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This paper considers classical test statistics, namely, the likelihood ratio, efficient
score, and Wald statistics, for econometric models under simulation estimation+The
simulated likelihood ratio, simulated efficient score, and simulated Wald test sta-
tistics are shown to be asymptotically equivalent+ Because the simulated score vec-
tor can be asymptotically biased, limiting distributions of these simulated statistics
can be asymptotically noncentralx2 distributed+This paper studies inference issues
with various simulated test statistics+Monte Carlo results are also provided to com-
pare and demonstrate finite sample properties of simulated test statistics+

1. INTRODUCTION

We consider classical inference statistics for models of which likelihood func-
tions are simulated+ Simulation estimation methods have been considered by,
among others, Lerman and Manski~1981!,McFadden~1989!, Pakes and Pollard
~1989!, Hajivassiliou and McFadden~1990!, Hendry and Richard~1992!, and
Laroque and Salanie~1993, 1994!+Surveys on simulation estimation include those
by Gourieroux and Monfort~1993!, Hajivassiliou ~1993!, and Keane~1993!+
Most existing publications focus on simulators and estimation issues+ In this pa-
per, we focus on classical inference procedures such as the likelihood ratio~LR!
test, the Wald~W! test, and the score~SC! test~or the Lagrange multiplier~LM !
test! with simulated maximum likelihood estimators~SMLE’s!+ These classical
inference procedures have broad applications in econometrics~see, e+g+, Engle,
1984; Godfrey, 1988!+We investigate asymptotic distributions of various simu-
lated classical statistics+ It is shown that the limiting distributions of these simu-
lated statistics are asymptoticallyx2 distributed; but under certain circumstances,
they are asymptotically noncentralx2 distributed+ We investigate adjusted sta-
tistics that may correct for possible asymptotic biases and incorporate various
variance estimates+Monte Carlo experiments are performed to investigate finite
sample properties of test statistics+
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A by-product of the Monte Carlo experiments is the investigation of the iden-
tification of specific dynamic discrete choice structures in a general model frame-
work+ Heckman~1981! discussed specific dynamic discrete choice models and
their characterizations in terms of probability run patterns+ He introduced a gen-
eral dynamic model that contains many familiar dynamic structures, such as the
Markov, Polya, renewal, and habit persistence state dependence+ Under the nor-
mality assumption, the choice probabilities can be simulated by the GHK simu-
lator~Geweke, 1991;Borsch-Supan and Hajivassiliou, 1993;Keane, 1994!+With
the GHK simulator, these dynamics models can be effectively estimated by the
method of simulated likelihood provided the time dimension of a model is not too
long ~not more than 30 periods in a panel setting; see Lee, 1997!+ It remains of
interest to investigate whether simulated test statistics can distinguish a specific
dynamic structure from other dynamic structures in the general model+

This paper is organized as follows+Section 2 reviews the asymptotic properties
of the simulated score vector and the SMLE+ In Section 3, the asymptotic distri-
butions for the simulated classical test statistics are derived under both the null
hypothesis and a sequence of local alternatives+ The simulated classical test sta-
tistics are shown to be asymptotically equivalent+ Under the null hypothesis, the
limiting distribution is ax2, but, under some circumstances, it can be a noncentral
x2+ For the latter case, possible bias-adjusted test statistics are considered in
Section 4+ In Section 5, simulated test statistics that incorporate various variance
estimates of parameters are formulated+Monte Carlo results on the finite sample
performance of these various simulated classical statistics are reported in Sec-
tion 6+ Conclusions are provided in Section 7+ Proofs of all the asymptotic prop-
erties of simulated estimators and test statistics are presented in Appendixes A
and B+

2. SIMULATED LIKELIHOOD AND ASYMPTOTIC DISTRIBUTIONS

Suppose that an econometric model is specified with a likelihood functionf ~u,z!
whereu is a k-dimensional parameter vector andz is a vector of random vari-
ables+1 For the sample observationzi , an unbiased simulator forf ~u, zi ! is
fm~u,zi ! 5 10m(j51

m h~vi
~ j ! ,zi ,u!, wherevi

~1! , + + + ,vi
~m! arem random draws for a

random variablev andE~h~v,z,u!6z! 5 f ~u,z!+ The subscripti on v indicates
that random draws are also independent across different sample observations+2

For panel data with sample sizen, the log-likelihood function is lnLn~u! 5

(i51
n ln f ~u,zi ! and the simulated log likelihood function is

ln Ln,m~u! 5 (
i51

n

ln fm~u,zi !+ (2.1)

The asymptotic distribution of the SMLEZuu from the maximization of~2+1! can
be derived from a Taylor expansion+ For notational simplicity, denoteSn,m~u! 5
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~10!n!~] ln Ln,m~u!0]u! andHn,m~u! 5 10n(i51
n ~]2 ln fm~u,zi !0]u]u ' !+ Let u0

denote the true parameter vector+ One has

!n~ Zuu 2 u0! 5 2@Hn,m~ Nu!#21Sn,m~u0!, (2.2)

where Nu lies between Zuu andu0+ By an expansion of a difference of ratios, the
following proposition generalizes a result in Lee~1995!+3 The Eu refers to the
expectation operator with respect tof ~u,z! ~and0or v! at a possibleu+ The E
without any parametric subscript refers to the expectation operator with respect
to the true data generating process+ Regularity conditions for our analysis and
results are listed in Appendix A+

PROPOSITION 1+ Under the regularity assumptions~in AppendixA!,

Sn,m~u! 5 Sn~u! 1 Pn,m~u! 1 Qn,m~u! 1 Rn,m~u!, (2.3)

where

Sn~u! 5
1

!n (
i51

n ] ln f ~u,zi !

]u
S5

1

!n

] ln Ln~u!

]u
D,

Pn,m~u! 5
1

!n (
i51

n 1

f ~u,zi !
HS ]fm~u,zi !

]u
2

]f ~u,zi !

]u
D

2
] ln f ~u,zi !

]u
~ fm~u,zi ! 2 f ~u,zi !!J ,

Qn,m~u! 5
1

!n (
i51

n 1

f 2~u,zi !
H2S ]fm~u,zi !

]u
2

]f ~u,zi !

]u
D~ fm~u,zi ! 2 f ~u,zi !!

1
] ln f ~u,zi !

]u
~ fm~u,zi ! 2 f ~u,zi !!

2J ,
and

Rn,m~u! 5
1

!n (
i51

n 1

fm~u,zi ! f 2~u,zi !

3 HS ]fm~u,zi !

]u
2

]f ~u,zi !

]u
D~ fm~u,zi ! 2 f ~u,zi !!

2

1
] ln f ~u,zi !

]u
~ fm~u,zi ! 2 f ~u,zi !!

3J +
For anyu, Eu~Sn~u!! 5 0 and E~Pn,m~u!! 5 0 but E~Qn,m~u!! 5 n102m21m~u!,
where

m~u! 5 EH 1

f 2~u,z!
F ] ln f ~u,z!

]u
E~h2~v,z,u!6z! 2 ESh~v,z,u!

]h~v,z,u!

]u *zDGJ +
(2.4)
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Furthermore, Sn~u0! 5 OP~1!; and Pn,m~u! 5 OP~m2102!, Qn,m~u! 2
E~Qn,m~u!! 5 OP~m21!, and Rn,m~u! 5 OP~n102m2302! semiuniformly in
u [ Q+4

The proof of this proposition can be found in Appendix A+ This proposition
shows that ifm increases at a rate faster thann102, the limiting distribution of
!n~ Zuu 2 u0! is properly centered at zero; otherwise, it may not be so+ The latter
can happen because the second order termQn,m~u! has the stochastic order
OP~n102m21!, which can be larger than the orderOP~m2102! of Pn,m~u! if mdoes
not increase fast enough relative ton+ The semiuniform convergence in proba-
bility is useful for the analysis when data generating processes were determined
by a sequence of local alternatives+

COROLLARY 1+ Under the regularity assumptions, if limnr`n102m21 5 c
a finite constant,

Sn,m~u0!
D

&& N~cm,I ! (2.5)

and

!n~ Zuu 2 u0!
D

&& N~cI21m,I21 !, (2.6)

whereI is the information matrix of the model andm 5 m~u0! for simplicity+

The asymptotic distributions in~2+5! and~2+6! might be relevant distributions
for consideration+ In the following sections, we investigate possible conse-
quences of~2+5! and ~2+6! for various classical test statistics constructed with
simulated likelihood functions+

3. SIMULATED TEST STATISTICS

Three classical test statistics for the testing of nested hypothesis are the LR,W,
and SC statistics+ Because the likelihood function of the model can only be sim-
ulated, corresponding statistics constructed with the exact likelihood function
replaced by a simulated likelihood function are the objects of our investigation+

Let r ~u! 5 0 be the set ofn constraints, wheren , k, on u+ The constrained
simulated maximum likelihood estimator~CSMLE! Zuc is derived from
maxu ln Ln,m~u! subject tor ~u! 5 0+ A simulated likelihood ratio~SLR! test
statistic can be intuitively defined asLRsl where

LRsl 5 2@ ln Ln,m~ Zuu! 2 ln Ln,m~ Zuc!# + (3.1)

A simulated Wald~SW! test statistic can be

Wsl 5 nr '~ Zuu!@R~ Zuu! ZI21R'~ Zuu!#21r ~ Zuu!, (3.2)
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whereR~u! 5 ]r ~u!0]u ' and ZI is a consistent estimator ofI evaluated at Zuu+ A
corresponding simulated score~SSC! test statistic is

Ssl 5
1

n

] ln Ln,m~ Zuc!

]u '
ZI21

] ln Ln,m~ Zuc!

]u
, (3.3)

where ZI is evaluated atZuc+ The asymptotic distributions of these statistics will
depend on the asymptotic distributions ofZuu, Zuc, and0or the simulated score vec-
tor Sn,m~u0! in ~2+3!+

PROPOSITION 2+ Under the assumed regularity conditions and the null hy-
pothesis H0 : r ~u0! 5 0, if limnr`n102m21 5 c a finite constant, the SW, SSC,
andSLR test statistics Wsl, Ssl, and LRsl are asymptoticallyxn

2~d0! distributed
with n degrees of freedom and noncentrality parameterd0 whered0 5 c2m 'Pm
with P5 I21R'~RI21R' !21RI21+

The detailed proofs of all our results appear in Section 3 of Appendix B+ From
Proposition 2, the limiting distribution of the simulated statistics can be asymp-
totically distributed as a regular centralx2 only if c 5 0, which requiresm to
increase at a rate faster than the square root ofn+ In practice, one has a sample of
finite size and it might be realistic to regard!n0m as a finite but positivec for
approximation+ The noncentrality parameterd0 in these test statistics occurs be-
cause of the asymptotic biases inSn,m~u0!, Zuu, and Zuc+ It can be small if!n0m is
small+

It is known that the classical W, LR, and SC test statistics without simulation
are asymptoticallyxn

2 distributed+ They are asymptotically equivalent in the
sense that the limiting distributions of these statistics are identical under both the
null hypothesis and a sequence of local alternative hypotheses~Engle, 1984!+ A
sequence of local alternative hypotheses refers usually to local Pitman-type al-
ternatives of the form

Hn : un 5 u0 1 D0!n, (3.4)

whereD is an arbitrary finite constant vector~Gallant and Holly, 1980!+Under the
sequence$Hn%, the data generating process is determined byun+ Theu0 is the limit
of the sequence$un%+ The limit pointu0 would satisfy the constraintr ~u0! 5 0 but
the sequenceun might not+The asymptotic distributions of the three simulated test
statistics under the local alternatives are in the following proposition+

PROPOSITION 3+ Assume that the regularity conditions are satisfied+Under
the sequence of local alternatives in~3+4!, if limnr`n102m215c a finite constant,
theSW, SSC, andSLR test statistics Wsl, Ssl, and LRsl are asymptoticallyxn

2~d1!
whered1 5 ~ID 1 cm!'P~ID 1 cm!+

Because the SW, SSC, and SLR statistics have the same limiting distributions
under both the null and local alternative hypotheses, these statistics are asymp-
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totically equivalent+ The noncentrality parameterd1 is caused by two sources—
the nonzeroD in Hn and the asymptotic biases inZuu, Zuc, andSn,m~u0!+5

4. BIAS-ADJUSTED SMLE’S AND TEST STATISTICS

A bias-adjusted SMLE~BASMLE! has been suggested in Lee~1995! by
removing the asymptotic bias inZuu+ The E~h2~v, zi ,u0!6zi ! in m can be
estimated by sm~ Zuu,zi ! where sm~u,zi ! 5 10m(j51

m h2~vi
~ j ! ,zi ,u!+ The

E~h~v, zi ,u0!~]h~v, zi ,u0!0]u!6zi ! can be estimated bycm~ Zuu, zi ! where
cm~u,zi ! 5 10m(j51

m h~vi
~ j ! ,zi ,u!~]h~vi

~ j ! ,zi ,u!0]u!+ The m can be estimated
by

mn,m~ Zuu! 5 10n (
i51

n 1

fm
2~ Zuu,zi !

S ] ln fm~ Zuu,zi !

]u
sm~ Zuu,zi ! 2 cm~ Zuu,zi !D+

A BASMLE of u0 is ZuA 5 Zuu 1 Hn,m
21 ~ Zuu!mn,m~ Zuu!0m, or, alternatively,

ZuA 5 Zuu 2 H 1

n (
i51

n ] ln fn,m~ Zuu,zi !

]u

] ln fn,m~ Zuu,zi !

]u ' J21 mn,m~ Zuu!

m
+ (4.1)

It has been shown in Lee~1995! that!n~ ZuA 2 u0! 5 I21$Sn~u0! 1 Pn,m~u0! 1
~Qn,m~u0!1E~Qn,m~u0!!!%1oP~1!5I21Sn~u0!1oP~1!+Thus the biasE~Qn,m~u0!!
has been removed fromZuu and!n~ ZuA 2 u0! D

&& N~0,I21!+ The basic idea be-
hind this adjustment uses the property thatSn,m~u! 2 n102m~u!0m 5 Sn~u! 1
Pn,m~u! 1 ~Qn,m~u! 2 E~Qn,m~u!!! 1 Rn,m~u! 5 Sn~u! 1 oP~1!+ The ZuA is
an unconstrained BASMLE+

For constrained estimation, it is possible to construct a bias-adjusted estima-
tor that satisfies parameter constraints+ For that purpose, it is desirable to re-
write then constraintsr ~u! 5 0 in its constraint formulation into the equivalent
freedom equation formulationu 5 w~a! wherew is a vector-valued function
from Rk2n to Rk anda represents a freen-dimensional parameter vector+ With
the freedom equation formation, define the constrained simulated likelihood
~CSL! in terms ofa as Ln,m

~c! ~a! 5 Ln,m~w~a!!+ The true parametera0 can be
estimated by the maximization ofLn,m

~c! ~a! with respect toa+ Let [a be the
SMLE of a0+ Then Zuc 5 w~ [a! is a constrained SMLE~CSMLE! of u0+ A
BASMLE [aA can be [aA 5 [a 1 Ha,n,m

21 ~ [a!ma,n,m~ [a!0m, where Ha,n,m
21 ~ [a! 5

10n(i51
n ~]2 ln fn,m~w~ [a!,zi !0]a]a ' ! andma,n,m~a! has a similar expression as

mn,m~u! with ]h~v,z,u!0]a and ]fm~u,z!0]a replacing the corresponding par-
tial derivatives with respect tou+ A BASMLE for u0 can be constructed as
Zuc,A 5 w~ [aA!+ The Zuc,A satisfies the constraintsr ~ Zuc,A! 5 0 and can be regarded

as a constrained BASMLE~CBASMLE! of u0+ As Zuc,A 5 Zuu 1 @w~ [aA! 2 w~ [a!# ,
the difference within the bracket represents the bias adjustment+

The BASMLE’s may be useful for the construction of test statistics+ Instead of
r ~ Zuu!, one may user ~ ZuA! in a possible bias-adjusted SW statisticWbc where

Wbc 5 nr '~ ZuA!@ ER EI21 ER' #21r ~ ZuA!, (4.2)
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where ER is a consistent estimator ofR and EI is a consistent estimator ofI+ For a
possible bias-adjusted SC test statistic, one may consider the use of]Ln,m~ Zuc,A!0
]u in the score test formulation+ The Zuc,A in the estimated simulated score is able
to correct the asymptotic bias of the CSMLEZuc but the asymptotic bias in
] ln Ln,m~u0!0]u remains+A modified SSC statistic that adjusts these two sources
of asymptotic biases isSbc where

Sbc 5 S 1

!n

] ln Ln,m~ Zuc,A!

]u
2 n102 [m0mD' EI21S 1

!n

] ln Ln,m~ Zuc,A!

]u
2 n102 [m0mD,

(4.3)

where [m is a consistent estimate ofm+ For the SLR test statistic, a simple adjust-
ment by replacing SMLE’s with their bias-adjusted counterparts is not available+6

PROPOSITION 4+ Assume that the regularity conditions hold and
limnr`n102m21 5 c a finite constant+ Then, under H0, the modifiedSWandSSC
test statistics Wbc and Sbc are asymptoticallyxn

2+ On the other hand, under the
local alternative Hn in ~3+4!, their limiting distributions arexn

2~d2! whered2 5
D'R'~RI21R' !21RD+

Because the limiting distributions of these bias-corrected statistics under the
null and alternative hypotheses are identical, they are asymptotically equivalent+
These test statistics are bias-adjusted because the asymptotic biases in the orig-
inal statistics underH0 have been eliminated+

5. SIMULATED TEST STATISTICS WITH VARIOUS VARIANCES

The formulation of various simulated test statistics depends on variances of sim-
ulated estimates ofu0+ These variances need be estimated+ For the classical test
statistics without simulation, an information matrix can be estimated by using the
negative Hessian matrix of a log likelihood function+ For panel data models, a
computationally simpler estimator of the information matrix can be constructed
by an outer product of gradient vectors of the log likelihood~Berndt, Hall, Hall,
and Hausman, 1974!+These suggest that for simulated test statistics, theI in ~2+5!
and~2+6! can be estimated by similar matrices with simulation+ The asymptotic
variance of the SMLE can be estimated byVh,n,m~u! or Vp,n,m~u! where

Vh,n,m~u! 5 2Hn,m
21 ~u!0n (5.1)

and

Vp,n,m~u! 5 H(
i51

n ] ln fm~u,zi !

]u

] ln fm~u,zi !

]u ' J21

, (5.2)

evaluated at a consistent estimateZu of u0+ From quasi-likelihood theory~see, e+g+,
White, 1982!, a more robust variance estimate of a maximum quasi-likelihood
estimator involves a three-term product of the inverse of the Hessian matrix and
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the outer-product matrix of the log likelihood function+ This suggests another
possible variance estimate,

Vr,n,m~u! 5 Vh,n,m~u!Vp,n,m
21 ~u!Vh,n,m~u!+ (5.3)

As n and m go to infinity, these three variances multiplied byn converge in
probability toI21+ In a finite sample setting, the performance of various test
statistics could be influenced by the variance estimates used+7

In a Wald-type test statistic forr ~u0! 5 0 based on a simulated estimator, for
example, Zuu, the quadratic matrix in its formulation is the variance matrix of
r ~ Zuu!+With the variance estimates in~5+1!–~5+3!, there can be three slightly dif-
ferent versions of the SW test statistics+ For example,with the SMLE Zuu, the three
SW statistics areWp

sl,Wh
sl, andWr

sl where

Wx
sl 5 r '~ Zuu!@R~ Zuu!Vx,n,m~ Zuu!R'~ Zuu!#21r ~ Zuu! (5.4)

for x5 p,h, r+With the BASMLE Zuc, the corresponding bias-adjusted SW statis-
tics will be denoted byWp

bc,Wh
bc, andWr

bc+
For the SSC and SLR tests, formulations withVr,n,m need further consider-

ation+ While bothnVh,n,m andnVp,n,m are consistent estimates ofI21, Vr,n,m is
constructed as a robust estimate of the variance of the SMLE ofu0 but not as a
direct estimate ofI21+Because!n~ Zuu2u0!5I21Sn,m1oP~1! from ~2+2!, nVr,n,m

is an estimate of the variance matrix ofAn,m whereAn,m5 I21Sn,m+ From Prop-
osition B+2+7 of Appendix B, ~10!n!~] ln Ln,m~ Zuc!0]u! 5 R'~RI21R' !21RAn,m1
oP~1! underH0+ It follows thatRI21~10!n!~] ln Ln,m~ Zuc!0]u! 5 RAn,m 1 oP~1!+
This motivates the following modified SSC statisticSr

sl, which incorporates the
robust variance, where

Sr
sl 5

] ln Ln,m~ Zuc!

]u '
~n ZI !21 ZR' @ ZRVr,n,m ZR' #21 ZR~n ZI !21

] ln Ln,m~ Zuc!

]u
, (5.5)

where ZI and ZR are, respectively, some consistent estimates ofI andR+8 A corre-
sponding bias-adjusted SSC test statistic is

Sr
bc 5 S ] ln Ln,m~ Zuc,A!

]u
2

n102

m
[mD'~n ZI !21 ZR' @ ZRVr,n,m ZR' #21 ZR~n ZI !21

3 S ] ln Ln,m~ Zuc,A!

]u
2

n102

m
[mD, (5.6)

where [m is m evaluated at Zuc or ZuA,c+ The robust variance can also be incorpo-
rated into SLR tests+ From Appendix B, 2@ ln Ln,m~ Zuu! 2 ln Ln,m~ Zuc!# 5 2n~ Zuc 2
Zuu!'Hn,m~ Zuu!~ Zuc2 Zuu!1oP~1!+As!n~ Zuu2 Zuc!5I21R'~RI21R' !21RAn,m1oP~1!

underH0 from Proposition B+2+5, it follows thatR!n~ Zuu 2 Zuc! 5 RAn,m1 oP~1!+
Hence~ Zuu 2 Zuc!

'R' @RVn,mR' #21R~ Zuu 2 Zuc! is asymptotically~noncentral! chi-
square distributed+ This suggests a possible SLR statisticLRr

sl where
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LRr
sl 5 2@ ln Ln,m~ Zuu! 2 ln Ln,m~ Zuc!#

1 ~ Zuc 2 Zuu!'$nHn,m~ Zuu! 1 ZR' @ ZRVn,m ZR' #21 ZR% ~ Zuc 2 Zuu!+ (5.7)

PROPOSITION 5+ Assume that the regularity conditions are satisfied+Under
the null hypothesis H0 : r ~u0! 5 0, if limnr`n102m21 5 c a finite constant, the
Wr

sl, Sr
sl, and LRr

sl test statistics are asymptoticallyxn
2~d0!+ On the other hand,

under the sequence of local alternatives in~3+4!, these statistics are asymptoti-
cally xn

2~d1!+

PROPOSITION 6+ Assume that the regularity conditions hold and
limnr`n102m21 5 c a finite constant+ Then, under H0, the modified Wr

bc and
Sr

bc test statistics are asymptoticallyxn
2+ On the other hand, under the local

alternative Hn in ~3+4!, their limiting distributions arexn
2~d2!+9

6. MONTE CARLO RESULTS

A general dynamic discrete choice model was introduced in Heckman~1981!+ It
can incorporate true state dependence, unknown heterogeneity, and serially cor-
related disturbances+ It contains the Markov~MA !, Polya~PO!, renewal~RN!,
and habit persistence~HA! ~or latent Markov! dynamic models as special cases+
An interesting question concerns the possible use of the general dynamic model
to distinguish various specific dynamic effects+ In this experiment,we investigate
the use of simulated classical test statistics for testing various specific dynamic
structures within the general model framework+

The general model specified in Monte Carlo experiments is a dynamic panel
model:

yit
* 5 bxit 1 lmadi, t21 1 lpo (

j51

t

d j21di, t2j 1 lrn (
j51

t

d j21 )
l51

j

di, t2l

1 lhayi, t21
* 1 sji 1 eit ,

whereeit 5 rei, t21 1 wit , ei 0 5 0, di 0 5 0, yi 0
* 5 0, andwit are independent and

identically distributed~i+i+d+! N~0,1! for all i and t+ The error componentji is
N~0,1! for all i+ The discount rated is assumed to be known and is set to be 0+7+
The exogenous variablesxit are generated asxit 5 ~10#2!rit 1 #6si whererit are
i+i+d+ truncated normalN~0,1! with support@22,2# andsi are independent uni-
form variables with support on@2 1

2
_ , 12_# + The variance ofx is about 1 and its

correlation coefficient over time is about 0+5+ Theyit
* is latent but is related to the

observed dichotomous dependent variabledit by di, t 5 1 if yit
* . 0, anddit 5 0

otherwise+ Sample data are generated withb 51, r 5 0+4, and various combina-
tions ofl’s+With lma5 0+2, lpo5 0, lrn 5 0, andlha5 0, the specific dynamic
model is an MA model with unknown heterogeneity and serially correlated dis-
turbances+A PO model is generated withlma5 0, lpo5 0+2, lrn 5 0, andlha5
0+ An RN model is generated withlma5 0, lpo 5 0, lrn 5 0+2, andlha 5 0+ An

INFERENCE WITH SIMULATED LIKELIHOOD 345

https://doi.org/10.1017/S0266466699153039 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466699153039


HA model can be generated withlma5 0, lpo 5 0, lrn 5 0, andlha 5 0+2+ The
summary statistics reported are all based on 300 replications+ The size of cross-
sectional unitsn is 200 and time periodsTare 8 and 15 for each unit+The numbers
of random drawsm for T 5 8 are from 15 to 100+ For T 5 15, m ranges from 50
to 100+

The model can be estimated by the method of simulated likelihood+ The
choice probabilities can be effectively simulated by the GHK simulator+ For
convenient reference, we briefly describe the simulation procedure and the sim-
ulated likelihood function+ The details can be found in Lee~1997!+ For eachi,
generateui1

~ j ! , + + + ,ui,T21
~ j ! independent uniform@0,1# random variables and gen-

erateji
~ j ! from anN~0,1! random variable generator, wherej 5 1, + + + ,m+ These

random draws are kept fixed during an optimization procedure+ Let Dit 5
~2di, t 2 1!,

qit ~u! 5 bxit 1 lmadi, t21 1 lpo (
j51

t

d j21di, t2j 1 lrn (
j51

t

dj21 )
l51

j

di, t2l

1 lhayi, t21
* 1 sji 1 rei, t21,

andF denotes the standard normal distribution+ With given initial conditions,
yi1
* , + + + , yi,T21

* can be generated recursively from the following steps, from t 51 to
T 2 1+

~1! Computewit 5 2Dit F
21@uit F~Dit qit ~u !!# +

~2! Generateyit
*5 qit ~u! 1 wit + The simulated log likelihood function for this model is

ln Ln,m~u!

5 (
i51

n

lnH 1

m (
j51

m

)
t51

T

FFDitSbxit 1 lmadi, t21 1 lpo (
j51

t

d j21di, t2j

1 lrn (
j51

t

d j21 )
l51

j

di, t2l 1 lhayi, t21
*~ j !

1 sji
~ j ! 1 rei, t21

~ j ! DGJ +
Table 1 reports the actual levels of significance of various SW test statistics

with 5% and 10% nominal levels of significance+ The critical values for the 5%
and 10% nominal levels of significance are from the~central! x3

2 distribution+ For
small or moderate amounts of random drawsm5 15 or 50, the actual levels of
significance can be larger than the nominal levels of significance+ For the cases
thatT5 8 with m515 andT515 withm5 50, the bias-corrected statistics have
some improvements upon the bias-unadjusted statistics+ However, the differ-
ences of the various SW statistics are, in general, small+ The agreement between
actual and nominal significance levels of the tests is still poor even after the bias
correction+ In the case ofT5 8 andm5 50, the bias correction may make matters

346 LUNG-FEI LEE

https://doi.org/10.1017/S0266466699153039 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466699153039


Table 1. Significant levels of Wald tests

H0 T m Wp
sl Wh

sl Wr
sl Wp

bc Wh
bc Wr

bc

10% nominal level of significance

MA 8 15 0+2267 0+2067 0+1800 0+1867 0+1767 0+1633
PO 8 15 0+2433 0+2267 0+1833 0+2667 0+2400 0+2100
RN 8 15 0+2500 0+2000 0+1633 0+2400 0+1900 0+1600
HA 8 15 0+3633 0+3133 0+2600 0+3033 0+2567 0+1900

MA 8 50 0+1467 0+1333 0+1400 0+1567 0+1533 0+1667
PO 8 50 0+1767 0+1533 0+1567 0+2033 0+1933 0+2033
RN 8 50 0+1500 0+1433 0+1267 0+1567 0+1500 0+1467
HA 8 50 0+2100 0+1767 0+1600 0+1967 0+1633 0+1533

MA 15 50 0+1367 0+1433 0+1467 0+1467 0+1433 0+1567
PO 15 50 0+1833 0+1567 0+1467 0+1600 0+1400 0+1400
RN 15 50 0+1667 0+1600 0+1500 0+1567 0+1467 0+1300
HA 15 50 0+3033 0+2667 0+2533 0+1900 0+1700 0+1400

MA 8 100 0+1033 0+0967 0+0967 0+1033 0+1067 0+0967
PO 8 100 0+0733 0+0667 0+0833 0+0733 0+0800 0+0867
RN 8 100 0+0933 0+0867 0+1000 0+0933 0+0967 0+1033
HA 8 100 0+1167 0+1233 0+1133 0+1200 0+1233 0+1167

MA 15 100 0+0903 0+0836 0+0803 0+0769 0+0836 0+0903
PO 15 100 0+0833 0+0833 0+0833 0+0767 0+0867 0+0933
RN 15 100 0+0767 0+0900 0+0800 0+0833 0+0967 0+0900
HA 15 100 0+0970 0+0903 0+0903 0+0903 0+0803 0+0635

5% nominal level of significance

MA 8 15 0+1400 0+1300 0+1100 0+1233 0+1200 0+0933
PO 8 15 0+1700 0+1367 0+1100 0+1933 0+1567 0+1433
RN 8 15 0+1500 0+1200 0+1167 0+1433 0+1167 0+1000
HA 8 15 0+2600 0+2167 0+1467 0+2133 0+1633 0+1200

MA 8 50 0+0900 0+0867 0+0800 0+0867 0+0867 0+0800
PO 8 50 0+1067 0+1000 0+0900 0+1233 0+1000 0+0933
RN 8 50 0+1000 0+0733 0+0600 0+0900 0+0800 0+0667
HA 8 50 0+1000 0+0767 0+0700 0+0967 0+0767 0+0667

MA 15 50 0+0733 0+0900 0+0967 0+0667 0+0800 0+0733
PO 15 50 0+0833 0+0833 0+0833 0+0867 0+0967 0+0900
RN 15 50 0+0867 0+0933 0+0767 0+0867 0+0733 0+0800
HA 15 50 0+1833 0+1600 0+1367 0+1000 0+0767 0+0600

MA 8 100 0+0533 0+0567 0+0567 0+0567 0+0600 0+0567
PO 8 100 0+0433 0+0433 0+0500 0+0433 0+0467 0+0533
RN 8 100 0+0600 0+0533 0+0500 0+0600 0+0567 0+0500
HA 8 100 0+0533 0+0500 0+0533 0+0533 0+0533 0+0467

MA 15 100 0+0435 0+0468 0+0569 0+0468 0+0468 0+0569
PO 15 100 0+0433 0+0533 0+0600 0+0500 0+0500 0+0533
RN 15 100 0+0433 0+0333 0+0367 0+0467 0+0333 0+0467
HA 15 100 0+0435 0+0301 0+0301 0+0334 0+0268 0+0201
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worse as often as not+ For a better performance, m needs to be larger+With m5
100, the actual levels of significance seem reasonably accurate+ The message of
Table 1 indicates that only when a large number of draws are used can the agree-
ment between actual and nominal levels for the SW test statistics improve, and
with that many random draws the bias correction no longer makes any difference+
Table 2 reports results of the SSC tests+The performance of various SSC statistics
is better than that of the SW statistics+With m515 forT5 8 andm5 50 forT5
15, the actual levels of significance are larger than the nominal levels, but the
bias-corrected statistics can be greatly improved for those cases+ Comparing the
various versions with variance estimates, the statistics with robust variance are
slightly better than those with outer-product gradients,which, in turn, are slightly
better than those with the Hessian+With moderate or large numbers of simulation
draws, the actual levels of significance of various SSC test statistics seem rea-
sonably accurate+ Table 3 reports the significance of the SLR statistics for the
conventional versionLRsl and the versionLRr

sl that incorporates the robust sta-
tistics+With smallm515 forT5 8, the actual levels of significance forLRsl are
also larger than the nominal levels+ TheLRr

sl are better for this case+ Even with as
few as 50 draws, the actual levels of significance are reasonably accurate+

Table 4 reports performances of the SW, SSC, and SLR test statistics in terms
of power withm5 50 or 100 random draws forT515+ Because the actual levels
of significance seem reasonably accurate with moderate or large amounts of sim-
ulation draws, the resulting powers can be meaningful+We consider two sets of sit-
uations+ In the first circumstance,we consider the testing of~lpo,lrn,lha!50; i+e+,
the null hypothesis is the MAmodel, but the true data generating process is one of
the other specific dynamic models+ The second design is that the true data gener-
ating process is the MA process but the null hypothesis is PO, RN, or HA+ Some
common features emerge from this table+The three types of simulated classical sta-
tistics have similar power+10 These simulated test statistics have strong power to
reject the MA model within the general dynamic model framework when the true
data generating process is either PO, RN, or HA+On the other hand, the power to
reject PO, RN, or HA is weaker when the data generating process is MA+

7. CONCLUSIONS

The main concern of this article is statistical inference based on simulated sta-
tistics+Asymptotic properties of various simulated classical test statistics, namely,
the Wald, efficient score~Lagrange multiplier!, and likelihood ratio statistics,
constructed from a simulated likelihood function are investigated+ Monte Carlo
experiments are conducted to investigate finite sample performance of various
simulated classical test statistics+

It is shown that the simulated test statistics can be asymptoticallyx2 distrib-
uted and are asymptotically equivalent under a null hypothesis and a sequence of
local alternative hypotheses+But, because simulated score vectors with a small or
moderate amount of simulation draws can be asymptotically biased, the simu-
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Table 2. Significant levels of simulated efficient score tests

H0 T m Sp
sl Sh

sl Sr
sl Sp

bc Sh
bc Sr

bc

10% nominal level of significance

MA 8 15 0+1600 0+2300 0+1200 0+1133 0+1733 0+0933
PO 8 15 0+1333 0+1900 0+1033 0+1100 0+1633 0+1000
RN 8 15 0+1367 0+2167 0+1200 0+1167 0+1633 0+0967
HA 8 15 0+2667 0+3167 0+2067 0+1367 0+1967 0+1100

MA 8 50 0+1167 0+1233 0+1067 0+1267 0+1367 0+1133
PO 8 50 0+1133 0+1067 0+0967 0+1133 0+1233 0+0933
RN 8 50 0+1067 0+1100 0+0933 0+1033 0+1133 0+0933
HA 8 50 0+1600 0+1700 0+1467 0+1233 0+1300 0+1033

MA 15 50 0+1300 0+1300 0+1133 0+1100 0+1100 0+0933
PO 15 50 0+1233 0+1267 0+1200 0+1033 0+1100 0+1033
RN 15 50 0+1200 0+1233 0+1033 0+1000 0+1067 0+0933
HA 15 50 0+1833 0+2200 0+1700 0+0900 0+0967 0+0733

MA 8 100 0+1100 0+1100 0+0967 0+1000 0+1133 0+0900
PO 8 100 0+1233 0+1167 0+1067 0+1233 0+1033 0+1100
RN 8 100 0+1133 0+1133 0+1067 0+1067 0+1167 0+1000
HA 8 100 0+1433 0+1567 0+1167 0+1333 0+1433 0+1167

MA 15 100 0+1338 0+1371 0+1204 0+1304 0+1003 0+1037
PO 15 100 0+1267 0+1233 0+1133 0+1067 0+1133 0+1033
RN 15 100 0+1167 0+1133 0+1033 0+1033 0+1167 0+0900
HA 15 100 0+1304 0+1438 0+1104 0+0936 0+1070 0+0769

5% nominal level of significance

MA 8 15 0+0967 0+1567 0+0767 0+0633 0+1033 0+0500
PO 8 15 0+0767 0+1067 0+0700 0+0700 0+0900 0+0500
RN 8 15 0+0800 0+1367 0+0667 0+0633 0+0967 0+0467
HA 8 15 0+1433 0+2333 0+1133 0+0800 0+1300 0+0533

MA 8 50 0+0833 0+0767 0+0733 0+0767 0+0733 0+0567
PO 8 50 0+0667 0+0800 0+0567 0+0667 0+0733 0+0600
RN 8 50 0+0700 0+0800 0+0533 0+0667 0+0800 0+0567
HA 8 50 0+0633 0+0967 0+0533 0+0633 0+0600 0+0367

MA 15 50 0+0767 0+0767 0+0700 0+0600 0+0600 0+0467
PO 15 50 0+0733 0+0733 0+0667 0+0667 0+0700 0+0567
RN 15 50 0+0567 0+0533 0+0433 0+0500 0+0567 0+0400
HA 15 50 0+1033 0+1300 0+0933 0+0367 0+0500 0+0300

MA 8 100 0+0600 0+0633 0+0467 0+0533 0+0600 0+0500
PO 8 100 0+0633 0+0500 0+0600 0+0600 0+0500 0+0600
RN 8 100 0+0733 0+0700 0+0533 0+0733 0+0667 0+0567
HA 8 100 0+0700 0+0900 0+0500 0+0533 0+0700 0+0433

MA 15 100 0+0602 0+0602 0+0502 0+0535 0+0502 0+0502
PO 15 100 0+0700 0+0733 0+0633 0+0700 0+0700 0+0700
RN 15 100 0+0567 0+0600 0+0500 0+0633 0+0733 0+0533
HA 15 100 0+0468 0+0602 0+0368 0+0301 0+0368 0+0201
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Table 3. Significant levels of simulated likelihood ratio tests

10% nominal level 5% nominal level

H0 T m LRsl LRr
sl LRsl LRr

sl

MA 8 15 0+1633 0+1333 0+0867 0+0567
PO 8 15 0+1467 0+1067 0+0800 0+0567
RN 8 15 0+1567 0+1000 0+0900 0+0600
HA 8 15 0+2600 0+1667 0+1867 0+1000

MA 8 50 0+1033 0+0967 0+0633 0+0567
PO 8 50 0+1000 0+1033 0+0633 0+0467
RN 8 50 0+0967 0+0900 0+0733 0+0567
HA 8 50 0+1433 0+0933 0+0600 0+0467

MA 15 50 0+1000 0+0967 0+0733 0+0667
PO 15 50 0+1100 0+1033 0+0700 0+0533
RN 15 50 0+0833 0+0733 0+0433 0+0433
HA 15 50 0+1767 0+1367 0+1033 0+0833

MA 8 100 0+1033 0+0800 0+0533 0+0567
PO 8 100 0+0800 0+0867 0+0467 0+0533
RN 8 100 0+0933 0+0967 0+0567 0+0533
HA 8 100 0+1300 0+1033 0+0600 0+0433

MA 15 100 0+1003 0+0769 0+0468 0+0569
PO 15 100 0+0867 0+0800 0+0667 0+0667
RN 15 100 0+0933 0+0767 0+0467 0+0433
HA 15 100 0+1070 0+1003 0+0368 0+0301

Table 4. Powers of simulated tests~T 5 15!

10% level of significance 5% level of significance

H0 Data m Sp
sl Wp

sl LRsl Sp
sl Wp

sl LRsl

MA PO 50 0+9400 0+9300 0+9300 0+8800 0+8667 0+8967
MA RN 50 0+8967 0+8467 0+8767 0+8067 0+7500 0+7933
MA HA 50 0+7667 0+8367 0+7467 0+6700 0+7533 0+6500

MA PO 100 0+9322 0+9695 0+9322 0+8847 0+9458 0+8915
MA RN 100 0+8796 0+8829 0+8495 0+7793 0+8027 0+7525
MA HA 100 0+8662 0+8595 0+8328 0+7692 0+7926 0+7525

PO MA 50 0+5167 0+5833 0+4900 0+4000 0+4333 0+3533
RN MA 50 0+3733 0+4700 0+3233 0+2600 0+3333 0+2400
HA MA 50 0+6700 0+7467 0+6600 0+5667 0+6567 0+5700

PO MA 100 0+4950 0+3746 0+4448 0+3645 0+2140 0+3211
RN MA 100 0+3658 0+2215 0+3389 0+2617 0+1443 0+2148
HA MA 100 0+5652 0+5284 0+5351 0+4415 0+4080 0+4080
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lated classic statistics may have a noncentral parameter in theirx2 limiting dis-
tribution under the null hypothesis+ The noncentrality parameter can be removed
with proper bias-adjustment procedures+Bias-adjusted simulated statistics,which
can incorporate various estimates of variances of simulated maximum likelihood
estimators, are considered+ They are shown to be asymptotically equivalent and
their limiting distributions are centralx2 distributed under the null hypothesis+

Monte Carlo results demonstrate finite sample performance of various simu-
lated test statistics+The performance of the bias-adjusted simulated efficient score
statistics can be better than that of the unadjusted statistics in that the actual levels
of significance can be more accurate+ The versions that incorporate the robust
variance formulae can be slightly better+ However, for adequate matching of ac-
tual levels with nominal levels of significance, the use of a larger number of
simulation draws is more effective+11 The Monte Carlo experiments are con-
ducted for the testing of specific dynamic structures in a general dynamic discrete
choice framework originated in Heckman~1981!+As a by-product, it is found that
the various simulated test statistics have strong power to reject the popular Mar-
kov specification if true state dependence is from the Polya, renewal, or habit
persistence models+ The power to reject the Polya, renewal, or habit persistence
structures is weaker when the data generating process is a Markov process+

NOTES

1+ Some of the components ofzmay be~strict! exogenous variables+The termf ~u,z! would be the
density or probability functions of the dependent variables conditional on the set of exogenous vari-
ables+

2+ Simulation methods with identical random draws for all sample observations can be found in
Lee~1992!+

3+ The present result allows semiuniform convergence in probabilities under slightly stronger
assumptions+

4+ A sequence of random functionsgn~z,u! is said to converge to 0 in probability semiuniformly
in u if lim nr` infu P@6gn~z,u!6 , e# 5 1 for anye ~Amemiya, 1985, p+ 106!+

5+ The possible asymptotic biases inZuu, Zuc, andSn,m~u0! may increase or decrease powers of these
test statistics underHn depending on the value ofD+ If D 5 2I21cm, the biases from two sources
would cancel each other and the resulting asymptotic limiting distribution underHn could be a central
x2+

6+ A possible bias-adjusted SLR statistic can beLRbc where LRbc 5 2@ln Ln,m~ ZuA! 2
ln Ln,m~ Zuc,A! 1 ~] ln Ln,m~ ZuA!0]u ' !~ Zuc,A 2 ZuA!# + This LRbc statistic has the properties given in Prop-
osition 4+ However, our Monte Carlo results with this statistic are not better than those of bias-
unadjusted SLR statistics+ So it is not emphasized in the text+

7+ Monte Carlo results for the use of Hessian matrix and the outer-product-gradient matrices for
the classical score test can be found in Davidson and MacKinnon~1983! and Bera and McKenzie
~1986!+ From our Monte Carlo experiments, there is evidence that the robust variance formula may
provide better variance estimates in terms of smaller biases but they have much larger standard
deviations than the outer-product or Hessian estimates+

8+ The outer-product form has been used for the estimate ofI for the subsequent Monte Carlo
results+

9+ A bias-corrected SLR statistic that incorporates a robust variance can beLRr
bc 5

2@ ln Ln,m~ ZuA! 2 ln Ln,m~ Zuc,A!# 1 ~] ln Ln,m~ ZuA!0]u ' !~ Zuc,A 2 ZuA! 1 ~ ZuA 2 Zuc,A!'$nHn,m~ Zuu! 1
ZR' @ ZRVn,m ZR' #21 ZR%~ ZuA 2 Zuc,A!+ It can be shown that this SLR has the asymptotic property given in

Proposition 6+ Again, Monte Carlo results with it are not better+
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10+ Powers for the various versions with different variance estimates are also similar+ For easy
exposition, they are not reported here+

11+ From the Monte Carlo results, it seems that the amount of random draws for hypothesis testing
needs to be larger than the amount of random draws for parameter estimation+ For the latter, see Lee
~1997!+
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APPENDIX A

1+ Model Assumptions
The following regularity conditions are assumed for analysis in this article+

Assumption 1.

~1! The sample observationszi , i 5 1, + + + ,n are i+i+d+ with a compact supportZ+
~2! The parameter spaceQ is a compact convex subset of ak-dimensional Euclidean

space and the true parameter vectoru0 is in the interior ofQ+
~3! The mappingr :Rk rRn for the constraintsr ~u0!50 is continuously differentiable

in a neighborhood ofu0+ The derivative matrix]r ~u0!0]u evaluated atu0 has full
rankn+

~4! The functionf ~u,z! is continuous and bounded away from zero onQ 3 Z+
~5! Thef ~u,z! is differentiable inu up to the second order+ Those derivatives are con-

tinuous onQ 3 Z+
~6! Theu0 is the unique maximizer ofE$ln f ~u,z!%+
~7! The information matrixI,whereI5E$@] ln f ~u0,z!0]u# @] ln f ~u0,z!0]u ' #%, is non-

singular+

Assumption 2.

~1! The random draws ofv are from a common distribution and are independent ofz
andu+

~2! The functionh~v,z,u! is a conditionally unbiased estimator off ~u,z! conditional
on z, for eachu+

~3! The h~v, z,u! is twice differentiable inu+ Those derivatives are continuous on
Q 3 Z+
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~4! The absolute values ofh~v,z,u! and its first and second order derivatives with
respect tou are dominated by square integrable functions ofv uniformly in zandu+

~5! The first six order moments ofh~v, z,u! and the first four order moments of
]h~v,z,u!0]u exit and are bounded functions onQ+

The regularity conditions inAssumption 1 contain familiar regularity conditions for max-
imum likelihood estimation for panel data models+Condition 6 provides the identification
of u0+Condition 7 excludes irregular singular information matrix cases+Because the asymp-
totic expansion of the simulated score involves the log-simulated likelihood function and
its derivatives, simulation errors up to certain orders need to be analyzed+The moment con-
ditions and domination by integrable functions in Assumption 2 guarantee the existence,
boundedness,and continuity of these moments inu+These properties are useful for the analy-
sis of test statistics under a sequence of local Pitman-type alternatives+The compactness as-
sumptions in conditions 1 and 2 in Assumption 1 combined with condition 5 guarantee the
uniform convergence of the simulated likelihood function and its derivatives to the true like-
lihood function and derivatives~Amemiya, 1985,Theorem 4+2+1!+Condition 4 in Assump-
tion 1 is for technical reasons+ It guarantees the uniform convergence of the logarithm of the
simulated likelihood and the stochastic boundedness of 10fm~u,z! uniformly inu andz+This
condition is technically difficult to be relaxed+Asimilar issue occurs in semiparametric es-
timation,which does not have convenient treatment without the introduction of trimming+
For discrete choice models and limited dependent variable models with double truncations,
a bounded regressor assumption is sufficient for this condition to hold+

2+ Basic Asymptotic Expansions and Moments
The following lemma is Lemma A in Serfling~1980, p+ 304!+

LEMMA A +1+ Let yi , i 5 1, + + + ,m be independent randomvariables with zero mean+
Let r be an even integer+ Then, E6(j51

m yj 6r # Ar m~r02!21 (j51
m E6yj 6r, where Ar is a uni-

versal constant dependent only on r+

The following proposition generalizes a proposition in Lee~1995, Proposition A+3! to
incorporate semiuniform convergence in probability+ It is the key result to establish the
asymptotic expansion of simulated score in Proposition 1 of the text+

PROPOSITION A+2+ Suppose that~vi
~1! , + + + ,vi

~m! ,zi !, i 5 1, + + + ,n are identically
distributed random vectors+ Let qmi~u! 5 s~zi ,u!@10m(j51

m p~vi
~ j ! ,zi ,u!# r1 3

@10m(j51
m t~vi

~ j ! ,zi ,u!# r2, where r1 and r2 are nonnegative integers and s, p, and t are
measurable functions of~v,z! for eachu such that, conditional on z, E~ p~v,z,u!6z! 5
E~t~v,z,u!6z! 5 0 for all u+ If r1 . 0 but r2 5 0, assume that E~s2~z,u!p2r1~v,z,u!! exists
and is bounded in u+ Otherwise, assume that E~6s~z,u!6ap2r1a~v,z,u!! and
E~6s~z,u!6bt 2r2b~v,z,u!! exist and are bounded, where~10a! 1 ~10b! 5 1, some a. 1+

Then 10n(i51
n 6qmi~u!6 5 OP~m2@~r11r2!02# ! semiuniformly inu+ Furthermore, if

~vi
~1! , + + + ,vi

~m! ,zi !, i 5 1, + + + ,n are i+i+d+ random vectors, then 10!n(i51
n @qmi~u! 2

mqm
~u!# 5 OP~m2@~r11r2!02# ! semiuniformly inu,wheremqm

~u! 5 E~qmi~u!! is the mean of
qmi~u!+

Proof. By the Holder inequality,

E~qmi
2 ~u!! # E10aH6s~z,u!6aF 1

m (
j51

m

p~vj ,z,u!G2r1aJ
3 E10bH6s~z,u!6bF 1

m (
j51

m

t~vj ,z,u!G2r2bJ +
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Lemma A+1 implies that

ESF 1

m (
j51

m

p~vj ,z,u!G2r1a

6zD #
c

mr1a E~ p2r1a~v,z,u!6z!

and E~ @10m(j51
m t~vj ,z,u!# 2r2b 6z! # ~c0mr2b !E~t 2r2b~v,z,u!6z! wherec is a constant+

Therefore, E~qmi
2 ~u!! # ~cd0mr11r2 ! for all u, where d 5 supu E10a $6s~z,u!6ap2r1a 3

~v,z,u!%E10b$6s~z,u!6bt 2r2b~v,z,u!%+ By the Markov and absolute moments inequalities,

PSn21m~r11r2!02 (
i51

n

6qmi~u!6 $ eD # e21m~r11r2!02E~6qmi~u!6!

# e21m~r11r2!02E102~6qmi~u!62 ! # e21c102d102

for all u+ Becausee is arbitrary andc and d are finite constants, n21m~r11r2!02 3

(i51
n 6qmi~u!65 OP~1! semiuniformly inu+ This proves the first part of the results+
When the random vectors~vi

~1! , + + + ,vi
~m! ,zi ! are i+i+d+ for all i, the Chebyshev inequality

implies

PS*n2102m~r11r2!02 (
i51

n

~qmi~u! 2 mqm
~u!!* $ eD # e22mr11r2E~qmi~u! 2 mqm

~u!!2

# e22cd

for all u+ Becausee is arbitrary, n2102m~r11r2!02 (i51
n ~qmi~u! 2 mqm

~u!! 5 OP~1! semiuni-
formly in u+ This proves the second part of the results+The proof of the case withr250 can
be simplified without using the Holder inequality+ n

Proof of Proposition 1. Equation~2+3! is simply an identity by expanding the differ-
ence of the ratios@]fm~u,z!0]u#0fm~u,z! and@]f ~u,z!0]u#0f ~u,z!+ The means ofPn,m~u!
andQn,m~u! are from direct calculations+ Proposition A+2 provides the stochastic orders
and their semiuniform convergence inu+ For the remainder termRn~u!, one has to be
careful aboutfm~u,z! as a denominator+ Becausef ~u,z! is bounded away from zero, the
uniform convergence offm~u,z! to f ~u,z! onQ 3 Z implies thatfm~u,z! is bounded away
from zero in probability for largem and, hence, supQ3Z$10fm~u,z!% 5 OP~1!+ Therefore,

6Rn,m~u!6 # OP~1!
1

!n (
i51

n

**S ]fm~u,zi !

]u
2

]f ~u,zi !

]u
D~ fm~u,zi ! 2 f ~u,zi !!

2

1
] ln f ~u,zi !

]u
~ fm~u,zi ! 2 f ~u,zi !!

3** # OP~n102m2302 !,

semiuniformly in~u,z!, by using the first part of the results in Proposition A+2+ n

APPENDIX B

1+ Some Basic Asymptotic Properties underHn

The concept of contiguity of probability measures is useful+Suppose that$Pn% and$Qn% are
two sequences of probability measures+ The sequence$Qn% is said to be contiguous to$Pn%
if for any sequence of random variables~or events! Tn for whichTn r 0 in Pn-probability,
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Tn r 0 in Qn-probability~Le Cam, 1960; Hajek and Sidak, 1967!+ The contiguity of$Qn%
to $Pn% means thatQn is asymptotically absolutely continuous with respect toPn in the
sense of domination of measures+ A useful result of contiguity can be derived from the
induced log likelihood ratio+ Let fn~z! be the density function corresponding toPn and
gn~z! be the one corresponding toQn+ Le Cam’s first lemma states that if the sequence of
distributions of the log likelihood ratio ln~gn~z!0fn~z!! underPn converges to a normal
distributionN~2 1

2
_s2,s2! for somes2, then$Qn% is contiguous to$Pn% ~Le Cam, 1960;

Bickel, Klaassen,Ritov, and Wellner, 1993,Appendix A+9!+ For our purpose, the sequence
of $Pn% corresponds to the distribution of model underH0 with the true parameteru0, and
$Qn% corresponds to the sequence of local alternativesHn with un 5 u0 1 D0!n+ The con-
tiguity of $Qn% to $Pn% is useful in the following lemma+

LEMMA B +1+1+ Let Tn be a statistic constructed with a sample of size n for the model
under our assumptions+ If Tn

p
&& 0 under H0, Tn

p
&& 0 under Hn+

Proof. The log density function underH0 is ln Ln~u0! 5 (i51
n ln f ~u0,zi !, and the log

density function underHn is ln Ln~un! 5 (i51
n ln f ~un,zi !+ Becauseun 5 u0 1 D0!n,

ln Ln~un!2 ln Ln~u0!5 ~] ln Ln~u0!0]u '!~D0!n!1 1
2
_~~10n!D'~]2 ln Ln~ Nun!0]u]u ' !D!,where

Nun lies betweenun andu0+Under the assumed regularity conditions, a uniform law of large
numbers for i+i+d+ sample implies that~10n!~]2 ln Ln~ Nun!0]u]u ' !

p
&& 2 I, and the central

limit theorem for i+i+d+ random variables implies that~10!n!~] ln Ln~u0!0]u!
D

&& N~0,I !
underH0+ Hence lnLn~un! 2 ln Ln~u0!

D
&& N~2 1

2
_D'ID,D'ID! underH0+ The result follows

from Le Cam’s lemma+ n

An immediate consequence of this lemma is that the consistency of SMLE’s and uni-
form convergence for statistics underHn follow from those underH0+

PROPOSITION B+1+1+ TheSMLE Zuu and itsBASMLE ZuA are consistent under Hn as
its data generating process+

Proof. The consistency ofZuu underH0 follows as when bothn andm go to infinity,
ln Ln,m~u!0n converges in probability uniformly inu [ Q to E~ ln f ~u,z!!,which attains its
unique global maximum atu0+ The ZuA convergences tou0 underH0 because the bias ad-
justment term goes to zero asmgoes to infinity+ The consistency of these estimators under
H0 implies their consistency underHn from Lemma B+1+1+ n

PROPOSITION B+1+2+ Suppose that Tn~u! converges in probability uniformly inu to a
continuous limit function T~u! under H0, and Zu is a consistent estimator ofu0 under H0+
Then Tn~ Zu!

p
&& T~u0! under Hn+

Proof. These conditions imply thatTn~ Zu!2T~u0!
p
&& 0 underH0+ The result follows by

the contiguity ofHn to H0+ n

For convergence in distribution underHn, the classical Lindeberg–Levy central limit
theorem~CLT! is useful+

LEMMAB +1+2+ Let$zi % be i+i+d+ randomvariables with meanjn andvariancesn under
Hn+ Then, under Hn, 10!n(i51

n ~~zi 2 jn!0sn!
D

&& N~0,1!+

Proof. The result follows by using the expansion of characteristic function as in the
proof of the classical result underH0+ n
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2+ Asymptotic Distributions of Simulated Likelihood Estimators and Simulated Scores
Simulated test statistics depend on simulated likelihood estimators+ This section lists as-
ymptotic distributions of simulated likelihood estimators ofu0 underHn+ Corresponding
results underH0 can be obtained by settingD to zero+The regularity conditions in Section 1
of Appendix A are assumed for all the following propositions and lemmas+

LEMMA B +2+1+ Under Hn, Sn,m~un!
D

&& N~cm,I !+

Proof. By Proposition 1, Sn,m~un! 5 Sn~un! 1 n102m21m~un! 1 Pn,m~un! 1
@Qn,m~un! 2 E~Qn,m~un!!# 1 Rn,m~un!+ Because Pn,m~u! 5 OP~1!, Qn,m~u! 2
E~Qn,m~u!! 5 OP~1! and Rn,m~u! 5 OP~1! semiuniformly in u, it follows that
Pn,m~un! 5 OP~1!, Qn,m~un! 2 E~Qn,m~un!! 5 OP~1! andRn,m~un! 5 OP~1! underH0 as
n and m go to infinity and limnr`n1020m is finite+ By Lemma B+1+1, Sn,m~un! 5
Sn~un! 1 n102m21m~un! 1 oP~1! under Hn+ By the Lindeberg–Levy CLT, Sn~un!

D
&&

N~0,I !+ By the continuity ofm~u!, limnr`m~un! 5 m+ HenceSn,m~un!
D

&& N~cm,I !+
n

PROPOSITION B+2+1+ Under Hn, theSMLE Zuu has the following asymptotic expan-
sion !n~ Zuu 2 un! 5 I21Sn,m~un! 1 oP~1!+ Consequently, under Hn, !n~ Zuu 2 u0!

D
&&

N~cI21m 1 D,I21!+

Proof. BecauseSn,m~ Zuu! 5 0, the mean value theorem implies that!n~ Zuu 2 un! 5
2@Hn,m~ Nun!#21Sn,m~un!, where Nun lies between Zuu andun+ By Proposition B+1+2, Hn,m~ Nun!
converges in probability to2I underHn+ The results follow from Lemma B+2+1+ n

PROPOSITION B+2+2+ Under Hn, !n~ ZuA 2 un! 5 I21@Sn,m~un! 2 cm# 1 oP~1! 5
I21Sn~un! 1 oP~1!, and!n~ ZuA 2 uo!

D
&& N~D,I21!+

Proof. From the construction ofZuA, !n~ ZuA2 Zuu!5 ~n1020m!Hn,m
21 ~ Zuu!mm~ Zuu!+By Prop-

osition B+1+2, Hn,m
21 ~ Zuu!

p
&& 2I21 andmn,m~ Zuu!

p
&& m underHn+ It follows that!n~ ZuA 2

Zuu! 5 2cI21m 1 oP~1!+ Hence!n~ ZuA 2 u0! 5 !n~ Zuu 2 u0! 2 cI21m 1 oP~1!+ The results
follow from Proposition B+2+1+ n

For estimation under constraintsr ~u0! 5 0, asymptotic distributions of CSMLEZuc and
CBASMLE Zuc,A are in the following propositions+

PROPOSITION B+2+3+ Under Hn, !n~ Zuc2 un! 5 GSn,m~un! 2 PID 1 oP~1!,where P is
defined in Proposition2, and G5 I21 2 P, and!n~ Zuc 2 u0!

D
&& N~G@cm 1 ID# ,G!+

Proof. Zuc satisfies the first order conditions of a Lagrange function~] ln Ln,m~ Zuc!0
]u! 2 R'~ Zuc!l 5 0 andr ~ Zuc! 5 0 wherel is a vector of Lagrange multipliers+ By the mean
value theorem applied to the first condition atun and the constraint condition atu0 and by
usingr ~u0! 5 0, Sn,m~un! 1 Hn,m~ Nuc!!n~ Zuc 2 un! 2 R'~ Zuc!l0!n5 0 andR~ Duc!~ Zuc 2 u0! 5
0,where Nuc lies betweenZuc andun and Dun lies betweenZuc andu0+ The!n~ Zuc2 un! andl0!n
can be derived from this equation system in terms ofR~ Zuc!,R~ Duc!,Hn,m~ Nuc!, andun2u0 by
an inverse formula for a partitioned matrix+ Because Zuc is consistent underH0, Nuc, and Duc

converge also tou0+ By Proposition B+1+2, it follows that R~ Zuc! andR~ Duc! converge in
probability toR underHn+ The stochastic expansion in this proposition follows+ The as-
ymptotic distribution of!n~ Zuc 2 u0! is a consequence of this expansion by using Lemma
B+2+1 andGIG 5 G+ n
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LEMMA B +2+2+ The following matrix identity holds for the equivalence of the
constraint formulation r~u! 5 0 and the freedom equation formulationu 5 w~a!:
W~W 'IW!21W ' 5 I21 2 I21R'~RI21R' !21RI21, where W5 ]w~a0!0]a ' and R5
]r ~u0!0]u '+

Proof. It is sufficient to show the identity in terms of projection operators:

I 2 I 102W~W 'IW!21W 'I 102 5 I2102R'~RI21R' !21RI2102+

Define a matrixC as

C 5 @I2102R',I 102W#S~RI21R' !2102 0

0 ~W 'IW!2102D+
Becauser ~w~a!! 5 0, RW5 0+ Therefore, C 'C 5 I+ BecauseC has full rank, C ' is
the inverse ofC+ HenceCC' 5 I+ The matrix identity holds because, explicitly, CC' 5
I2102R'~RI21R' !21RI2102 1 I 102W~W 'IW!21W 'I 102+ n

PROPOSITION B+2+4+ Under Hn, !n~ Zuc,A2un!5G~Sn,m~un!2cm!2PID1oP~1!5
GSn~un! 2 PID 1 oP~1!, and!n~ Zuc,A 2 u0!

D
&& N~GID,G!+

Proof. Because Zuc,A 5 w~ [aA! and Zuc 5 w~ [a!, it follows that Zuc,A 5 Zuc 1 @w~ [aA! 2
w~ [a!# 5 Zuc 1 ~]w~ Ta!0]a ' !~ [aA 2 [a!+ As [aA 2 [a 5 Ha,n,m~ [a!ma,n,m~ [a!0m, it follows
that!n~ Zuc,A 2 un! 5 !n~ Zuc 2 un! 1 ~!n0m!~]w~ Ta!0]a ' !Ha,n,m

21 ~ [a!ma,n,m~ [a!+ Because
ma,n,m~a! 5 ~]w'~a!0]a!mn,m~u!, ma,n,m~ [a!

p
&& Wm+ Similarly, Ha,n,m~ [a!

p
&& W 'IW+

Therefore, !n~ Zuc,A 2 un! 5 !n~ Zuc 2 un ! 2 cW~W 'IW!21W 'm 1 oP~1! 5 !n~ Zuc 2 un! 2
cGm 1 oP~1!, where the last equality follows from the matrix identity in Lemma B+2+2+
The asymptotic expansion of!n~ Zuc,A 2 un! follows from the asymptotic expansion of
!n~ Zuc 2 un! in Proposition B+2+3+ Because!n~ Zuc,A 2 un! 5 !n~ Zuc,A 2 u0! 1 D,
!n~ Zuc,A 2 u0! 5 GSn~un! 1 GID 1 oP~1!+ BecauseSn~un! is asymptoticallyN~0,I !
underHn from Lemma B+2+1, the asymptotic distribution of!n~ Zuc,A 2 u0! is N~GID,G!+

n

PROPOSITION B+2+5+ Under Hn, !n~ Zuu 2 Zuc! 5 P~Sn,m~un! 1 ID! 1 oP~1!, and
!n~ Zuu 2 Zuc!

D
&& N~P~cm 1 ID!,P!+

Proof. This follows from Propositions B+2+1 and B+2+3+ The second part of the results
follows from Lemma B+2+1 andP'IP 5 P+ n

PROPOSITION B+2+6+ Under Hn, !n~ ZuA 2 Zuc,A! 5 P~Sn,m~un! 1 ID 2 cm! 1 oP~1! 5
P~Sn~un! 1 ID! 1 oP~1!, and!n~ ZuA 2 Zuc,A!

D
&& N~PID,P!+

Proof. This follows from Propositions B+2+2 and B+2+4+ n

PROPOSITION B+2+7+ Under Hn, ~10!n!~] ln Ln,m~ Zuc!0]u! 5 R'~RI21R' !21 3
RI21~Sn,m~un! 1 ID! 1 oP~1!+

Proof. By the mean value theorem, ~10!n!~] ln Ln,m~ Zuc!0]u! 5 Sn,m~un! 1
Hn,m~ Nu!!n~ Zuc 2 un! 5 Sn,m~un! 2 I!n~ Zuc 2 un! 1 oP~1!+ Proposition B+2+3 implies the
expansion+ n

PROPOSITION B+2+8+ Under Hn, ~10!n!~] ln Ln,m~ Zuc,A!0]u!2cm5R'~RI21R' !21 3
RI21~Sn,m~un! 1 ID 2 cm! 1 oP~1! 5 R'~RI21R' !21RI21~Sn~un! 1 ID! 1 oP~1!+

358 LUNG-FEI LEE

https://doi.org/10.1017/S0266466699153039 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466699153039


Proof. By the mean value theorem, ~10!n!~] ln Ln,m~ Zuc,A!0]u! 5 Sn,m~un! 1
Hn,m~ Nu!!n~ Zuc,A 2 un! 5 Sn,m~un! 2 I!n~ Zuc,A 2 un! 1 oP~1!+With the expansion in Prop-
osition B+2+4,

1

!n

] ln Ln,m~ Zuc,A!

]u
5 Sn,m~un! 2 IG@Sn,m~un! 2 cm# 1 IPID 1 oP~1!

and the result follows asI 2 IG 5 IP 5 R'~RI21R' !21RI21+ n

3+ Proofs of Propositions in Text

Proof of Proposition 3. Consider first the SLR statistic+ By a Taylor expansion and
Proposition B+2+5, 2@ ln Ln,m~ Zuu! 2 ln Ln,m~ Zuc!# 5 2n~ Zuu 2 Zuc!

'Hn,m~ Nu!~ Zuu 2 Zuc! 5
~Sn,m~un! 1 ID!'P 'IP~Sn,m~un! 1 ID! 1 oP~1! 5 ~Sn,m~un! 1 ID!'P~Sn,m~un! 1 ID! 1
oP~1!, becauseP 'IP 5 P+ Lemma B+2+1 implies that, under Hn, I2102~Sn,m~un! 1
ID!rN~I2102~cm1ID!, I !+The matrixQwhereQ5I 102PI 1025I2102R'~RI21R' !21 3
RI2102 is an idempotent matrix with rankn+ Hence 2@ln Ln,m~ Zuu! 2 ln Ln,m~ Zuc!# 5
@I2102~Sn,m~un! 1 ID!# 'Q@I2102~Sn,m~un! 1 ID!# 1 oP~1! is asymptoticallyxn

2~~cm 1
ID!'P~cm 1ID!!+ For the SW statistic, expandr ~ Zuu! atu0 by a Taylor expansion+ Because
r ~u0! 5 0, r ~ Zuu! 5 R~ Nu!~ Zuu 2 u0! 5 R~ Nu!@ Zuu 2 un 1 D0!n# + Therefore, !nr~ Zuu! 5
R~ Nu!@!n~ Zuu 2 un! 1 D# 5 RI21@Sn,m~un! 1 ID# 1 oP~1! from Proposition B+2+1+ Hence
nr '~ Zuu!@RI21R' #21r ~ Zuu!5@Sn,m~un!1ID# 'P@Sn,m~un!1ID#1oP~1!,which has the same
limiting distribution as the SLR test statistic+ The feasible SW statistic has the same lim-
iting distribution by the Slutsky lemma+ The SSC test follows from Proposition B+2+7+ n

Proof of Proposition 2. The H0 case can be regarded as a special case ofHn with
D 5 0+ The results in Proposition 2 follow from Proposition 3 by settingD in relevant
expressions+ n

Proof of Proposition 4. Consider the bias-corrected SW statistic+ By a Taylor expan-
sion ofr ~ ZuA! atu0, becauser ~u0!50, !nr~ ZuA!5R!n~ ZuA2u0!1oP~1!5R@!n~ ZuA2un!1
D# 1 oP~1! 5 RI2102@I2102Sn~un! 1 I 102D# 1 oP~1! by Proposition B+2+2+ Hence

nr '~ ZuA!@RI21R' #21r ~ ZuA! 5 @I2102Sn~un! 1 I 102D# 'Q@I2102Sn~un! 1 I 102D# 1 oP~1!+

BecauseI2102Sn~un!
D

&& N~0, I ! underHn, thenr '~ ZuA!@RI21R' #21r ~ ZuA! is asymptotically
xn

2~d2! with d2 5 D'I 102QI 102D 5 D'R'~RI21R' !21RD+ For H0, this statistic is asymptot-
ically xn

2+ The feasible bias-corrected SW statistic has a similar limiting distribution by the
Slutsky lemma+ For the bias-corrected SSC statistic, Proposition B+2+8 implies that
@~10!n!~] ln Ln,m~ Zuc,A!0]u! 2 cm# 'I21@~10!n!~] ln Ln,m~ Zuc,A!0]u! 2 cm# 5 ~Sn~un! 1
ID!'I2102QI2102~Sn~un! 1 ID! 1 oP~1!, which has the same limiting distribution as the
bias-corrected SW statistic+ n

Proof of Propositions 5 and 6. The modified SW statisticWr
sl in ~5+4! has the same

limiting distribution of the SW statistic by the Slutsky lemma becausenVr,n,mconverges in
probability toI21+ For the modified SSC statistic in~5+4!, Proposition B+2+7 implies that

Sr
sl 5 ~Sn,m~un! 1 ID!'I21R'~RnVr,n,mR' !21RI21~Sn,m~un! 1 ID! 1 oP~1!

5 ~Sn,m~un! 1 ID!'P~Sn,m~un! 1 ID! 1 oP~1!
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underHn, which has the same limiting distribution as the SSC statistic+ For theLRr
sl,

Proposition B+2+6 implies that

n~ Zuu 2 Zuc!'$Hn,m~ Zu! 1 R' @RnVr,n,mR' #21R%~ Zuu 2 Zuc!

5 ~Sn,m~un! 1 ID!'P$2I 1 R' @RI21R' #21R%P~Sn,m~un! 1 ID! 1 oP~1!+

BecausePIP5 P andPR' @RI21R' #21RP5 P, the preceding term converges in probabil-
ity to zero+ Therefore, the modified SSC statistic has the same limiting distribution as the
SLR statistics+The same arguments can be applied to the modified bias-corrected statistics
Wr

bc andSr
bc+ n
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