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Suppose there are n players, with player ¢ having value v; > 0, and suppose that a game
between ¢ and j is won by ¢ with probability v;/(v; +v;). In the winner plays random
knockout tournament, we suppose that the players are lined up in a random order; the
first two play, and in each subsequent game the winner of the last game plays the next in
line. Whoever wins the game involving the last player in line, is the tournament winner.
We give bounds on players’ tournament win probabilities and make some conjectures. We
also discuss how simulation can be efficiently employed to estimate the win probabilities.
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1. INTRODUCTION

Consider a contest with players 1,2, ..., n. Suppose that each player has a value, with player
i having value v;,7 = 1, ..., n. Suppose further that each game involves two players, and that
a game played by ¢ and j is won by ¢ with probability v;/(v; + v;).

The type of contest we consider is a random knockout tournament, which supposes that
the players are randomly assigned to positions 1, ..., n. The players in positions 1 and 2 play
a game in the first round, and in each of the following rounds r = 2,...,n — 1 the winner
of the previous round plays with the player in position 7 + 1. The tournament ends after
round n — 1 and the winner in that round is the winner of the tournament. We call this
tournament format the winner plays structure (see Figure la e.g., with six players). It is a
special case of what is known as a structured format, see [2,4,5], which is a tournament in
which the structure is fixed and players are randomly assigned to positions of the structure.
Figure 1b shows an example with six players, which in round 1 has a match between those
in positions 1 and 2 and one between those in positions 3 and 4, with the winners then
playing each other in round 2 and 5 playing 6 in round 2. The winners of round 2 then play
a game in round 3.

The paper [2] proved that for all structured formats, a stronger player has a higher
tournament win probability than a weaker player. That is, if v; > v; then the win probability
of i is greater than the win probability of j. The paper [1] studied non-structured random
knockout tournaments where the number of games in each round is specified and the games
are played by randomly selected players from all remaining players in that round. Bounds
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(a) Winner plays structure (b) Another structure

FIGURE 1. Two structures with six players. (a) Winner plays structure (b) Another
structure.

on players’ win probabilities were given in [1]. The paper [6] provided efficient simulation
algorithms for players’ win probabilities in non-structured random knockout tournaments.

In Section 2, we obtain lower and upper bounds on the players’ win probabilities. We
also present two conjectures, which are verified in special cases. The first conjecture is that
if P(W;) is the win probability of player 4, then v; > v; implies that P(W;)/v; > P(W;)/v;.
The second conjecture is that the best player’s win probability is less than or equal to
what it would be if the values of the other n — 1 players were all equal to the average of
their actual values. In Section 3, we discuss how simulation can be efficiently employed to
estimate the win probabilities.

2. BOUNDS ON THE PLAYERS’ WIN PROBABILITIES AND CONJECTURES

Consider the winner plays random knockout tournament. Let W; be the event that ¢ wins
the tournament, and let L; denote the position of player i in the random permutation. For
any set S of players, let W (S) be the winner of a winner plays random knockout tournament
whose contestants are those in S.

We first show that P(W;) is an increasing function of v;.

PROPOSITION 1: P(W;) is an increasing function of v;.

PROOF: Suppose there are two scenarios, the first with player i having strength v} and the
second with i having strength v? < v}, with the strengths of the others being the same in
both scenarios. Couple these scenarios by using the same ordering permutation, and the
same results for all games not involving i. For a game where ¢ plays j in both scenarios,
generate a random number U and let ¢ win in scenario 1 if U < v} /(v} + v;), and in scenario
2 if U < v?/(v? + v;). Since v} /(v} +v;j) > v2/(v? + v;), a win for 7 in scenario 2 implies
a win in scenario 1. Thus, if ¢ wins the tournament in scenario 2 then it will win the
tournament in scenario 1. Therefore, the win probability of ¢ in scenario 1 is greater than
or equal to the win probability of ¢ in scenario 2, which yields the result. [ |

The following theorem is a special case of the results in [2].

THEOREM 2: If v; > v; then P(W;) > P(Wj;).
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Theorem 2 immediately yields
COROLLARY 3: If v; decreases in i, then P(Wy) + -+ P(Wy) > k/n, k=1,...,n.
To obtain bounds on P(W;), we need two lemmas.

LEMMA 4: For a given set of players S, let U(S) be equally likely to be any of the players
in S. Then vy () is stochastically larger than vy (s).

PRrOOF: Renumber the playersin set S tobe 1,2, ..., |S|, with values so that vy > vy > ... >
vig)- Then P(U(S) = j) = 1/|5], j = 1,2,...,|S]. Using the notation X > Y to mean that
X is stochastically larger than Y, it follows from Corollary 3 that

PW(S) < k)= k/[S|=PU(S) <k), k=1,2...,]5],

showing that W (S) <g U(S). In addition, because v; is decreasing in 4, it follows that
VW (s) Zst VU(S)- [ |

LEMMA 5: For any set of players S and i,i ¢ S, we have

(Y 1 %
El— | < _— I
[UHFUW(S)] - |5|j€z;gvi+vj

PROOF: Using the previous lemma and the fact that v;/(v; + ) is decreasing in z, it follows
that Efv;/(vi +vw(s))] < Elvi/(vi + vy(s)y)] which proves the lemma. |

PROPOSITION 6: For fized i, let S = {1,...,i—1,i+1,...,n}, and let S; be the set of all
("J_l) subsets of St of size j. Also, for S C S, let vg+ = max{vy : k € S}. Then

2 i 1N 1 1 Vj Vi
P(W;) < — - — .
( z)—n;cl;[ivi+vk nZ(nfl) Z |S|r;3vi+vr H v; + v

scsi, kesSi-S

2 v; I~ 1 v; v;
PW;) > — + — _
(Wi) 2 n Ig vi+ve n Z (’?‘1) Z Vi + Vgt kel;[—s v; + Vg

_|_

<
[
w

ProOF: Condition on L;, the position of player i,
1 n
— > P(Wi|L; = j)
n -
Jj=1
S ey 2 ]
. ) n n—1 } }
(e S R () scsi, U TUWs) ] i gsiig Vit Uk

P(W;)

Ui

where the final equality follows from conditioning on the set of players preceding ¢ in the
random permutation.

The upper bound now follows from Lemma 5, and the lower bound follows because
Vw(s) < Vgt |

The amount of computation in the preceding bounds grows exponentially as the number
of players increases. The following gives a computationally simpler upper bound.
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PROPOSITION 7: Suppose v; decreases in i. With a;, b; ; defined as

1 (Y
az_n—lzvi—i—vk’

ki
i—1 — n (T—Q) v
bw:Z 2 + D AT
r=1 7’7 7]1 + Ur r=i+1 (?71) Vi +Ur
we have that
—1
2 v; 1 v 1% i
PW;) < — + — + — biiar™’
( 2)_ngvi+vk nv; + v nj;w’

where i* =n — I{i =n} and we are using the convention that () =0 if t > s.

PROOF: Fix 4, and let I;, be the k' one of players 1,...,i—1,i+1,...,n to appear in the

random permutation. Then, with I = (I3,...,[,—1), we have
1 — :
P(WiT) = — > P(WiL L; = j)
j=1
2 v 1 v oy
_ =z i - B 7 i I
ngvquuk n; ervW(Ih I l)kl—[v,Jrvlk

Hence,
n—1 n—1
2 1 v
PW;)=— + — E v !
ng vz—|—vk n;) Vi VW (L, 1 1) Py v; + U1,
o Deermmn]
N |V F VW (I, T 1)
2 1 v; [t Y
<= +=-> E - -
ngvz—l—vk n;) Vi + Umax(I4,....01;_1) kl_I v; + g,
1 .
+-F [ U } (1)
n v; + vmax(h I,—1)
where the inequality follows because wv; is monotone and W(Ily,...,I;_1) <
max(I1,...,I;_1). Now, it has been shown in [3] that I, ..., I,_1 are negatively associated,

which means that for increasing functions h and k
Eh(L,...,L)k(Ir41, ..oy In-1)] < Elh(Iy, ..., [)]Ek(Is1, ..oy In—1)]

Because v;/(vi + Vmax(1,,...,1,_,)) i an increasing function of Iy,...,I; ; and Hk_J v;/
(v; + vr,) is an increasing function of I;, ..., I,,_1, it follows from this negatively associated
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result that

n—1 n—1
plo i Qe[|
Vi + Umax(Ih,...,I; 1) sy Vi + vy, Vi + Umax(Ih,...,I;_1) jsy Vi + vy,

Continually employing the negative association result yields that

n—1 n—1
V; v Vi Vr. V; v
k—j 7 I i 1; k=j+1 7 Iy

v v nt v
S e B e
v + v, v; + VI k=12 Vi + g,
n—1 Vs
<. <L E 1} .
Thus, from equation (2),

(o el V; V; 1 V;
H <E{ } n—lzvi—km

v; + Umax(I1,....,I;—1) k=j v; + g, v; + Umax(I1,....,J;_1) —y

Consequently, from equation (1) and with i* =n — I{i = n},

n—1

2 v; 1 v; 1 v;
pm@<ng +§}ﬂ }n—1z%ﬁm

i v; + Vg n =3 Vi + Umax(I1,....,I;—1) i

1 (o

E’U’i + Ui*
Now, using the convention that (j) =0 if t > s, we have
r—1 n—1 . .
j— / i 9 lf r <
P(max([h...,ljil):r): (Jz) (]11) . |
(j*Q)/(j71>7 ifr>i

Hence, with

Vs i—1 (T—l) . n (7—2) v
b, = F i } = j—2 LA =2/ @
" v; + Umax(ll ..... I;—1) —1 (?:11) Vi + Uy r;rl (7;:11) Vi + Uy
and
1 V;
G@=——0>
n—1 oy Vi + Uk
we see that
2 v; 1 v 1l
P(W;) <= b = ) bijal
n - V; + Vg n v; + U= n
ki j=3
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Remarks:

1. Numerical results that illustrate the bounds are given in Table 1 in Section 3.2.

2. It is unknown to us whether P(W;) is a decreasing function of v;, j # 4. Intuitively the
statement seems reasonable, as increasing v; makes player ¢ less likely to beat player
J in a game. On the contrary, we notice that by increasing v;, player j may become
more likely to beat other stronger potential opponents of the player ¢, which may
increase P(W;). The paper [1] gave a counterexample to P(W;) being a decreasing
function of vy, j # i, for a structure with four players in which there are two games in
the first round, with the two winners then playing each other in the second round. If
the players’ strengths are v1 = 2, vy = 1,v3 = 1,v4 = 1/100, then P(W7) ~~ 0.518858.
If changing vy to 1/99, then P(W;) =~ 0.518861. However, we have not found any
counterexamples for the winner plays structure.

We now propose two conjectures regarding the players’ win probabilities and provide
evidence supporting these conjectures.

CONJECTURE 1: If v; > v; then P(W;)/v; > P(W;)/v;.

The conjecture can be proven when n <6 by a brute force approach that uses
Mathematica. We now prove the result in a special case.

PROPOSITION 8: If vy > vy =v3 =...=v, =v, then P(W;)/v; decreases in i.

PROOF: Since vy > vy = w3 = ... = v, = v, the result is equivalent to

P(Wy) - P(Wy) 1—P(W)
vy, — vy (n—1w’

which is then equivalent to
U1

P = S

To prove this, we condition on the position of player 1 and obtain

2 Ul n—1 1 n vy n—j+1
P(Wy) == - ,
(W) n(vl—l—v) +njz_;)<v1+v)

Thus,

vy
v+ (n—1)v

v n—1 1 n v
n \v; +v n,=3 v+ v

P(Wh)

[\

n—j+1 vy
: ) v+ (n—1)w
n—1 n—2
o N e (0w w
v+ v n o v + v v+ (n—1)v
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n—2
o N 1 vy 2 1 U1
T v on \v 4o vi+v v v+ (n—1)v
n—1
(% (% vV — U1 V1
=— - +
nv v+ (n—1v nv (m —|—v)

n—1
_ 1 —v U1 n v — Uy U1
nv v+ (n—1)wv nv (1}1 +v)

I U1 _ U1 n-l
o v+ (n— 1w v +v
V1 — U U1 el -
- - -1
nv (v +0)" (v + (n— 1)) [(v1 +0) (v1 4+ (n — 1)v)vi ™7
>0 -

If Conjecture 1 is true, it implies that if player ¢ is the best player, that is, the player
with the largest value, then P(W;) > v;/ > 1 _, v. (Because if P(W;) < v;/ Y ;_, vy then
th% conjecture im}z)lies thatn for all j #1i, P(W;) < P(W;)vj/v; <wv;/> p_,vr and thus
di—1 PW;) <325 v/ Yy vk = 1)

Second, we conjecture an upper bound for the best player’s win probability. The con-
jecture follows from the intuition that the best player, say player i, would rather have all
its opponents having the same strength (i) = 3, ; v;/(n — 1).

CONJECTURE 2: Under the winner plays structure, if v; = max; v;, then

2 v; n—1 1 n v; n—j+1
Pwy) < (Y L N .
W) <3 <Ui+@(i)) +n§(vi+@(¢)>

When n = 3, Conjecture 2 is algebraically proven in the appendix. Numerical evidence
for n <5 also supports the conjecture. Conjecture 2 may only hold for the best player and
need not hold for the other players. For a counterexample, suppose there are 3 players
with respective strength 4,1, 1. Then the win probability of player 2 is 23/150 = 0.153. On
the other hand, if each of players 1, 3 has the same strength (4 +1)/2 = 5/2, then the
win probability of player 2 becomes 22/147 = 0.150, which is smaller than its original win
probability.

3. EFFICIENT USE OF SIMULATION TO ESTIMATE WIN PROBABILITIES
3.1. Recursive equations for computing conditional win probabilities

Consider a winner plays structure with players 1,2,...,n. Let I = (Iy,1s,...,I,) denote
the random permutation of the players. Then in round 1 player I; plays with I3, and in
each of round » =2,...,n — 1 the winner of the previous round plays with player I, .
The conditional win probabilities given the permutation I can be computed recursively as
follows. Let E]k denote the event that the player in position j, that is, player I;, advances
to round k, k=1,2,...,n, where advancing to round k& means that the player has not
lost in the first £ — 1 rounds, and advancing to round n means that the player has won the
tournament. Since all players advance to round 1, and the player in position j automatically
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advances to round k for 1 < k < j < n, we have

1 o

PET) =1, j=12,...,n, (3)
k _ .
PE/D =1 1<k<j<n (4)
Conditioning yields,

P(EF|T) PEST'D)—*—, k=23,...,n. 5
(B Z e ©)
P(END) = P(EF ) —5—, 1<j<k<n, 6
(BN = PE I 1< ks ®)
Thus, P(Ek|I) j=1,...,n,k=1,...,n, can be computed recursively using equations

(3), (4), ( ) and ( ). The conditional win probability of player i given the permutation I is
P(WilI) = P(E},|T), where L; is the position assigned to player i (that is, L; = j if [; = i).

3.2. Simulation of the win probabilities

The unconditional win probability of player ¢ is P(W;) = E[P(W;|I)], which is the average of
conditional win probabilities over n! permutations of the players. For each permutation, the
time complexity for computing the conditional win probability is O(n?), so the total time
complexity for computing P(W;) is O(n!n?). We now introduce two conditional expectation
simulation algorithms for estimating the win probabilities, and then show how to further
reduce the variance of these estimators by using control variates.

The first algorithm is as follows. At each simulation, we generate a random permutation
(i1,12,...,1,) of the players. Then we apply the recursive equations (3), (4), (5) and (6)
to compute the conditional win probabilities given that permutation. For each player ¢ the
conditional win probability P(W;|I) is an unbiased estimator for the unconditional win
probability P(W;).

The preceding conditional expectation algorithm estimates the win probabilities for all
players. However, if we want to estimate the win probability for a specific player, we can
use the following algorithm which yields an estimator with smaller variance. The algorithm
is the same for all players, so for notational convenience and without loss of generality, we
estimate the win probability of player n. We generate the permutation of players 1,2,...,n
in two steps. First, we generate I*, a random permutation of 1,2,...,n — 1 representing
their relative ordering. Then we randomly insert player n to one of the n possible positions.

The conditional win probability P(W,,|I*) is computed as follows. For a relative order-
ing I*, consider a tournament 7"~ ! whose contestants are players 1,2,...,n — 1 and the
permutation is I* = (I, Ia, ..., I,,—1). Let Ejk denote the event that the player in position
J, that is, player I;, advances toround k, j =1,2,...,n — 1,k =1,2,...,n — 1. The condi-
tional probabilities P(EJk|I*) can be computed by applying the recursive equations (3), (4),
(5) and (6) in this tournament.

Now, we randomly insert player n to the relative ordering I* = (I1,...,,,—1). Suppose
L,, denotes the resulting position of player n. Then it plays with one of players I, ..., I, _1
in round L, — 1, and then plays with player I,. in round r,7 = L,,, L,, + 1,...,n — 1. Let n"
denote the new tournament after player n is inserted. Then 7™ is equivalent to a tournament
with players 1,2,...,n and permutation Iy, ls,..., I, —1,n, 15, ..., In—1.
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The conditional win probability of player n given I* is now obtained by conditioning
on L, and on the first opponent of player n. That is,

P(W,|T%) ZPW|I* = k)P(L, = k)
9 n—1 v 1 n k—1 v n—1 v
== = = P(EF ') —— n 7
n 4 Un+vj+nzz ( J | )Un—i—vj,.an—I—vIt (7)
j=1 k=3 j=1 i t=k

With this equation, algorithm II works as follows. At each simulation, we generate
i* = (i1,i2,...,in—1), a random permutation of 1,2,...,n — 1 representing their relative
ordering. We apply the recursive equations in this tournament to compute the condi-
tional probabilities P(EJ’-“|I* =i"), 7=1,2,...,n—1,k=1,2,...,n— 1. Then we apply
equation (7) and compute P(W,,|I* = i*), the conditional win probability of player n given
that the relative ordering of players 1,2,...,n — 1 is i1,42,...,%,_1, as the estimator for
P(W,,). Moreover, since player n is an arbitrary player, we can apply this algorithm to
estimate the win probability of any player.

Note that the estimator of P(W,,) in the first algorithm is P(W,|I*, L,) where L,
is the position of player n, and the estimator in the second algorithm is P(W,,|I*).
Since we condition on more information in the first algorithm than the second, the
first algorithm will have a larger variance. (More formally, this is shown by noting that
P(W,|I*) = E[P(W,|I*, L,)|T*], which shows that the second estimator is a conditional
expectation of the first and thus has a smaller variance.)

Finally, we use control variates to further reduce the variance of the estimators. Recall
that L; is the position assigned to player j, j =1,2,...,n. For the first algorithm, it is
intuitive that L, is an effective control variate for P(W,|I*, L,), since they appear to
be strongly positively correlated. For the second algorithm, we consider Y = Z _1 v;Lj.
If the strong opponents of player n are assigned to positions with small mdlces and the
weak opponents are assigned to positions with large indices, then Y will be small and
P(W,,|T*) will intuitively be large. Similarly, if the strong opponents of player n are assigned
to positions with large indices and the weak opponents are assigned to positions with small
indices, then Y will be large and P(W,|I*) will intuitively be small. Thus, Y appears
strongly negatively correlated with the estimator P(W,,|I*), and is likely to be an effective
control variate.

We compare the performance of the simulation algorithms with an experiment. Specif-
ically, we consider the case where v; =n+1—14,i=1,2,...,n, and estimate the win
probability of player 1. The following table shows the simulation results as well as the upper
bound (denoted by UB1) and lower bound (denoted by LB1) defined in Proposition 6 and
the upper bound (denoted by UB2) defined in Proposition 7.

The simulation results show that both algorithms perform much better than simulation
without any variance reduction, whose variance is P(W7)(1 — P(W7)). In addition, the use
of the control variates further reduces the estimation variance in both algorithms.

We also observe from the data that algorithm II significantly reduces the estimation
variance compared with algorithm I. Therefore, it seems that when estimating the win
probabilities for all players, applying algorithm II for every player may also be a better
choice than applying algorithm I once. Moreover, we can generate a random permutation
of players 1,2, ..., n, and when estimating each player’s win probability using algorithm II,
we can use the same permutation to determine the relative ordering of the other players.
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TABLE 1. Simulation results

Number of players Algorithm P(Wh) Variance

n=>5 Algorithm I 0.3542 2.671 x 1072
Algorithm I with control variate 0.3543 3.714 x 1073
Algorithm 11 0.3542 4170 x 1074
Algorithm IT with control variate 0.3542 7.010 x 107°
LB1 0.3266
UB1 0.3734
UB2 0.4296

n =10 Algorithm I 0.1922 3.681 x 1072
Algorithm I with control variate 0.1930 7.928 x 1073
Algorithm 11 0.1925 6.987 x 10~%
Algorithm II with control variate 0.1925 1.002 x 1074
LB1 0.1668
UB1 0.2116
UB2 0.2757

n =50 Algorithm I 0.03991 1.358 x 1072
Algorithm I with control variate 0.03974 9.754 x 1073
Algorithm II 0.03974 7.598 x 107°
Algorithm IT with control variate 0.03975 5.279 x 107°
UB2 0.06360

n =100 Algorithm I 0.01982 7.098 x 1073
Algorithm I with control variate 0.02000 6.108 x 1073
Algorithm 11 0.01993 2.088 x 107°
Algorithm II with control variate 0.01993 1.748 x 107°
UB2 0.03220

Regarding the upper and lower bounds, we observe that Proposition 6 gives a tighter

upper bound than Proposition 7. However, when the number of players is large, only the
upper bound from Proposition 7 is computationally feasible.

Acknowledgments

This material is based upon work supported by, or in part by the National Science Foundation under
contract/grant number CMMI1662442.

References

1.

2.

Adler, 1., Cao, Y., Karp, R., Pekoz, E., & Ross, S.M. (2016). Random knockout tournaments. arXiv

preprint arXiw:1612.04448, Accepted for publication on Operations Research.

Chung, F.R.K. & Hwang, F.K. (1978). Do stronger players win more knockout tournaments? Journal of

the American Statistical Association 73(363): 593—596.

. Joag-Dev, K. & Proschan, F. (1983). Negative association of random variables with applications. The
Annals of Statistics 11(1): 286-295.

. Marchand, E. (2002). On the comparison between standard and random knockout tournaments. Journal
of the Royal Statistical Society: Series D (The Statistician) 51(2): 169-178.

. Maurer, W. (1975). On most effective tournament plans with fewer games than competitors. The Annals
of Statistics 3(3): 7T17-727.

. Ross, S. & Ghamami, S. (2008). Efficient simulation of a random knockout tournament. Journal Industrial

and Systems Engineering 2: 88—96.

https://doi.org/10.1017/50269964818000438 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964818000438

510 Y. Cao and S.M. Ross

APPENDIX

Proof of Conjecture 2 when n = 3: Suppose n =3 and, without loss of generality, that vy =
max; v;. We need to prove that

2
2 U1 1 U1
PWh) <3 + =
(W) < 3 <v1+(v2+v3)/2) 3v1 + (v2 +v3)/2
Using that
2 v? 1 { Vo1 v3V1
P(Wy) == + = +
( 1) 3 ('U1 + 1)2)(’01 =+ ’Ug) 3 (1)2 —+ ’Ug)(’ul —+ 'UQ) (1}2 + 1)3)(’01 —+ ’Ug)

the result follows as

2
2 U1 1 U1
S ) 4o pw
3 (v1+(v2+v3)/2) 31+ (v2 +v3)/2 (1)
’U%(2Ul — vy —wv3)(ve — 113)2
3(v1 + v2)(v1 + v3)(v2 + v3) (201 + vo + v3)?2
>0 [ |
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