin used.§3.2 is devoted to
reproving sufficiency, while§3.3 is devoted to proving necessity.

EQUIVALENCE LEMMA.
∞∑
k=1

logrk
qk−1

< ∞ iff
∞∑
k=1

log(rk!)

qk
< ∞.
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Proof. (⇒) Notice thatrk! < r
rk
k so

∞∑
k=1

log(rk!)

qk
<

∞∑
k=1

logrrkk
qk

=
∞∑
k=1

logrk
qk−1

< ∞.

(⇐) By Stirling’s formula we have thatrk! > (rk)
rk−1/2e−rk so

∞∑
k=1

(
logrk
qk−1

− logrk
2qk

− loge

qk−1

)
≤

∞∑
k=1

log(rk!)

qk
< ∞.

But the second two terms in the first sum are summable, which tells us that the first term
in the sum must also be summable. �

3.2. Reproving sufficiency of Vershik’s entropy condition.This section focuses on
reproving the following theorem using r.o.e. theory.

THEOREM. ([V3]) If
∑∞

k=1 logrk+1/qk < ∞, thenhr(T α) = h(T α) ∀α.

The proof is by contradiction using a theorem from r.o.e. theory. Letm = mr .

THEOREM. ([KR ]) Let c > 0 and β be any ordering such thath(T β) > 0. Suppose
hr(T

β) < h(T β)− c. Let (T α, P ) be any Bernoulli process withh(T α, P ) = h(T β). For
anyε > 0 ∃φ ∈ FG(O) such thatm(α, φ) < ε andh(T αφ, P ) < h(T α, P )− c.

This theorem is one of the building blocks used in proving thatr is either entropy
free or entropy preserving. This theorem says that, in particular, if ther entropy
can be lowered for some arrangementβ, then the regular entropy can be lowered
relative to a partition, by an element ofFG(O), on any Bernoulli process with equal
entropy. Pick the following Bernoulli process. Leth = h(T β). Pick m such that
h < logm. By the continuity of the function− ∑m−1

i=0 pi logpi , there is a probability
vector (p0, . . . , pm−1) on {0, . . . , m− 1} such that− ∑m−1

i=0 pi logpi = h. Also assume
that eachpi > 0 by dropping to a smaller number of symbols if necessary. Let
X = {0, . . . , m − 1}G, T α = shift map,µ = Bernoulli measure with probability vector
(p0, . . . , pm−1), andP = partition at the identity intom sets. Notice thath(T α, P ) = h.
The contradiction hypothesis is that∃{φi} ⊂ FG(O) such thatm(α, φi) → 0 and
h(T αφi , P ) < h(T α, P ) − c. A further reduction can be made by only considering a
specific type of element of the full group. The following lemma is needed to accomplish
this.

LEMMA. Suppose thatδ < q−1
i , m0(α, φ) < δ2 and c(α, φ) = 0. Then∃ψ ∈ FG(O)

such thatm1(ψ) < δ, c(α, φψ) = 0, and ifα(x, x ′) ∈ Gi , thenα(x, x ′) = αφψ(x, x ′).

Proof. If d(hα,αφx , id) < δ thenhα,αφx = id onGi . Let B = {x ∈ X : hα,αφx = id onGi}.
By Chebychev’s inequality,µB > 1−δ. Furthermore, by applying the cocycle equation,
we can see thatB is Gi invariant. Letψ = id on B. Defineψ on Bc as follows. Since
Bc is Gi invariant, build anαφ,Gi tower with baseF to partitionBc, and defineψ
to be the identity onF . On the rest of the tower, ifx ∈ F and αφ(x, x ′) ∈ Gi let
αφψ(x, x ′) = α(x, x ′). This map has the desired properties. �

Remark.Notice thath(T αφ, P ) = h(T α, φP ).
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Remark.If ε < 1
2 andm1(α, φ) < ε2, thenm0(α, φ) < ε.

Proof. Pick j = max{i | 2ε < q−1
i }. Let E = {x | φT αg x = T αg x ∀g ∈ Gj }. Notice

µE > 1 − ε/2 and∀x ∈ E

d(hα,αφx , id) < 2−qj <
ε

2
.

Hencem0(α, φ) < ε. �

The following proposition proves that it suffices to consider a sequence{φi} such that
c(α, φi) = 0 and ifα(x, x ′) ∈ Gi thenαφi(x, x ′) = α(x, x ′).

PROPOSITION. Suppose∃{φi} ⊂ FG(O) such thatm(α, φi) → 0 and h(T αφi , P ) <
h(T α, P )−c. Then given any0< ε < 1

2, there existŝφ ∈ FG(O) such thatm(α, φ̂) < ε,

c(α, φ̂) = 0, h(T αφ̂, P ) < h(T α, P ) − c + ε, and if ε < q−1
j and α(x, x ′) ∈ Gj , then

α(x, x ′) = αφ̂(x, x ′).

Proof. Pick δ depending onε andm = #P such that:
(1) if Q,Q′ are twom-set partitions withµ(Q4Q′) < 2δ, then

h(T α,Q) < h(T α,Q′)+ ε;
(2) δ < (ε/2)2.
Pick δ0 < (δ/2)2, and φ ∈ {φi} such thatm(α, φ) < δ0. By the flattening lemma,
∃ψ ∈ FG(O) such thatm1(ψ) < δ0 andc(α, φψ) = 0. Also,

‖α, αφψ‖ ≤ ‖α, αφ‖ + ‖αφ, αφψ‖
≤ δ0 + δ

2
< δ.

Apply the previous lemma to(α, φψ) to produceψ ′ ∈ FG(O) such thatm1(ψ ′) < δ,
c(α, φψψ ′) = 0, and if ε < q−1

j andα(x, x ′) ∈ Gj , thenα(x, x ′) = αφψψ ′(x, x ′). Set

φ̂ = φψψ ′ and notice that

m(α, φ̂) ≤ ‖α, αφ‖ + ‖αφ, αφψ‖ + ‖αφψ, αφψψ ′‖
≤ δ0 + δ

2
+ ε

2
< ε.

Also notice thatµ(φ̂P4φP ) < δ0 + δ < 2δ. Hence by the first remark,h(T αφ̂, P ) <
h(T α, P )− c + ε. �

THEOREM. If
∑∞

k=1 logrk+1/qk < ∞ thenhr(T α) = h(T α) ∀α.

Proof. Assume ∃c, 0 < c < 1, and {φi} ⊂ FG(O) such that c(α, φi) = 0,
h(T αφi , P ) < h(T α, P )−c, and ifα(x, x ′) ∈ Gi , then for alli ≥ I , αφi(x, x ′) = α(x, x ′).
Pick i such that:
(1)

∑∞
k=i+1 logrk!/qk < c/8 (by the equivalence lemma);

(2) logqi/qi < c/8.
Set ε = c/8, φ = φi , h = h(T α, P ), (α, P n) = ∨

g∈Gn
T αg P and (αφ, P n) =∨

g∈Gn
T
αφ
g P . The collection of names of one of these partitions is denoted with curly
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brackets, i.e.{(α, P n)}. If p is an element of some partition, letp̄ be the name of that
element. The Shannon–McMillan theorem [OW] says that∃N such thatn ≥ N implies
that for all butc/8 of pφn ∈ (αφ, P n),

µpφn ≥ 2−Gn(h−7c/8).

On the other hand, for all butc/8 of pφn ∈ (αφ, P n),
µpφn ≤ 2−Gn(h−3c/8)

which will give the desired contradiction.
Create partitions inductively, where the 0th stage corresponds to a partition

0̄i : {(α, P i)} → 0i,

which is fundamentally different from the partitions at the following stages. Letρi = #0i
and 0̄i(w̄i) = 0̄i(v̄i) if v̄i = T αg w̄i for someg ∈ Gi . SetWi = maximum number of
words in any partition element of̄0i and notice thatWi ≤ qi . The first step is to create
a partition

0̄i+1 : {(α, P i+1)} → 0i+1, ρi+1 = #0i+1,

0̄i+1(w̄i+1) = (γ i+1
1 , . . . , γ i+1

ρi
),

whereγ i+1
j = # of occurrences of any(α, P i) word belonging to thej th partition element

of 0̄i as the name of aGi coset inw̄i+1. LetWi+1 = the maximum number of words in
any partition element. Notice that:
(1)

∑ρi
j=1 γ

i+1
j = ri+1;

(2) Wi+1 ≤ (qi)
ri+1(ri+1!), since inside anyGi coset in w̄i+1 there are at mostGi

different arrangements of that coset in the same element of0̄i , with ri+1 different
places to make those choices, and at mostri+1! different ways of arranging theGi

cosets inw̄i+1.
Assume that the partitions̄0k on {(α, P k)} have been created fork < n with ρk = #0k,∑ρk−1

j=1 γ
k
j = rk and the maximum number of words in any partition element isWk. Let

0̄n : {(α, P n)} → 0n, ρn = #0n,

0̄n(w̄n) = (γ n1 , . . . , γ
n
ρn−1
),

whereγ nj = # of occurrences of any(α, P n−1) word that belongs to thej th element of
0̄n−1 as the name of aGn−1 coset inw̄n. Again we have that

∑ρn−1

j=1 γ
n
j = rn. Notice

thatWn ≤ (Wn−1)
rn(rn!), by the same reasoning as in step 1. Hence

Wn ≤ (qi)
ri+1···rn (ri+1!)ri+2···rn · · · rn!

≤ 2qn(logqi/qi+
∑n

k=i+1 logrk !/qk)

≤ 2qn(c/4).

What does an atom of(αφ, P n) look like? By the previous reduction, inside anyGi

coset of an(α, P n) word, φ can only rotate the(α, P i) name, since ifα(x, x ′) ∈ Gi ,
thenαφ(x, x ′) = α(x, x ′). Furthermore,φ can only rearrangeGk cosets inside ofGk+1
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cosets sincec(α, φ) = 0. Hence any atom of(αφ, P n) is a union of pieces of atoms of
(α, P n), all of whose names must belong to the same element of0̄n. To eachpφn we can
assign a representativepn ∈ (α, P n) whose name belongs to this partition element such
that

µpφn ≤ (µpn)Wn.

(This assignment is independent of which atom we choose from the partition element.
If 0̄n(p̄n) = 0̄n(q̄n) thenµpn = µqn sinceT α is Bernoulli.)

By applying the Shannon–McMillan theorem toT α with ε = c/8 ∃N such that for
n ≥ N and for all butc/8 of pn ∈ {(α, P n)},

µpn ≤ 2−qn(h−c/8).

This implies that for all butc/8 of pφn ∈ {(αφ, P n)},
µpφn ≤ 2−qn(h−c/8−c/4) = 2−qn(h−3c/8)

which gives the desired contradiction. �

3.3. Necessity of Vershik’s entropy condition.The goal of this section is to prove the
following theorem.

THEOREM. If
∑∞

k=1 logrk+1/qk diverges, thenr is entropy free.

Some preliminary lemmas are established in order to prove this. Let3 be the number
of n-tuples of non-negative integers that sum tor.

COMBINATORIAL LEMMA. 3 = (
r+n−1
n−1

)
Proof. First count the number ofn-tuples of positive integers that add up tor. We have
r objects and we want to placen− 1 partition lines. The number of spaces for partition
lines isr−1 and the number of partition lines isn−1, so the number of ways to choose
this is

(
r−1
n−1

)
.

Now suppose we letj positions be 0. There are
(
n

j

)
ways this can occur, and there

aren − j positions left which must sum tor. Hence we get
(
n

j

)(
r−1
n−j−1

)
ways this can

happen. The total number of vectors that can occur is given by

3 =
n−1∑
j=0

(
n

j

)(
r − 1

n− j − 1

)
=

(
n+ r − 1

n− 1

)
. �

TECHNICAL LEMMA. Suppose∃n, r ∈ N such thatr < n andn ≥ 22j+2
. Then

[n
r

+ 1
]r+n

≤ nr/2
j+1

[n
r

]r+n
.

Proof. It suffices to show that

log
(

1 + r

n

)
≤ r logn

2j+1(r + n)
= r

n

logn

2j+1(1 + r/n)
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which comes down to showing that

log(1 + r/n)

r/n
≤ logn

2j+2
.

Now log(1 + x)/x ≤ 1 on [0,∞), so it suffices to show that

1 ≤ logn

2j+2
.

But by assumption, logn ≥ 2j+2. �

The following theorem provides a tool for proving the entropy result.

THEOREM. ([KR ]) Letc > 0. Suppose for some arrangementα and some finite partitionP
there is a sequence{φi} withφi ∈ FG(O),mr(α, φ) → 0 andh(T αφi , P ) < h(T α, P )−c.
Thenhr(T β) = 0 for all arrangementsβ.

This theorem states that if the regular entropy of a partition can be lowered by some
fixed positive amount along a sequence of full group elements whosemr size is tending
to 0, thenr is entropy free.

THEOREM. If
∑∞

k=1 logrk+1/Hk diverges, then{rk} is entropy free.

Proof. In order to apply the previous theorem, choose the Bernoulli process mentioned
in §1.2 for α, whereX = {0,1}G, T α = shift, F = Borel σ -algebra,P = the partition
at the identity, andµ is i.i.d. measure( 1

2,
1
2). Notice thath(T α, P ) = 1. As usual,

m = mr . We construct a sequence{φi} ⊂ FG(O) with the following properties:
(1) if α(x, x ′) ∈ Gj , for j ≤ i, thenα(x, x ′) = αφi(x, x

′);
(2) c(α, φi) = 0;
(3) h(T αφi , P ) < h(T α, P )− c = 1 − c.
The first two properties imply thatm(α, φi) → 0. Consider three cases:
(1) ∃{kj } anda such that 0< a < logrkj /qkj−1 < 1;
(2) ∃{kj } such that logrkj /qkj−1 ≥ 1;
(3) logrk+1/qk → 0.
The construction ofφI is outlined for the first case. The construction does not change
in the second case. However, the third case requires an inductive argument to construct
φi which will use the basic construction in the first case as the base case.

Case 1.∃{kj } anda such that 0< a < logrkj /qkj−1 < 1.

Set c = a/2. We constructφI by only rearranging one level of a tower. Let
i + 1 = min{kj | kj > I }. Notice that 2aGi < ri+1 < 2Gi . Start constructingφI far
enough out in the sequence so that the following conditions are met:
(1) qi > 2i+2;
(2) 1/2i+1 < a/4;
(3) logqi+1/qi+1 < a/4.

Find a setF so thatX = ⋃
g∈qi+1

T αg F and theT αg F are mutually disjoint. Again,
let (α, P j ) = ∨

g∈Gj T
α
g P , and {(α, P j )} = collection of (α, P j ) words. If each point

x ∈ F is considered as the identity element inGi+1, then theGi+1 orbit of x is really a
copy of the groupGi+1. The map will switch theGi cosets around inGi+1 depending
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on the (α, P i+1) name ofx, but inside theGi cosets it will not move points around.
This yields the first two properties listed. How doesφI move the cosets around? Any
(α, P i+1) word is a string of lengthri+1 of (α, P i) words. Choose an ordering on
the (α, P i) words, {w̄ij }2qi

j=1, where eachw̄ij ∈ {(α, P i)}. Assign to each pointx ∈ F

a vector3i+1(x) = (λ1(x), . . . , λ2qi (x)), whereλj (x) = number of timesw̄ij occurs
as the name of aGi coset in the(α, P i+1) name of x. The name of themth Gi

coset ofx means the mapP̄ i : Gi → {0,1}, where (0,0,0, . . .) is identified with
T(0,...,0,m)(x). Now φI moves theGi cosets around in theGi+1 orbit of x as follows. Set
j (m, x) = min{j : m+ 1 ≤ ∑j

i=1 λi(x)}. Now define the(αφI , P i+1) name ofx, which
is a map

P̄ i+1
x : Gi × Z/ri+1Z → {0,1}

with the following formula:

P̄ i+1
x (h,m) = w̄ij (m,x)(h)

sincew̄ij (m,x) : Gi → {0,1}. Notice the only important property that this assignment has
is that any two points in the base with the same3i+1 vector will now have the same
(αφI , P

i+1) name. Any similar assignment with the same property will also work. If
ηj = number of(αφI , P j ) words, then

h(T αφI , P ) ≤ lim
j→∞

logηj
qj

≤ logηi+1

qi+1
.

In order to obtain property 3 it suffices to show that logηi+1/qi+1 ≤ 1 − c. Notice
that ηi+1 ≤ (number of different3i+1(x) that can occur)qi+1. Apply the combinatorial
lemma with r = ri+1, n = ηi = 2Gi and3 = number of different3i+1(x) that can
occur, to obtain

ηi+1 ≤
(
ri+1 + ηi − 1

ηi − 1

)
qi+1.

In order to put an estimate onηi+1 apply the technical lemma withr = ri+1 and
n = ηi = 2qi to obtain[

1 + ηi

ri+1

]ηi+ri+1

≤ η
ri+1/2i+1

i

(
ηi

ri+1

)ηi+ri+1

.

Hence

ηi+1 ≤
(
ri+1 + ηi − 1

ηi − 1

)
qi+1

(by combinatorial lemma)

≤
(
ri+1 + ηi

ri+1

)
qi+1 =

(
ri+1[1 + ηi/ri+1]

ri+1

)
qi+1

≤ r
ηi
i+1[1 + ηi/ri+1]ηi+ri+1

η
ηi
i

qi+1 (by Stirling’s formula)

≤
[
ri+1

ηi

]ηi [ ηi

ri+1

]ηi+ri+1

(ηi)
ri+1/2i+1

qi+1

(by technical lemma)

≤
[
ηi

ri+1

]ri+1

(ηi)
ri+1/2i+1

qi+1.
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This estimate yields the desired entropy calculation since

h(T αφI , P ) ≤ logηi+1

qi+1

≤ log([ηi/ri+1]ri+1(ηi)
ri+1/2i+1

qi+1)

qi+1

≤ 1 − logri+1

Gi

+ 1

2i+1
+ logqi+1

qi+1

≤ 1 − a + a

4
+ a

4
= 1 − c.

Case 2.∃{kj } such that logrkj /qkj−1 ≥ 1.

Setc = 1
4. Pick I so that 2/qI < 1

8 and logqI+1/qI+1 <
1
8, and seti + 1 = min{kj |

kj > I }. ConstructφI by altering theGi cosets inGi+1 in the same way as in case 1. As
the construction ofφI does not differ, it is only necessary to check the entropy property.
Apply the combinatorial lemma ton = ηi = 2qi and r = ri+1 to get an estimate on
ηi+1 = number of(αφI , P i+1) words. In this case, notice thatri+1 > ηi . Thus

ηi+1 ≤
(
ri+1 + ηi − 1

ηi − 1

)
qi+1 ≤

(
ri+1 + ηi

ri+1

)
qi+1

≤
(

2ri+1

ri+1

)
qi+1 ≤ 22ri+1qi+1

by using Stirlings formula for the last inequality. Hence

h(T αφI , P ) ≤ logηi+1

qi+1
≤ 2

qi
+ logqi+1

qi+1
<

1

8
+ 1

8
< 1 − c.

Case 3.logrk+1/qk → 0.

Let 0< 3ε < c < 1
2 and picki with:

(1)
∏∞
k=i+1(1 + 2−k) < 1 + ε;

(2) qi > 2i+3;
(3)

∑∞
k=i+1 logqk/qk < ε. (This is possible since logqk/qk < k/2k which is summable.)

Pick j depending oni such that:
(1) c + 3ε <

∑j

k=i+1 logrk+1/qk (since the sum diverges);
(2) ηk > 2qk/2 ∀k, i < k ≤ j . (If this were not true thenh(T αφi , P ) ≤ logηk/qk < 1

2,
which proves this case.)

The idea is to constructφi by rearrangingj − i successive towers instead of just one
as in the previous cases. Createφi inductively. The first step has already been outlined
in case 1, i.e. over each point in the base of aGi+1 tower the map movesGi cosets
around so that every point with the same3i+1 vector has the same(αφi , P i+1) name.
Assumek steps have been completed in the construction ofφi for i < k < j . Now we
need to complete thek+1 step in the construction ofφi . Build aT α tower of heightqk+1

that covers the whole space. Applyφi to this tower. This will only move points around
inside eachGk coset. Call the base of this altered towerFk+1. To any pointx ∈ Fk+1,
assign a vector3k+1 based on the (αφi , P k) names that are seen in therk+1 differentGk

cosets sitting overx in the altered tower. Let3k+1(x) = (λk+1
1 (x), . . . , λk+1

ηk
(x)), where

https://doi.org/10.1017/S0143385798117509 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798117509


1156 D. Heicklen

ηk = #P k words ofαφi , λk+1
n (x) = number of times thenth (αφi, P k) word appeared as

the name of aGk coset in the altered tower overx, and
∑ηk

n=1 λ
k+1
n (x) = rk+1. MoveGk

cosets around in the copy ofGk+1 sitting over each pointx in the base, so that any two
points with the same3k+1 vector have the same(αφi, P k+1) name. This construction
again givesm(α, φi) → 0. It suffices to show that logηj/qj < 1 − c, since this implies
property 3. To do this, we need an estimate onηj . Notice thatηk+1 ≤ (number of
different 3k+1 vectors that can occur)qk+1. Applying the combinatorial lemma with
ηk = n andrk+1 = r yields

ηk+1 ≤
(
rk+1 + ηk − 1

rk+1

)
qk+1 ∀i ≤ k < j.

Furthermore, sincerk+1 < ηk andηk > 2qk/2 > 22k+2
, applying the technical lemma

with n = ηk andr = rk+1 gives

[
ηk

rk+1
+ 1

]rk+1+ηk
≤ η

rk+1/2k+1

k

[
ηk

rk+1

]rk+1+ηk
∀k, i ≤ k < j.

We know that wheneveri ≤ k < j ,

ηk+1 ≤
(
rk+1[ηk/rk+1 + 1]

rk+1

)
qk+1

≤
(
rk+1

ηk

)ηk (
ηk

rk+1
+ 1

)rk+1+ηk
qk+1

(by Stirling’s formula)

≤
(
ηk

rk+1

)rk+1

η
rk+1/2k+1

k qk+1

(by Technical Lemma)

≤ η
rk+1(1+1/2k+1)

k qk+1

r
rk+1

k+1

.

Thus we obtain an estimate forηj in terms ofηi = 2qi . Let Rk,j = ∏j

t=k+1 rt (1 + 2−t ).

ηj ≤ η
Ri,j
i (

∏j−1
k=i+1 q

Rk,j
k qj )∏j

k=i+1 r
∏j

t=k rt
k

≤ 2qj
∏j

k=i+1(1+2−k)(
∏j−1
k=i+1 q

Rk,j
k qj )∏j

k=i+1 r
∏j

t=k rt
k

.

If we take logs and divide byqj then

log(
∏j−1
k=i+1 q

Rk,j
k qj )

qj
=

j−1∑
k=i+1

∏j

t=k+1(1 + 2−t ) logqk
qk

+ logqj
qj

≤ (1 + ε)

j∑
k=i+1

logqk
qk

< 2ε.
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Hence

h(T αφi , P ) ≤ logηj
qj

≤ 1 + ε + 2ε −
j∑

k=i+1

logrk
qk−1

< 1 + 3ε − (c + 3ε) = 1 − c.
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