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Learning with Information Capacity Constraints

Lin Peng�

Abstract

Motivated by the fact that investors have limited time and attention to process informa-
tion, this paper provides a continuous-time equilibrium model to analyze the effects of a
capacity constraint in the learning process of a representative investor, who optimally al-
locates her information capacity across multiple sources of uncertainty. Consequently, the
cross-sectional structure of information and the resulting asset price dynamics are deter-
mined endogenously. The model provides implications on both consumption behavior and
the cross-sectional differences in price informativeness in terms of supply of information,
speed of price adjustments to fundamental shocks, and price reactions to firm disclosures.

I. Introduction

Learning is crucial to many issues in finance. Investors process information
to make their consumption and portfolio decisions, while corporate managers an-
alyze economic conditions to make real investment decisions. Although many
studies address the effects of learning, they usually treat information as exoge-
nous, assuming that economic agents can process information instantaneously.

In reality, it takes time and attention for agents to process information and
incorporate it into their decisions. Take the example of firm valuation: investors
not only need to exert time and effort to analyze a firm’s financial statements, but
also to study its competitors and industry. In some cases, it takes market partic-
ipants days or even weeks to react to sudden shocks. For example, on January
17, 1995, the day of the worst earthquake in Japan since 1923, the market reacted
only slightly. The strongest reaction was not evident until a week later (Shiller
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(2000), pp. 79–81). In other cases, even if news is publicly available, it is not in-
corporated into prices until investors pay attention. According to Huberman and
Regev (2001), the publication of an article in the New York Times about a new
cancer-curing drug from EntreMed attracted great public attention and generated
a daily return of more than 300% in its stocks, even though the same story had
already been published more than five months earlier in Nature and other newspa-
pers. Experimental evidence also suggests that professional analysts often fail to
recall and respond appropriately to information in complex financial disclosures,
suggesting that the time and attention needed to process financial information is
non-trivial (Hirst and Hopkins (1998)).

In this paper, I study the learning process of a representative investor with a
capacity (or attention) constraint and analyze the effects of the investor’s capacity
constraint on consumption behavior and asset price dynamics. Given unobserv-
able fundamental factors in her portfolio, the investor processes information to
infer their evolution, and the capacity constraint limits the amount of information
that she can process. When there are multiple sources of uncertainty, the investor
optimally allocates her capacity across them. As a result, the information and
learning dynamics become endogenous: assets may have heterogeneous informa-
tion environments, therefore their prices may incorporate fundamental shocks at
different speeds and respond to firm announcements with different magnitudes,
and the investor updates her consumption decisions with a delay.

The model is in continuous time with an infinite horizon. The representa-
tive investor is endowed with a portfolio of financial assets whose cash flows are
driven by multiple fundamental factors that are unobservable to her. The investor
can borrow and lend at a constant interest rate. To maximize her expected life-
time utility, the investor optimally makes her consumption and portfolio decisions
based on her inference about the fundamental variables. An exponential utility
function and Gaussian distributions for all variables allow for a linear station-
ary equilibrium in which asset prices are determined through the market-clearing
condition.

I model information processing and learning in two steps. In step one, the in-
vestor processes information about the fundamental factors and produces a vector
of signals as the outcome. This step is subject to a capacity constraint. Following
Sims (2003), I measure uncertainty using the concept of entropy from informa-
tion theory; specifically, I use the rate of entropy reduction to quantify the rate of
information processing.1 I impose the capacity constraint on the investor’s learn-
ing process as the maximum rate of entropy reduction that can be achieved. In
step two, the signals are incorporated into the investor’s belief through rational
Bayesian updating. While this approach is a simplification of the actual complex
learning process, it nonetheless captures the essential feature that learning takes
time and attention. This model provides a basis to study the effects of learning or
attention constraints on economic decision making. Other models in the existing
learning literature usually start from the second step and take the signals as given.

In equilibrium, the investor allocates her limited attention across different
sources of uncertainty to minimize the total uncertainty of her portfolio, which

1See Cover and Thomas (1991) for an introduction to information theory.
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in turn enables her to make more efficient intertemporal consumption decisions.
The capacity constraint on information processing directly leads to a delay in the
reaction of the investor’s consumption to fundamental shocks, consistent with the
documented predictability in aggregate consumption data. The investor’s capacity
allocation also provides implications for the information environment and price
dynamics across assets. I illustrate these implications by analytically solving a
case in which the assets have independent fundamentals. To the extent that larger
stocks contribute more to the uncertainty in the investor’s portfolio, they attract
more capacity allocation. As a result, larger stocks tend to have a greater sup-
ply of information, their prices incorporate fundamental shocks at a faster speed,
and they exhibit less volatility to exogenous announcements from firms. These
predictions are consistent with the empirical findings.

The fixed capacity constraint imposed in this paper is not crucial. Alterna-
tively, I can specify an expandable capacity subject to a convex cost function,
in which case the investor allocates her capacity after the total capacity is deter-
mined. The implications will remain qualitatively similar. The capacity constraint
in the model can be interpreted as a limit on the information processing ability of
the aggregate financial market. The representative investor serves as a social plan-
ner in allocating information capacity. The optimal capacity allocation solved in
the model describes the Pareto optimal structure of information processing. Issues
related to externalities in a decentralized market are further discussed in Section
VIII.

This paper is structured as follows. Section II provides a review of the liter-
ature. In Section III, I describe the economy. Section IV solves the asset market
equilibrium for a given capacity allocation. Section V sets up a general capacity
allocation problem. In Section VI, I solve the capacity allocation problem analyt-
ically with independent assets. In Section VII, I discuss the implications. Section
VIII provides some further discussion, and Section IX concludes. All proofs to
lemmas, theorems, and propositions are provided in the Appendix.

II. Related Studies

There is a growing literature in finance that studies the learning process of
investors. Detemple (1986), Dothan and Feldman (1986), Gennotte (1986), and
Feldman (1992) apply linear filtering techniques to study asset prices with incom-
plete information. Veronesi (2000) discusses the relation between asset prices and
information quality using non-Gaussian beliefs. Brennan and Xia (2001) show
that the learning process of investors can generate excess volatility and thus result
in an additional risk premium. Yan (2001) also studies the effects of estima-
tion uncertainty on the equity premium. In these papers, investor information is
specified exogenously. My model emphasizes the time and attention involved in
information processing.

Recently the economics and finance literature has started to address issues
related to the limited ability of economic agents. Kalai and Stanford (1988)
study the complexity of strategies and finite rationality. Abreu and Rubinstein
(1988) model the computational ability of players in dynamic games using finite
automata. Dow (1991) analyzes the search process of a consumer with limited
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memory. Sims (2003) applies information theory to study the limited attention
of an economic agent and its implications for dynamic programming problems
in macroeconomics. Hirshleifer and Teoh (2003) and Hirshleifer, Lim, and Teoh
(2002) study firms’ disclosure policies when investors have limited attention. My
paper is distinct from these papers in that I analyze the capacity allocation prob-
lem of investors and the implications for the information environment and price
dynamics of assets. In a closely related paper, Peng and Xiong (2003) examine
how investors’ limited information processing capacities affect the dynamics of
asset price volatility.

Issues related to asset price informativeness have also been analyzed in the
market microstructure literature (e.g., Grossman and Stiglitz (1980), Glosten and
Milgrom (1985), Kyle (1984), (1985), Easley and O’Hara (1987), Admati and
Pfleiderer (1988), Holden and Subrahmanyam (1992), and Foster and Viswanathan
(1993)). More complete literature reviews are provided in Admati (1991) and
O’Hara (1995). While these papers analyze the effects of information on asset
prices through trades between informed and uninformed traders, my paper is con-
cerned with a different issue—the ability of investors to process information.

III. The Economy

I consider a continuous-time model with a representative investor and an
infinite horizon. There are m risky assets, and their supply is denoted by the vector
em�1 measured in number of shares. A risk-free storage technology is available to
the investor at a constant rate r.2 The representative investor is not only the agent
who invests and consumes, but she is also an information provider who analyzes
and processes raw data. Thus, the investor can be interpreted as the aggregation
of all the participants in financial markets including investors, financial analysts,
and the news media.

The dividend processes from these assets are observable to the investor, and
the dividends per share for each asset are denoted as the vector �dD t�m�1. The
dividend flows are determined by k unobservable independent stochastic factors,
�Ft�k�1, according to the following diffusion process, dD t � �Ftdt + �DdzD,
where �m�k represents the assets’ loadings on the fundamental factors, ��D�m�m

is the matrix of volatility parameters, and �zD�m�1 is a vector of independent
Wiener processes that represent innovations to dividends. Both the drift and inno-
vations of the dividend process are stochastic and unobservable. Without loss of
generality, I assume that the dividend innovations across assets are mutually inde-
pendent, thus �D is diagonal. I also assume that each diagonal element of �D is
strictly positive, so that dividend flow does not perfectly reveal the fundamental
factors, Ft.

The fundamental factors are mutually independent and evolve according to
the following mean-reverting process,

dFt � �� �Ft � F̄� dt + �FdzF�(1)

2The constant risk-free rate assumption is used in equilibrium models such as Stapleton and Sub-
rahmanyam (1978), Campbell and Kyle (1993), and Wang (1993). Sundaresan (1983) shows that a
constant equilibrium interest rate can be consistent with a closed production economy and CARA
utility functions.
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where �k�k is a diagonal matrix of the mean-reverting parameters, F̄k�1 is a vec-
tor of the long-run means, ��F�k�k is a diagonal matrix of volatility parameters,
and �zF�k�1 is a vector of independent standard Wiener processes representing in-
novations to the fundamental factors. I assume that dzD and dzF are independent
and that �, F̄, and �F are constants known to the investor.

The investor can infer the evolution of Ft through two sources of information.
One is the observed dividend flow, which is exogenous and provides information
that can be readily used by the investor. Examples of dividend information include
earnings announcements and other forecasts provided by firms. I assume that this
type of information requires no processing and can be readily incorporated into
the investor’s belief. In addition, the investor can also analyze the fundamental
factors on her own. Such activities, including analyzing a firm’s financial state-
ments, talking to its managers, and studying its industry, competitors, suppliers,
and customers require time and mental capacity before signals can be generated
and incorporated into the investor’s belief. Examples of these signals are analysts’
research reports and an investor’s private research outcomes about a firm. To cap-
ture the limited time and mental capacity that the investor possesses, I impose a
constraint on the amount of information she can process.

I assume that the investor processes information and generates a flow of un-
biased but noisy signals about the fundamental factors, dS t � Ftdt + �SdzS. The
signal flow, dSt, is a k � 1 vector with its drift term equal to the fundamental
vector Ft; ��S�k�k is the matrix of volatility parameters; and �zS�k�1, a vector
of standard Wiener processes independent of zF and zD, represents signal noises.
The precision matrix of the signals is denoted by ��S�

T
S �
�1.

I model the information processing of independent fundamental factors as
separate tasks, similar to the way in which English and mathematics need to be
learned separately at school. Therefore, processing information about each fac-
tor requires its own capacity allocation,3 and the resulting noisy signals on each
factor are mutually independent. Thus, both �� S�

T
S � and its inverse, the signal

precision matrix, are diagonal matrices, which are endogenously determined by
the capacity allocation decision of the investor as described in Section V. In-
tuitively, when the investor chooses to allocate more capacity to a factor, more
information is processed about the factor and the resulting signal has less noise
and greater precision.

To solve the equilibrium with information capacity constraints, I follow two
steps. In Section IV, I solve the asset market equilibrium for a given capacity
allocation. The investor’s value function can be expressed as a function of her ca-
pacity allocation decision. In Section V, I derive the investor’s optimal capacity
allocation. Proceeding in these two steps, I solve a linear stationary equilibrium in
which the investor’s information capacity allocation, her consumption and portfo-
lio decisions, the optimal information structure, and the corresponding asset price
dynamics are jointly determined.

3It is possible that some capacity can be shared across the learning tasks of different factors, such
as acquiring certain common skills in processing information. As long as the sharable capacity has
decreasing returns to scale, the investor’s capacity allocation will remain qualitatively similar, although
the exact magnitude of the allocation might be different.
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IV. The Asset Market Equilibrium Given Capacity Allocation

In this section, I first solve the investor’s inference problem given informa-
tion, then the investor’s consumption-portfolio choice problem based on her in-
ference.4 In equilibrium, the asset prices are determined by the market-clearing
condition.

Based on the exogenous dividend flow, D�t�, and the endogenous signal
flow produced by the investor, S�t�, the investor forms an inference about the
fundamental vector, F. I denote the information set of the investor at time t as
It � �D�t��� S�t���t��t. I assume that the prior belief of the investor at time zero
has a Gaussian distribution. Following Liptser and Shiryayev (1978), I solve the
investor’s inference problem in the following lemma.

Lemma 1. Conditional on her information set I t, the investor’s inference of the
fundamental vector Ft has a Gaussian distribution: Ft�It � N�F̂t� ��. The condi-
tional mean, �F̂t�k�1, evolves according to

dF̂t � ��
�
F̂t � F̄

�
dt + ��T��1

D dwD + ���1
s dwS�(2)

where dwD ���1
D �dDt��F̂tdt� and dwS ���1

S �dSt� F̂tdt� are independent and
standard Wienner processes, representing surprises from the dividend flow and
signal flow, respectively. In a stationary equilibrium, the conditional variance of
the belief, �k�k, is constant and is determined by the following equation,

�F�
T
F � �� ���T ���T

�
�D�

T
D

��1
��T ��

�
�S�

T
S

��1
�T � 0�(3)

The conditional mean of the belief, F̂t, is an unbiased estimator of the true
fundamental vector, Ft, based on the investor’s information set I t. The conditional
variance � is determined by the fundamental volatility, the variance of dividend
innovations, and the signal noises. Since the variance of signal noises is deter-
mined endogenously by the investor’s capacity allocation decision (as Section V
shows), the investor’s belief variance is also affected by the capacity allocation
decision.

I assume that the investor has an exponential utility function,

u�C� � �
1
�

e��C�

where � is the risk aversion parameter. Based on her inference of the asset funda-
mentals, the investor optimally chooses her consumption, C, and portfolio hold-
ings, X, to maximize her expected lifetime utility,

J�W� F̂t� t� � ���
C�X

Et

� �

s�t
e���s�t�u�Cs�ds�

subject to the dynamic budget constraint,

dW � �rW � C�dt + XdQ�

4Similar techniques are employed in Detemple (1986), Dothan and Feldman (1986), Gennotte
(1986), Feldman (1992), Wang (1993), Brennan and Xia (2001), and Yan (2001).
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where � is the investor’s time preference parameter, r is the constant risk-free
rate, and dQm�1 is the excess return per share for the risky assets, dQ � dD +
dP � rPdt. In equilibrium, the prices of the risky assets, P, are determined so
that the investor’s optimal demand for the risky assets equals their total supply
(market-clearing conditions): X � e.

With a constant absolute risk aversion preference, the investor’s demand for
risky assets is independent of her wealth, and so are the equilibrium asset prices.
This utility specification, together with the assumption that all variables are jointly
normal, permits a linear solution for the asset market equilibrium as shown in the
following theorem.5

Theorem 1. Given the investor’s inferences of the fundamental factors, F t�It �
N�F̂t� ��, the equilibrium asset price increases with F̂t according to

P�F̂� � r�1�F̄ + A�F̂ � F̄�� ���Te�(4)

where A ���� + rIk�
�1. The variance matrix of the assets’ excess returns, dQ, is

��T � A�F�
T
FAT + �D�

T
D + 2rA�AT�(5)

The investor’s consumption increases linearly with her wealth,

C � rW �
1
r�

�
r � � �

1
2
�T���T ��1�

�
�(6)

where her wealth is given by

W�F̂� � K + r�1eT�F̄ + eT��� + rIk�
�1�F̂ � F̄�� �eT��Te�(7)

with K donating her cash holdings. The investor’s value function in equilibrium
is

J � �
1
r�

���

�
�r�

�
K + eTAF̂

�
� �eTA�F̄ +

r � �

r
+

1
2

r�2eT��Te

�
�(8)

Since the investor is holding risky assets with unobservable fundamentals,
the learning process helps the investor form a more precise estimate of her wealth
as in equation (7). Therefore, learning helps the investor make better intertem-
poral consumption decisions, as it is optimal for the investor to consume linearly
with her current wealth (equation (6)).

Equation (8) shows that the investor’s value function decreases with e T��Te,
the portfolio return variance. To maximize her value function, the investor must
minimize this variance. There are three terms in �� T , as equation (5) shows.
The first two terms are exogenous and are due to the variance of the fundamental
factors and the variance of the dividend processes. The third term is related to
the variance of the investor’s belief about the fundamental factors, which is en-
dogenously determined by the investor’s capacity constraint on learning. 6 Thus,
maximizing the investor’s value function is equivalent to

��	 eTA�ATe�(9)
5Similar assumptions are used by Campbell and Kyle (1993) and Wang (1993).
6In an extreme case, when the investor has infinite information capacity, she can process an infinite

amount of information, her inference of the fundamental factors becomes perfect, and � is zero. In
this case, the third term becomes zero.
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This term represents the variance in the investor’s belief about the value of her
portfolio. Note that � is determined by ��S�

T
S �
�1 through equation (3). In the

next section, I solve for the investor’s capacity allocation decision to maximize
this objective.

V. Capacity Allocation Problem

The capacity constraint determines a maximum rate of information in the sig-
nal flow processed by the investor. Following Sims (2003), I use the concept of
entropy from information theory to quantify the rate of information. 7 In informa-
tion theory, the uncertainty of a random variable X with a continuous probability
density function, f �x�, can be measured by its entropy, which is defined as

H�X� � �E 
��
 f �X�� � �

�
�
�� f �x��f �x�dx�

If X has a Gaussian distribution, N�X̄� 	2�, its entropy depends only on the loga-
rithm of the volatility parameter, H�X�� 
��	 + 0�5 
���2
e�, where e is the base
of the exponential function. It is intuitive that for a Gaussian distribution higher
uncertainty is associated with a larger variance.

The conditional entropy of X given another random variable Y is the expected
entropy of the conditional distribution, averaged over the conditioning random
variable Y. Let f �x� y� be the joint probability density function of X and Y, f �x�y�
be the conditional distribution of X conditional on Y, and g�y� be the marginal
density function of Y. The conditional entropy of X given Y is

H�X�Y� �

�
H�X�y�g�y�dy � �

� �
�
�� f �x�y��f �x� y�dxdy�

The amount of information that Y contains about X is defined as the reduction in
the uncertainty of X due to the knowledge of Y,

I�X ; Y� � H�X�� H�X�Y� �

� �
f �x� y� 
��

f �x� y�
f �x�g�y�

dxdy�

A nice and intuitive property of this information measure is that it is invariant
to any nonzero linear transformations of both variables X and Y.

Lemma 2. If random variables X and Y are transformed by any nonzero constants
a and b, respectively, the amount of information contained in bY about aX is the
same as the amount of information contained in Y about X: I�aX ; bY� � I�X ; Y�.

This property establishes entropy reduction as a useful information measure
that is independent of the scale of the underlying variables. It is particularly im-
portant for the multi-asset equilibrium, since different assets may have different

7For a reference on information theory, see Cover and Thomas (1991). Entropy is a widely used
concept in many scientific fields. In statistics, entropy is used for estimation of spectral densities. In
data compression, entropy is the lower bound on the average length of the shortest description of the
random variable. In computer science, entropy is related to the complexity of a string. Entropy is also
used in option pricing (see Stutzer (2000) for a review).
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scales and a parsimonious measure of information across assets is needed. Other
measures of information such as the precision of a signal may not possess this
property.

Using entropy reduction as the measure of information, I impose the infor-
mation capacity constraint as the maximum rate of entropy reduction that can be
achieved by the investor. Essentially, the capacity constraint is the maximum bits
per second (bps) in the signals processed by the investor. The following proposi-
tion states the investor’s capacity allocation problem.

Proposition 1. Given a fixed information capacity � (� � 0), the investor chooses
an optimal variance structure for the signal flows to solve

��	
��S�

T
S �
�1

eT��� + rIk�
�1��� + rIk�

�1�Te(10)

subject to (a) 1
2 tr

�
�
�
�S�

T
S

��1
�
� �� and

(b)
�
�S�

T
S

��1
is positive semi-definite�

(11)

The variance of the investor’s belief, �, is determined by �� S�
T
S �
�1 through

equation (3).

Constraint (a) is the capacity constraint on the rate of entropy reduction
caused by the signals. In constraint (b), I allow ��S�

T
S �
�1 to be positive semi-

definite since the investor may choose not to process any information about a
factor. Once the investor determines the optimal information structure of the sig-
nals, ��S�

T
S �
�1, she can solve both her inference problem and the consumption-

portfolio problem as illustrated in Section IV. Consequently, I obtain a multi-
asset equilibrium where the amount of information and asset prices are jointly
determined.

VI. The Equilibrium with Optimal Capacity Allocation

In the remainder of the paper, I focus on the equilibrium and its implica-
tions for the case where assets are independent, and I briefly discuss the more
general case with correlated assets in Section VIII. The framework developed in
the previous section for solving the investor’s capacity allocation problem does
not yield analytical solutions in general. For an arbitrary fundamental correlation
structure of assets, the factor loading matrix � is not necessarily diagonal. Since
the investor uses the correlated dividends to update her belief about fundamental
factors, the resulting belief variance matrix �, as a solution to the quadratic equa-
tion (3), is non-diagonal. Therefore, in the capacity allocation problem specified
in equations (10) and (11), both the objective function and the constraint are non-
linear functions of the choice variable ��S�

T
S �
�1. This greatly complicates the

problem and solving it would require numerical methods.
When assets are independent, both ��S�

T
S �
�1 and ��D�

T
D�
�1 are diagonal

and consequently � is also diagonal. This allows one to derive analytic solu-
tions to the capacity allocation problem and offers interesting implications on the
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consumption behavior and the cross-sectional properties of information process-
ing and price dynamics. Learning about asset-specific factors and their cross-
sectional implications are economically important. In reality, financial analysts
devote a significant amount of effort to follow individual companies in order to
provide investors with firm-specific information. This information has also been
one of the main drivers of the volatility of individual stocks. Campbell, Lettau,
Malkiel, and Xu (2001) document an increasing trend of idiosyncratic volatility
over the last 30 years, and show that the number of stocks needed to achieve
a given level of diversification increases over time. Given the importance of
asset-specific information, it becomes necessary to study both the learning pro-
cess about these asset-specific factors and how prices incorporate asset-specific
information.

Suppose that each of the m risky assets is driven by a fundamental factor
independent of those of the other assets. Then the asset factor loading matrix,
�, becomes diagonal, and assets are equivalent to fundamental factors. The in-
vestor treats information processing of individual assets as separate tasks, one
for each asset. Both � and ��S�S�

�1 become diagonal matrices. Denote e �
diagonal�e1� � � � � em�, �� diagonal��1� � � � � �m�, �� diagonal�
1� � � � � 
m�, � �
diagonal��1� � � � � �m�, �S�S � diagonal�	2

S1� � � � � 	
2
Sm�, �F�F� diagonal

�	2
F1� � � � � 	

2
Fm�, and �D�D � diagonal�	2

D1� � � � � 	
2
Dm�. Let �i be the ith diagonal

element in matrix 1/2���S�
T
S �
�1, �i ��i	

�2
Si �2. Thus, �i represents the amount

of information capacity that the investor allocates to asset (factor) i.
The capacity allocation problem in Proposition 1 can be rewritten as

��	
��i�

m	
i�1

e2
i �

2
i

�
i + r�2
�i��i�(12)

subject to (a)
m


i�1
�i � ��

(b) �i � 0 for i � 1� � � � �m�

where �i is given by

�i��i� �
�

�
i + �i�2	4
Di + 	2

Fi	
2
Di � �
i + �i�	

2
Di�(13)

Constraint (a) requires that the sum of the capacity allocated to each asset cannot
exceed the total capacity, while constraint (b) imposes that the investor cannot
allocate negative capacity to an asset, that is, information cannot be “unlearned.”
The positive root of equation (3) is � i in equation (13).

It can be shown that �i decreases monotonically with �i. As more capacity
is allocated to asset i, there is less uncertainty remaining in the investor’s belief.
If the investor allocates zero capacity to asset i, � i is at its maximum as she relies
solely on information in the dividend flow to form inferences about the asset’s
fundamentals. In the other extreme, if the investor allocates infinite capacity to
asset i, she will obtain a perfect signal on the asset’s fundamental factor. Further-
more, �i is a convex function of � i, that is, the marginal reduction in the belief
variance decreases as capacity increases.
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Theorem 2. There exists a unique solution to the investor’s capacity allocation
problem with independent assets. The allocation ���i � satisfies

�
e2

i �
2
i

�
i + r�2
��

i ��
�
i � � �� with equality if ��i � 0� � i � 1� � � � �m� and

m	
i�1

��i � ��

where � � 0 is the Lagrange multiplier of the total capacity constraint.

The Lagrange multiplier � can be interpreted as the marginal value of capac-
ity in reducing uncertainty. Asset i receives no capacity if the marginal reduction
of uncertainty from increasing � i is less than �. Given the total capacity con-
straint, � also represents an implicit cost of allocating capacity to an asset. The
implicit information cost complements the explicit cost analyzed by Verrecchia
(1982).

The optimal capacity allocation allows me to analyze how innovations to the
fundamental factor, Fi, are incorporated into the investor’s belief, F̂i, over time,
as in the following proposition.

Proposition 2. The joint dynamics of Fi and F̂i are described by

Fit � F̄i � �Fi0 � F̄i�e
��i t +

t�
s�0

e��i�t�s�	FidzFi�s��(14)

F̂it � F̄i � �Fi0 � F̄i�e
��i t + �F̂i0 � Fi0�e

���i+hi�t(15)

+

t�
s�0

e���i+hi��t�s� �i

	Di
dzDi�s�

+

t�
s�0

�
e��i�t�s�

�
1� e�hi�t�s�

�

	FidzFi�s�

+

t�
s�0

e���i+hi��t�s� �i

	Si
dzSi�s��

where hi characterizes the adjustment speed in the investor’s inference and it in-
creases with the capacity allocation, ��i ,

hi �

�
�
i + ��i �

2 + 	2
Fi�	

2
Di + ��i � 
i�(16)

The term associated with the fundamental innovation dzFi�s� in equation (14)
represents its remaining effect on the fundamental factor F i at time t. Due to
mean reversion, the effect decays exponentially at the rate 
 i. The term associated
with dzFi�s� in equation (15) represents its remaining effect on F̂i, the investor’s
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inference about Fi. It has an additional factor, 1 � e�hi�t�s�, compared with the
corresponding term in equation (14). This factor is between zero and one, and
it reflects the delayed response, or underreaction, in the investor’s inference to
fundamental shocks relative to that in the perfect information case. Figure 1 plots
the delayed response factor, 1 � e�hi�t�s�, for three different values of � i. When
the shock arrives at time s, the reaction is zero since the investor does not observe
the shock. Over time, the shock is gradually incorporated through the learning
process. The learning speed depends positively on the parameter h i, which in turn
increases with ��i . An increased capacity allocation allows the investor to process
more information and infer the unobservable fundamental innovations at a faster
speed.

FIGURE 1

Delayed Reaction to Fundamental Shocks
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VII. Implications

In this section, I build on the equilibrium analysis developed in Section VI
and discuss the effect of an information capacity constraint on consumption be-
havior and the cross-sectional properties of information and asset price dynamics.

A. The Effect on Consumption Behavior

Studies in the last 25 years examining the implications of the permanent
income hypothesis on aggregate consumption behavior yield considerable devia-
tions. Hall (1978) showed that if agents have full information and form rational
expectations, their consumption decision would reflect shocks to their future in-
come and changes in consumption should be unpredictable. However, Campbell
and Deaton (1989) and West (1989) point out that the aggregate consumption is
too smooth to be explained by permanent income theory. Campbell and Deaton
(1989) argue that consumption responds to innovations in income with a delay.
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Campbell and Mankiw (1990) show that changes in consumption can be predicted
by lagged variables.

My model provides a plausible economic rationale for consumption’s slow
adjustment to shocks. As equation (6) shows, the investor’s optimal consumption
rule follows a linear function of current wealth, similar to that of the permanent
income models. In contrast to the permanent income models, the investor in my
model does not perfectly observe the exact fundamental values of her asset hold-
ings; instead, she must make her consumption decision based on her perceived
wealth level. Given limited information processing capacity, her inference is im-
perfect. As a result, her consumption only adjusts to fundamental shocks to her
wealth with a delay.

The investor’s reaction speed increases monotonically with information ca-
pacity as discussed in Proposition 2. In the limit, when capacity is infinite and
the investor is able to instantaneously infer any fundamental innovations, her con-
sumption immediately adjusts to changes in her wealth. With a finite capacity, the
investor chooses to consume based on her best knowledge. Although consumption
is still a random walk in the probability measure based on the information pro-
cessed by the investor, namely, E�Ct+�t�F̂t� � Ct, consumption can be predicted
by an econometrician who possesses a greater information processing ability. If
the econometrician employs variables to form a better inference of the fundamen-
tal shocks to consumers’ wealth, these variables would naturally have predictive
power for future consumption. This seeming violation of the permanent income
hypothesis may be driven by the differences in information sets or, equivalently,
information processing capacities between consumers and the econometrician.

The optimal capacity allocation I derive in my model provides the social
optimal allocation with the most efficient use of information processing. In reality,
externalities that result in inefficient allocations may lead to even slower reactions
of aggregate consumption to fundamental shocks. Thus, the consumption rule in
my model provides an upper bound on how fast aggregate consumption can adjust
to innovations in the economy.

B. Cross-Sectional Implications

The investor’s capacity allocation determines the cross-sectional differences
in the information environments of stocks as well as their price dynamics. In
this subsection, I discuss these issues by focusing on the effects generated by the
cross-sectional differences across assets’ fundamental volatilities.8

For simplicity, suppose that all risky assets share the same parameters such
as �F̄� 
� 	D�, except for the fundamental volatility. I normalize the fundamental
volatility per share of an asset (	F) to be equal, as well as that of each asset’s
fundamental factor loading (�). The difference in the total fundamental volatility

8Another parameter that might be of interest is the mean reversion speed of assets’ fundamentals,
�i. A smaller value of �i implies that shocks to firm i are more persistent and thus more relevant for
the long-run fundamentals. It can be shown that, controlling for the other parameters, the investor
allocates more capacity to a stock with a smaller value of the mean reversion parameter. For the sake
of space, I omit the related implications.
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across assets is reflected in the difference in the number of shares of assets, e i.9

The following proposition establishes the difference in the capacity allocation
generated by the differences in fundamental volatility.

Proposition 3. For any two assets i and j in the portfolio, if asset i has a greater
total fundamental volatility, then � i � �j. As a result, there is less uncertainty in
the investor’s belief about asset i: �i � �j.

Figure 2 further illustrates the capacity allocation in a two-asset example
with three different levels of total capacity. When the ratio between the two assets’
total fundamental volatility, e1�e2, has an intermediate value, both assets receive
positive allocation, and the percentage of capacity allocated to asset 1 increases
monotonically with e1�e2. When e1 is either too small or too large relative to
e2, corner solutions emerge: the investor allocates all or none of the capacity to
asset 1. In particular, when the investor is extremely capacity constrained (small
�), slight differences in fundamental volatility can result in dramatically different
capacity allocations. When the total capacity increases, the capacity allocation
becomes less sensitive to the difference in fundamental volatility.

FIGURE 2

Optimal Capacity Allocation in a Two-Asset Example
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1. Supply of Information

Proposition B suggests that larger stocks, which usually have more total fun-
damental volatility, are likely to receive more attention from investors. This is
consistent with casual observations on the supply of public information. In re-
sponse to investor demand for information, large stocks and industry leaders typi-

9This rescaling does not change the capacity allocation problem since capacity measured using
entropy is scale independent (see Proposition 2). Also note that the number of shares, ei, after the
normalization could be different from the actual number of shares outstanding depending on the nor-
malization factor. Note that ei measures the units of fundamental volatility and captures the relative
difference in the total fundamental volatility of assets. Subsequently, all per share variables should be
interpreted as per unit of fundamental volatility.
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cally receive much more attention from the financial media and the popular press.
They also receive more coverage from sell-side analysts, such as more frequent
recommendations and earnings forecasts. In fact, Grant (1985) finds that NYSE
firms have a significantly greater number of interim news items in The Wall Street
Journal than OTC firms. Shores (1990) investigates Nasdaq companies and finds
that coverage by The Wall Street Journal increases monotonically with firm size,
with a correlation coefficient of 0.46. Barth, Kasznik, and McNichols (2001)
show that the correlation between the logarithm of the market value of stocks and
the number of analysts covering a firm is 0.79. 10

It is useful to note that news from sources such as The Wall Street Journal
and the New York Times and reports from many sell-side analysts are public infor-
mation and are widely accessible by many market participants. The demand for
such information is largely driven by the need of investors to reduce uncertainty
faced in their portfolio and consumption decisions, as analyzed in this model. The
supply of this public information is different from the acquisition of nonpublic
information emphasized by microstructure models in which speculative trading
profits are the key determinant.

2. Speed of Price Adjustments

A larger capacity allocation to a stock is directly reflected in the speed of its
price adjustments to fundamental shocks. According to the discussion in Section
VI, the investor gradually processes information to incorporate the effects of fun-
damental shocks into her inferences about the assets’ fundamentals. As a result,
the equilibrium prices, which are determined by the investor’s belief as in Theo-
rem 1, also exhibit a delayed reaction to fundamental shocks. In particular, this
delay decreases with the capacity allocated to an asset. Since larger stocks tend
to attract more information capacity, their prices should incorporate fundamental
shocks at faster speeds and therefore become more informative. This is consis-
tent with the empirical findings. Collins, Kothari, and Rayburn (1987) find that
while larger firms’ stock prices contain valuable information about future earn-
ings, there is no significant relation between prices and future earnings for small
firms. Freeman (1987) finds that security prices of firms in the largest size quar-
tile start to reflect future earnings three months earlier than those in the smallest
quartile, and this difference in price informativeness is statistically significant.

3. Effect of the Firm’s Disclosures

The capacity allocation to a stock also affects the magnitude of its price
reaction to surprises in the firm’s disclosures. From equations (2) and (4), changes
in a stock’s price can be expressed as

dPi�F̂i� �
1


i + r
dF̂i�t

� �

i


i + r

�
F̂i�t � F̄i

�
dt +

1

i + r

�i

	2
D�i

dwD�i +
2�i


i + r
dwS�i�

10There are other factors that might also determine the degree of analyst coverage, such as institu-
tional ownership, the investment banking or market making opportunities for the brokerage house that
the analyst is associated with, and cost of coverage (see, for example, Brennan and Hughes (1991)).
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The dividend shocks, dwD�i, can be interpreted as information revealed by firms’
voluntary disclosures such as earnings announcements. The magnitude of price
reaction to dividend shocks is proportional to � i�	

2
D�i. It is easy to show that this

magnitude decreases with the capacity allocation, � i. Intuitively, if �i is higher
the investor has less uncertainty about the fundamental factor Fi�t, and she will
put a smaller weight on dividend news when updating her inferences. Hence, the
price responds less to dividend surprises. In this sense, information processed
by the investor preempts information in the firm’s future public disclosures and
smoothes out the responses of stock prices.

To the extent that larger firms tend to receive more capacity allocation, my
model implies that their prices react less to earnings surprises of a given magni-
tude. Atiase (1985), Shores (1990), and Lobo and Mahmoud (1989) show that
stock return variability at earnings announcements is inversely related to firm size
and analyst coverage. Freeman (1987) further shows that for a given level of
earnings surprise, small stocks have greater price reactions than large stocks.

4. Alternative Mechanisms

The cross-sectional differences in the price informativeness of stocks may
also depend on the amount of private information acquired by speculators. Since
larger stocks may have a greater number of noise (or liquidity) traders, they might
also induce more information acquisition or more aggressive trading by specula-
tors. Whether this leads to more informative prices in equilibrium is determined
by the trade-off between the increase in noise trading and the corresponding in-
crease in informed trading. The net effect is to depend crucially on market struc-
ture. Kyle (1984) studies an imperfectly competitive equilibrium with risk-neutral
informed traders and market makers. He shows that increased noise trading may
give rise to more entry of informed traders and their competition improves price
informativeness. On the other hand in a competitive equilibrium with risk-averse
traders, Grossman and Stiglitz (1980) demonstrate that when noise trading in-
creases, the increase in the proportion of informed traders will exactly offset the
effect of noise trading, thus the equilibrium price informativeness remains un-
changed (Theorem 4 in their paper). In models with imperfect competition and
a fixed number of risk-neutral informed traders, Kyle (1984), (1985) also shows
that, although informed traders trade more aggressively as the amount of noise
trading increases, the price informativeness does not change in equilibrium.

Nevertheless, it is an important empirical issue to disentangle the cross-
sectional effects caused by investors’ capacity constraints from those caused by
private information acquisition. Such an analysis would require careful controls
for market structure, fundamental volatility, and intensity of noise trading.

VIII. Further Discussion

Investors’ capacity allocations can also affect the correlation of stock prices,
but to explicitly analyze such an effect in the current framework requires solving a
series of nonlinear equations that are typically not tractable as discussed in Section
VI. Intuitively, when there are common factors among asset fundamentals, a
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capacity-constrained investor allocates attention across both common and firm-
specific factors. When aggregate uncertainty becomes large, the investor may
choose to shift more attention to common factors, resulting in an amplification
of comovements at such times. When the total capacity is below a certain level,
the investor will only analyze the common factors and ignore firm-specific factors
that result in categorization behavior such as style investing discussed by Barberis
and Shleifer (2002). These implications are analyzed in Peng and Xiong (2004).

While my model studies a stationary equilibrium, the results are also use-
ful in predicting how the capacity allocation of investors may react to changes in
the fundamental uncertainty of assets. For example, a distressed company, which
experiences a decline in its market capitalization, may face more uncertainty per
dollar of the capitalization. Whether it is worthwhile to devote more capacity to
the company relative to other firms with a similar size depends on the total un-
certainty the company faces. When the capacity allocation changes over time in
response to changes in the economic environment, it may also be important to
consider the cost in adjusting capacity allocation. If investors have more experi-
ence in analyzing one type of company, reallocating capacities to other types of
companies may be costly.

This paper highlights the effects of capacity-constrained learning in a model
with a representative investor. While it is a challenging task to solve the problem
of the capacity allocation of investors in a model with many investors, the cur-
rent framework provides a useful foundation to analyze additional implications
that may be generated by the interaction among investors. An interesting feature
is that an investor can choose to free ride on the information revealed through
prices, rather than to process information herself. However, learning from prices
is not exactly free, since doing so requires knowledge of the structure of the mar-
ket including the presence and risk preference of other traders, their information
quality, and the intensity of liquidity trading (see Grossman and Stiglitz (1980)).
It also takes time and attention for investors to analyze market conditions that
may change randomly in reality. Thus, in a decentralized model an investor’s
problem involves allocating attention between processing her own fundamental
information and extracting the information of others from prices. Such a model
may generate further implications on trading among investors in addition to the
information dynamics analyzed in the current model.

Another important feature of the investor’s learning process is about “learn-
ing what to learn.” This model, along with the standard rational expectations equi-
librium models, assumes that the investor knows the structure of the economy and,
more precisely, the processes and parameters that determine the evolution of asset
fundamentals. Investors in the real world often face uncertainty about their model
of the economy, thus they may not know which types of information are worth
processing. Recent theoretical work applies the techniques of robust control to
analyze agents’ robust decision rules under potential model misspecification (see
Hansen and Sargent (2004) for a review). Facing model uncertainty, a capacity-
constrained investor may devote her attention to reducing model errors, as well as
to decreasing fundamental uncertainty.
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IX. Conclusion

This paper provides a continuous-time equilibrium model to analyze the
learning process of a representative investor with a limited information process-
ing capacity. Facing multiple sources of fundamental uncertainty, the investor
optimally allocates her capacity across various sources to minimize her wealth
uncertainty and to make intertemporal consumption decisions more efficient. The
paper shows that the capacity constraint generates delayed consumption behavior.
In addition, the model predicts that assets with greater total fundamental volatil-
ity will attract more capacity allocation from the investor. Thus, they generate
a greater supply of information, their prices incorporate fundamental shocks at a
faster speed, and their prices exhibit less volatility to exogenous announcements
by firms. These implications are consistent with empirical findings in the litera-
ture.

Appendix for Proofs

A. Proof of Lemma 1

I apply Theorem 12.7 in Liptser and Shiryayev (1978) to derive that

dF̂ � ���F̂ � F̄�dt + ��T
�
�D�

T
D

��1
�dD� �F̂dt�

+ �
�
�S�

T
S

��1
�dS � F̂dt��

d�t � ��� ���T + �F�
T
F ���T

�
�D�

T
D

��1
��T(A-1)

��
�
�S�

T
S

��1
�T �

Note that only D�t� and S�t� are in the investor’s information set It. The innovations zF�t�,
zD�t�, and zS�t� are not. I denote the normalized surprises from the dividend flow and the
signal flow as

dwD � ��1
D

�
dDt � �F̂tdt

�
� dwS � ��1

S

�
dSt � F̂tdt

�
�(A-2)

These surprises are in the information set, It, and are mutually independent standard Wiener
processes. I can rewrite the investor’s conditional belief F̂ as a diffusion process in It, and
obtain equation (2). In a stationary equilibrium, �t becomes constant and its value is
determined so that the right-hand side of equation (A-1) is zero.

B. Proof of Theorem 1

To solve the equilibrium, I conjecture an equilibrium price function and solve the
investor’s consumption and portfolio problems. In equilibrium, the conjectured price func-
tion is verified using the market-clearing condition. This approach is similar to that of
Campbell and Kyle (1993) and Wang (1993).

Given the investor’s information set, It, the state variables in the asset markets are the
investor’s conditional beliefs, F̂t. I conjecture that asset prices are affine functions of F̂,

P�F̂� � AF̂ + B�(A-3)
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where A is a m� k matrix, and B is a m�1 vector. Based on this price function, the excess
return process can be derived as a diffusion process in the investor’s information set,

dQ � dP + dD� rPdt � �dt + �dw�(A-4)

where

� � ��A� + �� rA�F̂ + A�F̄ � rB�(A-5)

� �
�

A��T��1
D + �D A���1

S

�
� and(A-6)

w �
�

wT
D�w

T
S

�T
�

where �m�1 represents the risk premia, �m��m+k� is the matrix of return volatility, and
w�m+k��1 represents the innovations to the return processes.

Following Merton (1971), I solve the investor’s problem using the Bellman equation,

0 � ���
C�X

u�C�� �J + JW�rW � C + XT�� +
1
2

JWWXT��TX�

The following first-order condition can be derived as

u��C� � JW �

X �
Jw

�JWW
���T��1��

The value function is solved as

J�W� � �
e�r�W

r�
���

�
1
r

�
r � � �

1
2
�T���T��1�

��
�(A-7)

X �
1
r�

���T��1�� and(A-8)

C � rW �
1
r�

�
r � � �

1
2
�T���T��1�

�
�(A-9)

The market-clearing condition X � e implies that the equilibrium risk premium is

� � r���Te�(A-10)

Using the definition of ��T from equation (A-6), combined with the stationary level of
the variance-covariance matrix of the belief, �, in equation (3), I decompose the variance-
covariance matrix of the asset returns, ��T , and express it as in equation (5).

Based on equations (A-5) and (A-10), the constant vectors A and B can be derived as

A � ��� + rIk�
�1 and B � r�1A�F̄ � ���Te�(A-11)

Thus, the equilibrium asset prices are given in equation (4).
To determine the optimal variance-covariance structure of the signal flow under the

capacity constraint, I examine the relation between the investor’s value function and the
variance-covariance structure in the signal flow. The return variance enters the investor’s
value function from two sources that equation (A-7) shows. The first is the squared Sharpe
ratio, �T���T��1�. The second is the investor’s wealth, W, which is the sum of the
investor’s cash holding, K, and asset holding, eTP,

W � K + eTP � K + r�1eT�F̄ + eT��� + rIk�
�1�F̂ � F̄�� �eT��Te�(A-12)

Substituting the investor’s wealth and the equilibrium risk premium, the value function can
be expressed as in equation (8).
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C. Proof of Lemma 2

Define X� � aX and Y � � bY . The joint density function of X� and Y � is

fX�Y��x
�� y�� �

1
ab

f �x�	a� y�	b��(A-13)

The marginal density functions of X� and Y � are

fX��x
�� �

1
a

f �x�	a�� fY��y
�� �

1
b

g�y�	b��

Then the amount of information of bY to aX is given by

I�aX�bY� � I�X��Y �� �

� �
fX�Y��x

�� y�� �	

fX�Y��x

�� y��
fX��x��gY��y��

dx�dy�

�

� �
1
ab

f �x�	a� y�	b� �	

f �x�	a� y�	b�

f �x�	a�g�y�	b�
dx�dy�

�

� �
f �x� y� �	


f �x� y�
f �x�g�y�

dxdy � I�X ; Y��

D. Proof of Proposition 1

The entropy of a vector of the random variable X � �x1� x2� � � � � xn�, with a joint
normal distribution, N�X̄� �X�, is

H�X� �
1
2
�	
 ��X� +

n
2
�	
�2
e��

Since the investor’s belief has a multivariate Gaussian distribution, the rate of change in
the entropy of the investor’s belief is

1
2

d �	
 ���
dt

�
1
2

vec

�
d

d�
�	
 ���

�T
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�
d�
dt

�

�
1
2
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�
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dt

�
�

1
2

tr

�
���1�T d�

dt

�
�

In this derivation, I use the formula, d��	
 ����	d� � ���1�T .
Substituting d�	dt with equation (A-1), I have

1
2

d �	
 ���
dt

�
1
2

tr
�
���1�T�F�

T
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�
�

1
2
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�
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�
�D�

T
D

��1
��T

�
�

1
2
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��
�S�

T
S

��1
�T

�
�

The last term represents the rate of entropy reduction caused by the signals processed by the
investor. The amount of information processed by the investor per unit of time is bounded
by her information capacity, 1/2 tr����S�

T
S �
�1� � �.
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E. Proof of Theorem 2

Since the choice set for ��1� � � � � �k� specified by the capacity constraint is bounded
and closed, the solution to the optimization problem always exists according to the Weier-
strass theorem. Furthermore, the set is also convex. The objective to be minimized is a
linear combination of �i, and �i is a convex function of �i. Thus, the objective is jointly
convex with respect to ��1� � � � � �k�. As a result, the minima must be unique.

I prove by contradiction that the capacity constraint is binding for any optimal solu-
tion to the capacity allocation problem. Define the optimal solution as X� � ���1 � � � � � �

�
k �.

If
	k

i�1 �
�
i � �, then I can always find a positive number Æ, so that ��m � ��m + Æ and	k

i ��m �
�
i +��m � �. I define the new solution vector as X�����i � for i�	 m ; ��m� for i�m�

and the objective function in equation (12) as Q�X�. Since �m decreases with �m, I have
�m��

�
m� 
 �m��

�
m�. Then Q�X�� 
 Q�X��. Thus, any solution where the capacity con-

straint is not binding cannot be an optimal solution to the capacity allocation problem.
The first-order conditions are a direct application of Kuhn-Tucker conditions.

F. Proof of Proposition 2

Combining equations (1) and (2), I have the following linear system of diffusion
equations,

dFi � ��i �Fi � F̄i� dt + �FidzFi� and(A-14)

dF̂i �


hi �Fi � F̄i�� ��i + hi�

�
F̂i � F̄i

��
dt +

�i

�Di
dzDi +

�i

�Si
dzSi�(A-15)

where hi is a constant as defined in equation (16). It is easy to verify Fi in equation (14)
as the solution to equation (A-14). To solve for F̂i, I define gi � F̂i � Fi as the error of the
investor’s belief. From equations (A-14) and (A-15), I have

dgi � ���i + hi�gidt � �FidzFi +
�i

�Di
dzDi +

�i

�Si
dzSi�

The solution for the error term is

git � gi0e
���i+hi�t �

t�
s�0

e���i+hi��t�s��FidzFi�s�

+

t�
s�0

e���i+hi��t�s� �i

�Di
dzDi�s� +

t�
s�0

e���i+hi��t�s� �i

�Si
dzSi�s��

The error mean reverts at the rate �i + hi. Since F̂i � Fi + gi, I can solve for the investor’s
belief F̂i as given in equation (15).

G. Proof of Proposition 3

I prove this by contradiction. Assume that �i � �j. The first-order condition in
Theorem 2 implies that e2

i �
�
i ��i��e2

j �
�
j ��j� for any interior solutions. From differentiating

equation (13), I obtain ����� � 0 and ������ 
 0. With all the other parameters being
the same, �i � �j implies that ��

i ��j� � ��
j ��j� � 0. Since ei 
 ej, e2

i �
�
i ��i� � e2

j �
�
j ��j�

and this contradicts the first-order condition. Therefore, the investor always allocates more
capacity to asset i: �i 
 �j. This directly implies that �i � �j.
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