
J. Plasma Physics (2014), vol. 80, part 3, pp. 417–423. c© Cambridge University Press 2013

doi:10.1017/S0022377813001384

417

On error field penetration processes in magnetic
island mode locking

H. H. Wang1, Z. X. Wang1† and X. G. Wang2

1MOE Key Laboratory of Materials Modification by Beams, School of Physics and Optoelectronic
Engineering, Dalian University of Technology, Dalian 116024, China

2School of Physics, Peking University, Beijing 100871, China

(Received 1 September 2013; revised 14 October 2013; accepted 21 October 2013;

first published online 13 December 2013)

Error field penetration processes in magnetic island mode locking with the time-
varying and fixed boundary perturbations are investigated numerically by using a two-
dimensional resistive magnetohydrodynamic model in slab geometry. The evolution
of various poloidal torques on the rational surface in the processes is analyzed in
detail. In particular, three different states with the fixed boundary perturbations, viz.
below the threshold (nearly locked regime), on the threshold (just locked regime), and
above the threshold (strongly locked regime), are discussed and compared with the
physical processes of the Rutherford regime.

1. Introduction
Theoretically, the magnetic field is designed to be well embedded in toroidal plasmas.

However, mismatches in the processes of winding, connecting, and assembling the
magnetic coils and other parts, and the ferromagnetic materials of the vacuum
chamber always produce the so-called error fields, whose intensity is about 10−3 to
10−5 of toroidal magnetic field (Callen 2011). Error fields slow down the plasma flow
velocity so as to induce the locked modes that degrade the density and temperature
confinements and even lead to major disruption.

Error field-locked modes have motivated extensive investigations in experiments,
theoretical analyses, and numerical simulations since the early 1990s. Relevant
experimental investigations in various tokamak devices, such as COMPASS (Hender
et al. 1992; Buttery et al. 1999), JET (Fishpool and Haynes 1994; Buttery et al.
1999; Buttery et al. 2000; Lazzaro et al. 2002), TEXTOR (Wolf et al. 2005), DIII-D
(Buttery et al. 1999), C-Mod (Wolfe et al. 2005), J-TEXT (Hu et al. 2012; Jin et al.
2013), etc., have been carried out by applying resonant perturbation magnetic fields
(i.e. RMPs) under different conditions, for example, ohmic heating (Hu et al. 2012;
Jin et al. 2013), neutral beam injection (NBI) (Fishpool and Haynes 1994; Lazzaro
et al. 2002), and other auxiliary heating techniques (Wolfe et al. 2005). All these
experiments provided a primary concern for theoretical and numerical researches.
Recent theoretical investigations have covered from one- to three-dimensional results
in the frames of magnetohydrodynamic (MHD), two-fluid, and kinetic models (Jensen
and Leonard 1991; Boozer 1996; Ma et al. 1996; Wang and Bhattacharjee 1997;
Waelbroeck et al. 2012). Nonetheless, majority of the works are on the linear analysis.
In the numerical aspect, the simulation investigations started in the early 1990s (Parker

† Email address for correspondence: zxwang@dlut.edu.cn

https://doi.org/10.1017/S0022377813001384 Published online by Cambridge University Press

https://doi.org/10.1017/S0022377813001384


418 H. H. Wang et al.

1992), and have became an important tool to predict the real experiments recently
(Fitzpatrick 2003; Zha et al. 2005; Yu et al. 2008; Yu et al. 2009; Xu et al. 2011;
Liu et al. 2012). However, most of the previous studies have focused on seeking the
locked mode thresholds, and the evolution process in different regimes still needs to
be further understood. One of such prominent problems is the Rutherford regime of
error field penetration. The Rutherford regime originated from the classic nonlinear
tearing mode theory (Rutherford 1973). Recently, the Rutherford island evolution
equation has been employed in the neo-classic tearing mode analysis with the effects
of bootstrap current, poloidal current, and externally applied current drive terms
(Mirnov et al. 1999; Hender et al. 2007). The Rutherford model was also applied in
error field-locked modes in 1990 (Nave and Wesson 1990), and subsequently series
of relevant theoretical investigations were conducted (Fitzpatrick 1993; Wang and
Bhattacharjee 1997; Fitzpatrick 1998). However, direct simulations of the error field
mode locking process in the Rutherford regime are still needed to further understand
the process.

In this study, we investigate the error field penetration processes in the Rutherford
regime mode locking. Both time-varying and fixed boundary perturbations are applied
to explore island evolutions. The time evolutions of poloidal torques and poloidal
flow velocity on the rational surfaces are presented. Besides, three initial states of
different mode locking regimes are discussed in detail. Section 2 describes the model
and equilibrium, and Sec 3 presents numerical results with time-varying and fixed
boundary conditions. Finally, conclusions are given in Sec 4.

2. Model and equilibrium
In this work, we employ a two-dimensional resistive MHD model in slab geometry

(Wang et al. 2007; Wang et al. 2008), where a sheet pinch layer of current flowing
along the z-direction is applied. The equations are given as follows:

∂p

∂t
= −u · ∇p − γp∇ · u, (1)

ρ
∂u
∂t

= −u · ∇u − ∇
[
p + B2

/
2
]
+ μ∇2u, (2)

∂ψ

∂t
= −u · ∇ψ + η∇2ψ. (3)

Here the density ρ is constant, p denotes the pressure, and u denotes the plasma
flow velocity. The magnetic flux function, ψ, is denoted by B = ∇ψ × ẑ, where B is
the magnetic field, η and μ are plasma resistivity and viscosity, respectively, and γ is
the adiabatic coefficient. All the quantities are normalized as x → x/a, t → t/(a/VA),
p → p/ρV 2

A , u → u/VA, ψ → ψ/(aB0), μ → μ/(aρVA), η → η/(aμ0VA), where
VA = B0/

√
μ0ρ and a are the poloidal Alfvén velocity and the tokamak plasma minor

radius, respectively. The initial equilibrium and boundary conditions are employed as
in Fitzpatrick (2003).

3. Numerical results and analysis
The code has been benchmarked in an earlier paper (Wang et al. 2013) according

to the first typical example reported in Fitzpatrick (2003). In the following, we first
investigate the mode locking process with the time-varying boundary perturbations
in the Rutherford regime, and then discuss three different initial states with fixed
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Figure 1. (Color online) (a) Time evolution of the azimuthally averaged poloidal velocity
(AAPV),V , on the rational surface and relevant island width,W , where the island width is the
length with the simulation width,Xw = ±2.5. (b) Time evolution of the decomposed averaged
torque in the poloidal direction on the rational surface, EM is the electromagnetic torque

(−∇2ψ
∂ψ

∂y
), CONVT1 is the inertia torque 1 (−u ∂v

∂x
), CONVT2 is the inertia torque 2 (−v ∂v

∂y
),

PRESSURE is the pressure torque (− ∂p

∂y
), VS is the viscous torque (μ∇2v), and TOTAL is the

resultant torque of above torques in the poloidal direction. For the convenience of readability,
the torque terms are replaced by force in the above parentheses.

boundary perturbations: below the threshold (nearly locked regime), on the threshold
(just locked regime), and above the threshold (strongly locked regime). The resistivity
and viscosity are adopted as η = 10−4 and μ = 10−3.

3.1. Time-varying boundary perturbation

The time-varying boundary condition is employed as ξ = ξ0t , where ξ is the boundary
perturbation strength and ξ0 = 10−6. In the previous investigation, i.e. Fitzpatrick
(2003), the scalings of error field penetration thresholds are determined by a variety
of parameters. The normalized resistivity and viscosity employed in Fitzpatrick (1998)
show R > 1 (R = κ1/5τ

1/15
H τ

−1/30
R τ

−1/30
V ), which indicates that the Rutherford regime

holds. Conventionally, in tokamak plasmas, the most unstable tearing mode is 2/1
or 3/2 mode, thus we may assume q = rBφ/RBθ (r) ≈ 2, r/R ≈ 1/4, a = 2rs , and
μ(r) = μ(rs) = μ, where rs is the rational surface viscosity. Then we obtain R ≈ 1.58
under the condition that resistivity, η = 10−4, and viscosity, μ = 10−3. Furthermore,
R > 1 corresponds to μη > 10−13, and even both normalized resistivity and viscosity
are as big as unity. The maximum value of R is only R ≈ 2.7, which indicates that R

cannot be very large. Comparing (59) with (42) in Fitzpatrick (1998), we then obtain,

ξ̂Rc

ξ̂VRc

=
1.167P 1/3Q0R

3

1.026P 1/3Q0R5/2
= 1.137R1/2 ≈ 1.43, (4)

whereξ̂Rc andξ̂VRc are the normalized critical error field amplitudes in the Rutherford
and visco-resistive regimes, respectively.

Here we present an example to describe the time evolutions of the island growth,
the poloidal velocity, and various poloidal torques on the rational surface. As shown
in Fig. 1(a), the processes may be divided into three stages: before locking, in which
the island with low amplitude grows slowly; on locking, where island rises suddenly;
and after locking, where the island with high amplitude grows slowly again. It is
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Figure 2. (Color online) (a) Time evolution of AAPV, V , distributed in the x-direction (radial
direction) with initial velocity, V0 = 0.01, and boundary perturbation value, ξ = 10−6t . (b)
Time evolution of azimuthally averaged poloidal resultant torque distributed in the x-direction
(radial direction).

Figure 3. (Color online) Critical boundary perturbations, ξc , and island widths, Wc , obtained
in different initial poloidal velocities, V0. The symbols represent the data, and the lines are the
fit curves.

found by comparing Fig. 1(b) with Fig. 2(b) that the poloidal electromagnetic (EM)
and viscous (VS) torques are much larger than others. Note that both EM and
VS torques grow slowly before the locking, grow up suddenly once the locking
occurs, and finally decrease slowly after the locking. This is a complete process
with the time-varying boundary perturbation condition. Furthermore, we find that
|∂p/∂y| � |v∂v/∂y| � |u∂v/∂x|, where u is the x-component (radial) and v is the
y-component (poloidal) of the velocity.

We then discuss the scaling in the Rutherford and visco-resistive regimes through
series of initial velocities and error field-locked mode thresholds. According to the
theory (Fitzpatrick 1998) and simulation parameters, the Rutherford regime requires
V0 � 0.043 with locked mode threshold arising at 2/5 of its initial velocity. The
fitted curve of the Rutherford regime is ξc = 2.00 V0 in Fig. 3. The theoretical
threshold of visco-resistive regime is ξc = 2.07 V0. Thus, roughly speaking, the scaling
of the Rutherford regime approximately equals to the scaling of the visco-resistive
regime, which is similar to that in Fitzpatrick (2003) based on parameters under the
R > 1 condition. Besides, according to the previous analysis, nonlinear stage appears
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Figure 4. (Color online) (a) Time evolution of AAPV, V on the rational surface applied
with the identical initial velocity, V0 = 0.01 in three different regimes such as below the
threshold (nearly locked regime, case 1), on the threshold (just locked regime, case 2), and
above the threshold (strongly locked regime, case 3) denoted by hollow symbol-lines; the solid
symbol-lines represent the relevant island width, W , evolution. The horizontal dash-dotted line
represents the maximum value of the linear layer width. (b) The corresponding time evolution
of the azimuthally averaged poloidal resultant torque on the rational surface (TOTAL).

once the island width exceeds the linear layer width (Rutherford 1973; Fitzpatrick
1993; Fitzpatrick 1998; Kikuchi et al. 2006). The corresponding linear layer of the

Rutherford regime is the visco-resistive layer, which is δVR = τ
1/3
H τ

−1/6
R τ

−1/6
V rs ≈ 0.068rs

based on the parameters adopted. Shown in Fig. 3, the nonlinear phase can be easily
reached. Thus, above parameters are in the Rutherford regime, corresponding to the
previous theoretical analysis (Fitzpatrick 1998). In addition, the dependence of the
critical locked island widths on the corresponding velocities matches well with the
theoretical result in Fitzpatrick (1998).

Fixed boundary perturbation

The simulation with fixed boundary perturbations can reveal the time evolution of the
islands in the Rutherford regime. To better understand the process of the Rutherford
regime, we consider three different states: below the threshold (nearly locked regime),
on the threshold (just locked regime), and above the threshold (strongly locked
regime). Since the island width is larger than the maximum value of the linear

layer width, δVR = τ
1/3
H τ

−1/6
R τ

−1/6
V rs ≈ 0.068rs , as shown in Fig. 4(a), all the three

states are in the Rutherford regime. It is also indicated in Fig. 4(a) that the island
evolutions display oscillation characteristics in the early period, which are similar to
the theoretical prediction (Ma et al. 1996; Fitzpatrick 1998). The island is in the low
amplitude saturation process in the nearly locked regime, whereas the island grows
fast once the rational surface is locked to the island and then saturates with a high
amplitude in the strongly locked regime. Meanwhile, the corresponding azimuthally
averaged poloidal velocities (AAPVs) and total poloidal torques also oscillate, as
shown in Figs. 4(a) and (b). Moreover, it is clear that the oscillating islands are
larger than the linear layer width even when they oscillate to the minimum values.
It is found by comparing the various poloidal torques in Fig. 4(b) that the resultant
torque is mainly composed of EM and VS torques, which are similar to the case
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of time-varying boundary perturbations. In addition, AAPV shows similar evolution
trend once the error field amplitude exceeds the locked mode threshold.

4. Conclusions
We have numerically investigated the error field penetration process in the magnetic

island mode locking by using a two-dimensional resistive MHD model in slab
geometry. In the case of the time-varying boundary condition, the time evolutions
of islands, flow velocities, and various torques are presented and the various torques
on the rational surface are compared. Moreover, it is found that the scaling of the
Rutherford regime is similar to that in visco-resistive regime. In the case of the fixed
boundary condition, different physical processes in three types of initial states in the
Rutherford regimes are illustrated through numerical simulation. Such investigations
may apply time-scale estimates for plasma responses to error field correction (EFC)
and RMP in tokamak experiments.
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