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STATISTICAL INFERENCE WITH
SIMULATED LIKELIHOOD
FUNCTIONS

LUNG-FEI LEE
Hong Kong University of Science and Technology

This paper considers classical test statistiesnely the likelihood ratig efficient
score and Wald statistiggor econometric models under simulation estimatitime
simulated likelihood ratipsimulated efficient scoreand simulated Wald test sta-
tistics are shown to be asymptotically equival@ecause the simulated score vec-
tor can be asymptotically biasdimiting distributions of these simulated statistics
can be asymptotically noncentrgt distributed This paper studies inference issues
with various simulated test statistiddonte Carlo results are also provided to com-
pare and demonstrate finite sample properties of simulated test statistics

1. INTRODUCTION

We consider classical inference statistics for models of which likelihood func-
tions are simulatedSimulation estimation methods have been considered by
among otherd_erman and Manskil981), McFadden(1989, Pakes and Pollard
(1989, Hajivassiliou and McFadde(1990, Hendry and Richard1992, and
Laroque and Salani@993 1994). Surveys on simulation estimation include those
by Gourieroux and Monfor{1993, Hajivassiliou (1993, and Keaneg1993.
Most existing publications focus on simulators and estimation is$niéisis pa-

per, we focus on classical inference procedures such as the likelihood lt&tjo
test the Wald(W) test and the scor€SC) test(or the Lagrange multipliefLM )

tesh with simulated maximum likelihood estimatofSMLE’s). These classical
inference procedures have broad applications in economésgex.g., Engle
1984 Godfrey 1988. We investigate asymptotic distributions of various simu-
lated classical statistici is shown that the limiting distributions of these simu-
lated statistics are asymptoticajy distributed but under certain circumstancges
they are asymptotically noncentrgf distributed We investigate adjusted sta-
tistics that may correct for possible asymptotic biases and incorporate various
variance estimateMonte Carlo experiments are performed to investigate finite
sample properties of test statistics

I thank the co-editor Professor Joel Horowitz and anonymous referees for helpful comhmesntesearch has been
supported by a DAG research grant from the Hong Kong University of Science and Techriudiolggss corre-

spondence ta_ung-fei Lee Department of Economi¢cglong Kong University of Science and Technolo@year
Water Bay Kowloon, Hong Kong

© 1999 Cambridge University Press  0266-4$88 $950 337

https://doi.org/10.1017/50266466699153039 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466699153039

338 LUNG-FEI LEE

A by-product of the Monte Carlo experiments is the investigation of the iden-
tification of specific dynamic discrete choice structures in a general model frame-
work. Heckman(1981) discussed specific dynamic discrete choice models and
their characterizations in terms of probability run pattehhsintroduced a gen-
eral dynamic model that contains many familiar dynamic structstesh as the
Markov, Polya renewa) and habit persistence state dependebceler the nor-
mality assumptionithe choice probabilities can be simulated by the GHK simu-
lator(Geweke 1991 Borsch-Supan and Hajivassiliogl993 Keaneg 1994). With
the GHK simulatorthese dynamics models can be effectively estimated by the
method of simulated likelihood provided the time dimension of a model is not too
long (not more than 30 periods in a panel setfinge Lee1997). It remains of
interest to investigate whether simulated test statistics can distinguish a specific
dynamic structure from other dynamic structures in the general model

This paper is organized as followSection 2 reviews the asymptotic properties
of the simulated score vector and the SMILESection 3the asymptotic distri-
butions for the simulated classical test statistics are derived under both the null
hypothesis and a sequence of local alternatiVee simulated classical test sta-
tistics are shown to be asymptotically equivalésmder the null hypothesishe
limiting distribution is ay 2 but, under some circumstangéican be a noncentral
x> For the latter casepossible bias-adjusted test statistics are considered in
Section 4In Section 5simulated test statistics that incorporate various variance
estimates of parameters are formulatddnte Carlo results on the finite sample
performance of these various simulated classical statistics are reported in Sec-
tion 6. Conclusions are provided in SectionProofs of all the asymptotic prop-
erties of simulated estimators and test statistics are presented in Appendixes A
and B

2. SIMULATED LIKELIHOOD AND ASYMPTOTIC DISTRIBUTIONS

Suppose that an econometric model is specified with a likelihood funttiz)
whered is ak-dimensional parameter vector ands a vector of random vari-
ables' For the sample observation, an unbiased simulator foi(6,z) is
fu(0,2) = /M3 h(v)),7,0), wherev™,...,u{™ aremrandom draws for a
random variabler andE(h(v,z,0)|z) = f(6,2). The subscript on v indicates

that random draws are also independent across different sample obser¥ations
For panel data with sample size the log-likelihood function is Iih.,(0) =
>iInf(6,z) and the simulated log likelihood function is

InL,m(0) = i Inf.(6,z). (2.1)
i=1

The asymptotic distribution of the SMLA from the maximization of2.1) can
be derived from a Taylor expansiofor notational simplicitydenoteS, ,(0) =
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(1/vn)(@In Ly ,(6)/00) andH,, n(0) = 1/n>1(92 Inf,(6,2)/06006"). Let 6,
denote the true parameter vectone has

V(0 = 00) = —[Hn m(0)] 'Sy m(60), (2.2)

whered lies betweerf, and#f,. By an expansion of a difference of ratjase
following proposition generalizes a result in LEE995.2 The E, refers to the
expectation operator with respect ftt,z) (and/or v) at a possibléd. The E
without any parametric subscript refers to the expectation operator with respect
to the true data generating proceRegularity conditions for our analysis and
results are listed in Appendix.A

PROPOSITION 1 Under the regularity assumptiorién AppendixA),

Sn,m(e) = 31(0) + Pn,m(g) + Qn,m(e) + Rn,m(e)’ (23)
where
n alnf(0 z)( 1 dlnL,(0)
S\(0) = rE <— e )
_ i n 1 ofn(60,z) B of(0,z)
P8 = 15 2 70,2 {< 90 90 )
_alnf(e,zi) ¢ (0 _ (o }
90 ( m( ’Zi) ( ’Zi)) )
11 [ (if6,z)  9f(6,2) -
Qnm(0) = \/ﬁi—zlfz(e,zi){ ( 28 ) )(fm((?,zi) f(0,z))
aInf(0,z)
+ T ( fm(05zi) - f(a’zi))z}’
and
R (8 2 1
() = VR 5 fn(6,2)12(6,2)
fn(0,2) af(a, Z)
{( 80 )(fm(e’zi)_f(e’zi))z
alnf(e,zi)
T (n(0.2) —f(e,zi»B}.

For any 6, E4(S,(6)) = 0 and E(P, (#)) = 0 but E(Qy m(6)) = n¥?m~*u(6),

where

w(0) = E{fz(z . [am;;a,z) E(h?(v,2,0)|2) — E(h(v,z,e) hwz8)),
(2.4)

https://doi.org/10.1017/50266466699153039 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466699153039

340 LUNG-FEI LEE

Furthermore S,(6;) = Op(1); and

E(Qnm(6)) = Op(m™), and R, m(6)
e

Il 50

,m(e) = OP(mil/Z)v Qn,m(e) -
Op(nY2m~%2) semiuniformly in

The proof of this proposition can be found in Appendix®is proposition
shows that ifm increases at a rate faster that? the limiting distribution of
VR(8, — 6o) is properly centered at zerotherwise it may not be soThe latter
can happen because the second order ®pm(6) has the stochastic order
Op(n*?m™1), which can be larger than the ord®s(m~*2) of P, () if mdoes
not increase fast enough relativertoThe semiuniform convergence in proba-
bility is useful for the analysis when data generating processes were determined
by a sequence of local alternatives

COROLLARY 1. Under the regularity assumptiong lim,_,,n¥?m 1 =c
a finite constant

Shm(60) —> N(cp,T) (2.5)
and
VA0, — 6p) —> N(cT ~u,T°1), (2.6)

whereZ is the information matrix of the model and= . (6,) for simplicity.

The asymptotic distributions if2.5) and(2.6) might be relevant distributions
for considerationIn the following sectionswe investigate possible conse-
quences of2.5) and (2.6) for various classical test statistics constructed with
simulated likelihood functions

3. SIMULATED TEST STATISTICS

Three classical test statistics for the testing of nested hypothesis are tWg LR
and SC statisticBecause the likelihood function of the model can only be sim-
ulated corresponding statistics constructed with the exact likelihood function
replaced by a simulated likelihood function are the objects of our investigation

Letr(0) = 0 be the set of constraintswhererv < k, on 8. The constrained
simulated maximum likelihood estimatoiCSMLE) 6. is derived from
max, In L, »(#) subject tor(#) = 0. A simulated likelihood ratio(SLR) test
statistic can be intuitively defined asR® where

LR® = 2[In L m(6y) — In Lo m(6e)]. (3.1)
A simulated Wald SW) test statistic can be

W*' = nr'(6,)[R(A,)Z IR (8,)]*r (6,), (3.2)
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whereR(0) = ar(6)/06’ andZ is a consistent estimator @fevaluated ab,. A
corresponding simulated scai®@SQ test statistic is

~10InLy m(6;) Py In Ly m(6e)

Ssl
n a0’ a0 ’

(3.3)

whereZ is evaluated afl.. The asymptotic distributions of these statistics will
depend on the asymptotic distributionsigf 6., and/or the simulated score vec-

tor S, m(6o) in (2.3).

PROPOSITION 2 Under the assumed regularity conditions and the nul hy
pothesis H:r(6,) = 0, if lim,_,..n¥?m~! = ¢ a finite constantthe SW, SSG
and SLR test statistics W, S, and LR are asymptoticallyy?(8,) distributed
with v degrees of freedom and noncentrality parametgwheresd, = c?u'Pu
with P=7"'R(RZ'R)RZL

The detailed proofs of all our results appear in Section 3 of AppendBt@n
Proposition 2the limiting distribution of the simulated statistics can be asymp-
totically distributed as a regular centrgf only if ¢ = 0, which requiresm to
increase at a rate faster than the square root lof practice one has a sample of
finite size and it might be realistic to regatai/m as a finite but positive for
approximation The noncentrality parametéy in these test statistics occurs be-
cause of the asymptotic biases3n(6o), 6., andé.. It can be small ifyn/mis
small

It is known that the classical VLR, and SC test statistics without simulation
are asymptoticallyy? distributed They are asymptotically equivalent in the
sense that the limiting distributions of these statistics are identical under both the
null hypothesis and a sequence of local alternative hypoth&sege 1984. A
sequence of local alternative hypotheses refers usually to local Pitman-type al-
ternatives of the form

Hn: 6, =60+ A/, (34)

whereA is an arbitrary finite constant vect@allant and Holly1980. Under the
sequencéH, }, the data generating process is determineé,b¥hed, is the limit

of the sequencl,}. The limit pointd, would satisfy the constraim{6,) = 0 but

the sequencg, might not The asymptotic distributions of the three simulated test
statistics under the local alternatives are in the following proposition

PROPOSITION 3 Assume that the regularity conditions are satisfiddder
the sequence of local alternagis in(3.4), if lim,,_,..nY2m~* = c afinite constant
theSW, SSG andSLRtest statistics W, S, and LR are asymptotically 2(8;)
whered, = (ZA + cu)'P(ZA + cu).

Because the SY6SC and SLR statistics have the same limiting distributions
under both the null and local alternative hypotheslesse statistics are asymp-
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totically equivalentThe noncentrality parametéy is caused by two sources—
the nonzera\ in H, and the asymptotic biasesdg, 6., andS, m(6p).”

4. BIAS-ADJUSTED SMLE’'S AND TEST STATISTICS

A bias-adjusted SMLEBASMLE) has been suggested in Lé&995 by
removing the asymptotic bias if,. The E(h3(v,z,60)|z) in  can be
estimated by sn(6,,z) where s4(6,z) = 1/m3T", h2(u,”j z,0). The
E(h(v,z,6,)(0h(v,z,00,)/00)|z;) can be estimated byc,(6,,z) where
cn(0,2) = 1/m3"; h(v{”,2,0)(@h(v",2,6)/06). The u can be estimated

by

( d In fm(éu, Zi)
fz(OU,Z,) 00
A BASMLE of 6y is O = 8, + Hy, 3(0,) o m(Bu)/m, or, alternatively

Ao A { 12 dln fn,m(éu’zi) d |n fn,m(éu’zi)}l :U'n,m(éu)
A= 60—~ 2 , .
ni=y a0 a0 m

It has been shown in Le@ 995 thatvA(6a — 6p) = T 4{S\(6o) + Pom(fo) +
(Qn.m(Bo) + E(Qnm(60)))} + 0p(1) =Z~*S,(6) +0p(1). Thus the biag (Qy, m(6o))
has been removed from, andvh(6, — 6) N N(0,Z~1). The basic idea be-
hind this adjustment uses the property t8at,(6) — n*?u(0)/m = Si(0) +
Pn,m(g) + (Qn,m(e) - E(Qn,m(e))) + Rn,m(e) = §,(0) + 0p(1). The 6, is
an unconstrained BASMLE

For constrained estimatigit is possible to construct a bias-adjusted estima-
tor that satisfies parameter constrairfsr that purposeit is desirable to re-
write ther constraintg (6) = 0 in its constraint formulation into the equivalent
freedom equation formulatiof = w(a) wherew is a vector-valued function
from R to R* anda represents a free-dimensional parameter vectaWith
the freedom equation formatipulefine the constrained simulated likelihood
(CSL) in terms ofa as L(C) m(a@) = L, m(w(a)). The true paramete, can be
estimated by the maximization ch‘(n,m(a) with respect toa. Let & be the
SMLE of ao. Then . = w(a&) is a constrained SMLECSMLE) of 6,. A
BASMLE aa can beaa = & + Hypm(&) o nm(@)/m, whereH, i (@) =
1/MIL10%Inf, n(W(a),z)/dada’) andu, . m(e) has a similar expression as
nm(8) with ah(v,z,60)/da and of,(0,z)/de replacing the corresponding par-
tial derivatives with respect t6. A BASMLE for 6, can be constructed as
fe.n = W(an). The f, A satisfies the constraintg6, ») = 0 and can be regarded
as a constrained BASMLECBASMLE) of 6. As 0, » = 8, + [W(&a) — w(&)],
the difference within the bracket represents the bias adjustment

The BASMLE's may be useful for the construction of test statisticstead of
r(6,), one may use(6,) in a possible bias-adjusted SW statiat®® where

WP = nr’(0,)[RZ R ] r(6,), (4.2)

Mn,m(éu) 1/”2 Sm(éu,zi) - Cm(éu,zi)>-

(4.1)
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whereR is a consistent estimator &andZ is a consistent estimator @f For a
possible bias-adjusted SC test statistite may consider the use @f,, m(éC,A)/

a6 in the score test formulatiofrheéc,A in the estimated simulated score is able
to correct the asymptotic bias of the CSMI4 but the asymptotic bias in
dIn Ly m(6p)/06 remainsA modified SSC statistic that adjusts these two sources
of asymptotic biases iS°° where

Sbc _ (i d ln Ln,m(éc,A)

>,~l<i dIn Ln,m(éc,A)
vn a0

- nY24/m|Z - nY24 m>,
A/ T Py a/

(4.3)

whereg is a consistent estimate pf For the SLR test statisti@a simple adjust-
ment by replacing SMLE's with their bias-adjusted counterparts is not avaflable

PROPOSITION 4 Assume that the regularity conditions hold and
lim_..nY?m~* = c afinite constantThen under H,, the modifiedSWandSSC
test statistics W° and ¢ are asymptoticallyy 2. On the other handunder the
local alternatve H, in (3.4), their limiting distributions arey2(5,) wheres, =
AR(RZIR)IRA.

Because the limiting distributions of these bias-corrected statistics under the
null and alternative hypotheses are identitay are asymptotically equivalent
These test statistics are bias-adjusted because the asymptotic biases in the orig-
inal statistics undeld, have been eliminated

5. SIMULATED TEST STATISTICS WITH VARIOUS VARIANCES

The formulation of various simulated test statistics depends on variances of sim-
ulated estimates df,. These variances need be estimateat the classical test
statistics without simulatigran information matrix can be estimated by using the
negative Hessian matrix of a log likelihood functidfor panel data modela
computationally simpler estimator of the information matrix can be constructed
by an outer product of gradient vectors of the log likelih@Berndt Hall, Hall,

and Hausmayi974). These suggest that for simulated test statistieZ in (2.5)
and(2.6) can be estimated by similar matrices with simulatibhe asymptotic
variance of the SMLE can be estimated\Wy, m(6) or Vp, n, m(0) where

Vinm(#) = —Haik(6)/n (5.1)
and

[ aInfn(6,2) 9Infy(6,2) |
Vp,n,m(‘g) - {;;L 90 EY'Y } ) (52)

evaluated at a consistent estimétsf 6,. From quasi-likelihood theorsee e.g.,
White, 1982, a more robust variance estimate of a maximum quasi-likelihood
estimator involves a three-term product of the inverse of the Hessian matrix and
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the outer-product matrix of the log likelihood functiohhis suggests another
possible variance estimate

Vr,n,m(e) = Vh,n,m(e)vpjr},m(e)vh,n,m(e)- (53)

As n and m go to infinity, these three variances multiplied Imyconverge in
probability toZ ™% In a finite sample settingthe performance of various test
statistics could be influenced by the variance estimates.lised

In a Wald-type test statistic far(6,) = 0 based on a simulated estimatimr
example 6,, the quadratic matrix in its formulation is the variance matrix of
r(6,). With the variance estimates {f.1)—(5.3), there can be three slightly dif-
ferent versions of the SW test statistiEsr examplewith the SMLES®,, the three
SW statistics ar&\s', W', andW' where

WE' = ()[R0 Ve (B R (0] 1 (B,) G4

for x = p, h,r. With the BASMLEé_, the corresponding bias-adjusted SW statis-
tics will be denoted by\°, WP¢, and W, °.

For the SSC and SLR test®rmulations withV, , ,, need further consider-
ation While bothn\{, , m andnV; , , are consistent estimates Bf L Vinmis
constructed as a robust estimate of the variance of the SMidg lmfit not as a
direct estimate of ~%. Becausen(d, — 6,) = IS, m+0p(1) from(2.2),nV;
is an estimate of the variance matrixAf ,, whereA, ,, = Z 'S, . From Prop-
osition B2.7 of Appendix B (1/vN) (9 In L, m(6:)/06) = R (RIR')'RA, m+
0p(1) underHo. It follows thatRZ ~*(1/vN) (0 In Ly, m(6:)/00) = RA, 1 + 0p(1).
This motivates the following modified SSC statisg¢, which incorporates the
robust variancewhere

_9InLym(6c)

N Ly m(6e)
00’ ’

&l
S a0

(n2)*R'[RV, o, mR' ] *R(NT)* (5.5)

whereZ andR are respectivelysome consistent estimates©andR28 A corre-
sponding bias-adjusted SSC test statistic is

Srbc _ (a In Ln,m(éc,A) _
a0

(aln Lom(fca) n¥2 A)
>< - e ,Ll/ ,
70 m

n2 N L e
m M) (NZ) ' R'[RV, nmR ] *R(NZ) 4

(5.6)

where/i is u evaluated af, or éA,C. The robust variance can also be incorpo-
rated into SLR testsrom Appendix B2[In L, n(8,) — In Lo m(6)] = —n (8, —

0) Hn,m(00) (8 — 6,) + 0p(1). As V(8 — ) =T *R'(RT'R’) *RA, m+ 0p(1)
underH, from Proposition B2.5, it follows thatRyn(f, — 8,) = RA, m + 0p(1).
Hence(d, — 6.)'R'[RV, mR'] *R(8, — 6.) is asymptoticallynoncentral chi-
square distributedrhis suggests a possible SLR stati$tR' where
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LREI = Z[In Ln,m(éu) —In Ln,m(éc)]
+ (éc - éu)/{an,m(éu) + IQ,['Qvn,mﬁ/]_lﬁ}(éc - éu) (5-7)

PROPOSITION 5 Assume that the regularity conditions are satisfiddder
the null hypothesis ktr(6,) = 0, if lim,_,.,nY?m™* = ¢ a finite constantthe
W', S, and LR test statistics are asymptoticalpy?(8,). On the other hand
under the sequence of local alternags in(3.4), these statistics are asymptoti

cally x(81)-

PROPOSITION 6 Assume that the regularity conditions hold and
lim,_..nY?m™* = c a finite constantTher; under H,, the modified W° and
SPC test statistics are asymptotically?. On the other handunder the local
alternative H, in (3.4), their limiting distributions arey2(s,).°

6. MONTE CARLO RESULTS

A general dynamic discrete choice model was introduced in HecKa&81). It
can incorporate true state dependemgg&nown heterogeneitgnd serially cor-
related disturbance#t contains the MarkoyMA), Polya(PO), renewal(RN),
and habit persistend&lA) (or latent Markoy dynamic models as special cases
An interesting question concerns the possible use of the general dynamic model
to distinguish various specific dynamic effedtsthis experimentwe investigate
the use of simulated classical test statistics for testing various specific dynamic
structures within the general model framework

The general model specified in Monte Carlo experiments is a dynamic panel
model

ylt ,Bxlt+/\mad|t 1"_/\p028 _ldlt J+)‘m28] lI_Idlt |

j=1 = i=1
+ AnaYit-1 + o + €,

wheree;; = pe; 11 + Wy, €0 = 0, djp = 0, yjo = 0, andw;; are independent and
identically distributed(i.i.d.) N(0,1) for all i andt. The error componerd; is
N(0,1) for all i. The discount raté is assumed to be known and is set to b& 0
The exogenous variableg are generated ag = (1/V2)r;; + V6s wherer;, are
i.i.d. truncated normaN(0,1) with support[—2,2] ands are independent uni-
form variables with support op—3,3]. The variance ok is about 1 and its
correlation coefficient over time is abouB0Theyj is latent but is related to the
observed dichotomous dependent variadjldy d; ; = 1 if y; > 0, andd; = 0
otherwise Sample data are generated wik- 1, p = 0.4, and various combina-
tions of A’s. With Aa= 0.2, Ao =0, A;n = 0, andAp, = O, the specific dynamic
model is an MA model with unknown heterogeneity and serially correlated dis-
turbancesA PO model is generated withy,, = 0, Ao = 0.2, A;, = 0, andAp, =

0. An RN model is generated with,,,= 0, A, =0, A;, = 0.2, andAp, = 0. An
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HA model can be generated with,,= 0, A, =0, A;, =0, andA,, = 0.2. The
summary statistics reported are all based on 300 replicafidmessize of cross-
sectional unitsis 200 and time periodBare 8 and 15 for each unithe numbers
of random drawsn for T = 8 are from 15 to 100For T = 15, mranges from 50
to 100

The model can be estimated by the method of simulated likelihdbe
choice probabilities can be effectively simulated by the GHK simuldtor
convenient referenceve briefly describe the simulation procedure and the sim-
ulated likelihood functionThe details can be found in Lé&997). For eachi,
genera’;aji(lj), u.“T) , independent unifornf0,1] random variables and gen-
erategi(” from anN(0,1) random variable generatawherej = 1,...,m. These
random draws are kept fixed during an optimization procedust D;, =
(2di¢ — 1),

qit(e) Bx|t+)‘mad|t 1+)\p026 _1d|t J+/\rn25j 1]___[d|t |
j=1 1=1
+ AnaYit-1 T & + p€i -1,

and ® denotes the standard normal distributidvith given initial conditions
Yi1,...,YiT—1 can be generated recursively from the following sfémsnt =1 to
T-1

(1) Computew; = —Dir®*[ui @ (Dy G (0))].
(2) Generatgy;; = g (6) + w;. The simulated log likelihood function for this model is

Sl

InL,m(6)

-

>

i=

Il
M:

t
CD|:Dit (,Bxit + Amalh -1+ Apo X, 8774 o
i=1

T
I\
BIH
I\
i

1

+ Arn 2 8J7 H dI -1t /\hayl (J)

j=1 =1

+ a'fi“) + pe(J), )]}

Table 1 reports the actual levels of significance of various SW test statistics
with 5% and 10% nominal levels of significancéhe critical values for the 5%
and 10% nominal levels of significance are from ¢bentra) y 2 distribution For
small or moderate amounts of random draws- 15 or 5Q the actual levels of
significance can be larger than the nominal levels of significaRoethe cases
thatT = 8 withm= 15 andT = 15 withm = 50, the bias-corrected statistics have
some improvements upon the bias-unadjusted statidtiosiever the differ-
ences of the various SW statistics dregeneralsmall The agreement between
actual and nominal significance levels of the tests is still poor even after the bias
correctionIn the case o = 8 andm= 50, the bias correction may make matters
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TaBLE 1. Significant levels of Wald tests
HO T m V\ﬁl V\ﬁl V\/rSI prc thc VVrbC

10% nominal level of significance
MA 8 15 02267 02067 Q1800 Q1867 01767 01633
PO 8 15 02433 02267 01833 02667 02400 02100
RN 8 15 02500 02000 01633 Q2400 Q1900 01600
HA 8 15 03633 03133 02600 Q3033 02567 01900
MA 8 50 01467 01333 01400 Q01567 01533 Q1667
PO 8 50 01767 Q01533 01567 02033 01933 02033
RN 8 50 01500 01433 01267 01567 Q1500 Q1467
HA 8 50 02100 01767 Q1600 Q1967 01633 01533
MA 15 50 01367 01433 Q1467 Q01467 01433 Q1567
PO 15 50 (01833 01567 Q1467 Q1600 01400 Q1400
RN 15 50 01667 01600 Q1500 Q1567 01467 Q1300
HA 15 50 Q03033 02667 02533 Q1900 Q1700 Q1400
MA 8 100 Q1033 Q0967 Q0967 Q1033 Q1067 Q0967
PO 8 100 0733 00667 Q0833 Q0733 Q0800  QO867
RN 8 100 00933 Q0867 01000 Q0933 Q0967 01033
HA 8 100 Q1167 01233 01133 Q1200 Q1233 01167
MA 15 100 Q0903 Q0836 00803 Q0769 Q0836 Q0903
PO 15 100 (833 00833 00833 Q0767 Q0867 Q0933
RN 15 100 00767 Q0900 Q0800 00833 Q0967 Q0900
HA 15 100 Q00970 Q0903 Q0903 Q0903 Q0803 Q0635
5% nominal level of significance

MA 8 15 01400 01300 01100 Q1233 01200 Q0933
PO 8 15 01700 Q1367 01100 01933 01567 01433
RN 8 15 01500 Q1200 01167 01433 Q1167 Q1000
HA 8 15 02600 02167 01467 02133 Q1633 01200
MA 8 50 00900 00867 Q0800 Q0867 Q0867 QO8O0
PO 8 50 01067 Q1000 00900 01233 Q1000 00933
RN 8 50 Q1000 Q0733 Q0600 Q0900 QO8O0 Q0667
HA 8 50 01000 Q0767 Q0700 Q0967  QO767 Q0667
MA 15 50 00733 Q0900 Q0967 Q0667 Q0800 Q0733
PO 15 50 (0833 Q0833 Q0833 Q0867 Q0967 Q0900
RN 15 50 00867 Q0933 Q0767 Q0867 Q0733 Q0800
HA 15 50 Q1833 01600 01367 Q1000 Q0767 Q0600
MA 8 100 00533 00567 Q0567 Q0567 Q0600 Q0567
PO 8 100 0433 00433 Q0500 Q0433 Q0467 Q0533
RN 8 100 00600 Q0533 Q0500 Q0600 Q0567 Q0500
HA 8 100 Q0533 Q0500 00533 00533 Q0533 Q0467
MA 15 100 Q0435 Q0468 00569 Q0468 Q0468 Q0569
PO 15 100 (D433 Q0533 Q0600 Q0500  QO500 Q0533
RN 15 100 00433 Q0333 Q0367 Q0467 Q0333 Q0467
HA 15 100 Q0435 00301 Q0301 Q0334 00268 Q0201
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worse as often as ndtor a better performancen needs to be largeWith m=
100 the actual levels of significance seem reasonably accuratemessage of
Table 1 indicates that only when a large number of draws are used can the agree-
ment between actual and nominal levels for the SW test statistics impande
with that many random draws the bias correction no longer makes any difference
Table 2 reports results of the SSC te$tse performance of various SSC statistics
is better than that of the SW statisti®gith m= 15 forT= 8 andm= 50 forT =
15, the actual levels of significance are larger than the nominal lebelsthe
bias-corrected statistics can be greatly improved for those .d@segparing the
various versions with variance estimatd® statistics with robust variance are
slightly better than those with outer-product gradiemsich, in turn, are slightly
better than those with the Hessi&¥ith moderate or large numbers of simulation
draws the actual levels of significance of various SSC test statistics seem rea-
sonably accurateTable 3 reports the significance of the SLR statistics for the
conventional versiohR®' and the version. R that incorporates the robust sta-
tistics With smallm= 15 for T = 8, the actual levels of significance faR® are
also larger than the nominal leveEhe LR® are better for this cas&ven with as
few as 50 drawgthe actual levels of significance are reasonably accurate

Table 4 reports performances of the S¥8C and SLR test statistics in terms
of power withm= 50 or 100 random draws fdr= 15. Because the actual levels
of significance seem reasonably accurate with moderate or large amounts of sim-
ulation drawsthe resulting powers can be meaningfife consider two sets of sit-
uationsIn the first circumstanceve consider the testing 6A ,o, A, Ana) = 0; i€,
the null hypothesis is the MA modddut the true data generating process is one of
the other specific dynamic modelghe second design is that the true data gener-
ating process is the MA process but the null hypothesis isHN) or HA. Some
common features emerge from this tafilee three types of simulated classical sta-
tistics have similar powéf These simulated test statistics have strong power to
reject the MA model within the general dynamic model framework when the true
data generating process is either,/RDI, or HA. On the other handhe power to
reject PQRN, or HA is weaker when the data generating process is MA

7. CONCLUSIONS

The main concern of this article is statistical inference based on simulated sta-
tistics Asymptotic properties of various simulated classical test statjstaoaely
the Wald efficient score(Lagrange multiplier, and likelihood ratio statistics
constructed from a simulated likelihood function are investigatahte Carlo
experiments are conducted to investigate finite sample performance of various
simulated classical test statistics

It is shown that the simulated test statistics can be asymptotig&lljistrib-
uted and are asymptotically equivalent under a null hypothesis and a sequence of
local alternative hypotheseBut, because simulated score vectors with a small or
moderate amount of simulation draws can be asymptotically bigkedsimu-
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TABLE 2. Significant levels of simulated efficient score tests

349

HO T m $I S?I SSI S?C S?c Sbc
10% nominal level of significance
MA 8 15 0.1600 02300 01200 01133 01733 00933
PO 8 15 01333 01900 01033 01100 01633 01000
RN 8 15 01367 02167 01200 Q01167 01633 00967
HA 8 15 02667 03167 02067 01367 01967 01100
MA 8 50 0.1167 01233 01067 01267 01367 01133
PO 8 50 01133 01067 00967 01133 01233 Q0933
RN 8 50 01067 01100 Q0933 01033 01133 00933
HA 8 50 01600 Q1700 01467 01233 01300 01033
MA 15 50 01300 Q01300 01133 01100 01100 Q0933
PO 15 50 01233 01267 01200 01033 01100 01033
RN 15 50 01200 01233 01033 01000 01067 Q0933
HA 15 50 Q1833 02200 01700 Q0900 00967 Q0733
MA 8 100 Q1100 01100 00967 01000 01133 Q0900
PO 8 100 01233 01167 01067 01233 01033 01100
RN 8 100 01133 01133 01067 01067 01167 01000
HA 8 100 01433 01567 01167 01333 01433 01167
MA 15 100 Q1338 01371 01204 01304 01003 01037
PO 15 100 267 01233 01133 Q1067 01133 01033
RN 15 100 01167 01133 01033 01033 01167 00900
HA 15 100 01304 01438 01104 00936 01070 00769
5% nominal level of significance

MA 8 15 0.0967 01567 00767 00633 01033 00500
PO 8 15 00767 01067 00700 00700 00900 00500
RN 8 15 Q0800 01367 00667 00633 00967 00467
HA 8 15 01433 02333 01133 00800 01300 00533
MA 8 50 0.0833 Q0767 00733 00767 00733 00567
PO 8 50 00667 00800 Q0567 00667 00733 00600
RN 8 50 Q0700 Q0800 00533 00667 00800 00567
HA 8 50 00633 00967 00533 00633 00600 00367
MA 15 50 00767 Q0767 Q0700 Q0600 00600 00467
PO 15 50 733 00733 00667 Q0667 Q0700 Q0567
RN 15 50 00567 Q0533 Q0433 Q0500 Q0567 00400
HA 15 50 Q1033 01300 Q0933 Q0367 Q0500 Q0300
MA 8 100 00600 00633 00467 00533 00600 Q0500
PO 8 100 633 Q0500 Q0600 Q0600 Q0500 Q0600
RN 8 100 00733 Q0700 Q0533 Q0733 Q0667 Q0567
HA 8 100 Q0700 00900 Q0500 Q00533 Q0700 Q0433
MA 15 100 Q0602 00602 00502 Q0535 Q0502 Q0502
PO 15 100 ®700 00733 00633 Q0700 Q0700 Q0700
RN 15 100 00567 00600 00500 00633 00733 00533
HA 15 100 00468 00602 00368 00301 00368 00201
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TaBLE 3. Significant levels of simulated likelihood ratio tests

10% nominal level

5% nominal level

Ho T m LR LRS! LR LRS!

MA 8 15 0.1633 01333 00867 00567
PO 8 15 01467 01067 00800 00567
RN 8 15 01567 01000 00900 00600
HA 8 15 02600 01667 01867 01000
MA 8 50 0.1033 00967 00633 00567
PO 8 50 01000 01033 00633 00467
RN 8 50 00967 00900 00733 00567
HA 8 50 01433 00933 00600 Q0467
MA 15 50 01000 00967 Q0733 Q0667
PO 15 50 01100 01033 Q0700 00533
RN 15 50 00833 00733 00433 00433
HA 15 50 Q1767 01367 01033 00833
MA 8 100 01033 00800 00533 00567
PO 8 100 (0800 00867 Q0467 00533
RN 8 100 00933 00967 Q0567 00533
HA 8 100 Q01300 01033 00600 00433
MA 15 100 Q01003 00769 00468 00569
PO 15 100 D867 00800 00667 00667
RN 15 100 00933 00767 Q0467 00433
HA 15 100 01070 01003 00368 00301

TABLE 4. Powers of simulated test3 = 15)

10% level of significance

5% level of significance

Ho Data m s wg' LR s wg' LR

MA PO 50 Q9400 09300 09300 08800 08667 08967
MA RN 50 08967 08467 08767 08067 Q7500 07933
MA  HA 50 07667 08367 Q7467 06700 Q7533 06500
MA PO 100 09322 09695 09322 08847 Q9458 08915
MA RN 100 08796 08829 08495 07793 08027 07525
MA HA 100 08662 08595 08328 07692 07926 07525
PO MA 50 Q5167 05833 04900 04000 04333 03533
RN MA 50 03733 04700 03233 02600 03333 02400
HA MA 50 06700 Q7467 Q6600 05667 06567 Q5700
PO MA 100 04950 03746 04448 03645 02140 03211
RN MA 100 03658 02215 03389 02617 Q1443 02148
HA MA 100 05652 05284 05351 04415 04080 04080
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lated classic statistics may have a noncentral parameter inyRdimiting dis-
tribution under the null hypothesi§he noncentrality parameter can be removed
with proper bias-adjustment proceduims-adjusted simulated statistiegich
can incorporate various estimates of variances of simulated maximum likelihood
estimatorsare consideredrhey are shown to be asymptotically equivalent and
their limiting distributions are centrgt? distributed under the null hypothesis
Monte Carlo results demonstrate finite sample performance of various simu-
lated test statistic3 he performance of the bias-adjusted simulated efficient score
statistics can be better than that of the unadjusted statistics in that the actual levels
of significance can be more accuralée versions that incorporate the robust
variance formulae can be slightly bettelowever for adequate matching of ac-
tual levels with nominal levels of significancthe use of a larger number of
simulation draws is more effectivé The Monte Carlo experiments are con-
ducted for the testing of specific dynamic structures in a general dynamic discrete
choice framework originated in Heckmét981). As a by-producgtit is found that
the various simulated test statistics have strong power to reject the popular Mar-
kov specification if true state dependence is from the Palgaewa) or habit
persistence model¥he power to reject the Polyeenewa] or habit persistence
structures is weaker when the data generating process is a Markov process

NOTES

1. Some of the components biay be(strict) exogenous variableShe ternmf (6, z) would be the
density or probability functions of the dependent variables conditional on the set of exogenous vari-

ables

2. Simulation methods with identical random draws for all sample observations can be found in
Lee(1992.

3. The present result allows semiuniform convergence in probabilities under slightly stronger
assumptions

4. Asequence of random functiogg(z,6) is said to converge to 0 in probability semiuniformly
in 0 if lim _,.,inf,P[|gn(z0)| < €] = 1 for anye (Amemiya 1985 p. 106).

5. The possible asymptotic biasesip 6., andS, m(6o) may increase or decrease powers of these
test statistics undetl, depending on the value &f. If A = —Z cpu, the biases from two sources
would cancel each other and the resulting asymptotic limiting distribution ugeould be a central
X2

6. A possible bias-adjusted SLR statistic can bB"® where LR*® = 2[InL,m(fa) —
INLym(fc.a) + (810 Ly, m(6a)/00") (0 4 — 0)]. This LRY® statistic has the properties given in Prop-
osition 4 However our Monte Carlo results with this statistic are not better than those of bias-
unadjusted SLR statisticSo it is not emphasized in the text

7. Monte Carlo results for the use of Hessian matrix and the outer-product-gradient matrices for
the classical score test can be found in Davidson and MacKih®83 and Bera and McKenzie
(1986. From our Monte Carlo experimenthere is evidence that the robust variance formula may
provide better variance estimates in terms of smaller biases but they have much larger standard
deviations than the outer-product or Hessian estimates

8. The outer-product form has been used for the estimatefof the subsequent Monte Carlo
results

9. A bias-corrected SLR statistic that incorporates a robust variance cam.Rﬁé =
2[|n I-n m(éA In Ln m(ec A):l + (8 In I-n m(eA)/de )(00 AT GA) + ((QA - oc A) {an m(eu) +
R[RV,mR'] *R}(da — 6¢ a). It can be shown that this SLR has the asymptotic property given in
Proposition 6Again, Monte Carlo results with it are not better
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10. Powers for the various versions with different variance estimates are also siroitazasy
exposition they are not reported here

11 Fromthe Monte Carlo resultig seems that the amount of random draws for hypothesis testing
needs to be larger than the amount of random draws for parameter estinfatidhe lattersee Lee
(1997.
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APPENDIX A

1. Model Assumptions
The following regularity conditions are assumed for analysis in this article

Assumption 1.

(1) The sample observatios i =1,...,n are ii.d. with a compact suppoiz.

(2) The parameter spaceis a compact convex subset okalimensional Euclidean
space and the true parameter ve&gis in the interior ofo.

(3) The mapping : R — R for the constraints(f,) = 0 is continuously differentiable
in a neighborhood ofl,. The derivative matrixr (6,)/06 evaluated ad, has full
rankv.

(4) The functionf (0, z) is continuous and bounded away from zero®K Z.

(5) Thef(#,z) is differentiable ird up to the second ordeFhose derivatives are con-
tinuous on® X Z.

(6) The#yis the uniqgue maximizer d&{In (6, 2)}.

(7) Theinformation matrixZ, whereZ =E{[d Inf(6o,2)/00][0Inf(6y,2)/96"]},is non-
singular

Assumption 2.

(1) The random draws af are from a common distribution and are independerz of
andé.

(2) The functionh(v, z,6) is a conditionally unbiased estimator fa#, z) conditional
onz, for eachd.

(3) The h(v,z,0) is twice differentiable ind. Those derivatives are continuous on
® X Z.
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(4) The absolute values df(v,z,6) and its first and second order derivatives with
respect t@ are dominated by square integrable functions ahiformly in zandé.

(5) The first six order moments di(v,z,0) and the first four order moments of
oh(v,z,6)/96 exit and are bounded functions én

The regularity conditions in Assumption 1 contain familiar regularity conditions for max-
imum likelihood estimation for panel data modeT®ndition 6 provides the identification
of . Condition 7 excludes irregular singular information matrix caBesause the asymp-
totic expansion of the simulated score involves the log-simulated likelihood function and
its derivativessimulation errors up to certain orders need to be analyizeeimoment con-
ditions and domination by integrable functions in Assumption 2 guarantee the existence
boundednesand continuity of these momentdinThese properties are useful for the analy-
sis of test statistics under a sequence of local Pitman-type alterndtheesompactness as-
sumptions in conditions 1 and 2 in Assumption 1 combined with condition 5 guarantee the
uniform convergence of the simulated likelihood function and its derivatives to the true like-
lihood function and derivativdg\memiya 1985 Theorem 42.1). Condition 4 in Assump-
tion 1isfortechnical reasoni$guarantees the uniform convergence of the logarithm of the
simulated likelihood and the stochastic boundednes&gta, z) uniformly ind andz. This
condition is technically difficult to be relaxed similar issue occurs in semiparametric es-
timation which does not have convenient treatment without the introduction of timming
For discrete choice models and limited dependent variable models with double truncations
a bounded regressor assumption is sufficient for this condition ta hold

2. Basic Asymptotic Expansions and Moments
The following lemma is Lemma A in Serflingl98Q p. 304).

LEMMAA .1 Lety,i=1,...,m be independent randonariables with zero mean
Let r be an een integer Then E\E Lyt =Am727ITT Ely |, where A is a unk
versal constant dependent only an r

The following proposition generalizes a proposition in L&895 Proposition A3) to
incorporate semiuniform convergence in probahilitys the key result to establish the
asymptotic expansion of simulated score in Proposition 1 of the text

PROPOSITION A2. Suppose that(vi(l),..., (m ,Z), i =1,...,n are identically
distributed random vectors Let qni(0) = s(z,,é))[l/mE, lp(vI ,Zi,0)]" X
[1/m3" 1t (v, D ,Zi,0)]"2, where  and r, are nonnegatie integers and,sp, and t are
measurable functions (ﬁz z) for each# such that conditional on z E(p(v,z,0)|z) =
E(t(v,z,6)|z) = 0forall . If r, > 0butr, = 0, assume that 52(z,0)p(v, z,0)) exists
and is bounded in#. Otherwise assume that Es(z6)|2p?23(v,z,6)) and
E(|s(z,0)|°t?"2"(v,z,0)) exist and are boundeavhere(1/a) + (1/b) = 1, some a> 1.

Then 1/n X1 |qmi(0)] = Op(m #1272y semiuniformly iné. Furthermore if

(v ,(1),... m ,Z), i = 1,...,n are ii.d. random vectors then 1/vAi > 1[0mi(0) —
g, (0)]= Op(m [('1”2)/2]) semrumformly irg, wherewq_(6) = E(0mi(0)) i |s the mean of
qmi(e)-

Proof. By the Holder inequality

1 m 2r,a
E(a5i(0) = El/a{S(Z,G)Ia[E > p(vj,z,H)] }
=1
1 m 2ryb
X El/b{|s(z,0)|b[— > t(vj,z,e)} }
mj=;
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Lemma Al implies that

1 m 2r;a c
E<[E > p(vj,z,e)} |z> = E(p?3(v,2,0)|2)

= mna

andE([1/mX % t(v;,2,0)]%2°|z) = (c/m"°)E(t*2"(v,2,0)|z) wherec is a constant
Therefore E(g3()) = (cd/m"*"2) for all 6, whered = sup, EY2{|s(z 6)|2p?12 X
(v,2,0)}EY?{|s(z,0)|°t?2"(v,2,0)}. By the Markov and absolute moments inequalities

n
P<nlm<f1+fz>/2 S [omi(0)] = ) = ¢ M2 | G (6))

i=1
= 6—1m(r1+r2)/zE1/2(|qmi(0)|2) = ¢ 1cl/2g1/2

for all 9. Becausee is arbitrary andc and d are finite constantsn—*m("++12/2 x
iZ1]dmi(0)| = Op(1) semiuniformly ing. This proves the first part of the results
When the random vectofs”, ...,o{™, z) are ii.d. for all i, the Chebyshev inequality

implies

o

for all 6. Because is arbitraryn=Y2m(r2/2 3" (g..:(0) — g, (0)) = Op(1) semiuni-
formly in 6. This proves the second part of the resultse proof of the case witty = 0 can
be simplified without using the Holder inequality u

Proof of Proposition 1. Equation(2.3) is simply an identity by expanding the differ-
ence of the ratiofif(6, 2)/00]/fm(0, z) and[df (0, 2)/960]1/F (6, z). The means oP, n(6)
andQ, m(#) are from direct calculation$roposition A2 provides the stochastic orders
and their semiuniform convergence éin For the remainder terrR,(6), one has to be
careful abouf,(6,z) as a denominatoBecausd (6, z) is bounded away from zerthe
uniform convergence df,(6,z) tof(6,z) on® X Zimplies thatf,(0, z) is bounded away
from zero in probability for largen and hence supyxz{1/fn(0,2)} = Op(1). Therefore

n

n—1/2m(ratr2)/2 2 (qmi(0) — qu(g))‘ = e) = E*ZmrﬁrZE(qmi(g) _ qu(ﬂ))z

i=1

= e 2cd

1 2|/ ofn(6,2) af(@,zi)>
ane =0p(1) — - fmayi_fg’i 2
\,()\<p()mi§l< Py g ) (Im(6:20) —1(6,2))
alnf(6,z
+ # (fn(6,2)) — 1(6,2))%| = Op(n*?m=3/2),
semiuniformly in(6, z), by using the first part of the results in Propositior2A u
APPENDIX B

1. Some Basic Asymptotic Properties unétr

The concept of contiguity of probability measures is usSubpose thdtP,} and{Q, } are
two sequences of probability measurBise sequencfQ, } is said to be contiguous {&,}
if for any sequence of random variabl@s event$ T, for which T, — 0 in P,-probability,
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T, — 0in Q,-probability(Le Cam 1960 Hajek and Sidak1967). The contiguity of Q,}

to {P,} means tha), is asymptotically absolutely continuous with respecPtan the
sense of domination of measurésuseful result of contiguity can be derived from the
induced log likelihood ratioLet f,(z) be the density function correspondingRgand
On(2z) be the one corresponding @,. Le Cam’s first lemma states that if the sequence of
distributions of the log likelihood ratio g,(z)/f.(z)) underR, converges to a normal
distributionN(— 202 -2) for somec? then{Q,} is contiguous tdP,} (Le Cam 196Q
Bickel, KlaassenRitov, and Wellney 1993 Appendix A9). For our purposghe sequence
of {R,} corresponds to the distribution of model unétrwith the true paramete, and
{Qn} corresponds to the sequence of local alternatiewith 6, = 6, + A/vn. The con-
tiguity of {Q,} to {R,} is useful in the following lemma

LEMMAB.1.1. Let T, be a statistic constructed with a sample of size n for the model
under our assumption#f T, = 0 under H, T, = 0 under H,.

Proof. The log density function undéty is InL,(6o) = X{-1 Inf(6,2), and the log
density function undeH, is InL,(6,) = 2=, Inf(6,,z). Becaused, = 6, + A/VN,
INLn(6) —In Lny(6) = (31N Ln(00)/960") (A/VR) + 3((1/n) A’ (92In Ln(6,,)/9006") A), where
0, lies betweer,, andg,. Under the assumed regularity condltloa:unlform law of large
numbers for i.d. sample implies thatl/n)(92In L,(8,)/9006") P 7 and the central
limit theorem for ii.d. random varlables implies th&t/vn)(aIn L,(60)/90) N N(0,7)
underHg. Hence InL,(6,) — In Ls(6p) N N(—2AZA,A'TA) underH,. The result follows
from Le Cam’s lemma u

An immediate consequence of this lemma is that the consistency of SMLE’s and uni-
form convergence for statistics undey; follow from those undeH,.

PROPOSITION BL.1. TheSMLE 6, and itsBASMLE 6, are consistent under tas
its data generating process

Proof. The consistency of,, underH, follows as when botm andm go to infinity,
In L, m(0)/nconverges in probability uniformly it € © to E(In f (6, z)), which attains its
unique global maximum a. The 6, convergences té, underH, because the bias ad-
justment term goes to zero agyoes to infinity The consistency of these estimators under
Ho implies their consistency undef, from Lemma B1.1. u

PROPOSITION BL.2. Suppose that,[#) corverges in probability uniformly iff to a
continuous limit function T0) under H,, and# is a consistent estimator @ under H,.
Then T(8) 2 T(6,) under H,.

Proof. These conditionsimply that(6) — T(6,) = 0 underH,. The result follows by
the contiguity ofH, to Ho. [ |

For convergence in distribution undely, the classical Lindeberg—Levy central limit
theorem(CLT) is useful

LEMMAB .1.2. Let{z}beii.d. randomvarlables with mea®, andvarianceo, under
H,. Thenunder H,, 1/vi 2L 1((z; — &n)/om) N N(0,1).

Proof. The result follows by using the expansion of characteristic function as in the
proof of the classical result undelg. n
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2. Asymptotic Distributions of Simulated Likelihood Estimators and Simulated Scores
Simulated test statistics depend on simulated likelihood estimathis section lists as-
ymptotic distributions of simulated likelihood estimatorsggfunderH,,. Corresponding
results undeg can be obtained by settiigto zera The regularity conditions in Section 1
of Appendix A are assumed for all the following propositions and lemmas

LEMMAB.2.1. Under H,, S, m(6n) N N(cu,Z).

Proof. By Proposition 1 S, m(6,) = Si(6n) + n¥2m1u(6,) + Pym(6n) +
[Qn,m(en) - E(Qn,m(gn))] + Rn,m(en)- Becausepn,m(g) = OP(]-), Qn,m(e) -
E(Qn,m(e)) = Op(1) and Ry m(0) = Op(1) semiuniformly in @, it follows that
n m(an) OP(l) Qn m(en) E(Qn m(gn)) - OP(l) and Rn m(en) OP(l) ur]derHO as
n and m go to infinity and lim,_,,,n*?/m is finite. By Lemma B1.1, S, m(en)

S(6,) + n¥?m~1u(6,) + op(1) underH,. By the Lindeberg-Levy CLT&(Gn) N
N(0,Z). By the continuity ofu(6), lim,u(6,) = n. HenceS, m(6,) N N(cu,Z).

|

PROPOSITION BQ 1. Under H,, the SMLE 4, has the following asymptotic expan
sion m(au 0n) = Z71S, m(6,) + 0p(1). Consequentlyunder H,, VR(0, — 6p) —
N(cZ i+ A,Z72).

Proof. BecauseSLm(éu) = 0, the mean value theorem implies that(f, — 6,) =
—[Hn.m(60)]7*Sh. m(6n), whered, lies betweerd, andé,,. By Proposition B1.2, H, (6,
converges in probability te-Z underH,. The results follow from Lemma B.1. u

PROPOSITION B2.2. Under H,, m(()A 0n) = IS\ m(6n) — cu] + 0p(1) =
131(9n) + OP(l)» and \m(aA 00) ‘> N(A I 1)

Proof. Fromthe constructlon @i, VTI(HA 0u) = (NY2/mM)Hy 5(00) (6. By Prop-
osition B1.2, H, 1) B -1t and,un m(00) B w underH,,. It follows that vhi(fa —
6,) = —cZ1u + 0p(1). Hencevi(fa — 6p) = vA(A, — 6o) — ¢Z~*u + 0p(1). The results
follow from Proposition B2.1. u

For estimation under constraint&,) = 0, asymptotic distributions of CSMLE, and
CBASMLE 6 4 are in the following propositions

PROPOSITION B.3. Under H,, vTi(6; — 6,) = GS, m(en) PZA + 0p(1), where P is
defined in Propositior2, and G= 7 — P, and vi(6; — 6p) N N(G[cu + ZA],G).

Proof. @, satisfies the first order conditions of a Lagrange functiém L, m(6e)/
98) — R'(A.) A = 0 andr (§,) = 0 wherex is a vector of Lagrange multiplierBy the mean
value theorem applied to the first conditionsaiand the constraint condition & and by
USingr(eo) 0 S’] m(an) + Hn m(ec)\/ﬁ(ec Hn) - R,(GC)A/\/T] =0 andR(éc)(ec 90)

0, whered, lies betweer, andé, andé,, lies betweerd and00 Thevh(6, — 6,) andA/vTi

can be derived from this equation systemin ternﬁ(a%) R(6y), Hn,m(6c), andé,, — 6, by

an inverse formula for a partitioned matrBecausé, is consistent undetl, 6, andé,
converge also t@,. By Proposition BL1.2, it follows that R(A.) andR(6;) converge in
probability toR underH,. The stochastic expansion in this proposition followke as-
ymptotic distribution ofyfi(f, — 6o) is a consequence of this expansion by using Lemma
B.2.1 andGZIG = G. u
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LEMMA B.2.2. The following matrix identity holds for the eguaience of the
constraint formulation () = 0 and the freedom equation formulaticgh= w(«a):
WW'ZW) W' = 7-! — TIR(RZ'R')"IRZ % where W= ow(ag)/da’ and R=
ar (60)/00".

Proof. Itis sufficient to show the identity in terms of projection operators
| — ZY2W(W'IW) *W'T¥2 = 7-Y2R(RZR')"'RZ V2

Define a matrixC as

(RTR) V2 0
C =[Z Y?R,T?W] .

0 (W'TW) Y2

Becauser (W(a)) = 0, RW = 0. Therefore C'C = |. BecauseC has full rank C’ is
the inverse ofC. HenceCC'’ = |. The matrix identity holds becausexplicitly, CC’' =
I-Y?2R(RI'R)RI Y2 + TV2W(W'IW) *W'T V2, u

PROPOSITION B2.4. Under Hy, V(8. — ) = G(Sh.m(6) — c) — PTA + 0p(1) =
GS\(6n) — PTA + 0p(1), andvN(d; o — o) —> N(GIA,G).

Proof. Becauséi, o = W(&a) andf, = w(a), it follows thatf, o = 6. + [W(an) —
w(&)] = 0. + (dw(a)/da’) (@ — &). AS Gp — & = Haonm(@) g nm(a)/m, it follows
that V(0 a — 6n) = VN0 — 6,) + (VI/M) (0W(@)/da’ ) Ha b m(&) Lo, n.m(@). Because
Manm(@) = (W (@)/0a) i, m(0), fa,nm(@) —> Wi, Similarly, Ho, o m(&) > WZW.
Therefore VA(e o — 6,) = VA(6 — 6, ) — SW(W'ZW) W' i + 0p(1) = vR(H, — 6,) —
cGu + op(1), where the last equality follows from the matrix identity in Lemma2.B.
The asymptotic expansion &ﬁ(éc,A — 0,) follows from the asymptotic expansion of
VA(f. — 6,) in Proposition B2.3. Becausevh(f. o — 6,) = VA(Ocn — 60) + A,
m(éC,A — 6p) = GS(0,) + GZA + 0p(1). BecauseS,(6,) is asymptoticallyN(0,Z)
underH,, from Lemma B2.1, the asymptotic distribution om(éc,A — ) is N(GZA,G).

|

PROPOSITION B2.5. Under H,, vi(6, — fc) = P(Sym(6r) + ZA) + 0p(1), and
VA8, — 6) = N(P(cu + TA), P).

Proof. This follows from Propositions B.1 and B2.3. The second part of the results
follows from Lemma B2.1 andP'ZP = P. u

PROPOSITION B2.6. Under H,, vi(6a —DéC,A) = P(Shm(6n) + ZA — cp) + 0p(1) =
P(Sh(6n) + ZA) + 0p(1), andvN(0a — 0. ) — N(PZA,P).

Proof. This follows from Propositions B.2 and B2.4. n

PROPOSITION B2.7. Under H,, (1/vn)(dIn Ln,m(éc)/BG) = R(RZR)tx
RZX(Sym(6) + 74) + 0p(1).

Proof. By the mean value theorem(1/vn)(dIn Lom(0c)/00) = Sim(6n) +
Hnm(0)VR(0: — 60n) = Shm(6,) — ZVN(6: — 6,) + 0p(1). Proposition B2.3 implies the
expansion u

PROPOSITION B2.8. Under H,, (1/YN) (9 In Ly, m(fc 4)/06) —cu =R (RTR') "1 X
RZ (S, m(6n) + ZA — cu) + 0p(1) = R(RZ'R)RZX(S(6,) + ZA) + 0p(1).
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Proof. By the mean value theorg,n(l/\m)(a In Ln,m(éC,A)/ae) = Sy m(On) +
Hn,m(8)VN(0e,a — 0n) = Shm(6n) — ZVTN(Oc o — 6,)) + 0p(1). With the expansion in Prop-
osition B2.4,

1 aInLym(fcn)

7h 90 = S'n,m(en) - IG[Swm(en) - CM] + IPIA + OP(l)

and the result follows as— 7G = 7P = R(RZ *R’) 'RZ % |
3. Proofs of Propositions in Text

Proof of Proposition 3. Consider first the SLR statisti@y a Taylor expansion and
Proposition B2.5, 2[In Ly m(fy) — INLym(8c)] = —n(8y — 6o)'Ham(6) (8, — 6c) =
(Sum(6h) + TA)P'IP(Sy m(6n) + TA) + 0p(1) = (Sym(6h) + TA)P(Sh m(6) + TA) +
op(1), becauseP’ZP = P. Lemma B2.1 implies that underH,, Z=Y2(S, m(6a) +
IA) - N(Z Y2(cu+ZA),1). The matrixQwhereQ=7YV?P7¥2=7"1?R(RTR')"1 X
RZ 2 is an idempotent matrix with rank. Hence ZIn L, m(6y) — InL, m(6:)] =
[Z7Y2(Sym(6n) + IA)]'QIZY*(Sym(6h) + ZA)] + 0p(1) is asymptoticallyyZ((cu +
TA)'P(cu + ZA)). For the SW statisticexpand (6,,) at6, by a Taylor expansiarBecause
r(6p) = 0, r(6,) = R()(6, — 6o) = R(O)[H, — 6, + A/VA]. Therefore var(4,) =
R(9)[vA(6, — 6,) + Al = RZ[S, m(6,) + ZA] + 0p(1) from Proposition B2.1. Hence
nr'(6,) [RZIR'] 2 (0,) =[Sh.m(6n) + ZAT'P[ S, m(6n) + ZA] + 0p(1), which has the same
limiting distribution as the SLR test statistithe feasible SW statistic has the same lim-
iting distribution by the Slutsky lemm&he SSC test follows from PropositionB7. B

Proof of Proposition 2. The Hy case can be regarded as a special cadd,afith
A = 0. The results in Proposition 2 follow from Proposition 3 by settingn relevant
expressions |

Proof gf Proposition 4. Consider theAbias-corregted SW statisBy a Tay[or expan-
sion ofr (6,) atfy, because (6y) = 0, vAr(0a) = RVN(6a— 0g) + 0p(1) = R[VN(0a— 6,) +
Al + 0p(1) = RTY2[17Y25,(6,) + ZV?A] + 0p(1) by Proposition B2.2. Hence

nr'(Ba)[RT R ] (6a) = [Z-Y2S,(6) + TV2A1'QIZY2S,(6,) + TY2A] + 0p(1).

Becausd V2S,(6,) —> N(0,1) underH, thenr’(d,) [RZ*R']~r (d,) is asymptotically
x2(8,) with 8, = AZY2QTY?A = AR (RZ*R’)"*RA. For Hy, this statistic is asymptot-
ically y2. The feasible bias-corrected SW statistic has a similar limiting distribution by the
Slutsky lemma For the bias-corrected SSC statistRroposition B2.8 implies that
[(1/VP) (01N Ly m(Be,4)/06) — cu]'T2[(1/v1)(3In Ly, (8, 4)/00) — cu] = (Sy(6n) +
TA)Z Y2QZL Y?(S,(6,) + ZA) + 0p(1), which has the same limiting distribution as the
bias-corrected SW statistic n

Proof of Propositions 5 and 6. The modified SW statisti®y®' in (5.4) has the same
limiting distribution of the SW statistic by the Slutsky lemma becalgg, ,,convergesin
probability toZ ~*. For the modified SSC statistic ii%.4), Proposition B2.7 implies that

S = (Sym(6n) + IAY IR (RN o, R T*RI (S, m(6) + ZA) + 0p(1)

= (Sr1,m(9n) + IA),P(Sn,m(en) + IA) + OP(]-)
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underH,, which has the same limiting distribution as the SSC stati§tor the LR?,
Proposition B2.6 implies that
N(6y = 6c)' {Hnm(6) + R'[RNV. 1 nR' ] *R}(6, — 6c)
= (Sum(0n) + ZA)'P{—Z + R'[RI'R' ] 'RIP(S, m(6) + ZA) + 0p(1).

Becausd’ZP = P andPR[RZ "'R']'RP= P, the preceding term converges in probabil-

ity to zera Therefore the modified SSC statistic has the same limiting distribution as the
SLR statisticsThe same arguments can be applied to the modified bias-corrected statistics
erbc andSPc. [ ]
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